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Abstract. In this paper, we study adaptive robust optimization prob-
lems with discrete uncertainty. We first show that an adaptive robust
counterpart of the multiple knapsack problem includes ΣP

2 -hard prob-
lems. Then, we theoretically prove the validity of a non-trivial reformu-
lation of this class of problems which can be solved by an enumerative
algorithm akin to a Branch-and-Benders-cut scheme. Our reformulation
shows that, for discrete uncertainty sets, adaptive robust problems with
uncertain constraints can equivalently be solved as problems with objec-
tive uncertainty only. Unlike most of the existing literature, our approach
is not restricted to continuous wait-and-see decisions. We then show some
experimental results on the robust counterpart of the multiple knapsack
problem.

Keywords: Adaptive Robust Optimization · Reformulation · Benders
decomposition · Branch-and-cut Algorithm.

1 Introduction

Classical optimization problems usually model a single-stage decision flow where
every decision must be taken here and now. In practice, however, every here-and-
now decision is a call for future wait-and-see decisions to be made, which will
depend on the former and, potentially, on future uncertain events which cannot
be observed immediately.

In this paper, we consider an optimization problem of the form

min cTx+ dTy (1)

Tx+Hy ≤ f (2)

x ∈ X (3)

y ∈ Y (4)

0 ≤ y ≤ u (5)

where x denotes the vector of here-and-now decisions, y represents wait-and-see
decisions that can be taken after uncertainty reveals, and c,d,T ,H,f and u
are real vectors and matrices of appropriate dimension. The objective function
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includes a cost for both here-and-now and wait-and-see decisions; the corre-
sponding variables are coupled by means of linking constraints (2). Constraints
(3) and (4) impose that x and y belong to some polyhedral set; these constraints
may also include integrality requirements on some variables, if any. Moreover,
wait-and-see actions are supposed to be bounded, as it typically happens in
practical applications.

We assume that uncertainty affects coefficients of matrix H only. Let us
denote by Y (x̂, Ĥ) = {y ∈ Y : Ĥy ≤ f − T x̂,0 ≤ y ≤ u} the set of feasible
wait-and-see decisions for a given here-and-now decision x̂ ∈ X and random
outcome Ĥ of H. Finally, let Q(•|H) be an oracle which is able to foresee the

actual future outcome Ĥ ofH. Then, the goal is to decide here-and-now decision
x∗ such that

x∗ ∈ argmin
x∈X

{
cTx+Q

(
min

y∈Y (x,H)
dTy

∣∣∣∣H)} . (6)

We refer to this class of problems as adaptive problems so as to enlight the
two-stage nature of the decision flow. Two main approaches have been proposed
in the scientific literature to model the fact that the oracle Q is unknown in
practice. On the one hand, stochastic optimization assumes some probabilistic
distribution knowledge about H and replaces oracle Q(•|H) with E(•|H). An
interested reader may refer to [4], [11], and [12] for more details on stochastic
optimization. On the other hand, robust optimization only assumes to know a
subset of the support of the density function of H, say H, and replaces Q(•|H)

with max{• : Ĥ ∈ H}. This approach is also referred to as worst-case optimiza-
tion as it decides x∗ in the least advantageous outcome for H; see [13], [2], and
[3] for more details.

Related literature. There is a wide literature on min-max and min-max-min
problems with continuous and discrete uncertainty sets, see, e.g., the recent
survey [5]. In [9] the authors note that more research is needed for adaptive
optimization with integer recourse decisions, a case in which a classical approach
for the continuous case (namely, parametric decision rules) cannot successfully be
adapted. Indeed, as to adaptive robust optimization, most of the recent literature
considers the case in which uncertainty affects the objective function only. This
is the case in [10], introducing a branch-and-cut algorithm for the case where the
here-and-now decisions are all binary. This approach makes no assumption on
the nature (discrete or continuous) of the uncertainty set. The same restriction of
uncertainty to the objective function is found in [1], where the authors propose a
deterministic reformulation of the problem in case the uncertainty set is convex
and all linking constraints are linear and do not include continuous here-and-now
variables. The resulting reformulation is then solved by using a branch-and-price
algorithm. The extension to linking constraints defined by convex functions and
possibly including continuous here-and-now variables has recently been presented
in [7].



Adaptive robust optimization with discrete uncertainty 3

Paper contributions. To the best of our knowledge, no viable solution approach
has been introduced in the literature for the case where the wait-and-see decisions
are mixed-integer and uncertainty affects the problem constraints. Our contri-
bution is then aimed at bridging this gap between objective-uncertain problems
and constraint-uncertain problems with mixed-integer wait-and-see decisions.

We first describe a general setting, and present an example based on the adap-
tive robust counterpart of the multiple knapsack problem, discussing its com-
putational complexity. Then, we theoretically prove the validity of a non-trivial
reformulation which produces an adaptive robust problem where the uncertainty
is confined in the objective function. Finally, we present a branch-and-cut algo-
rithm in which Benders cuts are separated at each node, and computationally
test it on instances of the considered example.

2 Problem modeling

In the following, we will denote by nX and nY the number of here-and-now and
wait-and-see decisions, respectively, and by mY the number of linking constraints
(2).

2.1 Uncertainty model

Our modelling of uncertainty is based on the following assumption.

Assumption 1 For all i = 1, . . . ,mY and all j = 1, . . . , nY , let hij and h̄ij be

two real numbers such that hij ≤ h̄ij. The set H of possible outcomes for H is

such that H ⊆ {Ĥ : ĥij = hij or ĥij = h̄ij}.

To ease the presentation, we introduce a binary set Ξ ⊆ {0, 1}mY ×nY used
to encode the combinatorial aspects of H as follows: for all ξ ∈ Ξ and any (i, j),

ξij = 0 if ĥij = hij and ξij = 1 if ĥij = h̄ij . For a given x̂ ∈ X and Ĥ ∈ H, with

a small abuse of notation we denote set Y (x̂, Ĥ) as Y (x̂, ξ̂) for an appropriate

ξ̂ ∈ Ξ. Using this notation, set Y (x̂, ξ̂) includes all those elements fulfilling
constraints (4), (5), and

nX∑
j=1

tij x̂j +

nY∑
j=1

(
hijyj + (h̄ij − hij) ξ̂ij yj

)
≤ fi i = 1, . . . ,mY (7)

Accordingly, the class of problems which we are addressing can be reformulated
as follows:

min
x∈X

{
cTx+ max

ξ∈Ξ
min

y∈Y (x,ξ)
dTy

}
(8)
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2.2 Expressiveness of our model

In this section, we discuss on the expressiveness of our model and show that
Assumption 1 can be done without loss of generality.

Assume that a generic coefficient, say hij , has more than two possible out-

comes. Let R > 2 be this number and denote by ĥ1
ij , . . . , ĥ

R
ij the possible values,

sorted by increasing order. In the i-th constraint, we replace variable yj by R
additional variables y1

ij , . . . , y
R
ij , the r-th associated with an uncertain coefficient

hrij having hrij = 0 and h̄rij = ĥrij . In order to impose that exactly one value is
selected by the uncertainty for coefficient hij , the following constraint

R∑
r=1

ξrij = 1 (9)

has to be added to the definition of Ξ. Finally, the relationship between the
original yj and the additional yrij variables can be enforced by imposing the
following constraints

yj = yrij r = 1, ..., R (10)

Notice that constraints (10) can simply be added to the definitio of set Y .
In our definition of the problem, all linking constraints (2) are assumed to be

written in the ≤ form. Since we make no assumption on the sign of coefficients
of Ĥ, any ≥ inequality can be rewritten in ≤ form. As to equations, they can
be replaced by a pair of ≤ inequalities. Denoting by i1 and i2 the indices of the
corresponding inequalities, consistency in the realization of the j-th coefficient in
the two inequalities may be expressed by adding to definition of Ξ the following
constraint

ξi1j + ξi2j = 1 (11)

More in general, our framework allows modelling of situations in which the re-
alization of a pair of coefficients of Ĥ is correlated; for example, if the first coef-
ficient takes its smaller value, then the second assumes its smaller value as well,
and vice-versa. These situations can be handled by adding suitable constraints
to the definition of Ξ.

Finally, it is well known (see, e.g., [3]) that assuming full knowledge of the
objective function is without loss of generality. Indeed, uncertainty in the vectors
c and d in (1) can be easily handled by introducing an additional (uncertain)
constraint that defines the objective function value. Overall, this shows that our
modelling approach defines a completely general setting.

2.3 Application: Multiple Knapsack Problem

As an example of optimization problem which fits in our framework, we consider
a two-stage version of the Multiple Knapsack Problem (MKP). In the MKP,
given a collection of items with associated weights and profits, one should decide
a subset of items to be packed inside bins of fixed capacities. We consider here a
natural adaptation of the MKP where here-and-now decisions select some items,
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and dispatch them to knapsacks ignoring their exact weights. At a second stage,
the exact weight of each item reveals, and selected items have to be packed in the
knapsacks according to the dispatching while respecting the capacity constraints.

Our first theorem states that the adaptive robust variant of the MKP is at
least ΣP

2 -hard.

Theorem 1. The adaptive robust MKP includes ΣP
2 -hard problems.

Proof. We show the result by reduction from the Knapsack Interdiction Problem
(KIP), a Stackelberg game in which two players, called the leader and the fol-
lower, hold their own private knapsacks and choose items from a common item
set. First, the leader interdicts some items subject to a given budget; then, the
follower selects some of the remaining items according to her budget. The fol-
lower maximizes the profit of selected items, whereas the leader interdicts items
so as to minimizes this value. The KIP has been shown to be ΣP

2 -hard in [6].
The decision version of the KIP asks if, for a given input parameter v, there is
an interdiction policy for the leader such that the follower objective function is
not larger than v.

Any KIP instance can be modelled as an adaptive robust MKP instance with
one knapsack, in which here-and-now decisions assign all items to the knapsack,
uncertainty models the behaviour of the leader and wait-and-see variables de-
fined the strategy of the follower. Accordingly, sets Ξ and Y encode the budget
constraint of the leader and of the follower, respectively, and linking constraint
are associated to interdiction conditions. Thus, for a given value of parameter
v, the decision version of KIP has answer ’yes’ if and only if the corresponding
adaptive robust MKP instance has answer ’yes’.

3 Theoretical development

3.1 Reformulation

In this section, we reformulate problems of type (8) as adaptive robust problems
with objective uncertainty by exact cost penalization.

We first linearize every product involving variables ξij and yj for some (i, j)
in constraints (7). An exact reformulation of each product can be obtained by
introducing continuous variables zij = ξijyj and adding the following linear

constraints to the definition of set Y (x̂, ξ̂).

zij ≤ ujξij (12)

zij ≤ yj (13)

zij ≥ yj − (1− ξij)uj (14)

zij ≥ 0 (15)

Notice that constraints (12) are redundant as each variable zij has a non-negative
coefficient (h̄ij − hij) in each constraint i written in ≤ form.
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Let us introduce, for all x ∈ X and all ξ ∈ Ξ, set Z(x, ξ) as the set of
decisions (y, z) ∈ RnY × RmY ×nY fulfilling constraints (4), (5),(13), (14) and
(15) as well as constraints (16) obtained by replacing each bilinear terms in (7).

nX∑
j=1

tijxj +

nY∑
j=1

(
hijyj + (h̄ij − hij)zij

)
≤ fi i = 1, ...,mY (16)

In turn, it is clear that problem (8) is equivalent to the following adaptive
robust problem

min
x∈X

{
cTx+ max

ξ∈Ξ
min

(y,z)∈Z(x,ξ)
dTy

}
(17)

where the linking constraints between y, z and ξ are of simpler kind. In the
next theorem, we turn problem (17) into an adaptive robust problem where the
uncertainty is confined within the objective function. This result follows from a
polyhedral analysis result and Lagrangian duality.

Theorem 2. Problem (8) is equivalently solved by the following problem.

min
x∈X


nX∑
j=1

cjxj + max
ξ∈Ξ,Λ≤0

min
(y,z)∈Z′(x)

nY∑
j=1

(
djyj +

mY∑
i=1

λijξij(zij − yj)

) (18)

where Z ′(x) is defined as Z(x, ξ) where constraints (14) have been omitted.

Proof. As already observed, one can consider problem (17) instead of (8). Then,
notice that, by linearity of the objective function, condition ”(y, z) ∈ Z(x, ξ)”
can equivalently be replaced by ”(y, z) ∈ conv(Z(x, ξ))”. Moreover, it holds
that, for all ξ ∈ Ξ, conv(Z(x, ξ)) = conv(Z ′(x)) ∩ {(y, z) : (14)}. Thus, using a
Dantzig-Wolfe reformulation of conv(Z ′(x)), one can see the inner minimization
problem as the solution of an LP for which strong (partial) Lagrangian duality
holds. The partial Lagrangian dual is given as follows, where Λ are the dual
variables associated to the interdiction constraints (14).

max
Λ≤0

min
(y,z)∈Z′(x)

{
nY∑
j=1

djyj +

nY∑
i=1

nY∑
j=1

λij((1− ξij)uj + zij − yj)

}
(19)

By splitting the terms, we obtain:

max
Λ≤0

min
(y,z)∈Z′(x)


nY∑
j=1

djyj +

nY∑
i=1

 ∑
j:ξij=0

λij(uj + zij − yj) +
∑

j:ξij=1

λij(zij − yj)


(20)

By inspection, λij = 0 is optimal whenever ξij = 0. This achieves the proof.

The reformulation introduced in Theorem 2 is conceptually simpler than
problem (8) as uncertainty interferes within the objective function only. A draw-
back, however, is that it contains bilinear terms λijξij . In the following corollary,
we show that variables λij can be omitted.
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Corollary 1. Let λ∗ij(ξ) be an optimal solution associated to a given ξ ∈ Ξ for
problem (19) and let λij be such that λij ≤ λ∗ij(ξ) ≤ 0 for all ξ ∈ Ξ. Then,
problem (8) can be rewritten as follows:

min
x∈X


nX∑
j=1

cjxj + max
ξ∈Ξ

min
(y,z)∈Z′(x)

nY∑
j=1

(
djyj +

mY∑
i=1

λijξij(zij − yj)

) (21)

Proof. By definition of λ∗ij(ξ), problem (18) is equivalent to

min
x∈X


nX∑
j=1

cjxj + max
ξ∈Ξ

min
(y,z)∈Z′(x)

nY∑
j=1

(
djyj +

mY∑
i=1

λ∗ij(ξ)ξij(zij − yj)

) (22)

By optimality, for a given ξ′ ∈ Ξ, since λ∗ij(ξ
′) ≤ 0 and zij ≤ yj , any value

λij ≤ λ∗ij(ξ′) is also an optimal solution for ξ′. This achieves the proof.

Corollary 1 therefore eliminates the need for variables Λ by replacing them
with a fixed and exact violation penalization in the objective. However, it does
not provide a practical value for λij which would not be problem-specific. In the
next theorem, we give such a value.

Theorem 3. In Corollary 1, assume d ≤ 0. Then, one can safely use λij = dj
for all i = 1, ...,mY and j = 1, ..., nY .

Proof. To derive a valid value for λij , our goal is to bound variables Λ in the
dual (19) which, based on Theorem 2, can be reformulated as follows.

max

θ :

θ ≤
nY∑
j=1

(
djyj +

mY∑
i=1

λijξij(zij − yj)

)
∀(y,z) ∈ Z′(x)

λij ≤ 0 i = 1, ...,mY , j = 1, ..., nY
θ ∈ R

 (23)

Since Λ ≤ 0, ξ ≥ 0 and z ≥ 0, the following cuts are valid.

θ ≤
nY∑
j=1

(
djyj −

mY∑
i=1

λijξijyj

)
∀(y, z) ∈ Z ′(x) (24)

Moreover, since d ≤ 0, we also have θ ≤ 0. This implies that it is enough
to consider Λ-values for which

∑nY

j=1 (djyj −
∑mY

i=1 λijξijyj) ≤ 0 holds. Clearly,
λij ≥ dj are enough, and thus, λij = dj is a safe choice.

Theorem 3 achieves the ultimate goal of reformulating problem (8) as an
adaptive robust optimization problem with objective uncertainty. We emphasize
that this result generalizes the work of [8] on bi-level interdiction games in two
directions: (i) it extends the results in [8] (in particular, Theorem 2 and 3) to
two-stage robust problems; and (ii) it provides a dual interpretation of valid cost
penalization.
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3.2 Relaxation

In the previous section, we have reformulated problem (8) so as to obtain a cost-
uncertain adaptive robust problem. This class of problems has been studied,
among others, in [10], [1] and [7]; in many of these works, only the case in which
here-and-now variables are binary is considered. We now make a step further
in the analysis of uncertain adaptive robust problems, and consider the more
general case with mixed-integer here-and-now decisions.

Theorem 4. Let v∗ be the optimal objective value of problem (8) and let v∗R be
the optimal objective value of the following problem

max θ (25)

s. t. θ ≤
nX∑
j=1

cj x̂j +

nY∑
j=1

(
dj ŷj +

mY∑
i=1

λijξij(ẑij − ŷj)

)
∀(x̂, ŷ, ẑ) ∈W (26)

ξ ∈ Ξ, (27)

where W denotes the set of extreme points of the convex hull of {(x,y, z) : x ∈
X, (y, z) ∈ Z ′(x)}. Then, v∗ ≥ v∗R. Moreover, if all active constraints of type
(26) are all built upon the same here-and-now decision, say x̄, then v∗ = v∗R and
x̄ solves problem (8).

Proof. The first part of the theorem comes from the min-max inequality; in-
deed, for any function f : A × B → R, it holds that supa∈A infb∈B f(a, b) ≤
infb∈B supa∈A f(a, b).

As to the second part, assume that all the active cuts are built upon the
same here-and-now variable, say x̄. Then,

v∗R = max
ξ∈Ξ

min
(x,y,z)∈{x̄}×Z′(x̄)


nX∑
j=1

cj x̄j +

nY∑
j=1

(
djyj +

mY∑
i=1

λijξij(zij − yj)

)
(28)

= min
x=x̄

max
ξ∈Ξ

min
(y,z)∈Z′(x̄)


nX∑
j=1

cj x̄j +

nY∑
j=1

(
djyj +

mY∑
i=1

λijξij(zij − yj)

) (29)

≥ v∗ (30)

Though the relaxation introduced in Theorem 4 consists in a monolithic
Mixed Integer Linear Program (MILP), it contains an exponential number of cuts
of type (26). For the sake of simplicity, let us introduce the following function:

Π(x, ξ,y, z) :=

nX∑
j=1

cjxj +

nY∑
j=1

(
djyj +

mY∑
i=1

λijξij(zij − yj)

)
(31)

The procedure described in Algorithm 1 is a cut-generation approach for solving
problem (25)-(27). The finite convergence of the obtained algorithm is well-
established.
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Algorithm 1 Cut-generation algorithm

Ŵ = ∅
repeat

(θ∗, ξ∗)← argmax
{
θ : (θ, ξ) ∈ R− × Ξ θ ≤ Π(x̂, ξ, ŷ, ẑ) ∀(x̂, ŷ, ẑ) ∈ Ŵ

}
(x∗,y∗,z∗)← argmin {Π(x, ξ∗,y,z) : x ∈ X, (y,z) ∈ Z′(x)}
Ŵ ← Ŵ ∪ {(x∗,y∗,z∗)}

until θ∗ ≥ Π(x∗, ξ∗,y∗,z∗)
stop, and v∗R = θ∗.

3.3 A branch-and-bound approach

In this subsection, we introduce a branch-and-bound algorithm that exactly
solves problem (8) by branching on here-and-now variables (possibly including
continuous variables). To this end, for a given node q with local bounds noted
lq and uq, let W q := {(x,y, z) : x ∈ X ∩ [lq,uq], (y, z) ∈ Z ′(x)} and let vqR
denote the optimal objective value of (25)-(27) where W has been replaced by
W q. Additionally, we let Hq denote the set of active constraints of type (26) for
the obtained problem and x[h] denote the here-and-now decision which was used
to generate the h-th cut of type (26), for h ∈ H. Finally, let us introduce x̄q

defined as follows.

x̄q =
1

|Hq|
∑
h∈Hq

x[h] (32)

We therefore have W 0 = W and the root node corresponds to computing v0
R,

indeed, we allow for l0j = −∞ and u0
j = +∞ when needed. We assume that

our algorithm makes use of a list L which contains all active nodes still to be
explored in order to close the optimality gap. In addition, we assume that the
best lower and upper bounds found, denoted by LB and UB, respectively, are
dynamically updated during the execution of the algorithm.

At the beginning of the algorithm, we solve the root node (25)-(27) and set
L ← {0}, LB ← v0

R and UB ← +∞. Clearly, if x̄0 ∈
{
l0,u0

}
, the algorithm

stops and the problem has been solved from the root node, i.e., v∗ = v0
R and

UB ← v0
R. Otherwise, we iteratively process the following steps:

Node selection A node q with minimal objective value is selected for branch-
ing, i.e.,

q ∈ argmin{vpR : p ∈ L} (33)

This operation may lead to an update of the best known lower bound, i.e.,
LB ← vqR.

Branching strategy Given a selected node q, we compute, for every here-
and-now decision variable, a score θqj ∈ [0, 1] and select the variable with
maximum score, prioritizing binary variables. In our implementation, we
used the following score.

θqj =

{
0 if lqj = uqj
min

{
uj − x̄qj ; x̄

q
j − l

q
j

}
/(uqj − l

q
j ) otherwise

(34)
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Let j′ be the variable index selected for branching, we create two new nodes

q1 and q2 in which we set lq
1

j = lq
2

j = lqj and uq
1

j = uq
2

j = uqj for all j 6= j′

and set lq
1

j′ , l
q2

j′ , u
q1

j′ and uq
2

j′ as follows: if j′ corresponds to a binary variable,

then x̄j′ is fixed to 0 (resp. to 1) in q1 (resp. in q2), i.e., lq
1

j′ = uq
1

j′ = 0 and

lq
2

j′ = uq
2

j′ = 1; otherwise, we set lq
1

j′ = x̄qj′ , u
q1

j′ = uqj′ , l
q1

j′ = lqj′ and uq
1

j′ = x̄qj′ .
The two created nodes are then solved in the following step.

Node solution For q′ ∈ {q1, q2}, we compute vq
′

R and x̄q
′
. If ”x̄q

′ ∈
{
lq

′
,uq

′
}

”,

a new incumbent solution has been found and we let UB ← min{UB, vq
′

R}.
Otherwise, q′ is added to the list of active nodes, i.e., L← L ∪ {q′}.

Bounding For any active node q′ ∈ L, if vq
′

R > UB, then q′ can be removed
from L, i.e., L← L\{q′}.

Stopping criteria If L is empty, the algorithm stops and UB = v∗.

In addition to the described steps of the branch-and-bound algorithm, note
that it is also possible to compute feasible solutions thanks to the following
proposition.

Proposition 1. Let q be a given node and let us assume that x̄qj ∈ {0, 1} for
all j for which xj is required to be binary. Then, a feasible solution for (8)
can be computed by solving formulation (25)-(27) where W has been replaced by
vertex(conv({x̄q} × Z ′(x̄q))).

Proof. The proof is similar to that of Theorem 4.

For every node q, when appropriate, we will denote by vqU the objective value
obtained applying Proposition 1. Notice that, even when some binary here-and-
now variables are fractional, one could still try to round fractional values to the
closest integer and check if the resulting is feasible; in that case, vqU is a valid
upper bound for (8).

3.4 Convergence

The enumerative scheme presented in the previous section solves problem (8) by
iteratively partitioning the feasible set, possibly performing branching on a con-
tinuous variable. Clearly, if X ⊆ {0, 1}nX , our algorithm finitely converges. We
show that, otherwise, the algorithm still converges towards an optimal solution
of (8) though, potentially, an infinite number of steps is required.

Theorem 5. Let x∗ be an optimal solution of problem (8) and v∗ be its objective
value. The branch-and-bound algorithm either finitely terminates with v∗ = UB
or enters an infinite sequence of nodes, say p ∈ P , for which {x̄p}p∈P → x∗.

Proof. We focus on the case in which the algorithm enters an infinite sequence
P of nodes, indexed by p. We will denote by [lp,up] the local bounds of node
p and by (θp∗, ξp∗, x̄p∗) the optimal solution of problem (25)-(27) binded to
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the ”reconstructed” here-and-now decision as computed in (32). Since branching
always reduces the domain of the here-and-now variables, x̄p∗ must be converging
to a given value x̄∗. By boundedness of (8), we also have that {(θp∗, ξp∗)}p∈P →
(θ∗, ξ∗).

According to Theorem 4 we always have θp∗ ≤ v∗. Moreover, as x̄∗ is a fixed
real vector, we also have that x̄∗ is a feasible solution for problem (8) (see the
proof of Theorem 4) with objective value θ∗. Thus, we have v∗ ≤ θ∗ and

θp∗ ≤ v∗ ≤ θ∗
{θp∗}p∈P → θ∗

(35)

This achieves the proof.

4 Computational experiments

In this section, we report preliminary computational experiments on the adaptive
robust multiple knapsack problem introduced in Section 2.3. Our implementation
was done in C++17 using IBM CPLEX version 12.10 to solve every sub-problem.
All the experiments were run on an AMD 3960 running at 3.8 GHz. with a time
limit equal to 3,600 CPU seconds per run.

Instance generation. We generated random MKP instances using the following
input parameters: the number of items n ∈ {10, 15}; uncertainty parameters
H ∈ {0.1, 1.0} and Γ ∈ {2, 4, 6, 8}; the number of knapsacks K ∈ {2, 3}; and a
capacity tightness ratio α ∈ {0.25, 0.50, 0.75}.

For each item i, both the profit pi and the nominal weight w̄i were generated
according to a discrete uniform distribution in [1, 1000]. The item weight in the
worst case was defined as w̃i = w̄i(1 + δi), where δi was randomly generated
in [0, H], rounding the resulting value to the closest integer. In our instances,
all knapsacks have the same capacity, defined as α

∑n
i=1 w̄i. Finally, parameter

Γ denotes the number of items that can take their largest weight. For each
combination of these parameters, we generated 10 instances.

Results analysis. Table 1 reports the outcome of our experiments. Column ”opt”
gives the number of instances (out of 10) that are solved to proven optimality
within the time limit, whereas ”time” reports the average computing time, com-
puted with respect to instances that are solved only. The results show that our
algorithm is able to solve almost all the instances with n = 10, though some
of them are far from trivial, in particular for K = 3. The problem appears to
be easier for large values of Γ , as in this case it is probably quite close to its
deterministic counterpart, which can be tackled effectively for instances of this
size. For n = 15 the instances are typically harder, in particular when Γ = 6, 8,
i.e., approximately half of the items can deviate from the nominal weight. For
K = 3 and α ∈ {0.50, 0.75}, only 32 out of 160 instances can be solved within
time limit.
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K = 2 K = 3

H = 0.1 H = 1 Total H = 0.1 H = 1 Total
n α Γ # opt time # opt time # opt time # opt time # opt time # opt time

10 0.25 2 10 3.3 10 3.0 20 3.1 10 63.5 10 81.2 20 72.4
4 10 9.4 10 4.9 20 7.2 10 641.1 10 65.1 20 353.1
6 10 4.3 10 7.2 20 5.7 10 159.6 10 0.4 20 80.0
8 10 0.2 10 1.3 20 0.7 10 0.2 10 0.1 20 0.2

0.50 2 10 5.9 10 8.3 20 7.1 9 626.9 10 765.8 19 700.0
4 10 22.1 10 26.6 20 24.3 10 798.0 9 806.4 19 802.0
6 10 7.8 10 12.4 20 10.1 10 143.7 10 58.0 20 100.9
8 10 0.2 10 3.8 20 2.0 10 13.1 10 0.4 20 6.8

0.75 2 10 27.9 10 23.6 20 25.7 10 1.8 9 622.0 19 295.6
4 10 91.8 10 43.8 20 67.8 10 22.3 8 946.6 18 433.1
6 10 52.3 10 19.1 20 35.7 10 8.2 10 203.5 20 105.9
8 10 1.9 10 0.7 20 1.3 10 1.3 10 1.8 20 1.5

Total n = 10 120 18.9 120 12.9 240 15.9 119 203.1 116 277.5 235 239.8

15 0.25 2 10 79.5 10 76.1 20 77.8 2 88.0 4 263.9 6 205.3
4 10 617.1 10 383.5 20 500.3 0 – 1 193.2 1 193.2
6 8 397.5 8 376.9 16 387.2 1 3149.2 3 191.4 4 930.9
8 9 371.2 9 363.6 18 367.4 3 9.1 2 10.7 5 9.7

0.50 2 10 856.0 10 528.7 20 692.3 3 147.9 0 – 3 147.9
4 3 953.4 5 1204.4 8 1110.3 0 – 0 – 0 –
6 2 805.5 2 1772.0 4 1288.7 0 – 0 – 0 –
8 2 1065.4 6 1326.5 8 1261.2 0 – 0 – 0 –

0.75 2 8 6.9 5 2402.3 13 928.2 10 3.1 10 17.2 20 10.1
4 2 1585.1 2 731.0 4 1158.1 7 640.9 2 742.9 9 663.6
6 1 138.9 1 326.3 2 232.6 0 – 0 – 0 –
8 3 2174.7 3 117.7 6 1146.2 0 – 0 – 0 –

Total n = 15 68 566.7 71 673.9 139 621.5 26 319.7 22 159.2 48 246.1

Table 1. Number of optimal solutions and computing times for adaptive robust MKP
instances.

5 Conclusions

In this paper, we considered adaptive robust optimization problems with mixed-
integer wait-and-see decisions and discrete uncertainty set. For this class of prob-
lems, we proposed a novel reformulation in which uncertainty appears in the
objective function only. This allowed us to make use of recent advances from
the related literature, that we extended to derive the first viable algorithm for
this class of problems, closing a gap both from a theoretical and from a compu-
tational viewpoint. Indeed, we reported numerical experiments on a variant of
the well-known multiple knapsack problem, showing that our approach is able
to solve instances of medium size in a reasonable amount of time.
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