
Analysis non-sparse recovery for non-convex relaxed ℓq

minimization

Jianwen Huanga∗, Feng Zhangb, Xinling Liuc, Jianjun Wangb

aSchool of Mathematics and Statistics, Tianshui Normal University, Tianshui 741001 China

bSchool of Mathematic and Statistics, Southwest University, Chongqing 400715 China

cCollege of Mathematics and Information, China West Normal University, Nanchong 637009, China

Abstract. This paper studies construction of signals, which are sparse or nearly sparse with respect

to a tight frame D from underdetermined linear systems. In the paper, we propose a non-convex relaxed

ℓq(0 < q ≤ 1) minimization for sparse dictionary recovery. Based on the ℓq robust D-Null Space Property, we

derive the sparse or non-sparse solution to the non-convex relaxed ℓq minimization problem and the associating

performance bound in which the ∥D∗D∥1,1 in the noise bound constant is removed. Additionally, we show that

our method can stably recover sparse or approximately sparse signals with respect to a tight frame provided

that the measurement matrix A fulfills a properly adapted restricted isometry property. As byproduct, when

choose ρ → ∞, we obtain the recovery guarantee and the corresponding error estimation via the unconstrained

non-convex ℓq minimization.

Key words. Compressed sensing; ℓq robust D-Null Space Property; Non-convex relaxed ℓq minimization

method; Restricted isometry property adapted D; Sparse recovery.

1 Introduction

One of the central goals for compressed sensing is to estimate sparse signals from what was before deemed

to be undersampled data. In compressed sensing, one thinks over the linear model as follows:

b = Ax+ w, (1.1)

in which A ∈ Rm×n is a known measurement matrix (m ≪ n) and w ∈ Rm denotes a noise vector. The aim is

to recover the unknown signal x based on (b, A).

When x to be recovered signal is a sparse vector, one can utilize some sparse recovery approaches, see, e.g.

[1–11], to stably reconstruct x provided that the measurement matrix A satisfies a few appropriate assumptions.
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Motivated by a variety of practical applications including signal modeling in array processing, Gabor frames in

radar and sonar, images with curves, and so forth [12, 13], researchers have generalized the sparse construction

theory to the context of sparse dictionary construction, see e.g. [14, 15] and the references therein. Normally,

sparsity is represented not with respect to an orthogonal basis but with respect to a redundant dictionary

D ∈ Rn×p (n ≤ p), that is, the signal x is now represented as x = Df , in which f is (approximately) sparse.

In the present paper, it is assumed that D is a tight frame. Formally, D ∈ Rn×p (n ≤ p) constructs a tight

frame for Rn, when

x =

p∑
j=1

⟨x,Dk⟩Dk,

for all x ∈ Rn, in which Dj (1 ≤ j ≤ p) stand for the columns of D, and ⟨·, ·⟩ represents the Euclidean inner

product. The restricted isometry property adapted to D (D-RIP) for sparse dictionary recovery is one of the

most extensively utilized frameworks, which was firstly introduced by [16] and is a natural generalization of

standard RIP.

Definition 1.1. (D-RIP). Let D be an n× p matrix. A measurement matrix A is said to satisfy the restricted

isometry property adapted to D (for short D-RIP) of order k with constant δ if

(1− δ)∥Du∥22 ≤ ∥ADu∥22 ≤ (1 + δ)∥Du∥22 (1.2)

holds for all k sparse vectors u ∈ Rp. The D-RIP constant δk is defined as the smallest number δ such that

(1.2) holds for all k sparse vectors u ∈ Rp.

For recovering the signal x from (1.1), researcher [17] has considered the following analysis LASSO model

(written as ALASSAO):

min
x̃∈Rn

λ∥D∗x̃∥1 +
1

2
∥Ax̃− b∥22, (1.3)

in which λ is a tuning parameter containing the tolerance to the noise term. Numerous sufficient conditions

have been proposed, which can guarantee the stable reconstruction of the signal x via the method (1.3). These

consists of δ3k < 1/4 [18], δ2k < 0.1907 [19], and δ2k < 0.2 [19].

Some works [19, 21] have proposed numerical algorithms to solve the analysis LASSO. Especially, the mono-

tone version of fast iterative shrinkage thresholding algorithm (MFISTA) has been deemed by [19] to solve the

problem (1.3). However, it is extremely difficult to compute the proximal operator of ∥D∗x∥1, therefore, they

proposed the relaxed ALASSO model (abbreviated as RALASSO) which is based on decomposition technique

as follows:

min
x̃∈Rn, z̃∈Rp

λ∥z̃∥1 +
1

2
∥Ax̃− b∥22 +

ρ

2
∥D∗x̃− z̃∥22. (1.4)

Some sufficient conditions ensure that the signal x can be stably recovered via the approach (1.4) have been

established, e.g. δ2k < 0.1907 [19], δ2k < 0.2 [20] and δtk <
√

(t− 1)/(t+ 8) for t > 1 [22].

Among the recent studies in non-convex compressed sensing, it has been showed [23–26] that ℓq minimization

(0 < q < 1) requires remarkably fewer linear measurements for reconstruction of sparse signals than that by ℓ1
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minimization. Consequently, in this paper, we are interesting in the following non-convex relaxed ℓq(0 < q ≤ 1)

minimization problem:

min
x̃∈Rn, z̃∈Rp

λ∥z̃∥q +
1

2
∥Ax̃− b∥22 +

ρ

2
∥D∗x̃− z̃∥22. (1.5)

Particularly, one can see that z̃ = D∗x̃ due to the third term and the problem (1.5) is equivalent to the following

unconstrained non-convex ℓq minimization problem provided that the parameter ρ tends to ∞.

min
x̃∈Rn

λ∥D∗x̃∥q +
1

2
∥Ax̃− b∥22. (1.6)

However generally, compared to the problem (1.6), it is not hard to solve the problem (1.5) in applications.

In this paper, recovery guarantees for the non-convex relaxed ℓq(0 < q ≤ 1) minimization model (1.5) are

presented. One of the main results is that the sufficient condition for recovering sparse or non-sparse signals via

the method (1.5) and the associating performance bound are established by exploiting the ℓq robustD-Null Space

Property (ℓq D-NSP), in which the term ∥D∗D∥1 in the noise bound constant is removed. Additionally, with

the D-RIP, we derive a new condition for recovery of sparse signals via the method (1.5) and the corresponding

error estimation of upper bound. In particular, when q = 1, our result is the same as that of Theorem IV.1

[19]. Furthermore, in the case of ρ → ∞, as by-product, we gain the recovery bound for the model (1.6) from

the mentioned before results.

We use the following notation throughout this paper. We call the set of indices of nonzero elements for a

vector x as the support of x represented as supp(x). A vector x is called as k-sparse if |supp(x)| ≤ k. For

a given index set T ∈ {1, 2, · · · , n}, T c stands for the complement of T in {1, 2, · · · , n}. For a given matrix

A ∈ Rm×n, AT denotes the sub-matrix of A that is constructed from the columns of A indexed by T , as well as

putting all other columns to zero. Let A∗ indicate the conjugate transpose of a matrix A, so that A∗
T denotes

(AT )
∗. For a vector x ∈ Rn and q > 0, define ∥x∥q = (

∑n
i=1 |xi|q)

1
q , and ∥x∥∞ = max1≤i≤n |xi|. ∥A∥p,q stands

for the norm of A from ℓp to ℓq.

The paper is constructed as follows. In Section 2, we present the main results. The auxiliary lemmas that

are used in the proof of main results are given in Section 3. In Section 4, we prove the main results.

2 Main results

One can easily see that the authors [19] proved recovery guarantees for the model (1.5) as q = 1 with D-RIP

provided that A satisfies the D-RIP δ2k < 0.1907. Unfortunately, the performance bound, which was given by

them, excessively relies on the ∥D∗D∥1. As a result, to a certain extent, the error bound to the model (1.5) for

q = 1 is not better. Hence, based on the ℓq robust D-Null Space Property, we derive the performance bound

on the model (1.5) which doesn’t involve the term ∥D∗D∥1. Let D∗
Tx denote the best k-sparse approximation

of D∗x. The definition of ℓq D-NSP is as follows:

Definition 2.1. (ℓq D-NSP [27–29]) Let D be a matrix with n×p. For any x ∈ Rn, there exist constants β > 0
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and 0 < γ < 31−
2
q such that

∥D∗
Tx∥2 ≤ β∥Ax∥2 +

γ

k
1
q−

1
2

∥D∗x−D∗
Tx∥q,

then the matrix A is said to fulfill the ℓq robust D-Null Space Property of order k with constants β and γ.

Now, it is assumed that A obeys ℓq D-NSP with constants β and γ, we study the recovery condition on the

model (1.5). Our result is stated as follows.

Theorem 2.2. Let A ∈ Rm×n be a measurement matrix, D ∈ Rn×p be a tight frame, and let A obeys ℓq D-NSP

with constants β and γ. It is assumed that x̂ is the solution to the problem (1.5). Think about the measurement

b = Ax+ w, in which w is noise fulfilling ∥D∗A∗w∥∞ ≤ λ
2 . Then

∥x̂− x∥2 ≤ C0λk
1− q

2 + C1
˜∥D∗
T cx∥q + C2C̃(λ, ρ), (2.7)

in which the definitions of ˜∥D∗
T cx∥q and C̃(λ, ρ) are provided in the proof of Theorem 2.2, C0 is constant which

relies on β, γ, q, C1, C2 are constants which count on β, γ, q, k.

In the following, based on D-RIP, we discuss the recovery condition that can guarantee a sparse signal to

be stably reconstructed via the method (1.5). The result is described as follows.

Theorem 2.3. Let A be an m×n measurement matrix, D be an n×p tight frame, and suppose that A satisfies

the D-RIP with δ2k < 1/(1+31/q
√
2). Let b = Ax+w, in which w is noise that meet ∥D∗A∗w∥∞ ≤ λ

2 . Assume

that x̂ is the solution to the problem (1.5). Then

∥x̂− x∥2 ≤ C̃1λ
√
k + C̃2∥D∗x−D∗

Tx∥q + C̃3C
1
q (λ, ρ), (2.8)

where C̃1 is constant relying on δ2k, q, ∥D∗D∥1,1, and C̃2, C̃3 are constants relying on δ2k, q, k.

Remark 2.4. In the case of q = 1, our sufficient condition reduces to that of Theorem IV.1 in [19].

Remark 2.5. We show that different choices of q can lead to different conditions. For example, see Table 2.1.

q Recovery condition

0.2 0.002901461

0.5 0.072844236

0.8 0.151891909

0.9 0.172608221

1 0.19074357

Table 2.1: Different sufficient conditions.

Selecting ρ converges to∞ in the model (1.5) for in which z̃ = D∗x̃ results in the problem (1.6). Consequently,

the below result holds.
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Proposition 2.6. Let A be a measurement matrix with m×n, D be a tight frame with n×p, and it is assumed

that A fulfills the D-RIP with δ2k < 1/(1 + 31/q
√
2). Take the measurement b = Ax+w into account, in which

w is noise satisfying ∥D∗A∗w∥∞ ≤ λ
2 . Let x̂ be the optimal solution of (1.6). Then

∥x̂− x∥2 ≤ C̃1λ
√
k + C̃2∥D∗x−D∗

Tx∥q. (2.9)

Here C̃1 is constant depending on δ2k, q, ∥D∗D∥1,1, and C̃2 is constants counting on δ2k, q, k.

3 Technical lemmas

Before proving the main results, we first provide some auxiliary lemmas which will be utilized in the proof

of main results.

Lemma 3.1. The solution x̂ to the problem (1.5) fulfills the following inequalities,

(a)

∥Ah∥22 + λ∥D∗
T ch∥qq ≤ 3λ∥D∗

Th∥qq + 4λ∥D∗
T cx∥qq + 2λC(λ, ρ), (3.10)

(b)

∥D∗
T ch∥qq ≤ ∥D∗

Th∥qq + 2∥D∗
T cx∥qq + C(λ, ρ) +

1

2
∥D∗h∥1, (3.11)

where C(λ, ρ) = p(λρ )
q

2−q

(
q

q
2−q − 1

2q
2

2−q

)
.

Lemma 3.2. Let D be a tight frame, and h = x̂ − x be recovery error to the problem (1.5). Suppose that A

fulfills the D-RIP with δ2k. Then,

⟨
Ah,ADD∗

T01
h
⟩
≥ (1− δ2k)∥D∗

T01
h∥22 −

√
2k

1
2−

1
q σ2k∥D∗

T01
h∥2∥D∗

T ch∥q. (3.12)

Lemma 3.3. Let x̂ be the solution to the problem (1.5). Then,

∥D∗A∗Ah∥∞ ≤
(
1

2
+ ∥D∗D∥1,1

)
λ. (3.13)

4 Proofs

Let T0 = T be the set of indices of the k largest entries of D∗x in magnitude. The set T c is decomposed

into sets of size k. Those sets are stood as T1, T2, · · · , TJ (only the number of elements of TJ is probably less

than k), in which T1 represents the indices of the k largest entries of D∗
T cx in magnitude, T2 represents the

indices of the next k largest elements of D∗
T cx in magnitude, etc. Set T01 = T0

∪
T1. For convenient, denote

h = x̂ − x the reconstruction error with x̂ being the optimal solution to (1.5). In the proof, we use the below

essential inequalities related to the lq (quasi)norm. For any vectors u, v ∈ Rn, ∥u∥q2 ≤ ∥v∥q1 ≤ n1/p1−1/p2∥u∥q2 ,

0 < p1 ≤ p2 ≤ ∞. The triangle inequality on ∥ · ∥qq for 0 < q ≤ 1: ∥u+ v∥qq ≤ ∥u∥qq + ∥v∥qq.
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The proof of Theorem 2.2. By (4.32), it results in

J∑
j=1

∥D∗
Tj
h∥q2 ≤

∑J
j=1 ∥D∗

Tj
h∥qq + ∥D∗

Th∥qq
k1−

q
2

≤
∥D∗

T ch∥qq + ∥D∗
Th∥qq

k1−
q
2

,

so which combines with the inequality that ∥u∥q ≤ 2
1
q−1∥u∥1 for any u ∈ R2, implies

∥D∗
T ch∥2 ≤

J∑
j=1

∥D∗
Tj
h∥2 ≤

 J∑
j=1

∥D∗
Tj
h∥q2

 1
q

≤
(
∥D∗

T ch∥qq + ∥D∗
Th∥qq

) 1
q

k
1
q−

1
2

≤2
1
q−1(∥D∗

T ch∥q + ∥D∗
Th∥q)

k
1
q−

1
2

. (4.14)

By Lemma 3.1(a), we get

∥D∗
T ch∥qq ≤ 3∥D∗

Th∥qq + 4∥D∗
T cx∥qq + 2C(λ, ρ). (4.15)

So that

∥D∗
T ch∥q ≤

(
3∥D∗

Th∥qq + 4∥D∗
T cx∥qq + 2C(λ, ρ)

) 1
q

≤3
1
q−12

1
q C

1
q (λ, ρ) + 3

2
q−1∥D∗

Th∥q + 3
1
q−12

2
q ∥D∗

T ch∥q. (4.16)

Plugging into (4.14), it follows that

∥D∗
T ch∥2 ≤ 2

1
q−1

k
1
q−

1
2

(
3

1
q−12

1
q C

1
q (λ, ρ) + (3

2
q−1 + 1)∥D∗

Th∥q + 3
1
q−12

2
q ∥D∗

T ch∥q
)
. (4.17)

By (4.17), we get

∥h∥2 =∥D∗h∥2 =
√

∥D∗
T ch∥22 + ∥D∗

Th∥22

≤
(
∥D∗

T ch∥22 +
2

2
q−2

k
2
q−1

(
3

1
q−12

1
q C

1
q (λ, ρ) + (3

2
q−1 + 1)∥D∗

Th∥q + 3
1
q−12

2
q ∥D∗

T ch∥q
)2) 1

2

≤
[
1 + 2

1
q−1(3

2
q−1 + 1)

]
∥D∗

Th∥2 +
2

1
q−1

k
1
q−

1
2

(
3

1
q−12

1
qC

1
q (λ, ρ) + 3

1
q−12

2
q ∥D∗

T ch∥q
)
. (4.18)

In the following, we bound the term ∥D∗
Th∥2. By utilizing the ℓq D-NSP of the measurement matrix A, it

implies that

∥D∗
Tx∥2 ≤β∥Ah∥2 +

γ

k
1
q−

1
2

∥D∗h−D∗
Th∥q

(a)

≤β∥Ah∥2 +
γ

k
1
q−

1
2

(
3

1
q−12

1
q C

1
q (λ, ρ) + 3

2
q−1∥D∗

Th∥q + 3
1
q−12

2
q ∥D∗

T cx∥q
)

(b)

≤β∥Ah∥2 +
3

1
q−12

1
q C

1
q (λ, ρ)γ

k
1
q−

1
2

+ γ3
2
q−1∥D∗

Th∥2 +
3

1
q−12

2
q γ

k
1
q−

1
2

∥D∗
T cx∥q, (4.19)

where (a) is from (4.16), and (b) is due to the inequality that ∥u∥q ≤ k
1
q−

1
2 ∥u∥2 for any u ∈ Rk. Thereupon,

∥D∗
Tx∥2 ≤ 1

1− γ3
2
q−1

(
β∥Ah∥2 +

3
1
q−12

1
qC

1
q (λ, ρ)γ

k
1
q−

1
2

+
3

1
q−12

2
q γ

k
1
q−

1
2

∥D∗
T cx∥q

)
. (4.20)
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By making use of Lemma 3.1(a) again, it leads to

∥Ah∥22 ≤3λ∥D∗
Th∥qq + 4λ∥D∗

T cx∥qq + 2λC(λ, ρ)

≤3λk1−
q
2 ∥D∗

Th∥
q
2 + 4λ∥D∗

T cx∥qq + 2λC(λ, ρ)

≤ 3λk1−
q
2

(1− γ3
2
q−1)q

(
β∥Ah∥2 +

3
1
q−12

1
qC

1
q (λ, ρ)γ

k
1
q−

1
2

+
3

1
q−12

2
q γ

k
1
q−

1
2

∥D∗
T cx∥q

)q

++4λ∥D∗
T cx∥qq + 2λC(λ, ρ)

≤ 3λk1−
q
2 βq

(1− γ3
2
q−1)q

∥Ah∥q2 + 2λ

(
32−qγq

(1− γ3
2
q−1)q

+ 1

)
C(λ, ρ) + 4λ

(
32−qγq

(1− γ3
2
q−1)q

+ 1

)
∥D∗

T cx∥qq,

which deduces

∥Ah∥2 ≤ 3λk1−
q
2 βq

(1− γ3
2
q−1)q

+
2[(1− γ3

2
q−1)q + 32−qγq]

3k1−
q
2 βq

[C(λ, ρ) + 2∥D∗
T cx∥qq]. (4.21)

Putting (4.21) into (4.20), we get

∥D∗
Tx∥2 ≤ 3λk1−

q
2 βq+1

(1− γ3
2
q−1)q+1

+
1

1− γ3
2
q−1

[
2[(1− γ3

2
q−1)q + 32−qγq]

3k1−
q
2 βq−1

+
3

1
q−12

1
q γ

k
1
q−

1
2

]
C̃(λ, ρ)

+
1

1− γ3
2
q−1

[
22[(1− γ3

2
q−1)q + 32−qγq]

3k1−
q
2 βq−1

+
3

1
q−12

2
q γ

k
1
q−

1
2

]
˜∥D∗
T cx∥q, (4.22)

in which C̃(λ, ρ) = max{C(λ, ρ), C
1
q (λ, ρ)} and ˜∥D∗

T cx∥q = max{∥D∗
T cx∥qq, ∥D∗

T cx∥q}. Plugging (4.22) to (4.18),

we obtain

∥h∥2 ≤ 3λk1−
q
2 βq+1

(1− γ3
2
q−1)q+1

[1 + 2
1
q−1(3

2
q−1 + 1)]

+

{
1 + 2

1
q−1(3

2
q−1 + 1)

1− γ3
2
q−1

[
2[(1− γ3

2
q−1)q + 32−qγq]

3k1−
q
2 βq−1

+
3

1
q−12

1
q γ

k
1
q−

1
2

]
+

2
2
q−13

1
q−1

k
1
q−

1
2

}
C̃(λ, ρ)

+

{
1 + 2

1
q−1(3

2
q−1 + 1)

1− γ3
2
q−1

[
22[(1− γ3

2
q−1)q + 32−qγq]

3k1−
q
2 βq−1

+
3

1
q−12

2
q γ

k
1
q−

1
2

]
+

2
3
q−13

1
q−1

k
1
q−

1
2

}
˜∥D∗
T cx∥q.

The proof is completed.

The proof of Theorem 2.3. By Lemma 3.2, it follows that

⟨
Ah,ADD∗

T01
h
⟩
≥ (1− δ2k)∥D∗

T01
h∥22 −

√
2k

1
2−

1
q σ2k∥D∗

T01
h∥2∥D∗

T ch∥q. (4.23)

Let α = 1
2 + ∥D∗D∥1,1. By employing the Hölder inequality, we get

⟨
Ah,ADD∗

T01
h
⟩
=
⟨
D∗A∗Ah,D∗

T01
h
⟩
≤ ∥D∗A∗Ah∥∞∥D∗

T01
h∥1

(a)

≤
√
2kαλ∥D∗

T01
h∥2, (4.24)

where (a) follows from the Cauchy-Schwartz inequality.

Now combining with (4.23) and (4.24), and by a basic calculation, it leads to

∥D∗
T01

h∥2 ≤
√
2kαλ+

√
2k

1
2−

1
q σ2k∥D∗

T ch∥q
1− σ2k

. (4.25)

7



From the inequality that ∥u∥q ≤ k
1
q−

1
2 ∥u∥2 for any u ∈ Rk together with (4.25), we get

∥D∗
Th∥q ≤k

1
q−

1
2 ∥D∗

Th∥2 ≤ k
1
q−

1
2 ∥D∗

T01
h∥2

≤
√
2k

1
qαλ+

√
2σ2k∥D∗

T ch∥q
1− σ2k

. (4.26)

By substituting (4.26) into (3.11), utilizing the inequality that (a + b)q ≤ aq + bq for any a, b ≥ 0 and by an

elementary computation, we get

∥D∗
T ch∥qq ≤ 2

q
2 3kαqλq

(1− σ2k)q
+

2
q
2 3σq

2k∥D∗
T ch∥qq

(1− σ2k)q
+ 2C(λ, ρ) + 4∥D∗

T cx∥qq. (4.27)

Since δ2k < 1/(1 + 31/q
√
2), we get the below estimation

∥D∗
T ch∥qq ≤

(
1−

2
q
2 3σq

2k

(1− σ2k)q

)−1(
2

q
2 3kαqλq

(1− σ2k)q
+ 2C(λ, ρ) + 4∥D∗

T cx∥qq
)
.

The above inequality together with the inequality that ∥u∥q ≤ k
1
q−1∥u∥1 for any u ∈ Rk implies

∥D∗
T ch∥q ≤

(
1−

2
q
2 3σq

2k

(1− σ2k)q

)− 1
q

3
1
q−1

(
2

1
2 3

1
q k

1
qαλ

1− σ2k
+ 2

1
q C

1
q (λ, ρ) + 2

2
q ∥D∗

T cx∥q
)
. (4.28)

Now we establish the bound regarding the recovery error. Notice that

∥h∥2 =∥D∗h∥2 ≤ ∥D∗
T01

h∥2 +
∑
j≥2

∥D∗
Tj
h∥2.

By utilizing (4.25) and (4.33) to the above inequality, we have

∥h∥2 ≤
√
2kαλ

1− σ2k
+

[(
√
2− 1)σ2k + 1]k

1
2−

1
q ∥D∗

T ch∥q
1− σ2k

.

Introducing (4.28) to the above, we gain

∥h∥2 ≤
[
1 +

[(
√
2− 1)σ2k + 1]3

2
q−1

[(1− σ2k)q − 2
q
2 3σq

2k]
1
q

]√
2kαλ

1− σ2k

+
[(
√
2− 1)σ2k + 1]3

1
q−12

1
q k

1
2−

1
q

[(1− σ2k)q − 2
q
2 3σq

2k]
1
q

(
C

1
q (λ, ρ) + 2

1
q ∥D∗

T cx∥q
)
.

We complete the proof.

The proof of Lemma 3.1. Since the proof of (a) is similar to that of (b), we only give the proof of (b).

Note that (x̂, ẑ) is minimum to (1.5), for any group (x, z) that obeys z = D∗x, so it leads to

1

2
∥Ax̂− b∥22 + λ∥ẑ∥qq +

ρ

2
∥ẑ −D∗x̂∥22 ≤ 1

2
∥Ax− b∥22 + λ∥D∗x∥qq.

Due to b = Ax+ w and h = x̂− x, it results in

1

2
∥Ah∥22− < Ah,w >≤ λ∥D∗x∥qq − λ∥ẑ∥qq −

ρ

2
∥ẑ −D∗x̂∥22.

8



By the concept of tight frame, and then employing the Hölder inequality and the assumption ∥D∗A∗w∥∞ ≤ λ
2 ,

we get

< Ah,w >=< D∗h,D∗A∗w >≤ ∥D∗A∗w∥∞∥D∗h∥1 ≤ λ

2
∥D∗h∥1.

Thereby,

1

2
∥Ah∥22 −

λ

2
∥D∗h∥1 ≤ λ∥D∗x∥qq − λ∥ẑ∥qq −

ρ

2
∥ẑ −D∗x̂∥22.

By the first-order optimality condition of (1.5) for the variable z̃, we get

λθ + ρ(ẑ −D∗x̂) = 0,

in which θ is a sub-gradient of the function ∥z∥qq and θi = q|zi|q−1.

Set C(λ, ρ) = p(λρ )
q

2−q

(
q

q
2−q − 1

2q
2

2−q

)
. Substituting the term ẑ with ẑ = −λ

ρ θ +D∗x̂, we get

1

2
∥Ah∥22 −

λ

2
∥D∗h∥1 ≤λ∥D∗x∥qq − λ∥ − λ

ρ
θ +D∗x̂∥qq −

ρ

2
∥ − λ

ρ
θ∥22

≤λ∥D∗x∥qq − λ∥D∗x̂∥qq +
λ2

ρ
∥θ∥qq −

λ2

2ρ
∥θ∥22

(a)

≤λ∥D∗x∥qq − λ∥D∗x̂∥qq + λC(λ, ρ),

where (a) follows from the fact that the function λq+1

ρq θqi − λ2

2ρ θ
2
i reaches the maximum at θi = q

1
2−q (λρ )

q−1
2−q .

It accordingly follows that

∥D∗x̂∥qq ≤ C(λ, ρ) +
1

2
∥D∗h∥1 + ∥D∗x∥qq. (4.29)

Because of h = x̂− x, we get

∥D∗x̂∥qq

=∥D∗h+D∗x∥qq

=∥D∗
Th+D∗

Tx∥qq + ∥D∗
T ch+D∗

T cx∥qq

≥∥D∗
Tx∥qq − ∥D∗

Th∥qq + ∥D∗
T ch∥qq − ∥D∗

T cx∥qq. (4.30)

Observe that

C(λ, ρ) +
1

2
∥D∗h∥1 + ∥D∗x∥qq

≤ C(λ, ρ) +
1

2
∥D∗h∥1 + ∥D∗

Tx∥qq + ∥D∗
T cx∥qq. (4.31)

Combining with (4.29), (4.30) and (4.31), we get

∥D∗
T ch∥qq ≤ ∥D∗

Th∥qq + 2∥D∗
T cx∥qq + C(λ, ρ) +

1

2
∥D∗h∥1.

9



The proof of Lemma 3.2. For each t ∈ Tj and s ∈ Tj−1, |D∗
Tj
h(t)| ≤ |D∗

Tj−1
h(s)|, then

|D∗
Tj
h(t)|q ≤

∥D∗
Tj−1

h∥qq
k

.

It follows that

|D∗
Tj
h(t)|2 ≤

∥D∗
Tj−1

h∥2q
k

2
q

,

∥D∗
Tj
h∥22 ≤

∥D∗
Tj−1

h∥2q
k

2
q−1

,

∥D∗
Tj
h∥q2 ≤

∥D∗
Tj−1

h∥qq
k1−

q
2

.

Hence,

J∑
j=2

∥D∗
Tj
h∥q2 ≤

∑J
j=1 ∥D∗

Tj
h∥qq

k1−
q
2

≤
∥D∗

T ch∥qq
k1−

q
2

. (4.32)

(4.32) combines with the inequality that ∥u∥1 ≤ ∥u∥q, for any u ∈ Rp implies

J∑
j=2

∥D∗
Tj
h∥2 ≤

 J∑
j=2

∥D∗
Tj
h∥q2

 1
q

=
∥D∗

T ch∥q
k

1
q−

1
2

. (4.33)

By the proof of Lemma IV.2 [19], it leads to

< Ah,ADD∗
T01

h >≥ (1− δ2k)∥D∗
T01

h∥22 −
√
2σ2k∥D∗

T01
h∥2

J∑
j=2

∥D∗
Tj
h∥2. (4.34)

A combination of (4.33) and (4.34), the desired result follows.
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