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Abstract. This paper studies construction of signals, which are sparse or nearly sparse with respect
to a tight frame D from underdetermined linear systems. In the paper, we propose a non-convex relaxed
2,(0 < g < 1) minimization for sparse dictionary recovery. Based on the ¢, robust D-Null Space Property, we
derive the sparse or non-sparse solution to the non-convex relaxed ¢, minimization problem and the associating
performance bound in which the ||[D*D||;1 in the noise bound constant is removed. Additionally, we show that
our method can stably recover sparse or approximately sparse signals with respect to a tight frame provided
that the measurement matrix A fulfills a properly adapted restricted isometry property. As byproduct, when
choose p — oo, we obtain the recovery guarantee and the corresponding error estimation via the unconstrained

non-convex ¢, minimization.
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1 Introduction

One of the central goals for compressed sensing is to estimate sparse signals from what was before deemed

to be undersampled data. In compressed sensing, one thinks over the linear model as follows:
b= Az +w, (1.1)

in which A € R™*™ is a known measurement matrix (m < n) and w € R™ denotes a noise vector. The aim is
to recover the unknown signal = based on (b, A).
When x to be recovered signal is a sparse vector, one can utilize some sparse recovery approaches, see, e.g.

[1-11], to stably reconstruct 2 provided that the measurement matrix A satisfies a few appropriate assumptions.
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Motivated by a variety of practical applications including signal modeling in array processing, Gabor frames in
radar and sonar, images with curves, and so forth [12, 13], researchers have generalized the sparse construction
theory to the context of sparse dictionary construction, see e.g. [14,15] and the references therein. Normally,
sparsity is represented not with respect to an orthogonal basis but with respect to a redundant dictionary
D € R"*P (n < p), that is, the signal x is now represented as x = Df, in which f is (approximately) sparse.

In the present paper, it is assumed that D is a tight frame. Formally, D € R"*? (n < p) constructs a tight
frame for R™, when

P
x = Z (x, Dy) D,
j=1

for all z € R™, in which D; (1 < j < p) stand for the columns of D, and (-, -) represents the Euclidean inner
product. The restricted isometry property adapted to D (D-RIP) for sparse dictionary recovery is one of the
most extensively utilized frameworks, which was firstly introduced by [16] and is a natural generalization of

standard RIP.

Definition 1.1. (D-RIP). Let D be an n X p matriz. A measurement matriz A is said to satisfy the restricted
isometry property adapted to D (for short D-RIP) of order k with constant 0 if

(1= 0)||Dull3 < [[ADu]3 < (1 + 6)|| Dul3 (1.2)

holds for all k sparse vectors uw € RP. The D-RIP constant 0 is defined as the smallest number § such that
(1.2) holds for all k sparse vectors u € RP.

For recovering the signal = from (1.1), researcher [17] has considered the following analysis LASSO model

(written as ALASSAO):
: * 1 5, 2
min N D', + 1147 - b3, (1.3

in which A is a tuning parameter containing the tolerance to the noise term. Numerous sufficient conditions
have been proposed, which can guarantee the stable reconstruction of the signal = via the method (1.3). These
consists of d3, < 1/4 [18], dox < 0.1907 [19], and dgy, < 0.2 [19].

Some works [19, 21] have proposed numerical algorithms to solve the analysis LASSO. Especially, the mono-
tone version of fast iterative shrinkage thresholding algorithm (MFISTA) has been deemed by [19] to solve the
problem (1.3). However, it is extremely difficult to compute the proximal operator of ||D*x||;, therefore, they
proposed the relaxed ALASSO model (abbreviated as RALASSO) which is based on decomposition technique

as follows:

. - 1. Pl e ~
Lo A+ 1A% - bl + £)iDE - 23, (14)

Some sufficient conditions ensure that the signal x can be stably recovered via the approach (1.4) have been

established, e.g. dax < 0.1907 [19], d2r < 0.2 [20] and §¢, < /(¢ —1)/(t +8) for ¢t > 1 [22].
Among the recent studies in non-convex compressed sensing, it has been showed [23-26] that ¢, minimization

(0 < g < 1) requires remarkably fewer linear measurements for reconstruction of sparse signals than that by ¢;



minimization. Consequently, in this paper, we are interesting in the following non-convex relaxed £,(0 < ¢ < 1)
minimization problem:

i z 1 7 P * ~ ~
pein o MEllq + S 1A% - bl + 511072 — 213 (15)

Particularly, one can see that Z = D*Z due to the third term and the problem (1.5) is equivalent to the following

unconstrained non-convex ¢, minimization problem provided that the parameter p tends to oco.
in A|D*Z([q + 1HA~ 13 (1.6)
min T —||Az — b||5. .
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However generally, compared to the problem (1.6), it is not hard to solve the problem (1.5) in applications.

In this paper, recovery guarantees for the non-convex relaxed £,(0 < ¢ < 1) minimization model (1.5) are
presented. One of the main results is that the sufficient condition for recovering sparse or non-sparse signals via
the method (1.5) and the associating performance bound are established by exploiting the ¢, robust D-Null Space
Property (¢, D-NSP), in which the term || D*D||; in the noise bound constant is removed. Additionally, with
the D-RIP, we derive a new condition for recovery of sparse signals via the method (1.5) and the corresponding
error estimation of upper bound. In particular, when ¢ = 1, our result is the same as that of Theorem IV.1
[19]. Furthermore, in the case of p — oo, as by-product, we gain the recovery bound for the model (1.6) from
the mentioned before results.

We use the following notation throughout this paper. We call the set of indices of nonzero elements for a
vector = as the support of x represented as supp(z). A vector z is called as k-sparse if |supp(x)| < k. For
a given index set T € {1,2,--- ,n}, T stands for the complement of 7" in {1,2,--- ,n}. For a given matrix
A € R™*" Ar denotes the sub-matrix of A that is constructed from the columns of A indexed by T, as well as
putting all other columns to zero. Let A* indicate the conjugate transpose of a matrix A, so that A% denotes
(A7)*. For a vector z € R™ and ¢ > 0, define ||z||, = (31, |:1:,;|‘1)%, and ||z]|cc = maxi<i<n |Ti|. ||4]p,q stands
for the norm of A from ¢, to £,.

The paper is constructed as follows. In Section 2, we present the main results. The auxiliary lemmas that

are used in the proof of main results are given in Section 3. In Section 4, we prove the main results.

2 Main results

One can easily see that the authors [19] proved recovery guarantees for the model (1.5) as ¢ = 1 with D-RIP
provided that A satisfies the D-RIP o < 0.1907. Unfortunately, the performance bound, which was given by
them, excessively relies on the ||[D*D||;. As a result, to a certain extent, the error bound to the model (1.5) for
g = 1 is not better. Hence, based on the ¢, robust D-Null Space Property, we derive the performance bound
on the model (1.5) which doesn’t involve the term ||D*D|;. Let Dk denote the best k-sparse approximation

of D*x. The definition of ¢, D-NSP is as follows:

Definition 2.1. (¢, D-NSP [27-29]) Let D be a matriz with n X p. For any x € R", there exist constants § > 0



and 0 <y < 31=¢ such that
* Y * *
D72 < BllAz|2 + FHD z — Dpallg,
then the matriz A is said to fulfill the £, robust D-Null Space Property of order k with constants 8 and ~y.

Now, it is assumed that A obeys ¢, D-NSP with constants 3 and «y, we study the recovery condition on the

model (1.5). Our result is stated as follows.

Theorem 2.2. Let A € R™*™ be a measurement matriz, D € R"*P be a tight frame, and let A obeys £, D-NSP
with constants f and ~y. It is assumed that & is the solution to the problem (1.5). Think about the measurement

b= Az + w, in which w is noise fulfilling | D*A*w|o < 3. Then
[ = wll2 < CoMk'™% + C1[[Dieally + C2C (N, p), (2.7)

in which the definitions of |\D*~Cx||q and C(\, p) are provided in the proof of Theorem 2.2, Cy is constant which

relies on B, v, q, C1, Cy are constants which count on 8, v, q, k.

In the following, based on D-RIP, we discuss the recovery condition that can guarantee a sparse signal to

be stably reconstructed via the method (1.5). The result is described as follows.

Theorem 2.3. Let A be an m X n measurement matriz, D be an n X p tight frame, and suppose that A satisfies
the D-RIP with 6o, < 1/(143Y9y/2). Let b= Az +w, in which w is noise that meet | D* A*wl|o < 5. Assume
that & is the solution to the problem (1.5). Then

|12 — 2ll2 < CiAVE + Col|[D*x — Dl + C5C (A, p), (2.8)
where C is constant relying on 8ok, q, |D*D||1.1, and Cs, Cs are constants relying on 8oy, q, k.

Remark 2.4. In the case of ¢ =1, our sufficient condition reduces to that of Theorem IV.1 in [19].

Remark 2.5. We show that different choices of q can lead to different conditions. For example, see Table 2.1.

q Recovery condition

0.2 0.002901461
0.5 0.072844236
0.8 0.151891909
0.9 0.172608221

1 0.19074357

Table 2.1: Different sufficient conditions.

Selecting p converges to oo in the model (1.5) for in which Z = D*Z results in the problem (1.6). Consequently,

the below result holds.



Proposition 2.6. Let A be a measurement matriz with m x n, D be a tight frame with n X p, and it is assumed
that A fulfills the D-RIP with So1, < 1/(1 + 3'/94/2). Take the measurement b = Az 4w into account, in which
w is noise satisfying | D* A*wl|ls < 3. Let & be the optimal solution of (1.6). Then

& — z[2 < Cy\Wk 4 Co||D*x — Dia,. (2.9)

Here Cy is constant depending on oy, q, |ID*Dl||1,1, and Cy is constants counting on dax, q, k.

3 Technical lemmas

Before proving the main results, we first provide some auxiliary lemmas which will be utilized in the proof

of main results.

Lemma 3.1. The solution I to the problem (1.5) fulfills the following inequalities,

(a)
[ A4RIB + AID3. bl < 3N|D3AIS + AN Dol + 20CO p), (3.10)
(b)
| Drhll§ < IDTAIG + 2| Drexll§ + C(A p) + %HD*hHl, (3.11)
where C'(\, p) :p(%)ﬁ (qﬁ — %qﬁ)

Lemma 3.2. Let D be a tight frame, and h = & — x be recovery error to the problem (1.5). Suppose that A
fulfills the D-RIP with 625. Then,

* * 1_1 * %
(Ah, ADD, B > (1~ 5) | Do B3 — VOkE S| D Bl | Dl (3.12)
Lemma 3.3. Let & be the solution to the problem (1.5). Then,

1
| D* A* Ah| o < (2 + |D*D||171) Al (3.13)

4 Proofs

Let Ty = T be the set of indices of the k largest entries of D*x in magnitude. The set T is decomposed
into sets of size k. Those sets are stood as 11,75, -, T (only the number of elements of T is probably less
than k), in which T; represents the indices of the k largest entries of D}.x in magnitude, T, represents the
indices of the next k largest elements of DX.x in magnitude, etc. Set Tp1 = Tp|JT1. For convenient, denote
h = & — x the reconstruction error with & being the optimal solution to (1.5). In the proof, we use the below

essential inequalities related to the I, (quasi)norm. For any vectors u,v € R, ||ullq, < [[vllg, < nY/Pr=1/P2|u],,,

0 < p1 < pp < 0. The triangle inequality on || - |2 for 0 < ¢ < 1: [Ju+v[|Z < [Jul|Z + [[v]|Z.



The proof of Theorem 2.2. By (4.32), it results in

J * * * *
> =1 1D7, k1§ + [ DRI < 1Dxchlig + 1D

)

J
POIIZNIEE S < et
j=1
so which combines with the inequality that ||ull, < 2%_1||u||1 for any u € R?, implies
J J v 1
A \ A [1D7:hllE + [[DThIG) ©
il <Y Wi < (S 1Dy | < (2RI
j=1 j=1 ka2
i_ * *
24 (Dghlg + 1D hll) "
B ki3
By Lemma 3.1(a), we get
[1D7ehl§ < 3IIDTAIG + 4| Dzl + 2C (X, p). (4.15)
So that
[D7ehllq < (BIDTAIG + 4] Drex||f +2C(X, p)) *
<347120C (N, p) + 37 | Dphlly + 377127 || D], (4.16)
Plugging into (4.14), it follows that
2%_1 1 11 2 1 2
D5l < 2 (351250 () + (35 + DID3A, + 341281 D7) (417)
a2
By (4.17), we get
Ihll2 =ID*hll2 = \/ D5 hl3 + | D3h3
* 2 2%72 1151 ~1 21 * 1 152 * 2\ 2
< (15l + = (357120050 p) + (337 + DDl +35 723Dl )
q
(4.18)

q

24
<1425 @ 4 )] 1Dl + o (3371200 (A, p) + 357128 | Dbl )
2

In the following, we bound the term | D3.h|2. By utilizing the ¢, D-NSP of the measurement matrix A, it

implies that

| Diellz <8IARl2 + -5 1D*h ~ Dihll

)

L + 7Y Diphlly + 357128 | Diea

I_1
ka2

(a)
oAty + T (5 2ECH ) 43
(b) 3571200 (N p)y L2 g 307120y
<slanlz + TR gt Dy + 220Dl (1.19)

q

where (a) is from (4.16), and (b) is due to the inequality that ||ull, < a3 ||lul|2 for any u € R¥. Thereupon,

1 1 1 1 2
3a712aCa(\, p)y 3 '2ay,
Bl Ahl|2 + ;_;( ) +—5—1IIDrezllq | (4.20)
k 2 ka

Nl

[ D72 Sligg_l I

—~3a



By making use of Lemma 3.1(a) again, it leads to

| AR[IZ <3X|[DZhE + 4N Dyex||d +2XC (A, p)
<3AK'T || D3| + AN Diex||2 + 2XC(A, p)

EPV 3i125Ca (N, p)y 37 20y, d .
< (an + TR B D), ) a Il + 22000
— 34 q q
3/\k1*%5q 32741 32744
<——[An[l§ + 20 [ ——5——+1 ) C(A,p) +4A s + 1| [|1Dpexllg,
(1 —73577) (1—7357 ) (1—73277)
which deduces
M350 2[(1 — 4307 1)a 4 32-aya
anfy < 2200 Q=98 S 00y ) + 2Dl (421)
=21 3k1 q q
(1—~y3a ") 2B
Putting (4.21) into (4.20), we get
| D2 < BAK!E gt P 20(1 = 43711 4 32 y1] + 3171219 C(\ p)
— 2 _ 2_ 1—4 1 1_1 )
(1—73q 1)‘1+1 1—~34 1 3k*—2 54 ka2
1 22[(1 — 4377 1)7 4 327949] 337 12ay -
1 32_1 [ [( 3k1g)ﬂq—1 ]+ kl_% HD}cx”qa (4.22)
— 34 q

in which C'(\, p) = max{C(\, p), Cq (A, p)}and ||D*:x||q = max{||Df.z||, || Dcz|lq}. Plugging (4.22) to (4.18),
we obtain

3>\k17%5q+1

1 2
O F i+ 2dM3i 41
a _73%,1)%1[ ( )l

[[2]l2 <

1+207 5377 4 1) [2(1 — 437719 4 32-949] 33120y | 20713371 .
+ 2_1 1—2 ng—1 + 1_1 + 1_1 C()\,p)
1—~34 3k> 234 ka2 ka2
1_1,521 2 2_9q 2 1_1,2 3_ 1,11
1+207 1377 4 1) [22(1 — 437 1)0 +32-049]  3a-l2iy] 207139 -
+ 27 1-9 o1 + 11 + 11 [Dfe|lq-
1—~3a 3k 72 g1 ka2 ka3
The proof is completed. O
The proof of Theorem 2.3. By Lemma 3.2, it follows that
* * 1_1 % «
(Ah, ADDZ, h) > (1 = 601) || D7, b5 — V2k2 ™ 500i || D, Blla|| Dyl o- (4.23)
Let a = % + ||D*DlJ|1,1. By employing the Hélder inequality, we get
(a)
(Ah,ADD3, h) = (D*A*Ah, D7, h) < ||D*A*Ah|| || D7, ki1 < V2kaX||D7, hllz, (4.24)
where (a) follows from the Cauchy-Schwartz inequality.
Now combining with (4.23) and (4.24), and by a basic calculation, it leads to
11 .
V2ka\ + 2k "4 02k||DTch||q. (4.25)

DY, k2 <
1D, Al < -



From the inequality that |lul/, < i3 |lu||2 for any u € R* together with (4.25), we get

" 11, 11,
| DThllg <ka™2||Dphll2 < ka2 | Dy, A2
fkqawr\fazkllDTchllq

].70’2]C

(4.26)

By substituting (4.26) into (3.11), utilizing the inequality that (a 4+ b)? < a? + b4 for any a, b > 0 and by an

elementary computation, we get

|Dpljs < 223kaNT 22305, | Dichlg
c q =

* q
(1 —o2p)1 (1 — o9p)4 +2C(A, p) + 4[| Dreg. (4.27)

Since 891, < 1/(1 + 3/94/2), we get the below estimation

-1
2330 2% 3k \?
|2 < <1 aih ) ( o +2C’(/\,p)+4D}cx|g).

D*.h
1Pz (—ow)i) o)

The above inequality together with the inequality that |ull, < k%71||u\|1 for any u € R* implies

28300\ . /2%3ikia) .
IDpehllg < [1— 272k | 351 (20‘ L 2iCE(M\p) + 23||D;cx||q>. (4.28)
(1 —o9r)e 1—o09

Now we establish the bound regarding the recovery error. Notice that

Al =D hll2 < || D7, hll2 + Z | D7, 1|2
j>2

By utilizing (4.25) and (4.33) to the above inequality, we have

hlla < V2kaX | [(V2— Doy + 1)k2 7| Dichl|,
2= 1— o9 1— o9 '

Introducing (4.28) to the above, we gain

+[(\/§ )021@4—1357 V2ka\

(1= o)e — 28302 7] 1 — o2
a

[h[l2 <|1

1

(V2 = 1)og, + 1]37~ 12 k*
[(1— 0ar)7 — 22305, ]7

(c¥ono + 2415l ).
We complete the proof. O

The proof of Lemma 3.1. Since the proof of (a) is similar to that of (b), we only give the proof of (b).
Note that (Z, £) is minimum to (1.5), for any group (z, z) that obeys z = D*x, so it leads to

1, .. . Ps ‘n 1 *
S14% = BB + X2llg + S — D23 < S 1Az — b3 + M| D*zlg
Due to b= Az +w and h = & — x, it results in

1 * 5 Pz 4
§||Ah||§* < Ah,w >< N|D%z||g = Al2[[g = SlI2 = D aJ3.



By the concept of tight frame, and then employing the Hélder inequality and the assumption ||D* A*w/||o <

we get
* * * * * * A *
< Ah,w >=< D*h, D" A*w >< || D* A*w|| oo || D*h}1 < §||D hll1.

Thereby,

1 A * * 2 Pis * A

§HAh||§ - §HD hllv < M[D*z||Z — M|2]|2 — §||Z — D*&f3.

By the first-order optimality condition of (1.5) for the variable Z, we get
M+ p(2—D*%) =0,

in which 6 is a sub-gradient of the function | z[|¢ and 6; = g|z;]?~".

Set C'(\, p) = p(%)ﬁ (qﬁ - %qﬁ) Substituting the term % with 2 = —%9 + D*%, we get
1 2 A * * A * 4 P A 2
gHAth - §||D hllx SA|D*z || — Al - ;QJFD 2|3 - §|| - ;9H2
* q * A 01g )‘2 q )\2 2
<A|D*z[|§ = A D*2[|g + ?”6Hq - %H@Hz

(a)
SAD"a([g = AID™2(IG + AC(A, p),

where (a) follows from the fact that the function ,\;1):1 07 — ;‘—ZG% reaches the maximum at 6; = qﬁ(%)%
It accordingly follows that
* o, 1 * *
ID*2][g < C(A, p) + SID*hlly + |D"x |3 (4.29)

Because of h = & — x, we get
|1 D™
=[|D*h + D*z||1

=|Drh + Dra||§ + | Dpeh + Drez|g

>||Drll§ — [I1D7RIG + [ Drehll§ — [ D7ex]g. (4.30)

Observe that

1 * *
C\p)+ 50" hlly + D"

1 * * *
< Cp) + 1D hlh + | Dyl + || Drezlg- (4.31)

Combining with (4.29), (4.30) and (4.31), we get

* * * 1 *
I1D7ehllg < IDh|G +2[Drezllg + C(A, p) + S I D"l

A
27



The proof of Lemma 3.2. For each t € Tj and s € Ty, [D7, h(t)| < [D7,  h(s)], then

DX hl?
D5, hoype < 120 o Ié
It follows that
D7, bl
Dy A < —5—1,
. 1D, ., hlla
D3, bl < At
| D7, bl
* q j—1 q
|1 DT, k|3 < R
Hence,
J Yy 1D hllE || Diehl|d
* q j=1 T; "llq Mg
;HDTJM\Q < kk%f < T (4.32)

(4.32) combines with the inequality that ||ul|; < |lull4, for any u € RP implies

S ’ " _ D5l
DoIDTAll < | DoIDT A | = 1 (4.33)

=2 i=2 °e

By the proof of Lemma IV.2 [19], it leads to
J
< Ah, ADDj, h >> (1 — 62)|| D5, k|3 — V202 Dy hll2 Y |1 D7, 2ol2. (4.34)
j=2

A combination of (4.33) and (4.34), the desired result follows. O
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