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Consider a seller seeking a selling mechanism to maximize the worst-case revenue obtained from a buyer
whose valuation distribution lies in a certain ambiguity set. For a generic convex ambiguity set, we show
via the minimax theorem that strong duality holds between the problem of finding the optimal robust
mechanism and a minimax pricing problem where the adversary first chooses a worst-case distribution and
then the seller decides the best posted price mechanism. This implies that the extra value of optimizing over
more sophisticated mechanisms exactly amounts to the value of eliminating distributional ambiguity under a
posted price mechanism. The duality result also connects prior literature that separately studies the primal
(robust mechanism design) and problems related to the dual (e.g., robust pricing, buyer-optimal pricing and
personalized pricing). We further provide a geometric approach to analytically solving the minimax pricing
problem (as well as the robust pricing problem) for several important ambiguity sets such as the ones with
mean and various dispersion measures, and with the Wasserstein metric. The solutions are then used to
construct the optimal robust mechanism and to compare with the solutions to the robust pricing problem.

Uniqueness of the worst-case distribution can also be established for some cases.

Key words: robust mechanism design, moment condition, mean-preserving contraction/spread, Wasserstein

metric.

1. Introduction

Consider a seller who sells a product to a risk-neutral buyer. The buyer’s valuation is private
information and unobservable to the seller. In the classic pricing problem, the seller knows that
the buyer’s valuation follows a distribution and seeks a revenue maximizing price. Posting a fixed
price—known as the posted price mechanism—is only one way to sell the product, and there are

many other ways to sell. For example, the seller can sell a lottery: the buyer pays a fee to enter the
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lottery and wins the product with a certain probability.! Alternatively, the buyer and the seller can
be involved in a dynamic bargaining process. In the seminal work of Myerson (1981), it is shown
that when the virtual valuation is increasing, the posted price mechanism is optimal among all
possible selling mechanisms.? Riley and Zeckhauser (1983) later generalize this observation to any
distribution as long as it is known to the seller.

In practice, however, the distribution of the buyer’s valuation is rarely known precisely. Often, the
seller only has a confident prediction of certain statistics, say maximum and mean, of the buyer’s
valuation, or an empirical distribution based on data.?> How does a posted price mechanism perform
in such a case and is there a better mechanism that the seller can use? Let us consider the following
example. The buyer values the product at $1 or $1/2 or no value at all. The seller is aware of the
possible values and is also confident that the average valuation is $1/2. However, the seller does not
have any further information on the probability of each possible value. Suppose the seller presumes
a uniform distribution over the values, then the optimal selling mechanism (under the hypothesized
distribution) is to post a price of $1/2 with the hypothesized optimal revenue of $1/3. However, if
in the true distribution the buyer values the product at $0 or $1 each with half probability (with
the average valuation staying at $1/2), then the seller’s expected revenue would drop to $1/4 under
the posted price of $1/2. Consider now a selling mechanism such that the seller posts a price of $2/3
and simultaneously sells a lottery priced at $1/3 with a winning probability of 2/3. Clearly, a buyer
with a valuation zero would not purchase anything. A buyer who values the product at $1/2 would
prefer to buy the lottery while the buyer with a valuation of $1 would pay the posted price.* One
can show that the seller’s revenue is $1/3 regardless of the distribution of the buyer’s valuation.

The example above shows that the seller can indeed do better and achieve a robust revenue
guarantee of $1/3 if using a selling mechanism beyond the posted price mechanism. This motivates
us to study the general problem of finding a robust selling mechanism when the seller has limited
information on the valuation distribution. In particular, we assume the seller merely knows that F
belongs to an ambiguity set of probability distributions. The seller then seeks the selling mechanism
that maximizes the worst-case expected revenue.

! The practice of using lotteries as a selling mechanism is commonly seen in the online gaming industry where the

implementation of such mechanisms (for instance, in the form of drop rates of rare in-game items) becomes much
easier compared to brick-and-mortar stores.

2 Myerson (1981) establishes the optimality of second-price auction with a reserve price for the setting of multiple
buyers. The second-price auction with a reserve price reduces to the posted price mechanism when there is one buyer.

3 Empirical distribution plays a key role in the growing literature of revenue maximization from samples that seeks
optimal price/mechanism with performance guarantees; see, e.g., Allouah et al. (2021), Cole and Roughgarden (2014),
Balcan et al. (2017), and the references therein.

4We assume that the buyer would purchase the product if he is indifferent between purchasing and no purchasing;
and the buyer would pay the posted price if indifferent between buying the product and buying the lottery.
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Our first contribution is an observation via the minimazx theorem that when the ambiguity set is
convex, strong duality holds between our problem of finding the optimal mechanism and its dual
problem, referred to as the minimax pricing problem, in which an adversary selects a worst-case
distribution that minimizes the maximal revenue achievable by a posted price mechanism. Although
in the minimax pricing problem, the seller is restricted to a posted price mechanism, she enjoys the
information advantage of first seeing the distribution chosen by the adversary before deciding her
own price. Strong duality directly implies that the extra value brought by more sophisticated selling
mechanisms over the simple posted price mechanism is exactly the value of distribution information
under a posted price mechanism. Our minimax pricing problem is closely related to problems studied
in robust pricing, buyer-optimal pricing and personalized pricing literature (we review each of them
in more detail subsequently), and hence our result connects these problems with robust mechanism
design via strong duality.

Our second contribution is a geometric approach to solving the minimax pricing problem. Geo-
metrically, the worst-case distribution can be found by finding from the ambiguity set a distribution
that is tangent to the lowest possible level curve of a bilinear function (which is a hyperbola). A
similar geometric intuition also applies to the maximin pricing problem, where the optimal posted
price is the tangent point of the level curve of a bilinear function and a curve we dub “adversarial
selling probability”. We use this geometric approach to analytically solve several important spe-
cial cases: ambiguity sets with mean (Section 4.1), mean-preserving contraction (Section 4.2) and
Wasserstein metric (Section 4.3), as well as ambiguity sets with other dispersion measures such
as variance (Appendix C.1), mean absolute deviation (Appendix C.2) and mean-preserving spread
(Appendix C.3). The dual solution enables us to construct the optimal robust mechanism and to
compare with the optimal posted price mechanism. While part of our analytical results for the ambi-
guity sets with mean and variance/mean absolute deviation and the one based on mean-preserving
contraction are known in the literature, our geometric approach provides a more systematic and
intuitive proof. Our characterization of both the optimal robust mechanism and the posted price
mechanism for the general Wasserstein case, to the best of our knowledge, is new to the literature. In
Table 1, we summarize existing results and ours for different ambiguity sets. It is worth noting that
for the multi-product mechanism design problem, Carroll (2017) shows that it is optimal to solve the
robust mechanism design problem for each product separately as long as one only has information
about the marginal distributions. Our comprehensive results in Table 1 can then be directly applied
to the multi-product robust mechanism design problem with a rich family of ambiguity sets that

can flexibly specify different distributional information for each marginal.
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Ambiguity Set

Robust Screening

Minimax Pricing

Maximin Pricing

Mean

Carrasco et al. (2018)

Proposition 2

Elmachtoub et al. (2020)
v Theorem 1

Carrasco et al. (2018)

v' Proposition 3

Mean Preserving

Du (2018)

Roesler and Szentes (2017)

Contraction Proposition 4 Theorem 2 Proposition 5
Wasserstein Li et al. (2019)* — —
Distance v Theorem 4°

Proposition 6/Corollary 1"

v' Proposition 7

Mean and Variance

Carrasco et al. (2018)°

Proposition 8

v Theorem 5

Chen et al. (2020a)¢

v’ Proposition 9

Mean Absolute

Deviation

Proposition 10

Elmachtoub et al. (2020)
v Theorem 6

Roos et al. (2020)

v" Proposition 11

Mean Preserving

Condorelli and Szentes (2020)

Spread Theorem 7

Proposition 12 Proposition 13

® Li et al. (2019) consider discrete valuation; while we show that the optimal mechanism can be more complicated for
continuous valuation. » Our characterization of the optimal mechanism does not hold for type-p (1 < p < co) Wasserstein
ambiguity sets, but our characterization of the worst-case distribution Theorem 4 does hold for any p > 1. © Carrasco et al.
(2018) consider possibly unbounded valuation and all distributions having variance bounded from above (as opposed to
being equal to a pre-specified value in our setting). ¢ Chen et al. (2020a) assume unbounded support and their analysis is

based on Cantelli’s inequality that does not utilize the support information.

Table 1 Summary of existing results and ours. The “v"” sign indicates that uniqueness of the worst-case

distribution can be established for certain cases.

2. Literature Review
The problem of mechanism design with one product and one buyer is also known as the screening
problem (Borgers 2015, chapter 2). As we mentioned in the introduction, when the distribution
of the buyer’s valuation is known, it is well known that the posted price mechanism is optimal.
One insightful proof is by Manelli and Vincent (2007), who observe that the screening problem is
essentially an infinite dimensional linear program and the posted price mechanisms constitute all
the extreme points of the set of feasible mechanisms. The linearity is also the key behind our strong
duality result. The screening problem is a fundamental building block for more complicated models
that involve multiple products or multiple interacting agents. We refer readers to Borgers (2015) for
an overview of these topics in mechanism design.

Our primal problem belongs to the literature of robust mechanism design. A number of papers have
studied the robust screening problem under specific ambiguity sets. Bergemann and Schlag (2011)
consider the ambiguity set with Lévy metric and show that the posted price mechanism is optimal.

Ambiguity set with moment information is studied in Carrasco et al. (2018). They characterize the
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structure of the optimal mechanism for the general case when the ambiguity set contains the first
N moments information (with unbounded support) and provide analytical solutions for the case
with the first two moments and the case with the first moment and upper bound information. In a
context of multiple buyers, Du (2018) studies the ambiguity set based on mean-preserving spread
and constructs a mechanism that is optimal when there is only one buyer. For discrete valuations,
Pmar and Kizilkale (2017) also characterize the optimal mechanism when the first two moments
are known while Li et al. (2019) consider the ambiguity set based on the type-1 Wasserstein metric.
Besides the maximin revenue objective which we focus on, the minimax regret objective has also been
considered. One is referred to Bergemann and Schlag (2008) for ambiguity set with only support,
Bergemann and Schlag (2011) for the one based on Lévy metric and Wang et al. (2020) for the one
with moment information.

Among the aforementioned papers on the primal, Bergemann and Schlag (2011), Carrasco et al.
(2018) and Du (2018) all observe that the robust mechanism can be solved by finding a saddle
point (if one exists) to the objective functional. Both Bergemann and Schlag (2011) and Carrasco
et al. (2018) prove the existence of saddle point (which ensures strong duality) for their specific
ambiguity sets by utilizing the existence result for Nash equilibrium in Reny (1999), while Du (2018)
explicitly constructs the saddle point by pairing his mechanism with the dual solution found in
Roesler and Szentes (2017). In comparison, we establish strong duality for general convex ambiguity
sets via a simple observation that the objective functional is bilinear so a functional version of von
Neumann’s classic minimax theorem can be applied. In addition, the existence result of saddle point
in Bergemann and Schlag (2011) and Carrasco et al. (2018) is only used to prove the existence of
the optimal solution to the primal problem, and characterizations of the optimal mechanism therein
are based on analyzing the primal problem. Our characterization, however, is based on analyzing
the dual problem first, which admits a more intuitive geometric interpretation.

Our dual problem is a minimax pricing problem, which is clearly related to the maximin pricing
problem—also called the robust pricing problem—obtained from exchanging the “max” and “min”
operators. The max-min inequality directly implies that the optimal objective value of the minimax
pricing problem provides an upper bound to that of robust pricing—and in general, the two are
not equal. Chen et al. (2020a) study the robust pricing problem with mean and variance. Roos
et al. (2020) provide a closed-form solution to the optimal price under the ambiguity set with mean
absolute deviation. A multi-buyer extension of robust pricing problem is finding an optimal reserve
price in auctions and one is referred to Suzdaltsev (2020a) and references therein for this stream of
literature. Our geometric approach also applies to solving the robust pricing problem, which further

enables us to visualize the comparison between minimax pricing and maximin pricing.
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The dual minimax pricing problem itself also has a more subtle connection to the buyer-optimal
pricing (Roesler and Szentes 2017, Condorelli and Szentes 2020) and the value of personalized pricing
(Elmachtoub et al. 2020). Both Roesler and Szentes (2017) and Condorelli and Szentes (2020)
consider a Stackelberg game where the buyer moves first by choosing his valuation distribution
in an ambiguity set to maximize his expected surplus and the seller moves next by deciding the
price upon observing buyer’s valuation distribution. It turns out that under certain conditions on
the ambiguity set (e.g., with mean or mean-preserving contraction) maximizing buyer’s surplus is
equivalent to minimizing the seller’s revenue. Elmachtoub et al. (2020) examine a very different
problem of bounding the ratio between the revenues of personalized pricing (or first-degree price
discrimination) and of a posted price mechanism for all distributions in an ambiguity set. Yet, their
problem of finding an upper bound is again equivalent to our minimax pricing problem. Hence, our
paper reveals that these problems are fundamentally the dual problem of robust screening.

Robust mechanism design is also studied in more challenging multi-product or multi-buyer set-
tings. For multiple products, Carroll (2017) and Gravin and Lu (2018) show that when only the
marginals are known, it is optimal to post a price for each product separately—the problem reduces
to the classic screening problem with known distribution if there is only one product. Kogyigit
et al. (2021) study the minimax regret objective and an ambiguity set with rectangular support
and obtain a similar separation result. With one product, their model reduces to the one studied in
Bergemann and Schlag (2008). Kogyigit et al. (2021) also prove a strong duality result via discretiz-
ing their specific ambiguity set and explicitly constructing solutions for both primal and dual. For
multi-buyer setting, besides the stream of literature that focuses on auctions with reserve prices (see
Suzdaltsev 2020a), Suzdaltsev (2020b) studies the optimal deterministic mechanism by considering
ambiguity sets with mean and upper bound on the valuations. Kogyigit et al. (2019) study, among
other results, the optimal second-price auction with a reserve price and a closely related random-
ized mechanism called “highest-bidder lottery” for the same ambiguity set. Du (2018) proposes an
asymptotically optimal mechanism for ambiguity sets based on mean-preserving spread while Bandi
and Bertsimas (2014) provide computational algorithms when only support information is known.

A dual perspective is also regularly pursued in the setting of Bayesian mechanism design. A
common observation is that the incentive compatibility constraints in the mechanism design problem
are exactly the constraints in the dual problem of a properly defined network flow problem, or
equivalently, the dual variables to the incentive compatibility constraints correspond to flow decisions
in a network flow problem (see chapter 4 in Vohra 2011). Cai et al. (2019) utilize such a dual
perspective to provide a unified proof of several existing results that provide performance bounds
for simple mechanisms. Although considering a robust mechanism design problem, Carroll (2017)

uses the network flow dual of the Bayesian counterpart to help establish the separation result. Both
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Giannakopoulos and Koutsoupias (2014) and Daskalakis et al. (2017) also develop dual formulations
based on a reformulation of the primal multi-dimensional screening problem that uses customer’s
utility function as the decision variable (the incentive compatibility constraints then become the
requirement that the utility function must be convex). Daskalakis et al. (2017) further connect the
proposed dual problem with the optimal transport problem and prove that strong duality holds. Our
dual perspective, however, is neither solely based on the dual of the mechanism design problem for
a fixed distribution as the above mentioned papers nor based on the dual of the inner minimization
alone as in, for example, Kogyigit et al. (2019). Rather, we view the maximin problem together
as our primal, and we derive our dual problem via the minimax theorem rather than utilizing the
machinery of linear programming duality.

Finally, our work is also related to distributionally robust optimization. Delage and Ye (2010)
and Wiesemann et al. (2014) study ambiguity sets based on moment information. Blanchet and
Murthy (2019), Gao and Kleywegt (2016) and Mohajerin Esfahani and Kuhn (2018) study ambi-
guity sets based on the Wasserstein metric. In a recent work, Chen et al. (2020b) provide further
generalizations in terms of both modeling uncertainty and approximations of adaptive decisions.
We refer to Rahimian and Mehrotra (2019) and references therein for a comprehensive review and

recent advances in distributionally robust optimization.

Notation. We use P, (resp., P) to denote the set of nonnegative measures (resp., probability
distributions) supported on V = [0,1]. We denote the cumulative distribution function (CDF) and
the complementary CDF (CCDF) by F and F', and their generalized inverse by F~! and F~!.
When it is clear from the content, F, F, F~' and F~' are all used to identify the buyer’s valu-
ation distribution.® The expectation under F' is Ep[-]. We refer to “decreasing/increasing” (resp.,

“positive/negative”) in the weak (resp., strong) sense.

3. The Minimax Theorem
By the revelation principle (Myerson 1981), we can focus on direct mechanisms of the form
va(v) —t(v) >vx(u) —t(u) VYu,veV

M=S2:V—[0,1],t:V—R
vr(v) —t(v) >0 YveV

v

where V = [0, 1] is the support of the random buyer’s valuation ¢. In a direct mechanism, based on the
realization of buyer’s valuation v, the seller allocates the product to him with probability z(v) and
requests a transfer ¢(v). The direct mechanism (z,t) needs to satisfy two sets of constraints. First,
known as incentive compatibility, requires that no buyer misreports his valuation. Second, known

® The generalized inverses are deﬁned as F~'(q) =inf{v € V| F(v) > ¢} and F~'(q) = inf{v € V| F(v) < } In
general, ' (F(v)) <v and F(F~*(q)) < q. We follow the convention F(v) =1 for v <0 and F(v) =0 for v>1
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as individual rationality, requires that the buyer is willing to participate in the seller’s mechanism.
A classic result in mechanism design establishes that a direct mechanism is incentive compatible
if and only if the allocation z(v) is increasing in v and the transfer is specified by t(v) = vz (v) —
Jy #(u)du — (0 - z(0) — ¢(0)). Since it is optimal to ensure the net utility of the lowest-valuation

buyer to be zero, i.e., t(0) =0, the set of direct mechanisms can be equivalently represented as:

z(u) > z(v) Yu,veV:u>v

M=¢z:V—[0,1],t: V=R v
t(v):vx(v)—/ z(u)du YveV
0

(1)

One notable class of direct mechanisms is the posted price mechanism taking the form:

(0,0) veV:iv<p
(Lp) veV:iv>p.
It is well known that the posted price mechanism is optimal when the seller has perfect knowledge
of the buyer’s valuation distribution F'. In this paper, we assume that the seller merely knows that
F € F for some convex ambiguity set F C P. Convexity is a mild requirement satisfied by many
commonly used ambiguity sets. Being aware of distributional ambiguity, the seller seeks a mechanism
that maximizes the worst-case expected revenue among all distributions in the ambiguity set. That
is, the seller solves the robust screening problem (or robust mechanism design problem):

S nf Ex[t(2)]- (2)
A closely related problem is when the seller is restricted to the posted price mechanism and solves

sup Inf pE-(p), (3)

where F_(p) :=lim,y, F((v) =P(0 > p). Due to the simplicity of the posted price mechanism, prob-
lem (3), known as the robust pricing problem, is also studied in the recent literature (Chen et al.
2020a, Roos et al. 2020). We will sometimes refer to problem (3) also as maximin pricing problem
to better connect it with a problem that we refer to as minimazx pricing problem:

inf sup pF_(p). (4)

FEF pev

Note that problem (4) is obtained from problem (3) by simply exchanging the “max” and “min”
operators, and the max-min inequality implies that the optimal objective value of (4) provides an
upper bound to that of (3). Indeed, in the minimax pricing problem, the seller has the information
advantage to decide the price after seeing the distribution chosen by the adversary. Interestingly,
we show next that strong duality holds between our robust screening problem (2) and the minimax

pricing problem (4).



Chen, Hu, and Wang: Screening with Limited Information

LEMMA 1. When F is convex, we have

sup inf Ep[t(?)] = inf sup pF_(p).
(o.)em FEF r[t®)] FEF pey (p)

Lemma 1 may be less surprising once one recognizes that the objective functional Ex[t(7)] is
bilinear in F' and ¢, and a functional version of von Neumann’s minimax theorem (see Borwein and
Zhuang 1986) can be applied to obtain

i H EUOIZ R e, B

The latter problem is then equivalent to the minimax pricing problem since given a distribution, the
posted price mechanism is optimal. Similar observations as in Lemma 1 have also been made in other
contexts. For example, Yao’s principle (Yao 1977) connects a randomized algorithm’s performance
on the worst-case input and the worst-case expected performance of a deterministic algorithm.
The principle is a direct consequence of von Neumann’s minimax theorem and has been commonly
applied to bound the performance of a randomized algorithm (see Bei et al. 2017, for an example in
combinatorial auction setting).” In our context, by Lemma 1, the following relationships then hold
among problems (2), (3) and (4):

sup inf Ep[t(?)] = inf sup pF_(p) > sup inf pF_(p).
(et)em FEF r[t(®)] FEF pey (p) pcy FEF (p)

In other words, the extra value of optimizing over more sophisticated mechanisms exactly amounts
to the value of eliminating distributional ambiguity under a posted price mechanism. This insight
in some sense is also in contrast to that of Carroll (2017) in a multi-product setting. In Carroll
(2017), the optimal robust mechanism when specifying only the marginal distributions becomes a
simple separated posted price mechanism. That is, ignoring the fine details of some distributional
information leads to a simpler optimal mechanism. In our problem, however, the optimal mechanism
becomes more complicated by utilizing simpler information in a more sophisticated way.

Given a specific ambiguity set F, it might be possible to obtain the duality result in Lemma 1
via the machinery of linear programming duality (in Section 4.1 we derive the dual in this way as
an example) as commonly done for problems without the inner minimization in the literature (see,
e.g., Vohra 2011, Carroll 2017, Cai et al. 2019). We note, however, that depending on the primal

formulation one uses, the dual problem can be in very different forms. The aforementioned papers

% For continuous valuations, there is also a technical issue on continuity (which we address in the proof) since linear
functional is not necessarily continuous.

" We believe context is important. In fact, von Neumann’s minimax theorem itself can be viewed as a consequence
of the more general theorems on the system of linear inequalities. Yet, the same theorem stated in the context of
game theory brings new interpretations and insights (see Kjeldsen 2001, for a historical account of von Neumann’s
minimax theorem and a discussion on the significance of the context).
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all directly dualize the incentive compatibility constraints vz(v) —t(v) > va(u) —t(u) Vu,v € V. Yet,
to arrive at Lemma 1, it will be much more convenient to exploit the equivalent form in (1) instead.
We elaborate more on this difference in Appendix C.4 for the special case when F is a singleton,
and in this case Lemma 1 says that the dual of a screening problem with known distribution is
simply a pricing problem.

Apart from providing an alternative interpretation to the value of optimal mechanism, problem (4)
is of interest in its own right. For example, Roesler and Szentes (2017) as well as Condorelli and
Szentes (2020) study the following buyer-optimal pricing problem:

sup - Er((0—po)"] 5

s.t.  po €argmax pF_(p),
peEV

which can be interpreted as the buyer ex-ante first chooses his own valuation distribution from the
ambiguity set F so as to maximize his expected ex-post surplus from transacting with the seller.®
It turns out that under certain conditions, problem (5) is equivalent to problem (4); see Section 4.2
for more detail. As another example, Elmachtoub et al. (2020) study a problem of bounding the
ratio between the revenues of personalized pricing and of a posted price mechanism:

Bl
sup r[7]

FeF Sup pﬁL (P) .
peyY

Here, the numerator inside the maximization is the revenue obtained from personalized pricing (or
first-degree price discrimination) and the denominator is that from posted price mechanism. The
upper bound on the ratio then informs the maximal benefits obtainable from employing personalized
pricing. When the mean of F' is known, the above problem is equivalent to problem (4).

Finally, we conclude this section by discussing when the objective values in problems (2), (3) and
(4) are all equal; that is, a posted price mechanism is optimal in problem (2). We use a performance

ratio to quantify the extra value brought by the optimal mechanism over a posted price mechanism:

inf pF_
sup fnf p ()

~inf F_(p)’
it sup pF-(p)

8 The ability for the buyer to change her valuation distribution is justified by the buyer’s learning of her own valuation
in Roesler and Szentes (2017), where the ambiguity set then naturally contains all distributions that are mean-
preserving contraction of the prior valuation distribution. In particular, when the prior is a two-point distribution, the
ambiguity set reduces to the one with mean and support (see Wolitzky 2016). Condorelli and Szentes (2020) provide
an alternative interpretation in a setting where an innovative firm (buyer) seeks to buy a patent from a patent holder
(seller) to develop her own product. In this setting, the amount of pre-development investment can potentially change
the buyer’s valuation for the patent and the ambiguity set describes the possible valuation distributions that can be
induced by different investment strategies.
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The posted price mechanism is optimal if and only if = 1. Before providing our sufficient conditions
for n =1, we define a distribution A* that we call adversarial selling probability as:

A*:V[0,1] such that A*(p)= P{régp(p) VpeV.

As A* is decreasing, it indeed properly defines a distribution. Problem (3) can then be solved via

sup inf pF._ = sup inf pF = sup pA*(p),
pEB rer? (p) pEE rer? (p) ,,EBP (p)

where we have replaced F_ by F in the first identity. This is without loss of generality; see Lemma, 2,

Appendix A. Hence, we will sometimes use the more handy F instead in our analysis.

PROPOSITION 1. If F is convex, then n =1 under either of the following conditions.
(i) The adversarial selling probability A* in the maximin pricing problem (3) satisfies A* € F.
(i) There exists a worst-case distribution F* to the minimax pricing problem (4) such that the

problem Suppevaj (p) admits a unique solution p*.

Proposition 1 provides conditions on when a pure strategy is optimal for the seller. Interpreted in
this way, condition (7) simply implies that the adversary has a unique dominant strategy A* € F.
Hence, the problem reduces to the one where the seller knows the distribution and a pure strategy
is optimal. This is the argument given in Bergemann and Schlag (2011) who show that the posted
price mechanism is optimal for the ambiguity set with Lévy metric. The same condition can be
verified for the ambiguity set based on the type-oo Wasserstein metric (Corollary 1, Section 4.3).
Condition (1) shows that if the minimax pricing problem (4) admits a unique optimal price p*
(which is not necessarily a dominant strategy), then a posted price with p* is also an optimal robust
mechanism. We illustrate condition (4i) with the following example.

EXAMPLE 1 (MIXTURE-DISTRIBUTION AMBIGUITY SET). Consider an ambiguity set that is

defined as the convex hull of some given distributions Fy,..., Fy:
conv(Fy,...,Fy)= {FEP F= Z W F,, Z wp =1, WERf}
née[N] n€e[N]
When Fy,...,Fx are all concave, any F € conv(Fy, ..., Fy) is also concave. Hence, the optimal price

corresponding to the worst-case distribution must be unique. By Proposition 1 (ii), n=1.

The ambiguity set in Example 1 can be used to model a population of consumers consisting of
N segments with F,, and w,, being the valuation distribution and fraction of customers in segment
n, respectively (see Chen et al. 2020b for related discussions). The condition that F},..., Fy are all
concave, though may appear to be strong, ensures that all distributions in the ambiguity set have an

increasing failure rate—a commonly imposed condition on valuation distribution in the pricing and
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auction literature, and it is satisfied by, for example the Beta distribution with o > 1 and 5 =1 (note
that F in this case is the iso-elastic demand function commonly used in the literature; see Talluri
and van Ryzin 2006, p. 325). Bergemann et al. (2020) also consider such mixture distributions and
they prove that as long as pF,_(p),n € [N] are all concave, then a posted price mechanism can
always achieve one half of the profit under third-degree price discrimination. Our Proposition 1
further ensures that when weights of mixtures are unknown, a posted price mechanism is optimal
if price discrimination is not allowed.

Conditions (7) and (i) do not imply each other. For example, when F = {F'} and the problem
sup,ey, pF_(p) admits multiple solutions, condition (¢) is satisfied but condition (ii) is violated.
One can also construct a counter example based on Example 1, where condition (4i) holds while
condition (¢) fails. Finally, conditions (i) and (4) are imposed on the solutions to problems (3)

and (4) respectively, which in many cases can be solved geometrically—an issue we discuss next.

4. A Geometric Approach
Lemma 1 opens up a new geometric perspective to derive closed-form solutions for several common
ambiguity sets. Our approach to solve the dual problem (4) is inspired by the observation that the

inner maximization for a fixed F is equivalent to a program with a bilinear objective:

sup py

by

st. peV,y<F_(p).
The optimal value is then given by the level curve of py tangent to F with the optimal price being
given by the tangent point. The outer minimization, on the other hand, seeks F' in the ambiguity set
whose corresponding tangent level curve is as low as possible. The lowest possible level curve then
yields the optimal revenue of problem (4). The obtained optimal F' can be used—via complementary
slackness—to construct a feasible solution to the primal robust screening problem (2), and one can
then certify its optimality by showing that it attains the optimal value of problem (4).

Note, however, that our geometric intuition outlined above does not provide an algorithmic pro-
cedure in finding from F the member that is tangent to the lowest possible level curve, and in
general, solving problem (4) still requires further exploration of the special structures in a given
ambiguity set F. Nevertheless, the geometric insight would provide an intuitive understanding of the
optimal solutions of several important special cases as we demonstrate below and in Appendices C.1
to C.3. In the reminder of this section, we start with the simplest and most widely studied case
when only the mean of the valuation distribution is known. Section 4.2 provides an extension with
additional deviation information beyond mean. Finally, Section 4.3 studies the largely unexplored
ambiguity set based on the Wasserstein metric where our geometric insight leads to surprisingly

simple solutions to problems (3) and (4).
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Selling Probability

Figure 1

4.1. Mean Ambiguity Set

When the seller only knows the mean of the buyer’s valuation, the ambiguity set is specified by

]-'M:{FGP ‘/vvdF(v):,u}.
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Compressing the shaded area in the left panel by the level curve yields the one in right panel. The

threshold v = 7" is indicated by the dash-dot line.

Using integration by parts, the mean constraint on any F' € P is equivalent to fv F(v)dv = p. That

is, the ambiguity set JFy constitutes all the CCDFs under which the area amounts to p. To find

F' € Fu whose corresponding tangent level curve is the lowest, one can imagine a rolling machine

with the shape of the level curves in Figure 1 applied to compress a pile of dirt with mass p (the

shaded area in the left panel). The resulting shape of the dirt—keeping the mass unchanged—is

then the shaded area in the right panel. We formalize these observations in the following theorem.

THEOREM 1. Given Fyi, the unique worst-case distribution F* to problem (4) is

vel0,m*)
ve[r*,1)
v=1

and the optimal revenue is 7. Here, 7 is the unique solution in [0,1] to m —wln(7) = p and 7 < p.°

9Indeed, the nonlinear equation m — 7ln(w) = p admits a unique solution 7*
the Lambert W function (Corless et al. 1996).

—u/W(—p/e), where W(-) denotes
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Equipped with the optimal revenue 7* and F*, we next construct the optimal mechanism via
complementary slackness and show that it attains the value 7*. Given JFy, the inner minimization

of the primal problem (2) is

inf /V Ho) dF(v)

FePy

s.t. /vdF(v)—u e
v

/VdF(v)zl - p

Combining the dual of the above problem with the outer maximization, problem (2) becomes

sup pa+f
z,o,f3
xstufﬂ pat s.t. / udz(u) >va+p YveV - dF(v)
st.  t(v) >va+pB YveV — p (6)
/ dz(v)=1 ceeT
(x,t)eM, aeR, feR v

reP,aeR, BER,

where the right reformulation follows from representation (1) that states t(v) = va(v) — [; @(u)du =
J; udz(u) and the fact that x can be interpreted as a distribution on V. The dual of problem (6),

captured by

inf =
F.r 1
1 i%f sup p/ dF(v)
s.t. 7T—p/ dF(v)>0 VYpeV - dxz(p) pevV  Jp
p

/vvdF(v):M IR /vvdF(v):u -

/VdF(v)zl B /vdF(v)_l

FePp,,
FeP,, meRy
is indeed problem (4), verifying Lemma 1 that the dual of a robust screening problem is a minimax
pricing problem.

By Theorem 1, F™* is the worst-case distribution to problem (7). When v € [0, 7*), since vEF™*(v) <
max,cy pF*(p) = 7*, the first constraint in the left reformulation of problem (7) is not binding at
the optimal solution for p € [0, 7*). Thus by complementary slackness, in problem (6) we must have
da*(p) =0 for p € [0,7*), implying z*(v) =0 and t*(v) = [; uwdz*(u) =0 for all v € [0,7*). On the
other hand, F* in problem (7) is strictly decreasing (i.e., dF*(v) > 0) on [7*,1]. By complementary

slackness, in problem (6) we must have [ udz*(u) =va* + B* for v € [7*,1], yielding vdz*(v) =
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Figure 2 Allocation (left) and transfer (right) as a function of the buyer’s valuation (x = 0.5 in Fyr). The threshold
v=m" is indicated by the dash-dotted line.

a*dv. It now follows that for v € [7*,1], 2*(v) = [, dz*(u) = [*, & du = a*(In(v) — In(7*)) and

™ u

t*(v) = [, wdz*(u) =va* + B*. We can solve for the constants a* and 3* from the equations:

1 %
/ dz*(v) = Y dv=1 of = 1 _ ™
e _ n(i/m) ~ (i—r)
/ vda*(v) =7m"a*+ =0 f*=—mrar.
0

We summarize the result in the following proposition.
PROPOSITION 2. Given Fy, the optimal mechanism (x*,t*) to problem (2) is

(0, 0) vel0,m*) with o *
(a*(In(v) —In(7")), (v —7")) wve[r*,1] po—m*

> 0.

(2" (), " (v)) —{

We illustrate in Figure 2 the optimal mechanism derived in Proposition 2. Low value buyers whose
valuation falls below 7* are never sold the product, while a high value buyer will purchase a lottery
with a price o*(v — 7*) that is linear in his valuation and will win the product with probability
a*In(v/7*) that increases logarithmically with valuation.

A similar geometric approach can be applied to the maximin pricing problem (3). In the inner
minimization of problem (3), for a fixed p, one seeks F that has the lowest value at p. In particular,
with ambiguity set JFyy, this is achieved by squeezing as much mass under a CCDF as possible from
the area to the right of p to the area to the left of p. This results in a step function representing
a two-point (or possibly a degenerated one-point) distribution. (see Figure 3 for an illustration).
Again, imagine a rolling machine with the shape of a horizontal level curve applied to compress
only the part of a mass p dirt to the right of p. The optimal value then gives the adversarial selling

probability A*, and the outer maximization reduces to the classic pricing problem suppevp/_X*(p),
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Figure 3  Illustration of the maximin pricing problem (p=0.5 in Fn): p=0.3 (left) and p=0.7 (right).
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Figure 4 The left panel shows the adversarial selling probability (the dashed line) in the robust pricing problem,
where the dash-dot lines indicate the worst-case distributions for a fixed price p € {0,0.1,0.2,0.3,0.4,0.5}.
The right panel compares the robust mechanism design problem and the robust pricing problem (u=0.5

in Fm), whose optimal revenues are 0.187 and 0.086, respectively.

whose optimal value is given by the bilinear level curve tangent to A*. Both solutions to the maximin

pricing and minimax pricing are illustrated and compared in Figure 4, and we formalize these

observations in Proposition 3 below.

PROPOSITION 3. Given Fy, (i) when p € (0,u), the unique worst-case distribution F to the

problem inf per, F(p) is
1 ve|[0,p)
Fw)={k-p)/1-p) velpl)
0 v=1;
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when p € [, 1], a worst-case distribution to the problem infper,, F'(p) is the Dirac measure at ji, 0,,.
(ii) The adversarial selling probability is A*(p) = (u—p)* /(1 —p) ¥p € [0,1], and the optimal posted
price is p* =1 —/T—p. (i) The performance ratio is n= (1 — /1 — p)?/7*, which is increasing
on p € (0,1], approaches 0 when p— 0, and becomes 1 when p=1.

We conclude this subsection by making several remarks on the related literature. First, our The-
orem 1 recovers theorem 1 in Elmachtoub et al. (2020). The proof, however, is quite different.
Elmachtoub et al. (2020) first use what they call “pricing inequality” to obtain a lower bound on
the optimal value of problem (4). They then show that the proposed lower bound is tight by con-
structing an F' € Fy (in fact our F*) that achieves the lower bound. In comparison, we construct F*
based on our geometric insight and we prove its optimality as well as uniqueness by contradiction.
Like Elmachtoub et al. (2020), our approach also generalizes to the more complicated ambiguity
set that incorporates additional mean absolute deviation information, and we recover theorem 2 in
Elmachtoub et al. (2020); see Theorem 6 and detailed discussions in Appendix C.2, where we have
also solved the primal problem (2) and the robust pricing problem (3).

Both Proposition 2 and Proposition 3 can be found in Carrasco et al. (2018, propositions 5 and 6).
As we mentioned in Section 2, Carrasco et al. (2018) obtained the optimal mechanism by analyzing
the primal problem. Our analysis, however, starts from the dual problem of minimax pricing, which
also allows us to graphically compare with the solution of maximin pricing problem (see Figure 4).1°
For ambiguity set with variance information, Carrasco et al. (2018) also analytically solve the primal
problem while Elmachtoub et al. (2020) provide an explicit optimization formulation to upper bound
the dual problem. We refer readers to Appendix C.1 for our solutions to both the primal and dual
as well as the robust pricing problem when variance information is incorporated.

The worst-case distribution F* in Theorem 1 (or some of its variants) is also known as the
equal-revenue distribution. Roesler and Szentes (2017, lemma 1) also observe that given any valua-
tion distribution one can construct an equal-revenue distribution from the tangent level curve that
achieves the same optimal revenue. With a more general ambiguity set based on mean-preserving
contraction, the authors use the observation to construct a dominating distribution for the buyer.

We next discuss this ambiguity set and connect with results in Roesler and Szentes (2017).

4.2. Mean-Preserving Contraction Ambiguity Set
Given two distributions F' and G, F' is said to be a mean-preserving contraction of G (or equivalently,

G is a mean-preserving spread of F') if
/ vdF(v):/ vdGv) =p and/ F(v)dvz/ G(v) dv Yu € V.
veV veV 0 0

10 Although not central to our geometric approach, we present Proposition 3 (#12) (or proposition 6 in Carrasco et al.
2018) for completeness, and we simplify significantly the proof that the ratio n — 0 as u — 0 (the proof in Carrasco
et al. 2018 spans around two pages).
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Geometrically, F' is a mean-preserving contraction of G if for all u € V, the area under F from 0
to u is no smaller than that under G from 0 to u and these two areas are equal when u = 1. The
mean-preserving contraction ambiguity set is defined by all mean-preserving contractions of G:
Fupc = {FEP ‘ / vdF(v):/ vdG(v) = p, /uF(v)de/uG(v)dv VuEV}.
veY veY 0 0
In particular, if the reference distribution G is a Bernoulli distribution, then any distribution with
the same mean is a mean-preserving contraction of G, and Fypc reduces to Fy.

Clearly, if the worst-case distribution for the mean ambiguity set characterized in Theorem 1—for
convenience we denote it by ();—is already a mean-preserving contraction of G, then ; is the
worst-case distribution for Fypc as well. However, if Q € Fypc, then one can find some u € V such
that [, Q1(v)dv < [;" G(v)dv. In such a case, intuitively, one can move all the mass under @, to the
right of u and spread it over the interval [0,u] so that fou Q1(v)dv can be increased; see Figure 5.

This observation motivates us to consider a parametric family of distributions {Qy} in the form

1 ve|0,my)
Qr(v) =< m /v vE[m,k)
0 v € [k, 1].

Here, k € [, 1] and 7 is the unique solution in [0,1] to the equation 7 + 7ln(k/m) = p such that
the mean of Qy, is p.'! Note that for any ki, ks € [u, 1] such that k; > ks, Qi, is a mean-preserving
contraction of Q, with @, being the least contracting distribution and @Q,—a point mass at p—
being the most contracting distribution. Since the optimal revenue 7, under Q) is decreasing in k,
the worst-case revenue within this family can then be found by the largest k such that @) is a mean-
preserving contraction of G. The next proposition shows that it is also the worst-case distribution

in .FMpc.

THEOREM 2. Given Fypc, the worst-case distribution to problem (4) is F* = Qu+ with k* =

max{k € [, 1] | Qr € Fupc}. The optimal revenue is T = myx.
Corresponding to the dual solution, we construct the optimal solution to the primal problem.

PROPOSITION 4. Given Fypc, the optimal mechanism (x*,t*) to problem (2) is

(Oa 0) (NS [0,7‘(‘*)
(@*(v),t"(v)) = { (v (In(v) = In(7%)), v* (v —7%)) wve[r",u*)
(1, v*(u* —7*) v € [ur, 1],

where u* € [7*, k*| satisfies fou* (F*(v) — G(v))dv =0 and v* =1/In(u*/7*) > 0.

1 Using the Lambert W function, we have 7 = —pu/W (—pu/(ke)).
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5 The worst-case distribution Q1 for Fu is not in Fupc. Here, Qo s, a mean-preserving contraction of Q1,

is formed by moving all the mass above 0.8 and spreading it along the level curves below 0.8.
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6 Nlustration of the maximin pricing problem (x = 0.5 in Fmpc and p = 0.3). The distribution on the left

panel has a lower worst-case selling probability but is more spreading than that on the right panel.

Again, a similar geometric approach can be applied to the maximin pricing problem (3). For any

fixed price p € V, if F; €argming. x| F(p) belongs to Fypc, then Fp* also solves infrez o F(p).

Otherwise, one could squeeze the mass between [p,1] to a smaller interval [p, k] with some k <1

and obtain a more contracting distribution than Fp* ; see an illustration in Figure 6 for some p < p.

Similarly, given p € [0, 1), we consider the family

1 v e |[0,p)
Ryx(v) =9 (n—p)/(k—p) wvelpk)
0 v € [k, 1]

with k& > p. The worst-case distribution under a posted price mechanism is characterized below.
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PROPOSITION 5. Gwen Fupc, a worst-case distribution F; to the problem infpcz . F(p) is
R%k; with k% = max{k € [p,1] | Ry x € Fupc} when p € [0,1); and is the Dirac measure at pi, 6,
when p € [p,1]. Correspondingly, A*(p) = (u—p)/(k} —p) for p€[0,u) and A*(q) =0 otherwise.

In general, k; in Proposition 5 may not admit a closed-form expression and one can only compute
the optimal posted price numerically. When the reference distribution G is, for example, uniform,
it is possible to analytically characterize k; and the optimal posted price.

We conclude this section by providing a condition, which includes both Fy; and Fypc as special
cases, to ensure that the solution to problem (4) also maximizes the buyer’s payoff. To this end, we
first introduce the notion of efficiency as follows. Given an ambiguity set F with a known mean pu,
let F* and 7* be respectively the optimal solution and optimal value to problem (4). We say F*
is efficient if there exists py € arg maxpevppj (p) such that Ep«[(0 — po)T] = p — 7*. Clearly, p is
the first best social welfare, and efficiency of F* says that under F*, there exists an optimal price
for the seller such that the social welfare (seller’s profit plus buyer’s payoff) achieves the first best

value. Note that both the worst-case distributions under Fy; and Fypc are efficient.

THEOREM 3. Given an ambiguity set F with a known mean u, if the worst-case distribution F*

to problem (4) is efficient, then F* is also optimal to the buyer-optimal pricing problem (5).

Theorems 2 and 3 together recover theorem 1 in Roesler and Szentes (2017), who first establish
that Q~ maximizes buyer’s surplus and then note that it simultaneously minimizes the seller’s
revenue as well. Note that Theorem 2 also directly provides a new upper bound p/7* on the value
of personalized pricing studied in Elmachtoub et al. (2020). Proposition 4 can also be found in
Du (2018) (see proposition 1 therein), who derived the optimal mechanism as a special case of the
proposed exponential auction for the more general multi-buyer problem. Our characterization of the

worst-case distribution for the posted price mechanism in Proposition 5, however, is new.

4.3. Wasserstein Ambiguity Set

For any p € [1,00], the type-p Wasserstein distance between two distributions F' and G is'?

4m6) =1 - = [ 177 —c‘:—l<q>|qu)1/p.

Given a reference distribution G, the type-p Wasserstein ambiguity set is then defined as the set of

all distributions, whose type-p Wasserstein distance to G is bounded by 6 > 0: '3
Fop={FeP||F'=G,<0}.

12 Note that the standard definition of the type-p Wasserstein distance is through an optimal transport problem.
However, we choose to present the geometrically more intuitive form here. Indeed, one can show that the definition is
equivalent to the standard one when the distributions are one-dimensional (see Appendix C.5 for detailed discussions).

¥ When 0 =0, Fo,,) = {G} because d,(F,G) =0. Thus the posted price mechanism is optimal.
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Figure 7 The reference distribution G is uniform and the Wasserstein radius is # = 0.18. The optimal revenues of

robust mechanism and pricing are 0.1 and 0.04, respectively.

In particular, Fg 1) is constituted of all F with the area between F and G being bounded by 6,
while F4 o) includes all F whose horizontal distance to G is bounded by 6.

The worst-case distribution for problem (4) can be best illustrated when p = 1. Suppose the mean
of G is p and consider a subset of F 1) that contains all F' that are also first-order stochastically
dominated by G (i.e., F < G). Such a subset can then be equivalently characterized as all distribu-
tions F' under G with an area under F being larger than yu — #. The same geometric intuition we
used for the mean ambiguity set can then be applied: one compresses a pile of dirt with mass more
than p — 6 under the curve G using the bilinear level curves (see the right panel in Figure 7 for an

illustration). We next formally characterize the worst-case distribution to problem (4) for F, .

THEOREM 4. Given F ) with p € [1,00], the worst-case distribution F* to problem (4) is

F*(v) = min{G(v),7*/v} Yve,

which is unique when p is finite, and the optimal revenue 7 is the unique solution in [0,1] to

(/01((@101) —W/Q)ﬂpdq)l/p =0.

In the following, we focus on the case of F 1) in characterizing the optimal solutions to prob-
lems (2) and (3). We comment on the general case of Fy ) at the end of the section.

Following Theorem 4, we further assume that the reference distribution G is such that there are
finitely many disjoint intervals: [u;,w;), j € [J] on which G(v) > 7* /v. This assumption is satisfied,
for example, when G is an empirical distribution. In addition, we denote ug=wy =0 and u;; = 1.

The optimal solution to problem (2) is characterized below.
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PROPOSITION 6. Given Fp,1), the optimal mechanism (x*,t*) to problem (2) is
N j—1 ws j—1
o ln<‘>+ ln(f)) v—u,)+ wi—ui) vE uj,w;), jE[J
(z*(v),t*(v)) = ( j . Za‘ " N ;( | e
a* (Zln <Zh) , Z(wl —u2)> v e wj,uip), jE[J],

where a* = 1/(2jem In(w;/u;)) >0 and (x*(1),t*(1)) = (1,a* 2w — ).

Together with Theorem 4, Proposition 6 shows that lotteries with logarithmic winning proba-
bilities paired with linear prices are offered to valuations under which the worst-case distribution
deviates from the reference distribution (i.e., F*(v) < G(v)); while bunching occurs for other valua-
tions. Li et al. (2019) also characterize the optimal mechanism for the type-1 Wasserstein ambiguity
set when V is restricted to discrete valuations (see theorem 3.1) and they provide a conjecture for the
continuous valuation case (see their informal theorem 1). Their conjecture corresponds to J =1 in
Proposition 6 wherein we formally establish that the optimal mechanism can be more complicated.

We next characterize the worst-case distribution under a given posted price mechanism.

PROPOSITION 7. Given Fgy, for any p € (0,1], the unique worst-case distribution F to the

problem iane}‘(e Y F(p) is

(U) CAS [Ovp) Glp)
(k) wvelpky) with k:;:max{ke [p, 1] ‘ / (G_l(q)—p)dqgﬁ}.

Fy(v) = i
()  ve k1] G

Q Q)

By Proposition 7, the optimal posted price mechanism can be obtained by solving sup,,, pA*(p) =
Sup,cy p(_?(k;). The following example illustrates both Theorem 4 and Proposition 7.
EXAMPLE 2 (UNIFORM REFERENCE DISTRIBUTION). Given F1,9) with 0 <1/2 and a uniform

distribution G such that G(v) =v for all v €V, the worst-case distribution F* to problem (4) is

) 1—v wvel0,u) I =

Frv)=< /v wvelu,w) with u=
1—v wvew,1]

14++v1—4n*
5 and w:f,

and T* is the unique solution in [0,1] to the equation

V1—A4rm 1 (1—}—\/1—477) p
—— —7mln| ——— | = 0.
2 1—+v1—-4n

The adversarial selling probability is A*(p) = (1 —+/20 —p)* ¥p € [0,1], and the optimal posted price
p*= %. It follows that

B p*A*(p*) _ (1 _ \/@)2
= ™ N 4+ '
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Figure 8  Optimal revenues of the minimax and maximin pricing problems (left) and performance ratio (right).

The reference distribution G is uniform.
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Figure 9 The reference distribution G is an empirical distribution on v1 = 0.5 and v2 =1, and the radius 6 = 0.025.

The revenue function under the adversarial selling probability is not unimodal (right).

Both solutions to problems (3) and (4) are illustrated in Figure 7, and the optimal revenue for
problems (3) and (4) as well as the performance ratio n are plotted as a function of 6 in Figure 8. It
can be seen that as ambiguity increases, the worst-case revenues under the optimal mechanism and
posted price mechanism decrease; yet the value of employing the optimal mechanism increases.

We note that in general, however, the adversarial selling probability A* may not be well behaved
and there is no general closed-form solution to the optimal posted price. In Figure 9, we illustrate

such an instance where the revenue function under the adversarial selling probability is not unimodal.
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Although our characterization for the worst-case distribution in Theorem 4 holds for any p > 1, we
do not have a complete characterization of the optimal mechanism for 1 < p < oo.!* We conjecture
that bunching still occurs for v such that G(v) < 7* /v but both the allocation probabilities and the
transfer functions may involve higher order polynomials when G(v) > 7* /v. At the other end of the
spectrum when p = oo, however, one can use Proposition 1 to show that a posted price mechanism

is optimal; see the corollary below whose proof is omitted.

COROLLARY 1. Gwen Fp o), the performance ratio n =1 and a posted price mechanism with

p* € argmax, ., pA* (p), where A*(p) = G(p+0) VpeV, is optimal.

5. Conclusion
When the mean of an ambiguity set F is known (e.g., Fy and Fypc), our approach can be directly
applied to the minimax absolute (or relative) ex-post regret criterion that solves
: i N : Er[0]

Jint s (Beli] <)} (or it s 2H ).
However, the above problems remain open when the mean is not fixed: e.g., F,,). Apart from
alternative decision criteria, there are many other promising venues for future research. Although
many recent works have studied robust mechanism design in the more demanding multi-product
or multi-buyer settings, most of the papers focus on specific ambiguity sets such as the one with
moment information. Problems with probability distance based ambiguity set, again remain largely
open. Also, most of the optimal mechanisms we derived in the paper involve offering a continuum
menu of lotteries, which may not be easy to implement in practice. A relevant problem is to find an

approximation of the optimal mechanism that has a good performance guarantee.
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Appendix A Technical Lemmas

LEMMA 2. Consider any F CP and F € F. For each fived p (resp., F), the functional pF_(p)
is upper semi-continuous in F (resp., p) and the functional pF(p) is lower semi-continuous in F
(resp., p). In addition, we have (i) for the maximin pricing problem (3),

sup nf pF.(p) = Sup Inf pF(p),

where the supremum on the left can be attained; and (ii) for the minimaz pricing problem (4),

inf F_(p) = inf F
il sup o) = Jol sup pF (),

where the supremum on the left can be attained.

Proof of Lemma 2. We focus on pF_(p) and the proof of pF(p) is similar. Given F, the upper semi-
continuity of pF_(p) in p follows from definition. We next prove the upper semi-continuity in F'.
The indicator function I, defined through I(v > p) =1 if and only if v > p, is upper semi-continuous
in v for each fixed p. Since F_(p) = [, I(v > p)dF(v), using theorem 14.5 in Aliprantis and Border
(2006), F'_(p) is then upper semi-continuous in F for each fixed ¢, and so is pF_(p).

In view of (i), as F_(p) > F(p) for any p € V, we have a := sup,.,infrcrpF_(p) >
SUp,ey inf pe 7 pF (p) =: b> 0. Since a = 0 implies a = b, it is sufficient to focus on a > 0. By definition
of supremum, for any ¢ € (0, a), there exists p € V such that inf pe 7 pF_(p) > a — . Since a >0 and
£ €(0,a), it holds that p > 0. Choosing a small § € (0, min{p,e}), we have b > infpcr(p—0)F(p—9) =
pinfper F(p—08) —§infper F(p—68) > pinfper F(p—J) — e, where the strict inequality follows from
0<é<eand F(p—3) < 1. Besides, for the chosen § € (0, min{p,}), it holds that F(p—3) > F_(p)
for any F € F. As a result, we have b > infpcrpF(p — 6) — € > infperpF_(p) — € > a — 2¢. As
€ is arbitrarily chosen, we must have b > a. This, together with a > b, concludes a = b. We note
that infperpF_(p), a pointwise infimum of upper semi-continuous functions in p, is also upper
semi-continuous in p. Since V = [0,1] is compact, by Weierstrass extreme value theorem (see, e.g.,
Luenberger 1997, theorem 1, p.40), we have suppeviane;pF, (p) = max,cy inf pex pF_(p).

As for (ii), it is sufficient to note that for any F' € P, by letting F = {F} in (i), we have
suppevpﬁ’, (p)= suppeva(p). Since pF_(p) is upper semi-continuous in p, we have suppeva, (p)=
max,cy pF_(p). O

Lemma 2 shows the smoothing effect of the supremum operator that any discontinuity of F' can be
safely ignored in the pricing problem. Without the supremum operator, for a given p, inf pc » pF_ (p)
may not be equal to infrcrpF(p) (e.g., when F = {F} and F is discontinuous at p). We make two
further remarks. First, by definition of A*, we can equivalently solve problem (3) as

sup inf pF_ = sup inf pF(p) = sup pA*(p) = max pA* (p),
sup fuf pF-(p) = sup fuf pF(p) = sup pA*(p) = max pAZ (p)
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where the last identity uses Lemma 2 (¢) with F = {A*}. Second, when F is compact, Weierstrass
extreme value theorem and pF'(p) being lower semi-continuous in F ensure that the solutions to the

infimum problem in sup,cy, infrcr pF(p) and infpcr suppeva(p) (or problem (4)) exist.

LEMMA 3. [von Neumann-Fan minimax theorem; Borwein and Zhuang (1986)| Let g(x,y) be a
real-valued function defined on X x ), where X and ) are nonempty convex sets and X is compact.

Suppose g(+,y) is concave and upper semi-continuous for each fized y €Y and g(x,-) is convex for

each fived x € X. Then

f = f = inf = inf
sup inf g(w,y) = max inf g(z,y) = Inf max g(z,y) = inf sup 9(z,y).

Appendix B Proofs

Proof of Lemma 1. By (1), the transfer is uniquely defined by ¢(v) = va(v) — [; z(u)du =
Jy udz(u) Yo € V. Hence, we have sup, e inf per Ep[t(0)] = sup, ¢  inf pe Ep[foﬁ udx(u)], where
X ={z|(x,p) € M} is known to be convex and compact (see Borgers 2015, lemma 2.6). Note that
the objective functional E| fo udz(u)] = [, [, udz(u)dF (v) is bilinear in F and z, and hence is
convex in F' and concave in z. In addltlon, it is upper semi-continuous in z for each fixed F € F
(see Carrasco et al. 2018, lemma 8). Using von Neumann-Fan minimax theorem, we now obtain

sup inf Ep[t(d)] = max inf Ep [ /0 ' udx(u)} = inf max Ep [ /O ' udx(u)].

(z,t)eEM FeF zeX FeF FeF zeXx

Given F € F, Manelli and Vincent (2007) observe that the problem max,cx Er| fOﬁ udz(u)] is max-
imizing a linear objective functional over the convex set X. Hence, the optimum is attained at one
of the extreme points of X'. Manelli and Vincent (2007) further establish that the set of extreme
points of X is exactly the set of posted price mechanisms. Therefore, inf pe 7 max, ey Ep| foﬁ udz(u)] =
inf per max,cy pF_(p). O
Proof of Proposition 1. We first prove condition (). For any F' € F and p € V, observe that the
definition of A* gives pA*(p) < pF(p), implying Suppevp]&*(p) < suppeVpF (p) VF € F, or equiv-
alently, suppevpj_X*(p) <infpcr SuppeVpF_’(p). Since A* € F, we arrive at infpcr suppeva(p) <
SUp,cy pA*(p). Hence, infpcr SUp,cy pF(p) = suppevpl_X* (p) =sup,ey infpcrpF(p), i.e., n=1.

We next prove condition (ii). Note that by Lemma 2, the supremum over p € V can always be
attained and we can use maximum instead. Let 7* := infpcr max,cy pF_(p) = p*F*(p*). Observe
that p* # 0 because otherwise 7* = 0 would yield a contradiction that all p € V are optimal. Hence,
we focus on p* > 0. By uniqueness of p* under F*, we have F*(p*) = 7*/p* and F*(v) < 7* /v for
v # p*. Suppose ) < 1. Then max,cy inf e r pF_ (p) < m*, implying inf ez p* F_ (p*) < 7*. As a result,
there must exist F' € F that satisfies p* F_(p*) < 7*, i.e., F_(p*) < 7*/p*. We will next show that one
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can then find a \° € (0,1] such that for F° = X\°F + (1 —\°)F* € F, we have max,cy pF°(p) < 7*—a
contradiction to the definition of 7*.

Observe first that with F_(p*) < 7*/p* and the upper semi-continuity of F_(p) in ¢, there must
exist §; > 0 such that F_(v) < 7*/p* < 7* /v for all v € (p* — 6;,p*). By the continuity of 7* /v,
there further exists 6, > 0 such that F_(v) < F_(p*) < 7 /v for all v € (p*,p* + &2). Let Vy :=
VN (p* — 61, p* + 6,). It follows that AF_(v) + (1 — A\)F*(v) < 7*/v for any A € (0,1] and v € V.
Consider next the compact set V \ V,. Since 7*/v — F*(v) is lower semi-continuous in v, we can
find 0 < & < min,ep\y, (7*/v — F*(v)). This yields F*(v) < 7*/v — € for all v € V\ V. Let \° =
e/(14+¢e—7*)€(0,1] and consider F° =X F + (1 —\°)F* € F. For v € V\ V,, F°(v) = X°F_(v) +
(1=X)F*(v) <X+ (1= X) (7" v —¢) = X°(1 — (7" /v —€)) + (7" /v — €) < 7* /v. We now obtain
vF°(v) <m* for all v € V and max,cy pF°(p) < 7*, concluding the proof. O

Proof of Theorem 1. First, the uniqueness of 7* follows from the monotonicity of the function
z—zIn(2) as (z—zIn(z)) = —In(z) > 0 when z € (0,1). Next, since [, F*(v)dv = 7* —|—f ™ /v)dv =
7 4 In(1/7*) = p, we have F* € Fy. In addition, it is clear that sup, ¢\, pF™*(p) = max,cy pF*(p) =
7*. We next show F™ is the unique optimal solution by contradiction. Suppose there exists F' €
Fut such that sup,cy, pF(p) < max,ecy pF*(p) = 7*. Then for v € [0,7*), F(v) <1 = F*(v) and for
v € [7%,1), vF(v) < sup,ey, pF(p) < 7 = vF*(v), i.e., F(v) < F*(v). Since F,F* € Fy, we have
J,(F*(v) = F(v))dv = 0. By right continuity of F*(v) — F(v) and the fact that F*(v) — F(v) >0 for
any v € V, we must have F(v) = F*(v) for any v € V. O

Proof of Proposition 2. We first show that the constructed (z*,t*,a*, 8*) is feasible to problem (6).
Since va* + * = a*(v — 7*) < a*(v — %)t = t*(v) for all v € V, the first constraint in the left
reformulation holds. From % = v@ = o* for v € [7*,1] and t*(v) = 2*(v) =0 for v € [0, 7*), it
follows that t*(v) = vaz* fo u)du. With x* being increasing, it is now clear that (z*,p*) € M.
Finally, the feasible solution (x* ,t*,a ,/*) has an objective value pa* + * = (u — 7 )a* = 7%,

attaining the optimal revenue of problem (4). This certifies that (z*,t*) is indeed optimal. O

Proof of Proposition 3. For any p € (0, u), note that fv F* )dv = i, hence F € Fy. Suppose
there exists F' € Fy such that F(p) < Fx(p). We have F(v) <1=F}(v) for v € [0,p) and F(v) <
F(p) < FX(p) = F(v) for v € [p,1). That is, F(v) < F¥(v) for any v € [0,1]. On the other hand,
since F, F¥ € Fy;, we have [ (F*(v) — F(v))dv = 0. By right continuity, we must have F'(v) = F;(v)
for any v € V. This shows that F; must be the unique worst-case distribution. For p € [u, 1], the
Dirac distribution §,, must be a worst-case distribution since the revenue is 0 under 9,,.
Now F* yields that A*(p) = (u—p)*/(1—p) Vp € [0,1]. To solve sup,,, pA*(p), we only need to
focus on p € [0, u]. Since pA*(p) =p(p—p)/(1 —p) is increasing on [0,1 — /1 — u) while decreasing
n (1—+/1— u, pu], the optimal posted price is p* =1 — /1 — p with an objective value (1 —+/T— p)?.
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Then we look at the performance ratio 7. With Theorem 1, n = (1 — /T —pu)?/7*. Let y =
1/7*, we have = (,/§ — v/y—1—1In(y))%. To prove 7 is increasing in p on (0,1], it is sufficient
to show that ,/y — \/ﬁ is decreasing on y > 1. Indeed, the monotonicity follows from
taking the derivative: (y/y — \/T (1 —In(y 4y\/T < 0. When p — 0,
we have 7 — 0 (i.e., y — o0). Note that \/y — m ) >0 for any y > 1. To show 7
approaches 0, it remains to show ,/y — m — 0 as y — oo. Indeed, we have ,/y —

y—1—In(y) < (1+In(y))(2y/y—1—1n(y)). Applying L’Hépital’s rule, we have limy_mc 1+\1;‘§(y) =
hmyﬂoollﬂ—O i.e., 1+1In(y) = o(/y). This leads to /y — 1 —In(y) = \/y — o(\/y) = O(/y), con-
cluding lim,_, - — W+ (). When =1, we have 7* =1, implying n = 1. 0

2¢/y—In(y)—1

Proof of Theorem 2. Suppose, on the contrary, there exists F' € Fypc such that 7 := supqeva(p) <
max,cy pQi+(p) = 7*. Since k* = 7* exp ((u — 7*) /7*) is strictly decreasing in 7*, it follows that k* <
k:=mexp ((n—7)/m) and m, = m. We next show that Q) € Fypc—a contradiction to the definition
of k*. To this end, we first observe that for v € [7,k), vF(v) < SuppeVpF_’(p) =7 =max,cy pQi(p) =
vQr(v), i.e., F(v) < Qr(v). Besides, we have F(v) <1= Qk(v) for v €[0,7) and F(v) > 0= Q(v)
for v € [k,1]. These relations imply Jy Qe(v)dv > [ F(v)dv for u € [0,k) and [ Qp(v)dv = p —
f Qr(v)dv > p— f F(v)dv= [ F(v)dv for u € [k, 1]. That is, @y, is a mean-preserving contraction
of F', and hence a mean-preserving contraction of G as well, concluding Q) € Fypc- It now follows

that the optimal revenue is 7 = max,cy pQy+ (p). O

Proof of Proposition 4. We first show that there exists u* € [7*, k*] such that fou* (F*(v)—-G(v))dv =
0. If k* =1 then we can put u* = 1. If k* < 1, suppose for all u € [7*,k*] we have [ '(F*(v)—
G(v))dv > 0. One can then define & = minyepr 4 fy (F*(v) — G(v))dv > 0 and choose a small
positive ¢’ € (0,£/3) such that for k = k* +¢’, it holds that k* <k <1, 0 <7* — 7, <&/3, and 0 <
Jo (F*(v) = Qr(v))dv = [}'(Qp+(v) — Qr(v))dv < /3 for all u € V. With some tedious computations,
one can then show that [(Q v) —G())dv >0 for all u € V, i.e. Q; € Fypc—a contradiction to
the definition of £*.
We now derive the optimal mechanism. Given Fypc, the inner minimization of problem (2) is

inf /v Hov) dF(v)

FePy

s.t. /VvdF(v)—
A(U—v)+dF(v)§L(u_v)+ AG(w) YueV

/v dF(v) = 1.
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Combining the dual of problem (8) with the outer maximization, problem (2) becomes
sup  po+f— / ¢(u) dl'(u)
z,t,a,3,T %

s.t. p(v)Zva+B—/(u—v)+ dl'(u) YveV (9)
v
(x,t)eM, a€eR, feR, T Py,

where for any u € V we put ¢(u) = [|,(u—v)"dG(v).

Let a* =0, f* = y*(u* — 77*) and I'* be a step function such that I'*(v) =0 for v € [0,u*);
I™*(v) =~* for [u*, 1]. We first verify the feasiblity of (x*,t*,a*, 3*,I'*) to problem (9). For the semi-
infinite constraint, it holds that va* 4+ 8* — [, (u—v)" d'*(u) = 8* —y* (u* —v) =7*(v —7*) < t*(v)
for v € [0,u*) and va* 4+ B* — [, (u —v)Tdl*(u) = B* = t*(v ) for v € [u*,1]. Since t*(v) = z*(v) =
0 for v € [0,7%), dp;f”) = vdz (”) = * for v € [r*,u*), and ¢ ”) v% =0 for v € [u*, 1], we
have ¢*(v) = va*(v) — [, *(u)du. Together with * being increasing, it follows that (z*,t*) € M.
Finally, the ObJeCtIVG value of (:U t*, ,B* ) is po + 8% — [, ¢(w)dl* (u) = 7" (u* —7%) — y* (u* —
fou* G(u)du) = y*(u* — 7*) — v* (u* — fo F*(u)du) = 7*, where in the second equality we explore
the fact that u* satisfies fo F(v) — G(v))dv = 0. This concludes (x*,t*) is optimal. O

Proof of Proposition 5. For any p > pu, clearly the Dirac measure 9, is the worst. For p < p,
suppose there exists F € Fypc such that F(p) < F*(p). Then we have k:=p+ (u—p)/F(p) >

p+ (. —p)/Fx(p) = k3. Consider the distribution R, .. For v € [p, k), we have F(v) < F(p) =

R, x(p) = R, 1(v). Besides, F(v)<1:}_{ k(v) for v € [0,p) and F(v) > 0= R, ;(v) for v € [k, 1].
These relations 1mply fo v)dv > fo v)dv for u € [0, k) and fo (v)dv=p— f Ry, (v)dv >
w— fu F(v)dv = fo v)dv for u € [k, 1] That is, R, is a mean-preserving contraction of F', and
hence a mean-preserving contraction of G. This shows R, ; € Fupc and contradicts to the definition

of k7. O

Proof of Theorem 3. Although the seller’s problem in (5) may admit multiple optimal solutions and
the choice of different prices may result in different payoffs for the buyer, Roesler and Szentes (2017)
show that in equilibrium one can focus on py € argmax,,.,, pF_(p) that also maximizes Ep[(0—po)*].

By efficiency of F*, there exists p* € argmax,,, pF* (p) such that Ep«[(0 — p*)*] = p—7*. Since
1 — 7 is the maximum payoff the buyer can obtain with the distribution F™*, the seller’s optimal
price in problem (5) under F* is p* and the buyer’s payoff under F* is y— 7*.

Now consider any F € F and p, € argmax,,.,, pF_(p) that also maximizes Er[(0 — po)*]. As F*
is an optimal solution to problem (4), we must have poF_(pg) > SUp,,cy pE*(p) = m*. Tt follows that
Er[(0—po)T] = fpo (v—po)dF (v) < p—poF_(po) < pp—7* = Ep+[(0—p*)*]. Hence, F* is also optimal
to problem (5). O
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Proof of Theorem 4. Note that F*7!(q) = inf{v € V | min{G(v),7*/v} < ¢} = min{inf{v € V|
G(v) <q}, inf{v eV |7 /v <q}} =min{G~!(q),7*/q}, which satisfies F*(F*~!(q)) < ¢ for ¢ €[0,1]
and F*~1(F*(v)) <wv for v € V. Then, |F*(q) — G~(q)| = (G~(q) — 7*/q)* for ¢ € [0,1], implying
1 1/p 1 1/p
a6 = ([ w-awra) = ([ (@ w-rmira) -
Hence, F* € F(6,p) and it remains to show its optimality. Before proceeding, we define Q. :=
{q€[0,1] | G"*(q) > m/q} on which F*'(q) =7*/q and V, := {v € V| G(v) > 7 /v} on which
F*(v) = 7* Jv. By definition of ©*, V, # 0.

For p € [1,00), suppose there exists F' € F,, such that suppevpﬁ’(p) < 7*. We first prove
F~(q) < F*'(q) < G7*(q) for g € Q.. For any v € V,, it holds that vF (v) < 7* = vEF*(v), imply-
ing F'(v) < F*(v). For any ¢ € Q,, we must have G(7*/q) > q because otherwise, the definition of
G~ would yield G~!(q) < 7*/q, a contradiction to ¢ € Q.. This implies 7*/q € V., which leads
to F*(7*/q) = n*/(n*/q) = q. Then q = F*(7*/q) > F(n*/q). Since F~' is decreasing, we have
FY(q) < FYF(r*/q)) <m*/q=F*"1(q) < G(q) for ¢ € Q.. It now follows that

6" > / G (@) = F(q)|"dg = / (G (a) = F(q)) g = / (G™(a) = F*(9))"dg,
Qv QL Q.

where the last inequality is due to F~'(q) < F*~'(q) < G~'(q) for q € Q. Besides, we have
1
| @ 0-F@ria= [ (@ -t arde= |16 @ -0 g =0
Q4 Q4 0

Now we obtain fQ+ (G™Y(q) — F~Y(q))" dg = fQ+ (G=Y(q) — F*~*(q))” dg = 6*. By right continuity
and the fact that (G=(q) — F~'(¢))" > (G~ '(q) — F*"'(q))*, for all ¢ € Q, we must have (G~(q) —
F~(q))” — (G™Y(q) — F*"'(q))? = 0, which implies F~*(q) = F*~!(g). In addition, since 6 >
o 1GHa) = F(@)IPdg > [, |G~H(q) = F~Y(g)|" dg =07, we have [, o |G~ (¢)— F'(q)|Pdg =
0. By right continuity and the fact that |G~'(¢) — F~*(q)|” >0, we have F~!(¢) =G '(¢) = F**(q)
for ¢ ¢ Q. Now it is clear that F'= F*. Hence, F'* is the unique worst-case distribution.

For p = oo, suppose there exists I’ € Fy, ) such that suppevpﬁ(p) < 7*. By moving G to the left
with a distance 6, we can define a new distribution G°(v) := G(v +6) Vv € V and its inverse is:
G°~(q) = (G~'(q) — 0)*. We first show that F(v) > G°(v) for all v € V. Suppose, on the contrary,
there exists v’ € V such that F(v') < G°(v') < G°(0) = G(0). Then we must have G~ (F(v')) > v’
because otherwise if G*~Y(F(v')) < v/, then F(v') > G(G°*(F(v'))) > G°(v'), which contradicts
with our hypothesis. Since F(v') < G(), we have § = G~ (F(v')) —=G° 1 (F(v')) < G"H(F(v')) —v' <
G~ YF(v')) — F~Y(F(v")), contradicting to F € F(g,). Hence, we must have F(v) > G°(v) for all
v € V. Next, by definition of 7*, we have sup, (G=Y(q) — 7 /q)* = 0. Thus, for any ¢ € (0,7*),
there exists go € (0,1] such that G™'(qo) — 7 /qo > 0 — /2. Define vy :=7*/qo —£/2 > £/2. Then
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we have vy < (G™(qo) — )T = G°"L(qo) = inf{v € V| G°(v) < go}. Thus, for any v € [0,v,), we have
G°(v) > qo- It follows that sup,c), pG°(p) > (vg —€/2)G°(vg—£/2) > (vo —€/2)qo =T* —eqy > T* —¢.
Since F(v) > G°(v) for v € V, we have sup,c), pF(p) > sup,c, pG°(p) > 7* — ¢ for any ¢ € (0,7*),
contradicting to suppeva’ (p) < 7*. Hence, F* is a worst-case distribution. Our proof here also
establishes that G° is a worst-case distribution.

Finally, regardless of the value of p, it is clear that vF*(v) <v-7* /v =7* for any v € V, and the

optimal revenue under F™* is 7* since V. is nonempty. 0

Proof of Proposition 6. Recall from Appendix C.5, we have d;(F,G) = infgecorav) Eol||? — 1],
where 0 ~ F, 4~ G, and Q(F,G,V) is the set of all joint distributions supported on V x V with
marginals F' and G. By the law of total probability, we can express Q € Q(F,G,V) of (0,a) as the
marginal distribution G/(u) and the conditional distribution F,(v), that is, for any (vo,uo) €V x V,

Q(vo,up) =P (0 <wvp,t <up) = /0“0 P(o<wvg|u=u)dG(u) = /0“0 F.(v) dG(u).

As a result, we have

Bolt(@] = [ ([ sar) a6t md gollo-ali= [ ([ p-ulan ).

These interpretations allow us to write the inner minimization of problem (2) as follows:

ot [ ([ i) acw

/ dF,(v)=1 VueV.
Combining the dual of problem (10) with the outer maximization, problem (2) now becomes
sup / B(u) dG(u
z,t,a,8
st t(v) > Bu) —|v—ula Yo,ueV (11)

(x,t)eM, aeRy, Bu)eR YueV.

One can check that p* is continuous and % < o* whenever differentiable. Thus, with g* = t*

we have t*(v) — f*(u) = t*(v) — t*(u) > —a*|u — v|, that is, the first constraint in problem (11)
holds. Besides, we have % = vdxd5” almost everywhere and ¢*(0) = z*(0) = 0. It follows that
t*(v) =va*(v) — [ «*(u)du. Finally, since 2*(v) is clearly increasing in v, we have (z*,t*) € M.

For the optimality of (z*,t*), it remains to show [ _,*(u)dG(u) —fa* =7*. We first calculate

fo* = —a* Z/ (v) =7 o) dv=a*n* 3 In(uny fuy) - Z/

JEJ] jelJ] jelJ]

=" —a" ij (1-G(w;))+a* Zuj(l—G(uj))—oz*Z/ vdG(v),

JElJ] jelJ] jelJg]T i
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where the last identity follows from

/%j G(v) dv = (w; — u;) — /wj G(v)dv=w;(1—-G(w;)) —u;(1—G(u;)) +/wj vd G(v).

J

We next calculate

/ 8" (u) dG(u)

= Z/ ( (v —u; +Q*Z(wi—“i)) dG(v) + Y (a*Z(wi—ui)> (G(uj41) — G(wy))
1=1 ‘ ] ]
=a* Z/ vdG(v

JELJ] JE[J] i=1
=a* ) " dG(w +ar > wi(1-Gw))) —a* Y ui(1-Gluy)),
JE[I] M JELJ] JEJ]

where the last line follows from the observations:

Z] [(a sz-) (Gluya1) — Gluy)) — a*wy(Glw;) — Gluy) | =a* 3wy (1 -

JET i=1 JE[J]
J
5 (— o Y u )Gl - Glu) = -a” X w1~ Gl
FEL] i=1 jEL)
Finally, combining the expressions of fu oy B*(w)dG(u) and —Oa* concludes the proof. O

Proof of Proposition 7. Since |G~ — F; 7|, = fg((k?)(éfl(q) —p)dg <6, F} € Fy1). We next prove
the optimality and uniqueness of F;. Suppose there exists F' € F(y 1) such that F'(p) < F(p). Then
for v € [p, k%), we have F(v) < F(p) < Fx(p) = G(k}). For q € [G(k}),G(p)), we have F~'(q) =p
and ¢ > F;(p) > F(p), implying F~'(q) < F~'(F(p)) <p=F;~"(g). Similarly, since F};(v) < G(v)
for v € [p, k%), we have F~'(q) < G~Y(q) for q € [G(k:),G(p)). Besides, since Fr(v) = G(v) for
v ¢ [p,k}), then |G~ (q) — F, (q)| > 0= |G (q) — F; ' (q)| for ¢ ¢ [G(k}),G(p)). Thus, we obtain

T B Glp) B Glp) B
0= [ 167 @ -F@lde= [ (G- F@)daz [ (G- B a) da =0,
0 G(k3) G(kp)
where the equality is due to fG k*) (G(q) — F; ' (q))dg = d(F*,G) = 0 and the inequalities are
indeed tight. Hence,
Glp) B Glp) B G(p) B
| @@= [ (6@~ B Me e, [ (B P a)da=0,

G(k5) G(k3) G(ky)

Since F~'(q) < Fr~'(q) for q € [G(k}),G(p)), by right continuity, F~*(q) = F;~'(q) for ¢ €

[G(k3),G(p)]. Besides, since fo |G~ (q) — F~'(q)|dg = g((]f*))(@*(q) — F~'(q))dq, it holds that
P

F~(q) =G (q) = F;*(q) for ¢ ¢ [G(k%),G(p)]. In summary, we have F' = F* everywhere, and F};

is the unique worst-case distribution. ]
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Appendix C Supplementary Results
C.1 Mean and Variance Ambiguity Set

In this section, we consider the ambiguity set with the dispersion information specified by the second

moment (or variance) of the distribution:

}‘V:{FGP ‘/VvdF(v):,u, /V(U—M)QdF(v)zch},

where 0 < 02 < p(1— p) so that Fy is nonempty. Let o3, be the variance of the worst-case distribution
derived in Theorem 1 for Fy. If 62 = 0%, in Fy, then the worst-case distribution for the mean
ambiguity set is also feasible and hence optimal for Fy. If 0% < 0, (02 > 0%,), based on the worst-case
distribution for the mean ambiguity set, one can move some mass from larger (smaller) valuations to
smaller (larger) valuations to reduce (increase) the variance; see Figure 10. For the case of 02 < o3,
reducing the variance is essentially the same as increasing the contraction (i.e., reducing the spread)

of the distribution as we did in Section 4.2, and we can similarly consider a parametric family

1 Ve [O,Wk)
Qk,l(v) = 7Tk/'l) (XS [Wk,k')
0 v e [k, 1],

where k € [p, 1] and 7y, is the unique solution in [0,1] to 7+ 7 In(k/7) = p. In comparison, to increase

the variance, we further define a family

14 vel0,m/0)
Q)= /v wvem/l1)
0 v=1,

where ¢ € [u, 1] and 7, is the unique solution in [0, 1] to 7+ 7 In(¢/7) = p. As k increases from pu to 1,
the variance of Qm increases from 0 to 3. As £ decreases from 1 to p, the variance of Ql,é further
increases from o3; to (1 — p)—the largest possible variance for any distribution supported on [0, 1]
with mean u. Hence, one can always find either k£ or £ such that the corresponding distribution
within the two parametric families has variance o?. The next proposition confirms that the obtained

distribution is indeed optimal.

THEOREM 5. Given Fy, the unique worst-case distribution F* and the optimal revenue 7™ of
problem (4) can be characterized as follows.
(i) If o <oy, then F* = Q1 and 7 = my«, where k* is the unique solution in [u, 1] such that the
variance of Qi1 equals to o>.
(i) If o > oy, then F* = Q1+ and 7 =7+, where £* is the unique solution in [u,1] such that the

variance of Q1 equals to o2.
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Figure 10 The worst-case distribution for the mean ambiguity set characterized in Theorem 1 is indicated by the
dashed curve. In the left (right) panel, the solid curve is formed by moving mass from larger (smaller)
valuations and spreading it over smaller (larger) valuations along the level curves, and the resulting

variance becomes smaller (larger).

Proof of Theorem 5. We first calculate k* (or £*) and 7*, and then prove the uniqueness as well as
the optimality. Note that the variance constraint is equivalent to [, vF(v)dv = (u? 4 0?)/2.

For case (i), the mean and variance constraints give two equations with solutions as follows:

_ k> 2 2
/L:/F*(’U)dvzﬂ'*—i-ﬂ'*ln (> 7t =hi! <,u to )
v m* 2

12+ o2 3 (W*)Q — -7
> - / oF* (w)dv = "l ot (b — ) k*ﬂ*exp( = )
%

2

where hy(z) = 22(e*~%/% — 1/2). Suppose there exists F € Fy such that sup,.,pF(p) <
max,cy pF*(p). Then for v € [7*,k*), it holds that vF(v) < * = vF*(v), i.e., F(v) < F*(v). Hence,

/VUF(U) dv—/vvﬁ*(v) dv :/Ok*v(F(v)—F*(v))dv—i—/lv(ﬁ(v)—F*(v))dv

*

1

zk*/o (F(v)—F*(v))dv+/ v(F(v) — F*(v)) dv (12)

*

1

Zk:*/o (F(v)—ﬁ*(v))dwk*/k (F(v) — F*(v)) dv =0,

*

where the first inequality follows from F(v) < F*(v) =1 for v € [0,7*) and F(v) < F*(v) for v €
[7*, k*); the second inequality is due to F(v) > F*(v) =0 for v € [k*,1]; and the last identity follows
from the mean constraint [, F(v)dv = [}, F*(v)dv = p. Now we have [, vF(v)dv> [ vF*(v)dv =
(u? + 0?)/2. The equality holds only if fok* (v — k*)(F(v) — F*(v))dv =0 and fkl* (v —k*)(F(v) —
F*(v))dv = 0. Recall that F(v) < F*(v) for v € [0,k*), and F(v) > F*(v) for v € [k*,1]. By right-
continuity, the equality holds only if F'= F*, implying that F* is the unique worst-case distribution.
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For case (i), the mean and variance constraints give two equations with solutions as follows:

e _x * E* * H
,u—/vF (V) dv=7"+7 ln(ﬂ*> 7r = T In(y)
2 2 * [ px\2 *
1% +o _ ik _(7T /f) * Lk f*:l
5 —/V’UF (v)dv—72 + (1 —7*/0%) ko’

where ko = hy ' (1?2 +0?)/2) and hy(2) = (1(2 — 2)) /(2 —21In(2)). Suppose there exists F € Fy satis-
fying sup,,c, pF(p) < maxgey pF*(p). Then for v € [ko, 1), vF(v) < sup,ey, pF(p) < max,ey pF*(p) =
vF*(v), i.e., F(v) < F*(v). Let v’ = sup{v € [0, ko) | F'(v) > ¢*}, which must exist because otherwise,
J, F(v)dv < [, F*(v)dv = p. Since F is decreasing, we have F(v) > F*(v) = ¢ for v € [0,v) and
F(v) < F*(v) for v € [/, ko). In summary, these relations yield

/

/V wF(0) do— /V F*(v) dv = /0 " W(F(v) - F*(0)) o+ / jv(F(v)—F*(v))dv

Sv'/ov (F(v)—F*(v))dv—i—// o(F(v) — F*(v)) d (13)

§v'/0v (F’(v)—F*(v))dv—l—v'/ (F(v) — F*(v)) dv = 0.

Now we obtain that [, vF(v)dv < [, vF*(v)dv = (4* + 62)/2. The equality holds only if fov/ (v—
v")(F(v) — F*(v))dv =0 and fvl/ (v—v")(F(v)— F*(v))dv = 0. Recall that F(v) > F*(v) for v € [0,v'),
and F(v) < F*(v) for v € [v/,1]. By right-continuity, the equality holds only if F' = F*, implying
that F™* is the unique worst-case distribution. ]

We now characterize the optimal mechanism to the primal problem (2).

PROPOSITION 8. Given Fy, the optimal mechanism (x*,t*) to problem (2) is characterized as:
(i) If o <o, then

(O’ 0) A [0,7'['*)
(@@, @) =1 (27 (=) +a"n (=), 70 +a"v+8)  velr k)
0y
(1, v (k*)? + a*k* + 8*) ve k1],
where k* and 7 are defined in case (i) of Theorem 5, and other parameters are given by
1
Y= <0, pr=n"(2k* —7*)v", aF = —2k"".

2(k* — m — k* In(k* /7*))
(11) If o > o, then

(0, 0) v e [0,ko)
z*(v),t"(v)) =
(@ (0), 7 (v) <2'y*(v —ko)+a*In (;) , Y2 —i—a*v) v € [ko, 1],

0
where £* and 7 are defined in case (ii) of Theorem 5, and other parameters are given by
m* 1
ko=—,v"= = —kgy".
0= Y T A k) R (k) @ oY
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Proof of Proposition 8. Given Fy, the inner minimization of problem (2) is
nt /V Ho) dF (v)
s.t. / vdF(v)=p
: (14)
/ v dF(v) = p* + o?
v
/ dF(v) =1.
%
Combining the dual of problem (14) with the outer maximization, problem (2) becomes
sup  pa+ B+ (0P +0°)y
x,t,0, 8,y
st. pv) >y’ +av+ 8 Yvey (15)

(r,t) e M, aeR, BER, vy€R.

In the remainder, for each case, we start by showing the feasibility of the proposed solution, then
we verify that it attains an objective value equal to the optimal revenue of problem (4).

For case (i), note that 7* <k* and k* — 7* — k* In(k*/7*) = k*(1 + In(7* /k*) — 7* /k*) < 0. Since
7 = k* holds only in the trivial situation where Fy = {d,}, we focus on 7* < k*. Thus, v* <0 and
it follows that the concave quadratic function y*v? + a*v + 3* is increasing (resp., decreasing) in v
when v < k* (resp., v > k*), implying 7*v* + a*v + f* < y*7*? + o*7* + * =0 =t(v) for v € [0, 7*)
and 7*v? + v + f* < yk*? + o*k* + B* = t(v) for v € [k*,1]. By definition, t(v) =v*v? + a*v + 3*
for v € [7*, k*). Thus the first constraint in (15) holds. Besides, we have ) ULSJ) =2y"v+a*

dv d
for v € [7*,k*) and % = v% =0 for v € [k*,1]. These relations, together with the fact that
t(v) = x(v) =0 for v € [0,7%), yield t*(v) = va*(v) — [, #*(u)du. Since z* is increasing, we have

(z*,t*) € M, ensuring that (z*,t*,a*, *,~v*) is feasible. We next verify the objective value:

*

k;*
= 29" <2k* () =k <7r* + 7 In <*>>>
T
k*
= 2v** (k* —7m*—k*In <*)> =7,
T

where the second identity is due to 7* 4+ 7* In(k* /7*) = u. Therefore, this feasible solution is indeed

Ma*+6*+(ﬂz+02)7*: "Y* (—2k*u+7r*(2k*—7r*)+2(7r*)2exp (ﬂ_ﬁ_1> —’/T*2>

the optimal mechanism to problem (2).

For case (i), we consider the solution (z*,t*,a*, 3*,7*) with 5* = 0. Firstly, since ky < 1 and
2z — zIn(z) is strictly increasing in z, we have 2(1 — ko) + ko In(ko) =2 — (2ko — ko In(ko)) >2— (2 —
11In(1)) =0. Since ko =1 holds only in the trivial situation where Fy is a singleton containing only

the Bernoulli distribution, we focus on kg < 1. Thus, v* > 0 and it follows that the convex quadratic
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function y*v? +a*v+ B* takes a value of 0 when v = 0 and v = ky, implying v*v? +a*v+ * <0 =t(v)
when v € [0,ko). By definition, t(v) = v*v* + a*v + 8* for v € [ko,1]. Hence, the first constraint
in (15) holds. Secondly, we have % = ’U% =2v*v + o for v € [ky, 1] and t(v) = x(v) =0 for
v € [0,ko). It follows that ¢*(v) = vz*(v) — [ #*(u)du. Since z*(v) is increasing in v, we now have
(z*,t*) € M, ensuring that (z*,t*,a*, 8*,7*) is feasible. We next verify the objective value:

a4 8% 07" = (=t S0 ) (2 o) = o1~ (k) =

Therefore, this feasible solution is indeed the optimal mechanism to problem (2). U

Carrasco et al. (2018) also study the ambiguity set with variance information with the difference
that they consider possibly unbounded valuation and all distributions having variance bounded from
above by o2 (as opposed to being equal to o2 in our setting). Nevertheless, our characterization
for the case o < oy in Proposition 8 is essentially the same as that in Carrasco et al. (2018) (see
proposition 4). The case of o > oy, however, is new.'® The discrepancy can be explained by the
fact that our worst-case revenue 7* is decreasing in o for ¢ < oy but is increasing in o for o > oy;.
As a result, if one considers all possible distributions with variance bounded from above by o2,
then the worst-case distribution is always obtained at the one with variance o2 or o3;, whichever is
smaller, and the resulting optimal mechanism is always a menu of lotteries with logarithmic winning
probabilities paired with a concave price menu. In comparison, our Proposition 8 shows that when
the buyer’s valuation is known to have larger variability, then it is optimal to adopt a menu of
lotteries with logarithmic winning probabilities but paired with a convex price menu.

We next apply the geometric approach to solve the maximin pricing problem (3). When p < p,
let o2 be the variance of the unique worst-case distribution to infper, F(p) (see Proposition 3).
Then if o < 0, following the same intuition for the mean-preserving contraction ambiguity set,
one could squeeze the mass between [p, 1] to a smaller interval [p, k] with some k <1 and obtain a
distribution with a smaller variance; while if o > o, to obtain a distribution with a larger variance,
one could move some mass between [0,p] to the interval [p,1]. In comparison, when p > u, the
worst-case distribution to infpcz,, F(p) is not necessarily unique, and one has to compare o with

the largest possible variance. We formally characterize the worst-case distribution under a posted

price mechanism in the proposition below.

PROPOSITION 9. Given Fy, the worst-case distribution F to the problem infpex, F'(p) can be
characterized as follows.
15 Our analysis for the case of o > om can be similarly applied to an ambiguity set of mean-preserving spreads of

the reference distribution (as opposed to the mean-preserving contraction ambiguity set analyzed in Section 4.2); see
detailed discussions in Appendix C.3.
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(i) If p€ (0, 1), then for o € [0,02), the unique worst-case distribution is

1 UE[Oap) 0.2
Fi@) = (=p)/(—p)  velpky) withk=pt "
0 v € [k, 1]

while for o € (02, w(1 — p)], the unique worst-case distribution is

& ve(0,p) L
Fy(v) =4 (u=pt;)/(1=p) velp,1) withE;:“(1+p);(“ +0%)
0 v=1

(ii) If p € [, 1], then for o® € [0, u(p—p)), a worst-case distribution is

fepy SR (WP 0% ve0,p+o?/p)
Fp(v)_{o veluto®/p1);

while for o® € [u(p— ), (1 — p)], the unique worst-case distribution is

& ve(0,p) L
Fy(w)=1{ (u—pty)/(1-p) wvelp1) withez—“(1+p)_p(” +o°)
0 v=1

Proof of Proposition 9. 1t is not hard to verify that F}' in each case indeed has mean p and variance
o?. Hence, F € Fy, and we focus on proving optimality as well as uniqueness.

For case (i), we first consider o® € [0,02). Suppose there exists F' € Fy such that F(p) < Fp* (p).
Then F(v) <1 —F*( ) for v € [0,p) and F(v) < F( ) < F¥(p) = Ex(v) for v € [p,k%), implying
fo F(v)dv < fo F* )dv. Since fv dv—fv v)dv = p, we have fk* v)dv > fk* F* )dw.
Following similar lines as in (12), we obtain F' = F* by right continuity, concluding F} is the unique
worst-case distribution. We next consider o® € [02, (1 — p)]. Suppose there exists F' € Fy such that
F(p) < F;(p). For v € [p,1), it holds that F(v) < F(p) < Fr(p) = Fx(v), i.e., F(v) < Fy(v). Let
v' =sup{v €[0,p) | F(v) > £;}. If v/ does not exist, then = [, F(v)dv < [, F¥(v)dv = p, leading to
F = F by right continuity and concluding F}; is the unique worst-case distribution. If v" exists, then
because F' is decreasing, F'(v) < F(v) for v € [v/,p) and F(v) > F(v) = £} for v € [0,0'). Following
similar lines as in (13), we arrive at F'= Fr. Hence, F}; is the unique worst-case distribution.

For case (i), when o € [0, u(q — p)], F(p) =0 and F is a worst-case distribution. When o2 €
((p— ), (1 — )], the proof is similar to that of case (i) and is thus omitted. O

With the worst-case distribution in Proposition 9, one can find the optimal posted price p* € [0, 1].
Chen et al. (2020a) also study the robust pricing problem with a mean and variance ambiguity
set but assuming unbounded support. In their setting, the optimal price will never be larger than

w. This is because when p > u, due to the unbounded support, the adversary can always choose a
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two-point distribution with an arbitrary large valuation so that F(p) can be arbitrarily small and
at the same time satisfying the mean and variance constraints. In our setting, however, it is possible
that the optimal price is larger than u: for example, when 0 < p <1 and 0 =+/p(1 — ) (i.e., Fy is
a singleton containing only the Bernoulli distribution), the optimal price p* =1 > p. Besides, when
p < p, Chen et al. (2020a) characterize the worst-case distribution based on Cantelli’s inequality
(see their lemma 1). If ¢ < 0,, our bound in Proposition 9 also reduces to Cantelli’s inequality.
However, when o > o, our Proposition 9 characterizes the worst-case distribution that achieves a

tighter bound than the Cantelli’s inequality, which does not utilize the support information.

C.2 Mean Absolute Deviation Ambiguity Set
The mean absolute deviation (MAD) ambiguity set is given by

/vdF /\U—,udF —n}
v

where 0 < k < 2p(1— ) so that Fyap is nonempty. Let ky be the MAD of the worst-case distribution

FMaAD = {FEP

derived in Theorem 1 for Fy. Again, if kK = Ky in Fyap, then the worst-case distribution for Fyy is
also feasible and hence optimal. If kK < ky (kK > Ky ), similar techniques as in the case of mean and
variance ambiguity set can be applied here to decrease (increase) sy to match . Consider the two
parametric families {Qy1}x (such that as k increases from u to 1, the MAD of @y, increases from
0 to k) and {Q; ¢}, (such that as £ decreases from 1 to p, the MAD of Q,, increases from ry to
2u(1 — ), we can then find either k or £ such that the corresponding distribution has MAD .

THEOREM 6. Given Fyap, the worst-case distribution F* and the optimal revenue ™ of prob-
lem (4) can be characterized as follows.
(i) If k € [0, k1), then F* = Qe and 7 = my+, where k* is the unique solution in [, 1] such that
the MAD of Q.1 equals to k.
(i3) If k € [k, Ko), then F* = Q4+ and 7 =+, where £* is the unique solution in [u, 1] such that
the MAD of Q. equals to k.
(i4) If K € [ko,2u(1 — p)], then F* = Qy ¢+ and * = mp, where £* is the unique solution in [u,1]
such that the MAD of QLL’ equals to k. In addition, F* is the unique worst-case distribution.
Here, ko= —2pIn(p)/(1 —1In(u)), and when k= Ko, the corresponding 7™ and £* satisfy 7 /€* = p.

Proof of Theorem 6. For each case, we first calculate k* (or £*) and 7* so that Q1 (or Q1+)
has mean p and MAD &k, then we prove the optimality. Note that the mean constraint is equiv-
alent to [ F(v)dv + f F(v)dv = p while the MAD constraint is equivalent to fv |v — p|dF(v) =
W+ f F(v)dv — fo v)dv = k. Hence, any F € Fyap must satisfy fo v)dv = pu — Kk/2 and
fﬂ F(v)dv=r/2.
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For case (i), the two constraints give
H —
u—;:/o F*(U)dv:ﬂ*—i—w*ln(%) T =h" (M—g)

K 1 B ,l{j* — M_ﬂ.*
=/ F*(v)dv=7"In () k’*:7r*exp< . ),
2 u I m

where h(z) =z + zIn(p/z). If there exists F € Fyap such that sup,,, pF(p) < sup,c), pF*(p), then
for v € [1*, 1), we have vF(v) < m* = vF*(v), i.e., F(v) < F*(v). As a result, it holds that

©w

/Oup(v) dv_/o“p*(v) dv :/OW*(F(U)_F*(U))dUJF/W (F(v) = F*(v)) dv

*

That is, fo v)dv < fo F* )dv = pu — k/2, contradicting to F' € Fyap.

Note that when k = kg, we have ¢* = 1/(1 —In(p)), 7* = /(1 —1In(p)) and 7* /€* = p. For case (i),
Kk < Ko ensures that when £ <1/(1—1In(u)) (i-e., m¢/¢ > p), we must have f: Q1.0(v)dv > K /2. Thus,
¢* must lie in (1/(1 —In(p)), 1] and 7*/€* € (0, ). Then we can solve £* and 7* via:

W“:/“ oo =r ' () T

— *
—m
/F* )dv =7* ln( > Fzﬂ*exl)('uﬂ* )

Suppose, on the contrary, there exists F' € Fyap such that sup, .y, pF(p) < Sup,cy pE*(p). Then for
v € [u,1), we have vF(v) < 7 = vF*(v), i.e., F(v) < F*(v). As a result, f: F(v)dv < f F*(v)dv =
k/2, contradicting to F' € Fyap-

Similarly, as for case (iii), kK > ko ensures that ¢* must lie in (0,1/(1 —In(p))] and 7*/¢* € [u, 1].
Then we can solve £* and 7* via:

K -
u—2:/ F*(v)dv = pl* T = Ty
0 —

1 2 —
_ 1 .2k
* * * * g == .

——/# Frw)dv=n"—pl+mx ln<7r*/€*> 2%

Suppose there exists F' € Fyap such that suppevpﬁ(p) < Suppeva* (p). Then for v € [7*/€*,1), we
have vF(v) < * =vF*(v), i.e., F(v) < F*(v). Since F is decreasing and f: F(v)dv = f F*(v)dv =
k/2, we must have F( ) > F*(u) = £*, which also implies that F(v) > F(u) > ¢* = F*(v) for v €
[() 1). Because [J' F(v)dv = [/ F*(v)dv=p — /2, by right continuity, it follows that F(v) = ¢* =

F*(v) for v €0, u) Since F is decreasing, F) < F_(n) = ¢ = F*(v) for v € [u, 7 /¢*). Since
f: F(v)dv = f F*(v)dv = K/2, by right continuity, we have F'(v) = F* for v € [u,1). Thus, F* is

the unique worst-case distribution. O
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Unlike Theorem 5 for the mean and variance ambiguity set Fv, the worst-case distribution for
Fuap is not necessarily unique unless the MAD is sufficiently large. Hence, in Theorem 6, when
K > ku, we further distinguish two cases, and only when k > kg, the distribution we identified within
the family {Q1 ¢}, is the unique worst-case distribution.

Theorem 6 recovers theorem 2 in Elmachtoub et al. (2020), where the authors generalize their
approach for the mean ambiguity set by developing different lower bounds on the optimal value of
problem (4) when & is small, intermediate and large (i.e., our cases (7), (i) and (4ii), respectively).
They then construct a distribution F' € Fyap that achieves their lower bounds for each case. Our
proof, however, uses the same geometric insight that we apply to all the other ambiguity sets to
construct the worst-case distribution, and we prove its optimality by contradiction. In addition, we
establish that when & is large, the worst-case distribution is unique.

For each case in Theorem 6, we characterize the corresponding optimal mechanism below.

PROPOSITION 10. Given Fyap, the optimal mechanism (x*,t*) to problem (2) is characterized

as:

(i) If Kk €[0,kMm), then

(07 0) Ve [0,7‘(‘*)
(@ (v),t"(v)) = | (27" (In(7*) —In(v)), 2*(7* —v))  wE[r",p)
(17 2’}’*(7‘(‘*—”)) ve [M,l],

where m is defined in case (i) of Theorem 6 and v* = —1/(2In(u/7*)) <0.
(i1) If k € [km, Ko), then

(0, 0) ve(0p)

(27*(In(v) —In(p)), 2v*(v—p))  ve€[u,1],

(2" (v), " (v)) =
where v* = —1/(21In(p)) > 0.
(iii) If K € [Ko, 2u(1 — p)], then

(0, 0) ve|0,ko)

(x*(v),t"(v)) = * -
(2’,:: (1n(0) ~ In(ky)), 24 <v—ko>) v € ko, 1],

where 7 is defined in case (iii) of Theorem 6, ko = 2un*/(2p — k) € [u,1], and v* =
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Proof of Proposition 10. Given Fyap, the inner minimization of problem (2) is
F1€n7£+ /v t(v) dF(v)
s.t. / vdF(v) =
; (16)
[ o ular) -
%
/ AP (v) =
%
Combining the dual of problem (16) with the outer maximization, problem (2) becomes
sup Yk+au+p
z,t,a, B,y
st.  tv)>|lv—ply+va+pB YoeV (17)

($,t) GM, aaBaVER-

In the remainder, for each case, we construct a feasible solution to (17) and verify that it attains
an objective value equal to the optimal revenue of (4). Hence, the constructed solution is optimal.

For case (1), consider the solution (z*,t*,a*, 5*,7*) with a* = —v* and p* =~+*(27* — ). Observe
that v —ply* +va*+ 5* = (" =y ) v+ +py* =2(1* —v)y* <0=1t*(v) for v € [0, 7*), |[v — ply* +
var + fF =2(m* — )yt =t*(v) for v € [1*, 1), and |v — p|y +var + 5 = (&F + ) v+ X — puyt =

—2~v*(u—7*) =t*(v) for v € [u, 1]. Hence, the first constraint in problem (17) holds. From % =
vdxdfv =—-2y* forve(r ,u) de (”) :vdxd(” =0 for v € [, 1] and t*(v) = z*(v) =0 for v € [0, 7%),
it follows that t*(v) = va* fo u)du. With z* being increasing, it is now clear that (z*,t*) €

M. Finally, this feasible solution has an objective value v*k + a*u+ * = =29*(u — k/2 — %) =
—29*7* In(p/7*) = 7*, attaining the optimal revenue of problem (4).

For case (77), consider the solution (z*,t*, a*, f*,7*) with a* = 4* and * = —pu~*. Since |v — p|y* +
var + B = (o =y )v+ X+ puy  =0=1t*(v) for v € [0, ) and |v — p|y* +va* + f* = (a* + ") v+
B* — uy* =29*(v —p) =t*(v) for v € [u, 1], the first constraint in problem (17) holds. With M =

vd’c;f”) =2* for v € [p,1] and t*(v) = z*(v) =0 for v € [0, u), we have t*(v) =va*(v) — [ z*

It is now clear that (z*,t*) € M because z* is increasing. This feasible solution has an obJectlve
value v*k + a* 4+ * =v*k = 7* and achieves the optimal revenue of problem (4).

For case (iii), consider the solution (z*,t*,a*, 8*,v*) with o* = (ko/(21) — 1)/In(ko) and * =
ko/(21n(ko)). Recall from the proof of Theorem 6, when k > kg, we have ko = 7*/¢* € [, 1]. Then we
can observe that |v — u|y* +va* 4+ f* = (a* =y ) v+ 5+ puy* = (v(ko/p— 1))/ In(ko) < 0=1t*(v) for
0 €10,1), [v— 7 +00% + B = (o +4" )0+ B* — iyt = (ko —v)/ In(ko) < 0= t*(v) for v € [, ky), and
|v— ply* +var+ B* = (" +y*)v+ B — uy* = (ko —v) /In(ko) =t*(v) for v € [ko, 1]. Hence, the first

d00) — 92 0) — o 4 y* for v € [ko, 1] and t*(v) = 2*(v) =0

constraint in problem (17) holds. From =, -
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v

for v € [0, k), it follows that t*(v) = va*(v) — [, z*(u)du. With z* being increasing, it is now clear

that (z*,t*) € M. Finally, the objective value of this feasible solution is

kol—#/(u) —p _ 7 —p _ m—p _

In(ko) In(ke)  In(wr/e%)

VE+ o+ =

attaining the optimal revenue of problem (4). O
We next characterize the worst-case distribution under a posted price mechanism.

PROPOSITION 11. [theorem 2, Roos et al. (2020)] Given Fyap, let p= (2u(1 —p) —x)/(2(1 —
p) — k) < poand p = (2u)/(2u — k) > p. Then the worst-case distribution F to the problem

infper,,p F'(p) can be characterized as follows.

(i) If p€ (0,p), then

1 v e [0,p)
ey = d LR/ @e—p))  velpp)
BO=Voen-m velwy)
0 v=1
(i) If p € [p,p), then
1 vel0,p)
Fy(w)=qr/2(1-p) velp1)
0 v=1.
(1i3) If p € [u,p), then
) 1—k/(2u) vE[0,p)
Fy(v)=q 2p* —2up+rp)/(21(1—p)) vElp,1)
0 v=1.

In addition, F; is the unique worst-case distribution.

(w) If p € [p,1], then
o J1-k/Cw) welo,p)
Fp(v)_{o ’UG[ﬁ,l]

Proof of Proposition 11. It is not hard to verify that F in each case indeed has mean p and
MAD k. Hence, F,; € Fuap, and we focus on proving the optimality as well as uniqueness. For
case (iv), since F¥(q) =0, it is the worst-case distribution. We focus on cases (i) to (iii) and prove
by contradiction. In particular, we suppose there exists F' € Fyap such that for cases (i) and (i),
F(p) < F;(p); while for case (iii), F(p) < F(p).

For case (i), it holds that for v € [0,p), F(v) <1= F;(v), and for v € [p, ), F(v) < F(p) <
F*(p) = F(v). These relations lead to a contradiction that JSF(u)dv< [ Fr(v)dv=p—r/2.

For case (ii), it holds that for any v € [u, 1), F(v) < F(p) < E(p) = F; (v), implying F,(v) < F(v)
and further yielding a contradiction that f: F(v)dv < f: F*(v)dv=r/2.
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For case (iii), by pF(p) < [ F(v)dv = [)' Fy(v)dv = pF; (1) we have F(p) < Fr(p), which

P

implies F'(v) < F(p) < F¥(u) = F;(v) for v € [, p). In addition, for v € [p,1) we have F(v) < F(p) <

Fx(p) = Fx(v), i.e., F(v) < F;(v). Now we obtain H/Q—f F(v dv<f F*(v)dv = £/2. By right

="%p
continuity, it holds that F(v) = F¥(v) for v € [p,1). With F(u) = EF¥(n), for v € [0, ) we have
F(v) > F(p) = F;(u) = F;(v). Since [} F(v)dv=p—r/2= [} F(v)dv, we obtain F = F} by right

continuity. In conclusion, F; is the unique worst-case distribution. U

To solve infrez,,, F(p), Roos et al. (2020) consider its primal and dual reformulations

inf /v I(p>wv)dF(v)

FeP,
sup Yk+ap+p
s.t. /vdF(v):u @By
v and st. I(p>v)>|lv—ply+va+p YveV
/\v—u!dF(v):ff
v a,B,yeR

/V dF () = 1

and construct a pair of primal and dual optimal solutions. Their proof spans more than two pages.
In contrast, our construction of the worst-case distribution is based on the same geometric insight
used for all other ambiguity sets, and our proof also follows the simple contradiction arguments

used in all of our other results on either minimax pricing or maximin pricing problems.

C.3 Mean-Preserving Spread Ambiguity Set

The mean-preserving spread ambiguity set is defined by all mean-preserving spreads of a reference

/UevvdF(v):/UevvdG(v):,u, /Ouﬁ(v)dvg/ou@(v)dv vuev}.

It is well known that F' is a mean-preserving spread (MPS) of G if and only if there are random

distribution G:

]:MPSZ{FGP

variables 0 ~ F', ¥’ ~ G and € ~ @) such that o =7’ 4 & with Eg[é|v'] =0 for all possible realization
v of ¥ (see, e.g., Rothschild and Stiglitz 1970). Intuitively, the mean-preserving spread F' of G can
be obtained by first drawing a realization from G and then adding a zero-mean noise. Hence, Fyips
can be used to model the scenario when consumer’s valuation consists of ¥’ ~ GG, whose distribution
can be accurately estimated by the seller, and an estimation error € whose distribution is unknown.

If the worst-case distribution for the mean ambiguity set is already an MPS of G, then it is also
the worst-case distribution for Fypg. Otherwise, however, then one can move mass from smaller
valuations to larger ones along the level curves; see Figure 11. Recall the family of distributions
{Q1.}¢ in Appendix C.1. Note that for any ¢y, 05 € [u, 1] such that ¢; > ly, Q1,4, is an MPS of Q1 4,
with @, being the least spreading distribution and Q17u—the Bernoulli distribution—being the
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Figure 11 The worst-case distribution Ql’l for Fup is not in Fuvps. Here, Ql,o_g, a mean-preserving spread of Q_l,l,

is formed by moving mass from smaller valuations to larger valuations along the level curves.

most spreading one. Since the seller’s optimal revenue under Q) , is decreasing in £, the worst-case
revenue within this family can then be found by the largest ¢ such that @), , is an MPS of G. The

next theorem shows that such a distribution is also the worst-case distribution for Fyps.

THEOREM 7. Given Fyps, the worst-case distribution to problem (4) is F* = Q1+ with the

parameter £* = max{l € [u,1] | Q1 € Fups}. The optimal revenue of problem (4) is 7 = myx.

Proof of Theorem 7. Suppose, on the contrary, there exists F' € Fyps such that m=sup,cy, pF(p) <
max,cy pQ1¢(p) = 7*. Since £* = 7% exp ((u — m*) /7*) is strictly decreasing in 7*, then 7* > 7 implies
0 <l:=mexp((p—m)/m). We next show that Q;, € Fups, which yields a contradiction to the
definition of £*. To this end, we first observe that for v € [x/¢,1], vF(v) < sup ey, pF(p) =7 =
max,cy pQ1¢(p) = vQ14(v), implying F(v) < Qy4(v). Let v’ =sup{v € [0,7/¢) | F(v) > £}, which
must exist because otherwise, we would have fv v)dv < fv Q1.¢(v)dv = p. Since F is decreasing,
we have F(v) > Q, g( )=/ for v €[0,v") and F(v) < Q;,(v) for v € (v',7/f). These relations imply
Jy Que(v)dv < [ F(v)dv for w e [0,v') and [ Q1 ,(v)dv = p — leg Ydv < p — fF )dv =
Jy F(v)dv for u € [v/,1]. That is, Q1 is an MPS of F, and hence an MPS of G as well, conclud-
ing Q1 € Fups—a contradiction. With @, ,« being the worst-case distribution, the corresponding

optimal revenue is clearly 7 = max,cy pQ ¢+ (p) = T+ O
We characterize the corresponding solution to the primal problem next.

PROPOSITION 12. Given Fyps and £* in Theorem 7, when £* =1, the optimal mechanism under
the mean ambiguity set Fyp (see Proposition 2) is also optimal for Fyps; when £* <1, we have:
(i) if there exists u* € [7*/€*,1) such that fou*(F*(v) —G(v))dv=0, then

(0,0) vell,u

,u*) L
(v In(v/w*),y* (v —u*)  wveu1]

with ~* = _ln(u*) >0

(2" (v), " (v)) = {
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(ii) otherwise, a posted price mechanism with price ¢ =1 is optimal.
Proof of Proposition 12. Given Fyps, the inner minimization of problem (2) is
F1€n7£+ /v t(v) dF(v)
s.t. / vdF(v)=
. (18)
/ (u—v)* dF(v) > /(u _ o)t dGw)  Yuey
v v
/ AP (v) =
v
Combining the dual of problem (18) with the outer maximization, problem (2) becomes
sup  pa+ [+ / o(u) dl'(u)
z,t,a, 3,1 %
st t(v) 21}04—1—5—1—/(71,—U)Jr dl'(u) YveV (19)
v

(x,t)eM, a€eR, peR, T ePy,

where for any v €V we put ¢(u) = [,,(u—v)"dG(v).

If £* =1, then F™ is exactly the worst-case distribution for the mean ambiguity set in Theorem 1.
This implies that given Fypg, the worst-case revenue 7* of problem (4) (i.e., the optimal objective
value of problem (19)) coincides with that of the mean ambiguity set in Proposition 2. It is not
hard to see that the optimal mechanism (z*,¢*) in Proposition 2, together with o* = 7*/(u — %),
f* = —m*a* and I'*(v) =0 for all v € V, constitutes a feasible solution to problem (19) that attains
the worst-case revenue 7*. Hence, (z*,t*) in Proposition 2 remains optimal.

We next focus on ¢* < 1. In view of case (i), let a* =~*, f* = —y*u* and I'* be a step function
such that I'*(v) =0 for v € [0,u*); T*(v) =~* for v € [u*,1]. We first check that (z*,t*,a*,5*,I"*) is
feasible to problem (19). Since va* + * + [|,(u—v)* A (u) = v*v — y*u* 4 (u* —v)ty* =t*(v) for
all v € [0,1], the first constraint of problem (19) is satisfied. Since t*(v) = x*(v) =0 for v € [0,u")
and % = U% =~* for v € [u*, 1], it follows that t*(v) = va* fo u)du. Finally, as x*(v)

is increasing in v, we can conclude (z*,t*) € M. It remains to verlfy that the objective value of

(z*, t*, a*, p*,T), given by ,ua —i—ﬁ* + [, o( dF*( ) =7 (pn— —i—’y fo u)du, is equal to 7*
To this end, observe that fo w)du = u* —fo u)du = u* —fo F*(u)du=u*— p+m*In(1/u*),
which leads to v*(u — u*) +~* fo w)du =y*m ln(l/u ) = m*—the desired result.

As for case (i), since the posted price mechanism (z*, p*) is clearly feasible, we focus on optimality.
Our first step is to show [J'(F*(v) — G(v))dv <0 for all u € (0,1). Since there does not exist
u* as defined in case (i), we have ['(F*(v) — G(v))dv <0 for u € [7*/£*,1). Suppose there exists
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up € (0,7 /%) such that [;°(F*(v) — G(v))dv = 0. We must have G(ug) > F*(ug) = £*; other-
wise, G(ug) < F*(up) =¢* and [ (F*(v) — G(v))dv > 0 for u € (u,7*/¢*). Since G is decreasing,
G(v) > G(ug) = £* = F*(v) for v € (0,uo). By right-continuity and [;°(F*(v) — G(v))dv =0, we
have G(v) = F*(v) for v € (0,up). Because G is decreasing, we now have G(v) < ¢* = F*(v) for
v e (0,7*/¢*), implying foﬂ*w (F*(v)—G(v))dv > 0. This, together with foﬂ*w (G(v)—F*(v))dv >0,
yields foﬁ*/z* F*(v) — G(v))dv =0, contradicting to the assumption that there does not exist u* as
defined in case (i). Therefore, [,'(F™*(v) — G(v))dv <0 for u € (0,7*/¢*).

Our second step is to show 7* = G_(l). Note that F* cannot be an MPS of G if 7 < G_(1).
Suppose 7* > G_(1). Then there exists § € (0,1 —7*/¢*) such that G(v) < (7* +G_(1))/2 < 7* for
all v € [1—§,1]. Consider a small &, such that for £, =¢* +&,, 7 — 7, € (0, (7* — G_(1))/2). Then
for £ € [¢*,¢;] and v € [1 —4,1], we have Qy o(v) > 7y, > (7*+G_(1))/2 > G(v), which further implies
Jy Que(v)dv < [ G(v)dv for u € [1 —6,1]. In addition, there must exist &' € (0,7*/¢*) such that
G(v) > F*(0) = ¢* for v € [0,6']. Otherwise, for any v € (0,7*/¢*) we must have G(v) < F(0) = ¢,
which implies [}'(F*(v) — G(v))dv > 0 for u € [0,7*/¢*]. This, together with the constraint that
Jy F*(v)dv < [ G(v)dv for u € [0,7*/¢*], implies foﬂ*/g* F*(v)dv = foﬁ*m G(v)dv, a contradiction
to the nonexistence of u*. Let g5 = (G(8') — £*)/2 and fy = £* + &,. For any / € [6* {5] and any
v € [0,d], it holds that Q, ,(v) < ly < G(8') < G‘( ) This yields [ Q1.¢(v)dv < [ G(v)dv for £ €
[, 5] and u € [0,6"]. Let A :=min,e51-4 f, (G(v) — F*(v)dv and choose a small e3 >0 such that
maxyeo,1) fy (Q1,e5(v) — F*(v))dv < A/2 holds for €3 ="+ ¢&3. Then [ Q1 (v)dv < [;'G(v)dv for
e[l 0] and u e [0',1 —6]. Let ¢/ =min{l;, s, €3} > £*, we now have Q1 € Fups, contradlcting
to the definition of ¢*. Thus, 7* = G_(1).

In the last step, we first note that the revenue of (z*,¢*) under F is F_(1). Consider any F € Fyps
such that £ (1) < G_(1), then there exists 5F > ( such that F(v) <G_(1)<G(v) forve (1—6p,1).
This implies that for all u € [1 —dp, 1 fo v)dv > fo v)dv, contradicting to F' € Fyps. Hence,
for all F € Fyps, F_(1)>G_(1) =77, 1mply1ng that the worst-case revenue of (z*,t*) under Fyps

is no smaller than 7*. Because 7* is attained under G, (z*,t*) is indeed optimal. O

To characterize the worst-case distribution under a posted price mechanism, we can consider a

family of distributions

14 ve|0,p)
Wpe(v) =9 (n—pl)/(1=p) wvelp,1)
0 v=1,

with ¢ € [, u/p|. The characterization is summarized as follows.

PROPOSITION 13. Given Fyps, for any p € (0,1], a worst-case distribution F; to the problem
inf peryps F(p) is vag; with 0% = max{¢ € [p, /p] | W0 € Fups}. Correspondingly, A*(p) = (u—
pt;)/(1=p) for pe€(0,1].
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Proof of Proposition 13. If Fx(p) =0, then F is clearly a worst-case distribution. If F*(p) > 0,
suppose there exists F' € Fyps such that F(p) < F¥(p). Let £ := (u— (1 —p)F(p))/p such that
Wye(p) = F(p) and £ > (u— (1 — p)F;(p))/p = €. For v € [p,1), it holds that F(v) < F(p) =
W,.o(p) =W, ,(v). Let v' =sup{v € [0,p) | F(v) > £}, which must exist because otherwise, we would
have [, F(v)dv < [, W, (v )dv = p. Since F is decreasmg7 F(v) > £=W,,(v) for v € [0,v"). Thus,

the continuous function hy(u) := ['(F W, ¢(v))dv is increasing on [0,v’) while decreasing on
[v,1]. Because h,(0) = hp(l) =0, it follows that h,(u) > 0 for u € [0,1], implying W, , is an MPS of
F and W, , € Fups. This contradicts to the definition of E;. O

The mean-preserving spread ambiguity set has been considered in Condorelli and Szentes (2020)
for buyer-optimal pricing problem (5), which is again equivalent to our minimax pricing problem
by Theorem 3. Our results for the robust mechanism and maximin pricing problems under the

mean-preserving spread ambiguity set, to the best of our knowledge, is new.

C.4 Comparison of Dual Formulations

Here, we compare the dual formulations based on different primal formulations in the special case
when the ambiguity set is a singleton, i.e., F = {F'}. A common route taken in the literature (see,
e.g., Vohra 2011, Carroll 2017, Cai et al. 2019) is to directly take the dual of the following (original)

primal formulation:

sup Eg[t(0)] = sup /Vt(v) dF(v)

(z,t)EM ot
sit. (vz(u) —t(uw)) — (vx(v) —t(v)) <0 Vu,veV - - A(v,u)
—(vx(v) —t(v)) <0 YveV - K(v)
z(v) <1 YveV - v(v)
z(v)>0 YveV,

whose dual is written as

inf / v(v)dv
AR,V v

st. v(v)—vk(v)+ / (uA(u,v) —vA(v,u))du>0 YveV o z(v)
= ( A(v,u) — A(u,v)) du) dv VYveV o t(v)
v,u) >0 Yu,v €V
( )20, v(v)=>0 Yo e V.

The dual problem here can be interpreted as a network flow problem with each valuation v being
a node and the dual variable A\(v,u) representing the flow from node v to node u. Carroll (2017)

constructs an optimal solution to the above problem and shows that it matches the optimal value
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of the primal (see Appendix C of Carroll 2017). However, it is far from clear that the above dual
formulation is equivalent to a pricing problem.

To obtain Lemma 1, our approach exploits the form in (1) that states ¢t(v) = va(v) — [; 2(
fov udz(u) and the fact that x can be interpreted as a distribution on V. It follows that

sup Eg[t(v)] = sup // udz(u) dF(v)

(z,t)eM z€P4

st. /V (v) =1 s

Taking the dual of the above problem, we obtain

inf =«
s

! <= sup pF(p),
st. m> p/ dF(u) YpeV pEV
p

which proves Lemma 1 for the case of F = {F}.

C.5 Representation of Wasserstein Ambiguity Sets
For 1 < p < o0, the type-p Wasserstein metric between two distributions, F' and G, is defined as
1/p

4FG) = dnf Eollo i) = ( int Bello-al])
where 0 ~ F, 4~ G, and Q(F,G,U) is the set of all joint distributions supported on U x U with
marginals F' and G. The type-oo Wasserstein metric is the limiting case as p approaches infinity,
that is, doo (F, G) = lim,_, d,(F,G). A type-p Wasserstein ambiguity set Fy,, is then defined as a
ball of radius 6 > 0 with respect to the corresponding Wasserstein metric, centered at a prescribed
reference distribution G:

Fop={FePU) |d,(F,G)<0},

where P(U) is the set of probability distributions supported on U. Wasserstein metric between
single-dimensional distributions can be expressed in terms of their quantile functions. In particular,

for p€[l,00) and F,G €V, it holds that

5.6 =(nt, walli=) = ([ 10 -6 @) =15 -6,

Here, the second identity follows from taking h(-) =|-|? in proposition 2.17 of Santambrogio (2015).
With p approaching infinity, it holds that
doo(F,G) = lim d,(F,G) = hm |F =G Y ,=F "' =G w= sup |F'(q) — G '(q)-
p—roo qE[O,l]
It now follows that for any p € [1,00], a Wasserstein ambiguity set of the corresponding type in the

content of our paper can be represented as

Fop={FeP||F'-G,<0}.



