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Abstract

When the uncertainty is explicitly modeled in an optimization prob-
lem, it is often necessary to use samples to compute a solution, which
gives rise to a need to compute confidence intervals around the objective
function value that is obtained. In this paper we describe software that
implements well-known methods for two stage problems and we provide
extensions to multiple stages. The software is available as part of the
mpi-sppy package [Knueven et al.|(2021), which is available for download
from https://github.com/Pyomo/mpi-sppy.

1 Introduction

Optimization technology provides an opportunity to enhance decision
making based on mathematical models; however, the input data are al-
most always uncertain. When the uncertainty is explicitly modeled it is
often necessary to use samples to compute a solution, which gives rise to a
need to compute confidence intervals around the objective function value
that is obtained. The intervals are useful for subsequent analysis as well
as for making decisions about how many samples to draw, which implies
allocation of computing resources.
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Our interest is in situations where decisions are made in stages as
uncertainty is resolved. The solution methods we support are intended
for use when the decisions made here-and-now are the important decisions
and policies concerning future decisions are included in the model only to
enhance the quality of immediate decisions. Hence, much of the research
to date has focused on two stages. The methods are appropriate for large
numbers of decision variables (thousand or millions) but at most a handful
of stages in the model.

The notation we use follows more-or-less from (Knueven et al.[[2021}
Chiralaksanakul and Morton|2004). We are considering a T-stage stochas-
tic program. We use t € {1,..., T} to index stages, and use {£,}{_, to
denote the associated stochastic process. The bold letter &, is used to
denote random variables, which can be vector valued, and &; is used to
denote their realizations. The values of & for ¢t = 2,...,T are revealed at
the end of stage t — 1, therefore we refer to €, and & only for t =2,...,T.
We use the symbol f_% to refer to the realized values of all random variables
up to and including stage t, i.e.,

g = (627537"'7‘&)-

When t =T, f_T is known as a scenario.

We use z: to represent the decision that is made at stage t, and use
the notation ¥ for 1 < ¢t < T to represent the decisions for all stages up
to, and including, stage t, i.e.

ft = (IEl,ZE27. . .71})

For a T-stage stochastic program, the decision z; for t = 2,...,T is
made such that given the realized f_% , a problem-specific objection function
is minimized. To form a recursive expression, we rely on a functional ¢ to
capture the objectives for the problem at hand given scenario data. Note
that at each stage ¢, the decision x; is made with only the knowledge of

Z7! and 5_% and is independent of the future decisions and realizations
of €&.4,...,&p. Such independence is known as non-anticipativity. The

first stage solution x; is made so that it minimizes the expected value of

Pa(z1;€,).

The above notation allows us to write the multi-stage stochastic prob-
lem (MSSP) recursively as

z'=min B¢ ¢ (21;€,), (1)
T1 2
s.t. r1 € X1
where for each t =2,...,T — 1, we have
i . e St+1, ot
S(@HE) = minBgben ()€ IE =81 @)
s.t. T € Xy (ft_l,gz) s



and

or(@ ) = mingp(@"5€")
s.t. zr € Xr (fTil,gT) R

where ¢ (27 §_T ) is the problem-specific objective function for the fi-
nal stage given the full scenario data and solutions to the previous stage(s).
At each stage we impose a constraint for the feasibility of z;, such that x;

belongs to a feasible region z: € X, (ft717gt). We incorporate feasible

region constraints into the objective function by introducing the extended
representation

St gt G (T, m e Xu (31 E
e (85677) = .
0, otherwise.

Then, the MSSP problem can be simplified to

z' =minEe fo(21;€,), 3)
T 2
where for each t = 2,...,T — 1, we have
b . e St1, o
ft(xt 1;5_%) = U;ItnEéHl[ftH((mt l,mt)§§t )|§t = g]: (4)
and
fr@ €7 = min fr (375 €7)
T
where

o oy O @ED), vr € Xr(@ 7, €7)
fT(x a§ )_ .
0, otherwise.

For theoretical purposes, we will assume that we are dealing with
stochastic programs with relatively complete recourse, which means that
for solution values that are feasible in earlier stages there exist feasible
solution values in subsequent stages.

A special case is the T-stage stochastic linear program, which is defined
as

min ciz1 + E min coxa +E |-+ E[ min chT]” (5)
z1€X7 z2€X2(x1,82) e €XT(xT—1,8T)
where & represents the random data at stage ¢, & = {c¢, A¢, By, b}, and
feasible region X1 = {z1 : A1z1 = b1,z1 > 0}, and for t = 2,...,T, we
have

Xi(zi—1;&) = {x¢ : Byxe—1 + Arxe = by, ¢ > 0}

To draw a connection between the multi-stage linear program and the
general MSSP problem defined above, notice that by taking

¢IT(fT7£_T) =cr1+...+crer,



then by recursive form 7 we have

T — ~T .
or(@ HET) = cirr 4+ .+ erm1mro1 + min crar,
T

T 2T —1

ora(@ 5T = minEgrfor(@ HEIE T =]
= min Erfcizi +...+ minchT|ET71 = ET_l]
TT—1 € T

= 121+ ...+ min |er—127-1 +E€ min crxr
TT 1 T x7

and similarly we can recursively define the object function for ¢t = T —
2,...,2, and in the end we would have

Ga(m1:&2) = minEplps(a*E)[6 =€)

= minE_s[ciz1 + coxo + minfeszs + E[. .. + Emin crzr]][€, = &2]
T 3 T

£

= ciz1 + minfceze + E[min cszs + E[. .. + Emin crzr]]],
x2 x3 T

and finally ming, IE£2 ¢2 (1,€,) would be in the form of (F).

For multi-stage problems it is useful to consider a scenario tree with
the property that scenarios with the same realization up to stage t share
a node at that stage. Consequently, Et can be regarded as a node in the
scenario tree at stage t. We use f_l to represent the dummy root node
of the scenario tree, whose descendant nodes are realizations of £,. We
emphasize here that El is not a random variable. We use 1“({_%) to denote
a general subtree with root 5_% Depends on the context, F(Et) can be
generated by either taking the entire subtree in from the original scenario
tree, or by sampling from the original tree. We will talk about generat-
ing 1"(5_%) by sampling in later sections. For a specific node ?, we use
D(Et ) to represent the set of its descendant nodes. The cardinality of set
D(£") is denoted as |D(£')]. We use F(&]€'~") to denote the conditional
distribution of &, given the history up to stage ¢t — 1.

In this paper we describe software that implements well-known meth-
ods for two stage problems and we provide extensions to multiple stages
along with supporting theory and software. The software is available as
part of the mpi-sppy package [Knueven et al.| (2021)), which is available for
download from https://github.com/Pyomo/mpi-sppy. The source code
is in the confidence_intervals directory. The rest of the paper proceeds
as follows. Literature is reviewed in Section [2] with particular attention to
the two-stage methods that we implemented. These methods are extended
to more than two stages in Section Computational experiments are de-
scribed in Section [d] and the paper closes with conclusions and directions
for further research in Section [Bl

2 Literature

Multistage stochastic optimization problems provide a framework for opti-
mized decision-making under uncertainty. Originally proposed by |Dantzig
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, it has been applied to a broad spectrum of areas, including energy
planning [Pereira and Pinto| (1991)), hydrothermal scheduling
et al| (2017), vehicle routing Kenyon and Morton| (2003), financial mod-
eling |Ziemba and Vickson| (2014), supply chain management
ishokooh et al.| (2016]), and many others.

In practice, it is often necessary to approximate a multistage stochastic
optimization problem, because the problem parameters may be a random
variables with continuous distribution for which it is impossible to evaluate
the expected cost. Even when the distribution of the parameter has a finite
support, one may still have computational difficulties due to the large size
of the problem.

Therefore, there has been a growing literature in studying Monte
Carlo sampling methods for approximating stochastic optimization prob-
lems. For example, Homem-de Mello and Bayraksan| (2014)) and [Norkin|
samples within the branch-and-bound algorithm and uses the
stochastic upper and lower bound estimators to prune the search tree. A
stochastic cutting plane method in Higle and Sen| (2013)) uses sampling-
based cutting planes within the L-shape method for stochastic program-
ming. [Higle and Sen| (1999)) discuss methods for assessing solution quality
and develop stopping rules in the stochastic cutting plane context. Simi-
lar ideas were later used to develop stopping rules for other algorithms as
discussed below.

Other works uses Monte Carlo methods for external sampling, where
the sampling procedure is done before the solution is being calculated. For
two-stage stochastic programming, this coincides with the well-studied
sample-and-average method and there has been a rich literature on the
asymptotic convergence results (Dupacové and Wets|1988, [King and Rock-|
afellar||1993)).

Mak et al.| (1999) developed sampling-based upper and lower bound
estimators to construct a confidence interval on the optimality gap for two-
stage stochastic programming based on the asymptotic normality. Addi-
tional computational results can be found in, for example,
(2000).

discussed the difficulty in extending such sampling

methodology to multistage linear programming problems and proposed a
conditional sampling procedure for constructing consistent lower bound.
[Chiralaksanakul and Morton| (2004) further proposed two Monte Carlo
sampling method to construct upper bounds for the optimality gap in
the case of stagewise independence and stagewise dependence. Together
with the lower bound estimator based on conditional sampling, they are
able to provide a confidence interval for the optimality gap in multistage
stochastic programming.

We developed software referred to as MM W based on ,
[Shapiro| (2003), Chiralaksanakul and Morton|(2004) that assess the quality
of solutions for multistage programmings. We also developed software we
refer to as sequential sampling based on [Bayraksan and Morton| (2011}
[2009), Bayraksan and Pierre-Louis| (2012), which develop stopping rules
for sequential sampling procedure that estimate the optimality gap of a
sequence of candidates solutions under an increased sample size.

We note here that a few other papers discussed how to assess the solu-




tion quality for multi-stage programmings with inter-stage independence.
These algorithms are mostly adapted from the SDDP algorithms [Pereira
and Pinto| (1991). |[Homem-de Mello et al.| (2011) presented an alternative
stopping criteria for SDDP that is more statistically robust. [Kozmik and
Morton| (2015) shows that importance sampling can be used to improve
the upper bound estimators in the risk-averse setting. Their work im-
proves the results of |Shapiro| (2011)). |De Matos et al.[ (2017) proposed an
algorithm that can construct a confidence interval of the optimality gap
using a single scenario tree.

3 Extension to Multi-stage

3.1 Prerequisites before estimating confidence in-
terval

Equation suggests that if we can compute the function value of ¢2(x1; €5)
exactly, we can then regard a multi-stage problem as a two-stage program-
ming problem, and apply MMW directly to find a CI estimation of the
optimality gap. However, in practice, one may not be able to evaluate
¢2(z1;€,) as it is a stochastic programming problem in the multi-stage
case. Below we follow the work of (Shapiro||2003} |Chiralaksanakul and
Morton|2004) to describe a conditional sampling procedure that allows us
to construct a confidence interval later on.

3.1.1 Conditional Sampling

Multi-stage confidence interval estimation for problems based on scenario
trees requires construction of sample scenario trees. In this section we de-
scribe the use of conditional sampling to construct a subtree I‘(f_%) given
any node ? in the original scenario tree.

We begin by sampling n¢+1 observations (§+1,1,...,8t+1,n,,,) from
the conditional distribution F(ft+1|§) to form n:41 descendant nodes
(5*“*1,...,?“*%“) for ?, where 5”“ = (§7€t+],i) for t > 2. Here
ne+1 is the sample size. In general the sample size associated with each
node doesn’t need to be the same, but for simplicity, here we use n; to
denote the uniform sample size for stage ¢t. Then for each node {Hl’i,
we again sample from the conditional distribution F(ftH@H’i) to form
niy+2 descendants. We repeat the sampling process until we reach the leaf
node, i.e. ¢ =7T. The total number nodes in stage 7 is H;=t+1 nj.

Note that here we do not specify how the conditional sampling at each
stage is conducted. For example, conditioned on (f_HI’I, . ,f_ﬂl’"‘“),
the nodes at stage t + 2 may not be independent. However, we assume
that the samples at each stage form an unbiased estimation. In other
words, we require that for each stage t in our generated subtree,

St—1

el 1 — t—1 Tt
=E nt;ft(:c EIE |

t—1
]

—t—1, 2t
Bgel (@56



The above condition holds when the sampling is done in an i.i.d. manner,
but other methods, for example importance sampling, can achieve the
same results.

3.1.2 Optimization given scenario tree

To simplify notation for now, we take a given finite scenario tree 1"(5_1)
and assume we can find an optimal solution for the following optimization
problem:

z" = min . Z J?2($1; &2,1) (6)

1 N2 .
&2,:€D(EY)

where for t =2,..., 7 — 1, ﬁ is recursively defined as

F@ 84 = min — Yo Fen@ @ eny), (D)

Tt Ti41 L
Ey1,;€D(ELY)

and R _ )
Fr@ 1 €0 = min fr(&75 €7,
T

which is essentially an approximation of the MSSP problem defined in .
When the original problem has a finite scenario tree lﬂ(fﬁi)7 the optimal
value in @ is the same as in . In the sequel we will add notation
to acknowledge that in general we may be able to compute only a lower
bound on the objective function.

3.1.3 Feasible Solution

Suppose now we have a decision Z; for stage one, which may be obtained
by solving an approximation problem for MSSP . Given a scenario ?7
we are interested in finding a feasible solution, which is specified by the
decision at different stages {Z; }i_1, so that it is non-anticipative and each
T; satisfies the constraint at each stage. The main idea in the construction
is to simulate the process in finding a solution for the original problem,
but this time in a roll out manner.

To find a feasible solution for ET , we go from stage 2 to stage T. At each
stage t, we fix the previously-made decisions {#;}!Z] and independently
sample a subtree with root node F(g‘) using the conditional sampling
method described in Section[3.1.1] Then the decision 7 is made by finding
the optimal value of the following optimization problem:

S Fn(@ 2 (@ 6n) (8)

£i41,:€D(EY)

Tt = argmin
T4 Nt41



where for r=t+1,...,T — 1, ﬁ— is recursively defined as

o ar—1, o . 1 N T — T
F (@567 = min » Yo @ e (€7 ),
Eri1,;ED(ETH)
)
and
Fr@ €M) = min fr@" €M)
T

Since the subtrees generated at each stage are independent, the deci-
sions we obtain are non-anticipative.

We note here the similarity between the above problem and the one
in Section Indeed, after we sample the subtree from a node, that
subtree essentially defines a new MSSP problem.

We summarize the process below:

Input : first stage solution Z1, scenario f_T .
Output: feasible, non-anticipative solution {Z;}7_,
Initialization;

for t <+ 2 to T do
Independently sample a new subtree F(ﬁ_z) ;
Solve the associated optimization problem ;
Denote the optimal value as Tt ;

end

return {Z;} 7,

Algorithm 1: Generating a Feasible Solution

3.2 Confidence Interval

We are now ready to construct a confidence interval for the optimality gap
by finding an upper bound and a lower bound for the optimal function
value 2" as in(Mak et al.|[1999, |Chiralaksanakul and Morton|2004). Before
we proceed, note that with our notation, the function value for a given
solution under a given scenario is fr(Z”; ET)

3.2.1 Upper Bound

We start by identifying an upper bound for the optimal value. For a
given first stage decision 1, we can find a feasible solution (%, ") for
all stages given any scenario E_T using Algorithm |1} It is easy to see that
Ef}(ﬁé(&:},ET);ET) is an upper bound for z*, as it is feasible (assuming
relatively complete recourse), but not necessarily optimal, so we have

2T 2T

Efr(2(@1,€ )€ ) =2

T T
While it is likely not possible to compute Ef5(Z(Z1,€ );€ ) directly, we
can form a point estimator by generating n., i.i.d. scenarios. £7°°

compute the corresponding function values

wi = (@@, 70 &0,

, and



Let U, = i Z?:“I w; be the sample mean, and si be the standard sam-
ple variance. Then, we may derive an approximate one-sided confidence

interval for Ef (% ($1,€T)§ET)3

2T, 2T tnufl,asu

2" <Efr(2(@1,€ );€ ) <Un+ Tn

here tp,—1,o is the upper 1 — a quantile for a ¢-distribution with n, — 1
degrees of freedom.

wp.~ 1—a, (10)

We may also derive a point-estimator for Ef7(Z(Z1, £T), ET) by gener-
ating n, independent sampled scenario trees 1"(5_1 ) using the conditional
sampling method in Section [3.1.1] Each scenario tree can be regarded
as a batch of scenarios as each leaf node represent a scenario. Though
within each F(f_h) we no longer have i.i.d. scenarios, we can still find an
estimator using the same method as described above. Consider each tree
['(€%%), for the N; leaf nodes on I'(€%%), we can find a feasible solution for
each and compute the corresponding function values as {w;,; };\’:11 Ag-

gregating the function values on the leaf nodes of F(E“) gives us a point
estimator: 1
Wi = ﬁizwi’j (11)
J

We note here that if two scenarios on the same tree share the same
realizations to stage t, i.e. if both of their paths go through node f_i, then
we can sample one scenario tree F(gt) to find Z¥ at stage ¢ for both sce-
narios, as long as the sampled scenario tree is constructed using unbiased
conditional sampling.

Now let U,, be the sample mean for W; and s2 be the standard sample
variance. Since the scenario trees are generated in an i.i.d. manner, by
CLT we are able to form an approximate one-sided confidence interval for

ST =T
Ef7(Z(z1,€ );€ ) using the same expression as :

Ty 2T tnu —1,aSu

2 <Efr(@(@1,€ ;€ ) <U,+ Nor

w.p. ~ 1—a,

3.2.2 Lower Bound

For reference, the general expression for a stochastic optimization problem
as defined in Mak et al.| (1999) is in the form

ZF = géi)rgEf(x?g), (12)

with associated approximating problem

—mlanf:rfl (13)

zeX n

then as proved in Mak et al.| (1999), we have

Ez, < 2*



The same conclusion holds when we extend it to MSSP. To be exact,
let z* be the optimal value for and z* be the optimal value for @
Then we have

Ez" < z*

We refer readers to |Chiralaksanakul and Morton| (2004)) for the proof
of the result.

As before, it is usually not possible to compute Ez* directly. To find
an estimator for Ez*, we can sample n; independent scenario trees using
the conditional sample method mentioned in Section and solve for
the optimal value of problem @ As a practical matter, for some types
of problems, it may not be possible to compute the optimal value exactly,
but only a lower bound. Denote the lower bounds as (¢1,...,%,,) and
compute the sample mean L, and the standard sample variance s? of
those lower bounds. This allows us to construct approximate one-sided
confidence interval as

tnlfl,ozsl

NI

Here tn; -1, is the upper 1 — « quantile for a t-distribution with n; —1
degrees of freedom.

2" >Ez" > L, — wp. ~1—a. (14)

3.2.3 Confidence interval

The Boole—Bonferroni inequality, and together yield the follow-
ing approximate (1 — 2«a)-level confidence interval for the optimality gap
at T . ;
ny—1,aSu ny;—1,aS1
0,Upn — Ln + NG + NG

We can use the same ”common random number” technique used by
Mak et al.| (1999) in the two-stage case to reduce variance in the MSSP
case. To be precise, when given a first stage decision Z1, we want to form
ng sample scenario trees F(gll) For each F(E“), we can find a point
estimator W; for the upper bound using Equation and the methods
in Section together with a lower bound /¢; using the methods in
Section @ Then G; = W; — £, can be regarded as an estimator for
the optimality gap. Furthermore, let G' and s, be the sample mean and

sample variance of G;. Since I'(€™%) are constructed in an i.i.d. manner,

we can use
ng—l,asg

~ 1
0,G + N
as the approximate (1 —«)-level confidence interval for the optimality gap.
Below we summarize the procedure for finding the optimality gap us-
ing the ”common random number” technique.

(15)

10



Input : first stage solution Z1, sample size ng

Output: approximate (1 — a) confidence level for optimality gap

Initialization;

for i + 1 to ny do

Independently sample scenario tree F(E“) ;

solve the approximate problem (@ associated with 1"(5“) ;

Denote the lower bound of the optimal function value as ¥; ;

Use tree traversal to find an feasible solution for each leaf node on F(f_“)
as in Algorithm (1 ;

Aggregate the corresponding function values as in to find upper
bound W; ;

Compute G; = W; — {; ;

end

Compute sample mean G and sample variance sg ;
return [0, G+ o
Algorithm 2: MMW Confidence Interval Estimation

tng—l,asg

3.3 Sequential Sampling Procedure

In comparison to (Mak et al.[[1999) which constructs the confidence in-
terval for a single solution, (Bayraksan and Morton|[2011, |Bayraksan and
Pierre-Louis|2012) proposed procedures that estimate the optimality gap
for a sequence of feasible solutions with an optimal limit point, which in
turn enable them to develop a stopping criteria for the sequential sampling
procedure.

3.3.1 Relative Width Sequential Sampling

We start by describing a trivial multi-stage extension to the sequential
sampling procedure in (Bayraksan and Morton||2011), which estimates
the optimality gap of a sequence of candidate first stage solutions for
a multistage program, and terminates when the point estimate of the
optimality gap satisfies the stopping rule.

While the procedure in finding an upper bound is similar, to find a
lower bound for the optimality gap, at each iteration k& we sample ny sce-
narios 1, €02 . €™ from the joint distribution {€,}% and construct
a horsetail scenario tree, where each sampled scenario represents root-to-
leaf path without any overlap. This bypasses the non-anticipativity con-
straints of the MSSP problem , except at the root node. In essence,
the discrete MSSP problem@ for the horsetail scenario tree is equivalent
to the following problem,

~k . 1 . 1 ST, FT,i
z = min < — min x ;& . 16
mexl{nk;w,...,w%( ) (16)
Where

(@5 €0 = {f’(fT,é Y ifa € Xo(@ ) fort=2,..., T -1

00 otherwise

11



Input : candidate first stage solutions Z; , scenario set
g, ghmy

Output: point estimator and variance estimator of the optimality gap
for the input candidate solution
Initialization;

. =Ti . .
For each scenario ET . find a feasible solution T " as in Algorlthm and
§T71;5T77:) .

)

compute an upper bound using the function value w; = f1(
Solve problem associated with the horsetail scenario tree that is
generated by the nj scenarios. Denote the lower bound for optimal

function value as ¢ ;

Compute the optimality gap estimator G = - > (w; — £) and the

ng
; e — _1 .
variance estimator s7 = —5 > (w; — £ — Gy)? ;
return Gy, s%
Algorithm 3: Generating estimators of the optimality gap

Since this is a relaxation of the original problem , we can expect the
optimal solution for to be a valid (but possibly not consistent) sta-
tistical lower bound for problem . We note here that in practice we
may only obtain a lower bound for z*, which can be used in constructing
a valid confidence interval.

Algorithm [4] shows our implementation of a multi-stage version of the
sequential sampling procedure in |[Bayraksan and Morton| (2011). The
main theorem in their paper, using their notation, states that for input
parameters h, € and €, the returned results for a two-stage problem sat-
isfies

K T 2T

. . , =T, *
lll}{lriiprP(EfT(m &€ )& )—= Sth—i—e) >1l-«

For multi-stage problems, the same inequality stands but the returned
confidence interval may be wider.

3.3.2 Fixed Width Sequential Sampling

Algorithm [ returns a candidate solution when its optimality gap falls
below a user-specified fraction of the sample variance, so the width of the
confidence interval can be considered as a relative-width. Such stopping
criteria may result in a wide confidence interval when the sample vari-
ance is large, as mentioned in Bayraksan and Pierre-Louis| (2012)), who
later proposed an alternative stopping rule that aim to find an e-optimal
solution.

To be exact, let G, (x) be the point estimator of the optimality gap,
vn(z) the sampling error, and h(n) the inflation factor that shrinks to zero
as n — 0, their proposed stopping rule returns the candidate solution
when Gy (z) + vn(z) + h(n) < e. In our software, the point estimator
Gn () is computed in the same way as in Algorithm[d] and we use vy (z) =

tn-tasn(@) o the sampling error. Here t,,—1,o is the upper 1 — a quantile

12



Input : valuesfor h >h' >0,e>¢€ >0,0<a<1,p>0, candidate
first stage solutions {Z1 j }, resampling frequency k¢

Output: candidate first stage solution 71 x that meets the stopping
criteria, and a (1 — «)-level CI on its optimality gap.

Initialization;

for k < 1 to Mazlter do

Compute the sample size ny for the current iteration with

1 -—pln g
n = [(hh,)Z(cp—|—2plnzkj)“7 ¢p =max< 2In Z] png /o | 1
J

if k¢ divides k then
‘ independently sample nj scenarios
else
independently sampled n; — ny_1 new scenarios
éT’”’C—lﬂ, e ,gT’"’C and bundle it with the previously sampled
scenarios E_T’l, ET*?, .. ,gﬂ'”’ﬁl
end
Use Algorithm [2| to compute the optimality gap estimator G and
the variance estimator sj for Z; ;, using the sampled scenarios;
If G, < h's + € then set K = k ; break ;
end
return T1 i , (1 — a)-level CI [0, hsk + €]
Algorithm 4: Sequential Sampling

Er1Ere, .. Ehm

for a t-distribution with n—1 degrees of freedom. We present the algorithm
for completeness here in Algorithm

4 Software and Computational Results

4.1 Software Particulars

Both MMW and sequential sampling are supported by classes and func-
tions that are consistent with the mpi-sppy library and there is also a
command-line program for MMW confidence intervals. In addition to the
usual requirement of parameters, which are specified as a dictionary, the
software requires as input a function that returns a Pyomo (Hart et al.
2011, Bynum et al|/2021)) model instantiated with data for a given sce-
nario along with scenario tree information, which comes in the form of
branching factors for multi-stage problems.

The MMW software requires input of an Z for the root node of the
scenario tree, which is a specification of values for the non-anticipative
variables. The mpi-sppy library provides methods to output Z in a format
that can be read by the MMW software, so upper bound software used by
any method supported by mpi-sppy can create the solution. The mpi-sppy

13



Input : sample size schedules {my}, {ns}, inflation factor h(n)
;resampling frequency k¥
Output: candidate first stage solution Z1 g whose estimated
optimality gap falls under e.
Initialization;
for k < 1 to Mazlter do
Independently sample a scenario tree with my leaf nodes and solve
the approximate problem @ to obtain candidate first stage
solution {1}
if k‘? divides k then
‘ independently sample nj scenarios 5T i1
else
independently sampled n; — ny_1 new scenarios
5““«—1“, . ,ET’"k and bundle it with the previously sampled
scenarios éT’l,f_T’z, .. ,éT’”k—l
end
Use Algorithm [2] to compute the optimality gap estimator G and
the variance estimator sj for Z; ;, using the sampled scenarios;

If Gy + M + h(n) < e then set K = k; break ;

NG

7?’23"'3511’?%

end

return 7 g
Algorithm 5: Fixed Width Sequential Sampling

library has heuristics for finding computing upper bounds given a scenario
tree and does not required relatively complete recourse. The sequential
sampling software does not require T as input because it is one of the
outputs.

Fixed-width sequential sampling requires only the desired width and
sample size as input, but we also support the fully parameterized version
relative-width using these parameters:

e p is used to control the sample size. Given K, it is possible to find
p that minimize nx. However as shown in |Bayraksan and Morton
(2011)), given p, the variation in sample size actually is moderate for
different K.

e h is used to control the desired width of the confidence interval

e /' is used to control the trade-off between inflation in the confidence
interval and the sample size: the closer b’ is to h, the smaller the
“inflation” of the CI statement is in trade of a greater sample size.

e ¢, ¢ is used here to ensure finite termination and theoretical con-
vergence, and we require h — h’ to some extent be proportional to

!

€—¢€
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4.2 Overview of Experiments

The models used are summarized in Table [l The APL1P and GBD
are included only to validate the 2-stage MMW and sequential sampling
procedures because they are used in (Bayraksan and Morton||2011) and
(Bayraksan and Pierre-Louis 2012). APLI1P is a two generator power
plant model with stochastic demand and availability (Infanger| (1992)).
GBD is an aircraft allocation problem with stochastic demand (Ferguson
and Dantzig| (1956))). Aircond, or the air conditioning problem, is a single-
product planning model with overtime production and inventory carry-
forward. This model can be any number of stages, but we use 3-stage
examples for this paper. We form two distinct models, one without any
start-up production costs (Aircond 1), and one which includes these start-
up costs (Aircond 2) and thus form mixed-integer programs. For more
details on Aircond see Appendix The z* reported for both Aircond
models are underestimates formed by approximating Ez;; as described in

Section 3.2.21

# of first | # of second | # of 3rd .
Model stage stage stage 7 of stochastic | # of . z*
variables | variables variables parameters scenarios
APL1P 2 9 NA 5 1280 24,642.32
GBD 17 10 NA 5 646,425 1655.63
Aircond 1 2 2 2 1 00 > 566.43
Aircond 2 3 3 3 1 0 > 1456.30

Table 1: Models used for computational results

When constructing confidence intervals for stochastic optimization
problems there are many different questions to be considered. Compar-
ing confidence interval procedures is typically considers two aspects. The
first concern is whether both the procedures have the desired coverage
probability in practice, i.e. can we produce these confidence intervals via
sampling techniques. We report coverage estimates p, which estimates the
fraction of the time the quantity (e.g. the gap, G) fell in the computed
confidence interval. Secondly, we would like to know which procedure
produces a tighter interval since this gives us a better idea of our optimal
solution on average. In this section we will also consider the time required
to produce confidence intervals.

4.3 Results for APL1P and GBD

Table 2] reports the results of 100 trials of the fixed-width sequential sam-
pling procedure with a 90% confidence level. For each model we seek
a fixed-width optimality gap of 1% using a resampling frequency ky=1.
The 90% confidence interval on p reported are computed as described in
Section However, in the case of APL1P, we may calculate Zz exactly
with little computational effort, and z* is known, so we need not form a
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confidence interval for our coverage estimate. In this case we simply ob-
serve whether or not z— 2" < G. For GBD we form the confidence interval
on z; by sampling 10 independent sample trees per trial, and we again
know the true z*, so we observe whether or not z* € [?n — €z, Zn + €z].

FW 90% CI 90% CI 90% CI
Model ~ .
Gap onp onT on time (s)
GBD 8 0.83 £ 0.05 | 1.05 £ 0.06 7.34 £ 0.47
APL1P | 123 | 0.87 £ 0.04 | 11.87 + 1.95 | 40.02 £+ 17.67

Table 2: GBD, APL1P Fixed Width Sequential Sampling Results

The results are similar in terms of permissiveness of the intervals to
those in (Bayraksan and Morton||2011) and (Bayraksan and Pierre-Louis
2012).

4.4 Results for Aircond

For the Aircond problems, the true (without sampling) optimal solution
cannot be known exactly, so in order to compute coverage, p, we do the
following:

e Solve a ‘large’ SP, to produce an estimate x;, ; of z7

e Solve a ‘large’ number of subproblems with first stage solution 7, 1
to produce a 99% confidence interval of the estimate of the objective
value, z,,

e For any given candidate solution 1, solve a ‘large’ number of sub-
problems with first stage solution Z; to produce a 99% confidence
interval around z

e Form a gap estimate z — z* from these approximations

We denote the estimate of the optimal objective value as
[Zn — 2%, Zn + €2x],
and the estimate of the objective function at any Z; as
[f::\n —€2,%, + €z].

In the remainder of the results the proxy for coverage of a confidence
interval procedure which produces a gap estimate G, will be whether or
not we have the following containment:

(25 — €2%, 2 +€2¢] C [f;:\n +e—G, %0 + €3]

Tabel [3| shows the approximations used in our results.
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Model n Ty 2?1(72*01

Aircond 1 | 10° | [134.80, 0] | 567.75+0.8
Aircond 2 | 10* | [135.36, 0] | 567.24 + 2.33

Table 3: Optimal objective value approximations for Aircond 1, Aircond 2

4.4.1 Sequential Sampling Results

Table [4 shows the results of running the fixed-width sequential sampling
procedure to find 3% and 2% optimal first-stage feasible solutions for Air-
cond 1, and 5% and 4% optimal first-stage feasible solutions for Aircond
2. In this section we abuse our notation slightly and use T to denote
the number of iterations of the sequential sampling procedure, i.e. the
number of times we resample and increase sample size, and ¢t to denote
the wall clock time of a single procedure, not to be confused with stage ¢
stage T stage of the optimization problem. We report a first-stage solu-
tion computed by the sequential sampling procedure, 1, the number of
iterations, T, and the run time of the sequential sampling procedure, t.
We also report 90% confidence intervals on T and ¢ for 100 separate trials
of the procedure. Note that the 1 reported is a from single instance of the
procedure, as it will be used for further study. Lastly, the 99% confidence
intervals on Z, as discussed in the previous section, are constructed by
solving several thousand sample trees for which Z; is a feasible first-stage
solution.

In each trial we set the minimum sample size for the fixed-width pro-
cedure, cp, to be 100, and we set our confidence level to 95%.

In practice, for both Aircond models, the procedure fails to converge
for optimality gaps less that 2%, though in our case study the approximate
optimality gap is lower than the desired width of the confidence interval.
For Aircond 1, we seek 3% and 2% optimal solutions, and our approximate
optimality gaps are 0.5% and 0.8% optimal, respectively. For Aircond 2
we seek 5% and 4% optimality gap fixed widths, and our approximate
optimality gaps are 0.6% and .9% optimal, respectively. The approximate
optimality gap, reported (= zZ— z"), is the lower estimate of z* subtracted
from the upper estimate of z, i.e.

(2Z—2") = (Zn+e) — (5 —€:+).
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FwW R - Seq. Samp. 99% CI s
Model Gap e T I+ ex] time (s) [t & €] onz mETE
Aircond 1 | 16 | [117.45,0.0] 2[1.63+0.11] | 21.47[17.53+1.26] | 570.23+091 | 4.18
Aircond 1 | 11 | [144.38,0.0] 3[2.65+0.25) | 33.07[20.05+2.84] | 568.24+0.80 | 2.09

Aircond 2 72 [159.34,0.0,1.0] 7 [4.84 £ 0.45] 162.92 [119.51 +11.63] | 1465.9+0.85 12.36%*

Aircond 2 | 58 [200.0,0.0,1.0] | 10 [11.58 £ 1.53] | 252.41 [330.02 &+ 67.53] | 1470.11 £0.85 | 16.57**

Table 4: Feasible first-stage candidate solutions from multi-stage sequential
sampling procedure

The Z;1’s reported in Table [4] are those give by the first trial. In each
of the candidate solutions found, the approximate optimality gap is well
below the desired fixed-width gap of the procedure, with a level of per-
missiveness similar to those reported in the original papers. In the next
section we observe the performance of the multi-stage MMW procedure
which may be desired for constructing a tighter confidence interval on the
optimality gap.

4.4.2 MMW Results

In this section we repeat the multi-stage MMW procedure with each of
the candidate solutions found in the previous section for Aircond 1 and
Aircond 2. Table 5] shows the results of 100 repetitions of the MMW pro-
cedure for each candidate solution. For each trial we independently sample
20 scenario trees for several different branching factors: [10, 10], [20, 10], [30, 10],
and [20,20]. We report the number of samples used per tree as m. We
report 90% confidence intervals on the gap estimate, G, and the run time
t. It is clear that as we initially increase the number of samples used in
the MMW procedure, our gap estimate decreases. As m increases the
average gap estimate decreases, and we near our approximate optimality
gaps reported in Table [
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Model FW % m 90% CI 90% CI
Gap on G on time (s)
100 | 8.43 + 0.26 38.79 £ 0.02
Aircond 1 16 [117.45,0.0] 200 | 6.38 £0.17 81.81 £+ 0.04
300 5.6 £ 0.13 123.84 £ 0.21
400 | 5.55 £ 0.15 | 168.07 £ 0.36
100 | 5.74 £ 0.15 38.88 £ 0.02
Aircond 1 11 [144.38,0.0] 200 | 3.91 £ 0.09 81.58 £ 0.04
300 | 3.15 £ 0.07 | 122.86 £ 0.13
400 | 3.02 £ 0.08 | 167.86 £ 0.18
100 | 21.42 £ 0.4 | 116.54 + 0.26
Aircond 2 72 [159.34,0.0,1.0] | 200 | 17.83 + 0.23 | 235.19 + 0.43
300 | 16.36 £ 0.19 | 363.52 £ 0.77
400 | 11.49 £ 0.23 | 469.82 £+ 1.69
100 | 26.42 + 0.33 | 118.53 + 0.29
Aircond 2 58 [200.0, 0.0, 1.0] 200 | 22.71 £ 0.22 | 246.12 £+ 0.49
300 | 21.45 £ 0.18 | 379.75 £ 0.78
400 | 15.64 £ 0.22 | 475.48 £+ 1.57

Table 5: Multi-stage MMW Results.

Additional computational experiments are described in Appendix [B]

5 Conclusions and Directions for Further
Research

This paper describes software supporting practical creation of confidence
intervals for two-stage and multi-stage stochastic programs as well as sup-
porting ongoing research. Results presented here, or the software, can
benchmark improved methods. We have used two small, standard prob-
lem instances as well as a scalable example, the Aircond model, which is
included in mpi-sppy and easily reproduced in other modeling environ-
ments.

We have provided a case study comparing the MMW procedure to
the Sequential Sampling procedure. Such comparisons are not straight-
forward and perhaps comparison methodology is worthy of further re-
search. The MMW procedure computes a confidence interval on the opti-
mality gap for a given first stage solution Z1, whereas sequential sampling
computes a first stage solution Z; which satisfies a pre-specified optimal-
ity gap. Our results suggest the sequential sampling procedure produces
good candidate first stage solutions, which MMW is incapable of, but that
in practice MMW may be preferred to compute an accurate optimality
gap.

Another potential direction for further research involves multi-stage
sequential sampling. In our procedures we use a horsetail scenario tree to
construct a lower bound for the optimal function value, which in many
cases can be an underestimation as the non-anticipativity constraints are
ignored. A possible way to construct a tighter lower bound that takes
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into account the non-anticipativity would be as follows: at each iteration,
we draw one single scenario tree with ny leaf nodes; the upper bound
can be computed in a similar way as before, but instead of using the
horsetail scenario tree, we can construct a lower bound by solving for
the approximated MSSP problem associated with the sampled scenario
tree. The rest of the steps should be similar. However, it’s expected
that the variance of the optimality gap estimators generated within a
single scenario tree would be lower compared to those generated with
independent scenarios, as they are not strictly independent.

The software and problem instances are available for download at
https://github.com/Pyomo/mpi-sppy. Software documentation is avail-
able at readthedocs<https://mpi-sppy.readthedocs.io/en/latest/. We
hope that the software and extensions to multi-stage problems will en-
hance research and practice in the are of optimization under uncertainty.
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A Aircond Model

We make use of a multi-period production planning model with overtime
production and inventory carry-forward based on a model called “Air
Conditioning” in lecture notes by Jeff Linderoth.

A.1 Variables

Given a set of stages (periods) 7 = {1,2,...,T}, and a single product,
we define each variable over each stage t € T. For each stage we have the
following;:
x4 € R>o number of each product to make in regular time (decided
right before period t)
wy € R>o number of each product to make in overtime (decided
right before period t)

y+ € R number of each product to carry forward (determined by «z,
w and the demand for period t)

do € {0, 1} start-up variable

A.2 Parameters

The following quantities are all taken as parameters in our construction of
the problem. For our purposes, only the demand, Dy, is stochastic, though
this problem may be extended to have stochastic inventory capacity and
costs. Each parameter is real-valued and all but N; are non-negative. All
are known the beginning of period 1 except for the demand.

D; demand in period ¢t (known at the end of period t)
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I; single period inventory cost

N single period negative inventory cost (failure to meet demand)
K regular time capacity

C' regular time production cost

O; overtime production cost

St start-up cost

yo beginning inventory

A.3 Objective Function

The objective is to minimize the expected cost of production sub-
ject to inventory and demand constraints. At each stage we can
only produce so much of each product and we must meet the given
demand. Using the notation introduced in , with & = D, and,
subsequently,

gi = (627531 o 7§t) = (D27D37' . ‘7Dt)a
the objective is defined recursively by:

i=1

min (61 -S1+CL 21+ 01 - wr + ZmaX{Il,iym,lem +E§2¢2(9€1;§2)>

s.t. 1 < Ki,
Yo+ x1 +wi1 —y1 = D1
Méy > x1 +w:
where
St

¢>z(wt71}§1) = min <5t S+ Cr -z + O - we + Zmax{lt,iyt,i, Niyei} + Eét+l [¢t+1($t§ i E | €

T —1
s.t. Tt S Kt,

Ye—1 + Tt +we —ye = Dy

Moy > x¢ + wy

and

xT
T i—1

(bT(mT,l; ET) = min <6T St +Cr -z + O - Wt + Z maX{IT,in,i, NT:UT,i})

s.t. zr < Kr,
yr—1 +xr +wr —yr = Dr
Mér > x1 4+ ws.

Here M = T'max{z:+w; }+c7, where T is the total number of stages.
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A.4 Non-integer Sample Data

For the experiments conducted in this paper we work with a signifi-
cantly simplified model in order to study a multi-stage problem with
reasonable computational effort.

We assume a 3-stage (7 = {1, 2, 3}) problem with no start-up costs.
Furthermore, we fix the parameters as:

y0:100
K =200
=1
O0=3

Iy =0.5, It = —0.8,

and assume that the demand D is a random walk with barriers at 0
and 400 which follows a normal distribution A(0,40). In other words
we sample i.i.d. variables R; from AN(0,40) and define Dy41 as

0 if Di+ R <0
Dyiy1 = ¢ 400 if Dy + Ry > 400
D; + Ry otherwise.

A.5 MIP Sample Data

To look at examples where individual scenarios might reasonably solve
with a gap between upper and lower bounds, we also consider mixed-
integer programs by including start-up costs at each stage. In this case
all the previous data remains the same and we include the following pa-
rameters:

N =-5
S = 300.

These parameters were chosen so that we observe scenarios in which
we choose not to produce at certain stages, and also tuned so that it is not
always optimal not to produce to max regular capacity in the first stage.
The latter is so that we see variation in our first-stage solution in order
to meaningfully study the success of the sequential sampling procedure.

B Additional Computational Results

B.1 Additional Aircond Results

To validate the multi-stage MMW procedure, for each repetition of the
procedure we determine whether the gap estimate G covers our approxi-
mate optimality gap ~ (Z — z*) reported in Table |4} Figure |1 shows the
average G for 100 trials for increasing sample size per tree. Over each
dot is the approximate coverage, p, for the 100 trials, where we say that
the procedure covered the approximate optimality gap if the width of the
confidence interval is larger than the approximate optimality gap. For
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Aircond 2 we see that the use of the under estimate for z* proved ap-
proximate optimality gaps which are too large, and so as we increase the
sample size and our gap estimate improves we construct tighter confidence
intervals which are do not cover the approximate optimality gap. As tree
size increases the MMW procedure provides a tighter optimality gap but
decreases in coverage probability. In general, it is best to use both a large
sample size per tree (batch size) and a large number trees (batches) to
produce a tight confidence interval with the desired coverage probability.

10 30
-®- £=11
0.99 -—- mi-z
.. ® =16 25
8 : ~3-z
3 93 220
6 1 T 0.91 0.86 £
S L ettt ° 8
2 ~ 2
b e S1s
o o1 o
g & 8
g Tl 093 210
< SO . K
S
5
o 0
50 100 150 200 250 300 350 400 450 50 100 150 200 250 300 350 400 450
Scenarios per tree Scenarios per tree
(a) Aircond 1 (b) Aircond 2

Figure 1: Average optimality gap for Aircond models from MMW procedure
over 100 trials as tree size increases, as shown in Table The label above is
the coverage probability for that particular tree size.

Table [f] shows analogous results to Table [f] but with an MMW pro-
cedure using a batch size of 10 rather than 20. The average gap estimate
over 100 trials is slightly larger in this case, and the approximate coverage
suffers due to the higher variance of the procedure.
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Model FW % m 90% CI 90% CI
Gap on G on time (s)
100 9.4 £+ 0.42 19.35 + 0.02
Aircond 1 16 [117.45,0.0] 200 | 7.01 £0.31 40.48 £+ 0.04
300 | 6.28 £0.19 61.92 £ 0.1
400 6.2 £ 0.27 84.15 £ 0.1
100 | 6.73 £ 0.28 19.23 £ 0.02
Aircond 1 11 [144.38,0.0] 200 4.4 £ 0.17 40.57 £+ 0.03
300 | 3.26 £ 0.11 62.04 £+ 0.13
400 | 3.42 £0.15 85.2 £ 0.29
100 | 23.92 & 0.65 | 58.01 + 0.16
Aircond 2 72 [159.34,0.0,1.0] | 200 | 19.42 + 0.44 | 114.11 4+ 0.32
300 | 17.39 £ 0.28 | 177.22 £ 0.48
400 | 12.6 £ 0.34 | 232.21 £ 1.24
100 | 28.8 & 0.62 59.06 = 0.2
Aircond 2 58 [200.0, 0.0, 1.0] 200 | 24.11 £ 0.37 | 119.25 + 0.3
300 | 22.21 £ 0.27 | 184.07 £ 0.54
400 | 16.82 £ 0.32 | 233.22 £ 1.22

Table 6: Multi-stage MMW Results, 10 sample trees per trial

Included in Table [1 are results from 100 trials of the relative-width
sequential sampling procedure with a confidence level of 95%.

' 90% CI 90% CI 90% CI
Model P on G on T on time (s)
Aircond 1 | 0.8, 0.55 | 19.57 £ 0.98 | 1.17 + 0.07 9.6 + 0.62
Aircond 2 | 1.1, 0.85 | 87.89 £ 0.85 | 1.45 + 0.09 | 41.47 £ 2.96

Table 7: Aircond RW Sequential Sampling Results.

B.2 Additional 2SSP Results

Table[8]shows the results of running the relative-width sequential sampling
procedure for the GBD and APL1P models with a confidence level of 90%,
in which we report an additional p as in Table

Model bW 90% CI 90% CI 90‘7(/)\ CI 90%. CI
on G on T on p on time (s)
GBD 0.18, 0.01 1.13 £0.25 3.79 £ 041 | 0.84 £ 0.05 | 18.53 £ 2.16
APLIP | 0.317, 0.115 | 204.62 + 22.29 | 1.04 + 0.03 | 0.91 + 0.04 4.8 + 0.13

Table 8: GBD, APL1P RW Sequential Sampling Results (100 trials)
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