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Abstract

This paper studies several solution paths of sparse quadratic minimization problems as a function
of the weighing parameter of the bi-objective of estimation loss versus solution sparsity. Three
such paths are considered: the “`0-path” where the discontinuous `0-function provides the ex-
act sparsity count; the “`1-path” where the `1-function provides a convex surrogate of sparsity
count; and the “capped `1-path” where the nonconvex nondifferentiable capped `1-function aims
to enhance the `1-approximation. Serving different purposes, each of these three formulations
is different from each other, both analytically and computationally. Our results deepen the un-
derstanding of (old and new) properties of the associated paths, highlight the pros, cons, and
tradeoffs of these sparse optimization models, and provide numerical evidence to support the
practical superiority of the capped `1-path. Our study of the capped `1-path is the first of its
kind as the path pertains to computable directionally stationary (= strongly locally minimizing
in this context, as opposed to globally optimal) solutions of a parametric nonconvex nondiffer-
entiable optimization problem. Motivated by classical parametric quadratic programming theory
and reinforced by modern statistical learning studies, both casting an exponential perspective in
fully describing such solution paths, we also aim to address the question of whether some of them
can be fully traced in strongly polynomial time in the problem dimensions. A major conclusion
of this paper is that a path of directional stationary solutions of the capped `1-regularized prob-
lem offers interesting theoretical properties and practical compromise between the `0-path and
the `1-path. Indeed, while the `0-path is computationally prohibitive and greatly handicapped
by the repeated solution of mixed integer nonlinear programs, the quality of `1-path, in terms
of the two criteria—loss and sparsity— in the estimation objective, is inferior to the capped `1-
path; the latter can be obtained efficiently by a combination of a parametric pivoting-like scheme
supplemented by an algorithm that takes advantage of the Z-matrix structure of the loss function.
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1 Introduction

We study and compare different approaches for sparse quadratic minimization [30] with a Stieltjes
matrix [4] and bounded variables. In particular, given vectors q ∈ Rn, ` ∈ Rn−, u ∈ Rn+, p ∈ Rn++ a
Stieltjes (i.e., a symmetric M-)matrix Q ∈ Rn×n and a regularization parameter γ ∈ R+, we consider:
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• The `0-problem

f0(γ) , minimum
`≤x≤u

q>x+ 1
2 x
>Qx︸ ︷︷ ︸

denoted q(x)

+γ
n∑
i=1

pi |xi |0, (1)

where the univariate `0-function | t |0 ,

{
1 if t 6= 0
0 if t = 0

for t ∈ R is the indicator function of sparsity.

• For an additional scalar δ > 0, the `1-problem

f1(γ) , minimum
`≤x≤u

q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi
|xi |
δ

; (2)

see also (8).

• For δ > 0 as above, the (nonconvex) capped `1-problem

fcap(γ) , minimum
`≤x≤u

q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi min

(
|xi |
δ
, 1

)
. (3)

In general, an M-matrix is a real square matrix with nonpositive off-diagonal elements (i.e., a Z-
matrix) and whose principal minors are all positive; there are many equivalent characterizations of
this class of matrices; see [9].

Problem (1) is the exact formulation of the sparsity optimization problem of practical interest; (2)
is a popular convexification of this discrete problem; and (3) attempts to enhance the sparsity of the
solution of the convex approximation. There has been an extensive literature in solving problems
(1)–(3) for a given value of the parameter γ. In contrast, the parametric versions of the three
problems constitute the focus of this paper. In other words, we focus on computing f0(γ), f1(γ)
or fcap(γ) for all values of γ ≥ 0 (i.e., the complete paths and not just at discrete values) and
their corresponding “solutions”; for the nonconvex nondifferentiable problem (3), the analysis and
computation of a (strongly) locally minimizing solution path will be a highlight of our study. In fact,
it has been shown in [33] that when problem (3) is applied to regularized M-estimation, any local
minimizers of (3) lie within statistical precision of the true parameter vector. Therefore, the solution
path of local minimizers is comparable to that of global minimizers from a statistical perspective.

1.1 Motivation

Problems (1)–(3) arise in sparse inference problems with Gaussian Markov random fields (GMRFs).
Specifically, we consider a special class of GMRF models know as Besag models [11], which are
widely used in the literature [12, 13, 27, 31, 36, 41] to model spatio-temporal processes including
image restoration and computer vision, disease mapping, and evolution of financial instruments.
Given an undirected graph G = (V,E) with vertex set V and edge set E, where edges encode
adjacency relationships, consider a multivariate random variable X ∈ R|V | indexed by the vertices
of G with probability distribution

p(X) ∝ exp

−∑
(i,j)∈E

1

dij
(Xi −Xj)

2

 .

Such probability distribution encodes the prior belief that adjacent variables have similar values. The
values of X cannot be observed directly, but rather some noisy observations y of X are available,
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Figure 1: Two-dimensional GMRF.

where yi = Xi + εi, with εi ∼ N (0, σ2
i ). Figure 1 depicts a sample GMRF commonly used to model

spatial processes, where edges correspond to horizontal and vertical adjacency.
In this case, the maximum a posteriori estimate of the true values of X can be found by solving the
optimization problem

minimize
x

∑
i∈V

1

σ2
i

( yi − xi )2 +
∑

(i,j)∈E

1

dij

(
xi − xj

)2
. (4)

Instead of problem (4) (which can be solved in closed form), we consider the situation where the
random variable is also assumed to be sparse [6]. For example, few pixels in an image may be
salient from the background, few geographic locations may be affected by an epidemic, or the un-
derlying value of a financial instrument may change sparingly over time. Moreover, models such as
(4) with sparsity have also been proposed to estimate precision matrices of time-varying Gaussian
processes [24]. In all cases, the sparsity prior can be included in model (4) with the inclusion of the

`0 term γ
n∑
i=1

pi |xi |0, or an approximation such as the `1 or capped `1, resulting in an optimization

problem with a Stieltjes matrix of the form (1)–(3). Since the true sparsity of the underlying statis-
tical process is rarely known a priori, one is interested in solving (1)–(3) for all values of γ, and then
using either cross-validation or information criteria [2, 38] to select the best alternative.

1.2 Summary of contributions and outline of paper

While the parametric version of problem (2) has been studied in the literature [23, 39], there is a
paucity of research concerning the parametric problems (1) and (3). This is not surprising, due to
the nonconvex structure of the optimization problems. A major contribution of the present work
is to fill this gap and to highlight the benefits brought by the Z-property of the matrix Q. These
contributions are of two kinds: analytical and computational. From an analytical perspective, we
show in particular that in the special case where the variable x is nonnegatively constrained, the
functions f0, f1 and fcap can be described compactly using at most n + 1 concave functions. In
contrast, if Q is not Stieltjes and x is free, the description of these value functions may require an
exponential number of simpler functions.
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From a computational perspective, for each fixed δ > 0, we propose an algorithm to compute a
possibly discontinuous solution path of strongly locally optimal objective values of the capped `1-
problem:

flocmin(γ) ∈ loc-minimum
`≤x≤u

q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi min

(
|xi |
δ
, 1

)
. (5)

There are several major contributions of this study that deserve to be highlighted: (a) this study is
the first of its kind that addresses a stationary solution path of a parameter-dependent nonconvex
nondifferentiable optimization problem, which in this case, coincides with a path of (strongly) locally
optimal solutions; (b) interesting properties of this stationary (= locmin) solution path are revealed
in the study, in particular, its discontinuity and the fast restoration of a stationary solution at
a discontinuous point; and (c) an extensive set of computational results provide strong evidence to
support the benefits of this nonconvex nonsmooth regularizer in practical sparse optimization. Taken
together, the analytical and computational results provide evidence demonstrating the benefits of the
capped `1-regularizer in the class of parametric sparse optimization problems studied in this paper.

The rest of the paper is organized as follows. In §2 we present some relevant background for the
paper. In §3 we review known results concerning the parametric versions of problems (1)–(3), and in
§4 we prove the new analytical results. In §5 and 6 we discuss the computation of the local minimum
path given by flocmin(γ); in §7 we specialize the methods to the nonnegative case x ≥ 0; and in §8
we illustrate the performance of the proposed method via numerical experiments.

2 Some Details of the Problem Setting

The basic problem with exact sparsity is (1), where the following blanket assumption is made unless
otherwise specified:

• 0 < min(−`i, ui ) ≤ max(−`i, ui ) <∞ for all i ∈ [n] , {1, · · · , n}.
The results in this paper can easily be generalized to the case where some or all of the bounds `i and
ui are ±∞, respectively (as in many machine learning applications that are unconstrained problems),
and also to the case where some bounds are equal to zero (so that the corresponding variables are
sign-restricted). In order to avoid some inessential discussion, we focus on the above conditions on
the bounds, although we will devote Sections 4 and 7 to address the case where `i = 0 for all i ∈ [n].

Due to the disjunctive (thus discontinuous) nature of the `0-function, there are many proposals to
approximate the `0-function by continuous functions; most prominent among these in the statistics
literature is the family of folded concave functions [1, 25, 32]. In turn, simplest in this family are the
weighted `1 and capped `1-functions; the latter functions employ a (sufficiently small) scalar δ > 0
satisfying the condition

0 < δ < min
1≤i≤n

min(−`i, ui ). (6)

We restrict δ to satisfy this condition for the sake of simplifying some discussion. These regularizers
lead to the approximated problems (2) and (3). Parameter γ is a weight between the quadratic loss
function and the variable sparsity, the scalar δ controls the approximation of the `0-function by the
convex absolute-value function, or the truncation of the latter. Subsequently, we devote §7 to the
nonnegatively constrained capped `1-problem:

minimize
0≤x≤u

q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi min

(
xi
δ
, 1

)
, (7)
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where the nonnegativity restriction enables a strongly polynomial complexity of the parametric
method for tracing a (directional stationary) solution path of the problem.

Problem (2) is equivalent, via an obvious re-definition of the tuplet (q,Q, `, u), to the problem

minimize
` ′≤x ′≤u ′

(x′ )>q ′ + 1
2 (x ′)>Q ′x ′ + γ

n∑
i=1

|x ′i |, (8)

where the weights associated with the absolute-value term are all equal. Such a transformation is
not possible for the nonconvex problems (1) and (3).

For fixed (γ, δ) > 0, the 3 problems (1), (2), and (3) are quite different structurally:

• (1) is a discontinuous minimization problem that can be formulated as either a mixed integer
program [6, 22, 40] or a quadratic program with linear complementarity constraints [7, 26];

• (2) is a convex, bounded-variable, piecewise linear-quadratic program [20] that is solvable by a
strongly polynomially bounded algorithm [28], which we refer as the GHP Algorithm;

• as a special coupled nonconvex nondifferentiable optimization problem [21], (3) is a piecewise
linear-quadratic program [20], whose local minimizers are computable by the same GHP Algorithm.

When specialized to (3), the GHP Algorithm consists of outer loops each composed of inner iterations.
Initialized with the index set S = [n], each outer loop computes a “directional stationary” solution
(see §5 for a formal definition) of a fixed-sign version of the problem where variables indexed by
a current set S are constrained to be nonnegative while those not in S are nonpositive. Each
inner loop (which is not needed for the `1-problem (2)) accomplishes this task by breaking up the
pointwise minimum function and solves a sequence of convex quadratic programs. By exploiting
the Z-structure of the matrix Q, both loops have a monotonic property that results in a strongly
polynomial complexity of the overall algorithm for computing a directional stationary solution (=
strong local minimum) of (3) (and an optimal solution in the case of (2) due to its convexity). A
noteworthy remark about the GHP Algorithm as presented in [28] is that it is initialized with the
full index set [n]; most importantly, if an “almost dstat” solution is available, as is in the problem
of tracing a solution path to be introduced next, then one would want to modify the algorithm to
take advantage of the available candidate solution. Details of the motivation and description of the
“modified GHP Algorithm” are presented in §6.

Solution paths

Unlike the case of a fixed γ > 0, there is to date a lack of a systematic study of a solution path
of either problem (1) or (3) for all positive values of γ. In contrast, the earliest study of the
parametric “LASSO path”, i.e., the problem (2) with a general symmetric positive (semi)definite
matrix Q appears to be the paper [23] followed by [39]. The LARS algorithm therein is like a classical
parametric quadratic programming algorithm in the optimization literature [14] although the LASSO
structure is explicitly exploited. Its complexity is in general exponential in the number of variables
due to the possible exponential number of breakpoints of the solution path [34].

A parametric study of the exact `0-problem (1) with equal weights (pi = 1 for all i ∈ [n]) can be
found in [37], where the piecewise affine property of the path is established; the description of this
path involves in general the solution of a linear number of fixed-cardinality variable selection prob-
lems. Similar ideas of enumerating all n+1 cardinalities are commonly used in the literature [10, 19].
However, there is a scarcity of efficient techniques for the case of unequal weights. Methods for mul-
tiobjective optimization, often designed in the context of mixed-integer linear optimization, often
call for solving a large sequence of mixed-integer programs [15, 16]. Naturally, such methods may
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perform poorly if a large number of calls to a mixed-integer optimization solver are necessary, par-
ticularly in the context of mixed-integer nonlinear optimization, since each problem is comparatively
more difficult than for the linear case.

A parametric study of `p-regularized “critical path” (0 < p < 1) connecting the origin to a given
“local minimizer” of the problem is done in [42]. The construction of such a “piecewise smooth”
function involves following a smooth path between breakpoints by solving a system of parametric
nonlinear equations and a heuristic scheme to switch between two breakpoints. In general, a nonlinear
regularizer such as the `p-function will lead to nonlinear equations and following the solution path
of such equations can be accomplished at best only approximately; this is in contrast to following
a piecewise affine path induced by the `1- and capped `1-regularizers. Note that the `p-regularized
problem is strongly NP-hard for fixed value of the regularization parameter [17], thus tracing the
exact parametric path is certainly difficult.

Unlike the parametric `0- and `1-paths, as we have mentioned before, there is to date no study of
the solution path of the capped `1-regularized problem. As it turns out, a careful study of the latter
path has significant practical benefits from a computational optimization perspective and also from
a statistical point of view; this manifestation of the capped `1-path is supported by the numerical
results in §8.

We first summarize the theoretical results of our study, whose detailed proofs will be the subject of
subsequent sections where the un-defined terms will be clarified.

• The optimal objective value function f0(γ) of the exact `0-problem is concave, nondecreasing, and
piecewise affine with possibly exponentially many pieces of linearity; the evaluation of f0(γ) for each
fixed γ > 0 requires solving a mixed integer quadratic program. While it is known that when the
weights pi are all equal, the optimal objective value:

f=
0 (γ) , minimum

`≤x≤u
q>x+ 1

2 x
>Qx+ γ

n∑
i=1

|xi |0

has no more than n+ 1 pieces of linearity [37], subsequently, in §4 we give an example to show that
the more general path f0(γ) can indeed have an exponential number of affine pieces if Q is not an
M-matrix. Such an example seems to be new in the literature. Nonetheless, we show that, if Q is an
M-matrix and `i = 0 for i ∈ [n], then f0(γ) (with unequal weights) has at most n+ 1 affine pieces.

• The optimal objective value function f1(γ) of the `1-problem is concave, nondecreasing, once con-
tinuously differentiable, and piecewise linear-quadratic composed of finitely many quadratic functions
over an exponential number of non-overlapping intervals. The evaluation of f1(γ) for each fixed γ > 0
can be accomplished by a strongly polynomially bounded algorithm. The reference [34] contains a
class of `1-regularized problems where the number of smooth pieces of the solution path is expo-
nential; yet Q in these problems cannot be a Z-matrix. While it remains an open question to date
whether the number of such pieces of the solution path is an exponential or polynomial function of
n when Q is a Stieltjes matrix, there are cases [28, Section 6] where this number is linear in n.

• For each fixed δ > 0, the optimal objective value function fcap(γ) of the (nonconvex) capped `1-
problem is concave, nondecreasing, and piecewise linear-quadratic with possibly exponentially many
quadratic pieces; the evaluation of fcap(γ) for each fixed γ > 0 can be accomplished by solving an
exponential number of convex quadratic programs. However, if Q is an M-matrix and `i = 0 for
i ∈ [n], a similar polynomiality property on the number of smooth pieces of the `0 and `1-solution
path can be proved for the capped `1-problem. To be specific, in this case, fcap(γ) has at most O

(
n2
)

quadratic pieces, based on a very loose count.

• Since the capped `1-regularizer is nonconvex, we may be interested in a local minimum path whose
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computation may be significantly less demanding than the computation of the global minimum
path fcap(γ). To this end, we propose a finite algorithm to compute a path of locally optimal
objective values of (5) via its directional stationary points. This algorithm has a strongly polynomial
complexity when the lower bounds `i = 0 for all i ∈ [n]. Computationally, this solution path of local
minima has many benefits over the previous paths of global minima that we will demonstrate via
numerical computations.

3 Paths of Global Minimum Objectives: Known Results

The results presented in the section are either known or easy consequences of more general results.
We include them for the sake of completeness and also for comparative purposes among themselves
and with the results in subsequent sections. Throughout this section, the Z-property of the matrix
Q is not always needed, but positive definiteness of Q is still in place. The first result concerns the
path of the `0-problem.

Proposition 1. Let Q ∈ Rn×n be symmetric positive definite. The function f0 : [0,∞) → R is
concave, nondecreasing, and piecewise affine with possibly exponentially many pieces of linearity.
The function f=

0 with all the pi’s equal has no more than n+ 1 pieces of linearity.

Proof. The concavity of f0 requires no proof since the objective function in (1) is a linear function
in γ for fixed x. The nondecreasing property of f0 is fairly obvious too. The proof of the piecewise
property consists of three steps:

• Step 1: We claim that

f0(γ) = minimum
S⊆ [n ]

v(S) + γ
∑
i∈S

pi where

 v(S) , minimum
`≤x≤u

q>x+ 1
2 x
>Qx

subject to xi = 0, ∀ i 6∈ S.
(9)

Indeed, if x̄ ∈ argmin
`≤x≤u

q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi |xi |0, then

f0(γ) = v(supp(x̄)) + γ
∑

i∈supp(x̄)

pi ≥ minimum
S⊆ [n ]

v(S) + γ
∑
i∈S

pi,

where supp(x̄) , {i | x̄i 6= 0} is the “support” of the vector x̄. To prove the reverse inequality, let
Smin be a minimizing index set of the right-hand subset-minimization problem. If x̂ is the unique
minimizer of v(Smin), then

v(Smin) + γ
∑
i∈Smin

pi ≥ q>x̂+ 1
2 x̂
>Qx̂+ γ

n∑
i=1

pi | x̂i |0 ≥ f0(γ),

where the inequality holds because some components x̂i for i ∈ Smin may equal to zero in addition
to those not in Smin. Hence (9) holds.

• Step 2: For each S ⊆ [n ], γ 7→ v(S) + γ
∑
i∈S

pi is an affine function in γ with slope
∑
i∈S

pi and

intercept v(S). Thus f0(γ) is the pointwise minimum of finitely many affine functions, and hence is
itself concave and piecewise affine.
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• Step 3: When all the pi’s are equal to one, then
∑
i∈S

pi = card(S), where “card” denotes the

“cardinality of”. Hence, we have the following simplified expression:

f=
0 (γ) = minimum

0≤ k≤n
( vk + γ k ), where

 vk , minimum
S⊆ [n ]

v(S)

subject to card(S) = k.

This is enough to establish that f=
0 (γ) is a piecewise affine function in γ with at most n + 1 pieces

of linearity.

The next two results concern the `1-regularized path.

Proposition 2. Let Q ∈ Rn×n be symmetric positive definite. The function f1 : [0,∞) → R is
concave, nondecreasing, once continuously differentiable, and piecewise linear-quadratic; the latter
means that there exists a finite partition:

0 , γ0 < γ1 < · · · , < γK < γK+1 , ∞, (10)

of the interval [ 0,∞ ) such that on each subinterval [ γk, γk+1 ] for k = 0, 1, · · · ,K, f1(γ) is a quadratic

function in γ. Moreover, f ′1(γ) =
1

δ

n∑
i=1

pi | x̄1
i (γ) | is a piecewise affine function in γ, where x̄1(γ) is

the unique minimizer of the value function f1(γ).

Proof. For the piecewise property, it suffices to note that with the signed decomposition of the
variable x = x+ − x−, where x± ≥ 0, we have

f1(γ) = minimum
x±

( q

−q

)
+
γ

δ

(
p

p

)>( x+

x−

)
+ 1

2

(
x+

x−

)> [
Q −Q
−Q Q

](
x+

x−

)

subject to ` ≤ x+ − x− ≤ u and x± ≥ 0,

where the right-hand minimization is a standard convex quadratic program in the variables x±.
As such, the claimed piecewise property of f1(γ) follows from known results for parametric convex
quadratic programming. The once continuous differentiability of f1(γ) is due to the uniqueness and
continuity of the optimal solution to the value function f1(γ). The derivative formula for f ′1(γ) is an
immediate consequence of the well-known Danskin Theorem of parameter-dependent optimization
problems.

Proposition 3. [28, Theorem 16] If Q is a Stieltjes matrix, the nonnegatively constrained path:

f +
1 (γ) , minimum

0≤x≤u
q>x+ 1

2 x
>Qx+ γ

n∑
i=1

pi
|xi |
δ

has a linear number (at most 2n+ 1) of quadratic pieces on [ 0,∞ ). �

The final result in this section concerns the capped `1-solution path.

Proposition 4. Let Q ∈ Rn×n be symmetric positive definite. The function fcap : [ 0,∞ ) → R is
concave, nondecreasing, and piecewise linear-quadratic.
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Proof. Similarly to the proof of Proposition 1, we first show that

fcap(γ) = minimum
S⊆ [n ]

v̂S(γ), (11)

where

v̂S(γ) , minimum
`≤x≤u

q>x+ 1
2 x
>Qx+ γ

∑
i∈S

pi
|xi |
δ

+
∑
i 6∈S

pi


subject to |xi| ≤ δ, ∀ i ∈ S.

Indeed, let x̄ ∈ argmin
`≤x≤u

q>x + 1
2 x
>Qx + γ

 n∑
i=1

pi min

(
|xi |
δ
, 1

) and Scap ,
{
i | | x̄i | ≤ δ

}
.

Then for any x ∈ [ `, u ] satisfying |xi | ≤ δ for all i ∈ Scap, we have

q>x+ 1
2 x
>Qx+ γ

 ∑
i∈Scap

pi
|xi |
δ

+
∑
i 6∈Scap

pi

 ≥ q>x+ 1
2 x
>Qx+ γ

 n∑
i=1

pi min

(
|xi |
δ
, 1

)
≥ q>x̄+ 1

2 x̄
>Qx̄+ γ

 n∑
i=1

pi min

(
| x̄i |
δ
, 1

) = q>x̄+ 1
2 x̄
>Qx̄+ γ

 ∑
i∈Scap

pi
| x̄i |
δ

+
∑
i 6∈Scap

pi

 .
Since x is an arbitrary feasible solution to the minimization problem of v̂Scap(γ), it follows that x̄ is
an optimal solution to the latter minimization problem. Hence, we deduce

minimum
S⊆ [n ]

v̂S(γ) ≤ v̂Scap(γ) = fcap(γ).

The reverse inequality can be proved in the same way as that in Proposition 1. Thus (11) holds. Since
each value function v̂S(γ) is concave and piecewise linear-quadratic and since fcap(γ) is the pointwise
minimum of these value functions, it follows that fcap(γ) is piecewise quadratic; i.e., there exist finitely
many quadratic functions {gi(γ)}Ii=1 for some positive integer I such that fcap(γ) ∈ { gi(γ) }Ii=1 for
all γ ∈ [0,∞). Finally, the piecewise linear-quadratic property of fcap(γ) follows from the fact
that every univariate piecewise quadatic function on the (nonnegative) real line must be piecewise
linear-quadratic. In turn this fact can be proved as follows. Any two quadratic functions cross at

most at 2 points; thus I such quadratic functions have at most

(
I
2

)
cross points. Arranging these

breakpoints in a nondecreasing order yields a desired partition (10) of the interval [ 0,∞) into finitely
many intervals within each of which fcap(γ) is a quadratic function.

4 Paths of Global Minimum Objectives: New Results

In general, singly parametric optimization problems may contain an exponential number of break-
points. This is indeed the case for general lasso regression, as demonstrated in [34]. However, as
stated in Proposition 3, the solution path of the `1-regularized problem has a linear number of break-
points if Q is a Stieltjes matrix and the variables are restricted to be nonnegative. In this section we
show that analogous results hold as well for the `0- and capped `1-problem. Moreover, as we discuss
in §7, the solution path of local minimizers of the capped `1-problem also has a linear number of
smooth pieces under similar assumptions.
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First, to show that the solution path of the `0-problem with unequal weights is non-trivial, we give
a class of problems below for which the path f0(γ) has an exponential number of breakpoints; thus
such a path is quite different from the one with equal weights. Notation: for an n-vector v and a
subset S ⊆ [n], vS is the subvector of v with components vi for i ∈ S.

Example 5. Let Q , c I + q q> where c > 0, I is the identity matrix, qi is such that q2
i = 2 i, and

pi = q2
i for all i = 1, · · · , n. We make a preliminary remark about the choice of the pair (q, p):

namely, for every pair of subsets S 6= S ′ of [n],∑
i∈S

pi = ‖ qS‖22 6=
∑
i∈S′

pi = ‖ qS′‖22.

Let each ui = −`i be such that `S ≤ −[QSS ]−1qS ≤ uS for all subsets S of [n]. With these bounds,
using the well-known Sherman-Morrison formula [29], we have

v(S) = −1
2 q
>
S [QSS ]−1qS = −1

2 q
>
S

(
c IS + qS q

>
S

)−1
qS

= −1
2 q
>
S

(
1

c
IS −

qS q
>
S

c ( c+ ‖ qS ‖22 )

)
qS =

c

2 ( c+ ‖ qS ‖22 )
− 1

2
,

where v(S) is defined in (9). Hence,

f0(γ) = minimum
S⊆ [n ]

v(S) + γ
∑
i∈S

pi = minimum
S⊆ [n ]

[
c

2 ( c+ ‖ qS ‖22 )
+ γ ( c+ ‖ qS ‖22 )

]
− γ c− 1

2
.

The univariate convex function t(> 0) 7→ c

2 t
+ γ t attains its unique minimum at t =

√
c

2 γ
with the

minimum value equal to
√

2 γ c. When γ is such that

√
c

2 γ
= c + ‖ qSγ ‖22, or equivalently, when

γ =
c

2 ( c+ ‖ qSγ ‖22 )2
for some subset Sγ of [n], then Sγ is the unique minimizing subset S in f0(γ).

Thus

f0(γ) =
c

2 ( c+ ‖ qSγ ‖22 )
− 1

2
+ γ ‖ qSγ ‖22, when γ =

c

2 ( c+ ‖ qSγ ‖22 )2
.

The important point in this derivation of f0(γ) is that as γ ranges over the nonnegative real line, the
family {Sγ} will range over all 2n subsets S of [n], producing 2n breakpoints of the path f0(γ). �

Now consider the optimization problem with nonnegative variables

f+
0 (γ) , minimum

0≤x≤u
q>x+ 1

2 x
>Qx+ γ

n∑
i=1

pi |xi |0, (12)

where Q is a Stieltjes matrix. The key to showing the linear number of pieces of f+
0 is a support

monotonicity property of the solutions to (12) that is asserted in the first part of the next result.
Roughly speaking, this property says that the supports of the solutions corresponding to each piece
are nested; in other words, if a variable “becomes positive”, it never becomes zero again as γ ↓ 0.

Proposition 6. Let 0 ≤ γ1 < γ2 and p ∈ Rn++. Let xk be an optimal solution of (12) corresponding
to value γk, k = 1, 2. Then supp(x2) ⊆ supp(x1). Thus f+

0 (γ) has at most n+ 1 affine pieces.
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Proof. Write [n] = S c ∪ S+ where

S c ,
{
i ∈ [n] | x1

ix
2
i = 0

}
and S+ ,

{
i ∈ [n] | x1

i > 0 and x2
i > 0

}
.

Define ˜̀, min{x1, x2}. Then for k = 1, 2,

f+
0 (γk) = minimum

˜̀≤x≤u
q>x+ 1

2 x
>Qx+ γk

n∑
i=1

pi |xi |0,

where the equality holds since the optimal solutions xk for (12) are still feasible. With the change
of variables y = x− ˜̀, the right-hand optimization problem can be rewritten as

f+
0 (γk)− Ck = minimum

0≤y≤ ũ
g(y; γk) , q̃>y + 1

2 y
>Qy + γk

∑
i∈Sc

pi | yi |0,

where Ck is a certain constant, q̃ , q+Q˜̀ and ũ , u− ˜̀. Note that the optimal solutions yk = xk− ˜̀

satisfy the complementary condition y1
i y

2
i = 0 for all i ∈ [n]. Thus, |y1

i +y2
i |0 = |y1

i |0+|y2
i |0. Moreover,

since Q is a Z-matrix and y1 and y2 are both nonnegative, we have (y1)>Qy2 =
∑
i 6=j

Qijy
1
i y

2
j ≤ 0.

Furthermore, the minimum value g(yk; γk) is nonpositive, since the zero vector is feasible. Hence,

g(y1; γ1) ≤ g(y1 + y2; γ1) (by optimality)

= q̃>(y1 + y2) + 1
2(y1 + y2)>Q(y1 + y2) + γk

∑
i∈S c

pi | y1
i + y2

i |0

= g(y1; γ1) + g(y2; γ2) + (y1)>Qy2 + (γ1 − γ2)
∑
i∈S c

pi | y2
i |0

≤ g(y1; γ1) (all summands are nonpositive).

Consequently, (γ1 − γ2)
∑
i∈Sc

pi|y2
i |0 = 0, i.e. x2

i = y2
i = 0 for all i ∈ S c. Hence, supp(x(γ)) is

nested for any optimal solution x(γ) to (12). Applying this nested property to the representation
(9) yields a piecewise affine representation of f+

0 (γ) over a partition (10) of the interval [ 0,∞ ) (with
K ≤ n) and a corresponding family {Sk}Kk=0 of index subsets of [n] such that supp(x(γ)) = Sk for
all γ ∈ ( γk, γk+1 ) for k = 0, 1, · · · ,K; i.e.,

f+
0 (γ) = v(Sk) + γ

∑
i∈Sk

pi

 ∀ γ ∈ ( γk, γk+1 ),

which is an affine function over the kth interval.

Next consider the capped `1-problem with nonnegative variables

f+
cap(γ) , minimum

0≤x≤u
q>x+ 1

2 x
>Qx+ γ

n∑
i=1

pi min

{
|xi |
δ
, 1

}
, (13)

where Q is a Stieltjes matrix. With the alternative definition suppcap(x) , {i : xi > δ} and two
modified index subsets S< and S>, the proof of the next result is similar to that of the previous
proposition. For clarity, we provide the complete proof, which employs an important property [28,
Theorem 16] of an optimal solution of (13); namely no component of such a solution is equal to δ.
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Proposition 7. Let 0 ≤ γ1 < γ2 and p ∈ Rn++. Let xk be an optimal solution of (13) corresponding
to value γk, k = 1, 2. Then suppcap(x2) ⊆ suppcap(x1). Thus, f+

cap(γ) has at most 2n2 +3n+1 pieces.

Proof. Without loss of generality, assume δ = 1. Write [n] = S< ∪ S> where

S< ,
{
i ∈ [n] | x1

i ≤ 1 or x2
i ≤ 1

}
and S> ,

{
i ∈ [n] : x1

i > 1 and x2
i > 1

}
.

Define ˜̀, min{x1, x2}. Since no component of an optimal solution of (13) is equal to 1, it follows
that ˜̀

i < 1 for all i ∈ S<. For k = 1, 2, we have

f+
cap(γk) = minimum

˜̀≤x≤ u
q>x+

1

2
x>Qx+ γk

n∑
i=1

pi min {xi, 1} .

With the change of variables y = x− ˜̀, the right-hand optimization problem can be rewritten as

f+
cap(γk)− Ck = minimum

0≤ y≤ ũ
g(y; γk) , q̃>y +

1

2
y>Qy + γk

∑
i∈S<

pi min
{
yi, 1− ˜̀

i

}
, (14)

where Ck, k = 1, 2 is a certain constant, q̃ , q+Q˜̀ and ũ , u− ˜̀. The optimal solution yk = xk − ˜̀

satisfies the complementary condition y1
i y

2
i = 0 for all i ∈ [n]. Hence, we deduce that for i ∈ S<,

min
{
y1
i + y2

i , 1− ˜̀
i

}
= min

{
y1
i , 1− ˜̀

i

}
+ min

{
y2
i , 1− ˜̀

i

}
. As before, we have (y1)>Qy2 ≤ 0 and

g(yk; γk) ≤ 0. Together, these yield (γ1 − γ2)
∑
i∈S<

pi min
{
y2
i , 1− ˜̀

i

}
= 0; thus y2

i = 0 for all i ∈ S<.

Since for i ∈ S<, ˜̀
i < 1, we deduce that x2

i = y2
i + ˜̀

i < 1 and the first assertion of the proposition
follows.

Similar to the proof of Proposition 1, we deduce the existence of a partition (10) of the interval
[ 0,∞ ) with K ≤ n and a corresponding family {Sk}Kk=0 of index subsets of [n] such that

f+
cap(γ) =


minimum

x
q>x+ 1

2x
>Qx+ γ

n∑
i=1

pi min {xi, 1 }

subject to 0 ≤ xi ≤ 1, i 6∈ Sk

and 1 ≤ xi ≤ ui, i ∈ Sk



=


minimum

x
q>x+ 1

2x
>Qx+ γ

∑
i/∈Sk

pi xi

subject to 0 ≤ xi ≤ 1, i 6∈ Sk

and 1 ≤ xi ≤ ui, i ∈ Sk.

+ γ
∑
i∈Sk

pi ∀ γ ∈ ( γk−1, γk ).

With the change of variables x ′i , xi − 1 for i ∈ Sk, we can apply Proposition 3 to deduce that the
minimum value function within the square bracket has at most 2n+ 1 quadratic pieces; since there
are at most n+ 1 such value functions, the second conclusion in the proposition follows.

We next present a special case of the paths f0(γ) and f1(γ) that also has at most n breakpoints.
This is accomplished by demonstrating that this case reduces to that of a nonnegatively constrained
path. Specifically, consider the following problems

minimize
(x,y )∈Rn+m

q>x+ r>y + 1
2

(
x

y

)> [
Q R

R> P

](
x

y

)
+
γ

δ

 n∑
i=1

pi |xi |0 +

m∑
j=1

p ′j | yj |0


subject to ` ≤ x ≤ u and 0 ≤ y ≤ v,

(15)
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and

minimize
(x,y )∈Rn+m

q>x+ r>y + 1
2

(
x

y

)> [
Q R

R> P

] (
x

y

)
+
γ

δ

 n∑
i=1

pi |xi |+
m∑
j=1

p ′j yj


subject to ` ≤ x ≤ u and 0 ≤ y ≤ v,

(16)

where q ∈ Rn−, r ∈ Rm, M ,

[
Q R

R> P

]
is a Stieltjes matrix, p ∈ Rn++ and p ′ ∈ Rm++ are

positive vectors. The special feature of these problems is that the variables are of two kinds: the
sign-unrestricted variable x and the nonnegative variable y. The vector q (associated with the sign-
unrestricted variable x) is nonpositive, while the vector r associated with the nonnegative variable
y is not signed.

Proposition 8. Let M be a Stieltjes matrix and q ≤ 0. For any pair (γ, δ) with γ ≥ 0 and δ > 0, if
(x̄, ȳ) is an optimal solution of either (15) or (16), then x̄ ≥ 0.

Proof. Let α , { i | x̄i < 0 } and β , [n ] \ α. By the optimality of x̄, we have

qα +Qααx̄α +Qαβx̄β +Rα•ȳ ≥ 0 (if x̄ is optimal for (15))

qα +Qααx̄α +Qαβx̄β +Rα•ȳ −
γ

δ
pα ≥ 0. (if x̄ is optimal for (16))

Suppose x̄ is optimal for (16). Since Q is an M-matrix, [Qαα ]−1 is nonnegative, it follows that

[Qαα ]−1

[
qα +Qαβx̄β +Rα•ȳ −

γ

δ
pα

]
+ x̄α ≥ 0,

which is a contradiction because the left-hand side is nonpositive. An identical argument holds if x̄
is optimal for (15).

Remark 9. Consider problem (1) with the additional assumption that q ≤ 0. In the motivational
discussion of §1.1, this case corresponds to settings where the data vector y is known to be nonneg-
ative. From Propositions 6 and 8, we find that in such cases f0(γ) has at most n + 1 affine pieces.
Moreover, in [4], it is shown that such problems can be solved in strongly polynomial time for fixed
γ. Taken together, it means that problem (1) with q ≤ 0 and Stieltjes matrix Q is a rare example of
`0-problem with unequal weights whose entire solution path can be computed in strongly polynomial
time. Nonetheless, we point out that a simple application of the aforementioned ideas would result
in a prohibitive complexity of approximately O(n7) to compute the solution path.

5 The (Strong) Local-Minimum Path flocmin(γ)

Starting in this section, we study the path of local minima of the capped `1-problem (3). As men-
tioned before, this study of the “solution” path of a parameter dependent nonconvex nondifferentiable
optimization problem is a novel contribution of our work. In particular, in this section, we show that
every non-constant local-minimum path of (3) is discontinuous provided that δ is small enough.

The starting point of the study is a known fact [20] that, for a given pair (γ, δ) > 0, every directional
stationary point of the piecewise linear-quadratic program (3), which we repeat for ease for reference:

minimize
`≤x≤u

θγ(x) , q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi min

(
|xi |
δ
, 1

)
(17)
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is a strong local minimizer. Moreover, there are only finitely many of these minimizers. In turn,
such a directional stationary (abbreviated as dstat) solution is, by definition, a feasible vector x̄ in
[ `, u ] ,

{
x ∈ Rn | ` ≤ x ≤ u

}
satisfying θ ′γ(x̄;x− x̄) ≥ 0 for all x ∈ [ `, u ], where θ ′γ(x̄; v) is the

directional derivative of the objective function θγ(x) at x̄ along the direction v:

θ ′γ(x̄; v) = ( q +Qx̄ )>v+

γ

δ

 ∑
i∈A δ<(x̄)

pi sign(x̄i) vi +
∑

i∈A δ=(x̄)

pi min( sign(x̄i) vi, 0 ) +
∑

i∈A δ0 (x̄)

pi | vi |

 ,
where for a nonzero scalar t, sign(t) ,

{
1 if t > 0
−1 if t < 0;

and

A δ
<(x̄) ,

{
i | 0 < | x̄i | < δ

}
, A δ

0 (x̄) ,
{
i | x̄i = 0

}
, and A δ

=(x̄) ,
{
i | | x̄i | = δ

}
.

Such a vector has the following characterization [28, Proposition 1]. We recall the sign setting of the
lower and upper bound vectors ` < 0 and u > 0, respectively.

Proposition 10. Let Q be symmetric positive definite. For every γ > 0, a feasible vector x̄ ∈ [ `, u ]
is a dstat solution of (17) if and only if the following conditions (a)–(f) hold:

(a) | x̄i | 6= δ for all i = 1, · · · , n;

(b) ( q +Qx̄ )i + γ
pi
δ

sign(x̄i) = 0 for all i such that i ∈ A δ
<(x̄);

(c) ( q +Qx̄ )i = 0 for all i such that i such that δ < | x̄i | and `i < x̄i < ui;

(d) | ( q +Qx̄ )i | ≤ γ
pi
δ

for all i such that i such that x̄i = 0;

(e) ( q +Qx̄ )i ≥ 0 for all i such that i such that x̄i = `i.

(f) ( q +Qx̄ )i ≤ 0 for all i such that i such that x̄i = ui. �

An immediate consequence of the above characterization is the following special property for γ > 0
sufficiently large.

Corollary 11. Let Q be symmetric positive definite. For every δ satisfying (6), there exists γ > 0
such that for every γ ≥ γ, if x̄ is a dstat solution of (17), then for every i = 1, · · · , n, either x̄i = 0
or |x̄i| > δ.

Proof. The set of dstat points must be bounded independently of the parameter γ. Hence, conditions
(a) and (b) in Proposition 10 yield that there does not exist a component i such that 0 < | x̄i | ≤ δ,
provided that γ > 0 is sufficiently large.

With the above results, we can establish that with an additional, very mild stipulation on the scalar
δ > 0, there is at most one continuous path of dstat solutions of the problem (17) for γ ≥ 0.

Proposition 12. LetQ be symmetric positive definite. Let x̄0 , argmin
x∈ [ `,u ]

q(x) and S0 ,
{
i | x̄0

i = 0
}

.

Let also

0 < δ < min

(
min
i 6∈S0

| x̄0
i |, min

1≤i≤n
min(−`i, ui )

)
.

Let {x̄(γ)}γ≥0 be a path of dstat solutions of the problem (17). If this path is continuous, then
x̄(γ) = x̄0 for all γ ≥ 0. Thus, for all δ > 0 sufficiently small, any non-constant locmin path of (3)
must be discontinuous.
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Proof. Note that x̄(0) = x̄0. Consider an arbitrary component i. Suppose x̄0
i = 0. Then we must

have | x̄i(γ) | < δ for all γ ≥ 0. Otherwise, we have | x̄i(γ) | > δ > 0 = x̄i(0) for some γ > 0. Thus
by continuity of the path x̄(•), there exists γ ′ ∈ ( 0, γ) such that | x̄i(γ ′) | = δ, which contradicts
the stationarity property (a) in Proposition 10. Suppose instead | x̄0

i | > δ. Then we must have
| x̄i(γ) | > δ for all γ ≥ 0 by the same continuity argument. Therefore, it follows that the path x̄(•)
has the property that | x̄i(γ) | < δ for all γ ≥ 0 and all i ∈ S0 while | x̄i(γ) | > δ for all γ ≥ 0 and all
i 6∈ S0. Thus for every γ ≥ 0, x̄(γ) is a dstat solution of the restricted problem:

minimize
`≤x≤u

θγ(x) , q>x+ 1
2 x
>Qx+ γ

∑
i∈S0

pi
δ
|xi |+ γ

∑
i 6∈S0

pi

subject to |xi | ≤ δ, ∀ i ∈ S0

and |xi | ≥ δ, ∀ i 6∈ S0,

(18)

that contains the nonconvex bound constraint: |xi | ≥ δ for i 6∈ S0. Nevertheless, since x̄(γ) satisfy
these nonconvex bound constraints strictly, the objective function of (18) is convex, and x̄(γ) is a
dstat solution of this problem, it follows that x̄(γ) is a global minimizer of (18). To show that x̄(γ)
is a constant, we claim that x̄(γ) = x̄0 for all γ ≥ 0. Indeed, if x̄(γ) 6= x̄0, then

θγ(x̄0) = q>x̄0 + 1
2 ( x̄0 )>Qx̄0 + γ

∑
i 6∈S0

pi by definition of θγ(x̄0)

< q>x̄(γ) + 1
2 x̄(γ)>Qx̄(γ) + γ

∑
i 6∈S0

pi
by the unique optimality of x̄0

for θ0 on [ `, u ]

≤ q>x̄(γ) + 1
2 x̄(γ)>Qx̄(γ) + γ

∑
i∈S0

pi
δ
| x̄i(γ) |+ γ

∑
i 6∈S0

pi this is obvious

= θγ(x̄(γ)) ≤ θγ(x̄0) by definition of θγ(x̄(γ)) and the optimality of x̄(γ).

This contradiction establishes the constancy of the path {x̄(γ)}γ≥0 provided that it is continuous.
The remaining statements of the proposition require no proof.

The discontinuity of a path of strong local minima of the capped `1-regularized problem (17) makes
the task of tracing this path not easy. The numerical tracing of such a path starts by letting γ
be sufficiently large so that x = 0 is a dstat solution of (17). In general, the tracing procedure is
divided into two parts: continuous tracing by parametric pivoting via condensed matrix operations,
and dstat recovery at a discontinuous point by a modification of the GHP algorithm [28] sketched in
§2 that was designed for a fixed γ. Details are presented in the next section.

6 Computing a (Discontinuous) Locmin Path of (17)

Conditions (b)–(f) in Proposition 10 suggest the classification of the components of a vector x to

facilitate the verification of its directional stationarity. Specifically, let
(
α0, α

±
<, α

±
>, α`, αu

)
be a

tuple of index sets partitioning {1, · · · , n}, based on which we set xi = 0 for all i ∈ α0, xi = `i for
all i ∈ α`, and xi = ui for all i ∈ αu; we then solve for the variables (x±α< , x

±
α>) from the equations

in conditions (b) and (c); obtaining x±α<(γ)

x±α>(γ)

 = −

 q̄±α<

q̄±α>

− γ
 p̄±α<

p̄±α>

 , where (19)
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

q̄+α<
| p̄+α<

q̄−α<
| p̄−α<

q̄+α>
| p̄+α>

q̄−α>
| p̄−α>


,



Qα+
<α

+
<

Qα+
<α

−
<

Qα+
<α

+
>

Qα+
<α

−
>

Qα−
<α

+
<

Qα−
<α

−
<

Qα−
<α

+
>

Qα−
<α

−
>

Qα+
>α

+
<

Qα+
>α

−
<

Qα+
>α

+
>

Qα+
>α

−
>

Qα−
>α

+
<

Qα−
>α

−
<

Qα−
>α

+
>

Qα−
>α

−
>



−1 

qα+
<

+Qα+
<α`

`α`
+Qα+

<αu
uαu

|
pα+

<

δ

qα−
<

+Qα−
<α`

`α`
+Qα−

<αu
uαu

| −
pα−

<

δ
qα+

>
+Qα+

>α`
`α`

+Qα+
>αu

uαu | 0

qα−
>

+Qα−
>α`

`α`
+Qα−

>αu
uαu

| 0


.

Also define the remaining components:
q̄α0

| p̄α0

q̄α`
| p̄α`

q̄αu
| p̄αu

 ,

qα0

+Qα0α`
`α`

+Qα0αu
uαu

| pα0

δ
qα`

+Qα`α`
`α`

+Qα`αuuαu | 0

qαu
+Qαuα`

`α`
+Qαuαu

uαu
| 0

−

Qα0α

+
<

Qα0α
−
<

Qα0α
+
>

Qα0α
−
>

Qα`α
+
<

Qα`α
−
<

Qα`α
+
>

Qα`α
−
>

Qαuα
+
<

Qαuα
−
<

Qαuα
+
>

Qαuα
−
>



q̄α+

<
| p̄α+

<

q̄α−
<
| p̄α−

<

q̄α+
>
| p̄α+

>

q̄α−
>
| p̄α−

>

 .

We have the following result that requires no proof.

Corollary 13. Let Q be symmetric positive definite, (γ, δ) > 0, and
(
α0, α

±
<, α

±
>, α`, αu

)
be

a tuple of index sets partitioning {1, · · · , n}. With
(
x±α<(γ), x±α>(γ)

)
given by (19), the vector

x̄(γ) ,
(

0α0 , x
±
α<(γ), x±α>(γ), `α` , uαu

)
is a dstat solution of (3) if

• 0 < xα+
<

(γ) < δ 1α+
<

;

• uα+
>
> xα+

>
(γ) > δ 1α+

>
;

• 0 > xα−<
(γ) > −δ 1α−< ;

• `α−> < xα−>
(γ) < −δ 1α−> ;

• 0 ≤ q̄α0 + γ p̄α0 ≤ γ
2 pα0

δ
;

• q̄α` + γ p̄α` ≥ 0; and q̄αu + γ p̄αu ≤ 0. �

6.1 Continuous tracing

Suppose that a dstat solution x̄(γ0) is available at a given value γ0. Associated with this solution is

the index tuple
(
α0, α

±
<, α

±
>, α`, αu

)
defined by the solution x̄(γ0):

α+
< ,

{
i | 0 < x̄i(γ0) < δ

}
, α−< ,

{
i | 0 > x̄i(γ0) > −δ

}
,

α+
> ,

{
i | ui > x̄i(γ0) > δ

}
, α−> ,

{
i | `i < x̄i(γ0) < −δ

}
α0 ,

{
i | x̄i(γ0) = 0

}
, α` =

{
i | x̄i(γ0) = `i

}
, and αu =

{
i | x̄i(γ0) = ui

}
.

(20)

As in parametric linear programming, we determine the smallest and largest value of γ (denoted
by γ and γ, respectively) so that the associated vector x̄(γ) corresponding to this tuple of index

sets
(
α0, α

±
<, α

±
>, α`, αu

)
remains a dstat solution for all values of γ such that γ < γ < γ. We
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accomplish this by some standard ratio tests to maintain the conditions in Corollary 13 [remark: the
min/max over an empty set is taken to be ±∞, respectively]:

γ , max



max
i∈α+

< : p̄i>0

−q̄i − δ
p̄i︸ ︷︷ ︸

Case 1↓

; max
i∈α+

> : p̄i<0

q̄i + δ

−p̄i︸ ︷︷ ︸
Case 2↓

; max
i∈α−< : p̄i<0

q̄i − δ
−p̄i︸ ︷︷ ︸

Case 3↓

; max
i∈α−> : p̄i>0

−q̄i + δ

p̄i︸ ︷︷ ︸
Case 4↓

;

max
i∈α+

< : p̄i<0

q̄i
−p̄i︸ ︷︷ ︸

Case 5↓

; max
i∈α−< : p̄i>0

−q̄i
p̄i︸ ︷︷ ︸

Case 6↓

; max
i∈α+

> : p̄i>0

−q̄i − ui
p̄i︸ ︷︷ ︸

Case 7↓

; max
i∈α−> : p̄i<0

q̄i + `i
−p̄i︸ ︷︷ ︸

Case 8↓

;

max
i∈α0 : p̄i>0

−q̄i
p̄i︸ ︷︷ ︸

Case 9↓

; max
i∈α0 : p̄i<2pi/δ

q̄i
2pi/δ − p̄i︸ ︷︷ ︸

Case 10↓

max
i∈αu : p̄i<0

q̄i
−p̄i︸ ︷︷ ︸

Case 11↓

; max
i∈α` : p̄i>0

−q̄i
p̄i︸ ︷︷ ︸

Case 12↓

;



≤ γ0 ≤ min



min
i∈α+

< : p̄i<0

q̄i + δ

−p̄i︸ ︷︷ ︸
Case 1↑

; min
i∈α+

> : p̄i>0

−q̄i − δ
p̄i︸ ︷︷ ︸

Case 2↑

; min
i∈α−< : p̄i>0

−q̄i + δ

p̄i︸ ︷︷ ︸
Case 3↑

; min
i∈α−> : p̄i<0

q̄i − δ
−p̄i︸ ︷︷ ︸

Case 4↑

;

min
i∈α+

< : p̄i>0

−q̄i
p̄i︸ ︷︷ ︸

Case 5↑

; min
i∈α−< : p̄i<0

q̄i
−p̄i︸ ︷︷ ︸

Case 6↑

; min
i∈α+

> : p̄i<0

q̄i + ui
−p̄i︸ ︷︷ ︸

Case 7↑

; min
i∈α−> : p̄i>0

−q̄i − `i
p̄i︸ ︷︷ ︸

Case 8↑

;

min
i∈α0 : p̄i<0

q̄i
−p̄i︸ ︷︷ ︸

Case 9↑

; min
i∈α0 : p̄i>2pi/δ

−q̄i
p̄i − 2pi/δ︸ ︷︷ ︸

Case 10↑

min
i∈αu : p̄i>0

−q̄i
p̄i︸ ︷︷ ︸

Case 11↑

; min
i∈α` : p̄i<0

q̄i
−p̄i︸ ︷︷ ︸

Case 12↑



, γ.

Depending on whether we want to trace the path to the left or right of the interval
[
γ, γ

]
, we

determine the maximum/minimum ratio in the two end points of this interval, respectively, and

update the index tuple
(
α0, α

±
<, α

±
>, α`, αu

)
accordingly. This is essentially parametric pivoting

implemented via matrix operations as in the revised simplex method. Since we started the tracing
procedure from very large values of γ, we devote our subsequent discussion to always moving beyond
the left endpoint of the interval.

Decreasing γ beyond its current value. At the value γ, we make the following transfer of a
maximizing index imax depending on which case imax corresponds to:

• Case 1↓ through 4↓: the absolute value of the variable ximax has reached the critical value δ, which
invalidates the dstat property of the current vector at γ. In this case, we can in principle apply
the GHP Algorithm to recover a dstat solution at γ. Nevertheless, since we already have on hand
an “almost dstat” solution, i.e., one that satisfies the conditions in Corollary 13 at γ but has a
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component with absolute value equal to δ, we will subsequently propose a modification of the GHP
Algorithm that takes advantage of this availability. After the restoration, we let γ0 ← γ and repeat
the above procedure to continue the decrease of γ beyond the current γ.

• Case 5↓ and 6↓: the variable ximax has reached the value zero; transfer the index imax from α±<,
respectively, to α0 and repeat the above procedure to continue the decrease of γ;

• Case 7↓: the variable ximax has reached the upper bound uimax ; transfer the index imax from α+
> to

αu and repeat the above procedure to continue the decrease of γ.

• Case 8↓: the variable ximax has reached the lower bound `imax ; transfer the index imax from α−> to
α` and repeat the above procedure to continue the decrease of γ;

• Case 9↓: the variable ximax is becoming positive; transfer imax from α0 to α+
< and repeat the above

procedure to continue the decrease of γ;

• Case 10↓: the variable ximax is becoming negative; transfer imax from α0 to α−< and repeat the
above procedure to continue the decrease of γ;

• Case 11↓: the variable ximax is decreasing below its upper bound; transfer imax from αu to α+
> and

repeat the above procedure to continue the decrease of γ;

• Case 12↓: the variable ximax is increasing above its lower bound; transfer imax from α` to α−> and
repeat the above procedure to continue the decrease of γ;

Notice that if one of the first four cases occurs, there is a discontinuity of the path of dstat points
at the value γ; in all other cases, the path of dstat points will remain continuous beyond γ until the
next discontinuity occurs.

Monotonicity of objective values. On the closed interval
[
γ, γ

]
, the function x̄(γ) defined in

Corollary 13 with the tuple of index sets
(
α0, α

±
<, α

±
>, α`, αu

)
given by (20) is linear in γ; moreover,

for every γ in the open interval, x̄(γ) is a dstat (thus strongly locally optimal), but not necessarily
globally optimal solution of the problem (17). Nevertheless, x̄(γ) has a restricted optimality property
as asserted in the proof of the following result, based on which it follows that the objective value
θγ(x(γ)) of (17) along this line segment of the dstat path has certain monotonicity properties.

Proposition 14. Let Q be symmetric positive definite. On the interval I ,
[
γ, γ

]
, the following

statements hold:

• θγ(x̄(γ)) , q>x̄(γ) + 1
2 x̄(γ)>Qx̄(γ) + γ

n∑
i=1

pi min

(
| x̄i(γ) |

δ
, 1

)
is nondecreasing in γ;

•
n∑
i=1

pi min

(
| x̄i(γ) |

δ
, 1

)
is nonincreasing in γ;

• q(x̄(γ)) = q>x̄(γ) + 1
2 x̄(γ)>Qx̄(γ) is nondecreasing in γ;

Suppose that the path {x̄(γ) | γ ∈ I} has the property that | x̄i(γ) | < δ ⇒ x̄i(γ) = 0 for all
i = 1, · · · , n, then the following two additional statements hold:

• the combined `0-objective q>x̄(γ) + 1
2 x̄(γ)>Qx̄(γ) + γ

n∑
i=1

pi | x̄i(γ) |0 is nondecreasing in γ;

• the `0-regularizer
n∑
i=1

pi | x̄i(γ) |0 is nonincreasing in γ.

Proof. The proof is based on a restricted optimality property of the path {x̄(γ)} for γ ∈ I; namely,
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for all such γ, x̄(γ) is the unique optimal solution of the program:

minimize
`≤x≤u

θγ(x) , q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi min

(
|xi |
δ
, 1

)
subject to |xi | ≤ δ, ∀ i ∈ α±< ∪ α0

xi ≥ δ, ∀ i ∈ α+
> ∪ αu

and xi ≤ −δ, ∀ i ∈ α−> ∪ α`,

whose objective on the feasible set, denoted S(γ0), is equal to the sum of the convex function θ̂γ(x)
plus a constant:

θγ(x) = q>x+ 1
2 x
>Qx+ γ

 ∑
i∈α±< ∪α0

pi
δ
|xi |


︸ ︷︷ ︸

denoted θ̂γ(x)

+ γ

 ∑
i∈α±>

pi +
∑
i∈αu

pi +
∑
i∈α`

pi


︸ ︷︷ ︸

constant

, x ∈ S(γ0).

This stated (restricted) optimality of x̄(γ) follows from the dstat conditions in Corollary 13 for γ
in the open interval, and by continuity of the conditions at the two end points of I; the uniqueness
of x̄(γ) is due to the strict convexity of θ̂γ(x). Moreover, the restricted optimal objective value
f 0

rcap(γ) , minimum
x∈S(γ0)

θγ(x) is concave, nondecreasing, and continuously differentiable on the interval(
γ, γ

)
. Hence, θγ(x̄(γ)) is nondecreasing in γ; moreover, ( f 0

rcap )′(γ) =
n∑
i=1

pi min

(
| x̄i(γ) |

δ
, 1

)
is nonincreasing, by the concavity of f 0

rcap(γ). To show that q(x̄(γ)) , q>x̄(γ) + 1
2 x̄(γ)>Qx̄(γ) is

nondecreasing in γ, it suffices to observe that for γ > γ ′ in the interval I, we have

q(x̄(γ ′)) + γ ′
n∑
i=1

pi min

(
| x̄i(γ ′) |

δ
, 1

)
= θγ ′(x̄(γ ′))

≤ θγ ′(x̄(γ)) = q(x̄(γ)) + γ ′
n∑
i=1

pi min

(
| x̄i(γ) |

δ
, 1

)
≤ q(x̄(γ)) + γ ′

n∑
i=1

pi min

(
| x̄i(γ ′) |

δ
, 1

)
,

where the first inequality holds by the optimality of x̄(γ ′) for θγ ′ on S(γ0) and the second inequality
holds by the nonincreasing property of capped `1-term; the above inequality easily implies the desired
nondecreasing property of q(x̄(γ)) in γ ∈ I, since γ is nonnegative. Finally, under the additional

assumption of the path {x̄(γ)}, it follows that min

(
| x̄i(γ) |

δ
, 1

)
= | x̄i(γ) |0; thus the last two

statements of the proposition are obvious.

Remark 15. The monotonicity properties in Proposition 14 are reminiscent of the same properties
in the penalization theory of nonlinear programs; see e.g. [8, part 2, Lemma 9.2.1]. Nevertheless,
there is a major difference; namely, each x̄(γ) is at best a dstat solution of (17), whereas such
a classic result in nonlinear programming pertains to a global minimizer of the penalized problem.
Nevertheless, the proof of the proposition relies on the global optimality of x̄(γ) of θγ on the restricted
constraint set S(γ0) for γ in the interval I. �

If at γ, none of the components of | x̄i(γ) | are equal to δ (these are Cases 5 through 12), then x̄(γ)
remains a dstat (thus strongy locally optimal) solution of the problem (17) at γ. If however some
component | x̄i(γ) | = δ, then a restoration of d-stationarity at γ is needed.
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6.2 Recovery of a dstat solution

As mentioned before, we have on hand a value γ and an associated vector x̄ = x̄(γ) that satisfies the
following six conditions obtained by taking the limit γ ↓ γ in the conditions in Corollary 13:

(D1) ( q +Qx̄ )i + γ sign(x̄i)
pi
δ

= 0 for all i such that 0 < | x̄i | < δ;

(D2) | ( q +Qx̄ )i | ≤ γ
pi
δ

for all i such that x̄i = 0;

(D3) ( q +Qx̄ )i = 0 for all i such that i such that δ < | x̄i | and `i < x̄i < ui;

(D4) ( q +Qx̄ )i ≥ 0 for all i such that x̄ = `i;

(D5) ( q +Qx̄ )i ≤ 0 for all i such that x̄ = ui;

(D61) ( q +Qx̄ )i + γ
pi
δ

= 0 for all i such that x̄i = δ and i ∈ α+
< (Cases 1↓);

(D62) ( q +Qx̄ )i = 0 for all i such that x̄i = δ and i ∈ α+
> (Cases 2↓);

(D63) ( q +Qx̄ )i − γ
pi
δ

= 0 for all i such that x̄i = −δ and i ∈ α−< (Cases 3↓);

(D64) ( q +Qx̄ )i = 0 for all i such that x̄i = −δ and i ∈ α−> (Cases 4↓).

A distinguished feature of this vector is that A δ
=(x̄) , {i | | x̄i | = δ} 6= ∅; thus x̄ is not a dstat point

of (17) at γ. Here the goal is to recover such a point by modifying the GHP algorithm so that it can
start at x̄, after which the path of dstat solutions can be continued, albeit with a discontinuity at
γ. When Q has the Z-property, the restoration of d-stationarity can be accomplished with strongly
polynomial complexity. The idea of the modified algorithm is quite similar to the original version
and involves successively solving convex quadratic programs with bounded variables.

The modification of the GHP algorithm to start at x̄ achieves several goals: (a) the almost dstation-
arity of the vector x̄ is expected to expedite the recovery of dstationarity; (b) running the original
GHP Algorithm from scratch could yield a much inferior dstat path in terms of the two criteria defin-
ing the overall objective; for one thing, the monotonic decreasing property of the objective values
(as γ ↓) would be jeopardized at a discontinuous point; (c) in contrast, the modified GHP Algorithm
decreases the objective values, as demonstrated in Lemma 18; and (d) embedded in the overall path-
tracing procedure, the modified GHP Algorithm plays an important role in the strongly polynomial
complexity of the procedure specialized to the nonnegatively constrained capped `1-regularized prob-
lem; see Theorem 21 in Section 7. The first two advantages will be demonstrated numerically via
experimentations in the last section.

In general, given a pair of complementary index subsets of S± of {1, · · · , n} with the decomposition
S± = S±< ∪ S±> , where S±< and S±> are disjoint (specifically, S+

< ∩S+
> = ∅ and S−< ∩S−> = ∅), consider

the sign-restricted bounded-variable quadratic program:

minimize
x

q>x+ 1
2 x
>Qx+ γ

 ∑
i∈S +

<

pi
δ
xi −

∑
i∈S−<

pi
δ
xi


subject to 0 ≤ xS+ ≤ uS+ and `S− ≤ xS− ≤ 0

(21)

and let xopt(S±) be its unique optimal solution. Problem (21) for various index sets is the workhorse
of the modified GHP algorithm presented below; the modification allows the initialization at the
non-dstat solution x̄ = x̄(γ) mentioned above. We first establish the following result that gives some
important properties of the solution xopt(S±).
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Proposition 16. Let Q be symmetric positive definite. The following three statements (a), (b), and
(c) hold for the solution xopt(S±) for any pair of subsets S ± ⊆ {1, · · · , n} with the decomposition
S± = S±< ∪ S±> into two disjoint subsets:

(a) xopt(S ±) is the unique feasible vector x̂ to (21) satisfying

• ( q +Qx̂ )i + γ


pi
δ

if i ∈ S+
<

0 if i ∈ S+
>

 = 0 if i ∈ S+ and 0 < x̂i < ui;

• ( q +Qx̂ )i + γ


pi
δ

if i ∈ S+
<

0 if i ∈ S+
>

 ≤ 0 if i ∈ S+ and x̂i = ui;

• ( q +Qx̂ )i + γ


pi
δ

if i ∈ S+
<

0 if i ∈ S+
>

 ≥ 0 if i ∈ S+ and x̂i = 0;

• ( q +Qx̂ )i − γ


pi
δ

if i ∈ S−<
0 if i ∈ S−>

 = 0 if i ∈ S− and `i < x̂i < 0;

• ( q +Qx̂ )i − γ


pi
δ

if i ∈ S−<
0 if i ∈ S−>

 ≤ 0 if i ∈ S− and x̂i = 0;

• ( q +Qx̂ )i − γ


pi
δ

if i ∈ S−<
0 if i ∈ S−>

 ≥ 0 if i ∈ S− and x̂i = `i;

(b) if the following six index sets associated with x̂ = xopt(S±) are empty:{
i ∈ S+

< : x̂i ≥ δ
}
,
{
i ∈ S−< : x̂i ≤ −δ

}
{
i ∈ S+

> : x̂i ≤ δ
}
,
{
i ∈ S−> : x̂i ≥ −δ

}
{
i ∈ S+

< : x̂i = 0 and ( q +Qx̂ )i − γ
pi
δ
> 0

}
{
i ∈ S−< : x̂i = 0 and ( q +Qx̂ )i + γ

pi
δ
< 0

}
,

(22)

then xopt(S±) is a dstat point of (17) at γ;

(c) if Q is additionally a Z-matrix, then xopt(S±) is the componentwise least vector of the set:

Z(S±) ,



• 0 ≤ xS+ ≤ uS+ and `S− ≤ xS− ≤ 0

• i ∈ S+ and xi < ui implies ( q +Qx )i + γ


pi
δ

if i ∈ S+
<

0 if i ∈ S+
>

 ≥ 0

• i ∈ S− and xi < 0 implies ( q +Qx )i − γ


pi
δ

if i ∈ S−<
0 if i ∈ S−>

 ≥ 0


;

Proof. Statement (a) provides the optimality conditions of xopt(S±) as a minimizer of the convex
program (21). To prove statement (b), first observe that if the six sets in (22) are all empty, then no
component |xopt

i (S±) | is equal to δ. Next, comparing the conditions (b)–(e) in Proposition 10 with
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the optimality conditions of (21) and taking into account the emptiness of the sets in (22), we may
deduce statement (b) readily. Finally, statement (c) follows from [35, Theorem 3.1].

The non-dstat vector x̄ = x̄(γ) on hand has the property that the two sets{
i | x̄i = 0 and ( q +Qx̄ )i − γ

pi
δ
> 0

}
and

{
i | x̄i = 0 and ( q +Qx̄ )i + γ

pi
δ
< 0

}
are both empty (cf. the last two sets in (22)); this follows from the property (D2) of x̄. Using x̄ we
define a tuple of index sets (S±< , S

±
>) such that three (to be specified below) of the six index sets

in (22) associated with the optimal solution xopt(S±) are empty. The goal of the algorithm is to
adjust these index sets so that all six of them are empty, at which point, a dstat solution of (17)
at γ is recovered. There are two versions of the algorithm, which we term the nonincreasing versus
nondecrasing version, respectively, depending on whether the candidate solution in the algorithm
is (componentwise) nonincreasing or nondecreasing; this monotonicity of the iterates is due to the
least-element characterization of the optimal solution of (21); see part (c) in Proposition 16.

The nonincreasing version of GHP: Let

S+
< ,

{
i | 0 ≤ x̄i < δ

}
; S+

> ,
{
i | δ ≤ x̄i ≤ ui

}
;

S−< ,
{
i | −δ ≤ x̄i < 0

}
; S−> ,

{
i | `i ≤ x̄i < −δ

}
.

(23)

In this definition, the left-hand set in line 1 (labelled L1L), the right-hand set in line 2 (labelled
L2R), and the set in line 4 (labelled L4) of (22), all associated with x̄, are empty; so is the set in line
3; during the algorithm, the former three sets will remain empty while the latter one may become
nonempty.

The nondecreasing version of GHP: Let

S+
< ,

{
i | 0 < x̄i ≤ δ

}
; S+

> ,
{
i | δ < x̄i ≤ ui

}
;

S−< ,
{
i | −δ < x̄i ≤ 0

}
; S−> ,

{
i | `i ≤ x̄i ≤ −δ

}
.

(24)

In this definition, the right-hand set in line 1 (L1R), the left-hand set in line 2 (L2L), and the set
in line 3 (labelled L3) of (22), all associated with x̄, are empty; so is the set in line 4; during the
algorithm, the former three sets will remain empty while the latter one may become nonempty.

Upon examining the optimality conditions of the problem (21), it is not difficult to see that for the
above pairs (S±< , S

±
>), x̄ may not be equal to xopt(S±). The following lemma provides sufficient

conditions for these two vectors to equal.

Lemma 17. The following two statements hold for the pairs (S±< , S
±
>) defined in (23) and (24).

• If (Aninc) { i | | x̄i | = δ } ⊆ α+
> ∪ α−< , then x̄ = xopt(S±) for the pair (S±< , S

±
>) defined in (23).

• If (Andec) { i | | x̄i | = δ } ⊆ α+
< ∪ α−> , then x̄ = xopt(S±) for the pair (S±< , S

±
>) defined in (24).

Proof. It suffices to compare the optimality conditions of the program (21) in Proposition 16 and the
conditions (D1)–(D5) and (D61)–(D64) satisfied by x̄, and to notice that these two sets of conditions
coincide under the stated assumption in the respective assertions.

To understand the assumptions in the above lemma, we recall that in a well-known simplex-type
parametric pivoting scheme, which is the basis of the continuous tracing routine, it is common to
assume a nondegeneracy assumption that stipulates the uniqueness of the maximizing index. Under
this uniqueness assumption, the set { i | | x̄i | = δ } is a singleton, say {imax}. In this case, one of the
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two mutually exclusive inclusions (Aninc) and (Andec) in Lemma 17 must be satisfied. Depending
on which inclusion is satisfied, we can define the pairs (S±< , S

±
>) accordingly so that the lemma is

applicable. In general, this lemma relaxes the uniqueness requirement by postulating that all the
maximizing indices of γ are one of two types: either all in α+

> ∪ α−< leading to the nonincreasing

definition (23); or all in α+
< ∪ α−> leading to the nondecreasing definition (24).

The key argument for us to show that the GHP restoration will obtain a dstat solution of (17) at
the discontinuous γ in linearly many steps is to inductively prove that L1R, L2L, L3 (resp. L1L,
L2R, L4) will remain empty throughout the nondecreasing (resp. nonincreasing) version of GHP.
The induction step of this is proved in Lemma 18, whereas the base case, i.e., the initial step, follows
from Lemma 17. In particular, in order to satisfy the conditions in Lemma 17 when γ corresponds
to Cases 1↓ and 4↓ (resp. Cases 2↓ and 3↓), we should apply the nondecreasing (resp. nonincreasing)
version of modified GHP Algorithm. For simplicity, the discussion below focuses on the nondecreasing
version of the algorithm. All of the analysis on this version hold symmetrically for its nonincreasing
counterpart, which involves an analogous update of the pair (S±< , S

±
>) in the general iteration. It is

also worth noting that the nondecreasing version is more appropriate to obtain a favorable strongly
polynomial complexity of the overall path-following scheme for the special case of the parametric
capped `1-problem with nonnegative bounds, see §7. In stating the algorithm below, we assume that
Andec for the vector x̄ = x̄(γ) is in place.

Algorithm IIndec: Restoring a dstat point of (17) at γ: the nondecreasing version

Initialization. Given are an index tuple (S±< , S
±
>) as in (24) and the unique optimal solution

xopt(S±) = x̄ such that the sets L1R, L2L, and L3 in (22) associated with x̄ are empty.

General iteration. Stop if the sets L1L, L2R, and L4 in (22) associated with x̄ are empty; in this
case, the current x̄ is a desired dstat point of (17) at γ. Otherwise, we update the index sets by
re-assigning the “wrongly assigned” indices:

(S+
< )new ,

(
S+
< ∪

{
i ∈ S−< | x̄i = 0 and ( q +Qx̄ )i + γ

pi
δ
< 0

})
\ { i ∈ S+

< | x̄i ≥ δ }

(S+
> )new , S+

> ∪ { i ∈ S+
< | x̄i ≥ δ }; (S−> )new , S−> \ { i ∈ S−> | x̄i ≥ −δ };

(S−< )new ,

(
S−< \

{
i ∈ S−< | x̄i = 0 and ( q +Qx̄ )i + γ

pi
δ
< 0

})
∪ { i ∈ S−> | x̄i ≥ −δ },

which yield S±new , (S±<)new ∪ (S±>)new. Solve the subproblem (21) with the new pair
(
S±< , S

±
>

)
new

and obtain x̄new , xopt(S±new). Return to check for termination or update the index sets and repeat
the general iteration. �

In the lemma below, we show several things under the Z-property of Q: (a) a componentwise mono-
tonicity of the iterates produced by the algorithm; (b) the persistent emptiness of the three sets
L1R, L2L, and L3 in (22); and (c) a monotonicity property of the objective function θγ . In turn,
the least-element characterization of the optimal solution xopt(S±) of each problem (21) is crucial
for the demonstration. The former two properties are central to the proof of linear (in n) number
of iterations of Algorithm IIndec; the monotonicity property of θγ is interesting in its own right and
extends Proposition 14 to a discontinuous point on a dstat path.
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Lemma 18. Let Q be a Stieltes matrix. Let
(
S±< , S

±
>

)
and

(
S±< , S

±
>

)
new

be two tuples of index

sets entering and exiting a general iteration of Algorithm IIndec, respectively; let x̄ , xopt(S±) and
x̄new , xopt(S±new) be the corresponding optimal solution of (21). If

(a) the sets L1R, L2L, and L3 in (22) associated with x̄ are empty, and

(b) x̄i > δ for all i ∈ S+
> and x̄i > −δ for all i ∈ S−< (this is implied by (a)),

then the following five statements hold:

• x̄new ≥ x̄;

• strict inequality in x̄new ≥ x̄ holds for a component i for which | x̄i | = δ;

• (x̄new)i > δ for all i ∈ (S+
>)new and (x̄new)i > −δ for all i ∈ (S−<)new,

• the sets L1R, L2L, and L3 in (22) associated with x̄new remain empty; and

• θγ(x̄new) ≤ θγ(x̄); moreover, strict inequality holds if x̄ has at least one component i for which
| x̄i | = δ (such as when x̄ is the non-dstat point that initializes the algorithm).

Proof. To show x̄new ≥ x̄, it suffices to show that x̄new belongs to the set

Z(S±) ,



• 0 ≤ xS+ ≤ uS+ and `S− ≤ xS− ≤ 0

• i ∈ S+ and xi < ui implies ( q +Qx )i + γ


pi
δ

if i ∈ S+
<

0 if i ∈ S+
>

 ≥ 0

• i ∈ S− and xi < 0 implies ( q +Qx )i − γ


pi
δ

if i ∈ S−<
0 if i ∈ S−>

 ≥ 0


.

The first bulleted conditions are clear. For the second bulleted condition, let i ∈ S+ and (x̄new)i < ui.
Since S+ = S+

< ∪ S+
> , there are the following two cases:

• i ∈ S+
< : there are two subcases: (a) i ∈ (S+

<)new, or (b) i ∈ (S+
>)new; in both subcases, since

(x̄new)i < ui, we have ( q +Qx̄new )i + γ
pi
δ
≥ 0; thus the second bulleted condition for x̄new to be in

the set Z(S±) holds in this case;

• i ∈ S+
> : then i ∈ (S+

>)new; again since (x̄new)i < ui, we have ( q +Qx̄new )i ≥ 0; thus x̄new satisfies
the second bulleted condition in the set Z(S±).

This completes the proof of the second bulleted condition for x̄new. For the third bulleted condition,
let i ∈ S− and (x̄new)i < 0. Similarly, there are the following cases:

• i ∈ S−< : there are two subcases: (a) i ∈ (S+
<)new, or (b) i ∈ (S−<)new; subcase (a) is ruled out

because (x̄new)i < 0; in subcase (b) we have ( q +Qx̄new )i − γ
pi
δ
≥ 0; thus x̄new satisfies the third

bulleted condition in the set Z(S±);

• i ∈ S−> : there are two subcases: (a) i ∈ (S−<)new, or (b) i ∈ (S−>)new; in both subcases, since
(x̄new)i < 0, we have ( q +Qx̄new )i ≥ 0; thus x̄new satisfies the third bulleted condition in the set
Z(S±).

In summary, we have verified, case by case, that x̄new satisfies all the defining conditions of Z(S±);
the desired nondecreasing conclusion x̄new ≥ x̄ follows. To prove the second assertion of the lemma,
suppose by contradiction that i is such that (x̄new)i = x̄i and | x̄i | = δ. Consider first x̄i > 0.
Then i ∈ S+

< by assumption (b). Hence, i ∈ (S+
>)new and by optimality of x̄ = xopt(S±) and
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x̄new = xopt(S±new), it follows that

0 = ( q +Qx̄ )i + γ
pi
δ
> ( q +Qx̄new )i = 0,

where the first equality holds by the second optimality property of x̄ for such an index i ∈ S+
< (see

Proposition 16); the strict inequality holds because (x̄new)i = x̄i, x̄new ≥ x̄, and Q has nonpositive
off-diagonal entries; and the last equality holds by the same optimality property of x̄new because
i ∈ (S+

>)new. This contradiction completes the proof of the case where x̄i = δ. The other case is
when x̄i = −δ. Then i ∈ S−> by the same assumption (b). Hence, i ∈ (S−<)new, and for similar
reasons,

0 = ( q +Qx̄ )i > ( q +Qx̄new )i − γ
pi
δ

= 0.

This contradiction establishes the second assertion of the lemma. The third assertion follows from
assumption (b), the fact that x̄new ≥ x̄, when a componentwise strict inequality holds, and the
definition of (S+

>)new and (S−<)new. This also shows that the two sets L1R and L2L at x̄new are
empty. Finally, consider the set L3 at x̄new. Suppose there is an index i ∈ (S+

<)new such that

(x̄new)i = 0 and ( q+Qx̄new )i− γ
pi
δ
> 0. There are two cases: (a) i ∈ S+

< or (b) i ∈ S−< ; x̄i = 0 and

( q +Qx̄ )i + γ
pi
δ
< 0. In the former case, we have 0 = (x̄new)i ≥ x̄i; hence x̄i = 0. Since x̄ ≤ x̄new

and Q has non-positive off-diagonal entries, we deduce ( q+Qx̄ )i−γ
pi
δ
≥ ( q+Qx̄new )i−γ

pi
δ
> 0.

Thus i belongs to the set L3 at x̄, which is a contradiction. A similar contradiction can be obtained
in the other case. Therefore, the set L3 at x̄new is empty.

To prove the last assertion of the lemma, we compare the updated QP at the pair
(
S±< , S

±
>

)
new

:

minimize
x

θγ(x;S±new) , q>x+ 1
2 x
>Qx+ γ

 ∑
i∈(S +

< )new

pi
δ
|xi |+

∑
i∈(S−< )new

pi
δ
|xi |


subject to 0 ≤ xS+

new
≤ uS+

new
and `S−new

≤ xS−new
≤ 0

(25)

versus (21), which is the QP at the pair
(
S±< , S

±
>

)
. Notice that x̄ remains feasible to (25). Hence

θγ(x̄new;S±new) ≤ θγ(x̄;S±new);

we relate these objective values to the original ones θγ(x̄new) and θγ(x̄) with the full capped `1-
regularizer as follows. For an arbitrary vector x, we have

θγ(x) = q>x+ 1
2 x
>Qx+ γ

n∑
i=1

pi min

(
|xi |
δ
, 1

)

= q>x+ 1
2 x
>Qx+ γ



∑
i∈(S +

< )new

pi min

(
|xi |
δ
, 1

)
+

∑
i∈(S +

> )new

pi min

(
|xi |
δ
, 1

)
+

∑
i∈(S−< )new

pi min

(
|xi |
δ
, 1

)
+

∑
i∈(S−> )new

pi min

(
|xi |
δ
, 1

)


≤ θγ(x;S±new) + γ

 ∑
i∈(S +

> )new

pi min

(
|xi |
δ
, 1

)
+

∑
i∈(S−> )new

pi min

(
|xi |
δ
, 1

) ,
25



where the last inequality holds at equality for x = x̄. Hence,

θγ(x̄new) ≤ θγ(x̄;S±new) + γ

 ∑
i∈(S +

> )new

pi min

(
| (x̄new)i |

δ
, 1

)
+

∑
i∈(S−> )new

pi min

(
| (x̄new)i |

δ
, 1

)

= θγ(x̄) + γ



∑
i∈(S +

> )new

pi min

(
| (x̄new)i |

δ
, 1

)
+

∑
i∈(S−> )new

pi min

(
| (x̄new)i |

δ
, 1

)
−

 ∑
i∈(S +

> )new

pi min

(
| x̄i |
δ
, 1

)
+

∑
i∈(S−> )new

pi min

(
| x̄i |
δ
, 1

)


.

For i ∈ (S +
> )new, we have (x̄new)i > δ and x̄i ≥ δ by the definition of (S +

> )new and by assumption
(b). Hence for such an i,

min

(
| (x̄new)i |

δ
, 1

)
−min

(
| x̄i |
δ
, 1

)
= 0.

For i ∈ (S −> )new, we have |(x̄new)i| = −(x̄new)i > δ. Hence for such an i, we have

min

(
| (x̄new)i |

δ
, 1

)
−min

(
| x̄i |
δ
, 1

)
≤ 0

also. Consequently, θγ(x̄new) ≤ θγ(x̄) as desired. Lastly, if θγ(x̄new) = θγ(x̄), then x̄ is also an optimal
solution of the strictly convex program (25); hence x̄new = x̄ by the uniqueness of the optimal solution
of this program. Thus there is no component i for which | x̄i | = δ. This completes the proof of all
assertions of the lemma.

Based on the above lemma, we can establish the linear-step termination of Algorithm IIndec for
computing a dstat solution of (17) at γ under the Z- property of Q.

Theorem 19. Let Q be a Stieltjes matrix. In no more than 3n iterations, Algorithm IIndec will
compute a dstat solution x̄ end of (17) at γ. Moreover, θγ(x̄ end) < θγ(x̄ beg) where x̄ beg (with at least

one component i for which | x̄ beg
i | = δ) and x̄ end (with no component i such that | x̄ beg

i | = δ) are
the beginning and ending iterates of the algorithm, respectively.

Proof. Associated with a given iterate x̄ during the algorithm, the followings describe all possible
transitions of an index i among the tuple of index sets (S±< , S

±
>)

• i ∈ S−> → (S−<)new if x̄i ≥ −δ; otherwise i stays in S−< ;

• i ∈ S−< → (S+
<)new if x̄i = 0 and ( q +Qx̄ )i + γ

pi
δ
< 0; otherwise i stays in S−< ;

• i ∈ S+
< → (S+

>)new if x̄i ≥ δ; otherwise i stays in S+
< ;

• i ∈ S+
> stays in same set.

Several observations can be drawn from the above transitions at each iteration: (a) if no transition
occurs, then the current x̄ must be a desired dstat solution as claimed; (b) no index will return to
the same set once it leaves the set; (c) once an index reaches the set S+

> , it stays there till the end
of the algorithm. Indeed, for (a), it suffices to check that the sets L1L, L2R, and L4 are empty;
this holds because there is no transition. Combining all these facts, we may conclude that one of
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the following two situations must happen: either all indices stay in the same sets without transition
to another set during a particular iteration, or there is at least one transition at every iteration.
Since there are n variables, and it takes at most 3 (not necessarily consecutive) transitions to reach
the absorbing set S+

> , the 3n-step termination of the algorithm with a desired dstat solution follows
readily. Throughout the algorithm, the objective values θγ(x̄new) ≤ θγ(x̄) with strict inequality

holding if x̄ = x̄ beg, by Lemma 18. Consequently, we deduce that θγ(x̄ end) < θγ(x̄ beg).

6.3 The overall scheme and its finite termination

We can now summarize the algorithm to trace a dstat (thus strongly locally minimum) solution path
of the capped `1-regularized problem (17).

Algorithm III: Tracing the entire dstat path of (17).

Initialization. Let α0 = [n] and α±> = α±< = α` = αu = ∅. This corresponds to letting γ > 0 be

sufficiently large such that 0 ≤ q + γ
p

δ
≤ 2 γ

p

δ
.

General iteration. Determine the left end-point γ by the ratio test described in Subsection 6.1
and let imax be a maximizing index. If γ ≤ 0, then the entire dstat path on [0,∞) has been traced
out; stop. Otherwise, If imax does not occur in cases 1↓ through 4↓, then update the index sets as
described in cases 5 through 12 and proceed to the next set of ratios. Assuming that imax is unique
and comes from case 1↓ or 4↓ (resp. case 2↓ or 3↓), define the initial tuple (S±< , S

±
>) by (24) (resp.

(23)) and call the nondecreasing (resp. nonincreasing) version of GHP with this index pair to restore

d-stationarity. Continue the decrease of γ with a new tuple
(
α0, α

±
<, α

±
>, α`, αu

)
of index sets at the

termination of the appropriate version of GHP associated with the restored dstat point at γ. �

Similar to a well-known simplex-type pivoting method, the parametric scheme terminates in a finite
number of iterations provided that there are no degenerate pivots. We state this sufficient condition
below in terms of the uniqueness of the maximizing index imax of γ in the ratio tests at each
iteration. Were it not for the discontinuity of the path that necessitated the restoration of directional
stationarity, the proof of this result would follow from standard arguments. The additional argument
takes care of the latter possibility.

Theorem 20. Let Q be Stieltjes matrix. Suppose the maximizing index imax of γ in the ratio tests
at each iteration of the parametric scheme is unique. Then Algorithm III will trace a (discontinuous)
path of dstat solutions of the capped `1-regularized problem (17) for all values of γ ≥ 0 in a finite
number of iterations.

Proof. Associated with each dstat point x̄(γ) on the path is a tuple of index sets, denoted τ ,(
α0, α

±
<, α

±
>, α`, αu

)
partitioning {1, · · · , n} and satisfying the conditions in Corollary 13. Between

any two discontinuous breakpoints of this path, say γL < γR, the θγ-values are nonincreasing (from
right to left) (Proposition 14), and at the left discontinuous breakpoint γL, the θγ-value strictly
decreases (Theorem 19). Now suppose that a left end-point γ leads to the vector x̄(γ) that ceases
to be dstat, then after the recovery scheme, there is a restored dstat solution x̄new and an alternate
tuple of index sets, denoted τnew, at the same γ; moreover θγ(x̄new) < θγ(x̄(γ)). We claim that this
alternate tuple cannot be the same as those tuples encountered before. Otherwise, say τnew = τpre

corresponding to a value γpre > γ. Applying Corollary 13 to this common tuple yields a linear

function x̂(γ) consisting of dstat points for all γ ∈
[
γ, γpre

]
with x̄new = x̂(γpre) = x̄(γpre). Moreover,
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the ratio test starting at the right end-point γpre will reach the left end-point γ along a dstat
line segment joining x̄(γpre) and x̄new, skipping the non-dstat point x̄(γ). This is a contradiction.
Therefore, throughout the parametric steps, including the recovery of directional stationarity at a
discontinuous breakpoint, no index tuple of the kind τ can repeat. Since there are only finitely many
such tuples of index sets, finite termination of the overall scheme follows readily.

A caveat in the successful tracing of the complete dstat path of the parametric capped `1-problem
via Algorithm III is noteworthy. Namely, it assumes the uniqueness of the maximizing index imax, or
more generally, the validity of either Aninc or Andec, when the maximum ratio γ yields a discontinuity
of the solution path (with the vector |x̄(γ)| having a component equal to the critical value δ). This
assumption turns out not needed in the special case discussed in the next section.

7 The Nonnegatively Constrained Cappled `1-Problem

In this section, we consider the following special case of the problem (17) where ` = 0:

f +
locmin(γ) ∈ loc-minimum

0≤x≤u
q>x+ 1

2 x
>Qx+ γ

n∑
i=1

pi min

(
xi
δ
, 1

)
. (26)

In this case, among the index tuple
(
α0, α

±
<, α

±
>, α`, αu

)
defined by the dstat solution x̄(γ0) ac-

cording to (20), for some γ0 > 0, the following two are empty: α−< = α−> = ∅ and α` coincides with
α0. Moreover, we have p̄+α<

p̄+α>

 =
1

δ

 Qα+
<α

+
<

Qα+
<α

+
>

Qα+
>α

+
<

Qα+
>α

+
>


−1

︸ ︷︷ ︸
≥ 0

 pα+
<

0

 ≥ 0, and

 p̄α0

p̄αu

 =
1

δ


 pα0

0

−
 Qα0α

+
<

Qα0α
+
>

Qαuα
+
<

Qαuα
+
>


︸ ︷︷ ︸

≤ 0

 p̄+α<

p̄+α>



≥ 0.

So the twelve ratios in γ reduce to three: Case 1↓, 7↓, and 9↓, respectively,

γ , max

{
max

i∈α+
< : p̄i>0

−q̄i − δ
p̄i

; max
i∈α+

> : p̄i>0

−q̄i − ui
p̄i

; max
i∈α0 : p̄i>0

−q̄i
p̄i

}
.

The following summarizes the one-way transitions of an index among the remaining four index sets(
α0, α

+
<, α

+
>, αu

)
during the continuous tracing phase of Algorithm III:

α0 → α+
< → α+

> → αu.

There are two important consequences of the above one-way transitions: (a) if the maximum ratio γ
is not equal to the critical value δ, then once an index reaches the index set αu, it will stay there; (b)
if a discontimnuity is reached by the maximum ratio γ, then any maximizing index imax (possibly

nonunique) can only come from α+
<; in other words, the condition Andec is satisfied. Thus, if case
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(b) occurs, then Algorithm IIndec can be used to restore dstationarity and its linear termination as
asserted by Theorem 19 is ensured.

We can now complete a refined analysis of the overall Algorithm III for computing a dstat solution
path of the problem (26). For this purpose, we need to examine the change of the index sets during
the operation of Algorithm IIndec. Let (α0, α

+
<, α

+
>, αu)beg denote the non-dstat tuple at γ that

triggers the application of the latter Algorithm; this tuple yields the initial pair (S+
< , S

+
>)beg defined

in (24); specifically,

(S+
<)beg ,

{
i | : 0 ≤ x̄i(γ) ≤ δ

}
=
(
α0 ∪ α+

<

)
beg
∪
{
i | : x̄i(γ) = δ

}
and (S+

>)beg ,
{
i | : δ < x̄i(γ) ≤ ui

}
=
(
α+
> ∪ αu

)
beg

.

At a general iteration of Algorithm IIndec defined by the pair (S+
< , S

+
>), the subproblem (21) is:

minimize
0≤x≤u

q>x+ 1
2 x
>Qx+ γ

∑
i∈S +

<

pi
δ
xi. (27)

The update of the pair (S+
< , S

+
>) is as follows:

(S+
<)new , S+

< \ { i ∈ S+
< | x

opt
i ≥ δ } (S+

>)new , S+
> ∪ { i ∈ S+

< | x
opt
i ≥ δ }.

Thus, the set S+
< is monotonically decreasing and its complement S+

> is monotonically increasing; it
follows that at the termination of Algorithm IIndec, a new tuple (α0, α

+
<, α

+
>, αu)end that corresponds

to a restored dstat point at γ is obtained such that (α0 ∪ α+
<)end is a proper subset of (α0 ∪ α+

<)beg.

We recall that the parametric Algorithm III is initiated with α0 = [n]; since α0 ∪ α+
< is monoton-

ically nonincreasing throughout, it follows that in a linear number (in n) of iterations, the entire
Algorithm III will terminate with a complete dstat path. We formally state this conclusion in the
theorem below; other than noting that no nondegeneracy assumption is needed, there is no need for
a proof.

Theorem 21. Let Q be Stieltjes matrix. Specialized to the problem (26), Algorithm III (without
the nondegeneracy assumption) will trace a (discontinuous) path of dstat solutions for all values of
γ ≥ 0 in O(n) iterations. In particular, such a path has O(n) number of breakpoints, some of which
are discontinuous points of the path. �

The nonnegatively constrained problem (26) is not as special as it seems. In what follows, we show
that a dstat solution of the capped `1-version of the structured problem (16):

minimize
(x,y )∈Rn+m

(
q

r

)>(
x

y

)
+ 1

2

(
x

y

)> [
Q R

R> P

] (
x

y

)
+

γ

 n∑
i=1

pi min

(
|xi |
δ
, 1

)
+

m∑
j=1

p ′j min

(
yj
δ
, 1

)
subject to ` ≤ x ≤ u and 0 ≤ y ≤ v,

(28)

must be nonnegative, provided that q ≤ 0. With dstat solutions as the target (thus applicable to
global minimizers too), the result below extends Proposition 8 that pertains to the global minimizers
of the `0 and `1 problems (15) and (16) to the capped `1-problem.
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Proposition 22. Let

[
Q R

R> P

]
be a Stieltjes matrix and q ≤ 0. If (x̄, ȳ) is a dstat solution of (28),

then x̄ ≥ 0. Conversely, if (x̄ ′, ȳ ′) is a dstat point of the same objective on the subset [0, u]× [0, v],
then (x̄ ′, ȳ ′) is a dstat solution of (28).

Proof. For the first assertion, it suffices to note that by Proposition 10, if i is such that x̄i < 0, then
( q +Qx̄+Rȳ )i ≥ 0. With this property, the same proof as that of Proposition 8 can be applied to
deduce that x̄ ≥ 0. Conversely, by examining the conditions in the proposition, it suffices to show

that if i is such that x̄ ′i = 0, then | q +Qx̄ ′ +Rȳ ′ |i ≤ γ
pi
δ

. By the dstationarity of the pair (x̄ ′, ȳ ′)

on [0, u]× [0, v], we have for such an index i,

( q +Qx̄ ′ +Rȳ ′ )i + γ
pi
δ
≥ 0.

Since x ′i = 0, we readily deduce | q +Qx̄ ′ +Rȳ ′ |i = −( q +Qx̄ ′ +Rȳ ′ )i ≤ γ
pi
δ

, as desired.

8 Numerical Experiments

In this section, we compare the numerical performance of the three solution paths:

• The exact `0-path: this is computed by solving (independently) a sequence of mixed-integer
nonlinear programs determined by the weighted sum method, see [3, 16]. Some details of the mixed-
integer formulation used to solve (30) (for a fixed value of γ) is given in Section 8.2. We use the
CPLEX solver to solve each mixed-integer program.

• The `1-path: this is computed by a MATLAB R2017b implementation of the parametric proce-
dure in [28] when specialized to (2).

• The capped `1-locmin path: this is computed by Algorithm III coded in MATLAB R2017b.

All the numerical experiments are conducted on a Mac OS X personal computer with 2.3 GHz Intel
Core i7 and 8 GB RAM. The reported times are in seconds on this computer.

8.1 The `1- and capped `1-paths on synthetic problems

To gain some preliminary experience with the relative performance of Algorithm III, we first carry out
a set of experiments on some synthetic `1- and capped `1-problems with randomly generated data and
two dimensions: n = 500 and 5,000. We did not include the `0-path in this set of experiments because
these dimensions are too large for this exact sparsity path (more details below). Since our next goal
is to compare all three paths on the GMRF problems whose matrix Q is very sparse, we generate Q in
the synthetic problems as a sparse symmetric M-matrix in the following way. With an overall density
of 2/n among the off-diagonal elememts, which is the same as a tridiagonal matrix, these entries
are random numbers uniformly sampled in the interval [−1, 0]. With these off-diagonal elements
generated, we add sufficiently large diagonal terms to keep Q positive definite. Additionally, we
randomly generate iid qi ∼ Uniform([−1, 1]) and pi ∼ Uniform([0, 1]) for all i ∈ [n]. The experiments
consist of unconstrained and constrained problems; for the latter, we set −`i = ui = max{11

10δ,
1
5 |qi|}

for all i ∈ [n] and test several values of δ ∈ {10, 1, 10−2, 10−4}. The results are summarized in Table 1,
where “Bpts.” and “Dis. Bpts.” stand for the total numbers of break points and discontinuous break
points (i.e., number of GHP restorations). All the statistics are averaged over 10 runs.
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n = 500 n = 5000

Unconstrained Unconstrained

Settings Time Bpts. Dis.Bpts. Obj.Diff. Settings Time Bpts. Dis.Bpts. Obj.Diff.

cap δ = 10−4 1.53 9.6e2 4.8e2 N/A cap δ = 10−4 99.76 9.6e3 4.8e3 N/A
cap δ = 10−1 1.82 8.4e2 3.5e2 2.5e0 cap δ = 10−1 97.21 8.5e3 3.5e3 2.5e1

cap δ = 1 0.26 5.0e2 0 5.5e0 cap δ = 1 11.51 5.0e3 0 5.5e1
cap δ = 10 0.17 5.0e2 0 5.5e0 cap δ = 10 11.43 5.0e3 0 5.5e1

`1 0.15 5.0e2 N/A 5.5e0 `1 10.59 5.0e3 N/A 5.5e1

Constrained Constrained

Settings Time Bpts. Dis.Bpts. Obj.Diff. Settings Time Bpts. Dis.Bpts. Obj.Diff.

cap δ = 10−4 1.98 9.6e2 4.8e2 N/A cap δ = 10−4 105.89 9.6e3 4.8e3 N/A
cap δ = 10−1 2.45 8.4e2 3.5e2 2.5e0 cap δ = 10−1 100.80 8.5e3 3.5e3 2.5e1

cap δ = 1 0.51 5.0e2 0 5.5e0 cap δ = 1 17.59 5.0e3 0 5.5e1
cap δ = 10 0.37 5.0e2 0 5.5e0 cap δ = 10 17.44 5.0e3 0 5.5e1

`1 0.33 5.0e2 N/A 5.5e0 `1 16.63 5.0e3 N/A 5.5e1

Table 1: Summary of tests on parametric `1- and capped `1-solution

From Table 1 we can observe that when δ ∈ {1, 10}, hence relatively large, the behavior of capped `1-
path is similar to the `1-path in terms of computational time and number of break points; moreover,
there is no need for dstat restoration in the computation of the capped `1-path; thus these two paths
are comparable. On the other hand, for the other two values of δ, the computation of the capped
`1-path requires more time, and such paths possess more pieces and discontinuous break points. This
is consistent with our previous analysis in Proposition 12, when δ is small, e.g., δ = 10−4, the only
continuous dstat path is a constant one which is x̄(γ) = x̄0 for all γ ≥ 0, where x̄0 is the unique
optimal solution at γ = 0 which is in general totally dense. Thus when we start with x̄(γ) = 0

for γ ≥ max
i∈[n]

∣∣∣∣δqipi
∣∣∣∣ and pivot towards x̄0, the computed capped `1-path is discontinuous with more

discontinuous points when δ is smaller, requiring substantially more computational times (in one
case, more than 10 times than the computed `1-path) depending on the instances with the most time
taken still within 2 minutes on our personal computer (when n = 5, 000 and δ = 10−4). However, the
capped `1-paths with small δ (e.g., 10−4) always achieve better q(x) values than the `1-path when
the solutions from both paths have the same sparsity. More specifically, in Table 1 we summarize
the following statistics in the columns named “Obj.Diff.”, where we take the results with δ = 10−4

as the benchmark values and compare their differences with those of the other paths: i.e.,

Obj.Diff. ,
1

N̄

N̄∑
j=1

(
q(xd(j))− q(x̄(j))

)
, (29)

where N̄ is the number of breakpoints of the capped `1-path with δ = 10−4 and {x̄(j)}N̄j=1 are the

computed solutions at these points on this path, while {xd(j)}N̄j=1 are the solutions in another path

with ‖xd(j)‖0 = ‖x̄(j)‖0. These statistics confirm that the increased computational times of the
capped `1-path result in higher-quality solutions per the computed q(x)-values. In the next section,
we show more advantages of capped `1-path in the context of the GMRF model.

8.2 Results on the GMRF problem

We consider a two-dimensional graphical model as depicted in Figure 1: given a grid size p ∈ Z+

(with n = p2), a “spike size” parameter s ∈ Z+, a “spike number” parameter h ∈ Z+ and a noise
parameter σ, we generate the true values of the stochastic process X ∈ Rp×p as follows. Construct
the precision matrix Θ ∈ R(s×s)×(s×s) such that Θij,ij = 4 for all i, j ∈ [s], Θij,(i+1)j = Θ(i+1)j,ij = −1
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for i ∈ [s − 1] and j ∈ [s], Θij,i(j+1) = Θi(j+1),ij = −1 for i ∈ [s] and j ∈ [s − 1], and Θij,k` = 0
otherwise. We use the notation X[ij],[k`] to denote the submatrix of X from rows i to j (inclusive)
and columns k to ` (inclusive). Initially, X is fully sparse, this is, X = 0. Then we iteratively repeat
h times the following process.

• Randomly select indexes i ∈ [p + 1 − s] and j ∈ [p + 1 − s], corresponding to the initial row and
column of a spike.

• Sample a Gaussian shock w ∈ Rs×s such that w ∼ N (0,Θ−1).

• Add shock w to X, this is, X[i+s],[j+s] = X[i+s],[j+s] + w.

The resulting X is thus mostly sparse, but each non-zero s×s spike is according to a two-dimensional
GMRF. Finally, we sample noisy observations from X, given by yij = Xij +εij , where εij ∼ N (0, σ2)
are independent and identically distributed. The values yij are the inputs of the `0-optimization
problem of interest, given by

f0(γ) = minimum
x

p∑
i=1

p∑
j=1

1

σ2

(
yij − xij

)2
+

p−1∑
i=1

p∑
j=1

(
xij − xi+1,j

)2
+

p∑
i=1

p−1∑
j=1

(
xij − xi,j+1

)2
+ γ ‖x ‖0 where ‖x ‖0 ,

p∑
i=1

p∑
j=1

|xij |0.

(30)

The mixed integer formulation for solving the above problem for a given value of γ is based on the
following convexification from [5].

Proposition 23. Let set

X =

(x, z, t) ∈ Rn+ × {0, 1}n × R :

 n∑
i=1

xi

2

≤ t, xi(1− zi) = 0, ∀i ∈ [n]

 .

Then the closure of the convex hull of X is given by(x, z, t) ∈ Rn+ × [0, 1]n × R :

 n∑
i=1

xi

2

≤ tmin

1,
n∑
i=1

zi


 .

An application of Proposition 23 to problem (30) yields the mixed-integer second-order conic formu-
lation:

minimize
x,z,u,v,w,s,t

p∑
i=1

p∑
j=1

1

σ2

(
y2
ij − 2 yij xij + uij

)
+

p−1∑
i=1

p∑
j=1

vij +

p∑
i=1

p−1∑
j=1

wij + γ

p∑
i=1

p∑
j=1

zij

subject to x2
ij ≤ uij zij ∀(i, j)(
xij − xi+1,j

)2 ≤ vij sij , sij ≤ zij + zi+1,j , 0 ≤ sij ≤ 1 ∀ (i, j)(
xij − xi,j+1

)2 ≤ wij tij , tij ≤ zij + zi,j+1, 0 ≤ tij ≤ 1 ∀ (i, j)

x ∈ Rp×p, z ∈ {0, 1}p×p.

We compare the three paths on problems with p = 10 (thus 100 variables in total), where the `1- and
capped `1-paths are obtained from problem (30) with the `0-regularizer substituted by the `1- and

32



capped `1-regularizer. In addition, the `1- and capped `1-paths are also tested with p = 100 (thus
10,000 variables in total). The numerical tracing of the `0-path is handicapped by the challenge of
solving nonlinear mixed integer programs by the CPLEX solver; on problems with 100 variables,
the computation already takes 800 seconds. Thus, the computation of the exact `0-path on the
larger-sized problems is expected to be prohibitively impractical and thus omitted. The experiments
aim to evaluate the different methods both from an optimization standpoint (computational time
and objective values) and a statistical standpoint (how well can the methods recover the underlying
“true” signal?). Moreover, we are most interested in: (i) confirming the improved quality of the
capped `1-dstat path as a surrogate for the `0-path from an optimization point of view, and (ii)
showing the advantage of the capped `1-path over the `1-path when applied to hyper-parameter
selection for the GMRF maximum a posteriori inference, namely problem (30) with the appropriate
regularizer. Through these experiments, we can confirm the effectiveness of the capped `1-dstat path
as a practical compromise between the `0-path and the `1-path, remedying the slow computational
speed of the former for large-scale problems and improving the solution quality over the latter without
sacrificing solution speed.

Optimization standpoint. Each plot in Figure 2 shows, for each x corresponding to a breakpoint in
the solution path of a given method, the value of the quadratic term q(x) as a function of the sparsity
‖x‖0, where each plot corresponds to a single instance. In the small instances, the solution path of
the exact `0-problem always produces the best solutions, as expected. Moreover, the solution path
of the `1-approximation is consistently the worst, and the solution paths of the capped `1-problems
gradually increase in quality as δ decreases (despite the increasing non-convexity of the optimization
problem). In particular, for δ ∈ {10−4, 10−3}, the capped `1-paths are almost indistinguishable
from the `0-path, showing that Algorithm III is effective at consistently finding high-quality local
(if not global) minimizers of the associated optimization problems. In the large instances, while it
is not possible to compare with the exact `0-path, we still observe that the path of the capped `1-
method delivers substantially better solutions than the `1-path. In both small and large instances,
the improvements achieved by the capped `1-formulation over the `1-formulation are particularly
pronounced in low signal-to-noise regimes.

These observations are quantified in Table 2; see the columns named “Obj.Diff”. For each σ-level
of the small instances (n = 100), the solutions at the breakpoints of the `0-path are applied as the
benchmarks in the calculation of the entries in the “Obj.Diff” column as defined by (29); whereas
for the large instances (n = 10, 000), the solutions of the capped `1-path with δ = 10−4 (same as in
Table 1) are used as the benchmark. All the results are averaged over 5 instances.
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(a) Small inst., σ = 0.1 (b) Large inst., σ = 0.1

(c) Small inst., σ = 0.5 (d) Large inst., σ = 0.5

(e) Small inst., σ = 0.7 (f) Large inst., σ = 0.7

Figure 2: Quadratic term q(x) as a function of the sparsity ‖x‖0.

Table 3 presents the computational times (in seconds) required to compute the solution paths. We
only report the capped `1-results for δ = 10−4 (averaged over 5 instances) since this is a preferred
choice according to our previous experience. All methods require more time as the noise (σ) increases:
for the `1- and capped `1-problems, computational times increase at most by a factor of three, whereas
for the `0-problem, computational times increase by two orders of magnitude.
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Small instances n = 100

Settings
σ = 0.02 σ = 0.1 σ = 0.3

Obj.Diff. (supp.,signal) Obj.Diff. best(supp.,signal) Obj.Diff. (supp.,signal)
`0 N/A (1.2e0,1.41e-1) N/A (4.0e0,5.34e-1) N/A (8.8e0,1.06e0)

cap δ = 10−4 2.0e-4 (1.2e0,1.41e-1) 1.8e-2 (4.0e0,5.34e-1) 2.9e-2 (8.8e0,1.06e0)

cap δ = 10−3 6.5e-2 (1.2e0,1.41e-1) 7.3e-2 (4.0e0,5.34e-1) 8.4e-2 (8.8e0,1.06e0)

cap δ = 10−2 4.6e-1 (1.2e0,1.41e-1) 3.3e-1 (4.0e0,5.34e-1) 7.2e-1 (8.8e0,1.06e0)

cap δ = 10−1 4.3e0 (1.2e0,1.43e-1) 2.3e0 (4.0e0,5.37e-1) 3.4e0 (8.8e0,1.07e0)
cap δ = 1 1.7e1 (1.2e0,1.45e-1) 6.8e0 (4.0e0,5.41e-1) 5.8e0 (8.8e0,1.10e0)

`1 1.7e1 (1.2e0,1.45e-1) 6.8e0 (3.6e0,5.41e-1) 5.8e0 (8.8e0,1.10e0)

Settings
σ = 0.5 σ = 0.7 σ = 1

Obj.Diff. (supp.,signal) Obj.Diff. (supp.,signal) Obj.Diff. (supp.,signal)
`0 N/A (1.4e1,1.33e0) N/A (2.0e1,1.29e0) N/A (2.2e1,8.36e-1)

cap δ = 10−4 1.0e-1 (1.4e1,1.33e0) 1.7e-1 (1.9e1,1.26e0) 2.0e-1 (2.2e1,8.18e-1)

cap δ = 10−3 1.7e-1 (1.4e1,1.33e0) 2.5e-1 (1.9e1,1.26e0) 3.0e-1 (2.2e1,8.18e-1)

cap δ = 10−2 1.1e0 (1.4e1,1.33e0) 1.1e0 (1.9e1,1.26e0) 9.0e-1 (2.2e1,8.18e-1)

cap δ = 10−1 5.9e0 (1.5e1,1.34e0) 6.1e0 (2.0e1,1.26e0) 5.1e0 (2.2e1,8.18e-1)
cap δ = 1 8.1e0 (1.5e1,1.42e0) 7.5e0 (2.0e1,1.27e0) 5.9e0 (2.2e1,8.23e-1)

`1 8.1e0 (1.5e1,1.42e0) 7.5e0 (2.0e1,1.28e0) 5.9e0 (2.2e1,8.27e-1)

Large instances n = 10, 000

Settings
σ = 0.02 σ = 0.1 σ = 0.3

Obj.Diff. (supp.,signal) Obj.Diff. (supp., signal) Obj.Diff. (supp.,signal)
`0 N/A N/A N/A N/A N/A N/A

cap δ = 10−4 N/A (3.7e1,4.63e-1) N/A (7.3e1,1.75e0) N/A (2.6e2,3.42e0)

cap δ = 10−3 1.0e-2 (3.7e1,4.63e-1) 1.6e-2 (7.3e1,1.75e0) 4.5e-2 (2.6e2,3.42e0)

cap δ = 10−2 1.1e-1 (3.7e1,4.63e-1) 8.5e-2 (7.3e1,1.75e0) 3.9e-1 (2.6e2,3.42e0)

cap δ = 10−1 9.2e-1 (3.7e1,4.67e-1) 4.9e-1 (7.2e1,1.75e0) 9.1e-1 (2.7e2,3.49e0)
cap δ = 1 2.2e0 (3.6e1,4.68e-1) 9.7e-1 (6.9e1,1.77e0) 1.3e0 (2.7e2,3.70e0)

`1 2.2e0 (3.6e1,4.68e-1) 9.7e-1 (6.9e1,1.77e0) 1.3e0 (2.7e2,3.70e0)

Settings
σ = 0.5 σ = 0.7 σ = 1

Obj.Diff. (supp.,signal) Obj.Diff. (supp.,signal) Obj.Diff. (supp.,signal)
`0 N/A N/A N/A N/A N/A N/A

cap δ = 10−4 N/A (5.3e2,4.68e0) N/A (8.1e2,4.68e0) N/A (9.6e2,5.11e0)

cap δ = 10−3 3.9e-2 (5.3e2,4.68e0) 2.5e-2 (8.1e2,4.68e0) 1.9e-2 (9.6e2,5.11e0)

cap δ = 10−2 3.9e-1 (5.4e2,4.68e0) 2.7e-1 (8.3e2,4.68e0) 2.0e-1 (9.6e2,5.11e0)

cap δ = 10−1 1.4e0 (6.0e2,4.75e0) 1.3e0 (8.8e2,4.75e0) 9.5e-1 (9.6e2,5.00e0)
cap δ = 1 1.7e0 (6.3e2,5.20e0) 1.4e0 (8.9e2,5.20e0) 1.0e0 (9.6e2,5.07e0)

`1 1.7e0 (6.3e2,5.20e0) 1.4e0 (8.9e2,5.20e0) 1.0e0 (9.6e2,5.07e0)

Table 2: Some key statistics for the GMRF experiments

Small instances n = 100

Method σ = 0.02 σ = 0.1 σ = 0.3 σ = 0.5 σ = 0.7 σ = 1

`0 39.75 76.60 340.80 966.00 1,307.80 1,935.60
capped `1 0.66 1.03 0.45 0.32 0.84 0.92

`1 0.12 0.03 0.02 0.02 0.03 0.06

Large instances n = 10, 000

Method σ = 0.02 σ = 0.1 σ = 0.3 σ = 0.5 σ = 0.7 σ = 1

`0 N/A N/A N/A N/A N/A N/A
capped `1 200.45 376.79 415.13 467.36 509.37 579.95

`1 29.57 29.48 33.57 36.96 38.85 42.17

Table 3: Summary of computational times (in seconds).

We observe that in small instances, the exact `0-path can be computed in approximately one minute
in high signal-to-noise regimes, and under one hour in low signal-to-noise regimes. Note that, for
n = 100, computing the solution path requires solving approximately 160 nonlinear mixed-integer
optimization problems. Thus, while each problem is solved relatively fast (from under one second
to 15 seconds, depending on the noise), the lack of an integrated parametric scheme results in large
computational times. For reference, computing the exact solution path in instances with n = 225
may require up to one day, and thus handling instances with n = 10, 000 exactly seems beyond the
capabilities of current solvers.

Computing the local capped `1-path is up to 10 times more expensive than the `1-path, but four
orders-of-magnitude faster than the `0-method in instances with n = 100. Indeed, solution paths
are computed in under one second for n = 100, and in under 10 minutes for n = 10, 000; these are
acceptable times in an experimental matlab implementation. Thus, since the capped `1-method
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also delivers near-optimal solutions, we conclude that it is a much more practical choice than the `0
in large instances without compromising quality. The pure `1-path can be computed very quickly, in
under one minute even in large instances although, as noted previously, the fast computation comes
at the expense of lesser solution quality.

Statistical standpoint. In inference problems with the GMRF model, finding (near-) optimal
solutions of (30) is of secondary importance, and the main goal is to recover the underlying signal
X. In particular, letting x∗(γ) denote a computed solution of the three paths for a given value of γ,
we evaluate how good x∗(γ) estimates X using two metrics:

Signal recovery:

p∑
i=1

p∑
j=1

(x∗ij(γ) − Xij )2 and Support recovery:

p∑
i=1

p∑
j=1

∣∣∣ |x∗ij(γ) |0 − |Xij |0
∣∣∣ .

Each plot in Figure 3 shows, for each computed solution corresponding to a breakpoint in the solution
path of a given method, the value of the signal recovery as a function of the support recovery. Again,
each plot corresponds to a particular random instance. Note that by computing the solution path,
each method produces multiple estimates of the true signal X, one for each value of the parameter
γ (in particular, at the breakpoints of the respective paths). Moreover, while some such solutions
may yield poor estimates of X (corresponding to situations where γ is mispecified), others may
perform well with respect to the above two metrics; in such cases, a procedure like cross-validation
on the training data may be able to identify the best candidates. In addition to these plots, we also
report the best support and signal recovery results achieved by different paths (all averaged over 5
instances), see the columns labelled “(supp.,signal)” in Table 2.

From the plots in Figure 3, we can see that the `1- and capped `1-solution curves are similar from
a statistical standpoint in the small noise regimes: both methods are able to produce solutions that
perform well in terms of signal and support recovery, that could be presumably identified via cross-
validation. However, as σ increases, the solutions produced by each method perform differently from
a statistical point of view.

• For the capped `1-method, if the parameter γ is chosen so that the support of the solutions coincides
approximately with the true support, then the resulting estimators perform well in terms of signal
recovery as well. As γ differs from this critical value, the resulting estimators are worse in terms of
both signal and support recovery.

• For the pure `1-method, if the parameter γ is chosen so that the support of the solutions coincides
approximately with the true support, then the resulting estimators are poor in terms of signal
recovery. Similarly, values of γ that result in good signal recovery often correspond to solutions with
poor support recovery. Thus, it is unclear which value of γ results in the better performance.

The aforementioned results suggest that the path of local minimizers of the capped `1-formulation
is more attractive from a statistical perspective. Indeed, cross-validation may be able to identify
solutions that simultaneously achieve good signal and support recovery, whereas the pure `1-solution
path does not produce any such solutions. Note that such nice statistical property of the capped `1-
paths is also possessed by the `0-paths, see the plots in Figure (3a)(3c)(3e) which provide additional
supporting evidence in favor of capped `1. Finally, we also observe that in general there are several
solutions obtained from the capped `1-path that dominate all `1-solutions in terms of signal recovery,
suggesting that the capped `1-method is preferable when signal recovery is the main criterion.
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(a) Small inst., σ = 0.1 (b) Large inst., σ = 0.1

(c) Small inst., σ = 0.5 (d) Large inst., σ = 0.5

(e) Small inst., σ = 0.7 (f) Large inst., σ = 0.7

Figure 3: Signal recovery as a function of support recovery.

Additional comments. Referred to as modified GHP initializations, our specific initialization
strategy for GHP restorations via the initial index pairs (23) and (24) is crucial both theoretically
and empirically, by taking advantage of the “almost” dstationarity of a candidate solution. From
the theoretical perspective, this initialization provides us with key conditions so that the conclusions
in the fourth bullet of Lemma 18 and Proposition 22 hold. On the other hand, the specialized
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initialization is also crucial for us to maintain all the nice properties of the computed capped `1-
dstat path which we have mentioned earlier. As a comparison, we test Algorithm III with the
following initializations in the dstat restoration, which we call näıve GHP initializations:

nondecreasing version with initialization S−< = S+
< = S+

> = ∅ and S−> = [n]

nonincreasing version with initialization S−< = S−> = S+
< = ∅, and S+

> = [n].

Note that by [28] these initializations also restore dstat solutions of the capped `1-problem at a
discontinuous break point. To demonstrate how the näıve initializations could potentially sabotage
the judicious selection of the parameter γ in the presence of a secondary objective, we summarize the
behavior of the capped `1-dstat paths obtained by different GHP initialization strategies, when being
tested on the GMRF problem with n = 100, σ = 0.4, in Figure 4. More specifically, Subfigure 4a
contains the curves of support recovery and sparsity as functions of log(γ) (details see the legend
therein), whereas subfigure 4b presents the Pareto curves of signal versus support recovery. As shown
in Figure 4a, the path with the modified GHP initializations attains a dstat point x∗ achieving the
minimum support recovery of 5 at around γ∗ ≈ 10−4. In contrast, when γ is in the range of 10−3.5

and 10−4.5, the results of the modified GHP initializations are significantly better than those of the
näıve GHP whose best support recovery is in the mid-50’s, which is 10 times more than the best
result from the modified GHP. The superiority of the modified GHP occurs as early as the first few
dstat restorations. More precisely, when γ is near the right end of the curves, the solution of the
näıve GHP path drastically changes from being totally sparse to dense; thus the overall sparsity of
this path has been elevated to a relatively high level even in the early phase. The consequence of
this is that the näıve GHP path completely misses x∗ and assigns another dstat solution at γ∗ that
is far worse than x∗ in both measures considered in Figure 4b. This explains why the näıve GHP
initialization completely destroys the nice statistical properties of the resulting path as compared to
the modified GHP initialization, as shown in Figure 4b.

(a) Support recovery error and sparsity vs. γ (b) Pareto curve of error in support and signal recovery

Figure 4: Dstat paths with specially initialized GHP vs. naively initialized GHP

Conclusion. This paper has studied and compared several solution paths of sparse quadratic
minimization problems with Stieltjes matrices. Old properties of two such paths (`0 and `1) are
reviewed and supplemented with new results along with the previously un-examined capped `1-path.
Numerical experiments on some synthetic problems and the applied GMRF model demonstrate that
the latter discontinuous path yields superior practical performance on realistically sized problems
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that are too large for the `0-path and for which the `1-path is much less desirable. The numerical
computation of the entire capped `1-path is accomplished by a rigorous algorithm that involves
continuous tracing and dstat recovery. Resonating the previous study [28], the present work has again
demonstrated the key role the Z-structure of the quadratic form plays in the favorable computational
complexity of the developed parametric algorithm.
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