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Markov decision process (MDP) models have been used to obtain non-stationary optimal decision rules in

various applications, such as treatment planning in medical decision making. However, in practice, decision

makers may prefer other strategies that are not statistically different from the optimal decision rules. To

benefit from the decision makers’ expertise and provide flexibility in implementing decision strategies, we

introduce a new framework for identifying sets of near-optimal actions for finite MDP models. We present a

simulation-based dynamic programming algorithm that can be executed using parallel computing and show

that it converges to the optimal solutions exponentially fast under fairly mild conditions. The sets of near-

optimal actions are modeled as nonparametric simultaneous confidence intervals on the difference between

an approximately optimal action and the remaining alternatives. By analyzing the structure of the sets, we

characterize their behavior with respect to the modeling data and identify when they can be ordered as a

range. Lastly, we show the scalability of our approach by finding ranges of near-optimal antihypertensive

treatment choices for 16.72 million adults in the US.

Key words : Markov decision processes, simulation, statistical multiple comparisons, medical decision

making, health policy, cardiovascular diseases

1. Introduction

Markov decision process (MDP) models have been used to inform decisions in a wide variety of

applications, including medicine, scheduling, transportation, finance, and energy. In many areas of

application, such as the management of chronic conditions, the dynamics of the system of interest

change over time. This type of problem generally has a finite set of periods when decisions must

be made. If all the parameters of a non-stationary MDP are known with certainty, and there are

a finite number of states and actions, the backwards induction algorithm can be used to find an

optimal decision rule (Puterman 2014, Chang et al. 2013). However, there may be other decision
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strategies that we cannot statistically differentiate from the optimal. Therefore, it is important to

have a framework to identify sets of decision strategies that lead to similar outcomes.

Identifying sets of near-optimal actions may be useful in a variety of scenarios. When a human

being is responsible for controlling a system, a single decision rule may not be enough, as each person

has their own decision process (Fard and Pineau 2011). It may be appropriate to assume that some

aspect of the decision-making process will be influenced by the decision maker (DM). Moreover,

the difference between the performance of an optimal decision rule and other strategies may not

be relevant to the DM. The DM could choose between an optimal action and another alternative

with similar performance based on their expertise, preference, or other factors. In addition, models

are typically estimated from observational data and multiple external sources. This may lead to

optimal decision rules that do not perform well in the true system. In this case, the performance

of an optimal decision rule may not be statistically different from other strategies. To test for

statistical significance before observing the implications of each action in practice, our proposed

strategy is to simulate the effect of each action based on an estimated model of the system of

interest. We can then provide DMs with a set of actions, which might be optimal, but we do not

have enough evidence to differentiate.

In this paper, we are motivated by circumstances in which several actions may have similar

performance. We focus on improving the usability and acceptance of MDP models in practice by

providing flexibility in implementing decision strategies. Rather than offering a single decision rule,

we present DMs with a set of actions from which they may be able to choose. We introduce a new

method to obtain sets of near-optimal actions and provide conditions for which the actions in these

sets can be ordered as a range.

One area that could benefit from our proposed framework is medical decision making. Within

the field of medicine, our methodology may be beneficial for the management of chronic conditions,

such as atherosclerotic cardiovascular disease (ASCVD, constituting coronary heart disease (CHD)

and stroke). We demonstrate the utility of our methodology by finding flexible treatment plans for

the management of ASCVD.

1.1. Medical Decision Making and Atherosclerotic Cardiovascular Disease

MDP models have been widely used to guide medical decision making (Chanchaichujit et al. 2019).

In medical decision-making models, the transition dynamics and rewards are often estimated using

longitudinal patient data and results from the medical literature. As longitudinal data and medical

results are derived with a finite number of observations, these estimates are subject to statistical

uncertainty (Steimle et al. 2019).

Translating medical decision-making models into practice is difficult. General medical practi-

tioners may interpret decision rules as cumbersome, confusing, and lacking in credibility (Cabana
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et al. 1999). Therefore, it is important to consider practical implications in the design of decision

rules. One way such implications can be considered is by providing clinicians with flexibility in

implementing protocols while continuing to improve patient outcomes.

In this paper, we apply our proposed framework to manage ASCVD. According to the National

Vital Statistics, ASCVD is the leading cause of death in the US (Kochanek et al. 2019). The

Heart Disease and Stroke Statistics 2020 Update reports that CHD and stroke account for 42.6%

and 17.0% of deaths attributable to cardiovascular diseases in the US, respectively (Virani et al.

2020). One of the leading controllable risk factors of ASCVD is hypertension or high blood pressure

(BP). The most recent hypertension guidelines from the American College of Cardiology and

American Heart Association (Whelton et al. 2018) have generated considerable controversy among

practitioners (Cohen and Townsend 2018). To benefit from physicians’ expertise and account for

any potentially conflicting perspectives, we design personalized data-driven ranges of treatment

options that are within a margin of certainty of the best treatment alternative, based on the

estimated transition dynamics and rewards.

1.2. Contributions

We focus on adapting stochastic dynamic programming methods to offer multiple actions per state

and time period. To provide easily interpretable decision support, we also obtain insights into how

the sets of near-optimal actions behave with respect to the modeling data. Our approach is based

on simulation-based dynamic programming (SBDP), nonoverlapping batch means, and statistical

multiple comparisons with a control (MCC). Overall, the contributions of this work are as follows.

1. We develop a new SBDP algorithm, which we will refer to as the simulation-based

backwards induction (SBBI). The idea behind this algorithm is to replace the expectation

in the backwards induction algorithm with a sample-average approximation. This concept is

widely used in the stochastic programming literature, but mainly for problems with a single

time period (Birge and Louveaux 2011). By estimating action-value functions asynchronously

at each time period, the SBBI algorithm can be executed using parallel computation.

2. We provide finite sample, convergence, and asymptotic structural properties of

the SBBI algorithm. Our analysis leverages the Markov property to derive the rate of

convergence and the sample complexity of the algorithm. We show that the SBBI algorithm

converges almost surely (a.s.) uniformly on the action space under fairly mild conditions. To

characterize the asymptotic structural properties of the algorithm, we establish connections

between the standard backwards induction and the SBBI algorithm.

3. We design a new MCC method, which we will refer to as the simulation-based

MCC (SBMCC) algorithm. In contrast to past MCC methods, our algorithm does not
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make any distributional assumptions nor assumes equal variances across actions. The reason-

ing behind the SBMCC algorithm is to divide the output of a simulation model into batches to

estimate the distribution of the standardized difference between an (approximately) optimal

action and the remaining alternatives. Our approach extends current techniques to obtain con-

fidence intervals in nonoverlapping batch mean methods (Alexopoulos and Goldsman 2004).

4. We present a new notion of near-optimality by formulating stochastic optimiza-

tion problems as hypothesis testing problems. By evaluating the output of the SBBI

algorithm as a random sample, we construct simultaneous confidence intervals. Any alter-

native that is not statistically different from an (approximately) optimal action is part of

our sets of near-optimal actions. We highlight that our notion of near-optimality is different

from the traditional sense in stochastic programming (Shapiro et al. 2009), as we measure

near-optimality in terms of statistical significance.

5. We offer convergence and asymptotic structural properties of the SBMCC algo-

rithm. Our convergence analysis includes asymptotic coverage guarantees of the SBMCC

algorithm as well as the asymptotic rate of convergence of our algorithm. Taking advantage of

the monotonicity of action-value functions and decision rules, we provide insights into how the

sets of near-optimal actions will behave asymptotically. We also provide sufficient conditions

to guarantee that a set of near-optimal actions will be ordered as a range. These structural

results provide managerial insights into how to prioritize the comparison of actions to reduce

computational overhead.

6. We show the scalability of our approach to find ranges of near-optimal actions

by applying our method for the management of hypertension. Using a large sample

representative of the adult population in the US with ages between 50 and 54 years old, we

provide flexible data-driven decision support that is personalized to each patient’s character-

istics. We present the implications of flexible hypertension treatment plans at a patient and

a population level.

1.3. Organization of the Paper

The remainder of this paper is organized as follows. We begin by providing a review of the relevant

literature in Section 2. In Section 3, we provide additional background on MDP models and MCC.

We formally define the sets and ranges of near-optimal actions in Section 4. In Section 5, we

introduce our algorithms to obtain the sets of near-optimal actions as well as our analysis of the

algorithms. We present our case study of flexible hypertension management in Section 6. Finally,

conclusions and future research directions are discussed in Section 7.
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2. Literature Review

The relevant literature to this research lies in the following fields: (1) simulation-based algorithms

for MDP models; (2) methods for the output analysis of simulation models; (3) statistical multiple

comparison approaches; (4) decision support models that provide sets of actions; and (5) medical

decision-making models. This section highlights some prominent papers in each category and briefly

describes how our proposed methodology differs from them.

The description of an MDP as a simulation model can be found in Chang et al. (2013). A large

portion of simulation-based algorithms has focused on solving MDP models with large state spaces

or in which there is no model of the system dynamics. These methods principally fall under the

umbrella of approximate dynamic programming (ADP) or reinforcement learning (RL). Summaries

of ADP/RL methods include Powell (2011) and Sutton and Barto (2018). Other simulation-based

models have concentrated on solving MDP models with large action spaces (Chang et al. 2013). A

key difference between our SBBI algorithm and the model-based methods in the ADP/RL literature

is that our algorithm simulates each time period independently. In contrast, they simulate the

system dynamics as episodes. Closest to our work, there have been methods that use simulation

to estimate the expectation in dynamic programming with small to moderately sized state and

action spaces (Powell 2011). In discounted infinite-horizon settings, Haskell et al. (2016) introduced

simulation-based value iteration and policy iteration algorithms. Our method differs from the

approaches presented by Haskell et al. (2016) in that we focus on finite horizon models and allow

for random immediate rewards. Another closely related area to our work is the sample-average

approximation in discrete stochastic programming (Kleywegt et al. 2002). Our SBBI algorithm is

different from standard multistage discrete stochastic programming models in that actions affect

the system dynamics in the future.

There are two notable approaches in steady-state simulation analysis to derive confidence inter-

vals: nonoverlapping batch means and independent replications (Alexopoulos and Goldsman 2004).

In our context, both approaches are equivalent as there is no initialization bias, and the observations

are independent due to the Markov property. The nonoverlapping batch means and independent

replication methods usually rely on asymptotic normality arguments to obtain confidence intervals.

Steiger and Wilson (2002) introduced algorithms to attain confidence intervals of a specific preci-

sion hinging on normality tests. Our work presents a nonparametric approach to obtain confidence

intervals in steady-state simulation analysis without any distributional assumptions.

Our work is also related to the theory of statistical multiple comparisons. Among the types

of multiple comparisons, MCC is the most relevant to this research (Dunnett 1955). Similar to

many classical statistical methods, MCC assumes normality and equal variances across alterna-

tives. Westfall (2011) proposed a generalization of multiple comparison procedures that allowed for
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general distributions using the bootstrap. Another line of work focused on developing MCC meth-

ods without the assumption of equal variances (Li and Ning 2012). Even though these alternative

formulations allow for general distributions or unequal variances, none of them allow for both of

them. Our SBMCC algorithm is a nonparametric approach that does not require equal variances.

There has been limited research in the area of decision support models that provide more than

one decision rule. Laber et al. (2014) developed sets of decision rules in the context of dynamic

treatment regimes based on clinically significant differences. A crucial distinction between this

work and ours is that we focus on statistical significance instead of practical significance. Another

difference is that we focus on Markov policies, whereas they center on history-dependent policies.

This allows us to consider more than two decision epochs and actions. Ertefaie et al. (2016) also

considered the problem of providing a set of suggestions in the context of dynamic treatment

regimes. Although our approach has many similarities with this work, a vital distinction is that we

identify a control before the statistical inference. This results in fewer comparisons and improved

statistical power. Ertefaie et al. (2016) also concentrated on 2-stage history-dependent policies

while we focus on Markov policies over a finite planning horizon. The closest work to this article

is by Fard and Pineau (2011), where the authors consider the problem of developing sets of near-

optimal actions for discounted infinite-horizon MDP models. Compared to this work, we define a

new sense of near-optimality in terms of statistical significance, whereas they specify their near-

optimality in the same units of the value function. A key contribution of our work to this field is

that we characterize the behavior of the sets with respect to the modeling data, including the case

where the actions contained in the sets can be ordered as a range.

Within the medical decision-making domain, treatment decision models in the literature include

Liu et al. (2017), Negoescu et al. (2017, 2018), Ayer et al. (2019), and Chehrazi et al. (2019). Other

studies have focused on finding the optimal time to gather additional information or for a screening

procedure, including Sabouri et al. (2017), Hicklin et al. (2018), Suen et al. (2018), Agnihothri

et al. (2018), Onen et al. (2018), Lee et al. (2018a), Lin et al. (2018), and Aprahamian et al. (2019).

Within the context of cardiovascular diseases, treatment decision models include Lee et al. (2018b),

and Zargoush et al. (2018). Researchers have also developed MDP models for the management of

cardiovascular diseases (Schell et al. 2016, Steimle et al. 2019, Marrero et al. 2021). While these

models recommend a single decision rule, our work provides physicians and their patients with

flexibility in the implementation of treatment plans.

3. Overview and Background

In this paper, we focus on finding a sequence of sets of near-optimal actions in the context of

discrete-time finite-horizon MDP models with finite state and action spaces. This section intro-
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duces our modeling framework, the main notions behind finite MDP models and MCC, and our

mathematical notation.

Our modeling framework for a decision period of an MDP is summarized in Figure 1. We begin

by representing an MDP as a simulation model. Subsequently, we simulate the immediate rewards

and the next state transitions for each state and action at every decision period of the MDP. Rather

than using re-sampling techniques, we divide the outputs of the simulation model into batches

because the DM can always manage their sample size. Then, we estimate action-value functions

using SBDP. We use SBDP because it does not require knowledge of the true underlying probability

distribution of the evolution of the system of interest. Instead, SBDP relies on sample realizations

of the transition dynamics, which may be obtained through simulation.

Simulate MDP

Compare control to 

remaining actions at 

each state 

Identify actions that 

are not statistically 

different from the 

control at each state

Identify optimal 

actions (controls)

Divide simulation 

outputs for each state 

and action into 

batches

Figure 1 Summary of modeling framework for a decision period of a simulated MDP.

The SBDP framework also allows us to approximate optimal actions with a high degree of

accuracy, which serve as controls in the multiple comparison procedures. We use MCC because, once

an optimal action (or approximately optimal action) is identified as the control, we are interested

in comparing the remaining alternatives with such control. The MCC method requires the least

number of comparisons and provides the strongest inference for our purposes. Once the controls

are compared to each of the remaining alternatives, we identify the decision strategies that are not

statistically different from the optimal actions. Simulation MDP models and MCC are described

in more detail in the following subsections.

3.1. Markov Decision Processes

MDP models are used to represent the interactions of a DM with a fully observable system of

interest. We use the following notation throughout the paper:

� t: index of discrete time periods; t ∈ T , where T := {1, . . . , T} is a finite set of time periods.

Decisions are made until time T −1; the periods T \{T} will be referred to as decision epochs.

� s: state of the system; s∈ S, where S := {1, . . . , S} is a finite set of states.

� a: DM’s action; a∈A, where A := {1, . . . ,A} is a finite set of actions.

� ω: outcome of an exogenous process representing the uncertainty of the system; ω ∈Ω, where

Ω is the set of all outcomes.



8

� ft+1(s, a,ω): transition function which produces the next state s′ given state s, action a, and

outcome of the exogenous process ω; s′ = ft+1(s, a,ω), where f : S ×A×Ω 7→ S.

� rt(s, a,ω): reward associated with state s, action a, and outcome of the exogenous process ω,

where the reward function is defined as r : S ×A×Ω 7→R+ := {x∈R|x≥ 0}.
� γ: discount factor of the model; γ ∈ (0,1].

A simulation MDP is formally defined by the tuple (T ,S,A, f, r, γ). Note that any simulation

MDP (T ,S,A, f, r, γ) with transition function f and rewards r can be transformed into a standard

MDP (T ,S,A,P , ρ, γ) with transition probabilities P ∈ [0,1]|T ×S×S×A| and rewards ρ : S ×A 7→
R+. Simply let pt(s

′|s, a) := E[1{ft+1(s, a,ω) = s′|s, a}] and ρt(s, a) := E[rt(s, a,ω)|s, a], where the

expectation is taken over ω and 1{·} represents an indicator function.

The goal of the DM is to find the policy π := (πt(s) : t∈ T \{T}, s∈ S) that maximizes the total

expected discounted reward over the planning horizon, i.e.:

v1(s) := max
π

E

[
T−1∑
t=1

γtrt(st, at, ωt) + γT rT (sT , ωT )

∣∣∣∣∣s1 = s

]
,

where, st, at = πt(st), and ωt are the state, action, and random disturbance of the system at time

period t, respectively. The expectation is taken with respect to the joint distribution of ω1, . . . , ωT .

Dividing the problem into decision epochs, we get the set of dynamic programming equations:

Qt(s, a) :=E
[
rt(s, a,ω) + γvt+1 (ft+1(s, a,ω)) |s, a

]
,

where vt(s) := maxa∈AQt(s, a) and QT (s, a) = vT (s) = E[rT (s,ω)|s]. Starting from the terminal

period T and proceeding backwards until decision epoch 1, we can find the optimal set of actions

A∗t (s) := arg maxa∈AQt(s, a) at each decision epoch t. An optimal decision rule at state s is given

by π∗t (s)∈A∗t (s), and an optimal policy is defined as π∗ = (π∗t (s) : t∈ T \ {T}, s∈ S).

3.2. Multiple Comparisons With a Control

When a control or standard action is available, a DM may be interested in comparing the per-

formance of every other action with the performance of such control. In this section, we adapt

the ideas from MCC to the context of simulated MDP models. The parameters of interest are

Qt(s, a
∗)−Qt(s, a) for a∗ ∈ A∗t (s) and a ∈ A9t(s), at each decision epoch t and state s. In here,

A∗t (s)⊂A denotes the set of optimal actions (potential controls) and A9t(s)⊂A denotes the set

of sub-optimal actions. If a∗ is an action such that Qt(s, a
∗)≥Qt(s, a) for any a ∈ A, our objec-

tive is to identify as many actions as possible to be inferior than a∗. Assuming equal sample sizes

across actions, the 1−α simultaneous confidence lower bounds for the difference between a control

Qt(s, a
∗) and the remaining action-value functions {Qt(s, a) : a∈A9t(s)} are given by:

Qt(s, a
∗)−Qt(s, a)> Q̂t(s, a

∗)− Q̂t(s, a)− dt(s,α)
√
N−1 [σ̂2

t (s, a∗) + σ̂2
t (s, a)], (1)
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where α ∈ (0,1), Q̂t(s, a) is an estimate of the action-value function Qt(s, a) <∞, σ̂2
t (s, a) is an

estimate of the variance of the action-value function σ2
t (s, a)<∞, and N is the number of obser-

vations used to calculate Q̂t(s, a) and σ̂2
t (s, a). If there are reasons to believe that the action-value

functions are normally distributed, the quantile dt(s,α) can be obtained by solving a double inte-

gral whose numerical evaluations are readily available in standard statistical software (Dunnett

1955). However, in most practical situations this assumption may not be true. Westfall (2011) pro-

posed an alternative formulation that allows for general probability distributions. Extending their

formulation to unequal variances, we aim to find a quantile dt(s,α) such that P
(

maxa∈Aψt(s, a)≤
dt(s,α)

)
= 1−α, where

ψt(s, a) :=
Q̂t(s, a

∗)− Q̂t(s, a)− (Qt(s, a
∗)−Qt(s, a))√

N−1 [σ̂2
t (s, a∗) + σ̂2

t (s, a)]
, (2)

is a root statistic corresponding to state s and action a.

4. Ranges of Near-Optimal Actions

From equation (1) we can conclude that an optimal action a∗ ∈ A∗t (s) is significantly bet-

ter than some other action a ∈ A9t(s) at a significance level α if Q̂t(s, a
∗) − Q̂t(s, a) −

dt(s,α)
√
N−1 [σ̂2

t (s, a∗) + σ̂2
t (s, a)]> 0. Thus, we cannot conclude that action a∗ ∈A∗t (s) is signifi-

cantly different from a′ ∈A9t(s) if Q̂t(s, a
∗)−Q̂t(s, a

′)−dt(s,α)
√
N−1 [σ̂2

t (s, a∗) + σ̂2
t (s, a′)]≤ 0. This

leads to our definition of a set of near-optimal actions.

Definition 1. Given N observations, a state s ∈ S, an optimal action a∗ ∈ A∗t (s) such that

Qt(s, a
∗) ≥ Qt(s, a) for all a ∈ A, and a quantile dt(s,α), a set of actions Πt(s,α) is said to be

α-nonsignificant with α∈ (0,1) if it satisfies:

Πt(s,α) :=
{
a∈A : Q̂t(s, a

∗)− Q̂t(s, a)≤ dt(s,α)
√
N−1 [σ̂2

t (s, a∗) + σ̂2
t (s, a)]

}
.

A desirable property of Πt(s,α) in practice is to be ordered according to the effect of the actions

in the action space At(s) ⊆A at state s and decision epoch t, where At(s) =A∗t (s) ∪A9t(s). For

example, clinicians may find a set of treatment choices more interpretable if the set follows a

natural order, such as increasing number of medications. An ordered set of actions in the sense of

Definition 2 will be referred as a range of actions.

Definition 2. Πt(s,α) is said to be a range of α-nonsignificant actions if it satisfies Definition

1 and if a,a′′ ∈Πt(s,α) implies that a′ ∈Πt(s,α) for any actions ordered as a≤ a′ ≤ a′′ in At(s).

5. Solution Approach

This section describes our approach to identify sets of α-nonsignificant actions. We first introduce

our SBBI algorithm. Subsequently, we study the finite sample, convergence, and asymptotic struc-

tural properties of the algorithm. We then present our SBMCC method. Lastly, we examine the

asymptotic behavior of our approach and characterize the sets of near-optimal actions.
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5.1. Simulation-Based Backwards Induction

We now introduce our algorithm to estimate the action-value functions and identify approximately

optimal actions. The algorithm is presented for finding actions a∗ ∈ A∗t (s) such that Qt(s, a
∗) ≥

Qt(s, a) for all a ∈A at each s ∈ S. We aim to estimate Qt(s, a), vt(s), and A∗t (s) for t ∈ T \ {T},

s∈ S, and a∈A.

Our SBBI algorithm is included as Algorithm 1. Given a complete probability space (Ω,F ,P), we

define a discrete-time stochastic process (ωn : n∈ {1, . . . ,N}) as the exogenous information process

in the sequential decision problem. Without loss of generality, we let (ωn : n ∈ {1, . . . ,N}) be a

sequence of independent and identically distributed (iid) random variables uniformly distributed

on [0,1], denoted by U(0,1). This is consistent with past work on simulating MDP models (Chang

et al. 2013, Haskell et al. 2016).

Algorithm 1: Simulation-based backwards induction (SBBI) algorithm.

Input : T , S, A, N , f , r, {vT (s) : s∈ S}.

1 for t= T − 1, T − 2, . . . ,1 do
2 Set Qt(s, a)←∅ for all s∈ S and a∈A.

3 for n← 1 to N do in parallel
4 for all s∈ S do
5 for all a∈A do
6 Simulate ωn ∼U(0,1) and determine s′ = ft+1(s, a,ω

n).

7 Compute Qn
t (s, a) = rt(s, a,ω

n) + γv̂t+1(s
′).

8 Update Qt(s, a)←Qt(s, a)∪{Qn
t (s, a)}.

9 end for
10 end for
11 end forpar

12 Calculate Q̂t(s, a) for all s∈ S and a∈A.

13 Set Â∗t (s)← arg maxa∈A Q̂t(s, a) for all s∈ S.
14 end for

Output: {Qt(s, a) : t∈ T \ {T}, s∈ S, a∈A}, {Q̂t(s, a) : t∈ T \ {T}, s∈ S, a∈A},

{Â∗t (s) : t∈ T \ {T}, s∈ S}.

At each decision epoch t, state s, and action a, we simulate a sequence Qt(s, a) := (Qn
t (s, a) :

n ∈ {1, . . . ,N}) of N ∈ N+ := N \ {0} observations. Once the simulation is complete, we approx-

imate the action-value function Qt(s, a) by its sample mean Q̂t(s, a) := 1
N

∑N

n=1Q
n
t (s, a) =

1
N

∑N

n=1 rt(s, a,ω
n) + γv̂t+1(ft+1(s, a,ω

n)). From Q̂t(s, a), we estimate the value function vt(s) as

v̂t(s) := maxa∈A Q̂t(s, a), the set of optimal actions A∗t (s) as Â∗t (s) := arg maxa∈A Q̂t(s, a), the set
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of sub-optimal actions A9t(s) as Â9t(s) :=A\Â∗t (s), and the optimal decision rules as π̂∗t (s)∈ Â∗t (s).

If the terminal conditions vT (s) are not known, we also estimate them through their sample mean.

Given ωn, ft+1(s, a,ω
n) and rt(s, a,ω

n) are deterministic functions of s and a. That is, the

distribution of Qn
t (s, a) is completely determined by ωn. Because of the Markov property, Qn

t (s, a) is

independent from Qn′
t (s, a) for any n 6= n′. Therefore, Qt(s, a) is a sequence of iid random variables.

This allows us to simulate Qt(s, a) in parallel, which leads to great computational speed gains. We

use Ft(·, s, a) to denote the cumulative distribution function (cdf) of Qn
t (s, a) and Ft(·, s) to denote

the joint cdf of the set {Qn
t (s, a) : a∈A}. The empirical estimates of the distribution functions are

denoted by F̂t(·, s, a) and F̂t(·, s), respectively.

5.1.1. Finite Sample Properties of the SBBI Algorithm. In this subsection, we provide

results on the behavior of the SBBI algorithm with a finite number of observations. The proofs of the

claims in this subsection can be found in Appendix A.1. We begin with the following assumption:

Assumption 1. The immediate rewards rt(s, a,ω) are known constants or non-negative iid ran-

dom variables from a possibly unknown probability distribution bounded by Rt(s, a)<∞. Further,

the terminal rewards rT (s,ω) are known constants or non-negative iid random variables from a

possibly unknown probability distribution bounded by RT (s)<∞.

This assumption implies that the action-value functions Qt(s, a) are bounded and that their

estimates Q̂t(s, a) are bounded random variables. We now state a result on the convergence rate

of the SBBI algorithm.

Proposition 1. Under Assumption 1, it follows that 1 − P(Â∗t (s) ⊆ A∗t (s)) ≤ A exp

{
−N
2κ2

t

}
,

with κt :=
∑T

τ=t γ
τ−tRτ , where Rt := max(s,a)∈S×ARt(s, a).

Proposition 1 implies that the SBBI algorithm converges exponentially fast on N . This finding

implies that the SBBI algorithm can efficiently estimate Qt(s, a), provided that κt is not too large

compared to N . The result in Proposition 1 leads to the required sample size to guarantee that

any action in Â∗t (s) is an optimal action with probability of at least 1−β.

Proposition 2. Suppose Assumption 1 holds. Then, for any β ∈ (0,1) and a fixed sample size

N satisfying N ≥ 2κ2
t log(A/β) it holds that P(Â∗t (s)⊆A∗t (s))≥ 1−β.

In the context of medical decision-making problems, such as our case study, A∗t (s) is usually

a singleton. In this case, Proposition 2 gives the number of observations required to ensure that

P(Â∗t (s) = a∗)≥ 1−β for A∗t (s) = {a∗}.
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5.1.2. Analysis of the SBBI Algorithm. We now present our results on the convergence

of the SBBI algorithm. The proofs of the claims in this subsection can be found in Appendix A.2.

We begin by showing the uniform almost sure convergence of Q̂t(s, a) to Qt(s, a):

Theorem 1. Suppose Assumption 1 holds. Then, Q̂t(s, a) converges to Qt(s, a) with probability

1 uniformly on A.

Uniform convergence implies that the required number of observations for convergence is inde-

pendent of the action. The following corollary is an immediate consequence of Theorem 1:

Corollary 1. Suppose Assumption 1 holds. Then, v̂t(s) converges to vt(s) and Â∗t (s)⊆A∗t (s)
with probability 1 for N large enough.

We use similar arguments as in Proposition 2.1 of Kleywegt et al. (2002) to prove Corollary

1 and use their definition for the statement “an event happens with probability 1 for N large

enough.” An event happens with probability 1 for N large enough if for P-almost every realization

of a random sequence ω := {ω1, ω2, . . .} for ω1, ω2, . . . ∈ Ω there exists an integer N(ω) such that

the event happens for all samples {ω1, . . . , ωN} ∈ω with N ≥N(ω).

5.1.3. Asymptotic Structural Properties of the SBBI Algorithm. We proceed to

present the asymptotic structural properties of the SBBI algorithm. The proofs of the claims in

this subsection can be found in Appendix A.3. Structured policies tend to be more intuitive for

DMs and are typically easier to implement in practice. Throughout this subsection, we discuss the

implications of the results using a medical decision-making example. We begin with the following

definition:

Definition 3. Let X be a partially ordered set and g : X 7→ R. We say that g is an ε-

nonincreasing (ε-nondecreasing) function if for x+ ≥ x− in X it holds that g(x+) ≤ g(x−) + ε(
g(x+)≥ g(x−)− ε

)
for ε > 0. Similarly, we say that g is ε-constant if |g(x+)− g(x−)| ≤ ε for ε > 0.

Definition 3 will be useful to deal with random variables that converge to the same quantity. We

use the term ε-monotone to describe a function that is either ε-nonincreasing or ε-nondecreasing. If

the sequences of random variables converge to different quantities, the definition of a ε-monotone

function reduces to the standard definition of a monotone function (using ε= 0).

Let p̄t(s
′|s, a) :=

∑
s′′≥s′ pt(s

′′|s, a) denote the tail distribution of the transition probabilities, or

the probability that the state at decision epoch t+ 1 exceeds s′ after choosing action a at state s

and decision epoch t. We make the following assumption:

Assumption 2. The state space S can be ordered such that the tail distribution functions

p̄t(s
′|s, a) are nondecreasing in s and t, the expected immediate rewards E[rt(s, a,ω)|s, a] are non-

increasing in s and t, and the terminal rewards are nonincreasing in s and E[rT−1(s, a,ω)|s, a]≥
E[rT (s,ω)|s].
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The conditions in Assumption 2 with respect to s are the same as in Proposition 4.7.3 in Put-

erman (2014). This assumption, along with Assumption 1, provide sufficient conditions to ensure

that the estimates of the action-value functions and the value functions are ε-monotone on s and

t for N large enough. We present the ε-monotonicity in s in the following proposition:

Proposition 3. Under Assumptions 1 and 2, Q̂t(s, a) and v̂t(s) are ε-nonincreasing in s with

probability 1 for N large enough.

In medical decision-making settings, states commonly represent patients’ health conditions, and

actions represent clinical interventions. The action-value and value functions typically represent a

measure of how long and how well patients are expected to live given a clinical intervention, such

as life years or quality-adjusted life years. If the health conditions are ordered from the healthiest

to the sickest, Proposition 3 implies that sicker patients will have a shorter total expected lifetime

than healthier patients. The following proposition presents the ε-monotonicity of the estimates of

the action-value and value functions in t for N large enough.

Proposition 4. Suppose Assumptions 1 and 2 hold. Then, Q̂t(s, a) and v̂t(s) are ε-

nonincreasing in t with probability 1 for N large enough.

In medical decision-making problems, Proposition 4 suggests that patients’ total expected life-

time would never increase with their age, a common assumption in the medical literature.

5.2. Simulation-Based Multiple Comparisons with a Control

In this section, we present our method to identify sub-optimal actions that are not statistically

different from an (approximately) optimal choice at a significance level α. To derive a set of near-

optimal actions, we compare the performance of an (approximately) optimal action with the rest

of the alternatives. Similar to Westfall (2011), our formulation aims to find a constant dt(s,α) such

that P
(

maxa∈Aψt(s, a)≤ dt(s,α)
)

= 1− α. Since Qt(s, a) is unknown, so are maxa∈Aψt(s, a) and

its cdf. We denote this cdf as Ht and use Ht(·,Ft(s)) when its dependence on the unknown cdf

Ft(·, s) must be emphasized. To address this challenge, we adapt the concept of nonoverlapping

batch means to simulated MDP models.

Consider N observations of a simulated MDP. The method of nonoverlapping batch means

divides the sequence of N outputs of a simulation into M adjacent nonoverlapping batches, each of

size K. Because Qt(s, a) is a sequence of iid random variables, dividing N outputs of a simulated

MDP into M batches is equivalent to executing M independent simulations of the MDP, each

with K observations. The mth batch (or simulation replicate) consists of the random variables:

Qm,1
t (s, a),Qm,2

t (s, a), . . . ,Qm,K
t (s, a), for m= 1, . . . ,M . For each batch m, we estimate the action-

value functions and their variance using the sample mean and sample variance over K observations.
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After batching, the grand sample mean can be obtained as Q̂t(s, a) = 1
M

∑M

m=1 Q̄
m
t (s, a) =

1
MK

∑M

m=1

∑K

k=1Q
m,k
t (s, a) and the variance of the batch sample means as ζ̂2t (s, a) =

1
M−1

∑M

m=1

(
Q̄m
t (s, a)− Q̂t(s, a)

)2

, where Q̄m
t (s, a) is the sample mean for the mth batch. We obtain

an estimate of σ2
t (s, a) by multiplying ζ̂2t (s, a) by the number of observations per batch K. The

nonoverlapping batch means method allows us to generate an estimator for ψt(s, a) by replacing

σ2
t (s, a) for Kζ̂2t (s, a) in equation (2). We use ψ̂t(s, a) to denote the estimator of ψt(s, a).

Using the variability across the M batches, we generate an empirical estimate of Ht, denoted

by Ĥt(·, F̂t(s)) or simply Ĥt when is not necessary to highlight its dependence to the empirical cdf

F̂t(·, s). We now introduce our algorithm to generate Ĥt and estimate the quantile dt(s,α) for each

state s and decision epoch t. Our SBMCC method is included as Algorithm 2. Let Ct(s)∈ C denote

the set of controls associated with state s and decision epoch t, where C := {Ct(s) : t∈ T \ {T}, s∈

S}. For each batch m, we generate an estimate of the root statistic as:

ψ̄mt (s, a) :=
Q̄m
t (s, a∗)− Q̄m

t (s, a)−
(
Q̂t(s, a

∗)− Q̂t(s, a)
)

√
K−1 [σ̄2

t (s, a∗,m) + σ̄2
t (s, a,m)]

,

where a∗ ∈ Ct(s) and σ̄2
t (s, a,m) is the sample variance of the mth batch.

Algorithm 2: Simulation-based multiple comparisons with a control (SBMCC) algorithm.

Input : T , S, A, C, M , {Q̄m
t (s, a) :m∈ {1, . . . ,M}, t∈ T \ {T}, s∈ S, a∈A},

{Q̂t(s, a) : t∈ T \ {T}, s∈ S, a∈A}.

1 for all t∈ T \ {T} do

2 Set Ψ̂t(s)←∅ for all s∈ S.

3 for m← 1 to M do in parallel
4 for all s∈ S do
5 for all a∈A and a∗ ∈ Ct(s) do
6 Calculate ψ̄mt (s, a).

7 end for

8 Update Ψ̂t(s)← Ψ̂t(s)∪{maxa∈A ψ̄
m
t (s, a)}.

9 end for
10 end forpar

11 Let d̂t(s,α) be the empirical 1−α quantile of Ψ̂t(s) for all s∈ S.
12 end for

Output: {d̂t(s,α) : t∈ T \ {T}, s∈ S}.

A key assumption in MCC is that the control is known before observing the data that will

be used to evaluate the actions. Thus, we must generate Ct(s) without knowing Q̂t(s, a). Several
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approaches could be used to identify Ct(s), such as solving the standard version of the MDP

(T ,S,A,P , ρ, γ) through backwards induction before simulating the MDP and letting Ct(s) =

A∗t (s). Alternatively, we could simulate an initial independent replication of the SBBI algorithm

and let Ct(s) = Â∗t (s). Another approach could be to use the estimates of a single batch and let

Ct(s) = arg maxa∈A Q̄
m
t (s, a). In the later case, the batch used to obtain Ct(s) must be excluded

from Algorithm 2. When Ct(s) is obtained from a simulation model, Proposition 2 provides a lower

bound on the sample size required such that Ct(s)⊆A∗t (s) with high probability.

Once we generate an estimate of the root statistic for each batch, we estimate dt(s,α) as

d̂t(s,α) := inf
{
x∈R : Ĥt(x, F̂t(s))≥ 1−α

}
. Since the estimates of the root statistics {ψ̄mt (s, a) :

m ∈ {1, . . . ,M}, t ∈ T \ {T}, s ∈ S, a ∈A} are mutually independent, Algorithm 2 can be executed

in parallel across M , S, A, and T \ {T}. However, we present the parallel execution of the algo-

rithm across M , S, and A as it allows for the integration of the SBMCC algorithm to the SBBI

algorithm. This integration allows us to investigate the effect of future α-nonsignificant actions in

Πt(s,α). Merely replace v̂t+1(s
′) by Q̂t+1(s

′, ã) for ã∈Πt+1(s
′, α) in line 7 of Algorithm 1.

5.2.1. Analysis of the SBMCC Algorithm. We now proceed to present our asymptotic

results of the SBMCC algorithm. The proofs of the claims in this subsection can be found in

Appendix A.4. Let Θ⊆R denote the set of all possible values of Qt(s, a
∗)−Qt(s, a). The following

proposition shows that the SBMCC algorithm produces the correct overall asymptotic coverage.

Proposition 5. Suppose Assumption 1 holds. Then, for any α∈ (0,1), a∗ ∈ Ct(s), and N large

enough we have that P
(
Qt(s, a

∗)−Qt(s, a)∈Θ : Ĥt

(
maxa∈A{ψ̂t(s, a)}, F̂t(s)

)
≤ 1−α

)
= 1−α.

The result in Proposition 5 implies that the true difference between the performance of a

control action and the remaining actions will asymptotically be in a subset of Θ such that

P
(

maxa∈A ψ̂t(s, a)≤ dt(s,α)
)

is exactly the desired confidence level, 1−α. While all the conditions

in Θ involve random variables, all the relevant quantities converge with probability 1 to their true

values as M →∞ and K →∞ (see Lemmas 5 and 6 in Appendix A.4). Note that our method

has similar asymptotic coverage properties to the nonparametric bootstrap method (Tu and Zhou

2000). Proposition 5 allows us to show that a set of actions Πt(s,α)⊆At(s) with a quantile d̂t(s,α)

derived from the SBMCC algorithm will asymptotically be a set of α-nonsignificant actions with

probability 1. We present this result in the following theorem:

Theorem 2. Suppose Assumption 1 holds. Then, for d̂t(s,α) = Ĥ−1t (1−α, F̂t(s)) and a∗ ∈ Ct(s),

we have that Πt(s,α) =

{
a∈A : Q̂t(s, a

∗)− Q̂t(s, a)≤ d̂t(s,α)

√
M−1

[
ζ̂2t (s, a∗) + ζ̂2t (s, a)

]}
is a set

of α-nonsignificant actions with probability 1 for N large enough.
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Theorem 2 generalizes the theoretical basis of MCC as described in Section 3 of Dunnett (1955)

to the nonparametric case. This theorem also extends the simultaneous confidence interval methods

for MCC without the equal variances assumption described in Section 2 of Li and Ning (2012).

It is worth observing that Theorem 2, as well as the results in Dunnett (1955) and Li and Ning

(2012), are based on the implicit null hypothesis that all actions are equally good. We now state a

result on the rate of convergence of the SBMCC algorithm.

Proposition 6. Suppose that Assumption 1 is satisfied. Then, it follows that

lim
N→∞

N 1/2 supx∈R

∣∣∣Ĥt(x, F̂t(s))−Ht(x,Ft(s))
∣∣∣≤ CA5/4

√
2κ3

t , where C is the constant appearing in

the multivariate Berry-Esseen bound.

Although the value of the constant C is an open area of research, its current best estimate is

C = 42A1/4 + 16 by Raic (2019). The result in Proposition 6 provides a bound on the convergence

rate of Algorithm 2 of order O(N−1/2). We note that this rate of convergence is equivalent to the

convergence rate of the central limit theorem (Serfling 1980, Theorem 1.9.5).

5.2.2. Asymptotic Structural Properties of the SBMCC Algorithm. We provide

asymptotic structural results of the SBMCC algorithm next. The proofs of the claims in this sub-

section can be found in Appendix A.5. Similar to Subsection 5.1.3, we discuss the connotations

of the assumptions and results in the context of medical decision-making scenarios. We start by

stating the relationship between the cardinality of the sets of α-nonsignificant actions and the

significance level α.

Proposition 7. Suppose that Assumption 1 holds. Then, |Πt(s,α)| is nonincreasing in α ∈

(0,1). Moreover, there exist an α such that Πt(s,α)⊆A∗t (s) with probability 1 for N large enough.

Under the classical null hypothesis that all actions are equally good, the significance level α

indicates the strength of the evidence that a DM, such as a clinician or a patient, requires before

concluding that there is sufficient evidence to reject the null hypothesis. The result in Proposition 7

means that if we increase the significance level (e.g., from 0.01 to 0.05), the sets of α-nonsignificant

actions will not include more choices. This result allows clinicians to control the cardinality of the

sets of α-nonsignificant actions based on their confidence in the rewards and transition functions. If

clinicians are not exceptionally confident in the parameterization of their model, smaller values of

α, such as 0.01 and 0.05, would be reasonable. On the other hand, if clinicians are highly confident

in their model, larger values of α, such as 0.1 and 0.2, may suffice.

We now present sufficient conditions to ensure that the cardinality of the sets of α-nonsignificant

actions are ε-monotone for N large enough. Consistent with the work of Mannor and Tsitsiklis

(2013), we find that there are no recursive algorithms when dealing with the variance of value
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functions. As a result, we make assumptions directly on the conditional variance of the value

functions. The following assumption gives conditions on the conditional variance of the rewards

and value functions:

Assumption 3. The conditional variances E[r2t (s, a,ω)|s, a] − E[rt(s, a,ω)|s, a]2 and

E[v2t (s
′)|s, a]−E[vt(s

′)|s, a]2 are nonincreasing in s, t, and a∈At(s).

Recall our medical decision-making setting from Subsection 5.1.3 where the time periods and

states represent patients’ age and health conditions, respectively, and the actions are clinical inter-

ventions at different intensities. Health conditions are ordered from the healthiest to the sickest, and

clinical interventions are ordered from the lowest to the highest intensity. The action-value and value

functions represent how long and how well patients are expected to live given a clinical intervention.

In this setting, Assumption 3 indicates that the effect of clinical interventions will not become more

uncertain when patients are sicker or older. It also suggests that more intense clinical interventions

will be more certain than less aggressive interventions. Although E[v2t (s
′)|s, a]− E[vt(s

′)|s, a]2 is

not part of the basic model, the conditions can be directly verified after obtaining vt(s) either via

standards backwards induction or after approximating it through v̂t(s) with the SBBI algorithm.

Besides requirements on the conditional variances, we make an assumption on the nature of the

differences of the tail distribution functions and the expected immediate rewards:

Assumption 4. The tail distribution functions p̄t(s
′|s, a) are subadditive functions on S × A

and T ×A. Further, the expected immediate rewards E[rt(s, a,ω)|s, a] are superadditive functions

on S ×A and T ×A.

Assumption 4 means that the impact of more intense clinical interventions on the probability

that patients get sicker is larger if the patient is sicker or older. It also implies that more aggressive

interventions have a larger effect on patients’ health when they are sicker or older.

Incorporating Assumptions 1 through 4 provide sufficient conditions to make sure that the sets

of α-nonsignificant actions are ε-monotone on s for N large enough. We present this result in the

following proposition:

Proposition 8. Suppose Assumptions 1 through 4 hold. Then, |Πt(s,α)| is ε-nonincreasing in

s with probability 1 for N large enough.

The result in Proposition 8 means that sicker patients will receive less choices than healthier

patients. This may be useful from a clinical perspective because sicker patients are more likely to

experience adverse events. To ensure that the sets of α-nonsignificant actions are ε-monotone on t

we also need conditions on the action space At(s)⊆A associated with state s and decision epoch

t. We make the following assumption:
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Assumption 5. The action space At(s) can be ordered such that the tail distribution functions

p̄t(s
′|s, a) are nonincreasing in a ∈At(s) and the expected immediate rewards E[rt(s, a,ω)|s, a] are

nondecreasing in a∈At(s).

If clinical interventions are ordered from the lowest to the highest intensity, Assumption 5 implies

that the more aggressive interventions will result in better immediate and future expected health

outcomes. Integrating Assumption 5 to Assumptions 1 through 4 provides sufficient conditions to

assure that the sets of α-nonsignificant actions will be ε-monotone on t for N large enough.

Proposition 9. Suppose Assumptions 1 through 5 hold and that vt(s)−vt+1(s) is nondecreasing

in s. Then, |Πt(s,α)| is ε-nonincreasing in t with probability 1 for N large enough.

The additional condition in Proposition 9 indicates that healthier patients will experience smaller

differences in terms of life expectancy and quality of life than sicker patients over the planning

horizon. Proposition 9 means that patients will receive less choices in their sets of α-nonsignificant

actions as they get older. This result may be useful in clinical practice because older patients are

typically more likely to experience adverse events. We highlight that the conditions in Propositions

8 and 9 are also sufficient to show ε-monotonicity in the approximately optimal decision rules π̂∗t (s)

for N large enough in the following remark:

Remark 1. The conditions in Proposition 8 and Proposition 9 are sufficient to prove that there

exists approximately optimal decision rules π̂∗t (s) that are ε-monotone on s and t with probability

1 for N large enough, respectively. We prove this remark in Appendix A.5.

Combining Assumptions 1, 2, 3, and 5 we get sufficient conditions to guarantee that the actions

contained in the sets of α-nonsignificant actions are arranged as a range (see Definition 2). To

account for the possibility of ties among actions, we present our result in terms of ε-monotonicity:

Theorem 3. Suppose that Assumptions 1, 2, 3, and 5 are satisfied. Then, Πt(s,α) is a ε-range

of α-nonsignificant actions at state s and decision epoch t with probability 1 for N large enough.

If there are two clinical interventions of varying intensities contained in a set of α-nonsignificant

actions, the result in Theorem 3 implies that any clinical intervention with an intensity between

them will also be included in the set. Moreover, once a clinical intervention is proven not to be part

of Πt(s,α), it is certain that any more extreme intervention will also not be part of the range. This

results in computational gains, especially in the case of large action spaces. A range of near-optimal

actions may be more intuitive and interpretable for clinicians than a set without any particular

order. As a result, the ranges of α-nonsignificant actions may be easier to implement in medical

practice. Note that if {Qt(s, a) : a∈A} have equal variances (i.e., σ2
t (s, a) = σ2

t (s, a
′) for all a 6= a′),
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Assumption 3 is not required to show that Πt(s,α) is a range of actions at state s with probability

1 for N large enough.

A consequence of the conditions in this subsection, in particular Assumption 5, is that clinicians

do not need to assume that patients will receive optimal interventions in the next decision epoch.

If these conditions are satisfied, clinicians could use any decision rule in the next decision epoch

and asymptotically reach at least a subset of the recommendations in the current period. Let

A ∗
t (s, ã) and Πt(s,α, ã) denote the set of optimal actions and the set of α-nonsignificant actions,

respectively, assuming that action ã ∈ At+1(ft+1(s, a,ω)) is taken at the next decision epoch. We

present our result in the following proposition:

Proposition 10. Suppose Assumptions 1, 2, 4 and 5 hold. Then, we have that A ∗
t (s, ã)⊆A∗t (s)

and Πt(s,α, ã)⊆Πt(s,α) for N large enough.

The result in Proposition 10 indicates that DMs do not need to know which decision rule will

be followed in the subsequent decision epochs when selecting the set of α-nonsignificant actions

in the current period, if Assumptions 1, 2, 4, and 5 are satisfied. This result may be beneficial in

clinical practice as future clinical interventions may be unclear due to the uncertainty in patients’

health progression. This result provides clinicians and their patients with confidence in the sets of

near-optimal actions in the current decision epoch without the burden of potential ambiguity in

patients’ future health.

6. Case study: Personalized Hypertension Treatment Plans

In this section, we apply our methodology to obtain flexible hypertension treatment plans for

the primary prevention of ASCVD. We first provide some background on hypertension treatment

and motivate the need for flexible protocols. Next, we describe our MDP, data source, model

parameters, and simulation framework. Lastly, we present patients’ treatment plans and health

outcomes following treatment choices contained in our ranges of near-optimal actions.

6.1. Background on Hypertension Treatment

Among adults with no history of cardiovascular diseases, 40.2% have hypertension (Lamprea-

Montealegre et al. 2018). Using the definition from the 2017 Hypertension Clinical Practice Guide-

lines, stage 1 hypertension is defined as systolic blood pressure (SBP) of 130-139 mm Hg or diastolic

blood pressure (DBP) of 80-89 mm Hg (Whelton et al. 2018). Stage 2 hypertension is defined

as an SBP of at least 140 mm Hg or a DBP of at least 90 mm Hg. These guidelines provide

non-pharmacological and pharmacological recommendations for patients with hypertension and

elevated BP, defined as an SBP of 120-129 mm Hg and a DBP smaller than 80 mm Hg. In this
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case study, we focus on pharmacological treatment for the primary prevention of ASCVD (i.e., to

avoid the first ASCVD event). Our goal is to reduce the prevalence of ASCVD before it develops.

A critical distinction between clinical practice guidelines, such as Whelton et al. (2018), and

the optimal decision models in the literature is that they provide clinicians with flexibility in

the implementation of hypertension treatment plans. To benefit from clinicians’ judgment and

account for their patients’ preferences, we develop ranges of near-optimal treatment choices for the

personalized management of hypertension.

6.2. Markov Decision Process Formulation

The process of sequentially determining antihypertensive medications over a planning horizon is

modeled as a finite MDP. We adapt the standard MDP formulation in Schell et al. (2016) to a

primary prevention simulation MDP. The objective of the MDP model is to determine the treatment

strategy that maximizes the expected discounted life years before an adverse event (i.e., an ASCVD

event or death). The elements of our simulation MDP (T ,S,A, f, r, γ) are as follows:

� T : 10-year planning horizon; T = {1, . . . ,11}, where decisions are made at the beginning of

each year t∈ T \{11}. We use T = 11 to represent the effects of treatment on patients’ lifetime.

This planning horizon is selected based on conversations with our clinical collaborators and

the major guidelines for the management of cardiovascular diseases (Whelton et al. 2018).

� S: state space comprising patients’ demographic information, clinical observations, and health

condition. We separate the state space S into healthy states H (before adverse events) and

absorbing states E (after adverse events), based on patients’ health conditions (i.e., S =H∪E).

� A: action space composed of 0 to 5 antihypertensive medications at half and standard dosage,

for a total of A= 21 treatment choices. These medications may include thiazide diuretics, beta-

blockers, calcium channel blockers, angiotensin-converting enzyme inhibitors, and angiotensin

II receptor blockers. We focus on the number of medications since research suggests that the

benefit from antihypertensive treatment is determined by the BP reduction achieved, with

little effect attributable to drug-specific factors (Sundström et al. 2014).

� ft+1(s, a,ω): transition function derived from patients’ risk for ASCVD events, the benefit

from treatment, fatality likelihoods, and non-ASCVD mortality.

� rt(s
′, a,ω): reward associated with a transition to state s′ after action a and outcome ω. We

define rt(s
′, a,ω) = 1−∆(a) if s′ ∈ H and 0 otherwise, where ∆(a) denotes the treatment-

related disutility from medication a.

� rT (s′, ω): patients’ expected lifetime associated with a transition to state s′.

� γ: discount factor of the model. We use γ = 0.97 as per recommendations in the medical

literature (Neumann et al. 2016).
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The clinical parameters used throughout our numerical study are listed in Table 1. We provide

additional details on the ordering of S and At(s) to satisfy the conditions established on Theorem

3 in Appendix B.1.

Table 1 Base case parameters

Parameter Value Source

BP reduction: standard dosage (half dosage)
SBP 5.5 (3.7) mm Hg Sundström et al. (2014), Sussman

et al. (2013)
DBP 3.3 (2.2) mm Hg Sundström et al. (2014), Sussman

et al. (2013)
Risk for ASCVD events Varies by patient Yadlowsky et al. (2018)
ASCVD risk reduction: standard dosage (half dosage)

CHD 13% (7%) Sundström et al. (2014), Sussman
et al. (2013)

Stroke 21% (14%) Sundström et al. (2014), Sussman
et al. (2013)

ASCVD risk due to CHD 70% Virani et al. (2020)
Mortality from ASCVD events

CHD Varies by patient NCHS (2017)
Stroke Varies by patient NCHS (2017)

Treatment-related disutility
Half dosage 0.001 Schell et al. (2016), Sussman et al.

(2013)
Full dosage 0.002 Schell et al. (2016), Sussman et al.

(2013)
Life expectancy Varies by patient Arias and Xu (2019)
Non-ASCVD mortality Varies by patient Arias and Xu (2019)

6.3. Data Source

To parameterize our models, we use the National Health and Nutrition Examination Survey

(NHANES) dataset from 2009 to 2016. Our primary sample is composed of adult Black or White

patients from 50 to 54 years old with no history of heart attack, stroke, or congestive heart failure,

for a total population of 16.72 million people. We choose this age group based on conversations with

our clinical collaborators. This age group represents a young population with a high prevalence of

ASCVD that can benefit significantly from hypertension treatment (Virani et al. 2020, Whelton

et al. 2018). Any missing data in the NHANES dataset is imputed using the MissForest package

in R. To model how each patient’s risk factors may evolve over time, we estimate their progression

using linear regression. We regress patients’ untreated SBP, total cholesterol (TC), high-density

lipoprotein (HDL), and low-density lipoprotein (LDL) on their age, sex, race, smoking status, and

diabetes status. The intercept term of each regression model is adjusted by applying the difference

between the linear regression fitted value and the observed value in the NHANES data.
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6.4. Simulation Framework

We develop a simulation model to evaluate our ranges of α-nonsignificant treatment choices. For

comparison purposes, we also evaluate optimal treatment plans as described in Schell et al. (2016)

and the 2017 Hypertension Clinical Practice Guidelines (Whelton et al. 2018).

The trajectory of a single patient in our modeling framework is summarized in Figure 2. Before

developing treatment plans, we calculate the risk for ASCVD events each year. We then estimate

transition probabilities and develop transition functions. Subsequently, we determine the different

treatment policies. To derive our ranges of near-optimal treatment choices, we combine the SBBI

and SBMCC algorithms. The control treatment choices are identified using the estimates of the

first batch of outputs from the SBBI algorithm.

Calculate transition 

probabilities and 

transition functions

𝑡 ← 𝑡 − 1

Determine optimal 

and 

current guidelines 

treatment strategies

Execute the SBBI 

algorithm and divide 

output into 𝑀
batches

Yes

No
Identify a control 

treatment

Determine ranges 

of treatment 

choices

Evaluate each 

treatment policy in 

transition 

probabilities

Execute the 

SBMCC algorithm
Is 𝑡 = 1?

Set 𝑡 = 10

Figure 2 Summary of simulation framework for a single patient. The index t represents the year in the planning

horizon (10 years).

We consider three types of treatments contained in the ranges of near-optimal actions: the best

performing treatment in the range, the treatment choice with the median number of medications,

and the treatment choice with the least amount of medications. These strategies will be referred to

as the best in range, median in range, and fewest in range, respectively. We choose the first type of

treatment choice to mimic the kind of patient who wants the best possible treatment and completely

adheres to prescriptions. Note that the best in range strategy corresponds to the approximately

optimal treatment choice obtained with the SBBI algorithm. The other two types of treatment

plans (i.e., median in range and fewest in range) aim to represent potential physicians’ reactions

to patients’ nonadherence. Research has shown that prescribing fewer medications may increase

patients’ adherence to prescriptions (Saini et al. 2009). Once we obtain the different strategies,

we evaluate each policy based on the Markov chain embedded in the MDP. The calibration and

validation of our simulation model are described in Appendix B.2.
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6.5. Analysis

Before evaluating the impact of flexible treatment plans, we derive the number of batches to

divide the output of the simulated MDP for each patient in our population (see Appendix B.3). A

significance level of α= 0.05 is used for all analyses.

To understand the implications of flexible treatment plans at a patient level, we examine the

effect of the characteristics of a patient on the width of the ranges of treatment choices. We then

study the policy implications of the ranges of near-optimal treatment alternatives by comparing our

methodology to the optimal treatment plans and the 2017 Hypertension Clinical Practice Guide-

lines (current clinical guidelines). First, we inspect the distribution of the number of medications

recommended by each treatment strategy. Next, we examine the life-years saved, ASCVD events

averted, and expected time to an adverse event (including ASCVD events and non-ASCVD related

death) by each treatment strategy, compared to no treatment. Lastly, we explore the proportion

of patients in which the ranges of near-optimal actions includes the optimal treatment and the

current clinical guidelines (Appendix B.6).

To study the policy implications of each treatment strategy, we divide our population by sex,

race, and BP group. We create the BP groups based on the 2017 Hypertension Clinical Practice

Guidelines: normal BP, elevated BP, stage 1 hypertension, and stage 2 hypertension. We also

perform sensitivity analysis on the treatment strategies by varying the model parameters and

assumptions. Our sensitivity analyses are included in Appendix B.7.

6.6. Numerical Results

In this subsection, we evaluate the effect of flexible hypertension treatment plans. We provide

insights into the patient and population-level implications of flexible treatment. As we focus on the

primary prevention of ASCVD, all the results in this section correspond to patients in the healthy

states H. The results of our sensitivity analyses are included in Appendix B.7.1.

6.6.1. Patient-Level Insights from Flexible Treatment. We now evaluate the ranges of

near-optimal actions in a series of patient profiles based on patients from the NHANES dataset.

For comparison purposes, we also determine the optimal treatment plans and the current clini-

cal guidelines for each patient profile. We first obtain ranges of antihypertensive medications for

the following patient profile: a 54-year-old, non-diabetic, non-smoker White male with stage 1

hypertension and low TC, HDL, and LDL. This patient profile will be referred to as the base

patient profile. Note that this profile has two major risk factors for ASCVD events, the BP and the

HDL levels. We then modify the following characteristics of the patient: sex, race, diabetes status,

smoking status, and age.
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Figure 3 shows the ranges of near-optimal treatment choices for our selection of patient profiles.

We observe in the base patient profile ranges from 4 to 7 treatment choices. They correspond to

recommending from 0 to 2 medications at a standard dosage and 1 at half dosage over the planning

horizon. We also notice that the best treatment in the ranges matches the optimal treatment

every year. This is different from the current clinical guidelines, which do not recommend any

pharmacological treatment until year 10, when the patient reaches a 10-year risk for ASCVD events

slightly above 10%. The ranges of α-nonsignificant treatment choices identify the years in which

the current clinical guidelines are not statistically different from the optimal policy.
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Figure 3 Ranges of near-optimal treatment choices per patient profile. The ranges are highlighted with the

gray shaded area in each profile. The labels “SD” and “HD” denote antihypertensive medications at standard

dosage and half dosage, respectively.

Changing the sex of the patient to female increases the width of the ranges but decreases the

level of aggressiveness of the treatment prescribed. Using this patient profile, we find that the best

treatment in range is slightly lower than the optimal treatment at year 10 of our study. However,

the optimal treatment is contained in the range, and the optimality gap is relatively small (0.0026

life-years saved). We find a similar behavior by changing the race of the patient to Black. Overall,

we notice that a lower risk for ASCVD results in wider ranges and less aggressive treatment. These

results are consistent with existing literature (Yadlowsky et al. 2018).

Modifying the diabetes and smoking status of the profile seems to have comparable effects. In

both cases, the ranges become narrower, and more aggressive treatment is prescribed. We also note

that the current clinical guidelines recommend more aggressive treatment as the risk for ASCVD

events increases. Increasing the age of the base patient profile to 70 years has the biggest impact

on the behavior of the ranges. We discover ranges from 4 to 5 treatment choices that correspond

to recommending from 1 medication at half dosage to 2 medications at a standard dosage and 1

at half dosage over the planning horizon.
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6.6.2. Population-Level Insights from Flexible Treatment. We now study the policy

implications of providing flexibility in the management of hypertension. The composition of our

population is described in Appendix B.4.

Comparison of Treatment Recommendations. By comparing the treatment strategies contained

in our ranges of near-optimal actions to the optimal treatment policies and the current clinical

guidelines, we can obtain insights into how treatment changes by demographic. The distribution of

the treatment recommended by each policy per BP category at years 1 and 10 of our study is shown

in Figure 4. Other than more intense treatment over time, we note that the treatment distribution

did not change considerably in years 2 through 9. The results segregated by BP category, sex, and

race are shown in Figure B.3 in Appendix B.5.
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Figure 4 Distribution of treatment at year 1 and year 10 of the study. BP categories are made based on

patients’ characteristics at year 1.

From the distribution of treatment recommendations, we observe that very few patients receive

treatment in the normal BP category at any given year (less than 0.3% of the population). Com-

paring the treatment strategies contained in our ranges to the optimal treatment plans and the

current clinical guidelines, we observe that recommending the best treatment in the range is typi-

cally close to optimal. The difference between the optimal policy and the best in range lies in the

amount of information each treatment strategy requires. The optimal policy assumes complete cer-

tainty of the transition probabilities and immediate rewards, while the best in range only requires

samples from their distributions. We find that recommending the best in range is often equivalent

to recommending the largest number of medications in the ranges. The best treatment in range

is between the optimal treatment and the current guidelines treatment strategy, but considerably

closer to optimal treatment in all BP categories. We also note that the current clinical guidelines
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are between the fewest and the median in range for patients with normal BP, elevated BP, and stage

1 hypertension. The current clinical guidelines generally recommend between the largest number

of medications and the median in range for patients with stage 2 hypertension.

Effect of Treatment Recommendations. Since very few people receive treatment under any of the

policies in the normal BP category, we focus on patients with elevated BP, stage 1 hypertension,

and stage 2 hypertension. We proceed to evaluate the outcomes of patients under each treatment

strategy in terms of the life-years saved, the ASCVD events prevented, and the expected time to

an adverse event, compared to no treatment. In total, the best treatment, the median number of

medications, and the fewest number of medications contained in the ranges save 2.92, 2.55, and

1.75 million life years over the planning horizon, compared to no treatment. The optimal treatment

plans and the clinical guidelines save 3.02 and 1.83 million life years, respectively.

Evaluating our results by BP category, we find that patients with stage 1 hypertension receive

the greatest benefit from treatment (Figure 5). We note that patients’ health outcomes under

the best treatment choice in the ranges are not substantially different from the health outcomes

based on optimal treatment. In patients with elevated BP, our treatment strategies outperform the

clinical guidelines. The health outcomes of patients with stage 1 hypertension under the clinical

guidelines are similar to the life-years saved under the strategy that recommends the fewest number

of medications contained in the ranges. All the treatment policies result in similar life-years saved

in patients with stage 2 hypertension. Note that the current clinical guidelines are near-optimal in

most patients with stage 2 hypertension (see Figure B.5 in Appendix B.6). We include our results

separated by sex, race, and BP category in Figure B.4 in Appendix B.5.
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Figure 5 Life-years saved by each treatment policy compared to no treatment per BP group over the planning

horizon.
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We notice a similar pattern when comparing the policies in terms of ASCVD events averted.

Over the 10-year planning horizon, the best in range, median in range, and fewest in range prevent

176, 154, and 103 thousand ASCVD events, compared to no treatment. The optimal treatment

and current guidelines prevent 180 and 110 thousand ASCVD events, respectively.

Regarding the expected time to an adverse event, we also observe that the best in range is close

to the optimal policies. The fewest in range is similar to the clinical guidelines. We notice that

events are expected to be delayed in 5.48, 4.61, and 2.93 life years by the best in range, median in

range, and fewest in range, respectively. The optimal treatment and the current guidelines delay

adverse events in 5.60 and 2.96 life years, respectively.

7. Conclusions

This paper introduced a new method to obtain sets of near-optimal actions in finite MDP models.

Additionally, we presented an alternative notion of optimality, which we called α-nonsignificance.

We propose two algorithms to obtain the sets of α-nonsignificant actions: the SBBI and the SBMCC

algorithm. The SBBI algorithm is based on the standard backwards induction algorithm, and it

was created by replacing the expectation with a sample-average approximation. We showed that

the estimates attained with the SBBI algorithm converge to their true values with probability 1

exponentially fast. The SBMCC algorithm leverages ideas from the nonoverlapping batch means

method to produce simultaneous confidence intervals without any distributional or equal variance

assumptions. We proved that the method reaches the correct coverage asymptotically and that the

rate of convergence is bounded by a rate of order O(N−1/2). In addition, we provided sufficient

conditions to ensure the monotonicity of the sets of α-nonsignificant actions in time and states.

Lastly, we gave conditions to guarantee that the sets of near-optimal actions will be ordered as

a range. By providing DMs with a set of actions from which they can choose, we improve the

usability and acceptance of MDP models in practice.

In our case study, we examined the implications of flexible hypertension treatment plans at a

patient and a population level. Several conclusions can be made from this study. First, how much

flexibility a physician may receive to treat a patient depends on the patient’s characteristics (e.g.,

age, sex, and race). In general, we find that patients with higher risk for ASCVD events obtain fewer

treatment choices in the ranges than patients with lower risk. Second, our treatment strategies

outperform the clinical guidelines in patients with elevated BP and stage 1 hypertension. This is an

indication that the current clinical guidelines may be under-treating some patients and over-treating

other patients. As a result, we observe life-year losses compared to the strategies contained in the

ranges of α-nonsignificant treatment choices. The clinical guidelines and our treatment strategies

result in similar health outcomes for patients with stage 2 hypertension. Finally, the estimates of
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the benefit from treatment have a major effect on the type of treatment patients receive, and the

amount of flexibility clinicians may have to treat patients. As new evidence of the effectiveness

of BP treatment becomes available, the ranges of near-optimal antihypertensive medications may

become more accurate in medical practice.

There are opportunities for future work that build upon our ranges of α-nonsignificant actions.

An extension of this work could be to adapt our methodology to partially observable and infinite-

horizon MDP models. For the latter type of models, the ideas from Haskell et al. (2016) could be

used to obtain empirical estimates of the value and action-value functions. It may also be worthwhile

to allow for continuous state and action spaces. Structural results may be necessary to guarantee

convergence in these cases. We acknowledge that the SBBI and SBMCC algorithms inherit some

of the curses of dimensionality associated with standard backwards induction. Overcoming these

difficulties may be an additional area for future work. Additionally, our algorithms are limited by

their storage requirements. This issue could be addressed by developing an online method to obtain

ranges of α-nonsignificant actions.

Our work could be extended from a clinical perspective by incorporating other conditions, such as

high cholesterol or diabetes. Based on communications with our clinical collaborators, we decided

to develop ranges of antihypertensive medications as a starting point. Integrating the treatment of

multiple conditions will likely result in greater flexibility. Our results provide a lower bound on the

amount of flexibility clinicians and their patients could receive in implementing decision strategies.

Our work could also be extended by allowing for multiple scenarios of the input data, which may

be useful when there is disagreement on how to model patients’ health progression. This source of

variability could then be used to obtain sets of near-optimal treatment choices. While this modeling

framework can be beneficial to provide options when there is debate on how to model the evolution

of a system, the methods introduced in this paper provide flexibility when there is a well-calibrated

model of the system dynamics such as Yadlowsky et al. (2018).

The ranges of α-nonsignificant actions present a new line of work by handling stochastic opti-

mization problems as hypothesis testing problems. Providing several suggestions at each state and

decision epoch in a sequential decision problem presents domain experts with an effective way to

integrate their knowledge into mathematical models. A range of near-optimal choices could have

many benefits in practice, such as better user experience and flexibility.
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Appendix A: Proofs of Analytical Results

This Appendix contains the proof of all our claims. For ease of reading, we have repeated the claims. In

addition, we have separated claims with multiple parts with lower case Roman numerals. Since the output

of our algorithms can be obtained through independent simulations or by dividing a single simulation into

batches, we split the simulation output into M batches (or independent simulations) of K observations, for

a total of N =MK samples (see Section 5.2). We present our results in terms of M and K, unless otherwise

noted.

A.1. Proofs of Section 5.1.1

Proposition 1. Under Assumption 1, it follows that 1− P(Â∗t (s) ⊆ A∗t (s)) ≤ A exp

{
−N
2κ2

t

}
, with κt :=∑T

τ=t γ
τ−tRτ , where Rt := max(s,a)∈S×ARt(s, a).

The proof of this proposition depends on the following lemma.

Lemma 1. Let θ̂t(s, a, a
′) := Q̂t(s, a)− Q̂t(s, a

′) for a,a′ ∈ A. Under Assumption 1, (i) Q̂t(s, a)≤ κt and

(ii) |θ̂t(s, a, a′)| ≤ κt.

Proof.

(i) We first show that 0 ≤ Q̂t(s, a) ≤ κt. Because the rewards are non-negative by Assumption 1 it

follows that Q̂t(s, a) ≥ 0. The proof proceeds by backwards induction on t with t = T as the

base case. Since for every ωm,k ∈ Ω there is always a positive probability of observing an outcome

ω̃m,k ∈ Ω such that rT (s,ωm,k) ≤ rT (s, ω̃m,k) ≤ RT (s), it holds that Q̂T (s, a) ≤ γ0RT (s) ≤ γ0RT .

This shows that the claim is true for t = T . Suppose Q̂t+1(s, a) ≤
∑T

τ=t+1 γ
τ−(t+1)Rτ as the induc-

tion hypothesis. By the same argument used to show the claim in the induction base, we get that

Q̂t(s, a) ≤ Rt(s, a) + γ

MK

∑M

m=1

∑K

k=1 v̂t+1(sm,k). Moreover, from the induction hypothesis it holds

that v̂t+1(sm,k) ≤
∑T

τ=t+1 γ
τ−(t+1)Rτ . Therefore, Q̂t(s, a) ≤ Rt(s, a) + γ

∑T

τ=t+1 γ
τ−(t+1)Rτ ≤ γ0Rt +∑T

τ=t+1 γ
τ−tRτ =

∑T

τ=t γ
τ−tRτ , completing the inductive step and the proof.

(ii) The claim that |Q̂t(s, a)− Q̂t(s, a
′)| ≤

∑T

τ=t γ
τ−tRτ follows immediately since 0≤ Q̂t(s, a) by Assump-

tion 1 and because Q̂t(s, a)≤
∑T

τ=t γ
τ−tRτ by the above analysis. �

Proof of Proposition 1. For every s, we have that:

{Â∗t (s) 6⊆ A∗t (s)}=
⋃

a∈A\A∗t (s)

⋂
a′∈A

{
Q̂t(s, a)≥ Q̂t(s, a

′)
}
,

which implies:

P(Â∗t (s) 6⊆ A∗t (s))≤
∑

a∈A\A∗t (s)

P
( ⋂
a′∈A

Q̂t(s, a)≥ Q̂t(s, a
′)

)
≤

∑
a∈A\A∗t (s)

P
(
Q̂t(s, a)≥ Q̂t(s, a

′)

)
,

for any a′ ∈ A. Further, consider a mapping g :A \A∗t (s) 7→ A such that E[Q̂t(s, g(a))] ≥ E[Q̂t(s, a)]. Note

that this mapping always exists because if a ∈ arg maxā∈AE[Q̂t(s, ā)] then we have that g(a) = a so that

E[Q̂t(s, g(a))] = E[Q̂t(s, a)]. If a /∈ arg maxā∈AE[Q̂t(s, ā)] then we can find a g(a) such that E[Q̂t(s, g(a))]>
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E[Q̂t(s, a)]. For each a ∈ A \ A∗t (s), define ϑm,kt (s, a) := Qm,k
t (s, a) − Qm,k

t (s, g(a)), and its corresponding

average:

ϑ̂t(s, a) :=
1

MK

M∑
m=1

K∑
k=1

ϑm,kt (s, a) = Q̂t(s, a)− Q̂t(s, g(a)).

Let l′(s) := mina∈A\A∗t (s) ϑ̂t(s, a) and u′(s) := maxa∈A\A∗t (s) ϑ̂t(s, a). Note that E[ϑm,kt (s, a)]≤ 0 for all a. Also,

notice that l′(s) and u′(s) can be attained because S and A are finite and the rewards are bounded for all

s, a, and t. Hence, it follows that:

P(Â∗t (s) 6⊆ A∗t (s))≤
∑

a∈A\A∗t (s)

P
(
ϑ̂t(s, a)≥ 0

)
=

∑
a∈A\A∗t (s)

P
(
eτ

∑
m

∑
k ϑ

m,k
t (s,a) ≥ 1

)
,

for τ ≥ 0. By Markov’s inequality it holds that:

1−P(Â∗t (s)⊆A∗t (s))≤
∑

a∈A\A∗t (s)

E
[
eτ

∑
m

∑
k ϑ

m,k
t (s,a)

]
.

Since |u′(s)− l′(s)| ≤ κt, by Hoeffding’s Lemma we get:

1−P(Â∗t (s)⊆A∗t (s))≤
∑

a∈A\A∗t (s)

exp

{
τ
∑
m

∑
k

E[ϑm,kt (s, a)] +
1

2
MKτ2κ2

t

}
.

Minimizing over τ ≥ 0 it follows that:

1−P(Â∗t (s)⊆A∗t (s))≤min
τ≥0

∑
a∈A\A∗t (s)

exp

{
τ
∑
m

∑
k

E[ϑm,kt (s, a)] +
1

2
MKτ2κ2

t

}

=
∑

a∈A\A∗t (s)

exp

{
−MK

(
1

MK

∑
m

∑
k E[ϑm,kt (s, a)]

)2
2κ2

t

}
≤A exp

{
−N
2κ2

t

}
,

where the second inequality follows because
(

1
MK

∑
m

∑
k
E[ϑm,kt (s, a)]

)2
> 0 and N =MK. �

Proposition 2 Suppose Assumption 1 holds. Then, for any β ∈ (0,1) and a fixed sample size N satisfying

N ≥ 2κ2
t log(A/β) it holds that P(Â∗t (s)⊆A∗t (s))≥ 1−β.

Proof. This results follows by setting the right-hand side of the inequality in Proposition 1 to less or

equal than β. Solving for N , we get that N ≥ 2κ2
t log(A/β). �

A.2. Proofs of Section 5.1.2

Theorem 1. Suppose Assumption 1 holds. Then, Q̂t(s, a) converges to Qt(s, a) with probability 1 uni-

formly on A.

The proof of this theorem depends on the following lemmas.

Lemma 2. Let (Vn)n∈N and (Wn)n∈N be sequences of random variables, and let V and W be two other

random variables. Suppose that Vn converges a.s. to V and that Wn converges a.s. to W . Then, (i) Vn+Wn
a.s.→

V +W and (ii) VnWn
a.s.→ VW .

Proof.
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(i) We first show that Vn +Wn
a.s.→ V +W . By the triangle inequality, for any δ > 0 we have that:

P
(

lim
n→∞

|Vn +Wn− (V +W )| ≥ δ
)
≤ P

({
lim
n→∞

|Vn−V | ≥
δ

2

}⋃{
lim
n→∞

|Wn−W | ≥
δ

2

})
≤ P

(
lim
n→∞

|Vn−V | ≥
δ

2

)
+P

(
lim
n→∞

|Wn−W | ≥
δ

2

)
= 0,

where the second inequality follows from the addition rule of probability and the equality follows because

Vn
a.s.→ V and Wn

a.s.→ W . This shows that Vn +Wn
a.s.→ V +W .

(ii) We now show that VnWn
a.s.→ VW . Since VnWn−VW = (Vn−V )(Wn−W ) +W (Vn−V ) +V (Wn−W ),

for any δ > 0 we get:

P
(

lim
n→∞

|VnWn−VW | ≥ δ
)
≤ P

(
lim
n→∞

|(Vn−V )(Wn−W )| ≥ δ

2

)
+P

(
lim
n→∞

|W (Vn−V ) +V (Wn−W )| ≥ δ

2

)
, (3)

where the inequality follows from the triangle inequality and the addition rule of probability. We first

focus on the first term in the right-hand side of equation (3). As |vw| ≤ 1
2
v2 + 1

2
w2 for all v,w ∈ R it

holds that:

P
(

lim
n→∞

|(Vn−V )(Wn−W )| ≥ δ

2

)
≤ P

(
lim
n→∞

1

2
(Vn−V )2 ≥ δ

4

)
+P

(
lim
n→∞

1

2
(Wn−W )2 ≥ δ

4

)
= P

(
lim
n→∞

|Vn−V | ≥
√
δ

2

)
+P

(
lim
n→∞

|Wn−W | ≥
√
δ

2

)
= 0,

where the last equality follows because Vn
a.s.→ V and Wn

a.s.→ W . We now show that the second term in

the right-hand side of equation (3) is also 0. By the triangle inequality, we have that:

P
(

lim
n→∞

|W (Vn−V ) +V (Wn−W )| ≥ δ

2

)
≤ P

(
lim
n→∞

|W (Vn−V )| ≥ δ

4

)
+P

(
lim
n→∞

|V (Wn−W )| ≥ δ

4

)
.

For P
(

lim
n→∞

|W (Vn−V )| ≥ δ
4

)
it holds that:

P
(

lim
n→∞

|W (Vn−V )| ≥ δ

4

)
= P

({
lim
n→∞

|W (Vn−V )| ≥ δ

4

}⋂
{|W | ≤ η}

)
+P

({
lim
n→∞

|W (Vn−V )| ≥ δ

4

}⋂
{|W |> η}

)
≤ P

(
lim
n→∞

|Vn−V | ≥
δ

4η

)
+P (|W |> η) ,

for any η ≥ 1. Allowing η→∞ as n→∞, we get that P
(

lim
n→∞

|W (Vn−V )| ≥ δ
4

)
= 0 because Vn

a.s.→ V

and P (|W |> η) = 0. Repeating the above arguments for P
(

lim
n→∞

|V (Wn−W )| ≥ δ
4

)
, it holds that:

P
(

lim
n→∞

|W (Vn−V ) +V (Wn−W )| ≥ δ

2

)
= 0.

Combining our results, we can conclude that VnWn
a.s.→ VW . �

Lemma 3. Let Q̄t(s, a) denote the estimate of Qt(s, a) generated with a single simulation (or batch) of

Algorithm 1. Then, Q̄t(s, a) converges to Qt(s, a) with probability 1 uniformly on A.
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Proof. Suppose the immediate rewards rt(s, a,ω) are bounded iid random variables from an unknown

probability distribution at every iteration k and replication m. If the immediate rewards are constant their

convergence holds trivially. For simplicity of notation, we use sk instead of sm,k, as we are interested in a

single replication of the simulation during this proof (M = 1).

We prove this result by backwards induction on t, starting with t= T as the base case. Since Qk
T (s, a) are

iid for all k = 1, . . . ,K with finite mean and variance we have that Q̄T (s, a)
a.s.→ QT (s, a) by the strong law

of large numbers (SLLN). Furthermore, since A is a finite set we have that supa∈A |Q̄T (s, a)−QT (s, a)|=

maxa∈A |Q̄T (s, a)−QT (s, a)| ≤
∑

a∈A |Q̄T (s, a)−QT (s, a)|. Hence, Q̄T (s, a)
a.s.→ QT (s, a) implies almost sure

convergence uniformly on A. This shows that the claim is true for t = T . Suppose that Q̄t+1(s′, a′)
a.s.→

Qt+1(s′, a′) uniformly on A for all s′ as the induction hypothesis. For Q̄t(s, a) we have that:

Q̄t(s, a) =
1

K

∑
k

Qk
t (s, a) = r̄t(s, a) +

γ

K

∑
k

max
a′∈A

Q̄t+1(sk, a′),

where r̄t(s, a) := 1
K

∑
k
rt(s, a,ω

k). Since rt(s, a,ω
k) are bounded iid random variables, we have that

E[rt(s, a,ω)|s, a] is well-defined. Consequently, we can deduce that r̄t(s, a)
a.s.→ E[rt(s, a,ω)|s, a] by the SLLN.

Because S is a finite set and |rt(s, a,ωk)|<∞, we have that E[maxa′∈AQt+1(s′, a′)|s, a] is also well-defined.

Now, note that:
1

K

∑
k

max
a′∈A

Q̄t+1(sk, a′) =
1

K

∑
k

∑
s′

1{sk = s′|s, a}max
a′∈A

Q̄t+1(s′, a′).

Thus, for a fixed state s′ we have that:

1

K

∑
k

1{sk = s′|s, a}max
a′∈A

Q̄t+1(s′, a′) = max
a′∈A

Q̄t+1(s′, a′)
1

K

∑
k

1{sk = s′|s, a}.

From the induction hypothesis, we can deduce that maxa′∈A Q̄t+1(s′, a′)
a.s.→ maxa′∈AQt+1(s′, a′) for each s′.

Furthermore, by the SLLN we get that K−1
∑

k
1{sk = s′|s, a} a.s.→ pt(s

′|s, a) for every s′. Hence, by Lemma 2

it follows that K−1
∑

k
1{sk = s′|s, a}maxa′∈A Q̄t+1(s′, a′)

a.s.→ pt(s
′|s, a) maxa′∈AQt+1(s′, a′). Adding over all

states, we conclude that:

1

K

∑
k

∑
s′

1{sk = s′|s, a}max
a′∈A

Q̄t+1(s′, a′)
a.s.→
∑
s′

pt(s
′|s, a) max

a′∈A
Qt+1(s′, a′) = E

[
max
a′∈A

Qt+1(s′, a′)
∣∣∣s, a].

As r̄t(s, a)
a.s.→ E[rt(s, a,ω)|s, a] and γK−1

∑
k maxa′∈A Q̄t+1(sk, a′)

a.s.→ γE[maxa′∈AQt+1(s′, a′)|s, a], by

Lemma 2 it holds that:

r̄t(s, a) + γK−1
∑
k

max
a′∈A

Q̄t+1(sk, a′)
a.s.→ E[rt(s, a,ω) + γmax

a′∈A
Qt+1(s′, a′)|s, a].

Therefore, we get that Q̄t(s, a)
a.s.→ Qt(s, a) for all a. Because maxa∈A |Q̄t(s, a)−Qt(s, a)| ≤

∑
a∈A |Q̄t(s, a)−

Qt(s, a)|, the a.s. convergence of Q̄t(s, a) for all a implies that Q̄t(s, a)
a.s.→ Qt(s, a) uniformly on A. This

completes the inductive step and the proof. �

Proof of Theorem 1. From Lemma 3, we have that Q̄m
t (s, a)

a.s.→ Qt(s, a) uniformly on A for each s and

m. Since Q̂t(s, a) = 1
M

∑M

m=1 Q̄
m
t (s, a), it holds that Q̂t(s, a)

a.s.→ Qt(s, a) by Lemma 2. Since maxa∈A |Q̂t(s, a)−

Qt(s, a)| ≤
∑

a∈A |Q̂t(s, a)−Qt(s, a)|, the a.s. convergence of Q̂t(s, a) to Qt(s, a) for all a implies almost sure

convergence uniformly on A. �
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Corollary. 1 Suppose Assumption 1 holds. Then, (i) v̂t(s) converges to vt(s) and (ii) Â∗t (s) ⊆ A∗t (s)

with probability 1 for N large enough.

Proof.

(i) From Theorem 1, we have that maxa∈A |Q̂t(s, a)−Qt(s, a)| a.s.→ 0 as N →∞. Thus, it holds that v̂t(s)
a.s.→

vt(s) for all s and t.

(ii) The proof is a contrapositive argument. Let maxa∈A |Q̂t(s, a)−Qt(s, a)| ≤ δN for δN > 0 and %(s) :=

vt(s)−maxa∈A9t(s)Qt(s, a). Since for any a ∈A9t(s) we have that vt(s)>Qt(s, a) and A9t(s) is finite it

holds that %(s)> 0. Let N be large enough such that %(s)/2> δN . Combining these observations we

get that v̂t(s)> vt(s)− %(s)/2> Q̂t(s, a) and a /∈A∗t (s) implies a /∈ Â∗t (s). The inclusion Â∗t (s)⊆A∗t (s)

follows. �

A.3. Proofs of Section 5.1.3

Proposition 3 Under Assumptions 1 and 2, (i) Q̂t(s, a) and (ii) v̂t(s) are ε-nonincreasing in s with

probability 1 for N large enough.

The proof of this proposition relies on the following lemma.

Lemma 4. Let X and Y be partially ordered finite sets, g : X 7→ R be a monotonic function of X, and

h :X×Y 7→ [0,1] be a function of Y satisfying
∑

x′≥x h(x′, y)≤
∑

x′≥x h(x′, ȳ), for y≤ ȳ with
∑

x∈X h(x, y) =∑
x∈X h(x, ȳ). Then, we have

∑
x∈X h(x, y)g(x) ≤

∑
x∈X h(x, ȳ)g(x), when g is nondecreasing in x and∑

x∈X h(x, y)g(x)≥
∑

x∈X h(x, ȳ)g(x), when g is nonincreasing in x.

Proof of Lemma 4. We first prove that the claim holds in the nondecreasing case. By definition, we have

that
∑

x∈X h(x, y) =
∑

x∈X h(x, ȳ). Thus,

0 =
∑
x∈X

h(x, y)−
∑
x∈X

h(x, ȳ) (4)

=

[∑
x∈X

h(x, y)−
∑
x∈X

h(x, ȳ)

]
g(x1)

≥ h(x1, y)g(x1)−h(x1, ȳ)g(x1) +

 ∑
x∈X\{x1}

h(x, y)−h(x, ȳ)

g(x2)

≥
∑

x′∈{x1,x2}

h(x′, y)g(x′)−h(x′, ȳ)g(x′) +

 ∑
x∈X\{x1,x2}

h(x, y)−h(x, ȳ)

g(x3),

where x1 ≤ x2 ≤ x3 ∈ X. The inequalities above follow because
∑

x′≥x h(x′, y) ≤
∑

x′≥x h(x′, ȳ) and g is

nondecreasing in x. Continuing with this pattern we get that 0≥
∑

x′∈X h(x′, y)g(x′)− h(x′, ȳ)g(x′), which

implies that
∑

x′∈X h(x′, ȳ)g(x′)≥
∑

x′∈X h(x′, y)g(x′), completing the proof for the nondecreasing case. The

proof for the nonincreasing case follows by multiplying (4) by -1 and noticing that the direction of the

inequalities change to “≤”. �

Proof of Proposition 3.
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(i) We first show that v̂t(s) is ε-nonincreasing in s for N large enough. By Proposition 4.7.4 in Puterman

(2014), we have that Assumption 2 implies that vt(s) is nonincreasing in s. Moreover, from Corollary

1 we have that v̂t(s)
a.s.→ vt(s) for all s. Thus, for any ε > 0 there is an N∗ ∈N such that for any N ≥N∗

it holds that v̂t(s̃)≤ v̂t(s) + ε for s≤ s̃. It follows that v̂t(s) is ε-nonincreasing in s with probability 1

for N large enough.

(ii) We now show that if Qt(s, a) is nonincreasing in s, then Q̂t(s, a) is ε-nonincreasing with probability 1

for N large enough. By Assumption 2 we have that E[rt(s, a,ω)|s, a] is nonincreasing in s. Since vt(s)

is nonincreasing in s and p̄t(s
′|s, a) is nondecreasing in s by Assumption 2, applying Lemma 4 with

s̃≥ s, h(x, y) = pt(s
′|s, a), h(x, ȳ) = pt(s

′|s̃, a), and g(x) = vt+1(s′), we get that
∑

s′∈S pt(s
′|s, a)vt+1(s′)

is nonincreasing in s. Thus, it follows that Qt(s, a) is nonincreasing in s. Since from Theorem 1 we have

that Q̂t(s, a)
a.s.→ Qt(s, a), it holds that Q̂t(s, a) is ε-nonincreasing in s with probability 1 for N large

enough. �

Proposition 4. Suppose Assumptions 1 and 2 hold. Then, (i) Q̂t(s, a) and (ii) v̂t(s) are ε-nonincreasing

in t with probability 1 for N large enough.

Proof. We first show these results when E[rt(s, a,ω)|s, a] and pt(s
′|s, a) are known.

(i) The proof for vt(s) proceeds by backwards induction on t, starting with t = T − 1 as the base

case. Since E[rT−1(s, a,ω)|s, a] ≥ E[rT (s,ω)|s] by Assumption 2, we have that vT−1(s) ≥ vT (s). Sup-

pose that vt+1(s) ≥ vt+2(s) as the induction hypothesis. Since vt(s) is nonincreasing in s by Propo-

sition 4.7.4 in Puterman (2014) and p̄t(s
′|s, a) is nondecreasing in t by Assumption 2, apply-

ing Lemma 4 with h(x, y) = pt(s
′|s, a), h(x, ȳ) = pt+1(s′|s, a), and g(x) = vt+1(s′), we get that∑

s′∈S pt(s
′|s, a)vt+1(s′)≥

∑
s′∈S pt+1(s′|s, a)vt+1(s′). As vt+1(s)≥ vt+2(s) from the induction hypoth-

esis, it follows that
∑

s′∈S pt(s
′|s, a)vt+1(s′) ≥

∑
s′∈S pt+1(s′|s, a)vt+2(s′). Because E[rt(s, a,ω)|s, a] is

nonincreasing in t due to Assumption 2, we get that vt(s) is also nonincreasing in t.

(ii) The proof for Qt(s, a) follows as a consequence of the nonincreasing behavior of vt(s) in t. Since

E[rt(s, a,ω)|s, a] is nonincreasing t and p̄t(s
′|s, a) is nondecreasing in t by Assumption 2, and vt(s) is

nonincreasing in s and t by (i), it holds that Qt(s, a)≥Qt+1(s, a) for any t∈ T \ {T}.

From Theorem 1 we have that Q̂t(s, a)
a.s.→ Qt(s, a) and from Corollary 1 we get that v̂t(s)

a.s.→ vt(s). This

implies that for any ε > 0 we can find an N∗ ∈N such that Q̂t(s, a)≥ Q̂t+1(s, a)− ε and v̂t(s)≥ v̂t+1(s)− ε for

any N ≥N∗. Hence, if Qt(s, a) and vt(s) are nonincreasing in t, then Q̂t(s, a) and v̂t(s) are ε-nonincreasing

with probability 1 for N large enough. �

A.4. Proofs of Section 5.2.1

Proposition 5. Suppose Assumption 1 holds. Then, for any α ∈ (0,1), a∗ ∈ Ct(s), and N large enough

we have that P
(
Qt(s, a

∗)−Qt(s, a)∈Θ : Ĥt

(
maxa∈A{ψ̂t(s, a)}, F̂t(s)

)
≤ 1−α

)
= 1−α.

The proof of this proposition depends on the following two lemmas.

Lemma 5. Under Assumption 1, (i) σ̄2
t (s, a)

a.s.→ σ2
t (s, a), (ii) σ̂2

t (s, a)
a.s.→ σ2

t (s, a), and (iii) Kζ̂2
t (s, a)

a.s.→

σ2
t (s, a).
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Proof.

(i) For simplicity of notation we drop the superscript m in Qm,k
t (s, a) as the batch number m is arbitrary,

but fixed. Let ν̄2
t (s, a) := K−1

K
σ̄2
t (s, a). For ν̄2

t (s, a) we have:

ν̄2
t (s, a) =

1

K

K∑
k=1

[
Qk
t (s, a)− Q̄t(s, a)

]2
=

1

K

K∑
k=1

[
Qk
t (s, a)

]2− [Q̄t(s, a)
]2
.

From Theorem 1 we have that Q̄t(s, a)
a.s.→ Qt(s, a) and by Lemma 2 it follows that

[
Q̄t(s, a)

]2 a.s.→
Q2
t (s, a). It remains to show that 1

K

∑K

k=1 [Qk
t (s, a)]

2 a.s.→ E[(rt(s, a,ω) + γvt+1(ft+1(s, a,ω)))
2 |s, a]. For

1
K

∑K

k=1 [Qk
t (s, a)]

2
it holds that:

1

K

K∑
k=1

[
Qk
t (s, a)

]2
=

1

K

K∑
k=1

r2
t (s, a,ωk) + γrt(s, a,ω

k)v̂t+1(sk) + γ2v̂2
t+1(sk),

where sk = ft+1(s, a,ωk). Since rt(s, a,ω
k) are iid, so are r2

t (s, a,ωk) and we get that
1
K

∑K

k=1 r
2
t (s, a,ωk)

a.s.→ E[r2
t (s, a,ω)|s, a] by the SLLN. Further, from the SLLN and Lemma

2 it follows that K−1
∑K

k=1 rt(s, a,ω
k)v̂t+1(sk)

a.s.→ E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a] and that

K−1
∑K

k=1

∑
s′ v̂

2
t+1(s′)

a.s.→ E[v2
t+1(s′)|s, a]. Therefore,

1

K

K∑
k=1

[
Qk
t (s, a)

]2 a.s.→ E[(rt(s, a,ω) + γvt+1(ft+1(s, a,ω)))2|s, a].

and we have that:

ν̄2
t (s, a)

a.s.→ E[(rt(s, a,ω) + γvt+1(ft+1(s, a,ω)))2|s, a]−E[rt(s, a,ω) + γvt+1(ft+1(s, a,ω))|s, a]2.

As σ̄2
t (s, a) = K

K−1
ν̄2
t (s, a) and K

K−1
→ 1 as K→∞, we can conclude that σ̄2

t (s, a)
a.s.→ σ2

t (s, a).

(ii) This result is a direct consequence of (i) as σ̄2
t (s, a) is equivalent to σ̂2

t (s, a) if we replace K by N .

(iii) Let ν̂2
t (s, a) := M−1

M
ζ̂2
t (s, a). For ν̂2

t (s, a) we have:

ν̂2
t (s, a) =

1

M

M∑
m=1

[
Q̄m
t (s, a)− Q̂t(s, a)

]2
=

1

M

M∑
m=1

[
Q̄m
t (s, a)

]2− [Q̂t(s, a)
]2
.

From Theorem 1 it holds that Q̂t(s, a)
a.s.→ Qt(s, a) and by Lemma 2 it follows that Q̂2

t (s, a)
a.s.→ Q2

t (s, a).

For 1
M

∑M

m=1

[
Q̄m
t (s, a)

]2
we have:

1

M

M∑
m=1

[
Q̄m
t (s, a)

]2
=

1

M

M∑
m=1

[
1

K

K∑
k=1

rt(s, a,ω
m,k) + γv̂t+1(sm,k)

]2

=
1

MK2

M∑
m=1

K∑
k=1

∑
l6=k

rt(s, a,ω
m,k)rt(s, a,ω

m,l) + 2γrt(s, a,ω
m,k)v̂t+1(sm,l)

+ γ2v̂t+1(sm,k)v̂t+1(sm,l)

+
1

MK2

M∑
m=1

K∑
k=1

r2
t (s, a,ωm,k) + 2γrt(s, a,ω

m,k)v̂t+1(sm,k) + γ2v̂2
t+1(sm,k),

where sm,k = ft+1(s, a,ωm,k). Moreover, since k is independent of l for every k 6= l it holds that:

1

M

M∑
m=1

[
Q̄m
t (s, a)

]2
=

1

MK2

M∑
m=1

K(K − 1)r̄mt (s, a)r̄mt (s, a) + 2γK(K − 1)r̄mt (s, a)
1

K − 1

K∑
l=1

v̂t+1(sm,l)

+ γ2K(K − 1)
1

K

K∑
k=1

v̂t+1(sm,k)
1

K − 1

K∑
l=1

v̂t+1(sm,l)

+
1

MK2

M∑
m=1

K∑
k=1

r2
t (s, a,ωm,k) + 2γrt(s, a,ω

m,k)v̂t+1(sm,k) + γ2v̂2
t+1(sm,k)
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where r̄mt (s, a) := 1
K

∑K

k=1 rt(s, a,ω
m,k). By the SLLN and Lemma 2 we can conclude

that M−1
∑M

m=1 r̄
m
t (s, a)

a.s.→ E[rt(s, a,ω)|s, a], M−1
∑M

m=1 [r̄mt (s, a)]
2 a.s.→ E[rt(s, a,ω)|s, a]2,

(MK)−1
∑M

m=1

∑K

k=1 r
2
t (s, a,ωm,k)

a.s.→ E[r2
t (s, a,ω)|s, a], and (MK)−1

∑M

m=1

∑K

k=1 v̂t+1(sm,k)
a.s.→

E[vt+1(ft+1(s, a,ω))|s, a]. Thus, it holds that:

1

M

M∑
m=1

[
Q̄m
t (s, a)

]2 a.s.→ E[rt(s, a,ω)|s, a]2− 1

K
E[rt(s, a,ω)|s, a]2

+ 2γE[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a]− 2γ

K
E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a]

+ γ2E[vt+1(s′)|s, a]2− γ2

K
E[vt+1(s′)|s, a]2

+
1

K
E[r2

t (s, a,ω)|s, a] +
2γ

K
E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a] +

γ2

K
E[v2

t+1(s′)|s, a]

and we get:

ν̂2
t (s, a)

a.s.→ E[rt(s, a,ω)|s, a]2− 1

K
E[rt(s, a,ω)|s, a]2

+ 2γE[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a]− 2γ

K
E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a]

+ γ2E[vt+1(s′)|s, a]2− γ2

K
E[vt+1(s′)|s, a]2

+
1

K
E[r2

t (s, a,ω)|s, a] +
2γ

K
E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a] +

γ2

K
E[v2

t+1(s′)|s, a]

− (E[rt(s, a,ω)|s, a] + γE[vt+1(s′)|s, a])
2

=
1

K
E[r2

t (s, a,ω)|s, a] +
2γ

K
E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a] +

γ2

K
E[v2

t+1(s′)|s, a]

− 1

K
E[rt(s, a,ω)|s, a]2− 2γ

K
E[rt(s, a,ω)|s, a]E[vt+1(s′)|s, a]− γ2

K
E[vt+1(s′)|s, a]2.

Therefore,

Kν̂2
t (s, a)

a.s.→ E[(rt(s, a,ω) + γvt+1(s′))2|s, a]−E[rt(s, a,ω) + γvt+1(s′)|s, a]2.

Because ζ̂2
t (s, a) = M

M−1
ν̂2
t (s, a) and M

M−1
→ 1 as M →∞, it holds that Kζ̂2

t (s, a)
a.s.→ σ2

t (s, a). �

Lemma 6. Under Assumption 1, it holds that supx∈R |Ĥt(x, F̂t(s))−Ht(x,Ft(s))|
a.s.→ 0.

Proof. Since Qt(s, a) is a sequence of independent random variables with common distribution Ft(·, s, a),

it holds that supx∈R |F̂t(x, s, a) − Ft(x, s, a)| a.s.→ 0 by the Glivenko-Cantelli Theorem. Because Qt(s, a) is

independent from Qt(s, a
′) for a 6= a′, it follows that Ft(·, s) =

∏
a∈A Ft(·, s, a) and F̂t(·, s) =

∏
a∈A F̂t(·, s, a).

Since F̂t(·, s, a)
a.s.→ Ft(·, s, a) uniformly on R we also have that F̂t(·, s)

a.s.→ Ft(·, s) uniformly on RA. We now

show that lim
M→∞

lim
K→∞

Ĥt(·, F̂t(s)) = lim
M→∞

lim
K→∞

Ht(·,Ft(s)). First, notice that:

Ht(x,Ft(s)) = P
(

max
a∈A
{ψt(s, a)} ≤ x

)
=
∏
a∈A

P

(
Q̂t(s, a

∗)− Q̂t(s, a)− (Qt(s, a
∗)−Qt(s, a))√

N−1 [σ̂2
t (s, a∗) + σ̂2

t (s, a)]
≤ x

)
,

where the second equality holds because ψt(s, a) is independent from ψt(s, a
′) for a 6= a′. Since Q̂t(s, a)

a.s.→
Qt(s, a) from Theorem 1 and σ̂2

t (s, a)
a.s.→ σ2

t (s, a) by Lemma 5, by the Central Limit Theorem we have that:

lim
N→∞

P

(
Q̂t(s, a

∗)− Q̂t(s, a)− (Qt(s, a
∗)−Qt(s, a))√

N−1 [σ̂2
t (s, a∗) + σ̂2

t (s, a)]
≤ x

)
= Φ(x),
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where Φ(·) is the cdf of a standard normal random variable. Thus, lim
N→∞

Ht(x,Ft(s)) = Φ(x)A. Repeat-

ing these steps for Ĥt(x, F̂t(s)) and noticing that Kζ̂2
t (s, a)

a.s.→ σ2
t (s, a) by Lemma 5, we can deduce that

lim
M→∞

lim
K→∞

Ĥt(x, F̂t(s)) = Φ(x)A. Hence, lim
N→∞

Ĥt(·, F̂t(s)) = lim
N→∞

Ht(·,Ft(s)). Moreover, by Pólya’s Theorem

(Serfling 1980, Theorem 1.5.3) it follows that lim
N→∞

supx∈R

∣∣∣Ĥt(x, F̂t(s))−Ht(x,Ft(s))
∣∣∣ = 0 because of the

continuity of lim
N→∞

Ht(x,Ft(s)) = Φ(x)A for any x ∈ R. Combining this result with the previous conclusion

that F̂t(·, s)
a.s.→ Ft(·, s) uniformly on RA, we get that supx∈R

∣∣∣Ĥt(x, F̂t(s))−Ht(x,Ft(s))
∣∣∣ a.s.→ 0. �

Proof of Proposition 5. From Lemma 6 we get that supτ∈R |Ĥt(τ, F̂t(s)) − Ht(τ,Ft(s))|
a.s.→ 0. Since

a.s. convergence implies convergence in distribution, it follows that supτ∈R |Ĥt(τ, F̂t(s))−Ht(τ,Ft(s))|
D→ 0.

Because Ht(·,Ft(s)) is a true cdf, it is uniformly distributed on [0,1]. Therefore, Ĥt(·, F̂t(s)) must also follow

a U(0,1) distribution asymptotically and we get that P(Ĥt(·, F̂t(s))≤ 1−α) = P(U(0,1)≤ 1−α) = 1−α, for

N large enough. �

Theorem 2. Suppose Assumption 1 holds. Then, for d̂t(s,α) = Ĥ−1
t (1 − α, F̂t(s)) and a∗ ∈ Ct(s),

we have that Πt(s,α) =

{
a∈A : Q̂t(s, a

∗)− Q̂t(s, a)≤ d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]}

is a set of α-

nonsignificant actions with probability 1 for N large enough.

Proof. From Proposition 5 we have that:

P
(
Qt(s, a

∗)−Qt(s, a)∈Θ : Ĥt

(
max
a∈A
{ψ̂t(s, a)}, F̂t(s)

)
≤ 1−α

)
= P
(
Ĥt

(
max
a∈A
{ψ̂t(s, a)}, F̂t(s)

)
≤ 1−α

)
= P
(

max
a∈A
{ψ̂t(s, a)} ≤ d̂t(s,α)

)
= P
(
Q̂t(s, a

∗)− Q̂t(s, a
1)− d̂t(s,α)

√
M−1

[
ζ̂t(s, a∗) + ζ̂2

t (s, a)
]
≤Qt(s, a

∗)−Qt(s, a
1),

. . . , Q̂t(s, a
∗)− Q̂t(s, a

A)− d̂t(s,α)

√
M−1

[
ζ̂t(s, a∗) + ζ̂2

t (s, a)
]
≤Qt(s, a

∗)−Qt(s, a
A)
)

= 1−α,

for N large enough, where a1, . . . , aA ∈ A. Moreover, from Lemma 6 it follows that Ĥt(1 − α, F̂t(s))
a.s.→

Ht(1 − α,Ft(s)) and hence, d̂t(s,α) = Ĥ−1
t (1 − α, F̂t(s))

a.s.→ H−1
t (1 − α,Ft(s)) = dt(s,α) by Theorem 2.3.1

in Serfling (1980). Consequently, the asymptotic confidence intervals simultaneously contain Qt(s, a
∗) −

Qt(s, a
1), . . . ,Qt(s, a

∗) − Qt(s, a
A) with probability exactly 1 − α. Furthermore, under the null hypoth-

esis (i.e., all actions have the same performance), any action a such that Q̂t(s, a
∗) − Q̂t(s, a) ≤

dt(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is not statistically significant from a∗. �

Proposition 6. Suppose that Assumption 1 is satisfied. Then, it follows that

lim
N→∞

N1/2 supx∈R

∣∣∣Ĥt(x, F̂t(s))−Ht(x,Ft(s))
∣∣∣ ≤ CA5/4

√
2κ3

t , where C is the constant appearing in the

multivariate Berry-Esseen bound.

Proof. Let ΦA(x) denote the standard normal cdf in RA. By the triangle inequality we have that:

lim
N→∞

sup
x∈R

∣∣∣Ĥt(x, F̂t(s))−Ht(x,Ft(s))
∣∣∣= lim

N→∞
sup
x∈R

∣∣∣Ĥt(x, F̂t(s))−ΦA(x) + ΦA(x)−Ht(x,Ft(s))
∣∣∣

≤ lim
N→∞

sup
x∈R

∣∣∣Ĥt(x, F̂t(s))−ΦA(x)
∣∣∣+ lim

N→∞
sup
x∈R
|ΦA(x)−Ht(x,Ft(s))| .

(5)
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We show that each component of the right-hand side of equation (5) is bounded by CA5/4

√
κ3
t

2N
. By definition,

we have that:

Ht(x,Ft(s)) = P
(

max
a∈A
{ψt(s, a)} ≤ x

)
= P

(
Q̂t(s, a

∗)− Q̂t(s, a
1)− (Qt(s, a

∗)−Qt(s, a
1))√

N−1 [σ̂2
t (s, a∗) + σ̂2

t (s, a1)]
≤ x, . . . ,

Q̂t(s, a
∗)− Q̂t(s, a

A)− (Qt(s, a
∗)−Qt(s, a

A))√
N−1 [σ̂2

t (s, a∗) + σ̂2
t (s, aA)]

≤ x

)

= P

(
1√
N

∑
n

Ẑn(a1)≤ x, . . . , 1√
N

∑
n

Ẑn(aA)≤ x

)
,

where a1, . . . , aA ∈A and

Ẑn(a) :=
Qn
t (s, a∗)−Qn

t (s, a)− (Qt(s, a
∗)−Qt(s, a))√

σ̂2
t (s, a∗) + σ̂2

t (s, a)
.

Since σ̂2
t (s, a)

a.s.→ σ2
t (s, a) from Lemma 5, by Lemma 2 we get that:

Ẑn(a)
a.s.→ Zn(a) :=

Qn
t (s, a∗)−Qn

t (s, a)− (Qt(s, a
∗)−Qt(s, a))√

σ2
t (s, a∗) +σ2

t (s, a)
.

Due to the assumption of bounded rewards, we have that Q̂t(s, a) are also bounded. Since from

Theorem 1 it holds that Q̂t(s, a)
a.s.→ Qt(s, a), from the Bounded Convergence Theorem it follows

that lim
M→∞

lim
K→∞

E[Q̂t(s, a)] = Qt(s, a). Moreover, as Qn
t (s, a) are iid random variables we get that

lim
N→∞

E [Qn
t (s, a)] =Qt(s, a) and lim

N→∞
E
[
(Qn

t (s, a))
2
]

=E[(rt(s, a,ω)+γvt+1(ft+1(s, a,ω)))2|s, a]. This implies

that lim
N→∞

Var (Qn
t (s, a)) = σ2

t (s, a). Thus, we have that Zn(a) are iid random variables with E [Zn(a)] = 0

and Var (Zn(a)) = 1 for all n. Since the variance of Zn(a)/
√
N can be linearly transformed to 1, by the

Multivariate Berry-Esseen Theorem we get that:

lim
N→∞

sup
x∈R
|ΦA(x)−Ht(x,Ft(s))| ≤

CA1/4

√
N

E
[(
Z2
n(a1) +Z2

n(a2) . . .+Z2
n(aA)

)3/2]
.

We now show that E
[
(Z2

n(a1) +Z2
n(a2) . . .+Z2

n(aA))
3/2
]
≤A

√
1
2
κ3
t . As

√
x+ y ≤

√
x+
√
y for any x, y ∈

R+, it follows that:

E
[(
Z2
n(a1) +Z2

n(a2) + . . .+Z2
n(aA)

)3/2]
=E

[(√
Z2
n(a1) +Z2

n(a2) + . . .+Z2
n(aA)

)3
]

≤E
[(√

Z2
n(a1) +

√
Z2
n(a2) + . . .+

√
Z2
n(aA)

)3
]

=E
[(
Zn(a1) +Zn(a2) + . . .+Zn(aA)

)3]
.

Expanding (Zn(a1) +Zn(a2) + . . .+Zn(aA))
3
, we get a summation of terms of the follow-

ing form: E[Z3
n(a)], E[Z2

n(a)Zn(a′)], and E[Zn(a)Zn(a′)Zn(a′′)] for a 6= a′ 6= a′′ ∈ At(s). Thus,

E
[
(Zn(a1) +Zn(a2) + . . .+Zn(aA))

3
]

= E [Z3
n(a1)] + E [Z2

n(a1)Zn(a2)] + . . . + E [Z3
n(aA)]. Due to the

Markov property, we have that E[Z2
n(a)Zn(a′)] = E[Z2

n(a)]E[Zn(a′)] = 0 and E[Zn(a)Zn(a′)Zn(a′′)] =

E[Zn(a)]E[Zn(a′)]E[Zn(a′′)] = 0. Hence, E
[
(Z2

n(a1) +Z2
n(a2) + . . .+Z2

n(aA))
3/2
]
≤
∑

a∈AE [Z3
n(a)].

The proof proceeds by showing that Zn(a)≤
√

1
2
κ3
t for all a ∈ A. Since Qt(s, a

∗)−Qt(s, a)≥ 0, we have

that:

Zn(a) =
Qn
t (s, a∗)−Qn

t (s, a)− (Qt(s, a
∗)−Qt(s, a))√

σ2
t (s, a∗) +σ2

t (s, a)
≤ Qn

t (s, a∗)−Qn
t (s, a)√

σ2
t (s, a∗) +σ2

t (s, a)
.
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Further, by Lemma 1 it holds that Q̂t(s, a
∗) − Q̂t(s, a) ≤ κt, which implies that Zn(a) ≤

κt/
√
σ2
t (s, a∗) +σ2

t (s, a). From Theorem 2.2 in ? we have that σ2
t (s, a)≥ κ−1

t , for σ2
t (s, a)> 0 and it follows

that Zn(a)≤ κt/
√

2κ−1
t =

√
1
2
κ3
t . Since this bound is valid for any a∈A, E [Zn(a)] = 0, and Var (Zn(a)) = 1,

we have that E [Z3
n(a)]≤E

[
Z2
n(a)

√
κ3
t

2

]
=E [Z2

n(a)]
√

1
2
κ3
t =

√
1
2
κ3
t . Consequently,

E
[(
Z2
n(a1) +Z2

n(a2) . . .+Z2
n(aA)

)3/2]≤A√1

2
κ3
t , (6)

and it follows that lim
N→∞

supx∈R |ΦA(x)−Ht(x,Ft(s))| ≤CA5/4

√
κ3
t

2N
.

In a similar way,

Ĥt(x, F̂t(s)) = P

(
1√
MK

∑
m

∑
k

Z̄m,k(a
1)≤ x, . . . , 1√

MK

∑
m

∑
k

Z̄m,k(a
A)≤ x

)
,

where a1, . . . , aA ∈A9t(s) and

Z̄m,k(a) :=
Qm,k
t (s, a∗)−Qm,k

t (s, a)− (Qt(s, a
∗)−Qt(s, a))√

K
[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
] .

Since Kζ̂2
t (s, a)

a.s.→ σ2
t (s, a) from Lemma 5, by Lemma 2 we get that:

Z̄m,k(a)
a.s.→ Zm,k(a) :=

Qm,k
t (s, a∗)−Qm,k

t (s, a)− (Qt(s, a
∗)−Qt(s, a))√

σ2
t (s, a∗) +σ2

t (s, a)
.

As the variance of Zm,k(a)/
√
MK can be linearly transformed to 1, by the Multivariate Berry-Esseen The-

orem we get that:

lim
M→∞

lim
K→∞

sup
x∈R

∣∣∣Ĥt(x, F̂t(s))−ΦA(x)
∣∣∣≤ CA1/4

√
MK

E
[(
Z2
m,k(a

1) +Z2
m,k(a

2) . . .+Z2
m,k(a

A)
)3/2]

,

and by (6) it holds that lim
M→∞

lim
K→∞

supx∈R

∣∣∣Ĥt(x, F̂t(s))−ΦA(x)
∣∣∣ ≤ CA5/4

√
κ3
t

2MK
= CA5/4

√
κ3t
2N

. Summing

both components of the right-hand side of equation (5) it follows that:

lim
M→∞

lim
K→∞

sup
x∈R

∣∣∣Ĥt(x, F̂t(s))−Ht(x,Ft(s))
∣∣∣≤ 2CA5/4

√
κ3
t

2N
=CA5/4

√
2κ3

t

N
.

�

A.5. Proofs of Section 5.2.2

Proposition 7. Suppose that Assumption 1 holds. Then, (i) |Πt(s,α)| is nonincreasing in α ∈ (0,1).

Moreover, (ii) there exist an α such that Πt(s,α)⊆A∗t (s) with probability 1 for N large enough.

Proof.

(i) We first show that |Πt(s,α)| is nonincreasing in α ∈ (0,1). Note that d̂t(s,α) is the only quantity in

Πt(s,α) that depends on α. Suppose α1 <α2, by definition we have:

d̂t(s,α1) = inf

{
x∈R :

1

M

M∑
m=1

1{ψ̄mt (s, a)≤ x} ≥ 1−α1

}

≥ inf

{
x∈R :

1

M

M∑
m=1

1{ψ̄mt (s, a)≤ x} ≥ 1−α2

}
= d̂t(s,α2).

Thus, d̂t(s,α) is nonincreasing in α, which implies that |Πt(s,α)| is nonincreasing in α.
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(ii) We now show that there exist an α such that Πt(s,α)⊆A∗t (s) with probability 1 for N large enough.

Since if Ct(s) =A∗t (s) the claim follows trivially, suppose that Ct(s) = Â∗t (s). As Ht follows a U(0,1) dis-

tribution we have that dt(s,α) is continuous and strictly increasing by the Continuous Inverse Theorem.

The proof proceeds by contradiction. Suppose that there is no α ∈ (0,1) such that Πt(s,α) = Â∗t (s).
Because of the continuity of d̂t(s,α) there exists a point α such that d̂t(s,1)< d̂t(s,α)< d̂t(s,0) by the

Intermediate Value Theorem. Thus, for every K, ζ̂2
t (s, a∗)> 0, and ζ̂2

t (s, a)> 0 we can find an α such

that Q̂t(s, a
∗) − Q̂t(s, a) > d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]
, for any a∗ ∈ Â∗t (s) and all a ∈ Â9t(s),

contradicting the supposition that there is no α ∈ (0,1) such that Πt(s,α) = Â∗t (s). As from Corollary

1 it holds that Â∗t (s)⊆A∗t (s), we get that Πt(s,α)⊆A∗t (s) with probability 1 for N large enough. �

Proposition 8. Suppose Assumptions 1 through 4 hold. Then, |Πt(s,α)| is ε-nonincreasing in s with

probability 1 for N large enough.

The proof of this proposition depends on the following lemma.

Lemma 7. Let X, Y , and Z be partially ordered finite sets, g : X 7→ R be a non-

increasing function of X, and h : X × Y × Z 7→ [0,1] be a function satisfying∑
x∈X h(x, y+, z+) + h(x, y−, z−) =

∑
x∈X h(x, y+, z−) + h(x, y−, z+). Then, we have (i)∑

x∈X [h(x, y+, z+) +h(x, y−, z−)]g(x) ≤
∑

x∈X [h(x, y+, z−) +h(x, y−, z+)]g(x), if h is a superadditive

function and (ii)
∑

x∈X [h(x, y+, z+) +h(x, y−, z−)]g(x) ≥
∑

x∈X [h(x, y+, z−) +h(x, y−, z+)]g(x), if h is a

subadditive function for y+ ≥ y− ∈ Y , and z+ ≥ z− ∈Z.

Proof.

(i) Since h is a superadditive function, we have that
∑

x′≥x [h(x′, y+, z+) +h(x′, y−, z−)] ≥∑
x′≥x [h(x′, y+, z−) +h(x′, y−, z+)] and

∑
x∈X h(x, y+, z+) +

∑
x∈X h(x, y−, z−)−

∑
x∈X h(x, y+, z−)−∑

x∈X h(x, y−, z+) = 0. Since g(x) is nonincreasing on x∈X it holds that:

0 =

[∑
x

h(x, y+, z+) +
∑
x

h(x, y−, z−)−
∑
x

h(x, y+, z−)−
∑
x

h(x, y−, z+)

]
g(x1)

≥ h(x1, y+, z+)g(x1) +h(x1, y−, z−)g(x1)−h(x1, y+, z−)g(x1)−h(x1, y−, z+)g(x1)

+

 ∑
x∈X\{x1}

h(x, y+, z+) +
∑

x∈X\{x1}

h(x, y−, z−)−
∑

x∈X\{x1}

h(x, y+, z−)−
∑

x∈X\{x1}

h(x, y−, z+)

g(x2)

≥
∑

x′∈{x1,x2}

h(x′, y+, z+)g(x′) +
∑

x′∈{x1,x2}

h(x′, y−, z−)g(x′)−
∑

x′∈{x1,x2}

h(x′, y+, z−)g(x′)

−
∑

x′∈{x1,x2}

h(x′, y−, z+)g(x′) +

[ ∑
x∈X\{x1,x2}

h(x, y+, z+) +
∑

x∈X\{x1,x2}

h(x, y−, z−)

−
∑

x∈X\{x1,x2}

h(x, y+, z−)−
∑

x∈X\{x1,x2}

h(x, y−, z+)

]
g(x3),

where x1 ≤ x2 ≤ x3 ∈X, y+ ≥ y− ∈ Y , and z+ ≥ z− ∈Z. This pattern implies that:

0≥
∑
x′∈X

h(x′, y+, z+)g(x′) +
∑
x′∈X

h(x′, y−, z−)g(x′)−
∑
x′∈X

h(x′, y+, z−)g(x′)−
∑
x′∈X

h(x′, y−, z+)g(x′).

Thus,
∑

x′∈X [h(x′, y+, z+) +h(x′, y−, z−)]g(x′) ≤
∑

x′∈X [h(x′, y+, z−) +h(x′, y−, z+)]g(x′), for y+ ≥
y− ∈ Y and z+ ≥ z− ∈Z.
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(ii) For the subadditive case, note that we have
∑

x′≥x [h(x′, y+, z+) +h(x′, y−, z−)] ≤∑
x′≥x [h(x′, y+, z−) +h(x′, y−, z+)] by definition. The rest of the proof proceeds in the

same way as the superadditive case and we get
∑

x′∈X [h(x′, y+, z+) +h(x′, y−, z−)]g(x′) ≥∑
x′∈X [h(x′, y+, z−) +h(x′, y−, z+)]g(x′), for y+ ≥ y− ∈ Y and z+ ≥ z− ∈Z. �

Proof of Proposition 8. To show that |Πt(s,α)| is ε-nonincreasing in s, it suffices to demonstrate that

Q̂t(s, a
∗) − Q̂t(s, a) is 1

4
ε-nondecreasing when d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is 3
4
ε-nonincreasing. We

first prove that Q̂t(s, a
∗)− Q̂t(s, a) is 1

4
ε-nondecreasing in s with probability 1 for N large enough.

Suppose that pt(s
′|s, a) and E[rt(s, a,ω)|s, a] are known. Then, for any s∈ S we have:

Qt(s, a
∗)−Qt(s, a) = E[rt(s, a

∗, ω) + γvt+1(s′)|s, a∗]−E[rt(s, a,ω) + γvt+1(s′)|s, a]

=E[rt(s, a
∗, ω)|s, a∗]−E[rt(s, a,ω)|s, a] + γ

(∑
s′

[pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′)

)
.

By Assumption 4, we have that E[rt(s, a
∗, ω)|s, a∗]− E[rt(s, a,ω)|s, a] is nondecreasing in s and it follows

that:

Qt(s, a
∗)−Qt(s, a)≤E[rt(s̄, a

∗, ω)|s̄, a∗]−E[rt(s̄, a,ω)|s̄, a] + γ

(∑
s′

[pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′)

)
,

for s≤ s̄. From Assumption 2, we get that vt+1(s′) is nonincreasing in s by Proposition 4.7.3 in Puterman

(2014). Since p̄t(s
′|s, a) is subadditive on S ×A by Assumption 4, applying Lemma 7 with h(x, y+, z+) =

pt(s
′|s̄, a∗), h(x, y−, z−) = pt(s

′|s, a), h(x, y+, z−) = pt(s
′|s̄, a), h(x, y−, z+) = pt(s

′|s, a∗), and g(x) = vt+1(s′)

we get that
∑

s′ [pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′)≤

∑
s′ [pt(s

′|s̄, a∗)− pt(s′|s̄, a)]vt+1(s′), for s≤ s̄ and a≤ a∗.
Therefore, it follows that:

Qt(s, a
∗)−Qt(s, a)≤E[rt(s̄, a

∗, ω)|s̄, a∗]−E[rt(s̄, a,ω)|s̄, a] + γE[vt+1(s′)|s̄, a∗]− γE[vt+1(s′)|s̄, a]

=Qt(s̄, a
∗)−Qt(s̄, a). (7)

Hence, Qt(s, a
∗)−Qt(s, a) is nondecreasing in s. From Theorem 1 and Lemma 2 we get that Q̂t(s, a

∗)−
Q̂t(s, a)

a.s.→ Qt(s, a
∗)−Qt(s, a), and it holds that Q̂t(s, a

∗)− Q̂t(s, a) is 1
4
ε-nondecreasing in s for N large

enough.

We now show that d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is 3
4
ε-nondecreasing in s with probability 1 for N

large enough. Combining Lemma 6 and Theorem 2.3.1 in Serfling (1980) we get that d̂t(s,α)
a.s.→ dt(s,α).

Since ψ̂t(s, a) is a pivotal statistic, its distribution does not depend on s. Thus, dt(s,α) is constant in s

and is d̂t(s,α) 1
4
ε-constant with probability 1 for large enough N . Since E[rt(s, a,ω)|s, a] and E[vt+1(s′)|s, a]

are conditionally independent given s and a, we get that σ2
t (s, a) = E[r2

t (s, a,ω)|s, a] + γ2E[v2
t+1(s′)|s, a]−

E[rt(s, a,ω)|s, a]2 − γ2E[vt+1(s′)|s, a]2. Further, from Assumption 3 we have that E[r2
t (s, a,ω)|s, a] −

E[rt(s, a,ω)|s, a]2 and E[v2
t+1(s′)|s, a]−E[vt+1(s′)|s, a]2 are nonincreasing in s. Since Kζ̂2

t (s, a)
a.s.→ σ2

t (s, a) by

Lemma 5, it follows that Kζ̂2
t (s, a) is 1

4
ε-nonincreasing in s for all a and large enough N . Consequently,

d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is 3
4
ε-nonincreasing in s with probability 1 for N large enough.

Thus, Q̂t(s, a
∗) − Q̂t(s, a) − 1

4
ε ≤ Q̂t(s̄, a

∗) − Q̂t(s̄, a) and d̂t(s̄, α)

√
M−1

[
ζ̂2
t (s̄, a∗) + ζ̂2

t (s̄, a)
]
≤

d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

+ 3
4
ε, for ε > 0 and s ≤ s̄ with probability 1 for N large enough, which

completes the proof. �
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Proposition 9. Suppose Assumptions 1 through 5 hold. Furthermore, assume that vt(s) − vt+1(s) is

nondecreasing in s. Then, |Πt(s,α)| is ε-nonincreasing in t with probability 1 for N large enough.

Proof. To show that |Πt(s,α)| is ε-nonincreasing in t, it suffices to demonstrate that Q̂t(s, a
∗) −

Q̂t(s, a) is 1
4
ε-nondecreasing when d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is 3
4
ε-nonincreasing. We first prove that

Q̂t(s, a
∗)− Q̂t(s, a) is ε-nondecreasing in t with probability 1 for N large enough.

Suppose that pt(s
′|s, a) and E[rt(s, a,ω)|s, a] are known. Then, for any t∈ T \ {T} we have:

Qt(s, a
∗)−Qt(s, a) = E[rt(s, a

∗, ω) + γvt+1(s′)|s, a∗]−E[rt(s, a,ω) + γvt+1(s′)|s, a]

=E[rt(s, a
∗, ω)|s, a∗]−E[rt(s, a,ω)|s, a] + γ

(∑
s′

[pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′)

)
.

By Assumption 4, we have that E[rt(s, a
∗, ω)|s, a∗]− E[rt(s, a,ω)|s, a] is nondecreasing in t and it follows

that:

Qt(s, a
∗)−Qt(s, a)≤E[rt+1(s, a∗, ω)|s, a∗]−E[rt+1(s, a,ω)|s, a] + γ

(∑
s′

[pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′)

)
.

Since vt+1(s′) is nonincreasing in s from Assumption 2 and Proposition 4.7.3 in Puterman (2014), and

p̄t(s
′|s, a) is a subadditive function on T ×A from Assumption 4, we get:∑

s′

[pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′)≤

∑
s′

[pt+1(s′|s, a∗)− pt+1(s′|s, a)]vt+1(s′), (8)

by Lemma 7 with h(x, y+, z+) = pt+1(s′|s, a∗), h(x, y−, z−) = pt(s
′|s, a), h(x, y+, z−) = pt+1(s′|s, a),

h(x, y−, z+) = pt(s
′|s, a∗), and g(x) = vt+1(s′). Since vt+1(s′)− vt+2(s′) is nondecreasing in s′ by assumption

and p̄t(s
′|s, a∗)≤ p̄t(s′|s, a) from Assumption 5, by Lemma 4 it holds that:∑

s′

[pt+1(s′|s, a∗)− pt+1(s′|s, a)]vt+1(s′)≤
∑
s′

[pt+1(s′|s, a∗)− pt+1(s′|s, a)]vt+2(s′). (9)

Combining equations (8) and (9) we get that
∑

s′ [pt(s
′|s, a∗)− pt(s′|s, a)]vt+1(s′) ≤∑

s′ [pt+1(s′|s, a∗)− pt+1(s′|s, a)]vt+2(s′) and it follows that:

Qt(s, a
∗)−Qt(s, a)≤E[rt+1(s, a∗, ω)|s, a∗]−E[rt+1(s, a,ω)|s, a] + γE[vt+2(s′)|s, a∗]− γE[vt+2(s′)|s, a]

=Qt+1(s, a∗)−Qt+1(s, a). (10)

Hence, Qt(s, a
∗)−Qt(s, a) is nondecreasing in t. From Theorem 1 and Lemma 2 we get that Q̂t(s, a

∗)−

Q̂t(s, a)
a.s.→ Qt(s, a

∗)−Qt(s, a), and it holds that Q̂t(s, a
∗)− Q̂t(s, a) is 1

4
ε-nondecreasing in t for N large

enough.

We now show that d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is 3
4
ε-nonincreasing in t. Combining Lemma 6 and

Theorem 2.3.1 in Serfling (1980) we get that d̂t(s,α)
a.s.→ dt(s,α). Because ψ̂t(s, a) is a pivotal statistic, its dis-

tribution does not depend on t. Thus, dt(s,α) is constant in t and d̂t(s,α) is 1
4
ε-constant in t with probability

1 for large enough N . Since E[rt(s, a,ω)|s, a] and E[vt+1(s′)|s, a] are conditionally independent given s and a,

we get that σ2
t (s, a) = E[r2

t (s, a,ω)|s, a] + γ2E[v2
t+1(s′)|s, a]−E[rt(s, a,ω)|s, a]2− γ2E[vt+1(s′)|s, a]2. Further,

from Assumption 3 we have that E[r2
t (s, a,ω)|s, a]−E[rt(s, a,ω)|s, a]2 and E[v2

t+1(s′)|s, a]−E[vt+1(s′)|s, a]2

are nonincreasing in t. Since Kζ̂2
t (s, a)

a.s.→ σ2
t (s, a) by Lemma 5, it follows that Kζ̂2

t (s, a) is 1
4
ε-nonincreasing
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in t for large enough N . Consequently, d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

is 3
4
ε-nonincreasing in t with

probability 1 for N large enough. Combining this result with equation (10) we get:

Q̂t(s, a
∗)− Q̂t(s, a)− 1

4
ε≤ Q̂t+1(s, a∗)− Q̂t+1(s, a)

≤ d̂t+1(s,α)

√
M−1

[
ζ̂2
t+1(s, a∗) + ζ̂2

t+1(s, a)
]

≤ d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a)
]

+
3

4
ε,

with probability 1 for N large enough. �

Remark 1 The conditions in Proposition 8 and Proposition 9 are sufficient to prove that there exist

approximately optimal decision rules π̂∗t (s) that are ε-monotone on (i) s and (ii) t with probability 1 for N

large enough, respectively.

Proof.

(i) From Assumption 2 and Proposition 4.7.3 in Puterman (2014) we have that vt+1(s) is nonin-

creasing in s. Since p̄t(s
′|s, a) is subadditive on S × A by Assumption 4, applying Lemma 7 with

h(x, y+, z+) = pt(s
′|s+, a+), h(x, y−, z−) = pt(s

′|s−, a−), h(x, y+, z−) = pt(s
′|s+, a−), h(x, y−, z+) =

pt(s
′|s−, a+), and g(x) = vt+1(s′) we conclude that

∑
s′ pt(s

′|s, a)vt+1(s′) is superadditive on S × A.

Because E[rt(s, a,ω)|s, a] is superadditive on S × A by Assumption 4 and the sum of superadditive

functions is superadditive, it follows that Qt(s, a) is superadditive on S×A. We get that π∗t (s) are non-

decreasing in s from Lemma 4.7.1 in Puterman (2014). The convergence result follows from Theorem

1.

(ii) By Assumption 4 we have that p̄t(s
′|s, a) is subadditive on T × A. Further, by Assumption 2 and

Proposition 4.7.3 in Puterman (2014) we have that vt+1(s) is nonincreasing in s. By Lemma 7

with h(x, y+, z+) = pt+1(s′|s, a+), h(x, y−, z−) = pt(s
′|s, a−), h(x, y+, z−) = pt+1(s′|s, a−), h(x, y−, z+) =

pt(s
′|s, a+), and g(x) = vt+1(s′), we get that:∑

s′∈S

[
pt+1(s′|s, a+) + pt(s

′|s, a−)
]
vt+1(s′)≥

∑
s′∈S

[
pt+1(s′|s, a−) + pt(s

′|s, a+)
]
vt+1(s′),

for a+ ≥ a−. Since vt+1(s′)−vt+2(s′) is nondecreasing in s′ by assumption and p̄t(s
′|s, a−)≥ p̄t(s′|s, a+)

from Assumption 5, by Lemma 4 it holds that
∑

s′ pt(s
′|s, a)vt+1(s′) is a superadditive function on T ×

A. Because E[rt(s, a,ω)|s, a] is superadditive on T ×A by Assumption 4 and the sum of superadditive

functions is superadditive, it follows that Qt(s, a) is superadditive on T × A. We get that π∗t (s) are

nondecreasing in t from Lemma 4.7.1 in Puterman (2014). The convergence result follows from Theorem

1. �

Theorem 3. Suppose that Assumptions 1, 2, 3, and 5 are satisfied. Then, Πt(s,α) is a ε-range of α-

nonsignificant actions at state s and decision epoch t with probability 1 for N large enough.

Proof. The proof is by contradiction. Suppose that a−, a+ ∈Πt(s,α) but a′ /∈Πt(s,α) with a− ≤ a′ ≤ a+

for a fixed state s. We first show that Qt(s, a) is nondecreasing in a. By Assumption 2, we have that vt(s) is



48

nonincreasing in s from Proposition 4.7.3 in Puterman (2014). Combining this result with the assumption

that p̄t(s
′|s, a) is nonincreasing in a we can deduce that:∑

s′

pt(s
′|s, a−)vt+1(s′)≤

∑
s′

pt(s
′|s, a′)vt+1(s′)≤

∑
s′

pt(s
′|s, a+)vt+1(s′),

indicating that E
[
vt+1(s′)|s, a

]
is nondecreasing in a. Since E[rt(s, a,ω)|s, a] is nondecreasing a by Assumption

5, we then get that Qt(s, a) is nondecreasing in a. Moreover, by Theorem 1 we have that Q̂t(s, a)
a.s.→ Qt(s, a)

uniformly on A. Hence, we can find an N large enough such that Q̂t(s, a
−)− 1

4
ε≤ Q̂t(s, a

′)≤ Q̂t(s, a
+) + 1

4
ε

for any ε > 0.

We now show that σt(s, a
−)2 ≥ σt(s, a

′)2 ≥ σt(s, a
+)2. Notice that σ2

t (s, a) = E[r2
t (s, a,ω)|s, a] +

γ2E[v2
t+1(s′)|s, a] − E[rt(s, a,ω)|s, a]2 − γ2E[vt+1(s′)|s, a]2, because E[rt(s, a,ω)|s, a] and E[vt+1(s′)|s, a]

are conditionally independent given s and a. From Assumption 3, it follows that E[r2
t (s, a,ω)|s, a] −

E[rt(s, a,ω)|s, a]2 and E[v2
t+1(s′)|s, a]−E[vt+1(s′)|s, a]2 are nonincreasing in a. Thus, σ2

t (s, a) is nonincreasing

in a and it holds that σ2
t (s, a−)≥ σ2

t (s, a′)≥ σ2
t (s, a+). Since Kζ̂2

t (s, a)
a.s.→ σ2

t (s, a) by Lemma 5, it follows that

Kζ̂2
t (s, a) is 1

4
ε-nonincreasing in a for large enough N . Hence, we have that Kζ̂2

t (s, a−) + 1
4
ε≥Kζ̂2

t (s, a′)≥
Kζ̂2

t (s, a+)− 1
4
ε for ε > 0 and it follows that:

Q̂t(s, a
∗)− Q̂t(s, a

−)− 1

4
ε≤ Q̂t(s, a

∗)− Q̂t(s, a
′)≤ d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a′)
]

≤ d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a−)
]

+
1

4
ε,

and

Q̂t(s, a
∗)− Q̂t(s, a

+) +
1

4
ε≥ Q̂t(s, a

∗)− Q̂t(s, a
′)≥ d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a′)
]

≥ d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, a+)
]
− 1

4
ε,

for any ε > 0. Combining these results we find that a′ ∈Πt(s,α), a contradiction. Consequently, it must hold

that a−, a′, a+ ∈Πt(s,α) and Πt(s,α) is an ε-range of actions. �

Proposition 10. Suppose Assumptions 1, 2, 4 and 5 hold. Then, we have that (i) A ∗
t (s, ã)⊆A∗t (s) and

(ii) Πt(s,α, ã)⊆Πt(s,α) for N large enough.

The proof of this result depends on the following notation. Let Qt(s, a, ã) :=

E [rt(s, a,ω) + γQt+1(ft+1(s, a,ω), ã)|s, a, ã] denote the action-value function associated with state s and

action a at decision epoch t, assuming that action ã∈At+1(ft+1(s, a,ω)) is taken at decision epoch t+1, and

Q̂t(s, a, ã) := 1
MK

∑M

m=1 rt(s, a,ω
m,k) +γQ̂t+1(ft+1(s, a,ωm,k), ã) denote its empirical estimate. Moreover, let

A ∗
t (s, ã) := arg maxa∈AQt(s, a, ã) and A 9

t (s, ã) :=A\A ∗
t (s, ã).

In a similar way, we define the range of α-nonsignificant actions given that action ã ∈At+1(ft+1(s, a,ω))

will be taken at t+ 1 as:

Πt(s,α, ã) :=
{
a∈A : Q̂t(s, a∗, ã)−Q̂t(s, a, ã)≤ d̂t(s,α, ã)

√
M−1 [ς̂2t (s, a∗, ã) + ς̂2t (s, a, ã)]

}
,

where d̂t(s,α, ã) is the 1 − α empirical quantile of the distribution of the maximum of the root

statistics and ς̂2t (s, a, ã) := 1
M−1

∑M

m=1

(
Q̄mt (s, a, ã)−Q̂t(s, a, ã)

)2

, with Q̄mt (s, a) := 1
K

∑K

k=1 rt(s, a,ω
m,k) +

γQt+1(ft+1(s, a,ωm,k), ã).
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Proof of Proposition 10.

(i) We first show that A ∗
t (s, ã) ⊆ A∗t (s). Let ā ∈ A9t(s) and a∗ ∈ A∗t (s). We then have

that E [rt(s, ā, ω) + γvt+1(s′)|s, ā] < E [rt(s, a
∗, ω) + γvt+1(s′)|s, a∗] for s′ = ft+1(s, a,ω). Since

E [rt(s, a,ω) + γvt+1(s′)|s, a] = E [rt(s, a,ω)|s, a] + γE [vt+1(s′)|s, a], we must have one of these

cases: (1) E [rt(s, ā, ω)|s, ā] < E [rt(s, a
∗, ω)|s, a∗], (2) E [vt+1(s′)|s, ā] < E [vt+1(s′)|s, a∗], or (3)

E [rt(s, ā, ω)|s, ā] < E [rt(s, a
∗, ω)|s, a∗] and E [vt+1(s′)|s, ā] < E [vt+1(s′)|s, a∗]. We want to show that

if E [rt(s, ā, ω) + γvt+1(s′)|s, ā] < E [rt(s, a
∗, ω) + γvt+1(s′)|s, a∗] then E [rt(s, ā, ω) + γQt+1(s′, ã)|s, ā] <

E [rt(s, a
∗, ω) + γQt+1(s′, ã)|s, a∗], for ã ∈ At+1(s′). The proof proceeds by showing that A ∗

t (s, ã) ⊆

A∗t (s) in each case via contrapositive arguments.

Case (1): E [rt(s, ā, ω)|s, ā] < E [rt(s, a
∗, ω)|s, a∗]. Since p̄t(s

′|s, a) is nonincreasing in a by Assump-

tion 5 and Qt+1(s′, ã) is nonincreasing in s′ by Assumption 2 and Proposition 3, we have that

E [Qt+1(s′, ã)|s, ā] ≤ E [Qt+1(s′, ã)|s, a∗] for any ã ∈ At+1(s′). Thus, E [rt(s, ā, ω) + γQt+1(s′, ã)|s, ā] <

E [rt(s, a
∗, ω) + γQt+1(s′, ã)|s, a∗] and ā ∈ A9t(s) implies that ā ∈ A 9

t (s, ã). The inclusion A ∗
t (s, ã) ⊆

A∗t (s) follows.

Case (2): E [vt+1(s′)|s, ā] < E [vt+1(s′)|s, a∗]. Note that E [vt+1(s′)|s, ā] < E [vt+1(s′)|s, a∗] implies that

E [vt+1(s′)|s, ā]− ξ < E [vt+1(s′)|s, a∗]− ξ, for any ξ ∈R. Let ξt+1(s′) := vt+1(s′)−Qt+1(s′, ã). We then

have:

E [vt+1(s′)|s, ā]<E [vt+1(s′)|s, a∗]

⇒E [vt+1(s′)|s, ā]−E [ξt+1(s′)|s, ā]<E [vt+1(s′)|s, a∗]−E [ξt+1(s′)|s, ā]

⇒
∑
s′∈S

pt(s
′|s, ā)vt+1(s′)−

∑
s′∈S

pt(s
′|s, ā)ξt+1(s′)<

∑
s′∈S

pt(s
′|s, a∗)vt+1(s′)−

∑
s′∈S

pt(s
′|s, ā)ξt+1(s′)

⇒
∑
s′∈S

pt(s
′|s, ā)[vt+1(s′)− ξt+1(s′)]<

∑
s′∈S

pt(s
′|s, a∗)vt+1(s′)−

∑
s′∈S

pt(s
′|s, ā)ξt+1(s′)

⇒
∑
s′∈S

pt(s
′|s, ā)Qt+1(s′, ã)<

∑
s′∈S

pt(s
′|s, a∗)vt+1(s′)−

∑
s′∈S

pt(s
′|s, ā)ξt+1(s′). (11)

Since E[rt(s, a
∗, ω)|s, a∗]− E[rt(s, a,ω)|s, a] is nondecreasing in s and p̄t(s

′|s, a) is subadditive on S ×

A by Assumption 4, from Lemma 7 we then get that ξt+1(s′) is nondecreasing in s′ (see equation

(7) in the proof of Proposition 8). Moreover, as p̄t(s
′|s, a) is nonincreasing in a by Assumption 5,

applying Lemma 4 with h(x, y) = pt(s
′|s, a∗), h(x, ȳ) = pt(s

′|s, ā), and g(x) = ξt+1(s′) it follows that∑
s′∈S pt(s

′|s, a∗)ξt+1(s′)≤
∑

s′∈S pt(s
′|s, ā)ξt+1(s′). Hence, from equation (11) we have:∑

s′∈S

pt(s
′|s, ā)Qt+1(s′, ã)<

∑
s′∈S

pt(s
′|s, a∗)vt+1(s′)−

∑
s′∈S

pt(s
′|s, ā)ξt+1(s′)

≤
∑
s′∈S

pt(s
′|s, a∗)vt+1(s′)−

∑
s′∈S

pt(s
′|s, a∗)ξt+1(s′)

=
∑
s′∈S

pt(s
′|s, a∗)[vt+1(s′)− ξt+1(s′)]

=
∑
s′∈S

pt(s
′|s, a∗)Qt+1(s′, ã),
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which implies that E [Qt+1(s′, ã)|s, ā]< E [Qt+1(s′, ã)|s, a∗]. Because E [rt(s, a,ω)|s, a] is nondecreasing

in a by Assumption 5, we get that E [rt(s, ā, ω) + γQt+1(s′, ã)|s, ā]< E [rt(s, a
∗, ω) + γQt+1(s′, ã)|s, a∗]

and ā∈A9t(s) implies that ā∈A 9
t (s, ã). The inclusion A ∗

t (s, ã)⊆A∗t (s) holds.

Case (3): E [rt(s, ā, ω)|s, ā]<E [rt(s, a
∗, ω)|s, a∗] and E [vt+1(s′)|s, ā]<E [vt+1(s′)|s, a∗]. This case follows

directly from cases (1) and (2).

Since A ∗
t (s, ã)⊆A∗t (s) in all 3 cases, we have that A∗t (s)⊆A ∗

t (s).

(ii) We now show that Πt(s,α, ã) ⊆ Πt(s,α) via another contrapositive argument. Fix a realization of

the sequence of the stochastic process ωN := (ωn : n ∈ {1, . . . ,N}) and let ā /∈ Πt(s,α). Suppose that

ã∈A9t+1(ft+1(s, a,ω)). If ã∈A∗t+1(ft+1(s, a,ω)) the result is trivially true. We want to prove that:

Q̂t(s, a
∗)− Q̂t(s, ā)> d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, ā)
]
, (12)

suggests that Q̂t(s, a∗, ã) − Q̂t(s, ā, ã) > d̂t(s,α, ã)
√
M−1 [ς̂2t (s, a∗, ã) + ς̂2t (s, ā, ã)] for any ã ∈

A9t+1(ft+1(s, ā, ω)). Suppose that E [rt(s, a,ω)|s, a] and pt(s
′|s, a) are known. From the left-hand

side of equation (12) we want to show that Qt(s, a∗, ã) − Qt(s, ā, ã) ≥ Qt(s, a
∗) − Qt(s, ā). Since

Qt(s, a, ã) = E [rt(s, a,ω)|s, a] + γE [Qt+1(s′, ã)|s, a] and Qt(s, a) = E [rt(s, a,ω)|s, a] + γE [vt+1(s′)|s, a]

for s′ = ft+1(s, a,ω), ã ∈ At+1(s′), and a ∈ At(s), it suffices to show that E [Qt+1(s′, ã)|s, a∗] −

E [Qt+1(s′, ã)|s, ā]≥ E [vt+1(s′)|s, a∗]−E [vt+1(s′)|s, ā]. As E[rt(s, a
∗, ω)|s, a∗]−E[rt(s, a,ω)|s, a] is non-

decreasing in s and p̄t(s
′|s, a) is subadditive on S ×A by Assumption 4, from Lemma 7 we get that

vt+1(s′)−Qt+1(s′, ã) is nondecreasing in s′ (see equation (7) in the proof of Proposition 8). Because

p̄t+1(s′|s, a) is nonincreasing in a by Assumption 5, from Lemma 4 it holds that:∑
s′

pt(s
′|s, ā) [vt+1(s′)−Qt+1(s′, ã)]≥

∑
s′

pt(s
′|s, a∗) [vt+1(s′)−Qt+1(s′, ã)] ,

indicating that E [Qt+1(s′, ã)|s, a∗]− E [Qt+1(s′, ã)|s, ā]≥ E [vt+1(s′)|s, a∗]− E [vt+1(s′)|s, ā]. Therefore,

Qt(s, a∗, ã)−Qt(s, ā, ã)≥Qt(s, a
∗)−Qt(s, ā). The convergence result follows from Theorem 1.

For the right-hand side of (12), note that ζ̂2
t (s, a) ≥ ς̂2t (s, a) and d̂t(s,α) ≥ d̂t(s,α,a) for

all a. Both inequalities follow because ωN is fixed, which implies that rt(s, a,ω
m,k) +

γv̂t+1(ft+1(s, a,ωm,k)) ≥ rt(s, a,ωm,k) + γQ̂t+1(ft+1(s, a,ωm,k), ã) for every ωm,k ∈ ωN . Thus, we get

that d̂t(s,α)

√
M−1

[
ζ̂2
t (s, a∗) + ζ̂2

t (s, ā)
]
≥ d̂t(s,α, ã)

√
M−1 [ς̂2t (s, a∗) + ς̂2t (s, ā)]. Note that this inequal-

ity holds for any N ∈ N+. Combining the results from both sides of equation (12) it follows that

Q̂t(s, a∗, ã)−Q̂t(s, ā, ã)> d̂t(s,α, ã)
√
M−1 [ς̂2t (s, a∗, ã) + ς̂2t (s, ā, ã)]. �

Appendix B: Case Study Details

In this section, we provide additional methods and results from our case study.

B.1. Ordering of States and Actions

To obtain a range of near-optimal treatment choices with probability 1, S and At(s) must be ordered such

that E[rt(s
′, a,ω)|s, a] and p̄t(s

′|s, a) are monotone on s ∈ S and a ∈ At(s), and σt(s, a) is monotone on

a∈At(s) (see Theorem 3).
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Given the progression of a patient’s risk factors, the state transitions only depend on their health condition.

To ensure the monotonicity of E[rt(s
′, a,ω)|s, a] and p̄t(s

′|s, a) on s, we ordered patients’ states at each year

in terms of their health condition. As pt(s|s, a) = 1 if s∈ E and pt(s
′|s, a)∈ (0,1) if s∈H, we order our states

so that ŝ < s̃ if ŝ ∈H and s̃ ∈ E . This ordering guarantees that p̄t(s
′|s, a) is monotone on s. Since patients

only receive a nonzero reward if they transition from s∈H to s′ ∈H, E[rt(s
′, a,ω)|s, a] is monotone on s by

construction.

To make sure E[rt(s, a,ω)|s, a], p̄t(s
′|s, a), and σt(s, a) are monotone on a, we ordered At(s) in terms

of number of medications. We note that this ordering achieves the desired result because the reduction in

ASCVD risk from treatment is linear in the number of medications.

B.2. Calibration and Validation of Simulation Model

We calibrate the number of events predicted by the ASCVD risk calculator to ensure the number of fatal

and non-fatal ASCVD events in our simulation match those of the national statistics. The overall event rates

predicted by the risk score are estimated by simulating the first year of the 10-year planning horizon of every

patient in our population following the current clinical guidelines. We estimate the likelihood of fatal CHD

and stroke events by dividing the fatal event rates from the National Center for Health Statistics (NCHS)

by the overall event rates predicted by the risk calculator in our simulation (NCHS 2017). In a baseline

simulation in which the study population is untreated, we find that the event rates are calibrated to the

national data. A clinical researcher from the University of Michigan Medical School verified the calibration

of our model.

Our simulation model is built by discussing the parameters and logic with experts in the field. Practic-

ing clinicians at the University of Michigan Hospital and researchers at the Veterans Affairs Ann Arbor

Healthcare System, helped validate our model.

B.3. Convergence Analysis

To select the number of batches for each patient in our population, we first fixed the number of obser-

vations per batch to satisfy the conditions in Proposition 2 with β = 0.01. That is, each batch has K =⌈
2κ2

t log(21/0.01)
⌉

number of observations, where dxe := min{y ∈ Z|y ≥ x}. Recall that at each year t and

healthy state s ∈ H there is a total of A = 21 treatment choices. Using this approach, the approximately

optimal treatment choices identified in each batch are contained in the true sets of optimal actions with a

probability of at least 99% for each patient. Note that this approach results in a different number of observa-

tions K for each patient in the population. We then increase the number of batches (or simulation replicates)

iteratively until the maximum width of the simultaneous confidence intervals across all patients at the first

year of our study reaches convergence. Through this method, we find that M = 300 batches may be enough

to obtain a maximum confidence interval width close to the maximum width attained with 1,000 batches

(Figure B.1). We also note that using M = 300 batches, we achieve a maximum confidence interval width of

0.02 life years. This width implies that any treatment choice that results in less than 0.02 life years than the

controls will be excluded from the ranges of actions.
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Figure B.1 Convergence of the maximum confidence interval width over the number of batches. Red line

represents the maximum confidence interval width using 1,000 batches (0.01).

B.4. Study Population

Out of a population of 16.72 million people, 1.33 million (7.96%) are Black females, 7.58 million (45.34%)

are White females, 1.08 million (6.44%) are Black males, and 6.73 million (40.26%) are White males. The

number of people by sex, race, and BP group (normal BP, elevated BP, stage 1 hypertension, and stage

2 hypertension) at the first year of our study are shown in Figure B.2. We observe that male patients

generally have higher BP than female patients. We also notice that 4.71 million people (28.15%) have stage

1 hypertension. This is the second-largest proportion of adults in the US, with ages 50 to 54. Nevertheless,

this finding varies by race. While there are more Black adults with stage 1 hypertension than any other

BP group (29.17%), the largest proportion of White adults have normal BP (38.59%). These findings are

consistent with the most recent age-adjusted hypertension prevalence trends across adults in the US (Virani

et al. 2020).
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Figure B.2 Number of people by race, race, and BP category. BP groups are consistent with the BP categories

of the 2017 Hypertension Clinical Practice Guidelines. The label “Elevated” denotes elevated BP, “Stage 1”

denotes stage 1 hypertension, and the label “Stage 2” denotes stage 2 hypertension.
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B.5. Additional Results

This subsection presents additional results of our case study. All of the results included in this subsection

have been described in Section 6 in the main body of the paper.
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Figure B.3 Distribution of treatment at year 1 and year 10 of the study by sex (top) and race (bottom). BP

groups are consistent with the BP categories of the 2017 Hypertension Clinical Practice Guidelines. The label

“Elevated” denotes elevated BP, “Stage 1” denotes stage 1 hypertension, and the label “Stage 2” denotes stage

2 hypertension.
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Figure B.4 Life-years saved by each treatment policy compared to no treatment over the planning horizon by

sex (top) and race (bottom) per BP group. BP groups are consistent with the BP categories of the 2017

Hypertension Clinical Practice Guidelines. The label “Elevated” denotes elevated BP, “Stage 1” denotes stage 1

hypertension, and the label “Stage 2” denotes stage 2 hypertension.
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B.6. Examination of Treatment Choices Contained in the Ranges

The ranges of near-optimal actions always contain the optimal treatment plans in all years, demographics,

and BP groups. We also find that the clinical guidelines are contained in the ranges for at least 94.44% of

patients with stage 2 hypertension. However, we observe an overall decreasing trend in the proportion of

patients treated according to the current clinical guidelines that are included in the ranges in the remaining

BP categories. This proportion of patients decrease from 86.48% to 68.44% and from 78.92% to 60.98%

over the planning horizon in patients with elevated BP and stage 1 hypertension, respectively. A reason

for this may be that the ranges of near-optimal treatment choices are informed by risk, while the current

clinical guidelines are mainly driven by BP levels. Also, the current guidelines do not consider the impact of

present decisions on patients’ future health, while the ranges of α-nonsignificant actions do. The proportion

of patients for whom the ranges cover the actions recommended by current clinical guidelines over the 10-year

planning horizon stratified by sex, race, and BP category is shown in Figure B.5.
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Figure B.5 Proportion of patients of treatment recommendations made by clinical guidelines contained in the

ranges of near-optimal actions. The label “Elevated” denotes elevated BP, “Stage 1” denotes stage 1

hypertension, and the label “Stage 2” denotes stage 2 hypertension.

B.7. Sensitivity Analyses

The sensitivity analyses on the model parameters are described in Table B.1. These parameters and their

sensitivity analysis values are selected based on communications with our clinical collaborators and the

existing literature (Sussman et al. 2013).

We first consider the case that the ASCVD risk reductions obtained from the Blood Pressure Lowering

Treatment Trialists’ Collaboration (BPLTTC) (Sundström et al. 2014) and the treatment-related disutility

are halved or doubled. We also examine a scenario where the treatment-related disutility results in an equal
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Table B.1 Sensitivity analysis parameter values.

Parameter Base case (sensitivity analysis values)

ASCVD risk reductions BPLTTC (half, double)
Half dosage disutility 0.001 (0.0005, 0.0020, 0.0092)
Standard dosage disutility 0.002 (0.0010, 0.0040, 0.0184)
Action-value function distribution Empirical (Gaussian)
Future action Best in range (fewest in range, median in range)
Population Ages 50-54 (ages 70-74)
Parameter misestimation None (± 50% estimated risk, 50% nonadherence)

number of medications recommended by the optimal treatment strategy and the current clinical guidelines.

In this scenario, we use a disutility of 0.0092 for medications at a half dosage and 0.0184 for medications

at standard dosage. Second, we perform a sensitivity analysis on the distribution of the action-value func-

tions. Rather than using an empirical estimation of their true distribution, we assume that the action-value

functions, including terminal rewards, are normally distributed. In another scenario, we use the treatment

choices with the least amount of medications and median number of medications in the next year’s range of

near-optimal actions, instead of the best treatment choice in the range. We also compare the performance

of treatment choices in the ranges of near-optimal actions to the optimal treatment plans and the current

clinical guidelines in a secondary population. Each policy is applied in a sample representative of all Black

or White adults in the US with ages between 70 and 74 years old (7.55 million people). Finally, we study

the case the parameters are misestimated. We contemplate three misestimation scenarios: patients’ true risk

is half the estimated risk, patients’ actual risk is double the estimated risk, and patients’ true benefit from

treatment is half the estimated benefit.

B.7.1. Results of Sensitivity Analyses. We proceed to study how the treatment strategies are affected

by changing the model parameters and assumptions. The results of the sensitivity analysis in the first year

of our study are summarized in Table B.2.

If the benefit from treatment is halved, all policies save fewer life years than in the base case. We also note

that the ranges contain more treatment choices and that treatment is more aggressive than in the base case.

The opposite effect is observed if the benefit from treatment is doubled. In this scenario, fewer medications

are necessary to ensure patients’ well-being, and fewer treatment choices are within 0.02 life years of the best

action, which results in narrower ranges.

We notice that the treatment-related disutility considerably affects the life-years saved by each policy, but

the treatment strategies themselves to a lesser extent. If the treatment-related disutility is increased until

the optimal treatment policy recommends the same number of medications as the clinical guidelines, we

observe a dramatic reduction in the life-years saved by each strategy, the number of medications covered

in ranges, and the width of the ranges. In this scenario, the optimal, best in range, median in range, and

fewest in range strategies tend to recommend less aggressive treatment, which results in a lower number of

life-years saved. Although the current clinical guidelines do not use disutility as a driver for recommending
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Table B.2 Summary of sensitivity analyses at the first year of our study.

Sensitivity
analysis
scenario

Life-years saveda

Number of
medicationsb

Range
widthb

Optimal
treatment

Best
in

range

Median
in

range

Fewest
in

range

Clinical
guidelines

Base case 3.02 2.92 2.55 1.75 1.83 1.93 (0, 4.33) 3.07 (1, 9)
Treatment benefit

Halved 2.11 2.02 1.67 1.05 0.99 2.44 (0, 4.67) 5.09 (1, 15)
Doubled 3.44 3.38 3.17 2.47 2.94 1.31 (0, 4.33) 1.81 (1, 4)

Treatment-related disutility
Halved 3.18 3.07 2.68 1.83 1.89 1.93 (0, 4.33) 3.03 (1, 9)
Doubled 2.73 2.62 2.30 1.58 1.70 1.93 (0, 4.33) 3.21 (1, 10)
Equal treatment 1.29 1.21 0.78 0.71 0.79 1.6 (0, 4) 3.37 (1, 10)

a The life-years saved by each policy are presented in millions.

b The value outside the parenthesis is the average, the values within the parenthesis are the 5th and 95th quantile

across the population of adults in the US with ages between 50 and 54.

treatment, this strategy also results in fewer life-years saved when evaluated in the Markov chain embedded

in the MDP.

Assuming that the immediate rewards and terminal rewards are normally distributed does not substantially

affect the width of the ranges. Overall, we find that the quantile values dt(s,α) obtained using the parametric

method developed by Dunnett (1955) is reasonably robust to the type of non-normality exhibited in the

action-value functions associated with each patient’s state and treatment recommendation. This finding

is consistent with previous studies on the robustness of Dunnett’s method (Westfall 2011). In line with

Proposition 10, we also notice that the width of the ranges and the approximately optimal actions do not

change with the treatment choice at the next decision epoch if Assumptions 1, 2, 4, and 5 are satisfied. The

average range width and number of medications for our base case, assuming normality in the action-value

functions, using the action that corresponds to the median number of medications in next year’s range, and

using the action to corresponds to the fewest number of medications in next year’s range are included in

Figure B.6.

Applying each treatment strategy to the adult population in the US with ages between 70 and 74 years

old, we can draw similar conclusions than with our base case population (adults with ages from 50 to 54).

In this population, the treatment strategies contained in the ranges of near-optimal actions save more life

years than the current clinical guidelines in every BP category and demographic. This may be because older

patients tend to have a higher risk for ASCVD events than younger patients, which translates to more intense

treatment by the policies contained in the ranges. We also note that the best treatment in the ranges results

in similar health outcomes to the optimal treatment plans. The life-years saved by each policy segregated by

sex and BP category as well as by race and BP category are included as Figure B.7.

Figure B.8 shows the proportion of patients whose treatment is covered by the ranges of near-optimal

actions despite parameter misestimation. We notice that the ranges of treatment choices are generally robust

against event rate misestimation. The largest difference between the proportion of patients whose treatment

is covered in the ranges in the base case and the event rate misestimation scenarios is 4.58%. Furthermore, we
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Figure B.6 Average range width and number of medications in the base case, assuming normality in the

action-value functions, using the action that corresponds to the median number of medications in next year’s

range, and using the action to corresponds to the fewest number of medications in next year’s range. The label

“‘Median in Next Year’s Range” denotes the median number of medications in next year’s range, and the label

“Fewest in Next Year’s Range” denotes the fewest number of medications in next year’s range. Dashed lines

represent the 5th and 95th quantile across the population of adults in the US with ages between 50 and 54.

find that the optimal policies are always contained in the ranges of near-optimal actions. While the proportion

of patients whose treatment is covered in the ranges remained unchanged in the clinical guidelines treatment

strategy in the treatment benefit misestimation scenario, this proportion drops by up to 53.73% in the

optimal treatment plans. A potential explanation for this decrease in coverage is that the optimal treatment

strategy treats almost twice as aggressively if the true benefit from treatment is half of the misestimated

benefit.
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Figure B.7 Life-years saved by each treatment policy compared to no treatment over the planning horizon by

sex (top) and race (bottom) per BP group in secondary population of adults with ages between 70 and 74. BP

groups are consistent with the BP categories of the 2017 Hypertension Clinical Practice Guidelines. The label

“Elevated” denotes elevated BP, “Stage 1” denotes stage 1 hypertension, and the label “Stage 2” denotes stage

2 hypertension.
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Figure B.8 Proportion of patients whose treatment recommendations are contained in the ranges of

near-optimal actions despite parameter misestimation. Each panel represents a different misestimation scenario:

no misestimation (top left), patients’ true risk for ASCVD events is half the estimated risk (top right), patients’

true risk for ASCVD events is double the estimated risk (bottom left), and patients’ true benefit from treatment

is half the estimated benefit (bottom right).
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