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Abstract

We consider the convergence behavior using the relaxed Peaceman-Rachford splitting
method to solve the monotone inclusion problem 0 € (A + B)(u), where A, B : R" =
R™ are maximal [-strongly monotone operators, n > 1 and § > 0. Under a technical
assumption, convergence of iterates using the method on the problem is proved when
either A or B is single-valued, and the fixed relaxation parameter 6 lies in the interval
(2+3,2+8+min{S,1/5}). With this convergence result, we address an open problem that
is not settled in [22] on the convergence of these iterates for 6 € (2+ 3,2+ S+ min{3,1/5}).
Pointwise convergence rate results and R-linear convergence rate results when 6 lies in the
interval [24+ 3,2+ 8+ min{8, 1/8}) are also provided in the paper. Our analysis to achieve
these results is atypical and hence novel. Numerical experiments on the weighted Lasso
minimization problem are conducted to test the validity of the assumption.

Keywords. Relaxed Peaceman-Rachford splitting method; Maximal strong monotonicity;
Convergence; Pointwise convergence rate; R-linear convergence rate.

1 Introduction

We consider the following monotone inclusion problem:
0€ (A+ B)(u), (1)

where A, B : R" = R™ are point-to-set operators that are maximal S-strongly monotone.
When 8 = 0, A, B are maximal monotone operators, while when 8 > 0, A, B are maximal
and strongly monotone with constant 5 in the usual sense. In our discussion in this paper,
we always consider (1) having a solution and 5 > 0. With 8 > 0, then there exists only one
solution to (1). Let this unique solution be given by u*.

The relaxed Peaceman-Rachford (PR) splitting method is studied extensively in the literature,
such as [3]-[5], [7]-[14], [16]-[18], [20, 22], to solve the monotone inclusion problem (1). The
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method generates iterates {x} using the following recursive relation:
r = op—1 + 0(JpB(2Jpa(2R—1) — Thm1) — Jpa(zp—1)), k=>1, (2)

where g is any point in R, 6 > 0 is a fixed relaxation parameter, p > 0 is an arbitrary scalar,
and Jr := (I +T)~!. In this paper, we always set p to be equal to 1. When 6 = 1, the method
is also known as the Douglas-Rachford splitting method, while when 6 = 2, it is also called
the Peaceman-Rachford splitting method. If the sequence {xj} generated by the relaxed PR
splitting method converges to =*, then the solution to (1) is given by u* = Ja(x™).

Given A, B maximal S-strongly monotone operators, and {x} a sequence generated by the
relaxed PR splitting method (2) with p = 1, it is well-known that when § = 0, the sequence
{1} generated converges for § € (0,2) (see for example [2, 15]), while in [22], it is shown
that when 8 > 0, the sequence {x} converges for 6 € (0,2 + §]. Furthermore, in [22], an
instance of (1) is given for nonconvergence of {xy} for any 6 > 2 when § = 0. This instance
also shows nonconvergence of {zj} for any § > 2 4+ 8 + min{3,1/8} when 5 > 0. When
B > 0, we see from [22] that the convergence behavior of iterates generated by (2) to solve
(1) for 0 € (2+ 3,2+ 8 + min{3,1/5}) is not known, and to the best of our knowledge,
has not been studied previously in the literature. This paper attempts to fill the gap on this
by investigating the convergence behavior of iterates {x} generated by (2) to solve (1) when
0 € (2+3,2++min{B,1/8}). We show that an accumulation point, z**, of {x} has J(z**)
that solves (1) over this range of #, under a technical assumption. As a consequence, if A or
B is single-valued, then {x} converges to a limit point z*, where J(z*) solves (1). Note that
for n = 1, not having this technical assumption leads to trivial consideration. We believe that
the assumption for convergence is merely technical and is not really needed for convergence to
occur. Also, through a numerical study in Section 6, we find that the assumption is always
satisfied. We further believe that the convergence analysis for 6 beyond 2 + 3 needs to be
atypical and convergence is not shown in this range in the literature, for example, in [1, 9],
where the focus of these papers is also different from ours. Our analysis to achieve these results
is based on finding explicit solutions to small dimensional optimization problems and small
systems of inequalities as detailed in Section 2. To add further to these contributions, we are
able to provide pointwise convergence rate and R-linear convergence rate results using (2) to
solve (1) for 0 € 24 3,2+ S+ min{53,1/8}), complementing results in [10]-[14], [16]-[18], [20]
and [22].

This paper is divided into several sections. In Section 2, we state and prove some technical
results that are needed in a latter section, Section 4, to prove convergence of {z}}. Section 3
introduces transformations on the relaxed Peaceman-Rachford (PR) splitting method (2) that
prepares us for analysis in Sections 4 and 5. Section 4 is on convergence of {x }, while Section 5
investigates pointwise convergence rate and R-linear convergence rate of {z}. Finally, Section
6 provides numerical results using (2) to solve the weighted Lasso minimization problem.

1.1 Conventions and Notations

0 - 0o is defined and is a real number, not necessarily zero. What value it takes is dependent
on the context.

Given z = (z1,...,20) 0,y = (Y1, .. ., yn)T € (RU {0}, 2Oy := (191, -+, Tnyn)’.

Given a = (aq,...,an)T € RU{oo})™, [lalleo := sup{|ai| ; o € R,i=1,...,n}.



Given z € R", ||z|| stands for the 2-norm of x, while ||z||; stands for the 1-norm of z.

e € R is the vector in R" of all ones.

2 Technical Results
Proposition 2.1 Let 0 < e <min{3,1/8}, and z,y € R. We have

1= 5, 38-c=2  20+8)(—5) ,

max T x =0,
mea (1480 248+ VT T2+ B+ e
and is attained when x =y = 0.
Proof: If z = 0, then it is clear that the objective function in the above maximization

problem is less than or equal to zero, and is equal to zero when ¥ is also equal to zero, since
e <min{3,1/8} < . Hence, we can assume that = # 0. The proposition is then proved if we
can show that the following holds:

i [178  88-c—2 204 8)(-8) ,

< 0.
2>1 |[14+48  24P+ce€ (24 B +¢€)?

Let

_1-8 ,38-c=2  21+48)(c-B) ,
IO =T avsre T @isrer

The maximum of f over R is attained at %, which can be checked easily to be

less than 1, since € < min{f,1/5}. Hence, as f is concave over R, we have

{1—@3@—e—22+2<1+5><e—ﬁ>22}:1—5 38—c=2  2(1+p)(c—p)
1+8 2+ pB+e (2+ 5 +¢€)? 1+8 2+p3+e 2+B8+e?

max
z>1

The latter is less than zero as 0 < e < min{f3,1/8}. O

Proposition 2.2 Let 0 < e < min{g,1/8}, and o, z,y € R, where |y| < 1, be such that

zy > 1, (3)
26(a 1) (L+8)(a—1) L+B)@-1Y) 5 1-8
_<1+2+ﬁ+e>wy_<2+ﬂ+e> <1+2+5+e>x Tirp 2 0 W
then |of < 1.

Proof: Rearranging the left-hand side of (4), and letting z = 1 — «, the left-hand side of (4)
is given by the following function:
(1+B)%2? 5,  2Bxy+ (1+B)a? 1-7

g(z)::—7(2+6+6)2z+ ST 5t z—xy—l—il_i_ﬁ.

It is easy to check that the above quadratic function of z has its maximum point to be

@45+ 0@8y+ (L4 P
2(1+ B)2%x ’
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Since |y| <1, 2y > 1 and 0 < e < min{3, 1/5} < 1, we can check that

0<2*<2.
For z < 0, since zy > 1, we have
1-p
<g(0)=—2y+ —— <0.
9(z) < g(0) = —zy 5 S
For z > 2, we have
2(1 — 30 —€—2 1-—

(24 B+¢€)? 2+ 8+c¢ 1+
L ()15 ()
x2fu+m@—ﬁ>%pw—e—2w> 1—ﬂ<1>]SQ

21B8+e2 Y T 24 B1e \&) T1rp\a2

_l’_

where the second inequality holds since |y| < 1 and e < 8, while the third inequality follows
from zy > 1 and Proposition 2.1. Therefore, when zy > 1, for (4) to hold, that is, for g(z) > 0,
we must have 0 < z < 2, which is equivalent to |a| < 1. O

Proposition 2.3 Let x,z,21 € Ry and y,y1 € R satisfy
1= 1-8  3f-c-2  21+8)(B-¢)

— €r1 — €T O?
N Tr e T 148 2481’ T @+B+e?

r—y+tr—y < 0,

y’—zz < 0,

where 0 < e <min{f,1/p}. Thenx =y =z=x1 =y = 0.

Proof: Consider the following minimization problem:

1-8 1-8  38—e-2 2(1+B)(B—6)Z

min — T — x 5}
x,z,x1€%+7yvy1€%yl 1+B ! 1+B 2‘1‘5“‘6 4 (2+ﬂ+6)2 ( )

subject to
r—y+x1—y <0, (6)
y? —x2<0. (7)

Let (x*,y*, 2%, 27, y]) be an optimal solution to the above minimization problem (5)-(7). By
the Fritz-John condition [19] (see also [21]), there exist \; € R,i = 0,...,5, such that the
following holds:

1-8

gﬁlJrB ) 1 —z* -1 0 0
el

T 29 fte -1 2y” 0 0 0

Ao Q(IL)(B;Q + A1 0 + Ao —z* + A3 0 + M\ -1 + A5 0
(24+B+¢€)

_ L—rg 1 0 0 0 -1

1 —1 0 0 0 0



with
Ao > 0, ()‘Oa"'v)\5) 7& 0, (9)
MG =yt a—y) =0, M >0, 2t —y +at—yl <0, (10)
A((y)2—x*2") =0, X>0, (y*)*—z*2*<0, (11)
A3z* =0, A3>0, z2*>0, (12)
/\42’* = 0, /\4 Z 0, Z* Z 07 ( )
)\5$T = O, )\5 > 0, .CUT > 0. ( )

Case 1: \g # 0.

We show that this case is impossible from (8)-(14). WLOG, let A\g = 1. Then, from the last
“row” in (8), we get that A\; = 1. From the first to the third “row” in (8) and A\; = 1, we get

Aoz + A3 = 12_{_6/8, (15)
. 2
Aoyt = ma (16)
2(1 —
Now* + Ay &5:§§f@;2 (17)

Since the right-hand side of (16) is positive, we have Ay # 0,y* # 0. Hence, from the equality
in (11), we get that (y*)? = x*z*, 2* # 0. Since x* # 0, we have from the equality in (12) that
Az = 0. Hence, (15) becomes

2

)\22* = m (18)

On the other hand, multiplying both sides of the equality in (17) by z*, using (y*)? = z*2
and the equality in (13), we get

w2 20+ B8)(B—e€) ,
Aaly")” = 2+ B8+e2

Hence,
.__24B+e?
2(1+8)(B—e)
Substituting the expression for z* in (19) into (18), we can solve for A\ay* to be
2/BB =
2+ 08+¢€

Comparing the above expression for A\yy* with that in (16) leads to a contradiction. Hence, Ag
cannot be nonzero.

Case 2: A\g = 0.

Xa(y*)%. (19)

)\gy* ==+

In this case, (8) becomes

1 —z* -1 0 0
-1 2y* 0 0 0
A1 0 + A —x* + A3 0 + M -1 + A5 0 =0. (20)
1 0 0 0 -1
— 0 0 0 0



We immediately observe from (20) that Ay = A5 = 0. Also note that not all \; = 0 is equal to
zero, 1 = 2,3 and 4.

If Ao # 0. Then from the third “row” in (20), 2* > 0 and Ay > 0, we have that 2* = \y = 0.
It then follows from the last inequality in (11) that y* = 0. Furthermore, from the first “row”
in (20), we have z* = 0 since z* > 0 and A3 > 0.

Note that A3 has to be zero since if it is positive, then this leads to a contradiction in the first
“row” of (20) as z* > 0 and Ay > 0.

If Ay # 0. Then from the third “row” in (20), we have —\oz* = Ay > 0, which is impossible.
Hence, A4 = 0.

Hence, in this case, we have z* = y* = 2z* = 0, with Ay > 0 and A\; = A3 = Ay = A5 = 0.
Finally, since ] < yj, we observe that the optimal value to the minimization problem (5)-(7)

is greater than or equal to %xT(Z 0). In fact, it is equal to zero with ] = yj = 0.
In conclusion, the optimal value of the minimization problem (5)-(7) is zero with optimal
solution z* = y* = z* = 2] = y] = 0. The proposition then follows. O

3 Preliminaries to Convergence Analysis

We observe a few facts in this paragraph. Recall that if {z;} generated by the relaxed PR
splitting method (2) converges to z* for a given 6 > 0, and if we let J4(2*) = u*, then u* € "
is a solution to (1), which is unique. Hence, there exists z* € R” such that z* € A(u*),—z* €
B(u*), since u* is a solution to (1). Note that z* that satisfies z* € A(u*), —2z* € B(u*) is
unique if either A or B is single-valued. It is also easy to see in this case that z* = u* + z*.
We assume! u* = 0 without loss of generality from now onwards. We can do this because by
letting A;(-) = A(- +v*) and Bi(-) = B(- +u*), we observe that z* € A;(0), —z* € B;1(0), and
the relaxed PR splitting method (2) using (A, B) and using (A1, By) generate sequence with
corresponding terms in each sequence differing from each other by u*.

Let Ag:= A— (I and By := B — 1. Then, Ag and By are maximal monotone operators from
R™ to R™. In terms of Ag, By, (2) is given by

_ 0 2 _ _ _
T = Tp_1+ m <J1+1BBO <1_'_ﬁJle($k_1) — l’k_1> — J1-‘1.5A0($k_1)> , k>1, (21)
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where Zj, := ﬁxk Letting Ag := ﬁAO and By := ﬁBo, we can rewrite (21) as
6 2
T = Tk — | Jg. | —=J5. (1) —Tp_1 | — J 5. (Tp_ k>1. 22
Tk = Tk 1+1+ﬂ(30<1+5 Ao (Th—1) — T 1> 1o (T 1)>, =z (22)

Note that Ag and By are maximal monotone operators, and that {zk} converges to z* if and
only if {Z} converges to z* := ﬁm* Furthermore, we have J (z*) = 0, Jg (—2*) = 0, that
is,

" € Ag(0), —z* € By(0). (23)

Note that suppose A or B is single-valued, then if there exists z** € R" that satisfies (23), we
have z** = z*.

Note that because of this assumption on u*, we have z* = z*, when A or B is single-valued.



We consider § = 2+ 8 + €, where 0 < € < min{f,1/5}, 8 > 0, in this paper.

Let @y := ‘]AO(jjk)v Vg 1= ‘]Bo <ﬁﬂk — ik) Hence,

Tp— U € Aolug), (24)
wE € B()('l_)k), (25)
where
By = g — o — ¥ (26)
EiT T8 k k k-

By monotonicity of Ay and By, for k > 0, we have by (23) - (25) that

(T — 7) — ag,ux) > 0, (27)
(W + 2%, 0) 2 (28)
Observe from (27) that
(T — 7", we) > [l (29)
We can also write (28), using (26), as
(@ = 7, 00) < 1o (0, 08) — [ (30)
T — T, 0,) < Uk, Ug) — |0k ”
k kDS g\t Uk k

Inequalities (29) and (30) play important roles to arrive at the convergence and convergence
rates results in this paper.

We end this section with the following, which we state without proof:

Proposition 3.1 For all k > 1, we have x — x;—1 = (1 + B) (T, — Tp—1) = 0(Vp—1 — Ug—1)-

4 Convergence of {x;}

We begin the section by stating the convention that the ¥ component of Zy, iy, 7y, is to be
written as i};, ﬂ}c and 17,2;C respectively, while the i component of Z* is denoted by z}. We use
the same convention for the i component of zj, ux, vy and z*. Using this convention, we state
a technical assumption on Zj; that is to apply to the whole section:

Assumption 4.1 For alli=1,...,n and for all k > K, where Ko > 0, we have T\ # T.

The above assumption makes the analysis in this section possible.

Remark 4.2 For n =1, if Assumption 4.1 does not hold, that is, there exists kg > Ko such
that Ty, = x*. Then it is easy to see that for all k > ko, we have T, = z*. Hence, not having
Assumption 4.1 when n =1 leads to a trivial situation.

For k > 1, let us write Ty as ag_1 © (Tp—1 — T*) + =¥, where ax_1 € (R U {oo})" (with the

understanding that a};71 = oo if and only if :E}%fl = Z;. Here, aj_, is the ith component of



aj—1.) From (22) and with 0 = 24-8+¢, 0y defined by Jg, (1+Buk k) where @y, = J g, (74),
can then be written as

1+ 8

U = m(ak —e) © (T — T7) + Uy, (31)
and, by (31), wy defined by (26) can be written as
_ 1-5_ 1+ 5 _
- L Ep— P (o — — ). p
Wy, T Tk 2+5+6(04k €) © (Tp — %) (32)

Using (31), (32), we can write (28) in the following way:

> [-(1+ 2 g - an

(O (D0 e s

(33)
where 0 < € < min{$3,1/8}.

Remark 4.3 With &y given by ag—1 © (Tx—1 — T*) + T*, we deduce from Assumption 4.1 that
foralli=1,...,n and for all k > Ky, we have a}; # 0 oroo. WLOG, we let Ky in Assumption
4.1 to be equal to zero from now onwards. When n > 2, if we allow a}% =0 or oo for some
i =1,...,n, and for infinity many k, then our approach to proving convergence of iterates
generated by the relazed PR splitting method (2) for 6 = 2+ B+ ¢, where 0 < e < min{f, 1/},
B > 0, in this section, has to be further refined, and may not be able to carry through. When
n =1, however, having a}c =0 or oo for some k > 0 leads trivially to ; = =* for all j > k+1.

The next two lemmas enable us to prove Theorem 4.6 on the convergence behavior of {xy}.

Lemma 4.4 Given T = aj—1 © (Tx—1 — T°) + =¥, where {Ty} is generated by (22) with
0 =2+p+€, 0 <e<min{s,1/5}, B >0, and g € R", we have {Ty} is bounded. Furthermore,
foreachi=1,...,n, if {igk} is a convergent sequence of {Zi}, then if limg o0 i“zk # T, we
have limy_s~o \ai\ =1.

Proof: Suppose {Zj} is unbounded. For each i = 1,...,n, and N > 1, let I}, := {k >
0; |zi| > N}. Since we assume {Zj} is unbounded, the set U C {1,...,n} defined to be such
that for each i € U, NX_; Iy # 0, is nonempty.

We observe that in order for (29), (33) to hold, there must exist ip € U and Ny > 1 such that
for all k € IJZ{;O, we have

(@ —zp)ue >l

25(0420 =1\ iy i -
- (1 T gt ) )

1+ B)af — 1) (1+8) (e —1) do w2, 18 2
_< 2+ B +e ><1+ 2+ B+ ><m’“_$i0>+ lag|? > o.

From the above two inequalities, by Proposition 2.2, where we let 2 = (:Z“ZO —z7)/|ukl,y =
@l /|||, @ = @l in the proposition, we have [ai°| < 1 for all k € Ilo We see that this implies



that {x } is bounded. But this is a contradiction to ig € U, that is, x_; IZO # (). Hence,
{Z1} is bounded.

We now show that for ¢ = 1,...,n, if {:E;k} is a convergent subsequence of {Z}} with limit
point Z}*, which is not equal to Z}, then limy_,o |k = 1. We have

i ok o T —
zy, — 7 = Ho<j<j—105(Zy — Z7).

Hence,
7 7k
xh —
K3
log _]167_ = E log\a ‘
Th — T
0 ™ 0<j<jr—1

which holds since a # 00, due to Assumption 4.1. Since {a;’ } converges to Z}*, which is

1 7

not equal to Z}, this implies that {Zog i<ju—1108 \ozj\} converges, which further implies that

limg 00 log |t | = 0. That is, limg o [a}] = 1. -
Lemma 4.5 Given @ = (u1,...,tUn)", 7 = (T1,...,Z0)", T = (T1,...,Zn)" €R" and 0 < e <
min{3,1/8}. Suppose (u,T —z) > |ull* and

=i

- L W R (= PO
—m) < gl + 3 | (g ) w50+ G g ] 6

where I C{1,...,n}. Thenu =0, and T; = T; fori € I.
Proof: From (34), we have

L MB, 1-B, 32
_Zuz(xz 551 IB; i T 1+B;uz + 2+ B te uz(xz xz)

il iel

LALEB)e= B Z i — %) (35)
el

(24 B +¢€)?

From (i, 7 — ) > ||u||?, we have

0> (T —2) = Y 0 + Y (T — &) — Y 4. (36)

il icl il il

The lemma follows from Proposition 2.3 by letting z = Y, ., 4,y = > ,c; W(Ti — %), 2 =
Sier(@i — T)t = doigl u? and y; = >_igr Wi(Z; — Z;) in the proposition. Note that the
condition 32 — zz < 0 in the proposition holds in this case by the Cauchy-Schwartz inequality.
O

We have the following theorem:

Theorem 4.6 Forf = 2+ [+¢, where 0 < e < min{s,1/8}, 5 > 0, let ** be an accumulation
point of {xr}, where the sequence {xy} is generated by the relazed PR splitting method (2) for
a given initial iterate xog € R™. Then Ja(z**) solves the monotone inclusion problem (1).



Proof: We only need to prove that for § = 2+ 5 + €, where 0 < ¢ < min{3,1/8}, 8 > 0, any
convergent subsequence {Z;, } of {Zy}, the latter generated using (22) when zy = ﬁxo, has
its limit point Z** that satisfies (23).

WLOG, assume that {Z;, _1} converges as well, and let the sequence converges to z***, for some
z** € R". We have {1, 1}, where ﬂ]k 1= J4,(Zj,—1), also converges, and let @™ be its limit
point. By Lemma 4.4, for ¢ = 1,...,n, we either have limy_,, a:jk 1 =T} or limy o0 || = 1.
Let I :={i; 1 <i<nmn, hmkﬁ\OO oa]k ;=—1}and I; := {i; 1 <i < mn,limg e O‘;"k—l =1}

Observe that for i € Iy, ;" = z;**, and for ¢ ¢ I U I, we have limj_, jé‘,fl = ;. Since

i ¢ I UI, we must also have limy_,o, 78 = = Z;, which we can show by contradiction. Hence,

Ik
: FHRK Rk ok
forie g TUIL, 27* = z;.

Consider the following expression, which has a similar expression in (33):

28(a, )\ .
_<1—|—2_i51+6>u]k 1( ]kl .’IJ)

_<O+5ﬂ%w4—n>(L+u+5x%rr_w>@%4—fﬁ? (37)

2+ B+ 2+ B+

For i € I, as k — oo, the expression (37) converges to

4/8 —kkok [ —skkok —% 2(1 +/3>(5 — 6) — koK —%\2
(—1 + 2—|—ﬁ+6> U; (517@ - 1’1) - (2 +5+ 6)2 (ZITz — I‘Z) . (38)

For i € I, as k — o0, it converges to

— kkk
U,

(T — 3. (39)

(2 7

Finally, for ¢ ¢ I U I, it converges to 0.
Hence, (33) leads to the following:

4/8 koK [ koK —% 2(1+B)(5_6) —kokok —%\2
; [<_1+2+B+6) u; (27— ) — 2+ B+02 (@™ —z7)

—*** z* FEE* 1— /8 — koK
+yu )+ =@ (* > o

i€lq 1+/8
That is,
sk —kokok % T 2 _skskok [ —kokok —
) g X g e
(1+5)(6_B) — koo —*\2
+ Ot p+e? (7™ —z}) ] . (40)

Furthermore, by (29), the inequality ||@;, -1 < (Zj,—1 — Z*, @, —1) holds, and it tends to

koK sk

as k — oco. With (40), (41), using Lemma 4.5, where we let z = z*, 7 = ¥,
lemma, we have @*** = 0 and for ¢ € I, 2;** = ;. Hence, for ¢ € I, we have z}

10



In summary, for i € I, z;** = 2;* =z}, fori € Iy, ;™ = 2", while for ¢ € ITU I, ] = 2" =
zj. Furthermore, Jz (z***) = ™" = 0. By taking limit in (22), where k in each subscript in
(22) is replaced by ji, we hence have Jg (—2**) = 0. Since J 4, (z"*) = Jg (—2**) = 0, (23)
is satisfied by £***, and therefore satisfied by z**. O

The following corollary follows immediately from the above theorem:

Corollary 4.7 Suppose A or B is single-valued, then for 6 = 2 + 5 + ¢, where 0 < € <
min{g,1/8}, B > 0, the sequence {xy} generated by the relaxed PR splitting method (2) for a
given initial iterate xy € R"™ is a convergent sequence with limit point x*, and Ja(x*) solves
the monotone inclusion problem (1).

Proof: We only need to prove that for § = 2 4 8 + €, where 0 < ¢ < min{j,1/5}, 5 > 0,
{Zr} converges to z*. Since, by Lemma 4.4, we know that {Zj} is bounded, this is achieved
by showing that any convergent subsequence {Z;, } of {Z;} converges to z*. By Theorem 4.6,
we see that the limit point of {Z;, } satisfies (23). Since A or B is single-valued, which implies
that either Ag or By is single-valued, therefore, Z* is the only solution to (23). Hence, the limit
point of {Z;, } is Z*. 0

Remark 4.8 We remark that when n = 1, for convergence of {x} given any initial iterate
xro € R, we do not require Assumption 4.1 and only need A, B to be maximal (-strongly
monotone, when 0 = 2+ B + ¢, where 0 < € < min{S,1/8},8 > 0 [23]. Hence, Assumption
4.1 is only required when n is greater than or equal to 2 to show convergence of {xy}. We
believe that this assumption is always satisfied®, although it is an open problem to show this
for all practical problems. Our approach to show convergence arises from the idea to solve a
higher dimensional problem by “reducing” it to a smaller dimensional problem (n = 1), and
then applying our solution method when n =1 [23], where we have convergence. In the process
of doing this, we realize that we need Assumption 4.1 in order to show convergence in higher
dimensions. In fact, there may exist other approaches that do not require this assumption to
show convergence, and that convergence of iterates occurs over the considered range of 0 for A
and B maximal B-strongly monotone, and either of them single-valued.

5 Results on Convergence Rates
We start the section by relating 4, and ¥y in the following way:
U = —YkUg + Tp2k, Where HZkH =1 and <’L_Lk,2k> =0. (42)

Recall that uy = Jz, (Zg) and vy = J 3, (ﬁﬂk — jk) Note that there always exist v, 7 and
Zj such that oy = —ypUg + Tk 2k, ||Zk]| = 1 and (g, Zx) = 0 in (42). Also, v, can be computed
from iy, Uy, and is equal to — (@, U1)/||tx||?>. We have the following definition:
~ := lim sup . (43)
k—o00
Furthermore, let 4,ax be the maximum of 4 over all Zg € R™. Note that Jmax is only dependent

on problem data and parameters. It does not depend on the initial iterate and subsequent
iterates generated.

2Preliminary numerical evidence that assumption always holds is provided in Section 6.
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To arrive at our convergence rates results, we observe from (29), (30) that

* — 2 — — e
(Up—1,Tp—1 —Up—1 — ZT°) + <Uk—1, i s B +Z > > 0. (44)

The following lemma enables us to arrive at Lemma 5.2, which is key to proving our convergence
rates results in Theorem 5.4.

Lemma 5.1 For k > 1, we have

A=)~ < 2D
U B) e — 8B — ) — Bl |2+ 101|289

(I1Zk-1 = 2*I* = 7% — 7*[1*)

(Tp—1 —T°) + (T—1 — Ug—1)

Proof: We have
1+8)% . _
(eﬂ)(Hﬂfk—l —Z*|? = ||z — 2?) + (1 + B)(Th—1 — T*, Vg1 — Ug—1)
—B([ag—111? + |vg=111*) = (1 = 0)[|tig—1 — Vp—1]?
1 +5 2 B . 9 2
- (Q)(m_l—x - -
+(1+ B) (@1 — T, V1 — 1) — B|tr—1I” + |[0k—11”) = (1 — 0) || tk—1 — 1|
B ) o (Tpy — T, V1 — U )—792 k-1 — D1
= 7 3 g\t Ok-1 = Wkm1) = g k-1 = Ok
+(1+ B) (@1 — T, U1 — Up—1) — B|Tk—1I” + |0k—1]*) — (1 — 0)||Gk—1 — D1 |
= —(14B) (@1 — ", 01 — U—1) — B(|ar—1]* + 0k=111*) — Gk—1 — Tp_1]?
= (1+B) (@1 — 7% ax_1) — (14 B)(@p_1 — 7%, 0p—1) — (1 + B) (1 @r—1]?* + [|ox_1]/*)
+2(Up—1,Vp—1)
> 0,

where the first equality follows from Proposition 3.1, and the inequality follows from (44). O

The following lemma follows from the above lemma.
Lemma 5.2 For k > 1, we have

(1+5)?

4B(tp—1,05—1) + (B — €)||tp—1 — Vp—1||* < (|lZp—1 — ¥ = ||z1 — 2*|%), (46)

where 6 =2+ B +¢€, 0 < e <min{S,1/5}, > 0.

Proof: By expanding the left-hand side of (45) in Lemma 5.1, using # = 2+ 3 + ¢, and upon
algebraic manipulations, we obtain the following:

(1+B)?
0
+(1 + ﬁ)<5?k_1 — i’*,f)k_l — ka_1> — 2(1 + 8+ 6)<ak—1777k—1>'

(47)

(1t 9 la—? + o1 ]?) < (k-1 = 2"|* = 7% — 7*[*)

Observe that

(1 + B)(Tp—1 — &, Op—1 — Up—1) — 2(1 + B + €)(Up—1, V1)
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< 2B+ )an-1T-1) — (1+ B)(lar-—1]* + 1761,

where the inequality follows from (29) and (30). Substituting the above inequality into (47)
and upon algebraic manipulations, we have

L _ 2 _ 2 (14 8)%,, _ w12 - w12
208 + e)(un—10p-1) + (B = (w1l + [o6-11") = == IZh—1 = 27" — llz& — 27%).
The lemma then follows from the above by observing that |[ig_1]|* + |op_1]]* = ||ar_1 —
Tp—1]|* + 2(Up—1, Up—1)- m

We need the following lemma to prove results on the R-linear convergence rate of ||z, — ||
in Theorem 5.4:

Lemma 5.3 Suppose A or B is Lipschitz continuous with Lipschitz constant L(> 0), then for
all k >0,

|12k — 27| < LA(llaxll + lloe]), (48)
7. L 2
where L := max{m +1, 1+/3}'

Proof: Since A or B is Lipschitz continuous with Lipschitz continuous L(> 0), it is clear that

either Ay or By is also Lipschitz continuous with Lipschitz constant ﬁ

Suppose Ay is Lipschitz continuous. We have from (23) and (24) that

12 — a — 7| < [tk ||

1+

It then follows that (48) holds for all £ > 0 from the above by the triangle inequality.
Suppose By is Lipschitz continuous. Then, from (23) and (25) , using (26), the following holds:

I

- o] (49)

ak—ﬁk—(rﬁk—f*)Hg 15

The result then follows by the triangle inequality. O

Theorem 5.4 Let {x} be generated by the relaxed PR splitting method (2) given an initial
iterate xog € R, where =2+ f+¢, 0 < e <min{p,1/8}, 5 > 0. For

_ VB — /e
Ymax < \/B‘F\ﬁ (50)
there exists 1 < k and i > kg, where k > 2kg, and
N . f(;}’max)(l - Ml)(ﬁ — 6)
M := min {Ml(ﬁ €), 803 + o) max(7.1] } > 0, (51)

where f(Fmax) = —2(8 + €)Fmax + (B — €)(1 +42,.x) > 0 and 0 < My < 1, such that

|zi — zi—1]| < (2\/§’$k0_1 —x*H) L
7 11— — .

VM vk
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Here, kg > 1 depends only on problem data and parameters. Furthermore, if A or B is Lipschitz
continuous with Lipschitz constant L(> 0), then for all k > ko,

loe — ol < [ J1— 20 ey — a7
F = 2(1+ pg)2Lz | " ’

where L is defined in Lemma 5.3.

Proof: Given that vy_1 = —y,_1Ug—1 + Tk—12k—1, where ||Zx_1| = 1, (Ug_1,2K-1) = 0, we
have

AB(tp—1,05—1) | (B — €)|un—1 — vp—1]?

| t—1 |2 [t —1 ||?
2(8 + €)(ug—1, k—1) N (8 = ) Ular—1l* + oe-1*)
[ tg—12 [ tg—1|I?
T2
= 2B+ s +(B—) |LHEy + ||u:_fu2] . 62)

Let M; € (0,1) be given. Consider

I:= {k >1; =28+ €)1+ (1 - M1)(B—¢)

Ti1
L+ + = >0,
Therefore, from (52), we see that for k € I, we have
My (B = )(lan1l* + lop-1]?) = Mi(8 — ) (1 + ) aw-1]* +7_1)
< AB(Up—1,0p-1) + (B = ©llag—1 —vp—a % (53)
Let us now consider k ¢ I. From (52), we have

AB (U1, 05-1) | (B — €)|ur—1 — vp—1]?

o _ 2
e A > =2(B+ €)1+ (B —€)(1+75-1)- (54)

Let

)= =28+ + (8- (1 +1).
We have f(Fmax) > 0 if Jmax satisfies (50). We see that since lim supy,_, .o &
k sufficiently large, say k > ko, we have —2(8 + €)y,—1 + (B — €)(1 +v2_,)
and hence from (54), we have

AB(Uk—1,Vk—1) + (B — €)||Tk—1 — Tp—1|* > [ ag—1]% (55)

/ (WmaX)
2

For k & I and k > kg, by definition of I, we have that

Tia 2B+ m-1 _ 4B+ emax{y,1}

lug—all> = A =M)(B—€) = (1-M)(B—e)
Therefore, from (55) which holds when k > ko, for k ¢ I, we have

f (Fmax) (1 — M) (B —€)
8(8 + €) max{7, 1}

ag—1]* + [|Op—1||?
|11

=1+, +

(lk—-1]* + 17x-1]*)
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f(’_Ymax)

< 5 [t 1|1 < 4B (tk—1, Ok—1) + (B — €)||ar—1 — vr—1*. (56)
Combining (53) and (56), where the latter holds when k > ko, then
M ([l + l[o-1]*) < 4Bax—1, Bp1) + (8 — e)llak—1 — vr—1]|?, (57)
where M is defined by (51). Hence, from (46) in Lemma 5.2, we have, for k > ko,
_ i 1+8)? - S
M ([l |* + o5 ?) < === 1p = 7"|1* = l|7% = 7"1%). (58)

Therefore, using ||tug_1 — Op_1|* < 2(||ag_1]|* + ||ox_1]|?), Proposition 3.1 and the definitions
of Zy, z*, we have from (58)

20(1 + B3)?

k
(k—ko) inf oy —zia|®> <62 [t — v i

ko<i<k

IN

(1Zko—1 — 7*[1%)
i=ko

20|z, —1 — 2*|?
M )
Hence, for k > 2k,

| 20 wry 1 — 2| _ AOl|py 1 — 2
f L . 2 < 0 < 0 .
roiky o = zin|” = —rra— s s Mk

The first result in the theorem then follows from the above.

Suppose A or B is Lipschitz continuous with Lipschitz constant L, then when k > kg, we have

M . M 3 3 B
ﬁ”fckfl —z|? < 7<HquH + |ok-11D)? < M([[ag—1l* + |06-1]?)
< 4B(Ug—1,Vk-1) + (B — €)||ltg—1 — Vp_1]?
(1+8)7 . L
< T(Hl'k—l — | — ||z — =%,

where the first inequality follows from (48) in Lemma 5.3, the third inequality follows from
(57), which holds when k > kg, and the last inequality follows from (46) in Lemma 5.2. The
second result in the theorem then follows from the definitions of Zj, Z*, and the above. O

Corollary 5.5 Let {x} be generated by the relaxed PR splitting method (2) given an initial
iterate xop € R", where 0 = 2+ f+¢, 0 < e < min{f,1/8}, 8 > 0. Suppose A is Lipschitz
continuous with Lipschitz constant L(> 0) such that

L <221+ 5) %‘(1”)' (59)

In particular, when we choose € to be zero (that is, 0 = 2+ ), we require

L <2201+ 8)—(1+8),

where we need B < 7 for 24/2(1 + ) — (1 + ) to be positive. Then there exists i < k and
i > ko, where k > 2kg, and M given by (51), such that

|lzi — xiq|| < (2\/§’$k0—1 —m*H) 1
7 11— —

VM VE
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and for all k > ko,

. Mo N
|z — 2] < 1—m |lzp—1 — 27,

where L is defined in Lemma 5.3. Here, ko > 1 depends only on problem data and parameters.

Proof: Given that A is Lipschitz continuous with Lipschitz constant L that satisfies (59).
The corollary is proved by showing that .y satisfies (50). Since A is Lipschitz continuous
with Lipschitz continuous L, then Ay is also Lipschitz continuous with Lipschitz constant ﬁ
From (23) and (24), we then have

o = i = 2] < g el (60)
Hence,
L2
|Ze — 2|1 — 20 — 2*, W) + g < mllakll?
Therefore,
Te — 2\ 2 L2 Ty — T
() = (w2 (&)

From (30), we have

YKS%ﬁWS‘<mﬁY+(Mﬂ>@ﬁ;fD' (62)

With (61), by Proposition A.1 applied to the expression on right-hand side of the above

inequality, where x = % and y = % in the propostion, we have from (62) that for all
k>0,
) 14ﬁ3< L >2
k= "o < 1+ )
T T =S 1+
Therefore,
1+ 2 L \?

S < 1 .

Tmax = g ( 1y ﬁ)
Hence, since L satisfies (59), Jmax satisfies (50) in Theorem 5.4, and the corollary then follows
from the theorem. O

Corollary 5.6 Let {x} be generated by the relaxed PR splitting method (2) given an initial
iterate xg € R™, where 0 =2+ f+¢, 0 < e < min{f,1/8}, B8 > 0. Suppose B is Lipschitz
continuous with Lipschitz constant L(> 0) such that

L<1+p.

Then there exists i < k and i > ko, where k > 2kqy, and M given by (51), such that

|lzi — 21| < (2‘/@%0—1 —x*H) 1
7 11— —_—

VM VE
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and for all k > ko,

low — ol < [ J1- M0y ‘|
T —x || < 2(1+5)2E2 LT—1— X ||,

where L is defined in Lemma 5.3. Here, ko > 1 depends only on problem data and parameters.

Proof: Since B is Lipschitz continuous with Lipschitz constant L(> 0), we have By is Lipschitz

continuous with Lipschitz constant ﬁ, and the following holds:
2 . L

Up — Vp — (T, — @ < Uk ||-

|- o= @-a)| < 5l

Squaring both sides of the above inequality, upon algebraic manipulations and applying Cauchy-
Schwartz inequality, we obtain:

) S__Om;zwf+ 4 (wﬁ4ﬂ>+2<ww><wﬁnm>
(14 B) 2 L+8 N\ [l [ | [
N T —
(1+5)? [ (1+p5)?
By Proposition A.2, when L < 1+ 3, the expression on the right-hand side of the above
inequality is less than or equal to zero. This implies that for all £ > 0, v < 0, which further

implies that Jmax < 0. Condition (50) in Theorem 5.4 is hence satisfied, and the corollary
follows. O

Note that in the above corollaries, we do not attempt to optimize the bounds on the Lipschitz
constants for A and B for the results to hold, and finding the optimized bounds for these is
left to interested readers.

Remark 5.7 Note that for 0 =2+ 3,8 > 0, by Lemma 4.5 in [22], {||xx — xk—1]|} is nonin-
creasing. Hence, the above theorem and corollaries imply that when 0 = 2+ 3, for Ymax < 1 or
for A Lipschitz continuous with Lipschitz constant L < 2 or for B Lipschitz continuous with
Lipschitz constant L < 1+ f3, the pointwise convergence rate of ||xy — xp—1]|| for iterates {xy}
generated using (2) on (1) is O(1/v'k). This is a partial extension of the pointwise convergence
rate result in [22] from 0 € (0,2 + B) to @ = 2+ B. It is still an open problem whether a full
extension is possible.

Remark 5.8 Observe from the proof of Theorem 5.4 that when 0 € (0,2+ 3) (that is, € < 0),
we have pointwise convergence rate for ||z — xr_1|| of O(1/Vk) and R-linear convergence for
|z — x*|| without the need for (50) to hold. This is in line with what is known in the literature,
as found for example in [1, 9, 13, 22].

6 Numerical Study

In this section, we consider the weighted Lasso minimization problem that is studied in the
literature, such as [6, 17, 22]. The problem is given by

min £(w) + g(u), (63)
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where f(u) := 3||Cu—b||?> and g(u) := [|[Wul|; for every u € R". Here, C € R™ " and b € R™.
C is a sparse data matrix with nonzero entries to zero entries in an average ratio of 1 : 20
per row. Each component of b and each nonzero element of C is drawn from the Gaussian
distribution with zero mean and unit variance, while W € R™"*" is a diagonal matrix with
positive diagonal elements drawn from the uniform distribution on the interval [0, 1]. This
setup is inspired by [17, 22]. It can be seen easily that f defined above is a a-strongly convex
function on R", where a = Apin(CTC) is the minimum eigenvalue of CTC. Hence, Vf is
maximal a-strongly monotone. Furthermore, f is differentiable and its gradient is x-Lipschitz
continuous on N", where £ = Apax(CTC), which is the maximum eigenvalue of CTC. Clearly,
g defined above is a convex function on R”.

We consider solving (63) with f and g defined in the previous paragraph using the relaxed PR
splitting method (2) on the monotone inclusion problem (1) with

A:Vf—%[, Bz@g—ir%I. (64)

We have that A and B are maximal S-strongly monotone, where § = a/2.

We first verify the convergence of iterates generated using (2) with A and B given by (64)
for § € (2+ 5,2+ f + min{B,1/8}). Convergence of iterates in this range of # is predicted
by our theory, in particular, Corollary 4.7. We consider a random instance of (C, W, b) with
m = 300 and n = 200, and set the initial iterate zo to be (1,...,1)T. We run the algorithm for
6 varying from 1 to 2 4+ 8 + min{3,1/8}, with the algorithm terminating at the k*" iteration
when ||z), — zx_1]| < 107°. Our results are given in Figure 1. For this instance of (C, W,b),
B is given by 0.1896. We see from Figure 1 that the number of iterations performed before
termination decreases as 6 increases from 1, reaches its minimum around 6 = 2.25, which is
close to § = 2+ 3, and increases again. Our results indicate that convergence using (2) occurs
as predicted by Corollary 4.7, when 6 lies between 2 + § and 2 4+ f + min{3,1/8}. Indeed,
when we set § = 2+ 8 + min{f, 1/5} + 0.05, the algorithm still does not terminate when the
number of iterations has reached 1000.

Next, we test the validity of Assumption 4.1 on the weighted Lasso minimization problem
(63), by applying (2) on (1) with A, B given by (64). In our numerical experiments, we set
n =m to be 200 and 400, and zg to be (1,...,1)” and (0,—1,...,—1)T. For each of the four
scenarios, we generate (C, W) randomly 100 times, and run the algorithm for 800 iterations on
those instances of (C, W) with a = A\pnin(CTC) > 0, that is, 3 > 0. We called these instances
“acceptable”. We set 0 to be always equal to 2 + 5 + %min{ﬁ, 1/5}.

In order to test the validity of Assumption 4.1, we need to know the optimal solution to (63).
We do this by setting b to be zero. Hence, the optimal solution to (63) is u* = 0. Therefore,
x* = 0, since u* = Jy(x*), where A is given in (64). Hence, to validate Assumption 4.1, we
need to verify that for each iterate, zy, we have x% # 0, for i =1,...,n.

Our results are shown in Table 1. These results give preliminary indication that Assumption
4.1 should hold in practice, and is only a technical assumption needed to prove convergence
using the relaxed PR splitting method (2) to solve the monotone inclusion problem (1) for 6
beyond the range of (0,2 + ], and less than 2 + 8 + min{s3,1/5}.
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Figure 1: Graph showing how the number of iterations before termination, upon applying (2),
varies with 6.

# “acceptable” instances iﬁ:ﬁﬁ Zv.ifhsatisﬁed
ZOZZW(LL:. 20 ,01)T 98 98
20::71,:. .4.0 ,01)T 100 100
ZOZZT?O,:—21({9 -7 100 100
Zo::n(lo,:—zfo. -7 100 100

Table 1: For each scenario, 100 instances with b = 0 are generated.
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7 Conclusion

In this paper, we consider the relaxed PR splitting method (2) to solve the monotone inclusion
problem (1). We consider A, B : R = R" in (1) to be maximal S-strongly monotone operators,
with 8 > 0, in this paper. We show for the first time that for 6 € (24 3,2+ 8+ min{3,1/5}),
an accumulation point, z**, of iterates {xy} generated using (2) on (1) has Ja(z**) that
solves (1). As a consequence, if A or B is single-valued, then {z}} converges to a limit point
x*, where Jy(x*) solves (1). These are shown under a technical assumption. Note that for
n = 1, not having this technical assumption leads to trivial consideration. Furthermore, for
0 € [2+5,2+F+min{S3,1/5}), we provide pointwise convergence rate and R-linear convergence
rate results of {zj} in Theorem 5.4 and Corollaries 5.5, 5.6. Through numerical experiments
on the weighted Lasso minimization problem, we provide preliminary evidence to show that
the technical assumption used in this paper is likely to hold in practice.
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A Appendix

Proposition A.1 We have

max —2% + Y
2>0,0<y?<L2/(1+45)2—1+42y

2
1s less than or equal to % (1 + ﬁ) .

Proof: We have an optimal solution (z*,y*) to the above maximization problem satisfies:

(2:6*_;*3/*>+A1(_01>+/\2<_01)+A3<2y*0_2>:0, (65)

with
)\1.58*:0, )\120, CC*ZO, (66)
Ayt =0, A>0, y* >0, (67)
2 2
A *2—2*+1—>_0, A3 >0, (y)?<——=5—1+2y". (68
(07— 1o 020, WP g LH A (69

We first observe if £* = 0, then y* = 0, and the proposition is proved. Suppose z* > 0. Then,
from (66), we have A\ = 0 and this implies that y* = 22* from the first “row” of (65). Also,
observe from the second “row” in (65) with z* > 0 and Ay > 0 that we must have A3 > 0.
Hence from (68), we get
L2
*\ 2 *
-2y +1— —= =0.

Therefore,

* Qi\/4—4(1—(1f2)2) .

- 1+
4 2 1+ 8

Now, since y* = 2z* > 0, from (67), we get A9 = 0. Therefore, from the “second” row in (65),
we have % = A\3(2y* — 2) > 0. We observe then that y* # 1 — ﬁ Hence, y* =1+ ﬁ And

o — %y* — % (1 + ﬁ) The proposition is hence proved. O

Proposition A.2 For L <1+ 3, we have

2 4 A + 22y + L7 1} z? 1
max — — —_ — -
zozo 0 1y g TV T (T p)? (1+B)?

1s less than or equal to zero.

Proof: We have an optimal solution (z*,y*) to the above maximization problem satisfies:

oyt =2 (AL — 1) 2 ~1 0
(1+8)2 =
( <> )m(O)m(_l) 0 9

1+
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with

)\13}* = 0, )\1 > 0, z* > 07 (70)
)\Qy* = 0, /\2 Z 0, y* 2 0. (71)

Suppose z* > 0. Then, from (70), we have A\; = 0, and hence from the first “row” in (69), we
get

Y= (1 _ Gfﬁ)z) ", (72)

Given that L < 1+ f, from (72), we have y* > 0, which then implies by (71) that Ao = 0.
Hence, from the second “row” in (69), we obtain

et —. 73
Y * 1+ (73)
By (72) and (73), we have
. 2(1+5)
S P

which is less than zero. This is a contradiction to =* > 0. Hence, x* = 0. Suppose y* = 0.
Then the optimal value to the maximization problem is —4/(1 + 3)2. Suppose y* > 0. Then
A2 = 0, and we have from the second “row” of (69), y* = 2/(1+ ). Together with x* = 0, the
objective function value of the problem is then equal to zero, and we are done. O
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