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We extend the notion of globalized robustness to consider distributional information beyond the support of
the ambiguous probability distribution. We propose the globalized distributionally robust counterpart that
disallows any (resp., allows limited) constraint violation for distributions residing (resp., not residing) in
the ambiguity set. By varying its inputs, our proposal recovers several existing perceptions of parameter
uncertainty. Focusing on the type-1 Wasserstein distance, we show that the globalized distributionally robust
counterpart has an insightful interpretation in terms of shadow price of globalized robustness, and it can
be seamlessly integrated with many popular optimization models under uncertainty without incurring any
extra computational cost. Such computational attractiveness also holds for other ambiguity sets, including
the ones based on probability metric, optimal transport, ¢-divergences, or moment conditions. Numerical
studies on an adaptive network lot-sizing problem demonstrate the modeling flexibility of our proposal and

its emphases on globalized robustness to constraint violation.
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1. Introduction

Many powerful modeling paradigms have been proposed to inform decisions to real-world problems
subject to ubiquitous parameter uncertainty. Although typically modeling uncertainty as a (pos-
sibly multi-dimensional) random variable governed by some probability distribution, these models
have their own distinctive perception when facing uncertainty.

The modeling paradigm of distributionally robust optimization considers an ambiguity set—a
family of probability distributions with limited yet common distributional information—and eval-
uates the decision’s performance according to its worst-case expected performance with respect to
any distribution that may arise from the ambiguity set. When the ambiguity set contains only the
support information, it reduces to an uncertainty set and distributionally robust optimization’s
perception of uncertainty recovers that of traditional robust optimization modeling paradigm (see,

e.g., Ben-Tal and Nemirovski 1998, Bertsimas and Sim 2004, E1 Ghaoui et al. 1998, Soyster 1973),
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which focuses on the worst-case scenario in the uncertainty set. When the ambiguity set is a single-
ton, the perception coincides with that of stochastic programming modeling paradigm, which takes
a specific probability distribution as the ground truth and focuses on the expected performance
under it. Apart from the two mentioned, many other types of distributional information can be
characterized in the ambiguity set, including moment conditions (Chen et al. 2019, Delage and
Ye 2010, Goh and Sim 2010, Wiesemann et al. 2014), structural properties (Popescu 2005, Hana-
susanto et al. 2015, Li et al. 2019), and statistical metrics such as ¢-divergences (Ben-Tal et al.
2013, Gotoh et al. 2018, Jiang and Guan 2018, Wang et al. 2016) and the Wasserstein distance
(Blanchet and Murthy 2019, Gao and Kleywegt 2022, Mohajerin Esfahani and Kuhn 2018, Pflug
and Wozabal 2007).

All aforementioned traditional robust and distributionally robust modeling paradigms, as well
as the stochastic programming one, impose strict constraint satisfaction (i.e., no constraint viola-
tion) for any probability distribution in the ambiguity set. In stark contrast, the emerging robust
satisficing modeling paradigm (Long et al. 2022, Ramachandra et al. 2021) softly allows possible
constraint violation as long as it could be controlled by a tolerance level that is to be optimized.
One may conceptually view such controllable constraint violation to share the same spirit of global-
ized robust optimization (see the pioneering works of Ben-Tal et al. 2006 and Ben-Tal et al. 2017),
wherein the tolerance level is pre-specified. One of the most key features of the robust satisficing
modeling paradigm is to limited constraint violation also for distributions beyond the ambigu-
ity set. This, however, comes with bearing possible constraint violation for distributions in the
ambiguity set.

In this paper, we are motivated by a unified framework to combine perceptions of (i) as in distri-
butionally robust optimization, strictly no constraint violation for distributions in the ambiguity set
and (4i) as in globalized robust optimization and/or robust satisficing, softly controllable constraint
violation for distributions not in the ambiguity set. In particular, we extend the notion of global-
ized robustness to include distributional information beyond support information and propose a
globalized distributionally robust counterpart with two parameters—one is to size the ambiguity set
wherein no constraint violation is allowed and another is to control the tolerance level of acceptable
constraint violation when not in the ambiguity set. Quite notably, the globalized distributionally
robust counterpart usually comes with no extra computational cost and is readily to be integrated
with several optimization models for addressing decision-making under uncertainty.

The key contributions of our paper may be summarized as follows.

1. We propose a globalized distributionally robust counterpart that guarantees no constraint vio-

lation for any distribution in a pre-specific ambiguity set while at the same time, allowing (in

a controllable manner) possible constraint violation for distributions that are not necessarily
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in the ambiguity set. By varying its inputs, the globalized distributionally robust counter-
part recovers several existing perceptions for addressing parameter uncertainty, including the
traditional robust and distributionally robust counterparts, stochastic counterpart, robust sat-
isficing counterpart, as well as the original globalized robust counterpart based solely on the
support information.

2. Focusing on the type-1 Wasserstein distance and leveraging strong duality to obtain a dual
reformulation, we discover that the globalized distributionally robust counterpart merely fur-
ther imposes an upper bound on the single-dimensional decision variable in the dual. Hence,
the notion of globalized robustness condenses to a shadow price of globalized robustness on
the dual decision variable.

3. At the same level of computational complexity, the globalized distributionally robust counter-
part can be seamlessly incorporated into many popular optimization models under uncertainty,
including distributionally robust optimization, robust satisficing, chance constrained program,
as well as two-stage adaptive linear optimization.

4. We also extend the globalized distributionally robust counterpart to other ambiguity sets
based on the probability metric, optimal transport, ¢-divergences, and moment conditions.
Compared to the corresponding distributionally robust counterpart, our proposed globalized
variant typically does not incur any additional computational cost.

The reminder of this paper is organized as follows. Section 2 formally introduces the globalized
distributionally robust counterpart and offers observations on how it can recover perceptions taken
by the existing modeling paradigms. Section 3 focuses on the type-1 Wasserstein distance and
shows a dual representation that offers an insightful interpretation of the notion of the globalized
robustness and leads to a tractable reformulation under mild conditions. We present finite-sample
performance guarantees of the globalized distributionally robust counterpart and demonstrate its
potential applications to several optimization problems under uncertainty. Section 4 extends the
globalized distributionally robust counterpart to other ambiguity sets based on and Section 5

presents numerical experiments on a lot-sizing problem. All proofs are delegated to Appendix EC.1.

Notation. We use é ~ P to denote a random variable governed by the probability distribution
[P, probability and expectation with respect to whom are P[-] and Ep|-|, respectively. The set of
probability distributions supported on Z C R’ is P(Z). The shorthand [N]={1,..., N} stands for
the set of all positive integers up to N. We denote by || - || the dual norm of a general norm || - ||. The
convex conjugate of a proper function f: R+ R is defined as f*(x) =sup{z '€ — f(£) | £ e R},
and we use f*(x,&) with a bar sign to emphasize the partial convex conjugate with respect to the
second part of arguments, €. The indicator function of a set = is defined through (& |Z) =0 if

€ € Z; = oo otherwise, and the support function is defined as §*(x | Z) =sup{x "¢ | £ € Z}.
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2. Model

In this paper we focus on parameter uncertainty in a (possibly nonlinear) constraint

f(x,§) <0,

where © € X C R¥ is the vector of decision variables and € € = C R’ is the vector of uncertain
parameters. For any fixed decision @, the cost function f(a, &) is proper with respect to the uncer-
tainty & that follows an unknown probability distribution. In particular, we propose the a globalized

distributionally robust counterpart

Ee[f(2,€)] < 7-min d(P,Q) VPEP(E), (1)
which involves the following inputs: (7) a tolerance level'y > 0, (i) a nonnegative statistical metric
d that measures the proximity between probability distributions and satisfies d(P,Q) =0 if P=Q,
and (ii1) a prescribed ambiguity set F C P(Z). Here, the ambiguity set F, when properly defined,
could be sized with a parameter § > 0 to achieve the adjustable robustness. Decomposing the

globalized distributionally robust counterpart (1) into

)] <0 VP e F
)<y -mind(P,Q) VPEPE)\F,

Ep[f(
Ep[f(

IN

Iy, Iy

Z,
x)
it is then clear that for any distribution within the ambiguity set F, the the model guarantees
strict inner robustness to no constraint violation; on the other hand, for distributions not residing
in F, the tolerance level v ensures soft outer robustness that limits possible constraint violation
to a proportion of the probability distribution’s distance to the ambiguity set F. Integrating these
two, the globalized distributionally robust counterpart (1) provides, for all distribution P € P(Z),
globalized robustness in terms of limited constraint violation.

It is worth noting that by varying its inputs, the globalized distributionally robust counter-

part (1) recovers several existing perceptions when facing parameter uncertainty, summarized in

the following observations.

OBSERVATION 1. When v =0, constraint (1) reduces to the traditional robust counterpart:
f(®,€) <0 VEEE.
OBSERVATION 2. When v — oo, constraint (1) becomes the distributionally robust counterpart:

Eplf(x,€)] <0 VPeF.

1 As we shall see subsequently, the tolerance level can be interpreted as a shadow price of globalized robustness.
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OBSERVATION 3. When v — 0o and F = {P}, constraint (1) reduces to the stochastic counterpart

under the reference distribution P:
Es[f(x,€)] < 0.
OBSERVATION 4. When F = {P}, constraint (1) coincides with the robust satisficing counterpart
proposed by Long et al. (2022):
By |f(2,€)) < v- d(P,P) VPEP(E).

OBSERVATION 5. With proper specifications®of its inputs, constraint (1) recovers the original
globalized robust counterpart advocated by Ben-Tal et al. (2006) and Ben-Tal et al. (2017):

f(z,§) Sv'gelg;cl(ﬁ,@ V€ €Uy,

where Uy CUy and ¢, (€, ) measures the nonnegative distance between the parameters € and (.

These observations showcase the rich modeling flexibility of the globalized distributionally robust
counterpart (1). Apart from such expressiveness, the globalized distributionally robust counterpart,
with proper choices of the statistical metric d and ambiguity set F, also admits an attractive
tractable reformulation; see more detail in the coming sections. In the remainder of this section,

we materialize the globalized robustness of model (1) via the following two illustrative examples.?

ExaAMPLE 1. Consider a distributionally robust optimization problem

min «
st. Ep[lné —z] <0 VP Fyw() (2)
r€eR

with a Wasserstein ball Fw(0)* centering at P= 005 and 8 =0.5. The optimal value is 0 and is
attained at x* =0. Consider next the globalized variant of (2) with some 0 <~ <1:

min =z
st. Ep[lné —z] <~v-dw(P,Q) YPeP(R.,), Qe Fw(0) (3)
x eR.

Here, dvw is the type-1 Wasserstein distance that will be formally introduced in Section 3.1. The
optimal value of problem (3) is v —Invy—1 with 2* =~ —In~vy—1. Comparing the two problems, it is
clear that (i) when v > 1, problem (3) coincides with problem (2), attaining the same optimal value
of zero; (ii) as vy gradually decreases, an additional cost of —In~y+~y —1 is paid for the globalized
robustness; (iii) as v approaches to 0, problem (3) approaches to a traditional robust optimization
model that imposes x > In& V& > 0, which results in a cost of infinity.

2 Detailed derivations are relegated to Appendix EC.2.

3 Detailed derivations are relegated to Appendix EC.3.

4 Please refer to Section 3.1 for the formal definition.
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Figure 1 Constraint violation under 9, that moves away from the center P comparison between problems (2)

and (3) on the left panel, and between problems (4) and (5) on the right panel.

To showcase the merit of globalized robustness of problem (3), in the left panel of Figure 1, we
plot for both optimal solutions to problems (2) and (3), the constraint violation under a Dirac
distribution &, that moves away from the center P = do.5. Here, the Wasserstein distance between ¢,
and P amounts to dw(6,,P) = |u—0.5]. It can be seen that problem (3) yields an optimal solution
with no constraint violation for a wider range of Dirac distributions d,, and has a smaller constraint

violation (if any).

ExXAMPLE 2. Consider the following robust satisficing problem:

min -y
st. Ep[l—z+a2né <y -dyw(P,P) YPeP(R,,) (4)
720, z>1,

where P =6, is a Dirac distribution and the target is T=0. We can derive that the optimal value
of problem (4) is 1/(e —1), attaining at x* =ey and v* =1/(e — 1). Consider next the globalized
variant of (4) with some 0 <6 <e—1:

min 7y
st. Ep[l—z+zlng] <v-dw(P,Q) VPeP(R,,), Qe Fw(6) (5)
v>0,x>1.

We can also derive that the optimal value of problem (5) is 1/(e —1 —0), attaining at 2* =ey* and
v =1/(e—1-0).
In the right panel of Figure 1 we plot, for both optimal solutions to problems (4) and (5), the

constraint violation under a Dirac distribution 6, with uw > 0 that moves away from the center
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P =4,. Here, dy (0,,P) = |u—1|. Problem (5) yields an optimal solution with no constraint violation
for a wider range of Dirac distributions d,, however as a trade-off, bearing a larger constraint

violation if 6, moving too far away from the center.

3. Dual Reformulation and Potential Applications

In this section, we focus on the type-1 Wasserstein distance (i) as the statistical metric d and (%)
in the definition of a data-driven ambiguity set F around an empirical distribution motivated by
Mohajerin Esfahani and Kuhn (2018). Extensions to other statistical metrics and ambiguity sets
are presented in Section 4. For the corresponding globalized distributionally robust counterpart (1),
we derive an insightful dual reformulation that is tractable and possesses finite-sample performance
guarantees, and we also illustrate how it can be integrated with popular types of optimization

models under uncertainty.
3.1. Reformulation: The Shadow Price of Globalized Robustness
The type-1 Wasserstein distance dw : P(Z) x P(E) — R, equipped with a norm || - ||, is defined as

dw(P1,Py) =  inf /ﬂusl—szudw(sl,&),

TeQ(P1,P2)

where Q(IP;,Py) is the set of joint probability distributions of (él,ég) with marginals P; and P,,

respectively. The data-driven Wasserstein ambiguity set is then given by
Fw(0) ={PEP(S) | dw(P,P) <6}, (6)

which is a ball of size 8 > 0 around the empirical distribution P = % ZRE[N] d¢, that is uniformly
supported on N empirical realizations/samples él, . ,é ~ of the uncertainty. The corresponding
globalized distributionally robust counterpart (1) can then be reexpressed as
sup  {Ei[f(@.6)] —7-dw(B.Q) | 0. (7)
PEP (), QeFw (6)

Here, the left-hand side can be represented as the following

max{ sup E]p[f(w,é)], sup {Ep[f(cc,é)]—fy~ min dW(IP’,Q)}},

PE Fyy (0) PEP(E)\Fw (6) QeFw(0)

illuminating the essence of the globalized robustness: it considers the worst case between (i) the
hard worst-case expected cost within F (6), which is typically considered in distributionally robust
optimization, and (ii) a soft worst-case expected cost over P(E) \ Fw(#), which offsets a distri-
bution’s distance to Fw(f) at a unit subsidy of possible constraint violation that is equal to the

tolerance level . Furthermore, the left-hand side of (7) admits the following dual reformulation.
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LEMMA 1 (Strong duality). For any fized decision x € X, given the Wasserstein ambiguity set
Fw(0) in (6), we have
- . 1 .
s {Eelf(@,€)] -7+ dw(P,Q)} = inf {mN > sup {f(2.€) —tus—snn}}. (8)
(SS)

PEP(2), Q€ F (6) telo] nelN]

It is now well known that the distributionally robust counterpart satisfies

s Belf(@.§)] = i {or+ 5 3
ne[N

PeFw (0) 20

sup {.6) e~ &} o
] (S

Comparing this with the right-hand side dual reformulation given in (8), it is interesting to note

that the globalized distributionally robust counterpart (1) pays
“a shadow price of globalized robustness v on the dual decision variable t”

for ensuring limited constraint violation even when the unknown probability distribution P ¢
Fw(0). If there exists a finite minimizer t* to the right-hand minimization reformulation of (9),
then letting v > t* would be sufficient for the globalized distributionally robust counterpart (1) to
recover the distributionally robust counterpart. In other words, v < t* would make the globalized
distributionally robust counterpart effective.’

Another notable implication is that the globalized distributionally robust counterpart preserves
the tractability of the corresponding distributionally robust counterpart because the only additional
constraint is an upper bound t < . Hence, its tractable deterministic reformulation (which we
present to keep our paper self-contained) follows straightforwardly from combining the observation

t €[0,v] with existing results (e.g., Mohajerin Esfahani and Kuhn 2018, theorem 4.2).

PROPOSITION 1. Suppose that the support set = is convex and closed, and for any fized x € X,
the cost function takes the form f(-,&) = maxiek) fi(-,&) with constituent functions fi(-,€) being
proper, upper semicontinuous, and concave in €. Then for any fixed decision x € X, given the
Wasserstein ambiguity set Fy (0) in (6), we have that

PeP(E)S,%I;fw(e) {Ep[f(:c, é)] ~ v awlh, Q)}

equals the optimal value of the finite-dimensional convex program

. 1
inf Ht—i—ﬁ Z Sn,

n€[N]
st [=fe] (@ Upp — Wop) + 0 (Upp | E) — & wop <5, Vne[N], kel[K] (10)
[l <t Vn e [N], k € [K]
Upp, Wyi € RS Vn € [N], k € [K]

seRN, te0,7].

5See Appendix EC.4 for some conditions on the support set Z and the cost function f that would guarantee the
finiteness of t*.
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REMARK 1. Indeed, there exists a pair of worst-case distributions (P*,Q*) for the globalized
distributionally robust counterpart, recalling that Q* arises from the ambiguity set Fw(0) while P*

can take globally, i.e., P* € P(E). We formalize this result in Appendiz EC.5.

Following from the finite-sample guarantee that Fw(#) covers the true data-generating distri-
bution Py (see, e.g., Fournier and Guillin 2015), the globalized distributionally robust counterpart
possesses probabilistic guarantees on the constraint violation for all distributions residing in P(Z),

generalizing, in a globalized fashion, theorem 3.4 of Mohajerin Esfahani and Kuhn (2018).

PROPOSITION 2 (Finite-sample performance guarantee). Suppose that the true data-generating

distribution Py is a light-tailed distribution such that

A=Ez,[exp(|€]1*)] = /_ exp([[£]|*)dPo(§) < o0

for some a > 1. Let PY be the N-fold product of Py that governs the N independent random samples

drawn from Py. Then for any decision x € X satisfying (1), we have

crexp(—cyNpmaxtl2h)y  if 0<n<1

Y [Ery [/ (@,€)) >1(n—0)] < { e S

forall N >1, I1#2, and n>0>0, where c¢;,co >0 are constants that only depend on a, A, and I.

Letting 1) = dy (Po, P), for the true data-generating distribution Py € Fy (0) such that dy Py, P) <
0, we can bound the probability of the undesired event PY[Ep,[f(x,€)] > 0], while for P, €
P(2) \ Fw(0) such that dyw(Py, ) > 6, we can also have an upper bound on PY [Ep, [f(x,£)] >
~ - (dw (Py, P) — #)]—the probability that the constraint violation is larger than the shadow price
of globalized robustness times the magnitude that the distance between the empirical distribution

and the true distribution deviates from the allowable 6.

3.2. Potential Applications to Optimization Problems under Uncertainty

In this section we discuss how to incorporate the globalized distributionally robust counterpart
into existing optimization models for decision-making under uncertainty, including the (static)
distributionally robust optimization (Mohajerin Esfahani and Kuhn 2018, Gao and Kleywegt 2022),
robust satisficing (Long et al. 2022), distributionally robust chance constraint (Chen et al. 2022,
Xie 2019), and adaptive distributionally robust optimization under the Wasserstein ambiguity

set (Bertsimas et al. 2019, 2022, Chen et al. 2020, Hanasusanto and Kuhn 2018).
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Globalized Distributionally Robust Optimization. The popular distributionally robust

optimization can be presented in a canonical form

min c'x
st Ep[f(z,€)] <0 VPeE Fy() (DRO)
re X,

wherein the expectation constraint is satisfied under all possible distributions in the ambiguity set

Fw(0). Accordingly, the globalized distributionally robust optimization model represents as

min c'z
st Ep[f(w,§)]<v- luin dw(P,Q) VPEP(E) (G-DRO)
rxe k.

The globalized robustness of G-DRO model over the DRO model, as motivated in the Example 2,
will be further justified in the numerical experiments in Section 5.1.
A direct implication of Proposition 1, provided assumptions on the function f therein, gives the
following finite-dimensional convex reformulation of the G-DRO model:
min c'x
st. ONt+e's<0
[— £l (@, Wt — W) + 0 (Wi | E) — €] woe <5, V€ [N], k€ [K]
[wall« <t Vne[N], ke K]
Unky Wy € R Vn € [N], k € [K]
seRN tel0,7], z e X,
which, after replacing the constraint ¢ € [0,~] with ¢ >0 (or equivalently, letting v — 0o0), becomes

the reformulation of the corresponding DRO model.

Globalized Robust Satisficing. The emerging robust satisficing model (Long et al. 2022)

min 7y
st. Ep[f(z,€)] - 1<~ -dw(P,P) VPePE) (RS)
7>0,zeX,

which seeks an optimal decision that tolerates the least violation in achieving the targeted cost 7

under all distributions in P(Z), can be generalized to a globalized robust satisficing model

min 7y
st Eplf(@£)]—7<7y- min dw(P,Q) VPEP(E) (G-RS)
>0, zeX.

For any fixed value of 6, the G-RS model is feasible as long as 7 > HIEI/IYI sup Ep[f (a:,é)], and it
EEL PeFw(0)

reduces to RS when 6 =0 (i.e., Fy(0) = {P}).
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The constraint in the G-RS model indicates
Ee[f(x.€)] -7 <0 VP € Fw(9)
Eelf(2,€) ~7<7- min dw(P,Q) <7 -dw(P,P) VPEP(E)\Fw(h),
QeFw (0)
while the constraint in the RS model implies
{Ep[f(:c,é)] —7<v-dw(P,P) VP€ Fy(0)
Eelf(z,€)] -7 <v-dw(P,P) VPeP(E)\Fw(H).
Hence, the G-RS model not only limits the constraint violation under distributions outside Fw (0)
to the minimum by optimizing ~y, but also ensures strict feasibility for all distributions within
Fw(6)—this, however, is not necessarily guaranteed in the RS model. As shown in Example 2 and
subsequent numerical experiments in Section 5.2, the G-RS model may sacrifice certain performance
in terms of controlling the constraint violation for distributions in P(Z) \ Fw(0).
Evoking again Proposition 1, the G-RS model under conditions therein admits the following
reformulation as a finite-dimensional convex program:
min 7y
st. ONt+e s< Nt

[—fe]* (@, wnp — Wr) + 0 (U, | Z) —él’wnk <s, Vne€[N], kel[K] (11)
|wnill« <t Vn € [N], k € [K]
Unk, wnkERI VTLE[N], kG[K]

seRYN te€0,7],y>0,ze X,

which becomes the reformulation of the RS model when relaxing t € [0,7] to t > 0.

Globalized Distributionally Robust Chance Constraint. Constraints Ep[f(x,€)] <0 and
Ep[f(2,€)] — 7 <~ - dw(P,P) in the aforementioned DRO and RS models hold in the sense of
expectation (with some acceptable violation captured by + - dw (P, P) in the latter). Alternatively,
it is possible to require them to hold in a probabilistic sense. Indeed, following from the spirit of
chance constraint, one could consider instead P[f(z,£) > 0] < e and P[f(x,£) > 7] < e+ - dw (P, P),
which state that the probability of violating the cost constraint is bounded from above by some
risk threshold ¢ € (0,1) (plus some additional tolerance ~ - dy (P, P) in the RS model).

Formally, a Wasserstein distributionally robust chance constraint (DRCC) is given by
Plé cS(x)] <e < Ep[l{€ e S(x)} —e] <0| VPe Fw(h), (DRCC)

where S(z) C Z is a decision-dependent unsafe set that describes unfavourable scenarios. It is then

natural to consider the globalized distributionally robust chance constraint
Pl€ € S(x)] < - min_ dy(P
[feS(x)]<e+ (Juin w(P,Q)
VP e P(=). (G-DRCC)

E:[{€ € S(x)} —e] <7 o in - dw (P, Q)
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Note that the G-DRCC remains effective for all distributions satisfying

= o l—¢
PeP(E)\ Fw(b): Qi dw (P, Q) < o

because otherwise P[é € S(x)] <1 would be redundant. A smaller value of v not only articulates
a lower tolerance towards additional violation of the chance constraint, but also characterizes a

larger neighbourhood centered around P, on which the G-DRCC is imposed.

PROPOSITION 3. The G-DRCC is satisfiable if and only if there exist s >0 and t > 1/ such
that the following constraint system is feasible:

eNt—e's>0N
dist(€,,S(x)) >t —s, Vne[N],

where the distance from a point & to the unsafe set S(x), with respect to a norm || -||, is defined as
dist (¢, S(x)) = min{[[§ — || [ { € S(x)}-

Proposition 3 naturally generalizes the well known representation result for the Wasserstein

DRCC (see, e.g., Chen et al. 2022, theorem 3):

eNt—e's>0N

PgeS(z)]<e VPeFw(0) < HSZO’tZO:{dist(én,g(az))ztsn Vn € [N].

The only difference is that in the globalized variant, the lower bound on the decision variable ¢ is
tightened from 0 to 1/4. That is, one pays a price of 1/ for globalized robustness in the G-DRCC,
without increasing any computational complexity. With Proposition 3, established deterministic
mixed-integer reformulations for the DRCC can be straightforwardly extended to their globalized
variants. Examples include (i) individual chance constraints where the unsafe set is defined as
S(z)={¢ R | (A€ +a)'z>b"¢+ b} and (ii) joint chance constraints with right-hand side
uncertainty such that S(x) = U,en{€ € RX | @)@ > b €+b,,}; see propositions 1 and 2 in Chen

et al. (2022), respectively.

Globalized Two-Stage Adaptive Linear Optimization. In a two-stage adaptive problem,
the here-and-now decision « € X, incurring a deterministic cost ¢' &, needs to be determined before
the realization of uncertain parameters & € Z. Thereafter, the uncertainty materializes, and we
decide a wait-and-see recourse decision y € R by solving the second-stage problem. Considering
the randomness of uncertain parameters and ambiguity about the underlying true distribution, a

Wasserstein distributionally robust model for this problem is given by

min sup Es[f(z,€)], (ADRO)

TEX peFw(0)
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where given  and £, the objective function® is
min c¢'z+d'y
Yy
f(®,8) =14 st. A(&)z+ By>b(£) (12)

y e RY,

which solves an optimization problem that is adaptive to each realization & given x. Here, A(§) =
Ao+ 3 Ai&i and b(€) = by + 3, bi&; are affine functions of € with Ao, Ay,..., A; € RMxL
and b, by,...,b; € RM. In general, problem (12) could be infeasible. Thus we assume that the
second-stage problem has relatively complete recourse to ensure feasibility of the second-stage
problem: for any x € X and &€ € =, there exists y € R” such that A(¢)x + By > b(£).

Introducing an epigraphical decision variable 7, we can express the adaptive distributionally

robust optimization (ADRO) model as follows:

min 7
st. Ep[f(x,€)] <1 YPe Fw(h)
TeER, xeX.

This motivates the following globalized adaptive distributionally robust optimization model

min T
s.t. Ep[f(w,é)]§7+’y~ min dw(P,Q) VPeP(E) (G-ADRO)
QeFw(0)
TER, xeX.

Recall from Observations 2 and 3, when v — oo the G-ADRO model recovers the ADRO model,

and if in addition § = 0, then the G-ADRO model reduces to the two-stage stochastic programming

problem with recourse under a known distribution I@’; see, e.g., Birge and Louveaux (2011).
Alternatively, with a targeted level of the expected cost 7 in mind, we can also consider a

globalized adaptive robust satisficing model as follows

min 7y

t. E ) —7<~- mi P P =) -

st Es[f(z,8)]—7<7v QJ%&MW( ,Q) VPeP(E) (G-ARS)
720, zeX,

which, with § =0, reduces to the adaptive robust satisficing (ARS) model (see Long et al. 2022).

In both G-ADRO and G-ARS models above, the recourse decision y can be viewed as an infinite-
dimensional functional of the uncertainty realization & and it makes the models hard to solve.
For the sake of tractability, a popular technique is to restrict y to a piecewise affine function
of the primary random variable (and possibly, some auxiliary ones arising from describing the

S Here, for a fixed here-and-now decision «, we count collectively its deterministic first-stage cost and the optimal
second-stage when facing a specific uncertainty realization .
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ambiguity set). In particular, for our interested type-1 Wasserstein ambiguity set Fw (), we adopt

the following piecewise affine approximation proposed by Chen et al. (2020):

y(éa <,TL) = Yon + Z yzngz +y]n< \VI(S,C) € En? ne [N]7 (13)

€[]

[1h

where E, = {(£,{) e Ex R | ¢ > ||€ — €.} for each n € [N]. Here [N], the index set of historical
samples, can be interpreted as the discrete support set of an auxiliary random scenario that arises
from describing Fy () and controls the piecewise affine dependency of y on the primary uncertainty

& and an auxiliary one-dimensional uncertainty CN (see more details in section 5.5, Chen et al. 2020).

4. Extensions to Other Ambiguity Sets
In this section, we consider the globalized distributionally robust counterpart (1) with other ambi-
guity sets based on probability metrics, optimal transport, ¢-divergences, and moment conditions,

and derive the corresponding dual reformulations.

4.1. Probability-Metric Ambiguity Set

We consider a mapping d. : P(E) x P(£) — Ry—which is equipped with a nonempty set £ of
bounded real-valued measurable functions defined on =—to quantify the closeness of any two given
probability distributions P; and Py in P(Z):

ds(Py,IPy) =sup {EP1 [5(5)] — Ep, Wé)]} (14)

el

It can be shown that d.(P;,P,) is jointly convex in (P;,[P;) and it satisfies the triangle inequality,
i.e., de(P1,Py) <dp(Py,Ps) + dp(P3,Py) for any probability distribution P3 € P(Z).

Such a class of mappings is not uncommon and it has been used to construct the ambiguity set
in DRO; see, e.g., Shapiro (2017). If the set £ is symmetric, i.e., £ € £ implies that —¢ € £, then the
mapping d, can be rewritten as dz(Py,Py) =sup,c, ’E]pl [0(€)] — Es, [ﬁ(é)]’, which becomes a prob-
ability semi-metric (Rachev 1991) that satisfies symmetry, i.e., dg(P1,Ps) = dz (P2, P;). Note that
probability semi-metric d is also referred to as the (-structure semi-metric (Zolotarev 1976), which
has been used in data-driven risk-averse stochastic programs (Zhao and Guan 2015). Furthermore,
if £ is taken as the set of Lipschitz continuous functions of modulus one, then d, reduces to the
Kantorovich metric, a.k.a. the type-1 Waaserstein distance discussed in Section 3. We summarize
some representative d, as follows.

o If L={¢]||¢]|n <1}, where ||¢||. =sup{(£(&)—¢({))/||€—C]|, € # ¢ in E}, then d. becomes the
well-known Kantorovich metric—the dual representation of the type-1 Wasserstein distance
(Villani 2009).

o If L={0||0]|. <1, ||¢||« <1}, then d, becomes the bounded Lipschitz metric (Dudley 2018).
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o If L={l]||{]oc <1} where |[{||oc =supecz|¢(§)|, then d. becomes the total variation metric
(Tierney 1996).

o T £= (] |fllc < 1} where []c = sup{(£(€) — £(C))/e(€,€), & £ ¢ in =} with c(£,¢) =
max{1, ||&|P~*, |[<]|P~1} - ||€ — ¢|| for some p > 1, then d, becomes the Fortet-Mourier metric
(Dupacové et al. 2003).

Given the mapping d,, we define the corresponding data-driven ambiguity set of a size § > 0

that is centered around the empirical distribution P = + an[ N Og,
Fe(0)={PeP(S)|dc(P,P) <6}.
We can then represent the globalized distributionally robust counterpart (1) in a canonical form

swp  {Eelf(@.6)] —7-de, (P.Q) | <0, (15)

PEP(2), Q€F, (6)

where d, and d., are two different mappings. The left-hand side of the globalized distributionally

robust counterpart (15) admits a dual representation.

THEOREM 1 (Strong duality). Given any decision x € X, given the mappings dg, and d,
defined in (14) as well as an ambiguity set F,(0) with 6 >0, we have
sup  {Eelf(@,6)] —7-de, (P,Q) }
PEP(2), QEF e, (0)

= inf Sup {EP[f(w7é)] -7 d£1 (Pa(@) - t(dLQ(Qap) - 9)}

t20pep(=), QeP ()
In particular, if dg, =dg, =d,, then
sup {Ep[ﬂw,é)] — - dc(P, @)} = inf sup {Eﬂ»mw,é)] —t(d.(P,P) —9)}- (17)
PEP(E), QEF(0) tel0] pep(z)

In Theorem 1, we consider two different mappings d., and d.,, and each of them could cover
the type-1 Wasserstein distance as a special case. Hence, Theorem 1 naturaly generalizes Lemma 1
that considers the type-1 Wassertein distance for both d., and d.,. As long as dz, =d.,, we have

the strong duality in a stronger form (17), sharing the same insightful structure as Lemma 1:
“the shadow price of globalized robustness v bounds from above the dual variable t.”

Leveraging the strong duality in Theorem 1, we can further derive deterministic reformulations
of the globalized robust optimization counterpart (15) under different combinations of d., and d,.

We first illustrate a blending case of total variation and Wasserstein metrics.
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PRrROPOSITION 4 (Total variation and Wasserstein metrics). Suppose that £, = {{ | ||{||o < 1}
and Lo ={]||l||, <1}, and let dz, (P,Q) =400 if P is not absolutely continuous with respect to
Q. Given assumptions in Proposition 1 and that f(x,&) is essentially bounded for a fized value of

x X, any x € X satisfies (15) if and only if the following convexr constraint system is satisfiable:

1
v+t6+N Z 5, <0
n€([N]

[_Lﬂ;(a}vvn) +0" (v, |E) <y +wv

[N]
Spn+7v2>0 Vn € [N]
oo, . < ine N
U, W, U, €R! Vn € [N]

(t>0,seRY, veR.

In Proposition 4, for the sake of tractability we restrict the effective total variation to be absolute
continuous (Ben-Tal and Teboulle 2007). We can also derive the reformulation of a blending case
of Fortet-Mourier and bounded Lipschitz metrics. For the same technical reason, we assume that
all distributions in P(Z) are absolutely continuous with respect to the empirical distribution ]@’,
as in most examples based on the probability metrics (Shapiro 2017). Reformulations of other

combinations of probability metrics can be similiar derived.

ProposITION 5 (Fortet-Mourier and bounded Lipschitz metrics). Suppose that L, = {{ |
I|lc <1} and Lo ={0]||f|lL <1, ||ll|cc <1}, and that all distributions in P(Z) are absolutely
continuous with respect to P. Given assumptions in Proposition 1, any x € X satisfies (15) if and

only if the following convex constraint system is satisfiable:

t0+£ré?]§<]{f(m,£n)—fyun}+$% {7un—sn}+$n§v]sn <0

[t — | < max{1, [ £ulP~ 1€0 P71} - (1 — &all Vm, n € [N]
|5 — 50| <[ — &al Vm, n € [N]
|snl <t Vn e [N]
t>0.

According to (17) in Theorem 1, the globalized distributionally robust counterpart (15) may
admit a more concise reformulation when £, = £, = L. We next present an example based on the
total variation metric and leave examples of other probability metrics to Appendix EC.6. With
an additional price of globalized robustness (captured by ¢ € [0,7]), as v — oo, our reformulations
recovers those of the corresponding distributionally robust counterparts, which have been provided

in Zhao and Guan (2015).
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EXAMPLE 3 (Bounded Lipschitz metric). Suppose that L={¢]||¢||. <1, |||l <1} and that all
distributions in P(E) are absolutely continuous with respect to P. By Theorem 1 and Proposition 5,

the corresponding globalized distributionally robust counterpart (15) is satisfiable if and only if

. 1
0+ max {f(@,60) —un} + 57 > u, <0
U — | < ][ € — | Vm, n € [N]

lu, | <t Vn € [N]

t€[0,7].
This, again, is a convex constraint system under the assumptions on f as given in Proposition 1.

4.2. Optimal Transport Ambiguity Set
The optimal transport cost (Blanchet and Murthy 2019, Santambrogio 2015), equipped with a
generic function ¢, between any two distributions P, and P, is defined as

d.(P1,Py) = inf / 6 &)dn(6n ),

m€Q(P1,P2)

which recovers the type-1 Wasserstein distance if ¢(&;,&2) = ||€; — &2 for some norm. With optimal

transport, we can represent the globalized distributionally robust counterpart (1) as

]E]P’[f(w7£)] < v min ) dc1(P7Q) VPEP(E), (18>

QEFey (0

where d,, is an optimal transport cost defined by the function ¢; and F,,(0) is an optimal transport

ambiguity set based on another optimal transport cost d.,, captured by
Fop(0) = {P € P(2) | d,,(P,P) <0} (19)

Note that herein we consider two optimal transport costs appearing in the constraint and ambiguity
set, respectively. Moreover, we assume c; and c, are nonnegative, lower semicoutinuous, jointly
convex in both arguments, and ¢;(&,&) = cy(&,€) =0 for all £ € Z. The globalized distributionally
robust counterpart (18) based on the generic optimal transport also admits an attractive tractable

reformulation—a result we summarize as follows.

THEOREM 2. Suppose conditions in Proposition 1 hold. Then any fized decision x € X satisfies
the globalized distributionally robust counterpart (18) if and only if there are s € RN, ¢t >0, and

Wk, Unks Yk € RY, m € [N] such that the following constraint system is feasible:
ONt+e's<0
[—fr] (@, Wk + Vi) + 0" (Wor, | E) + 0% (Vnk — Yo | E) (20)
+’}/CT (/Unk/f% _/vnk/,y) +tc§(£n7ynk/t) S Sn vn € [N]7 k € [K]
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Both perspective functions ¢ (v,i/7v, —vnx/7y) and tci(én,ynk/t) are convex in (v,,7y) and
(Ynr, 1), respectively. Hence, under those conditions in Proposition 1 and together with the term
[—fil (2, won, + Vox) + 0 (Wai | E) + 6" (Vpk — Yk | E), these two perspective functions lead to an
attractive tractable reformulation of (20) when ¢; and ¢, are properly chosen. For example, if we
choose ¢; = ¢y = || - ||” for some norm || - || and p € [1,00), then the optimal transport ambiguity set

of size @ in (19) is equivalent to a type-p Wasserstein ambiguity set of size /6:
Fo(V0)={PePE)|d,(P,P) < V0};

see, e.g., Chen et al. (2020, Appendix C) and Gao and Kleywegt (2022). Here, fp(\’/@) is defined

through the type-p Wasserstein distance

1/p Y
Gk = (gt [ l6-elranens) = @ @m)",

me€Q(P1,P2)

where the rightmost d|.|» is an optimal transport cost with ¢(&1,&2) = ||&1 — &2||”. Reformulation

of the corresponding globalized distributionally robust counterpart is provided as follows.

THEOREM 3. Any fized decision x € X satisfies the globalized distributionally robust counterpart

Ep[f(x,€)]<v- min _dp(P,Q) VPeP(E)
QeF,(Y0)

if and only if there exists t > 0 satisfying

ONt+ > sup {f(z,6) —y]€ — ¢lIP ¢ - &1} <0.

el §C€2

Indeed, Proposition 1 is a special case of Theorem 3 by first taking p =1 and then eliminating

the variable 7. We next provide another special case where p =2 and || - || takes the Ly-norm || - ||5.

PROPOSITION 6. Let p=2 and ||-||=||||2 in Theorem 3. Then any fired decision x € X satisfies

the globalized distributionally robust counterpart

Ep[f(x,§)] <7 min d||.\|§(P, Q) VPeP(E)

Qe{PeP(E)|d2(P,P)<V6}

if and only if there exists t > 0 satisfying

ONt+ > sup{f(m,ﬁ) - tTvllﬁ—énlli} <0.

ne[n] §€5
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4.3. ¢-Divergence Ambiguity Set

Let us now consider in the globalized distributionally robust counterpart the class of ¢-divergences
(Ben-Tal et al. 2013, Hu and Hong 2013, Bayraksan and Love 2015). In particular, we assume the
support set is discrete and finite, given by = = {él, e ,é ~}. A distribution supported on such a
discrete set can then be captured by the probability masses put on these finite support points. The

¢-divergence of a discrete distribution P=73%" _ pné£ , relative to another discrete distribution

Q= Zne qnd¢, , is given by

dy(P1Q) = > qm(p"),

n€[N] "

where p and g are probability vectors residing in the probability simplex. Throughout this section,
we assume the divergence is based on a function ¢ that satisfies the following: (i) ¢ is nonnegative
and convex on Ry, (i) ¢(1) =0, (iii) 0¢(0/0) =0, and (iv) 0¢(a/0) = alim, . ¢(t)/t for a > 0.

The globalized distributionally robust counterpart based on ¢-divergences is defined as follows:

Ep[f(x,€)] <7 - QJin diy(P|Q) VPEP(E), (21)

where dg, (P| Q) is a ¢-divergence based on the function ¢; and Fy,(0) is a ¢-divergence ambiguity

set of size 6 based on another function ¢,:
Fo,(0) = {P € P(E) | dy, (P | P) <0}

Here, we focus on P = D e (v 0¢, and for technical convenience we assume there exists some

probability vector p that satlsﬁes > nein) P2(Ngn) < NO.

THEOREM 4. Given 6 >0, any fized decision x € X satisfies the globalized distributionally robust

counterpart (21) if and only if there are t >0, v €R, s € RY satisfying the following system:

* f(wvén) —v
v+0t+£r€1% {sn+7¢1 (7> } Z to; (——) <0. (22)

nE[N
Taking a closer look at the reformulation (22) in Theorem 4, it is clear that t¢3(—s,, /t) is convex
in (s,,t) and y@5((f(@,£,) = v)/7) = sup,so {t(f (2, &) —v) = ¥¢2(t)} is also convex in (,v,7),
provided that f (a:,én) is convex in x. In the following, we provide some examples based on the

popular ¢-divergences including the Kullback-Leibler divergence and x?-distance.

ExAMPLE 4 (Kullback-Leibler divergence). Consider ¢1(t) = ¢2(t) = tlog(t) —t + 1 such that
¢5(s) = ¢i(s) = e* — 1. By Theorem /4, constraint (21) based on the Kullback-Leibler divergence
ambiguity set Fip,(0) = {P € P(Z) | dy, (P|P) <} is equivalent to the constraint system

v+0t—t—w+§é%{sn+7exl)<f( z,€,) — >}—|—Ztexp< ) 0 )

n€e[N]
t>0,veER, scRY,
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which, as v — 00, is expected to recover the equivalent constraint system of

sup  Ep[f(x,€)] <0. (24)

PeFkL(0)

To see this, note that lim,_, ., y(exp (t/v) — 1) =t, leading (23) to

(Ht—t%—max{sn—i—f:c En }—i—— Z teXp( 5n> <0
n€[N]
t>0, scRY,

( 1 Sn
Ot—t+v+ > teXp<—t> <0

. n€e[N]
$n+ f(®,€,) <v Vne[N]
([ t>0,veER, seRY.

Since the exponential function is nondecreasing, the system can be further simplified into

Ot — i+t — Ztex ( xﬁ")_ )<0

neN]
t>0,veR.

For any fized t >0, the optimal solution v* to the minimization problem

iy oo (12900

can be determined by the first-order condition
1 f(wvén)_v* * 1 f(m)én)
n€[N] ne[N]
Substituting v* then yields that when v — oo, the constraint system (23) becomes

(L5 e (156)) <

n€[N]
t>0,

which is exactly the reformulation of the distributionally robust counterpart (24).

EXAMPLE 5 (x?-distance). Consider ¢,(t) = ¢o(t) = (t — 1)/t such that ¢i(s) = ¢5(s) =2 —
2v/1—s with s <1. By Theorem 4, constraint (21) based on the x*-distance ambiguity set F,2(0) =
(PeP(2)|dy, (P|P) <8} is equivalent to

p
f(@.€) -
V40t + 2t + 2y + max { s, — 2y 1 — &) 7Y _7§ +7<0
" ne[N] "}/\/ v

n€[N]
fla, &) —v<y Vn € [N]
Sp > —t Vn € [N]
t>0,vER, scRY.
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4.4. Moment Ambiguity Set
Let g : R’ — RM be a function such that the set {(¢,u) € R x R | g(&) <x u} is conic representable
via a proper cone K. We then consider moment ambiguity sets that take the following generic

format proposed by Wiesemann et al. (2014):
Fu={PeP(R')|PEcZ] =1, Es[¢] = p, Ep[g(£)] <k h}.

Here, we assume p € int(Z) and g(p) <x h. With a moment ambiguity set Fy;, we consider the

globalized distributionally robust counterpart

Ee[f(@,§)] < min dw(P,Q) VPEP(E). (25)

THEOREM 5. Suppose conditions in Proposition 1 hold. Then any fixed decision x € X satisfies

globalized distributionally robust counterpart (25) if and only if it satisfies the following system

(a"p+B Th+t<0

[—fi]* (2w —wp) + 6" (ug | E) + 0" (~wi — ¢, =B | E) <t k€ [K]
Jwgll. < Vk € [K]
uy, wy, €R! Vk € [K]
teR, acRl, Bek,,

where == {(&,v) eERI x RM | £ € E, g(&) =2k v}.

When v — oo, the constraint system in Theorem 5 becomes

a'p+BTh+t<0
[— i) (2, up — wy) + 0% (uy, | ) + 5" (—wy, —a, —B | E) <t Vk€[K]
uy, wy, € RY Vk € [K]

teR, acR!, Bek,,

which is the dual reformulation of the distributionally robust counterpart

sup Ez[f(z,£)] <0.

PeFnm

That is to say, the globalized distributionally robust counterpart pays an additional constraint
maxie(x] ||we|[« < v as the price of globalized robustness.
The generic format of moment ambiguity sets possesses a powerful modeling flexibility to recover

many popular ambiguity sets, as illustrated in the coming two examples.

EXAMPLE 6 (Covariance information). To specify covariance information, we can consider

Fu={PePR")|PEcE]=1, Es[€] = p, Es[(§ —p)(§ — ) ] 2 =}
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such that ¥ >0, g(€)= (€ —u)(E —p)", and h is an identity matriz. Using Theorem 5, we know
that any decision x € X satisfies (25) if and only if it satisfies the following constraint system

a'p+(2,Q)+s<0

(=il (@, wy, — wy) + 6" (ug | E) + 0" (~wi —, —Q | E) < s Vk € [K]

Jwgll. <, up €R! Vk € [K]
L (-p)'

acR, Q*>0,
=0
E-n) U |~ }

is a conic representable set via the positive semidefinite cone. When v — oo, the above system

where (-,-) refers to the Frobenius inner product between matrices and

E:{(g,U)eR’xRM £CE,

reduces to the reformulation of sup Ep[f(m,é)] <0; see example 2 in Wiesemann et al. (2014).
PeFn

EXAMPLE 7 (Mahalanobis distance). The Mahalanobis distance can be used to measure the dis-
turbance of a random variable é around its mean p with respect to the covariance matriz X.

Specifically, we consider a moment ambiguity set

Fu®) = {PeP®) | PEez—1 Elf) - B: | (€~ w75 E- )] <0}

with # >0, ¥ >0, and g(§) = \/(E —p)"E-1(&—p). To derive a more explicit reformulation using
Theorem 5, notice that §*(—w — o, =B | E) = SUPgcz > qe){(—w — @) "€ — Bu} tends to oo when

B8 < 0. On the other hand, when 8 >0 we have
Flrw—e,8I8)= mp v —fl=ap{(w-e) s —A5@)
=sup {(—w—a)"&—Bg(&)—6(¢|2)}
= inf {Bg"(w/B) + 6" (~w—a—-u|D)},

where the convex conjugate of g is

T T T
ot/ =sup {5 e -l =sup {2 < [z + 1 E
— sup { (BV2u) 512 ”2_1/2&'2} Lup
¢ s B
u'p/B |V ull, <8
- {oo otherwise.
Therefore, any decision x € X satisfies (25) if and only if it satisfies the constraint system
a'p+pB0+s<0
[— fi]* (2, ue — wy) + 6 (up | E) +uf pp+ 6" (—wy, —u, — | E) < s Vk € [K]
il <7, 122wl < 8 vk e [K]

acR!l, BeER.
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5. Numerical Experiments
To demonstrate the effectiveness of our proposed globalized distributionally robust counterpart,
we conduct numerical experiments on an adaptive network lot-sizing problem in a setting similar
to that of Long et al. (2022). Our numerical experiments consist of two parts: (i) comparing
our proposed globalized distributionally robust approach with the existing distributionally robust
approach and (7i) comparing the globalized distributionally robust approach with the emerging
robust satisficing approach. All results were produced on an Intel Core 19 3.7GHz with 32GB of
RAM, using CPLEX 12.10.0 with the RSOME package (Chen et al. 2020) in MATLAB.
Consider I different stores with a random demand ¢, at each store i € [I]. In the first stage,
before realization of random demands, we determine an initial stock allocation z; € [0, Z;] at a unit
ordering cost ¢; for different stores i € [I]. In the second stage, after demand realization, we can
transport stock y;; from store ¢ to store j at a unit transportation cost ¢;; = 2D, proportional to the
Euclidean distance D;; between stores ¢ and j. Emergency orders w; with a unit cost [; > ¢; is also
possible. In our simulation, we set I =10 and pick uniformly at random locations of stores from a
[0, 1] x [0, I] grid. For all i € [I], we set ¢; = 10, [; = 30, and z; = 40. We let N = 20, i.e., the empirical
distribution consists of 20 historical samples, and we take another M = 2000 independent samples
for testing the out-of-sample performance. Demand samples are generated from the underlying true

distribution Py—a truncated normal distribution N(20,15%) on the support set Z = [0, 40]".

5.1. Comparison with Distributionally Robust Optimization Model
In this section we compare the G-ADRO model and the ADRO model by investigating the trade-off
between the objective value and the probability of exceeding the target. We consider a G-ADRO

model of the adaptive network lot-sizing problem as follows:

min c¢'xz+7
st. Eplg(x,&)]—7<v- min dw(P,Q) VPeP(E)
QeFw (9)

0<z<x,

where the second-stage cost function g(x, &) is given by

min Z Qijyij+zliwi
i,j€[I] i€[I]
g(@,&) =9 st. @ +w+ Zyji_ Zyij >& Viell]
Jel Jell]

w; 20, y;; =0 viel[l], je[I].
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Then we can reformulate the above problem as

min ¢'x+7T

s.t. Z;{j Qi Yi; ( )+§l sw; (& T< - Qrgln(e)dw(P Q) VPeP(T)
x; +w; (€ —i—Zyﬂ Zwm ) > & VeEeE, i€l
JEl] JEl]
y(&) >0, w(§) >0 VEeE

0<zx<z, y:RI R w:Rf - R
Here, by Lemma 1, the globalized distributionally robust counterpart is satisfiable if and only if

ONt+e's< Nt

IseRY, te(0,7]:
[ ’Y] Z Qijyzj lez _tH£ £n||<3n VEG;_.,TLG[N]

3,5 €[I] 1€[I]

In the above reformulation, the recourse functions are defined as infinite-dimensional mappings y
and w, rendering the problem intractable. To address issue, we adopt the piecewise affine decision
rule (13) and solve the following approximate reformulation:

min ¢ z+7

st. ONt+e' s< Nt

2:] qijyij(£7Can) + z;lzwz(gagvro - Ct <s, v(EvC) S Em ne [N]
:rjzrwz (&,¢.m) + Zy[ﬂ] (€:6m) =D uy(€6m) 26 V(&) €S nelNL il (g
JE JE
y(&,¢,n) =yon +i§yin§i +Yn( 2(; V(£,0) €E,, ne[N]
w(ﬁ?(:”):w071+[z;:]win§i+anCZO V(EvC)EEm nG[N]
i€l

tel0,7],0<z <z,

[1]1

where for each n € [N], 2, = {(£,¢) €eEx R | ¢ > ||€ — €.|}. For computational convenience, we

take || - || as the L;-norm. Note that when v — oo, problem (26) reduces to the decision rule

approximation (which is based on (13)) of the ADRO model to this lot-sizing problem:

min c¢'x+7

st. Eplg(x,€)] <7 VPe Fw(f)
0<e <.



Liu, Chen, and Wang: Globalized Distributionally Robust Counterpart

25

Constraint dw (Pous, P)
violation 0 1 2 3 4 5 6
ADRO (y=+400) | —14.67% —-9.52% —4.36% 0.79% 594% 11.10% 16.25%
G-ADRO (y=32) | —22.51% —17.51% —12.51% —7.50% —2.50% 2.50% 7.50%
G-ADRO (y=30) | —33.40% —28.81% —23.81% -13.81% —-8.81% -3.81% 1.19%

Table 1 Constraint violation under different values of the Wasserstein distance dw (Pout,P) between the

out-of-sample distribution Py and the reference distribution .

Globalized Robustness

We first demonstrate the performance of the G-ADRO model in achieving globalized robustness
compared to the ADRO model in a stress test. In particular, we consider the ADRO model (v —
+00) and two G-ADRO models (7 =32 and 7= 30). For all three models, we fix § =2 and solve
the aforementioned reformulations based on the piecewise affine decision rule (13). For each model,

the corresponding nominal expected second-stage cost, given by

1
N Z second-stage cost under the n-th historical sample,
n€[N]

is taken as a target to evaluate the out-of-sample performance. Specifically, for each model we
fix its first-stage decision and evaluate its performance on the constraint violation under an out-
of-sample distribution P, = ZWG[M] PmO¢,, supported on at most M = 2000 scenarios generated

from Py. The constraint violation is defined by

x 100%.

Z y second-stage cost under the m-th scenario - target
pm,

eyt target

For our experimental purpose, we consider a series of the out-of-sample distributions by varying
dw(IP’out,I@’) from 0 to 6. Specifically, for each ¢’ € {0,1,...,6}, we obtain P,,; by solving a linear
program that maximizes the expected second-stage cost of the ADRO solution under P, subject
to the constraint dw(Pout,I@’) =0'. The results are summarized in Table 1.

It can be seen that G-ADRO models outperform the ADRO model in mitigating constraint
violation. On the one hand, for P, inside the ambiguity set Fw(6) (recall that 6§ =2 in this
experiment), all three models have no constraint violation, yet G-ADRO models exhibit more cost
savings. On the other hand, as P,,, moves out of Fy(6#), the ADRO model starts to suffer from
constraint violation when dy (Poy, P) > 3, while G-ADRO models with v = 32 and ~ = 30 are able
to ensure no constraint violation until dw(Pout,I@’) > 5 and dW(Pout,If”) > 6, respectively. These
observations well justify the globalized robustness equipped with our proposed G-ADRO model
and show that a higher level of globalized robustness can be achieved by setting a lower value of

~, which is also consistent with the motivating Example 1.
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Figure 2 The circle ‘o’ indicates the ARO solution (v = 0) and the cross ‘x’ represents the ADRO solution (y — o)
with the respective 6. The ADRO solution with § = 0 is the sample average approximation (SAA) solution.
The right panel zooms in the region [2650,3000] of the average total cost in left panel.

Trade-Off

We also test the out-of-sample performance of the G-ADRO model on a trade-off between the
average total cost and the probability of exceeding target. To obtain solutions of different models,
for each fixed value of 6 in {0, 1,2}, we solve the ADRO model for its optimal dual variable ¢*. We
then solve the G-ADRO model under various values of the shadow price of globalized robustness
t € [0,t*]. Note that ¢t =0 and t = t* corresponds to the traditional robust and distributionally
robust approaches, respectively. For each 6 in {0, 1,2}, we set the nominal second-stage cost of the
corresponding ADRO model as the target. Then based on the M = 2000 testing samples generated

from Py, for each approach we calculate the average total cost,

1
i Z total cost under the m-th sample,
me[M]

as well as the probability that the second-stage cost exceeds the target,

1
— Z I{second-stage cost under the m-th sample exceeds the target}.
me[M]

We report the frontier of “average total cost vs. probability of exceeding the target” in Figure 2

and summarize several findings as follows.
(i) As v — 0, all models converge to the adaptive robust optimization (ARO) approach, which
has the highest average total cost and appears to be very conservative, albeit with a zero

probability of exceeding the target.
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(ii) Given 0, there is a clear trade-off on the frontier: as v increases, the average total cost decreases
while the probability increases. This well justifies the role of yv—a smaller value of v indicates
a higher level of globalized robustness.

(ii1) For each given 6, there exists a threshold 4 such that whenever v > 4, both performances with
respect to average total cost and probability of exceeding the target deteriorate. In particular,
ADRO solutions to different #’s all fall in the inefficient portion of the frontier. This further
justifies the importance of incorporating the globalized robustness into the ADRO model by
choosing a good 7.

(iv) Quite interestingly, the efficient portion of the frontier, [0,4] becomes narrower for a larger
value of @, cautioning a higher risk of going beyond the efficient portion when specifying the

value of ~.

5.2. Comparison with Robust Satisficing Model
In this subsection we compare the G-ARS model with the ARS model. In particular, we formulate
the G-ARS model of the adaptive network lot-sizing problem as follows:
min 7y
st. ¢ x+Epfg(w, &) —7<~- I%l;l(e dw(P,Q) VYPeP(E)
720, 0<z<z
with the second-stage cost function g(x, €) sharing the same expression as in Section 5.1. We focus

on the following approximate reformulation based on the piecewise affine decision rule (13):
min 7y

st. ONt+Nec'z+e's<Nrt

Z 495 (&,¢,m) + Zliwi(€7<7n) —(t<s, V(¢,¢) €E,, ne[N]
1’]1 J[r]wz (&:¢n) +ij[ﬂ] (€,¢,m) Zlyu £,¢n)>& V() ES,, ne[N], i€l (27)
y(&,¢n) =Yon +j§[:] Yinki + y.]ncjz 0] V(€,) €E,, n€[N]
iell
w(&)C?”):w0n+£:win€i+yht<20 V(€,¢) €E,, n€[N]
iell]

v>0,t€(0,7], 0<x <.
Note that when 6 =0, problem (27) reduces to the decision rule approximation (which is based on
(13)) of the ARS model to this lot-sizing problem:
min 7y
st. clx+Eplg(x,£)] —7<~-dw(P,P) VPeP(E)
7=20,0<x<=x
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Constraint dw (Pous, P)
violation 0 1 2 3 4 4.8 4.9 5 6
ARS (6=0) |—4.18% —-3.27% -2.35% —1.44% —-0.53% 0.14% 0.23% 0.31% 1.13%
G-ARS (0=2) | -5.711% —4.79% —-3.87% —2.94% -2.02% -1.29% -1.20% -1.11% -0.22%
G-ARS (#=5) | —7.56% —6.63% —5.69% —4.76% —3.82% -3.04% -2.94% -2.84% —1.85%
Constraint dw (Pous, P)
violation 7 8 15 20 24 25 26 28 30
ARS (0=0) 1.94% 2.76% 8.48% 12.43% 15.53% 16.26% 16.99% 18.46% 19.92%
G-ARS (0=2)| 0.68% 1.57% 7.80% 12.10% 15.46% 16.26% 17.06% 18.66% 20.26%
G-ARS (#=5) | —0.86% 0.14% 6.98% 11.76% 15.54% 16.44% 17.34% 19.15% 20.96%

Table 2 Constraint violation under different values of the Wasserstein distance dw (Pout, P) between the

out-of-sample distribution Py and the reference distribution .

For a more insightful and comprehensive comparison, we benchmark against the SAA approach
(see also Long et al. 2022) by normalizing the targets and total costs of G-ARS and ARS mod-
els. In particular, we first solve an SAA model under the empirical distribution and obtain a
baseline objective. Then for each normalized target, given by 7 =« -baseline objective
for some « € [1,1.24], we solve G-ARS models (with § =2 and 5) and ARS model (i.e., a G-ARS
model with § =0).

Globalized Robustness

We first compare the G-ARS model with the ARS model in terms of the performance on achieving
globalized robustness. In particular, we consider the ARS model (f =0) and two G-ARS models
(=2 and 6 =5) under the same target 7 =1.08-baseline objective for all three models, where
the coefficient 1.08 is taken to ensure the feasibility of all three models. We solve the reformulations
based on the piecewise affine decision rule (13). For each model, we fix its first-stage decision and
evaluate, under an out-of-sample distribution Py, =" (M) Pm0g,, supported on at most M = 2000

scenarios generated from Py, its performance on the constraint violation defined by

total cost under the m-th scenario - target
> pwx % X 100%.

me[M] target

Here, we consider a series of the out-of-sample distributions by varying dw (Pou,P) from 0 to 30.
Specifically, for each ¢’ € {0,1,...,30}, we obtain P, by solving a linear program that maximizes
the expected second-stage cost of the ARS solution under P, subject to dw(]P’()ut,I@’) =6. We
summarize the results in Table 2.

On the one hand, G-ARS solutions can provide better protection on constraint violation when

P, is within or not too far from their equipped ambiguity set Fw(0). In particular, as P, deviates
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from P but still resides in the ambiguity set Fw(2), solutions of all three models can ensure no
constraint violation; and as P, move further away from P yet within the ambiguity set Fw(b),
the ARS model leads to constraint violation when dW(Pout,ﬁ”) =4.8,4.9 and 5, while the G-ARS
model with # =5 well guarantees no constraint violation by design. Moreover, the first constraint
violations of the G-ARS model with 8 =2 and G-ARS model with 8 =5 occur at dw(Pout,I@’) =7
and dyw (Pous, I@’) =8, respectively. It is very interesting to note the following. On the one hand, for

dw (IPout,I@’) < 23, constraint violations of the three models satisfy
“G-ARS model with § =5" < “G-ARS model with 8§ =2” < “ARS model”.

On the other hand, as P,,; keeps moving further away from the reference distribution P, G-ARS
solutions begin to violate the constraint more than the ARS solution; see, for example, the trend as
dvw (]P’OHt,I@’) =20, 24, 25 and 26. When dw (]Pout,]la’) > 26, constraint violations of the three models

reverse to
“G-ARS model with 6 =5" > “G-ARS model with 6 =2" > “ARS model”.

That is to say, the G-ARS model sacrifices the performance in terms of controlling the constraint
violation for distributions that are far from the ambiguity set Fw(6) (and the central reference

distribution ]f”) Such a trade-off is also consistent with observations in Example 2.

Trade-Off
Furthermore, we compute the average total cost as before and evaluate the average deviation from

target with M = 2000 testing samples generated from Py, given by

1
— Z (total cost under the m-th sample —normalized target).
me[M]

We then normalize the average total cost and average deviation from target by those obtained from
the SAA approach, respectively, and report the results in Figure 3. Some interesting findings are
summarized as follows.

(i) For arelatively large value of normalized target, all G-ARS (6 =2,5) and ARS (6 = 0) solutions
are able to control the total average cost to fall below the target, and G-ARS solutions can
achieve a relatively lower cost than the ARS model. In particular, a larger value of § can save
more cost.

(ii) The G-ARS model could attain a wider range of targets than the ARS model: for example,
G-ARS solutions with # =2 and § =5 are able to attain the target when o = 1.1, while the
ARS solution fails to do so. As a trade-off, when the target is too tight to attained (e.g.,
a=1.05), the ARS model has a relatively smaller average total cost than the ARS model.

(ii1) We note that all G-ARS and ARS solutions can outperform the SAA approach for a relatively
tight target, e.g., o < 1.13. This is consistent with the observations in Sim et al. (2021).
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Figure 3 For # =2 and 6 =5, those values of normalized target that are less than the starting points of the blue

and red lines that correspond to infeasibility.

6. Conclusion

Our proposed globalized distributionally robust counterpart specifies strictly no constraint viola-
tion for distributions residing in the ambiguity set, while ensuring soft constraint violation (in a
controllable manner) for distributions on the support but not in the ambiguity set. By varying its
inputs, the globalized distributionally robust counterpart recovers several existing perceptions of
parameter uncertainty, including the traditional robust counterpart, distributionally robust coun-
terpart, stochastic counterpart, globalized robust counterpart (Ben-Tal et al. 2006, Ben-Tal et al.
2017), as well as the more recent robust satisficing counterpart (Long et al. 2022). Besides, under
proper specifications of the ambiguity set and cost function, it admits a tractable reformulation
without increasing the computational complexity and further possesses attractive performance
guarantees if the true distribution is light-tailed. The globalized distributionally robust counterpart
extends readily to different types of ambiguity sets and can be easily integrated with many popular
optimization models under uncertainty, enriching the pool of alternatives for informing optimal
decisions with limited distributional information.

In this paper we chiefly emphasize the rich modeling expressiveness, attractive computational
tractablity, and potential applications (as well as trade-offs) of the globalized distributionally robust
counterpart. It remains open to calibrate and even to offer strong theoretical justifications on
choosing its inputs (e.g., the shadow price of globalized robustness ) based on data availability.

We leave these as future research.
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E-Companion to
“Globalized Distributionally Robust Counterpart”

EC.1. Proofs
Proof of Lemma 1. Before proving strong duality, we first establish weak duality that states

sup {Ep[f(in,é)]—’}/‘dw(ﬂb,(@)} < inf {Gt—i—i] Z sup{f xz,&)—t||&E— £n||}} (EC.1)

PeP(E), Qe Fw (0) t€[0,7] e[N]

Exploring the definition of type-1 Wasserstein distance, we rewrite the left-hand side problem as
swp [ fla€) dP(E) - / i€l an(€.<)

s.t. /::HC n|ldr’(¢,n) <

£NP7 CNQ7 nNP7 (€7C)N7T7 (&,ﬁ)'\‘ﬂ'/
P,Qe P(2), c Q(P,Q), 7 € Q(Q, P).

]

The law of total probability asserts that the joint distribution 7’ of (¢,7) can be constructed

from the marginal distribution P of 7, and conditional distributions Qq,...,Qy of f given the
realizations él, . ,é ~ of 7. That is to say, we can rewrite the above problem into
w3 [ @@ Z/ € — ¢l dma(€.)
nG[N] 71€[N =
1
st =% /uc—snu 4Q,(¢) <6
Nnel[N] = 1 (EC.2)
ENNZ]P)nuc ZQTH 7C NN Tn
ne[N] nE [N] ne[N]
P., Q, € P(E), m, € Q(Py, Qy) Vn € [N],

whose objective value is not larger than that of its Lagrangian dual, given by

w0t 3> o / (@8 =16 =<l ~tl¢ -l am€.0)}

n€e[N]

= mf{eHjV > s {f(@.8) -l —tHc—én\}}

t>0
ne[n] &

:inf{@t—i—;f Zsup{f:nﬁ min{fy,t}-Hg_énH}}.

>0
n€[N]

Here, the last identity follows from the fact that for any values of 7, ¢, and &, it holds that

. — &l if
égg{’YHE_CH‘FtHC_gn‘}:{Z‘:E_éd 1fi§::

Eliminating the inner minimization min{+y,t} then yields the right-hand side problem in (EC.1).
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To conclude strong duality, we next prove that the inequality in (EC.1) is indeed tight. When
6 =0, the left-hand side of inequality (EC.1) can be reformulated as

s (E@d @R = e {[eeire o [ e-daneo)
PN { [¢@e-le-énar.©)

= % 2w {f@-1le-El}.
ne[N] €=

coinciding with the right-hand side. It is then sufficient to focus on 6 > 0.
Let M(Z) be the linear space of finite signed measures on = and M (E)={ue M(E) | up = 0}—
a convex cone in M(Z)—be the set of nonnegative measures. Then we can rewrite problem (EC.2)

as a conic program for moment problem:

sw & [ (@8-l dn(€.0)

ne[N]

s.t. N Z /EXE”C_En”de(£74)§9 (EC.3)

dm,(§,¢) =1 Vn € [N]
T € ML (E) x M, (E) Vn € [N].
By proposition 3.4 in Shapiro (2001), to show strong duality between problem (EC.3) and its dual

(i.e., the right-hand side problem in (EC.1)), it is sufficient to show that the vector (0,1,...,1)

resides in the interior of the convex cone

A, € ML (E) X M (E),Vn e [N]:

@b erxrY | x 2 [ _le-EllduEo<a

n€[N]

(1

dlu’n(EaC) = bn Vn € [N]

EXEZ
To this end, choose any point (p,q) € B.(0) x B.(1) x --- x B.(1) for a sufficiently small £ > 0, where
B.(#) and B.(1) are the spherical e-neighborhoods centered at 6 and 1, respectively. Then for each
n € [N], we can always find a nonnegative measure ,, of (é , é ), which is supported on = x E with

independent marginals é ~ ¢n0¢, for some §, € = and 5 ~ 5én7 and such u, satisfies

2 [ 6= &l dum (60 =0<peB.0)

n€[N]

dlj‘n(SvC) =qn € Es(l) Vn € [N]v

establishing strong duality for problem (EC.3). O
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Proof of Proposition 2. We first construct a lower bound of the left-hand side problem in (7) using

Lemma 1 and the min-max inequality:

s {Eelf(@,€)] -7 dw(P,Q)}

PeP(E), Qe Fw (0)

=t foe Y s (w0 e &)}

0<t<~y v €5
. 1 R
=it {ore 5 3 s [ (o) - dle- €.l ar.(o)}
n€[N] n€P(E) /=
=l swp {EP[ F(x,€)] — tdw(P,P) + 075}

> sup inf {Ep[f(m,é)]—tdw(zp,@)wt}

PeP (=) 0=t

— s {Ep[f(w,g)]_ sup {t(dw(]}”,]f”)—e)}}

PeP(E) 0<t<«y

= sup){Ep[f(w,S)]—7-(dw(lP’,P)—9) b

PEP (=
Here, the third line follows from the identity (see also the proof of Lemma 1),

sup {Bo(7(w,€)] ~ e (B,B)} = 57 sup / (f(.8) — tli€ = &) dPw(&)-

PeP(E) ne[N] PreP(E)

Hence, for any @ feasible to (7), it holds that Ep, [f(a,£)] <~ (dw (P, ) —0)F. Thus for any n > 6,
we have PY[Ep, [f(z,€)] > v(n — )] < PY[dw (P, P) > 7). The remaining proof then follows from
applying theorem 3.4 of Mohajerin Esfahani and Kuhn (2018). O

Proof of Proposition 3. By Lemma 1, the G-DRCC holds if and only if there is ¢ € [0, ] satisfying
ONt+ sup {n{g eS(x)} —e—t]|e - énu} <0 < ONt+ Y sup {]1{5 e S(x)—t|¢ —énn} <e.
ne[N] 5€= ne[N] 5€=

For each n € [N], if €, € S(x), then by letting & = £, we have

+

sup {I{g € (@)} ~tlg &l f=1=(1- __inf € -&.1) = (1-1-dist(€,. ()

£cE: ¢S (x)

whereas if £, € S(z) =Z\ S(x), we have

sup {1(g € S(@) — e~} —max{1- it dle-&l - _int tle-&l]
ge=

£cE: €S () £€E:€eS(x)

:max{l— inf )tHf—énHa 0}

E€E: EeS(x
. N +
=(1- _inf_tle-E.)
E€E: geS(x)

= (1 —t- dist(én,g(w))>+.
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That is to say, in both scenarios we have

sup {1{g € S(@)} — 1€ &} = (1- ¢+ dist (€, S(a)

£e=

implying that the globalized distributionally robust chance constraint holds if and only if

Jte€[0,7]: ONt+ Z (1—t-dist(én,5(m)))+§5]\7.

ne[N]
In fact, it holds that ¢t > 0 in the above inequality, because otherwise the value of the left-hand side
would amount to N and contradict to e N € (0, N). Hence, we can multiply both sides by 1/t and
let ¢ < 1/t, then we obtain a constraint system
ON —eNt+ > (t — dist(én,g(m)))+ <0

n€e[N]
v-t>1.

Introducing the decision variable s > 0 and rearranging terms then concludes the proof. O

Proof of Theorem 1. We start with the properties of sup {Ep[f(w,é)] —v-de, (P,Q)}
PEP(E), QEF £, (6)
with respect to the radius 6.

LemmA EC.1. Given any decision € X and mappings dz, and dz, defined in (14), the function

L(0) = sup {Eslf(2,)] —7-de, (P,Q)}

PEP(E), Q€FL, (0)

is bounded from below by Es[f(x,€)] and is concave in 6 on R,

Proof of Lemma EC.1. For any 6 € [0,+00), we have

L(0) = L(0) = JSup {Eelf(.8)] = v-de, (P,P)} > Esf (=, )],

where the first inequality is due to the fact that L(#) increases in 6 and the second inequality follows
from setting P = PP. Since for any x the cost function f(x,&) is proper with respect to &, we have
Es[f(z,€)] > —oo, thus L(6) is bounded from below. It remains to verify the concavity. To this end,
we first show that the function H(P,0) = suerfLQ(o){—v -dg, (P,Q)} is jointly concave in (IP,0).
We fix any (P1,0,) € P(E) x Ry and (Py,6,) € P(E) x Ry. For any A € [0,1] and Q;, Q. satisfying
dr,(Qy,P) < 60; and dp,(Q,,P) < 6y, we define Py = AP, + (1 — AP, € P(E), 65 = M, + (1 — \)b,
and Q3 = AQ; + (1 — A\)Q,. Following from the convexity of d.,, it holds that

~

dry(Qs,P) < Adpy (Q1, ) 4 (1= A)dry (Qa, ) < My + (1 — A)y = 0.
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This implies that (1) Q3 € F,(63) and (i) for any Q; € F,(61) and Qs € Fr,(62), we have

H(P3,05) > —vy-dg, (P3,Q3) > —yAdz, (P, Q) — (1 = N)dg, (P2, Q2),

where the second inequality follows from the fact that d., (P,Q) is jointly convex in P and Q.

Taking the supremum over Q; and Q,, we arrive at

H(P3,03) >  sup {—’Y)\dﬁl(Pl,@l)}+ sup { —’Y(l—A)dﬁl(Psz)}

QEFLy(0:) Q2€F L, (62)
=AH (P1,01) + (1 = A\ H(Ps,62),
proving the joint concavity of H(P,6) in (P,6). Note that Ep[f(x,€)] + H(0) is also jointly concave
in (IP,0), then L(#) is concave in 6 since concavity is preserved under maximization over the convex
set P(E) (Boyd et al. 2004). The proof then completes. O
In the remainder of the proof, we adapt the idea of Zhang et al. (2022) to globalized distribu-
tionally robust counterpart with probability metrics. For the general case

sup {Eelf(@,€)]—7-dc, (P.Q) |

PEP(2), QEF,, (6)

= inf Sup E]P’[f(w7é)] _’Y'dﬁl (Pv(@) —t(dLQ(@,P) _0)}7

t20pep(E), QeP(®)

we first focus on the concave function L(6) = sup {Ep[f(x,€)] — ~vdz, (P,Q)}. Taking
PEP(E), QeF,, (9)

Legendre transform (Rockafellar 1970) on L(#), for any ¢ >0 we have

L*(t) =sup{L(0) 10} =sup  sup  {Ee[f(2,&)] —7dc,(P,Q) — 6 dc, (Q,P) < 6}

0>0 6>0 PeP(2), QP (2)

= sup  sup{Bp[f(,8)] —d, (P,Q) —10: d., (Q,P) <6}

PeP(E), QeP(E) >0

= sup  {Es[f(,8)] —dc, (P, Q) — tdc, (Q.P)}.

PeP(E), QeP(E)
Since L(0) is bounded from below, monotonically increasing and concave on R, it is upper semi-
continuous. Note that either L(#) < 400 for any 6 >0 or L(#) = 4oo for any 6 > 0. In the former
case, applying Legendre transform again on L*(-) yields that for any 6 > 0,
LO)=inf {t§+L*(t)} =inf {t0+  sup  {Ep[f(z,€)] —dc, (P,Q) —tds,(Q,P)} }.
t>0 t>0 PEP(E), QEP(E)

In the latter case, L*(t) = 400 for any ¢ > 0, and the above identity also holds. To obtain the dual

reformulation in (16), it remains to show that the function

gty=t0+  sup  {E:[f(x,€)] —vdc, (P,Q) —tdr,(Q,P)}
PeP(E), QeP(E)

is right continuous at ¢t = 0. To see this, it suffices to show ¢(0) = lim,_,+ g(¢). Without loss
of optimality, for any ¢ > 0 we only need to focus on Q that satisfies d., (Q,]la’) < 400, because
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otherwise we have g(t) = —oo < Es[f(a,£)], which never achieves the optimum. Then for any Q

such that de(Q,I@’) < 400, we have

lim g(t) =t0 + sup {E]P[f(xaé)] —dc, (P,Q)} = g(0),

t—0F PeP(Z), QeP(Z)

completing the proof of the first part.
When L, = L, =L, we proceed the proof by showing that

If t <+, then by definition of d; and subadditivity of the supremum operator, for any Q € P(Z),

vde (P, Q) +td.(Q,P) = t(ds(P,Q) + dc(Q,P)) + (v — t)d. (P, Q)
=t( sup{Ee[f] — Eq[{]} +sup{Eq[f] — E [4]}) + (v = t)dc(P, Q)

> tsup{Ep[(] — Es[(]} = td.. (P, P),

Lel

where the equality is attained at Q =P. Similarly, if ¢ >+, then for any Q € P(Z),

vde (P, Q) + tds(Q,P) = y(de(P,Q) +de(Q,P)) + (t — 7)de(Q, P)

= (sup{Ep[¢] — Eq[(]} + ilelg{E@ (€] —Es[€]}) + (t —7)de(Q, P)

el
> vsup{Eslf] — Ep[{]} = 7dc (P, P),
S

where the equality is attained at Q = P. Combing these two parts, we obtain (EC.4). Eliminating
the inner minimization min{¢,~} then yields the right-hand side problem in (17). O

Proof of Proposition 4. Define ¢(t) = |t —1|. Following theorem 4.2 in Ben-Tal and Teboulle (2007),
for any Q € F,,(#) we then have

sup {Eg[f(2.€)] —vde, (P,Q)} = inf {v+Eo[(v¢)" (f(x,€) —v)]},

PeP(S)

where ¢*(s) =max{—1, s} with domain (—oo,1]. The left-hand side of (16) then becomes

sup inf {v+Eq[(v0)"(f(,&) — )]}

QGJ:L2 (0) vER

— it {0+ sw Bolho) (7.6~ vl

veR QEFL,(0)

= it fos 04 5 3 s {00 (@) - o) - tle -},

>0, vER =
n€&[N] £e
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where the first identity follows from the minimax theorem and the second identity is due to the

duality result of Wasserstein DRO. Introducing the epigraphical s and plugging ¢*, we obtain

inf v+t9+— Z Uy,

nEN]
s.t. sup f(z, &) <vy+v
ez
igg{—v—tllﬁ—én!\}ﬁun Vn € [N]

t>0,scRY, veR.

Here, the third constraint group is equivalent to w, +7 >0 Vn € [N] since for each n € [N] the
optimum is attained at & = én The first and second constraint groups can be reformulated as

in Proposition 1. Combining the above two parts then completes the proof. O

Proof of Proposition 5. With the assumption that all distributions in P(Z) are absolutely contin-
uous to P, P(Z) reduces to the (compact) probability simplex. Exploring the definition of d,, and
dr,, the right-hand side problem of (16) can be rewritten as

inf  sup {t9+EP[f(w,£)] 7 sup {Eelt4(8)] — Eqlts ()]} — ¢ sup {E@[&(é)]—wz(én}}

t20pep(2),QeP(E) el €Ly

=inf  inf sup {t9+Eu»[f(w,€~)] — 7 (Ee[61(€)] — Eq[6:(€)) —t(E@[Ez(é)} —E@[fz(é)])}

t>041€L1,42€Lo PeP(E), QeP(E)

=inf  inf {t@—i—}}éﬁ\}[{] {f(m,én) vl (&) }—i— max {~e:( £,) —tly(€,) }—i— — Z 65(€,) }

t>001€L1,42€L0 ™
ne

where the second line follows from the minimax theorem since both £; and L, are convex sets,

and the last line follows from the fact that for any ¢ >0, ¢, € £, and /5 € L5, we have

sup {Ez[f(z,&)] — vEe[t1(€)]} = max { /(@ €n) — (€)Y,

PeP(E)
sup {’YE@ [ty E)] — tEq[l2(€ } max {’751 En - t£2(£n)}‘
QeP(E n€[N]

Then the desired result follows from the definitions of £; and £, and by eliminating the bilinear
terms tﬁg(én) with a variable substitution tﬁg(én) — 5, O

Proof of Theorem 2. For any fixed € X, the left-hand side problem in (18) can be rewritten as

mac [ f@aP©) -3 > [ aleddne
1
N C2(G,
n€[N]

né€[N]

s.t. (¢

ey S S
P y Tn € Q(Pan) Vn € [N],
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whose Lagrangian dual, after applying similar techniques as in the proof of Lemma 1, is

1nf{9t+;] Z Sup_{f(w,ﬁ)—’701(€,C)—t02(£n,4)}} SO

t>0 =
- ne[N] §CeE

Here, strong duality can be verified via a similar proof as that of Lemma 1 or Theorem 1. Intro-

ducing epigraphical auxiliary variables, the dual representation can be rewritten as follows:

ONt+e's<0
gsélp: {fk(m7£ 701(5 C) _tCQ Ena }<S Vn € [NL ke [K]

t>0.

For any fixed n € [N] and k € [K], we consider the inner supremum problem appearing in the

left-hand side of the second constraint:

sup { felw. &) ~7er(6,€) ~ tea(6n. )}
= s {ful@, &) — et w) —te(é, Q)

£,C€E, t=€, u=(¢

mf sup {fkazﬁ 7cl(t,u)—tc2(én,C)—vT(u—C)—zT(t—E)}

g ._‘
{Sup{fk x,§) +zT£}—|—sup{'vTC—t62 .. ¢ }—l—sup{ yer(t,u) — v u— th}}

~~

91(%) g2(v) 93(v,2)
For the three terms above, we have, respectively,
(2) = sup { il ) +27€} = sup {fu(a €) + =€~ (€ | 2)} = inf {[= A" (w0~ 2) +.0"(w | 2)}
g2(v) =sup {v, ¢ —tea(€, )} = sup {v¢ - tea(€n,¢) = 0(¢ | )} = inf {5* v—y|E) +tc (60 y/1)}

93(v,2) = Stup{ —yer(tu) —v u—z"t} =yci(—z/v,—v/7).

Thus for each pair of n € [N] and k € [K], the second constraint becomes

} Lngf} z{ (z,w—2)+ 3" (w|E) + 8" (v —y | E) +tcs (€, y/t) + ¢ (—2/7,—v/7)} < 50,
for which we must have z = —v because otherwise ¢j(—z/7v,—v/7) tends to co. The remaining

proof then follows from substituting the above class of constraints into the dual representation. [

Proof of Theorem 3. The globalized distributionally robust counterpart herein is equivalent to

sup {Eu»[f(-’v,f)] —7'd|\-|\ﬂ(P7Q)} <0

PEP(E), QEF,( ¥/0)
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Using similar tricks as in the proof of Lemma 1, we can rewrite the left-hand side problem into

sup /fass ) dB(e —Z/ gl dma(.)

ne[N]

st + Z /|< €.l 40, () <0

nE[N]

~ ~ 1
ne[N] €[N] n€(N]
Qn)

Objective value of the above problem is not be larger than that of its Lagrangian dual, given by

inf{ﬂtﬂlvz sup / _(f(w7£)—vHi—CH"—tHC—énH")de(ﬁﬂ?)}
n€[N] =X=

t2>0 , T EP(EXE)
1 ~
. - _ P _ _ P
_gg{etw%gup (@€ ~le- el —tlc—&} |
ne

Here, strong duality can be established based on similar arguments as in the proof of Lemma 1 or

Theorem 1. The remaining proof then follows straightforwardly. O

Proof of Proposition 6. By Theorem 3, it is sufficient to investigate

ONt+ Y sup {f(@.&) —llE =I5 -tI¢—&al3} <0

ne[N]

and for a fixed & € =, to work with the infimum problem

mf{’yHE Cls+tl¢—&alls} = Inf he(C),

where he(¢) = (v+6)¢T¢—2¢T (v€+ tén) +ETE +té§én. By the first-order condition, the optimal
¢* must satisfy 2(y +1)¢* — 2(v€ +t€,,) = 0, implying ¢* = HE+ 7+t€n € Z. This then yields

: £ * * N ’)/t o
Inf {IE =2+t = &all2} =€ =S I +HIC = &allz = mlli — &l
The remaining proof follows straightforwardly. 0

Proof of Theorem /4. Before deriving the dual reformulation, we first introduce a technical lemma.

LemMmA EC.2. The dual cone of Ky =cl{(z,y,2) | yd(z/y) <z, x>0, y>0} is given by

(Kg)s =cl{(u,v,w) |wo*(—u/w) <wv, w>0}.

Proof of Lemma EC.2. By definition, any (u,v,w) € (Ky4). must satisfy

inf  wr+ovy+wz

>0
st yp(r/y) <z, 2>0,y>0
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Here, we have w > 0 because otherwise we can always find a sufficiently large z rendering the
objective value of the left-hand side problem negative, violating the definition of dual cone. When

w =0, it is sufficient to require that « >0 and v > 0. When w > 0, the above inequality becomes

Xz X
i = ) >
= [“(y) +”+w¢<y>] =0

which is equivalent to inf, > {ux +v+ wgb(x)} > 0. Then we arrive at
U
v > sup{—uxr —weo(z)} = we* ( - —) .
x>0 w
In particular, consider a sequence {(u,,v,,w,)}.cy that satisfies the above relations and let w, — 0

as t — oo, we must have lim,_, ., u, > 0 and

lim v, > lim w,¢" ( — 7) = lim sup{—u,z —w,¢(x)} =0.
r—00 r—00 w T30 £>0

That is, the condition on {(u,,v,,w,)},ey in the limiting situation coincides with the condition on

(u,v,w) in the case of w=0. In summary, we obtain the desired expression of (Ky).. O
Consider the following presentation of (21):

Then the left-hand side problem can be reformulated as the following optimization problem

sup Z pnf(mvén) -7 Z Qn¢1 (Zn)
]

n

n€[N] ne[N
s.t. Z ¢2(Ng,) < N0

n€[N]

e'p=1

e'qg=1

p, g €RY,

which can be reformulated as a conic linear optimization problem

sup Z pnf(m7én) - 76T5

n€e[N]

st. ela<é
e'p=1
e'g=1

(pnvqrnﬁn)EK(mv (Q'n?]-/N)an)equﬁg Vne [N]7

where for i € {1,2}, Ky, = cl{(z,y, 2) | yp:(z/y) <z, £ >0, y>0}. Under the condition that there
exists some probability vector g such that Zne[ N ®2 (Ng,) < N8, it is not hard to argue that strong
duality holds between the above problem and its dual, which is given as follows:

. 1

inf v+u+9t+N Z w,,

. n€[N]
st (0= F(@,6.),u—507) € (Kpy). W€ [N]
(SnyWp,t) € (ICpy ) Vn € [N].



e-companion to Globalized Distributionally Robust Counterpart ecll

According to Lemma EC.2, the above problem can be rewritten as

. 1
inf v+u+9t+ﬁ Z W,

el
s.t. oy <f(:13,£fyn)—v) <u—s, Vnée|N]
(70 (—%) <w, Vn € [N]
t>0.
Eliminating the auxiliary variables u and w,, then yields the desired reformulation (22). O

Proof of Theorem 5. The left-hand side problem of (25) can be rewritten as
swp [ @€ dr©) -7 [ e ¢ldn(60)

st Egl{l=p

PeP(RY), Qe P(RY), m € Q(P,Q).

Note that the Dirac distribution Q* =4, with p € int(Z) satisfies Eg+[g(¢)] = g(1) <x h. Hence,
strong duality holds. Specifically, the dual can be given by

inf t+a'pu+B"h

st. t+a’C+B8'9(¢)> f(z,€) — €¢Il VEEE, (e

tcR, acR!l, Bek,.

Since 3 € K., introducing an epigraphical decision vector v such that g(¢{) < v and exploring the
structure of the cost function f, the semi-infinite constraint in the dual becomes

(@ el —al¢-plup <t wke K]

Indeed, for every k € [K] we have

sup  { fu(@,&) =€ ¢l —a"¢-BTv}

£€E, (¢v)€E

— s {sgp{fk<w,£> lle—cll 8| =) —aTC—ﬂTv}

(¢v)€eE
= sup inf  {[-fil (@, u—w)+ 0" (u|Z)—w'¢} —a'¢ —ﬂTU}

(cwez L w llwle<vy

=t A w) 5w ) s {(Cw-a) - To a0 1)}

u, lwll«<vy

= e w2 e a819))

w, lwll«<vy
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Substituting the above expression for each k € [K] then yields the desired reformulation. H

EC.2. Reduction to Globalized Robust Counterpart

We now consider the globalized distributionally robust counterpart with optimal transport:

sup {]Ep[f(il?,é)] -7 dc1 (P7Q)} S 07 (EC5)

PEP(E), Q€ Fey (6)

where ¢; and ¢, are defined as in Section 4.2, and F.,(0) = {P € P(Z) | d., (P, ) < 0} with >0 is
an optimal transport ambiguity set centered around the Dirac reference distribution P= d¢. Here,
we assume £ € int(Z). Following similar steps as in the proof of Theorem 3, we know that any

x € X satisfies (EC.5) if and only if it satisfies

inf 0t + sup {f(z,€&) —vci(€,€) —tes(¢,€)}
€.CeE <0. (EC.6)

st. t>0 B

Observe that the left-hand side problem is the Lagrangian dual of the following problem

sup  f(x,£) —vei(€,€)

Here, strong duality holds because 6 >0 and £ € int(Z). Thus, the inequality (EC.6) becomes

sup  f(x,€) — 761(574’)
s.t. cg(Cé
€

£ ¢

where we define £y == and Z, = {€ € 2| c2(& ,f) < 6} for the right-hand side constraint, which is
exactly the globalized robust counterpart proposed by Ben-Tal et al. (2006), Ben-Tal et al. (2017).

<0 <= f(w,ﬁ)év-gg}]ncl(ﬁ,() vEe U,

—_
—
—

EC.3. Derivation of Examples 1 and 2

In Example 1, the distributionally robust optimization problem is equivalent to

min T
st. xz>Ing Ve (0,1]
rEeR,

whose optimal solution (also optimal value) is z* = 0.
Consider next the globalized distributionally robust variant, wherein the constraint can be rewrit-
ten as

r> max {Ing—~[¢—(|} =max {Ing—~[¢ = ([}, max_{In&—~|¢—([}

£>0,0<(<1 {0 5<1 o<g<1 £>1,0<¢<1 }
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Since maxgce<i,0<c<1{In& — y|€ — ¢|} = maxpe<1Iné = 0 and maxesq o<c<1{Iné —v[¢ — (|} =
maxe>{ln{ —v(§ —1)} =7 —Iny—1>0, we can determine that the optimal value of (3) is
~v—Iny—1 with also 2* =~ —Ilny—1.

In Example 2, we consider the robust satisficing problem. Note that for any fixed v > 0 and
x > 1, its constraint is equivalent to maxg~o{1 —x+xIn&—~|{ —1|} <0. Since it always holds that
maxoce<i{l —z+2zIn+~v(€—-1)} =1—2 <0, we next study maxe>;{l1 —x+zIn{—~v(&—-1)}. If
1 <z <#, then * =~* =1 at optimality and the constraint is satisfied; if not, then max,>;{1—x+
xlné—~(E—-1)}=1—2x+zln(x/v)+~ with the optimum &* = =/ determined by the first-order
condition. It remains to solve min{y|1 -2z +xIn(x/y)+~v<0,2z>~v>0, x> 1}, for which the
first-order condition yields z* = ey and leads to v > 1/(e — 1). To sum up, the optimal value of
problem (4) is 1/(e — 1), attaining at z* =ey and v* =1/(e —1).

Consider next the globalized robust satisficing variant, where for any fixed v >0 and = > 1, the
constraint can be simplified into

{1-z4+zxzln&—~|¢—C|} <0. (EC.7)

max
£>0,1-60<¢<1+0

For any fixed £ € [1—6,1+ 0], (EC.7) is equivalent to

{l1-z4+zlné—7|¢(—(|}= max {l—z+zlné}=1—-z+zln(6+1)<0,

1— 9<§<1+9 1 0<c<146 1-6<¢<1+0

implying x >1/(1 —=In(0+1)); for 0 <¢ <1—6, (EC.7) becomes

0<§§1—£1183§§§§1+01 r+zxlné—~|—(|= oJnax 1 z+rné—y(1-€¢—-0)=1—z+zIn(1-0) <0,

leading to > 1/(1 —In(1—#6)); and for £ > 146, (EC.7) is

{1—-z+2xlnf—~v&— C|}—max{1—w+1:ln§ v(E—-0-1)},

ma
£>1+6, 1<<<1+9
which, after applying the first-order condition, gives

l—z+xn(l+0) x<~v(1+80)

£21+0 1—2x+zn(z/y)+~vO0—-1) x>~v(1+80).

max{l—z+zlnf—vy(¢(—-0-1)} = {

When 1 <z <~(1+86), the constraint in (5) becomes v > /(14 0) with z > (1 —In(1+6))"*, then
z*=(1-In(146)) ! and v* = ((1—In(140))(1+0))"" at optimality. When x > v(1+0), we arrive
at inf,>,a140{1 — 22+ xIn(z/v) + v(1 +0)} <0, which can be reformulated as v >1/(e —1—6)
with z* = e, implying 2* =¢/(e — 1 —0) and v* = 1/(e — 1 — 0) at optimality. In summary, the
optimal value of problem (5) is 1/(e — 1 — ), attaining at z* =ey* and y*=1/(e —1—0).
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EC.4. Conditions on Finiteness of t*
Here, we list some conditions on the support set = and cost function f that would guarantee the

finiteness of the optimal dual variable t* to the dual reformulation of the worst-case expectation

SUPpe ryy (6) Ex[f(z, é)]

g {012 5 sup{f(e.6) - tle - &.1} |

nE[N]

(i) Suppose the cost function f(x,-) is upper semicontinuous and the growth rate x, defined as

o sy {@:8) (@6

< 0
llé—£oll—o0 1€ — &l ’

is finite for some fixed &y € =Z. According to the proof of theorem 1 in Gao and Kleywegt

(2022), the minimizer ¢* then lies in the interval [max(0, ), c0). Note that when ¢ — oo,

ONt+ Y sup{f x. &) —t)|¢— £n|\}—>oo

ne N]
which violates the globalized distributionally robust constraint. Therefore, we can conclude
the finiteness of ¢*.
(i) Suppose that the cost function f(x,-) is bounded in the support set =, i.e., there exists a and
b such that a < f(x,&) <b for any £ € Z. Since

) 1
inf 9t+N Z Sn

- n€[N]

sup Ep[f(,€)] =1 ot sup{f(a:,g)—tﬂf—énH}§sn Vn € [N]
I35

PeFw(0)

t>0,

substituting &€ = £, in each n'® constraint, we then have a < f(a:,én) < s,,. Moreover, by the
boundedness of f, we can identify (¢, sy,...,sx5) = (0,b,...,b) as a feasible solution to the above
problem. This then implies that the optimal solution (*, s*) must satisfy 6t* ++ > e Sn S0
Therefore, we have t* < (b— + Zne s+)/0 < (b—a)/0, concluding the finiteness of ¢*.

(741) Suppose that = =R! and f(x,€) is convex in & with a finite Lipschitz constant, Lip(f).
Following from theorem 10 in Kuhn et al. (2019), we know that

sup Epf(x, €)] = Es[f(x, €)] + 6 - Lip(f),

PeFw (0)

which implies that t* = Lip(f) is finite.
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EC.5. Worst-Case Distributions

ProprosiTION EC.1. Given assumptions in Proposition 1, the optimal value of the problem

s {BE:[f(@,€)] -7 dw(P,Q) | (EC.8)
)

PeP(E), Qe Fw (0

coincides with the optimal value of the following finite-dimensional convexr program

sup N Z Zank fk<113 fn—T)—’Yfﬁ

ne[N]ke[K]

Z > vl <6+

nE [N] ke[K]
Z Qi =1 Vn € [N] (EC.9)
ke[K]
< Unk —_
gn—a—e: Vn € [N], k € [K]

nk

PER,, anp ERy, v, €R! Vn € [N], k € [K].

Let {(¢*(r),a*(r),v*(r))},en be a sequence of solutions that attains the supremum of prob-
lem (EC.9) and define correspondingly for each r € N, n € [N] and k € [K]:

1— No*(r) .fvnk(r)
> 2 vl ) ag(r)

n€[N] ke[K]

Pou(r) =€ — 2210 and g, () =€, -

Then the sequence of discrete distributions {(P*(r),Q*(r)) },en with

F 2 X )by, ad @W=g Y X an)

ne[N] ke[K] ne[N ke[K]

attains the supremum of problem (EC.8) asymptotically. Here, 0/0 =0 and a/0= oo for any a # 0.

Proof of Proposition EC.1. Introducing dual variables ¢, a,;, and 3, the Lagrangian dual of (10),

after eliminating the original variables s and ¢, is given by

sup Z > it {Bulwurlls + o (A (@i~ was) + 6" (e | ) ~wi&a) }~ 70

Wnk,U

N] k€[K]

s.t. Z Z Bk <0+ ¢

N ke[K]

Z App = VnG[N]

ke[K]
QZSZO, ankZO, ,BnkZO Vn € [N], ke [K]
(EC.10)

By definition of dual norm and the minimax theorem, the objective of (EC.10) becomes

S5 swp it {w;vnﬁank([—fk]*(m,unk—wnk)+5*(unk|E))_wlkén)}—v¢-

WpkH Unk
ne[N] ke[K] lvpk1<Bpy ¥n "
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With this objective function and after eliminating variables f3,,x, problem (EC.10) becomes

sup Z Z inf {wgk'vnk + r ([= fo] " (2, Uk — wpk) + 6 (Ui, | E) — w;kén)} -9

Wnk Unk

n€[N] ke[K]
st Y>> vl <0+4¢
ne[N] ke[K] )
Z Ok = 37 Vn € [N]
kE[K]

¢>0, ap, >0, v, €R Vne[N], ke[K].

For any n € [N] and k € [K], the inner minimization in the objective can be further simplified into

inf {w;kvnk + it ([= fr] (@, Uk — k) + 6% (g | E) — kaén)}

Wk
T n Unk * * —_
= —Qpg - SUp {wnk (En - 7) - [_fk] (ilf, Unk — wnk) -0 (unk | :')}
W,k Ak
: Unk o Unk | =
:ank'fk<w7£n_i)_ank'é(Sn_ - ":‘>7
Ak Qi

for any w,;, where the last equality follows from the fact that the bi-conjugate (i.e., the conjugate
of conjugate) of any proper, convex and lower semicontinuous function is the original function.
Reexpressing the indicator functions into explicit hard constraints and applying the variable sub-
stitutions (i, Vur) /N < (Qpk, Uni), we obtain the desired reformulation (EC.9).

We next investigate the sequence of worst-case distributions. Since it is clear that P*(r) € P(E),
we focus on showing that Q*(r) € Fw (6), i.e., dw(Q*(r), P) < 6. Firstly, consider a joint distribution
m, of (£,¢) such that € ~P*(r),  ~Q*(r), and m, (P} (r), gii(r)) = agy,/N for all n € [N] and
k € [K], we then obtain an upper bound of dw (P*(r),Q*(r)) as follows:

WP 0.0 < [ E=ClanEe) = 5 3 X antlpit) —auol = o°0)

ne[N] ke[K]

Secondly, consider a joint distribution 7’ of (¢, 7)) such that ¢ ~Q*(r), 7 and /(g% (1), €,) =
a2, /N for all n € [N] and k € [K], we have

W@ )B)< [ Je-mldni(cm = Z > atullan ) &l

N]ke[K]
=< Z > i (IPis(r) = &all = 12 (r) — giu(r)])
716 | k€[K]
:*Z > ez ()l = ¢ (r)
N]ke[K]

<0,
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where the second identity follows from the definitions of p%, (r) and g%, (r). Hence, Q*(r) € Fw(6).
Finally, it now holds that

swp  {Ee[f(@,€)] =7 dw(P,Q)} > limsup {Eps)[f (@, )] =7 dw(P*(1), Q" () }
PeP(E), Qe Fw(0) r—00 )
> timsup { 1 Z f<w,pzk<r>>—v¢*<r>}
ree ne[N] ke[K]
> timsup {4 3 3 el il pialr) 100}
r—00 ne[N] ke[K]
= sup Ex[f (=, v'dw(P,Q)},

PeP (), Qe Fw(0)

where the last line follows from the construction of {(¢*(r), o, (r), Pr. (7)) }ren. O

Intuitively, when vy — oo, the optimal solution in problem (EC.9) shall satisfy ¢*(r) =0, yielding
Q*(r)=P*(r)=~ > neN] 2okelic] () - 0px . This is consistent with the fact that as v — oo,

sup {Ep[f(w,é)]—’v'dw(]?’,@)}éo —  sup Ep[f(x,€)]<0

PeP(E), QeFw (0) PeFw (6)
In such cases, the discrete distributions {P*(7)},en belong to Fw(#) and asymptotically attain the
supremum  sup Ep[f(a,€)], recovering theorem 4.4 of Mohajerin Esfahani and Kuhn (2018).

Pwa(e)

EC.6. Reformulations under Probability Metrics
For the sake of tractability, we also assume here that the space P(Z) being of distributions that

are absolutely continuous with respect to the empirical distribution P.

ExampLE EC.1 (Fortet-Mourier metric). Suppose that L1 = Lo = {l | ||{||c < 1} and that all
distributions in P(Z) are absolutely continuous with respect to P. Then the corresponding globalized
distributionally robust counterpart (15) is satisfiable if and only if

. 1
+£Ié%3<]{f(a:,£ ) —u }+N EZ[N]U <
[t — 1| < - max{ 1, [ €[ [16a 1771} - 1€ — €nll - Y, n € [N]
te0,7].

ExampPLE EC.2 (Total variation metric). Suppose that L1 = Ly ={l]|[f||s <1} and 6 € (0,2)7,

and that all distributions in P(Z) are absolutely continuous with respect to P. Then the correspond-

ing globalized distributionally robust counterpart (15) is satisfiable if and only if

t9+max{fa:£n —un}—i-ﬁ ZU"SO

n€e[N]
lu,| <t Vn € [N]
te0,7].

" We assume that 6 € (0,2) because the total variance metric between any two probability distributions P and Q
satisfies dr, (P, Q) =supe z, {Ez[(€)] — Egl£(€)]} < supyer, E[l(€)] +sup,e ., Eo[¢(€)] = 2.



