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Abstract

Intensity modulated radiation therapy (IMRT) is a widely used cancer treatment technique
designed to target malignant cells. To enhance its effectiveness on tumors and reduce side ef-
fects, radiotherapy plans are usually divided into consecutive treatments, or fractions, that are
delivered over multiple weeks. However, typical planning approaches have focused on finding
the full sequence of radiation intensities prior to the treatment, or were restricted to a single
treatment session. In this work, we investigate a fractioned variant of the IMRT planning prob-
lem that accounts for geometric motion-related uncertainty during treatment. We propose a
novel multistage stochastic programming (MSP) modeling framework that incorporates the se-
quential decision-making nature of the problem and prevailing stochasticity in cancer treatment.
The model is solved via a sample average approximation based on stochastic dual dynamic pro-
gramming considering a variety of risk measures. We conduct computational experiments on
five test cases that are generated based on clinical data. Through extensive simulations, we
show that our MSP model generates higher quality treatment plans compared to deterministic
and two-stage program counterparts based on multiple performance measures. In particular,
our model leads to a higher rate of tumor coverage and a lower rate of radiation exposure for
healthy tissues. Accordingly, the proposed MSP framework can greatly contribute to the clinical
practice in fractionated IMRT.

Keywords: Intensity modulated radiation therapy (IMRT); multistage stochastic program-
ming; fractionation

1 Introduction

Intensity modulated radiation therapy (IMRT) is a cancer treatment technique that consists of
shaping and delivering highly complex therapeutic radiation dose distributions to tumor cells [30].
Although complete tumor control is the primary goal in IMRT, it is also of great importance to
minimize radiation exposure to healthy tissues located near the tumor cells, referred to as organs-
at-risk (OARs) [2].

In many cases, treatment of a patient involves multiple sessions called fractions. Such a practice
has several benefits to the treatment outcomes as opposed to a single dose [1, 11, 24]. First,
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the radiosensitivity of cells depends on their stage in the cell cycle. During a treatment session,
each tumor cell is at a different phase of the cell cycle. Hence, delivering radiation in one single
session might not be effective for some groups of tumor cells. Second, cells with high oxygen levels
are likely damaged first, causing irregular tumor destruction throughout the treatment sessions.
Fractionation provides time for hypoxic cells to improve their oxygen level for subsequent fractions.
Third, the time between fractions allows OARs to repair from previously received radiation damage.
Since OAR cells have significantly better DNA restoration ability than tumor cells, they benefit
from fractionation.

Excessive radiation exposure to healthy tissues can negatively impact patients’ health conditions
[37]. In general, it is difficult to completely avoid damage to OARs due to multiple factors, such as
proximity to organs. Another important factor, which is the focus of this study, is associated with
motion uncertainty. More specifically, there exist two primary sources of geometric uncertainties
that affect treatment outcomes [23], namely interfractional motion and intrafractional motion. The
former is defined to be the motion seen between the treatment fractions. Such a movement can
be caused, e.g., by patient misalignment on the treatment table and patient weight change, and it
can be detected based on computational (e.g., computed tomography) images of organs taken on
consecutive fractions. The intrafractional motion occurs during the radiation beam delivery. For
example, in the case of lung cancer treatment, lung volume changes during the treatment due to
respiration activity.

Different strategies have been proposed in the literature to hedge against the detrimental ef-
fects of geometric uncertainty [3]. Nonetheless, the standard practice suggested by the International
Commission on Radiation Units and Measurement [17] is the planning target volume (PTV) ap-
proach. The PTV is a geometrical construct designed to ensure that the clinical tumor volume
(CTV), the region that needs to be adequately treated, receives the intended prescription dose in
the face of uncertainties. To this end, the PTV is a sufficiently large volume that ensures full tumor
coverage but may capture some degree of health tissue. While this approach addresses the primary
IMRT objective – full tumor exposure to radiation – it may cause significant damage to OARs and
tissue surrounding the tumor, e.g., as investigated in Samuelsson et al. [32].

To ensure tumor dose coverage while minimizing damage to healthy tissue, recent studies have
attempted to reduce PTV values by explicitly accounting for geometric uncertainty, in particular
via stochastic programming and robust optimization. However, such models have been primarily
concerned with generating non-adaptive improved robust treatment plans, either for a single treat-
ment session, or to make all the fraction decisions here-and-now. That is, they do not allow any
recourse decisions which consider the impact a fraction’s decisions has on the subsequent fractions.
Moreover, they do not incorporate fraction-wise performance measures, including those related to
intermediate cumulative dose amounts a tumor receives during treatment.

In this paper, we propose a multistage stochastic programming (MSP) framework in order to
capture the sequential decision-making nature of the fractionated IMRT planning problem under
geometric uncertainty. Our contributions are as follows:

• We propose a novel MSP model for the fractionated IMRT treatment planning problem,
which allows fraction-wise performance measures in the objective function.

• We apply sample average approximation and solve the obtained model exactly via stochastic
dual dynamic programming (SDDP) algorithm [28]. We describe how our model can be
reduced to an SDDP and become amenable to state-of-the-art solvers such as the SDDP.jl

package [14].
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• We conduct an extensive computational study using five clinical instances, where we compare
the MSP policies traditionally used deterministic policies with a folding horizon framework,
considering a variety of risk measures. Our simulations show that the proposed policies
significantly outperform the deterministic counterparts in terms of multiple clinically accepted
performance metrics.

• We also evaluate the performance of policies obtained from a two-stage stochastic program-
ming approximation to the MSP model. To the best of our knowledge, this approximation
constitutes the first proper two-stage stochastic program of the problem in the literature. We
also develop an enhanced Benders decomposition algorithm to solve the resulting approxima-
tion.

The remainder of the paper is organized as follows. In Section 2, we provide a detailed review of
the existing approaches to IMRT planning under uncertainty. In Section 3, we formally define the
fractionated IMRT problem and introduce our MSP model, followed by our solution methodology
in Section 4. Regarding the computational experiments, we first present the setup in Section 5, and
then provide numerical results and obtained insights in Section 6. Lastly, in Section 7, we provide
a brief summary of our work and discuss future research directions.

2 Literature review

Reducing negative side effects of radiotherapy caused by geometric uncertainties is a critical task.
To this day, the large majority of techniques are based on deterministic PTV approaches [32].
Romeijn et al. [30] proposed a linear programming formulation for the IMRT planning problem,
minimizing a linear combination of over- and under-dose penalty functions. Cevik et al. [4] proposed
a mixed-integer linear programming model for the radiosurgery treatment planning problem, where
different than the model of Romeijn et al. [30], they additionally minimized the total number of
isocenters (i.e., target intersection points for the radiation beams) to be used for the treatment
session, with a goal of reducing the treatment time.

Saberian et al. [31] developed a deterministic optimization model, where they simultaneously
optimized fluence maps (i.e., the resulting beam dose distribution observed in the patient) and
number of fractions. Their model maximized the biological effect of average dose over tumor voxels
subject to biologically effective dose constraints on normal tissue. They assumed a linear-quadratic
tumor proliferation model for tumors during the treatment sessions. Although the model computed
beamlet intensity vectors over multiple fractions, it did not assume fraction-wise penalty or dif-
ferent intensity vectors for each fraction. Kishimoto and Yamashita [18] focused on hotspots (i.e.,
voxels with excessive radiation exposure), and proposed a deterministic successive hotspot elimi-
nation procedure for the single-fraction fluence map optimization problem. Their results indicate
significantly improved treatment plans in terms of damage to healthy tissues, without noticeable
loss in the quality of treatment outcome.

When there are many nearby structures to the target volume, it has been shown that large
PTV values can end up causing excessive damage to OARs, or underdosage of the tumor [32].
Moreover, performing treatment over highly radiation-sensitive organs such as brain and spine can
result in damage to these OARs and might cause severe side effects. To cope with the disadvan-
tages of large PTV values, and to more properly incorporate geometric uncertainty into treatment
planning, several studies have been conducted in the realm of robust optimization and stochastic
programming.
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A large number of studies employed robust optimization techniques for various radiotherapy
problems. Chu et al. [8] developed a robust optimization model for the IMRT problem, considering
patient motions over the course of treatment as the main source of uncertainty. While consider-
ing the multi-fraction setup, independent random variables were assumed for each fraction. They
developed a robust optimization model with an ellipsoidal uncertainty set, which was shown to
be equivalent to an LP model, under certain probabilistic assumptions. Although their model
optimized fluence map for multiple fractions, they did not consider fraction-wise target dose or
fraction-wise intensity vectors. Instead, they assumed one common beamlet intensity vector across
the multiple fractions in their model, which simplifies their model to a single-stage robust opti-
mization model. Chan et al. [6] proposed a linear robust optimization model for the single-fraction
IMRT problem. They built an interval uncertainty set for intrafractional motion uncertainty, using
the probability mass function derived from the histogram obtained via clinical data, which leads
to a tractable linear programming reformulation of the robust model. Under the assumption that
the possible movements of organs can be completely described by the constructed probability mass
function, they showed that their model delivers significantly less radiation to healthy tissues, com-
pared to the deterministic counterpart (so-called nominal) model. Bortfeld et al. [3] extended the
work of Chan et al. [6] by considering a more complex margin type, namely the dosimetric margin,
as opposed to the geometric margin due to the simplified one-dimensional geometry. Later, Chan
and Mǐsić [5] proposed an adaptive optimization framework for the fractionated IMRT planning
problem. They solved the single-fraction robust optimization model of Bortfeld et al. [3] at the be-
ginning of each fraction with a new uncertainty set obtained by using the information collected prior
to the treatment session. They showed that improved treatment plans can be obtained compared
to the non-adaptive robust optimization approach.

Chan et al. [7] proposed the first single-stage fluence map optimization model which combined
robust optimization and average value at risk (AVaR) frameworks. The uncertainty stemmed from
breathing motion, which caused the chest to move unpredictably during treatment. They made
their problem tractable by applying duality-based reformulation. Motivated by Chan et al. [7]’s
model, which has a large number of robust constraints, Mahmoudzadeh et al. [20] developed a
decomposition-based solution method for the same problem.

Robust optimization has also been used to incorporate some other types of uncertainties into
the treatment planning. For instance, Fredriksson [16] investigated various sources of geometric
uncertainties that can occur during the treatment, including systematic range errors and setup
errors. Orvehed Hiltunen [26] and Engwall et al. [15] made use of robust optimization to account
for the interplay effect, the interference between the tumor motion and the time-structure of the
radiation delivery. Lim et al. [19] proposed an adaptive robust optimization framework similar
to Chan and Mǐsić [5] for treatment planning under tumor shrinkage uncertainty, however, they
updated the uncertainty set after multiple fractions (35 fractions in their experiments), after a
noticeable change is observed in tumor volume. Lastly, Dabadghao and Roy [9] considered radiore-
sistivity, the responsiveness of the tumor to the radiation, depending on cell oxygenation status, as
the uncertain factor. Defining a time-dependent uncertainty set, they proposed a multistage robust
optimization model for a simplified version of the problem, where they only decide on the average
dose delivered to the tumor at the current and future time periods.

Lastly, Ripsman et al. [29] proposed the first robust mixed-integer programming model for direct
aperture optimization, where breathing motion was considered as the main source of intrafractional
uncertainty. In their model, the authors performed both fluence map optimization and the discov-
ery of the optimal combination of beam angles, apertures, and intensity values of the multi-leaf
collimators at the same time. These robust optimization models fundamentally differ from our
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modeling framework, as they seek to obtain optimized worst-case treatment outcomes. As opposed
to the robust optimization framework, we adopt a stochastic programming approach, where we can
consider both average and worst-case performance, or any middle-ground performance measures
by adopting different risk measures.

A few other studies employed stochastic programming to account for uncertainties in IMRT.
Men et al. [22] introduced a one-stage stochastic programming model for the IMRT planning prob-
lem under interfractional motion uncertainty, which is solved via sample average approximation.
Although the authors motivated the problem by mentioning the fractionated IMRT planning, they
developed a mathematical model that primarily focuses on the expected performance of one frac-
tion. More specifically, in the proposed model, the same treatment plan is assumed to be applied
at each fraction, i.e., only one set of beamlet intensity decisions is introduced. Moreover, the same
set of scenarios are used for each fraction to estimate fraction-based performance criteria, whereas
the total effects of the proposed static treatment plan is only captured by using the expected
delivered dose for each voxel which is computed by multiplying the beamlet intensities with the
expected value of the associated random variables, i.e., under the assumption that the total dose
delivered over a treatment can be accurately approximated by the expected dose delivered over
all the fractions. On the other hand, Sir et al. [35] proposed a stochastic programming model for
the fractionated IMRT planning problem. They applied sample average approximation using the
multiple instance geometry approximation (MIGA) proposed by McShan et al. [21], as we also
do in this study. However, rather than using an exact solution method, or considering the whole
scenario tree, they derived solutions to their model via two heuristics that reduce the model com-
plexity significantly: either replacing the realization of random variables with their nominal value,
which yields a deterministic model, or approximating the multistage decision-making problem via a
one-stage stochastic program, i.e., making the treatment decisions associated with all the fractions
here-and-now decisions. Furthermore, they only use performance measures that are solely functions
of the total dose received at the end of the treatment, i.e., do not allow incorporating any fraction-
wise measures. Thanks to this assumption in addition to the assumption that all the uncertainties
are revealed at once, they could simplify the underlying stochastic process significantly, ignoring
the order of the realized uncertainties. This means that different permutations of a sample path
(scenario vector) are treated as the same. This would be a highly limiting assumption in a more
realistic setting as ours, since the fraction decisions are indeed the functions of the observed history
of the realizations and in practice we have the flexibility to adapt our decisions according to the
observed history, that is, make different decisions in the cases where different permutations of the
realization history is revealed. Also, the order of the realizations directly impact the fraction-wise
performance measures, which we incorporate, thus need to be preserved.

Table 1 provides a high-level summary of the most relevant studies from the literature, and shows
the relative positioning of our paper with respect to these studies. We specify whether multiple
fractions are considered, which modeling paradigm is employed, and what type of uncertainty is
considered, if any. Studies that consider interfractional or intrafractional uncertainty as organ
movement more generally, such as this work, are simply referred to as geometric uncertainty in the
table.

3 MSP approach to the fractionated IMRT planning problem

In this section, we formally describe the stochastic version of the fractionated IMRT planning
problem, present our sequential framework and the method to represent uncertainty, and finally
introduce our MSP model.
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Table 1: Summary of the most relevant studies in the literature.

Reference Multi-fraction Modeling paradigm Uncertainty

Chu et al. [8] ✓ 1RO geometric uncertainty
Chan et al. [6] – 1RO breathing (intra)
Bortfeld et al. [3] – 1RO breathing (intra)
Sir et al. [35] ✓ 1SP & DO geometric uncertainty
Men et al. [22] – 1SP patient setup (inter)
Chan and Mǐsić [5] – 1RO breathing (intra)
Chan et al. [7] – 1RO breathing (intra)
Mahmoudzadeh et al. [20] – 1RO breathing (intra)
Saberian et al. [31] ✓ DO –
Kishimoto and Yamashita [18] – DO –
Cevik et al. [4] – DO –
Lim et al. [19] – 1RO geometric uncertainty
Ripsman et al. [29] – 1RO breathing (intra)

Our work ✓ MSP & 2SP geometric uncertainty

RO: Robust Optimization, DO: Deterministic Optimization, SP: Stochastic Programming

M: Multi-stage, 2: Two-stage, 1: One-stage

inter: interfractional uncertainty, intra: intrafractional uncertainty, ✓: considered, –: not considered

3.1 Problem description and MSP framework

The IMRT treatment planning aims to determine a radiation beam distribution to be delivered that
best conforms to the tumor shape in the sense that the tumor voxels (volumetric pixels) receive the
radiation dose prescribed by clinicians whereas the surrounding tissue voxels have minimal radiation
exposure. The planning process usually consists of three phases which respectively determine a set
of beam angles, a radiation intensity profile for each beam angle, and a set of aperture shapes
and their intensities [39]. In this paper, we focus on the optimization problem associated with the
second phase, also known as the fluence map optimization. The problem asks for the intensities
to be applied to a discretized set of beamlets (fluences) to generate a fluence map, i.e., a dose
distribution delivery. The fluence map must observe the treatment goals related to tumor coverage
while also reducing dosage to healthy tissues as much as possible.

The fractionated IMRT planning problem extends the IMRT planning problem into multiple-
period decision epochs. That is, the goal is to define the intensities for tumors and OARs at each
fraction separately, which now must also account for quality-of-treatment associated with the whole
treatment plan. For example, the plan is flexible to increase or decrease radiation doses to tissues
during any fraction, as they may have received larger or lower radiation than planned, respectively,
due to geometric uncertainties.

Incorporating uncertainty leads to a sequential decision-making problem, which we model via
MSP framework. In fractionated IMRT planning under geometric uncertainty, specifically in the
so-called the offline adaptive radiation therapy framework [35], beamlet intensity decisions are made
at the beginning of each fraction, and then the actual delivered doses are observed once all the
uncertainties associated with the fraction is revealed, before making the next fraction decisions.
As such, decisions are adaptive, e.g., a higher dose amount can be delivered to potentially reach a
target dose level at the end of a fraction if an insufficient total amount has been received by the
tumor during the fraction due to uncertainty. However, they should be non-anticipative, i.e., can
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depend only on the history of observations, not future uncertainty realizations. Then, the goal is to
find a policy (i.e., a solution to an MSP model) that is a function mapping the history of decisions
and uncertainty observations to a set of dose delivery decisions.

As decisions are made before observing a realization of geometric uncertainty, the sequential
decision-making process of the stochastic fractionated IMRT planning falls into a specific class of
MSP, namely the decision-hazard framework [13]. The process for F fractions is illustrated in
Figure 1.

I1 I2

q
G1(I1, x1, ξ1)

If

C1(I1, x1, ξ1) Cf (If , xf , ξf )

Ξ1 Ξf

ξ1 ξf

· · · · · ·x1 = π1(I1) xf = πf (If )

Gf (If , xf , ξf )

If+1

q
IF

CF (IF , xF , ξF )

ΞF

ξF

xF = πF (IF )
IF+1

q
GF (IF , xF , ξF )

Figure 1: Decision-hazard decision-making framework [13]

At each fraction f , the system state information If (e.g., the cumulative amount of dose re-
ceived) is taken as input, fluence map decisions xf suggested by policy πf are implemented, before
observing the impact of geometric uncertainties represented by random variable ξf . Depending on
the realization of ξf , from a set of possible realizations Ξf , the system state is updated to If+1 via
transition function Gf for the sake of the next decision-making step, and the fraction-level perfor-
mance measure (e.g., underdose and overdose penalty cost) is quantified by function Cf . Next, we
present a model for incorporating geometric uncertainty during treatment.

3.2 Uncertainty representation

For each fraction f , we let ξf denote the random variable defining the organ status at fraction
f , where we represent the vector of random variables associated with fractions up to fraction f
(inclusive) by ξf , i.e., ξf = (ξ1, ξ2, . . . , ξf ). We denote by P the probability distribution associated
with the stochastic process, i.e., ξF .

Considering the fact that tissues can move in a continuous range, a natural approach to represent
organ motion is to use a continuous distribution P. However, since this usually yields notoriously
difficult optimization problems, a common approach is to use discrete distributions with finite
support as an approximation [22, 35], most notably the MIGA, where geometric uncertainties are
approximated by multiple instances representing patient’s anatomy [21]. Although the MIGA ap-
proach and in turn our proposed MSP model can capture geometric uncertainty more generally,
i.e., accommodate intrafraction and interfraction uncertainties simultaneously, the challenge would
be in obtaining an accurate uncertainty model to generate the scenarios from. Thus, in our numer-
ical analysis, we leverage the well-accepted margin approach for intrafractional uncertainty, and
incorporate the scenarios for interfractional uncertainty.

As there is interruption between treatment sessions (e.g., they typically happen in different days
or weeks), we can assume that random variables associated with different fractions are independent.
This is indeed a common assumption in the literature, e.g., in [1, 40], among others. Then, under
the MIGA scheme, for each fraction f , we can generate a finite set of possible realizations, denoted
by Ξf , for random patient geometry ξf , and estimate their probability of occurrence. As illustrated
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in Figure 2, the first of the possible outcomes correspond to the nominal patient geometry, whereas
the others are relative to the nominal one.

Position 1
(Nominal)Position 2

Position 3 Position 4

Position 5

Figure 2: MIGA scheme [21] example

In what follows, we present our mathematical model and solution methodology using the general
probability distribution P, whereas we employ the MIGA approach in our numerical study.

Table 2: Notation used in the multistage stochastic fractionated IMRT planning model

Sets:
C Set of OARs
T Set of tumors, t ∈ T
B Set of beamlets, b ∈ B
L Set of tissues, ℓ ∈ L = C ∪ T
Vℓ Set of voxels of ℓ ∈ L, v ∈ Vℓ (t and ℓ interchangeably used for tumors)

Parameters:
Deterministic:
F Total number of fractions
T+
ℓv Maximum cumulative dose allowed for voxel v ∈ Vℓ of tissue ℓ ∈ L at the end of all treatment plan

T−
tv Minimum cumulative dose required for voxel v ∈ Vt of tumor t ∈ T at the end of all treatment

plan
R+

ℓvf Maximum dose allowed for voxel v ∈ Vℓ of tissue ℓ ∈ L at fraction f ∈ [F ]

R−
tvf Minimum dose required for voxel v ∈ Vt of tumor t ∈ T at fraction f ∈ [F ]

α+
ℓ Penalty for tissue ℓ ∈ L unit overdose at the end of all treatment plan

α−
t Penalty for tumor t ∈ T unit underdose at the end of all treatment plan

β+
ℓf Unit overdose penalty for tissue ℓ ∈ L for fraction f ∈ [F ]

β−
tf Unit underdose penalty for tumor t ∈ T for fraction f ∈ [F ]

Uncertain:
Dℓvb Dose received by voxel v ∈ Vℓ of tissue ℓ ∈ L when unit-dose beam is shot through beamlet b ∈ B

Decision variables:

xbf Intensity of beam to shoot through beamlet b ∈ B at fraction f ∈ [F ]
zℓvf Dose received by voxel v ∈ Vℓ of structure ℓ ∈ L at the end of fraction f ∈ [F ]
Iℓvf Cumulative amount of dose received by the beginning of fraction f ∈ [F + 1]
γ+
ℓv Overdose amount of voxel v ∈ Vℓ of structure ℓ ∈ L at the end of all treatment plan

γ−
tv Underdose amount of voxel v ∈ Vt of tumor t ∈ T at the end of of all treatment plan

θ+ℓvf Overdose amount of voxel v ∈ Vℓ of structure ℓ ∈ L at the end of fraction f ∈ [F ]

θ−tvf Underdose amount of voxel v ∈ Vt of tumor t ∈ T at the end of fraction f ∈ [F ]
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3.3 MSP model description

For notational convenience, for any natural number N , we let [N ] = {1, 2, . . . , N}, where [0] = ∅.
Similarly, for a, b ∈ N such that b ≥ a, we let [a, b]N = [b] \ [a − 1]. We also define Icondition as the
indicator function which returns value 1 if the condition provided as the subscript is satisfied, and
0 otherwise.

We formulate the fractionated IMRT problem as a multistage stochastic program, which deter-
mines beamlet intensities at each fraction given the number of fractions, tumor minimum cumulative
dose prescriptions and their desired breakdown to fractions, as well as maximum cumulative and
fraction-wise allowed doses for tissues. We provide a detailed description of the model parame-
ters and decision variables in Table 2, where the dependence of uncertain parameters and decision
variables to underlying random variables {ξf}f∈[F ] is omitted.

We note that dependence on the history of random variable observations is made explicit by
parametrizing the decision variables and uncertain parameters, and letting for convenience ξ0 = 1
(meaning that any variable that depends on ξ0 is deterministic). Accordingly, an MSP model for
fractionated IMRT treatment planning can be obtained as follows.

min ρ

( ∑

f∈[F ]

∑

ℓ∈L

∑

v∈Vℓ

β+
ℓf

|Vℓ|
θ+ℓvf (ξ

f ) +
∑

f∈[F ]

∑

t∈T

∑

v∈Vt

β−
tf

|Vt|
θ−tvf (ξ

f )

+
∑

ℓ∈L

∑

v∈Vℓ

α+
ℓ

|Vℓ|
γ+ℓv(ξ

F ) +
∑

t∈T

∑

v∈Vt

α−
t

|Vt|
γ−tv(ξ

F )

)

s.t. P-a.s.:

zℓvf (ξ
f ) =

∑

b∈B
Dℓvb(ξ

f )xbf (ξ
f−1) ∀ ℓ ∈ L, v ∈ Vℓ, f ∈ [F ]

Iℓvf (ξ
f−1) = Iℓv,f−1(ξ

f−2) + zℓv,f−1(ξ
f−1) ∀ ℓ ∈ L, v ∈ Vℓ, f ∈ [2, F + 1]

θ+ℓvf (ξ
f ) ≥ OΠ(zℓvf (ξ

f )−R+
ℓvf ) ∀ ℓ ∈ L, v ∈ Vℓ, f ∈ [F ]

θ−tvf (ξ
f ) ≥ OΠ(R

−
tvf − ztvf (ξ

f )) ∀ t ∈ T , v ∈ Vt, f ∈ [F ]

γ+ℓv(ξ
F ) ≥ OΠ(Iℓv,F+1(ξ

F )− T+
ℓv) ∀ ℓ ∈ L, v ∈ Vℓ

γ−tv(ξ
F ) ≥ OΠ(T

−
tv − Itv,F+1(ξ

F )) ∀ t ∈ T , v ∈ Vt

xbf (ξ
f−1) ≥ 0 ∀ b ∈ B, f ∈ [F ]

zℓvf (ξ
f ) ≥ 0 ∀ ℓ ∈ L, v ∈ Vℓ, f ∈ [F ]

Iℓv,1(ξ
0) = 0 ∀ ℓ ∈ L, v ∈ Vℓ

Iℓvf (ξ
f−1) ≥ 0 ∀ ℓ ∈ L, v ∈ Vℓ, f ∈ [2, F + 1]

θ+ℓvf (ξ
f ) ≥ 0 ∀ ℓ ∈ L, v ∈ Vℓ, f ∈ [F ]

θ−tvf (ξ
f ) ≥ 0 ∀ t ∈ T , v ∈ Vt, f ∈ [F ]

γ+ℓv(ξ
F ) ≥ 0 ∀ ℓ ∈ L, v ∈ Vℓ

γ−tv(ξ
F ) ≥ 0 ∀ t ∈ T , v ∈ Vt
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The objective function minimizes a risk measure ρ(·) of the averaged penalties for tissue overdose
and tumor underdose, both at each fraction and at the end of all treatment plan. All the constraints
need to be satisfied almost surely with respect to the joint probability distribution P. The first set
of constraints defines zℓvf (ξ

f ) variables that quantify the dose actually delivered to each voxel at
a fraction, observed after the uncertainty associated with the fraction (and accordingly the dose
deposition values Dℓvb(ξ

f )) is revealed, thus are functions of the history ξf . On the other hand,
note that due to the decision-hazard framework, the beamlet intensity decisions xbf (ξ

f−1) need to
be made before the uncertainty is observed, as such depend on ξf−1 rather than ξf . The second
set of constraints defines the state variables which store the cumulative amount of dose delivered to
each tissue, where we use zero as the initial (before the patient starts any treatment) state values
(i.e., for the Iℓv,1 variables). Third to sixth constraint sets quantify penalty terms for fraction-wise
overdosage of tissues, fraction-wise underdosage of tumors, end-of-horizon overdosage of tissues, and
end-of-horizon underdosage of tumors, respectively. The function OΠ(·) defining these penalties is
a monotonically increasing convex function in R+ that can be selected based on domain expertise.
The remaining sets of constraints provide domains of the decision variables, which are random
variables themselves due to geometric uncertainty.

Our MSP model has relatively complete recourse since at any fraction, given any feasible set
of decisions to previous fractions and history of random variable realizations, we can make feasible
decisions (e.g., by setting all beamlet intensity and the received dose amount variables to zero,
keeping the state variable values the same as in the previous fraction, and setting the overdose and
underdose amounts accordingly).

In order to solve the model efficiently, we choose to keep it linear, by assuming OΠ(x) = x,
i.e., an identity function. We note that by using the expected value as the risk measure, taking
OΠ(x) = x2, F = 1, α+

ℓ = α−
t = 0, and imposing random variables associated with tissues of

choice to be replaced by their average value, we obtain the hybrid stochastic programming model
proposed by Men et al. [22]. For the objective function, in our numerical study, we experiment
with five coherent nested1 risk measures, namely,

(1) ρE(·) := E[·], expected value,

(2) ρA(·) := AV@R0.8(·), average value-at-risk,

(3) ρW (·) := AV@R1.0(·), worst case,

(4) ρEA(·) := 0.5 · ρE(·) + 0.5 · ρA(·),

(5) ρEW (·) := 0.5 · ρE(·) + 0.5 · ρW (·),
which are all evaluated based on a discrete approximation of the probability distribution P in
the form of a scenario tree. Throughout the paper, the model with ρ = ρE is referred to as the
risk-neutral model, and when any other risk measure is considered, the model is called risk-averse.

4 Solution methodology

MSP models are known to be notoriously difficult, as such they are typically solved by means
of approximations. In that regard, a variety of decision-rule and scenario tree-based methodolo-

1A nested risk measure is defined in [12] as one that takes the risk of the scenario tree according to a recursive
definition, and is usually preferred, over the alternative so-called end-of-horizon risk measures, as a modeling choice
because it leads to computationally efficient algorithms. Please see our nested MSP formulation in Section 4.1 that
clearly demonstrates the use of such a risk measure.
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gies have been proposed. The former approaches restrict the form of the MSP policy (i.e., πf (·)
functions) in Figure 1, whereas the latter approaches approximate the true probability distribu-
tion, P, via a scenario tree. The commonly used MIGA scheme yields a scenario-tree model of
the geometric uncertainty. However, the size of the scenario tree increases exponentially in the
number of fractions, the well-known phenomenon called the curse of dimensionality, making even
scenario tree-based approximations of MSP models intractable. On the other hand, some classes
of MSP models can be solved efficiently under the stage-wise independence assumption, i.e., when
the random variables associated with different decision-making stages are independent. We note
that this is a natural assumption for the fractionated IMRT planning problem, under which the
linear version of our MSP model can be solved efficiently via the SDDP algorithm. In what follows,
we explain the adaptation of SDDP to our model, and then how our model can be transformed to
become amenable to employ a state-of-the-art implementation of the SDDP algorithm.

4.1 SDDP algorithm

SDDP, introduced by Pereira and Pinto [28], is regarded as the most successful solution technique
for linear MSP models (with right-hand-side uncertainty and stage-wise independence), having been
employed in a wide range of practical applications. Under the stage-wise independence assumption,
it overcomes the difficulty arising from the exponential growth of scenario tree size with increase of
the number of decision-making stages. The SDDP algorithm is a nested decomposition algorithm
where scenarios are sampled from the scenario tree. Under mild sampling assumptions, it converges
to an optimal policy almost surely in a finite number of iterations [33].

Before we describe how SDDP algorithm works, in particular on our MSP model, we transform
our model into a nested form, bringing it into the dynamic programming framework. In that regard,
we follow the system dynamics illustrated in Figure 1 as well as the notation used therein and in the
original MSP formulation. The proposed MSP model for the fractionated IMRT problem can be
written in a nested form as follows (given the initial state of the system described by (Iℓv1)ℓ∈L,v∈Vℓ

):

min
x1∈R|B|

+

ρ
ξ1

(
C1(I1, x1, ξ1) + min

x2∈R|B|
+

ρ
ξ2

(
C2(I2, x2, ξ2) + min

x3∈R|B|
+

ρ
ξ3

(
· · ·

+ min
xF∈R|B|

+

ρ
ξF

(
CF (IF , xF , ξF )

))))

where we added the random vector associated with each fraction as a subscript to the risk measure.
Note that it is sufficient to use the random vector ξf for fraction f rather than the set of ran-
dom vectors associated with the fractions up to f , i.e., ξf , thanks to the stage-wise independence
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property. The fraction-wise cost functions, for all f ∈ [F ], are defined as follows:

Cf (If , xf , ξf ) =
∑

ℓ∈L

∑

v∈Vℓ

β+
ℓf

|Vℓ|
max

{
0,
∑

b∈B
Dℓvb(ξf )xbf −R+

ℓvf

}
+

∑

t∈T

∑

v∈Vt

β−
tf

|Vt|
max

{
0, R−

tvf −
∑

b∈B
Dℓvb(ξf )xbf

}
+

If=F ·
∑

ℓ∈L

∑

v∈Vℓ

α+
ℓ

|Vℓ|
max

{
0, Iℓvf +

∑

b∈B
Dℓvb(ξf )xbf − T+

ℓv

}
+

If=F ·
∑

t∈T

∑

v∈Vt

α−
t

|Vt|
max

{
0, T−

tv − Iℓvf +
∑

b∈B
Dℓvb(ξf )xbf

}
,

the last of which, for fraction F , includes the end-of-treatment cumulative dose, overdose and
underdose penalties. We can now rewrite the nested formulation as the dynamic programming
formulation as

min
x1∈R|B|

+

Q1(I1, x1)

by recursively defining the cost-to-go functions (also known as the value functions) through

Qf (If , xf ) = ρξf (Qf (If , xf , ξf )) ∀ f ∈ [F ]

where, for all f ∈ [F − 1],

Qf (If , xf , ξf ) = Cf (If , xf , ξf ) + min
xf+1∈R|B|

+

Qf+1(Gf (If , xf , ξf ), xf+1)

with Gf (If , xf , ξf ) representing the cumulative dose delivered to each voxel at the end of fraction
f , i.e., If+1.

Given the dynamic programming formulation of our proposed MSP model, we now discuss
how such a problem can be iteratively solved via SDDP. We provide a graphical illustration of
the algorithm in Figure 3. The algorithm works in a backward and forward manner. It builds
and sequentially refines outer approximations of the (convex) cost-to-go functions, Q̄f , f ∈ [F ], by
generating subgradient-based cutting planes in the backward steps, using the information gathered
in the forward steps.

More specifically, in the forward pass, a set of scenarios are randomly sampled from the scenario
tree, and for each selected scenario ξ̄F , associated subproblems are solved in a sequential manner,
for f = 1, 2, . . . , F , to obtain optimal candidate beamlet intensity decisions as

x̄1 ∈ arg min
x1∈R|B|

+

Q̄1(Ī1, x1), (1a)

x̄f+1 ∈ arg min
xf+1∈R|B|

+

Q̄f+1(Gf (Īf , x̄f , ξ̄f ), xf+1) ∀ f ∈ [F − 1], (1b)

along with optimal candidate cumulative dose (state) decisions

Ī1 = 0 (initialization),

Īf = Gf (Īf−1, x̄f−1, ξ̄f−1) ∀ f ∈ [2, F + 1].
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Figure 3: SDDP algorithm applied to fractionated IMRT [28]

In the backward pass, given the sequence of candidate decisions obtained during each forward
step, the algorithm uses x̄f to generate a cutting plane to refine the description of the cost-to-go
function approximation Q̄f . Such an approximation and its combination with the other forward
information x̄f−1 is again used to generate a cutting plane to refine the description of Q̄f−1. This
process is repeated until the outer approximation of Q̄1 is updated. Using the convexity of the cost-
to-go functions, cuts are generated based on their subgradient information at candidate solutions,
yielding a piece-wise linear approximation.

The forward and backward procedures are performed in a cyclic manner until the problem is
sufficiently well-approximated according to convergence criteria. In that regard, the optimality gap
measure is commonly used for convergence. Thanks to the outer approximations of the cost-to-go
functions, a valid lower bound on the optimal value of the MSP model is obtained as a by-product
at the end of every backward iteration. On the other hand, since only a subset of all possible
scenarios are evaluated in a forward pass, only statistical valid upper bounds, i.e., those in the form
a confidence interval, are obtained in the course of the algorithm. For further details of the SDDP
algorithm and enhancement strategies, we kindly refer readers to [12, 33, 34].

4.2 Adaptation to hazard-decision framework

Our proposed MSP model for the fractionated IMRT planning problem fits into the decision-hazard
framework, as illustrated in Figure 1, where radiation delivery decisions are made before observing
realizations of the random variables associated with the patient geometry during the treatment.
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In other words, decisions at a fraction should be non-anticipative with respect to the randomness
occurring in that fraction. However, as also mentioned in [38], traditional computational tools use
SDDP under another modeling framework known as hazard-decision. Unlike the decision-hazard
framework, the hazard-decision framework assumes that decision-makers observe the realizations
of random variables corresponding to the current decision stage before making their decisions.
Therefore, it is not appropriate to use the hazard-decision framework to model the fractionated
IMRT problem since the use of the hazard-decision scheme is essentially equivalent to solving a
one-step-ahead anticipative problem. Figure 4 illustrates how the dynamics of a fraction would
have been under the hazard-decision framework; we refer to such a building block as a node.

If If+1

Cf (If , xf , ξf )

Ξf

ξf

xf = πf (If , ξf )
If+1 = Gf (If , xf , ξf )

Figure 4: A node in hazard-decision decision-making framework [13]

More precisely, in a hazard-decision node both the cost Cf (·) and transition functions Gf (·)
can be fully determined in terms of the state If , the control xf , and the current-stage realization
ξf . That is, there is sufficient information to calculate the immediate cost and state transition
observed when applying xf . In contrast, the decision-hazard nature of our model implies that, to
calculate the cost and state transition associated with the intensity xf applied at a fraction f , one
must necessarily wait until ξf is observed. That is, the cost (and subsequent state) resulting from
a control xf is not known until the uncertainty is realized.

In order to be able to use a state-of-the-art SDDP implementation, we transform our decision-
hazard-based MSP model into an hazard-decision-based MSP model. This necessitates modifying
the fraction-level subproblems. We can achieve this by splitting each decision-hazard node into two
hazard-decision nodes as shown in Figure 5. At the first hazard-decision node, beamlet intensity

If
xf = πf (If )

xf , If If+1

Cf (If , xf , ξf )

Ξf

ξf

If+1 = Gf (If , xf , ξf )

Figure 5: Two hazard-decision-nodes representing a decision-hazard-node [38]

decision variables are optimized in a deterministic manner, i.e., there is no associated uncertainty.
Then, in the second hazard-decision node, the cumulative dose variables are updated, according
to the previously made decisions and the newly revealed patient geometry observation. In terms
of mathematical modeling, such a transformation can be achieved by reformulating the one-stage
subproblems in the SDDP framework, given in equations (1), into two-stage stochastic programs.
As the obtained subproblems would be potentially computationally difficult to solve, an alternative
strategy of state space expansion can be applied in order to obtain deterministic subproblems. We
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next explain these two strategies, which have been also previously applied to a multistage stochastic
hydrothermal scheduling problem by Street et al. [38].

4.2.1 Two-stage stochastic programming reformulation of subproblems

Below, we provide the two-stage stochastic programming model associated with fraction f ∈ [F ] in
our hazard-decision-based MSP model’s dynamic programming formulation, where the cost-to-go
function approximation for the subsequent stage is represented by Q̃f+1(·). Recall from Section 3.2
that Ξf is the set of possible uncertainty realizations associated with fraction f . Then, given the
cumulative doses delivered by the beginning of fraction f , Ĩf , the two-stage model is obtained as
follows:

min ρ
ξf

(
Cf

Ä
Ĩf , x

First
f , ξf

ä
+ Q̃f+1

(
ISecondf+1 (ξf )

) )
(2a)

s.t. ISecondf+1 (ξf ) = Gf

Ä
Ĩf , x

First
f , ξf

ä
, ∀ ξf ∈ Ξf (2b)

xFirstf ∈ R|B|
+ . (2c)

The first-stage decisions are the beamlet intensities of the considered fraction f , denoted by xFirst.
The initial state variables of the subsequent stage f + 1, i.e., cumulative doses delivered denoted
by ISecondf+1 (ξf ), are the second-stage variables since they can be obtained only after the uncertainty
associated with fraction f is observed. Lastly, note that the cost-to-go approximation is a function
of those state variables.

4.2.2 Deterministic reformulation of subproblems via state space expansion

The subproblems in the form of two-stage stochastic program would be computationally expensive
to solve in the forward pass of the SDDP algorithm. Moreover, such subproblems prevent scenario
decomposition in the backward pass of the SDDP algorithm. In order to overcome these difficulties
and in turn improve the efficiency of the algorithm, we follow the alternative approach employed
in [38].

The idea is to make the xFirstf variables that appear in the two-stage model (2) state variables,
that are henceforth denoted by x̃f , accordingly add them as input to the approximate cost-to-go
functions, i.e., use

Q̃f (Ĩf , x̃f ) = ρξf

Ä
Q̃f (Ĩf , x̃f , ξf )

ä
,

where Q̃f (Ĩf , x̃f , ξf ) is the optimal objective value of the following deterministic subproblem cor-
responding to a single realization ξf :

min Cf (Ĩf , x̃f , ξf ) + Q̃f+1(If+1, x
next
f )

s.t. If+1 = G(Ĩf , x̃f , ξf ),

xnextf ∈ R|B|
+ .

Since the beamlet intensities have become state variables, a new local copy of such variables, xnextf ,
are added to the subproblem to represent the predetermined subsequent stage decisions. Note that
they are only linked to the approximate cost-to-go function, as such to the next fraction.

5 Experimental setup

In this section, we explain our experimental design, baseline parameters, and describe the standard
metrics used for the evaluation of the models and proposed treatments.
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Target volume generation and uncertainty We extend the setup by Men et al. [22] for de-
termining the PTV value and the interfractional uncertainties, as our MSP model generalizes their
one-stage stochastic program. Specifically, previous deterministic works consider a fixed conserva-
tive PTV value of 4 mm to hedge against both intrafractional and interfractional motion uncertain-
ties. In our numerical analysis, similar to [22], we consider cases with a lower margin of 2 and 3 mm
around the CTV, referred to as CTV+, since the proposed formulations represent interfractional
motion uncertainties explicitly via the MIGA approach (i.e., in the form of scenarios in our models,
as explained in Section 3.2). Further, we consider five fractions and a branching factor of 20 when
generating the scenario tree via the MIGA approach (i.e., |Ξf | = 20 for all f = 1, 2, . . . , 5), resulting
in 3.2 million scenarios in total.

Random voxel sampling Given that the models become difficult to solve in the presence of
tissues with a large number of voxels (e.g., due to the increase in the number of variables), we
incorporate the same strategy as [22] and employ a random voxel downsampling. More precisely,
we sample voxels uniformly at random without replacement for each tumor or OAR for constructing
our models. However, we use the original number of voxels for the deterministic counterpart as the
underlying models remain computationally tractable. The performance evaluation (via simulations)
also considers the original number for all deterministic and stochastic models. We also include a
sensitivity analysis of the impact of distinct sample sizes in Section 6.

Downsampling the voxels to achieve faster runtimes has been frequently adopted in previous
studies. For instance, in a recent study, Sjölund et al. [36] employed a downsampling strategy to
select a small number of voxels to be used in their linear programming model for radiosurgery
treatment planning. We also refer to the work of Oreshkin and Arbel [25] for alternate random
voxel selection strategies.

Policy simulation We employ the folding-horizon framework to evaluate the treatment plans
suggested by the tested models. The procedure first samples scenarios from the full scenario
tree, and simulates the policy for each of the sampled scenarios to obtain statistical bounds on
the quality metrics discussed below. More specifically, consider a scenario ξ̂F and the notation
provided in Section 4.1. Starting with the initial cumulative dose values I1 = 0, we first implement
the beamlet intensity decisions x1 suggested by the policy, and calculate the cumulative dose values
I2 and the observation ξ̂1. Then, we fold the horizon and apply the same procedure for the problem
with F − 1 fractions, i.e., starting with I2, we implement the suggested x2 and calculate I3. We
repeat the same procedure until the end of fraction F . The MSP policies obtained from the SDDP
algorithm are simulated directly via the associated functions in the SDDP.jl package. We consider
200 sample scenarios for each tested case.

Implementation details For all optimization problems, we use the Julia language v1.0.5 with
JuMP v0.20.1 and Gurobi tunnel v0.7.2 (i.e., the Julia API for Gurobi solver) packages, linked with
Gurobi solver v9.0.0. We perform all the experiment on a Debian-OS machine with Intel(R) Core
(TM) i9-9900K CPU 3.60GHz, 128 GB of RAM, and a single thread. Our analysis also impose a
limit on the total solution time (i.e., runtime) of the SDDP approach. We consider a baseline limit
of 12 hours, but also devote a section below to evaluate the impact of smaller and larger runtime
limits. We note that the SDDP time is largely dominated by the cutting plane generation. Once
the cuts are generated, simulating a policy takes negligible time for all cases (20-30 seconds per
scenario), as they are tractable linear programs.
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We use a state-of-the-art implementation of the SDDP algorithm, SDDP.jl, to derive solutions to
our MSP model. SDDP.jl2 is a Julia package developed by Dowson and Kapelevich [14]. The library
receives the decision stage-level subproblems of an MSP model. Using the subproblem information,
it iteratively executes the forward and backward steps of the SDDP algorithm without requiring
their explicit implementation from users. The package supports a variety of risk measures, such
as E[·], AV@Rα(·), and their convex combinations. As SDDP.jl operates with the hazard-decision
framework, we pass it the deterministic extended reformulations of the subproblems described in
Section 4.2.2.

Data We considered five clinical instances whose characteristics are provided in Table 3. The
cases are synthetically generated with the specifications largely overlapping with prostate cancer
instances provided in [22]. The last row of the table, “Std. for tumor shift (mm),” refers to the
standard deviation used to simulate the movement of organs according to the MIGA scheme. As in
[22], we obtained the organ shifting vector from a multivariate Gaussian distribution with 0 mean
vector and σI standard deviation, where I is the identity matrix. The original number of voxels
of each tissue is also provided in Table 3 with the number of downsampled voxels in parenthesis.
Note that the number of voxels for OAR 2 (last row) was small and no downsampling was applied.
Lastly, the MSP model parameters are given in Table 4. The same parameter value is used for all
the indices that are not explicitly stated.

Table 3: Clinical case characteristics (Case 5 does not have a nearby OAR)

Case 1 Case 2 Case 3 Case 4 Case 5

Number of OARs 2 2 2 2 0
Number of tumors 1 1 1 1 1
Target volume (cm3) 4.52 1.35 2.60 2.52 3.45
CTV+ margin size (mm) 4 2 2 2 3
PTV margin size (mm) 8 4 4 4 6
Std. for tumor shift (mm) 5 3 3 3 4
Number of beamlets 576 456 480 792 384
Number of voxels for CTV+ 4814 (160) 3423 (228) 3916 (130) 3961 (132) 6472 (431)
Number of voxels for OAR 1 9682 (193) 5750 (115) 8035 (160) 7622 (127) -
Number of voxels for OAR 2 386 (386) 94 (94) 73 (73) 21 (21) -

Evaluation criteria We report on the following two standard metrics to evaluate the quality of
the simulated treatment plans:

• Coverage: It is the percent ratio between the number of tumor voxels that received more
than the minimum prescribed dose and the total number of tumor voxels. Thus, it indicates
the degree of tumor incineration. We denote this metric by C.

• Hotspot : It is the percent ratio between the number of tissue voxels receiving more than 110%
of the maximum prescribed dose and the total number of tissue voxels. Thus, it indicates the
degree of excessive damage received by tissues. We use Hℓ to denote the hotspot of tissue
ℓ ∈ L.

2https://github.com/odow/SDDP.jl
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Table 4: MSP model parameters

Case 1 Case 2 Case 3 Case 4 Case 5

F 5 5 5 5 5
α−
Tumor 16 16 14 26 14

α+
Tumor 2 2 2 2 2

α+
OAR 1 1 1 1 1

α+
OAR 2 1 1 1 1

β−
Tumor,f 16 16 14 26 14

β+
Tumor,f 2 2 2 2 2

β+
OAR 1,f 1 1 1 1

β+
OAR 2,f 1 1 1 1

R−
Tumor,vf 9.33 8.33 8 8.33 12

R+
Tumor,vf 18.66 16.66 16 16.66 24

R+
OAR 1,vf 10 10 10 10

R+
OAR 2,vf 10 10 7.66 4.66

T−
Tumor,v 46.66 41.66 40 41.66 60

T+
Tumor,v 93.33 83.33 80 83.33 120

T+
OAR 1,v 50 50 50 50

T+
OAR 2,v 50 50 38.33 23.33

We also use the dose-volume histogram (DVH), a widely used clinical evaluation criterion, to
graphically illustrate the radiation dose delivered to a target volume. For any dose level d ≥ 0
given in Gy, the DVH curve function value, DVH(d), is defined as:

100 · Number of tissue voxels that receive more than d Gy of dose

Total number of tissue voxels

As we perform multiple simulations in our evaluation process, we report the 90% prediction
interval of each performance metric. To ensure the percentages are meaningful values, we write the
minimum between 100% and the upper interval bound, and analogously the maximum between 0%
and the lower interval bound.

6 Experimental results

This section presents the numerical results of the proposed solution methods. We analyze the impact
of different risk measures on the quality of MSP policies and the SDDP algorithm performance
(Section 6.1), compare treatment plans obtained from our MSP model with those of the standard
PTV-based deterministic model (Section 6.2), perform a sensitivity analysis on the number fractions
(Section 6.3), test different margin choices for the PTV-based approach (Section 6.4), evaluate the
quality of solutions when more time is devoted to the SDDP solution approach (Section 6.5),
evaluate the impact of increasing the number of sampled voxels (Section 6.6), and finally compare
our method with a simplified two-stage stochastic model.

For the ease of exposition, we present the detailed experimental results only for Case 3 for
most of the analyses, which can be taken as the representative data instance. We note that the
effectiveness of the deterministic and stochastic models for generating treatment plans that are
highly conformal to the specifications (e.g., maximum OAR dose limits) are highly impacted by
instance characteristics such as tumor size and shape, and proximity of OARs to the tumors.
Similarly, relative success of the stochastic treatment plan over its deterministic counterpart can
be noticeably impacted by instance characteristics. Overall, we observe consistent improvements
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brought up by the stochastic models across five distinct cases. We also provide detailed experimental
results in the Online Supplement for each case.

6.1 Risk measures

We begin by reporting the performance of the MSP policies obtained via the SDDP algorithm
with respect to the five risk measures provided in Section 3.3. Table 5 summarizes the prediction
interval results for Case 3 when limiting the SDDP solution time to 12 hours, as larger cut-off
times did not reflect significant quality gains (see Section 6.5 for details). All policies achieve an
acceptable coverage of at least 97.6% and hotspot tumor values of zeros, reflecting good-quality
treatments overall. With regards to the organs, only ρA (average value-at-risk) and ρW (worst-case)
have achieved zero hotspot values for OAR 2 with certainty, while also presenting relatively low
prediction interval upper bounds for OAR 1 (at most 8.6%).

Table 5: Risk measure comparison for Case 3 with 12-hour runtime limit.

ρEA ρEW ρA ρE ρW

C [97.6, 100.0] [98.0, 100.0] [97.7, 100.0] [97.8, 100.0] [97.9, 99.9]
HTumor 1 [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0]
HOAR 1 [0.0, 6.151] [0.0, 7.767] [0.0, 5.726] [0.0, 5.546] [0.0, 8.595]
HOAR 2 [0.0, 0.337] [0.0, 0.337] [0.0, 0.0] [0.0, 0.168] [0.0, 0.0]

For the purposes of our analysis, the remainder of this section focuses on the worst-case metric
ρW because of its relatively similar performance with respect to the other metrics, except for the
marginally higher prediction interval upper bound for the hotspot value of OAR 1. In particular,
we wish to observe how changing other parameters (e.g., runtime) impacts the quality of the policy.

6.2 Value of stochastic solution

We next compare the quality of the MSP policies to the deterministic policies, i.e., the PTV-based
procedures consisting of adding a margin across tissue volumes. Our objective is to assess the
value of incorporating uncertainty into the fractionated IMRT planning, specifically considering
the proposed multi-stage perspective and the worst-case risk metric (e.g., risk-averse policies).
Table 6 summarizes the prediction interval values for all cases considering a 12-hour runtime limit
and the worst-case risk measure ρW for the stochastic approach.

Table 6: Comparison of the deterministic (Det.) and the multi-stage stochastic approach (MSP)
for all cases with 12-hour runtime limit and risk measure ρW .

Case 1 Case 2 Case 3 Case 4 Case 5

Det. MSP Det. MSP Det. MSP Det. MSP Det. MSP

C [94, 100] [98, 100.0] [86, 100] [100, 100] [97.5, 100] [97.9, 99.9] [99, 100] [99, 100] [95, 100] [97, 100]
HTumor 1 [0, 20.1] [0, 0.4] [0, 3.7] [0, 0.5] [5.97, 36.58] [0.0, 0.0] [9.1, 39.1] [0, 0.0] [1.1, 65.3] [10.1, 47.4]
HOAR 1 [42.7, 62.2] [31.4, 54.3] [0, 15.1] [0.6, 13.3] [0, 12.40] [0.0, 8.595] [0, 17.6] [0, 11.2] - -
HOAR 2 [0, 0.0] [0, 0.0] [0, 90.2] [0, 9.2] [0, 74.50] [0.0, 0.0] [0, 100] [0, 71.7] - -

The results in Table 6 suggests that the multi-stage stochastic policy provides significant benefits
with respect to the deterministic policy. For both the tumor and the two OARs, the width of the
prediction intervals is significantly smaller for the stochastic policy, which is highly desirable from
a clinical perspective. Moreover, for both OARs, the number of voxels receiving more than the
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maximum prescribed dose is significantly lower in the treatment plan obtained using the stochastic
model. This indicates that the plan obtained from the stochastic model is potentially safer, an
essential property in cancer treatment plans especially for tumors near sensitive organs, such as
the brain.

We also provide the DVH curves associated with the two policies in Figures 6a and 6b for Case
3 (see Online Supplement for detailed results for other cases). The figures are obtained as a result
of 200 simulations and illustrate the means of the DVH values and the 90% prediction intervals,
respectively, in solid lines with markers and shaded areas. The critical thresholds, more precisely
the maximum and minimum dose amounts, are indicated with solid vertical lines with markers
at their endpoints. In particular, the deterministic model presents a higher variability in received
dosages (i.e., larger shaded areas) across the three tissues. Dose amounts in the deterministic
models are also typically higher than their prescribed minimum, and significantly higher than the
maximum dose with respect to the tumor. The figures suggest that the damage risk to healthy
tissues caused by the deterministic plan could be potentially more prominent than the damage
caused by the stochastic plan.

Lastly, we present a comparison in terms of total dose penalties. More specifically, let Γ+
ℓ and

Θ+
ℓ represent the total fraction-wise and end-of-treatment overdose penalty, respectively, incurred

by a treatment plan, and analogously Γ−
ℓ and Θ−

ℓ for the underdose. That is,

Θ+
ℓ =

1

|Vℓ|
∑

v∈Vℓ

∑

f∈[F ]

max{0, zℓvf −R+
ℓvf}, Θ−

ℓ =
1

|Vl|
∑

v∈Vℓ

∑

f∈[F ]

max{0, R−
ℓvf − zℓvf}

Γ+
ℓ =

1

|Vℓ|
∑

v∈Vℓ

max{0, Iℓi,F+1 − T+
ℓv}, Γ−

ℓ =
1

|Vℓ|
∑

i∈Vℓ

max{0, T−
ℓv − Iℓv,F+1}

Table 7 presents the resulting prediction interval overdose and underdose total penalties for all
tissues. The symbols “+” and ‘−” next to the tissue names represent overdose and underdose values,
respectively; note that organs are only associated with overdose penalties. As indicated in the
previous DVH analysis, the prediction interval upper bound on the maximum and minimum dose
penalties for the stochastic plan are potentially one order of magnitude less in comparison to the
deterministic plans, providing further indication as to its benefits with respect to the deterministic
plan.

Table 7: Total dose penalties for Case 3 with 12-hour runtime limit and risk measure ρW .

OAR 1+ OAR 2+ Tumor+ Tumor-

Deterministic
Θ [0, 5.42] [0, 17.41] [15.87, 25.90] [0, 1.83]
Γ [0, 2.25] [0, 12.53] [1.74, 6.18] [0, 0.10]

MSP
Θ [0.07, 0.39] [0.03, 0.42] [0.0, 0.04] [0.01, 0.05]
Γ [0.0, 1.24] [0.0, 1.27] [0.0, 0.0] [0.0, 0.07]

6.3 Number of fractions

We next evaluate the impact of the number of fractions F on treatment quality. To this end, we
maintain the end-of-treatment target values of T+ and T− as in Table 4, but re-set the fraction-
wise targets R+ and R− to T+/F and T−/F , respectively. For example, in Case 3 we consider
T−
Tumor,v = 80 and R−

Tumor,v = 40 for F = 2. The underlying reasoning is that fewer fractions reflect
shorter treatment plans, and fraction-wise doses must be higher to achieve the desired treatment
goals.
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Figure 6: DVHs of the treatment plans for Case 3

Table 8 provides the performance metrics of the treatment plans for F ∈ {3, 4, 5, 6, 7}, risk
measure ρW , and a runtime of 12 hours. We observe that in general, the larger F is, the better the
coverage prediction interval lower bound is. This suggests that, in the presence of more fractions,
there is a higher chance for the model to fine-tune the treatment plan and achieve a higher level of
robustness against dosage excess or shortage. However, we note that this observation is not always
valid. For instance, the hotspot prediction interval upper bound for OAR 1 is not the best in the
case of F = 7. This can potentially attributed to the use of a statistical stopping criterion for the
SDDP algorithm. Moreover, larger number of fractions also impact solution times; with F = 7,
the scenario tree used by the SDDP has now 207 = 25.6 billion scenarios as opposed to 3.2 million
with F = 5. In such cases, it is likely that larger runtimes would be needed to achieve the same
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hotspot values for OAR 1.

Table 8: Number of fractions comparison for Case 3 with 12-hour runtime limit and risk measure
ρW .

F = 3 F = 4 F = 5 F = 6 F = 7

C [97.1, 100.0] [97.7, 100.0] [97.9, 99.9] [98.1, 99.9] [98.2, 99.9]
HTumor 1 [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0]
HOAR 1 [0.0, 10.556] [0.0, 9.395] [0.0, 8.595] [0.0, 7.655] [0.0, 7.196]
HOAR 2 [0.0, 3.565] [0.0, 0.168] [0.0, 0.0] [0.0, 0.168] [0.0, 0.242]

6.4 Margin analysis

Next, we analyze the impact of the margin size on the PTV approaches, again using Case 3 as
reference. We test the performance of the deterministic model by considering 0 (mm) to 4 (mm)
extra margin to the CTV. We compare this with respect to our current CTV+ baseline, i.e.,
obtained obtained by adding 2 (mm) margin to the CTV (see Section 5). Our objective is to assess
whether it is possible for the deterministic models to obtain similar performance as the stochastic
model, in particular with respect to coverage, by increasing the target volume margins.

Table 9 presents the numerical results for our experiments with different margin values. We ob-
serve that higher margins do impact the coverage of the deterministic models as expected. However,
increasing the CTV margin also increases organ exposure; notice that the prediction interval upper
bound for the OAR 2 hotspot is 0 for the MSP model, whereas the hotspot value upper bounds are
between 36.36 and 74.50 for the deterministic model. Overall, the width of the prediction intervals
for all performance metrics is consistently narrower when the stochastic model is used.

Table 9: Margin analysis for Case 3. The stochastic model considers a 12-hour runtime limit and
risk measure ρW .

Deterministic MSP

0 (mm) 1 (mm) 2 (mm) 3 (mm) 4 (mm) 2 (mm)

C [89, 100] [94, 100] [96, 100] [97, 100] [98, 100] [98, 100]
HTumor 1 [0, 1.25] [0, 8.25] [0, 17.38] [0, 18.72] [5.97, 36.58] [0.00, 0.00]
HOAR 1 [0, 6.79] [0, 8.49] [0, 10.52] [0, 11.40] [0, 12.40] [0, 8.60]
HOAR 2 [0, 36.36] [0, 49.93] [0, 58.09] [0, 64.77] [0, 74.50] [0.00, 0.00]

6.5 Runtime

Increasing the SDDP runtime limit leads to additional cuts and hence more accurate cost-to-go
approximations. Thus, a natural question is how larger times correlate with the quality of the
proposed treatments. Table 10 reports the prediction interval values for Case 3 considering runtimes
of four up to 24 hours, with simulations considering increments of four hours each. Results suggest
that there is little incentive in larger runtimes for coverage and tumor hotspot values, since such
metrics are at least 97.8% and surely 0.0, respectively, starting at the four-hour runtime. However,
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there are noticeable differences in OAR 2 hotspot value, which has a lower prediction interval upper
bound starting at 12 hours.

Table 10: Runtime comparison for Case 3 with risk measure ρW .

time 4 hs 8 hs 12 hs 16 hs 20 hs 24 hs

C [98.0, 99.9] [97.8, 100.0] [97.9, 99.9] [97.9, 99.9] [98.0, 99.9] [97.9, 100.0]
HTumor 1 [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0] [0.0, 0.0]
HOAR 1 [0.0, 7.714] [0.0, 8.408] [0.0, 8.595] [0.0, 8.388] [0.0, 8.236] [0.0, 8.638]
HOAR 2 [0.0, 0.886] [0.0, 1.503] [0.0, 0.0] [0.0, 0.538] [0.0, 0.381] [0.0, 0.0]

6.6 Voxel downsampling ratio

While we consider the original number of voxels of each tissue (Table 3) for evaluating performance,
intuitively the quality of the MSP treatment plans could be improved if we add more voxels when
solving the SDDP, since our downsampling is significant to ensure the underlying stochastic models
are tractable. We evaluate if this is the case for Cases 1 (the largest of the instances) and 3,
considering two and four times more voxels than in our baseline model. For instance, in Case 1,
we re-solve and simulate our MSP with 772 voxels (2x) and 1,544 voxels (4x) selected uniformly at
random for OAR 2, in comparison to the baseline of 386 voxels.

The simulation results are presented in Tables 11 and 12, respectively, for Cases 1 and 3. We
consider the same runtime limit of 12 hours and risk measure ρW . The baseline is denoted by a
ratio of “1x.” We remark that Case 1 represents a scenario where the tumor envelops OAR 1,
hence the exposure of such organ is expected to be higher than in previous cases. The results
suggest that there are minor differences when doubling the number of voxels with respective to the
baseline, except for a slight increase in coverage for both cases and a reduction of the prediction
interval upper limit for the hotspot value of Case 3, organ OAR 1. However, the performance for 4x
voxel ratio is generally worse in terms of hotspot values. This occurs because the SDDP models are
significantly larger and therefore more difficult to solve, highlighting the trade-off between model
tractability and treatment quality for such a fixed time limit. Thus, while our treatment plans are
clinically reasonable and improvements with respect to the PTV-based deterministic approaches
for these cases, similar trade-off analysis should be carried out given the organ sizes and a budget
of runtime limits.

Finally, we note in passing that the tested downsampling is uniform. We refer to [25] for other
voxel selection strategies.

Table 11: Voxel ratio analysis for Case 1 with a 12-hour runtime limit and risk measure ρW .

number of voxels ratio 1x 2x 4x

C [97.5, 100.0] [98.0, 100.0] [97.6, 100.0]
HTumor 1 [0.0, 0.419] [0.0, 0.48] [0.0, 2.245]
HOAR 1 [31.446, 54.342] [30.659, 55.207] [31.221, 56.346]
HOAR 2 [0.0, 0.0] [0.0, 0.0] [0.0, 0.0]
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Table 12: Voxel ratio analysis for Case 3 with a 12-hour runtime limit and risk measure ρW .

number of voxels ratio 1x 2x 4x

C [97.9, 99.9] [98.5, 100.0] [99.1, 100.0]
HTumor 1 [0.0, 0.0] [0.0, 0.0] [0.0, 0.0]
HOAR 1 [0.0, 8.595] [0.0, 6.833] [0.0, 6.739]
HOAR 2 [0.0, 0.0] [0.0, 0.898] [0.0, 5.568]

6.7 Comparison with the two-stage variant of the MSP model

Finally, we compare the SDDP approach with a simpler two-stage stochastic model as an additional
benchmark. The two-stage model only imposes non-anticipative constraints in the first stage, i.e.,
once first-fraction doses are fixed, the model decomposes per scenario and becomes conceptually
more tractable. We particularly address it using a classical Benders decomposition with an en-
hanced master problem initialization; we refer to the Online Supplement for model details and the
Benders implementation. In particular, the underlying two-stage linear programs are formulated
by sampling 50 scenarios uniformly at random for tractability.

To evaluate the two-stage stochastic programming model, we consider a folding horizon anal-
ogously to the deterministic and MSP settings, with the resulting prediction interval performance
evaluated as above. We also remark that the same 200 sampled scenarios are used for both the
two-stage stochastic programming model and MSP for consistency.

Table 13 reports the prediction intervals for Case 3 considering the deterministic, two-stage
stochastic programming, and the MSP methods, the latter with a runtime limit of 12 hours. Tables
for the remaining cases are included in the Online Supplement. However, Case 3 represents the two
typical characteristics that are observed in all instances. First, the stochastic models significantly
outperform the deterministic approach, generating much smaller hotspot prediction interval upper
bounds for all tissues. Second, the MSP treatment plans are of relative higher treatment quality,
with slight differences in coverage and/or hotspot values. The same trend was generally observed
in all cases, except for Case 5 where the tumor hotspots for the MSP were generally higher.

Nonetheless, we also observed that the MSP provided further computational advantages. First,
the SDDP algorithm incorporates the full exponentially sized scenario tree as input, deriving lower
and upper bounds on the objective function value of the obtained solution as a result. Thus, when
the SDDP algorithm stops, we obtain performance guarantees that are of practical relevance when
assessing a treatment. Further, simulating a policy with SDDP takes negligible time; between 20
and 30 seconds per sample path. On the other hand, the two-stage stochastic programming solution
requires simulating a subset of scenarios extracted from the scenario tree. The simulation of each
individual sample path, in turn, amounts to solving F -many two-stage stochastic programming
models, which took around 30 minutes on average in our experiments despite using our enhanced
decomposition algorithm. We simulated 200 scenarios and ended up spending significantly more
computational time even for the simplified, two-stage model. Overall, however, both models sig-
nificantly outperformed the deterministic setting, motivating further research into their theoretical
and computational aspects.

7 Conclusion

In this paper, we proposed the first multistage stochastic model (MSP) for the fractionated IMRT
planning problem. We described a transformation method to convert our decision-hazard-based
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Table 13: Comparison across the three methods for Case 3 with risk measure ρW . The runtime
limit for the MSP is set to 12 hours.

Deterministic Two-stage MSP

C [97.5, 100] [97.6, 100.0] [97.9, 99.9]
HTumor 1 [5.97, 36.58] [0.0, 0.0] [0.0, 0.0]
HOAR 1 [0, 12.40] [0.0, 9.454] [0.0, 8.595]
HOAR 2 [0, 74.50] [0.0, 3.398] [0, 0.00]

model into an hazard-decision-based model, making it amenable to state-of-the-art SDDP solution
approaches such as the SDDP.jl library. We have also developed a deterministic reformulation of
the SDDP via a state-space expansion, which is key to model tractability. We compared the quality
of treatment plans obtained by solving the proposed MSP model and its deterministic counterpart
for distinct risk measures within a fixed runtime limit. When particularly evaluating the worst-
case risk measure in depth, our MSP model generated better treatment plans than those obtained
using its deterministic counterparts, in terms of multiple clinically accepted numerical performance
metrics. Besides the numerical performance metrics, we also used DVH to show potential benefits
over treatment quality obtained by the proposed MSP model. We showed that our model generates
safe treatment plans compared to its deterministic counterparts with PTV of any margin size. We
have also investigated the sensitivity of our solution to changes in key model parameters, such
number of fractions, PTV margins, and number of downsampled voxels. Further, we have also
compared our model with a simplification of the MSP as a two-stage stochastic program solved
via an enhanced Benders decomposition. In particular, our numerical analysis suggested that
our MSP model produces quality treatment plans and outperforms the deterministic setting in all
configurations. The results indicate that, despite the curse of dimensionality, the MSP has potential
to be considered into clinical practice.

The main limitation of our study is the use synthetically generated instances in our numerical
experiments. In this regard, our results constitute a proof of concept for the impact of directly
incorporating uncertainty in treatment planning for fractionated IMRT. While our data instances
were carefully generated with the input of domain experts, it would be important to test the per-
formance of our proposed approach with real clinical instances in our future works. Furthermore,
we only utilized random voxel sampling technique as a data size reduction strategy, allowing in-
corporation of higher number of scenarios into the proposed MSP model. However, we recognize
that adding extra samples is one of many ways to reduce the variance of outcome quality. For
instance, Parpas et al. [27] showed that Monte Carlo Markov Chain-based importance sampling
technique can greatly contribute to the sample size reduction. Accordingly, combining a complex
sampling technique with our proposed model has potential to produce higher quality treatment
plans. Lastly, recent developments such as Neural SDDP [10] that leverages deep-learning within
an SDDP framework can be employed to increase the scalability of the proposed approach.
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1. Detailed comparative results for clinical cases

We first provide detailed results for four clinical cases (i.e., except Case 3 that is dis-
cussed in detail in the paper), which constitute a diverse test bed for our models. Because
these instances vary in terms of size and shape of the tumors as well as proximity of OARs to
the tumor volumes, success of the stochastic and deterministic treatment plans vary across
the cases. Regardless, in all the cases, we find that stochastic treatment plans substantially
outperform the deterministic counterparts.

Figures A.1a and A.1b show the DVHs generated by stochastic and deterministic treat-
ment plans for Case 1, respectively, which has one tumor and two nearby OARs. First, we
note that OAR 1 is very close to tumor in this case, which impacts its dose distribution
considerably, leading to a noticeable OAR 1 overdose. The deterministic model presents a
slightly higher variability in received dosages for both OARs, and also significantly higher
variability for the tumor volume. The delivered dose for the tumor volume also significantly
exceeds the corresponding maximum dose threshold for the deterministic model.

The DVH plots for Case 2 (see figures A.1c and A.1d) and Case 4 (see figures A.1e
and A.1f) attribute a more significant advantage to stochastic plans over deterministic ones
compared to Case 1. Specifically, we note that stochastic treatment plans show substantially
lower variability in radiation dose received for the tumor and two OARs in each case. Case 5
does not include a nearby OAR, and the prescribed dose for tumor is highest for this case.
Similar to other cases, figures A.1e and A.1f show that the prediction interval for tumor dose
is much narrower in the stochastic treatment plan, showing the capability of our stochastic
model in incorporating uncertainty to treatment planning.
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(a) Case 1 - Stochastic plan
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(b) Case 1 - Deterministic plan
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(c) Case 2 - Stochastic plan
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(d) Case 2 - Deterministic plan
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(e) Case 4 - Stochastic plan
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(f) Case 4 - Deterministic plan
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(g) Case 5 - Stochastic plan

0 20 40 60 80 100 120
Dose(Gy)

20

30

40

50

60

70

80

90

100

Vo
xe

l P
er

ce
nt

ag
e

Tumor_1 MaxDose_Tumor_1 MinDose_Tumor_1 Voxel percentage = 98

(h) Case 5 - Deterministic plan

Figure A.1: DVHs of the treatment plans (means of the DVH values and the 90% prediction intervals are
plotted)
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Table A.1 show the prediction intervals of stochastic and deterministic models for over-
dose and underdose total penalties for all four cases. We observe that, for the stochastic
treatment plans, the prediction interval upper bound on the maximum and minimum dose
penalties are consistently substantially lower accros these cases, indicating strong benefits
over the deterministic plans.

Table A.1: Dose penalty tables for different cases (Γ and Θ represent the total fraction-wise and end-of-
treatment penalties, respectively, and “+” and “-” signs next to volumes signify overdose and underdose,
respectively).

(a) Case 1 - Stochastic plan

OAR 1+ OAR 2+ Tumor+ Tumor-

Θ [1.69, 2.44] [0, 0.00] [0.07, 0.43] [0.03, 0.24]
Γ [4.02, 9.28] [0, 0.00] [0.0, 0.21] [0.0, 0.16]

(b) Case 1 - Deterministic plan

OAR 1+ OAR 2+ Tumor+ Tumor-

Θ [15.73, 21.72] [0, 2.19] [12.85, 30.09] [0, 4.37]
Γ [8.85, 15.29] [0, 0.00] [0, 4.40] [0, 0.39]

(c) Case 2 - Stochastic plan

OAR 1+ OAR 2+ Tumor+ Tumor-

Θ [0.1, 0.71] [0.08, 0.81] [0.11, 0.34] [0.0, 0.07]
Γ [0.0, 2.22] [0.0, 1.61] [0.0, 0.31] [0.0, 0.01]

(d) Case 2 - Deterministic plan

OAR 1+ OAR 2+ Tumor+ Tumor-

Θ [0, 7.05] [0, 26.29] [10.98, 30.98] [0, 4.66]
Γ [0, 2.57] [0, 18.97] [0, 1.79] [0, 0.69]

(e) Case 4 - Stochastic plan

OAR 1+ OAR 2+ Tumor+ Tumor-

Θ [0.12, 0.5] [0.13, 1.95] [0.0, 0.06] [0.01, 0.07]
Γ [0.0, 1.59] [0.0, 5.8] [0, 0.00] [0.0, 0.07]

(f) Case 4 - Deterministic plan

OAR 1+ OAR 2+ Tumor+ Tumor-

Θ [0, 7.85] [0, 29.63] [18.32, 28.21] [0.25, 2.18]
Γ [0, 3.63] [0, 23.81] [2.14, 7.18] [0, 0.07]

(g) Case 5 - Stochastic plan

Tumor+ Tumor-

Θ [2.62, 7.58] [0.02, 0.85]
Γ [2.58, 27.4] [0.0, 0.33]

(h) Case 5 - Deterministic plan

Tumor+ Tumor-

Θ [13.62, 42.96] [0, 7.20]
Γ [0.61, 16.46] [0, 0.43]

2. Two-stage stochastic programming approximation

A multistage stochastic program (MSP) can be approximated by a two-stage stochastic
program (2SP). There are two classical such approximations: (i) two-stage restriction of
MSP, where all the state variables are made first-stage variables as such they become fully
nonanticipative, i.e., deterministic, and (ii) two-stage relaxation of MSP, where where the
nonanticipativity constraints on all except first-stage variables are removed, as such the
decisions associated with the second to the end stage are all moved to the second stage.
For our fractionated IMRT problem, the 2SP restriction would be indeed equivalent to
a one-stage SP since the determination of all the state variables, namely the cumulative
doses received at the beginning of each fraction, leaves no other real treatment related
decisions, uniquely implying the values of doses actually received at every fraction and
penalties incurred for each scenario. This model would be the analog of the one-stage SP
proposed in [1]. On the other hand, the two-stage relaxation of MSP remains as a proper
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two-stage model, i.e., there are actual recourse decisions, namely the beamlet intensities
associated with all the stages except the first one. The decision-making process of the MSP
and the aforementioned 2SP approximations are provided in Figures A.2, A.3, and A.4,
respectively. Lastly, we note that due to the special structure in our problem, the two-stage
restriction of MSP (i.e., the one-stage SP) is also a restriction of the two-stage relaxation of
MSP (i.e., the two-stage SP), as such we propose it as an alternative model of the problem,
and compare it with our MSP. In what follows, we explain the two-stage model along with
a decomposition algorithm for its efficient solution.

I1 I2 If

C1 Cf

ξ1 ξf

· · · · · ·x1 xf

If+1 IF

CF

ξF

xF

IF+1

Figure A.2: MSP framework

I1

C1 C2, . . . , CF

ξ1, . . . , ξF

x1, I2, . . . , IF+1

Figure A.3: One-stage SP framework
(MSP restriction)

I1 I2, . . . , IF+1

C1 C2, . . . , CF

ξ1, . . . , ξF

x1 x2, . . . , xF

Figure A.4: Two-stage SP framework
(MSP relaxation)

The two-stage relaxation of our MSP, obtained by removing the nonanticipativity con-
straints on all except first-stage variables, as such moving the decisions associated with the
second to the end fraction to the second stage, is as follows1:

min
x1∈R|B|

+

ρξF
(
QAllFuture(I1, x1, ξ

F )
)

(1)

where the initial state vector I1 is taken as all zeros, and the second-stage value function is

QAllFuture(I1, x1, ξ
F ) = min

∑

f∈[F ]

Cf (If , xf , ξf ) (2a)

s.t. If+1 = G(If , xf , ξf ), ∀f ∈ [F ] (2b)

x2, . . . , xF ∈ R|B|
+ . (2c)

1We employ the end-of-horizon risk measures rather than the nested ones (whose definitions can be found
in [2]) for the ease of exposition in text as well as improving the computational efficiency of the decomposition
algorithm to solve the two-stage model.
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We solve the sample average approximation of the two-stage model (1), obtained by
considering a sample of (equally likely) scenarios {ξFs }s∈S ⊆ Ξ1 × · · · × ΞF , via the multi-
cut version of the Benders decomposition algorithm [3, 4]. The algorithm decomposes the
problem into a master problem and a set of subproblems, one per scenario. It iteratively
solves these problems, and at every iteration refines the master problem with the addition
of Benders cuts according to the subproblems solutions.

The master problem decides on the first-fraction intensities, x1, using the outer ap-
proximation of the second-stage value function which is obtained via the auxiliary variables
η(ξFs ) denoting the second-stage objective under-estimate for each scenario and the gener-
ated Benders cuts whose coefficient vector (coeff) and constant (const) are stored in the
set Cuts(ξFs ):

min ρξF
(
η(ξFs )

)
(3a)

s.t. x1 ∈ R|B|
+ (3b)

η(ξFs ) ≥ coeff⊤x1 + const, ∀s ∈ S, (coeff, const) ∈ Cuts(ξFs ) (3c)

η(ξFs ) ≥ 0, ∀s ∈ S (3d)

1

|S|
∑

s∈S
η(ξFs ) ≥

∑

f∈[F ]

Cf (If , x
Exp
f , ξExpf ) (3e)

xExpf ∈ R|B|
+ , ∀f ∈ [F ] (3f)

IExpf+1 = G(IExpf , xExpf , ξExpf ), ∀f ∈ [F ] (3g)

IExp1 = I1 (3h)

In order to strengthen the master problem, we initialize it with nonnegativity constraints
(3d) as the scenario objectives corresponding to deviation penalty cannot be negative, as
well as the new set of variables with superscript Exp corresponding to the expected scenario
denoted by ξExp and constraints (3e)-(3h) linking those new variables to the η variables. More
specifically, the latter is valid thanks to the Jensen’s inequality, which implies (3e) stating
the expected cost of decisions should be greater than or equal to the cost of decisions under
the expected scenario; this initialization is also in the literature, e.g., see [5].

Given a master problem canditate solution (x̂1, η̂), the subproblem for scenario s com-
putes the correct cost of the candidate first-stage solution, QAllFuture(I1, x̂1, ξ

F
s ) via the model

given in (2), and returns a Benders optimality cut to the master problem if the correct cost
is strictly larger than the estimated cost η̂(ξFs ). We omit the details of deriving the standard
Benders optimality cuts, which relies on linear programming duality. We note that as our
subproblems are always feasible, there is no need for Benders feasibility cuts.

As mentioned in the main manuscript, we evaluate the two-stage approximation policy
in a folding-horizon framework and compare against the deterministic and MSP policies.
The supplementary results for this discussion are provided in Table A.2.
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Table A.2: Comparison of the two-stage model (2SP) and the multi-stage stochastic approach (MSP) for all
cases with 12-hour runtime limit and risk measure ρW .

Case 1 Case 2 Case 3 Case 4 Case 5

2SP MSP 2SP MSP 2SP MSP 2SP MSP 2SP MSP

C [98.1, 100] [98, 100.0] [99.7, 100] [100, 100] [97.6, 100] [97.9, 99.9] [99.1, 100] [99, 100] [98, 100] [97, 100]
HTumor 1 [0, 0.353] [0, 0.4] [0, 2.244] [0, 0.5] [0, 0] [0, 0] [0, 0] [0, 0] [0.154, 32.042] [10.1, 47.4]
HOAR 1 [33.302, 55.638] [31.4, 54.3] [0.042, 11.962] [0.6, 13.3] [0, 9.454] [0.0, 8.595] [0.171, 12.546] [0, 11.2] - -
HOAR 2 [0, 0] [0, 0] [0, 13.642] [0, 9.2] [0, 3.398] [0, 0] [0, 95.846] [0, 71.7] - -
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