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GRAPH TOPOLOGY INVARIANT GRADIENT AND SAMPLING
COMPLEXITY FOR DECENTRALIZED AND STOCHASTIC
OPTIMIZATION*

GUANGHUI LANT, YUYUAN OUYANG!, AND YI ZHOUS

Abstract. One fundamental problem in decentralized multi-agent optimization is the trade-off
between gradient/sampling complexity and communication complexity. In this paper we propose
new algorithms whose gradient and sampling complexities are graph topology invariant, while their
communication complexities remain optimal. Specifically, for convex smooth deterministic prob-
lems, we propose a primal dual sliding (PDS) algorithm that is able to compute an e-solution with
O((L/e)/?) gradient complexity and O((L/e)1/?+||.Al| /e) communication complexity, where L is the
smoothness parameter of the objective function and A is related to either the graph Laplacian or the
transpose of the oriented incidence matrix of the communication network. The complexities can be
further improved to O((L/p)/? log(1/¢)) and O((L/r) /2 log(1/e)+]||Al|/e/?) respectively with the
additional assumption of strong convexity modulus . We also propose a stochastic variant, namely
the primal dual sliding (SPDS) algorithm for convex smooth problems with stochastic gradients.
The SPDS algorithm utilizes the mini-batch technique and enables the agents to perform sampling
and communication simultaneously. It computes a stochastic e-solution with O((L/e)Y/2 + (o /€)?)
sampling complexity, which can be further improved to O((L/u)!/2log(1/€) + 02 /¢) in the strong
convexity case. Here o2 is the variance of the stochastic gradient. The communication complexities
of SPDS remain the same as that of the deterministic case. All the aforementioned gradient and
sampling complexities match the lower complexity bounds for centralized convex smooth optimiza-
tion and are independent of the network structure. To the best of our knowledge, these gradient and
sampling complexities have not been obtained before in the literature of decentralized optimization.

Key words. Multi-agent optimization, decentralized optimization, saddle point problems, gra-
dient complexity, sampling complexity, communication complexity, gradient sliding

AMS subject classifications. 90C25, 90C06, 49M37, 93A14, 90C15

1. Introduction. The problem of interest in this paper is the following decen-
tralized multi-agent optimization problem in which the agents will collaboratively
minimize an overall objective as the sum of all local objective f;’s.:

(1.1) min 3752, fi(x)-

Here each f; : X() — R is a convex smooth function defined over a closed convex set
X® e R% and X := ﬂ;’;lX(i). Under decentralized settings, each agent is expected
to collect data, perform numerical operations using local data, and pass information
to the neighboring agents in a communication network; no agent has full knowledge
about other agents’ local objectives or the communication network. This type of
decentralized problems has many applications in signal processing, control, robust
statistical inference, machine learning among others (see, e.g., [6, 11, 25, 26, 21, 7]).

In this paper, we assume that the communication network between the agents
are defined by a connected undirected graph G = (N,€), where N' = {1,...,m}
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2 GUANGHUI LAN, YUYUAN OUYANG, AND YI ZHOU

is the set of indices of agents and & C N x N is the set of communication edges
between them. Each agent i € N could directly communicate with the agents in its
neighborhood N; := {j € N'| (i,j) € £ }U{i}. For convenience we assume that there
exists a loop (i,1%) for all agents i € N. In addition, we assume that the local objectives
are all large-dimensional functions and the i-th agent may only be able to access the
information of its local objective f;(x) through a sampling process of its first-order
information, e.g., the agent has objective f;(x) = E¢, [F;(x,&;)], where the expectation
is taken with respect to the random variable &; and the distribution of &; is not known
in advance. In order to solve problem (1.1) collaboratively, the agents have to sample
the first-order information of their own local objective f; and also communicate with
the neighbors in the communication network in order to reach consensus. Our goal in
this paper is to design an algorithm that is efficient, in terms of both the sampling and
communication complexity, on solving the multi-agent decentralized problem (1.1).

1.1. Problem formulation and assumptions. The aforementioned multi-
agent problem can also be formulated as the following linearly constrained problem:

(1.2) min f(z) := Y1, fi(z®) s.t. Az =0,
zeX

where the overall objective function f : X — R is defined on the Cartesian product
X = XU x ... x X" € R™ and we use the notation z = (z(,... z(™) ¢ &
to summarize a collection of local solutions () € X, The matrix A in the linear
constraint Az = 0 is designed to enforce the conditions =¥ = z() for all agents
i and j that are connected by a communication edge. One possible choice of A is
A=L®I; € Rm¥>*md where I; € R4%? is an identity matrix and £ € R™*™ is the
graph Laplacian matrix whose (¢, j)-entry is [N;|—1if ¢ = j, —1if i # j and (4,5) € €,
and 0 otherwise. Here |IV;| is the degree of node i. One other choice of A is A =
BT @ I; € RI€ldxmd where B € R™*I€l is an oriented incidence matrix of graph G.
Here |€| is the number of edges in G. For both cases, it can be shown that Ax = 0 if
and only if (9 = 2()) for all agents ¢ and j that are connected via a communication
edge. Note that problem (1.2) is equivalent to the saddle point problem

(1.3) min max, f(x) + (Az, z).
We assume that there exists a saddle point (z*, z*) for problem (1.3).

In this paper, our goal is to solve the multi-agent problem (1.1) by obtaining an
g-approximate solution T to the linearly constrained problem (1.2) such that f(Z) —
f(z*) < e and || AZ|]2 < e. We make the following assumptions on the information
and sampling process of the local objective functions. For each i, we assume that

(1.4) file?) = fi(a®) + pi(a)

where p > 0, ﬂ is a convex smooth function, and v; is a strongly convex function
with strong convexity modulus 1 with respect to a norm || - ||. Here the gradient V f;
is Lipschitz continuous with constant L with respect to the norm || - ||. The i-th agent
can access first-order information of fz through a stochastic oracle which returns an
unbiased gradient estimator G;(z(¥), £(®)) for any inquiry point (¥ € X where £
is a sample of an underlying random vector with unknown distribution. The unbiased
gradient estimator satisfies E[G; (), ¢®)] = V f;(2)) and

(1.5) E[|Gi(z, D) — Vfi(2)[3] < 02, V2D € XD,
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where || - ||2 is the Euclidean norm. Note that the above assumption also covers the
deterministic case, i.e., when o = 0. For simplicity, in this paper we assume that the
strong convexity constant p, the Lipschitz constant I~/, and the variance o2 are the
same among all local objective functions. With the introduction of fi’s in (1.4), we
can study the cases of both strongly convex and general convex objective functions
for the multi-agent optimization problem (1.1). For convenience, we introduce the
following notation for describing the overall objective function:

(L6) f(2) := f(x) + pv(e) where f(x) = Y7 i(@®) and v(z) == Y0 vi(a®).

1.2. Related works and contributions of this paper. In many real-world
applications, the topology of the communication network may constantly change,
due to possible connectivity issues especially for agents that are Internet-of-Things
devices like cellphones or car sensors. Therefore, it is important to design decen-
tralized algorithms with sampling or computation complexity independent of the
graph topology [20]. Ideally, our goal is to develop decentralized methods whose
sampling (resp. gradient computation) complexity bounds are graph invariant and in
the same order as those of centralized methods for solving stochastic (resp. determin-
istic) problems. Although there are fruitful research results in which the sampling
or computational complexities and communication complexities are separated for de-
centralized (stochastic) optimization, for instance, (stochastic) (sub)gradient based
algorithms [30, 22, 5, 29, 19, 10], dual type or ADMM based decentralized methods
[28, 2, 27, 1, 31, 3], communication efficient methods [14, 4, 12, 16], and second-order
methods [18, 17], none of the existing decentralized methods can achieve the aforemen-
tioned goal. In this paper, we pursue the goal of developing graph topology invariant
decentralized optimization algorithms based on the gradient sliding methods [13, 15].
Our contributions in this paper can be summarized as follows.

First, for the general convex deterministic problem (1.1), we propose a novel
decentralized algorithm, namely the primal dual sliding (PDS) algorithm, that is able
to compute an e-solution with O(1)((L/e)'/?) gradient complexity. This complexity
is invariant with respect to the topology of the communication network. To the
best of our knowledge, this is the first decentralized algorithm for problem (1.1) that
achieves the same order of gradient complexity bound as those for centralized methods.
Such gradient complexity can be improved to O(1)((L/u)'/?log(1/¢)) for the strongly
convex case of problem (1.1).

Second, for the general convex stochastic problem (1.1) in which the gradients of
the objective functions can only be estimated through stochastic first-order oracle, we
propose a stochastic primal dual sliding (SPDS) algorithm that is able to compute an
e-solution with O(1)((L/e)'/? 4 (o/€)?) sampling complexity. The established com-
plexity is also invariant with respect to the topology of the communication network.
Such result can be improved to O(1)((L/u)'/?log(1/e)+ a2 /e) for the strongly convex
case.

Third, as a byproduct, we show that a simple extension of the PDS algorithm
can be applied to solve certain convex-concave saddle point problems with bilinear
coupling. For general convex smooth case, the number of gradient evaluations of V f
and matrix operations (involving A and AT) are bounded by O(1)((L/¢)/?) and
O1)((L/e)Y/? + ||A||/e) respectively. As a special case, our proposed algorithm is
also able to solve convex smooth optimization problems with linear constraints. This
is the first time such complexity results are achieved for linearly constrained convex
smooth optimization. We also extend our results to strongly convex problems.

This manuscript is for review purposes only.
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4 GUANGHUI LAN, YUYUAN OUYANG, AND YI ZHOU

1.3. Organization of the paper. This paper is organized as follows. In section
2 we present the PDS algorithm for decentralized optimization. In section 3 we present
the SPDS algorithm for problems that require sampling of stochastic gradients. The
byproduct results on general bilinearly coupled saddle point problems are presented
in Section 4. To facilitate reading, we postpone all the major proofs to Section 5.
In Section 6 we present some preliminary numerical experiment results. Finally the
concluding remarks are presented in Section 7.

2. The primal dual sliding algorithm for decentralized optimization. In
this section, we propose a primal dual sliding (PDS) algorithm for solving the linearly
constrained formulation (1.2) for decentralized multi-agent optimization in which each
agent ¢ has access to the deterministic first-order information of its local objective f;
(i.e., 0 = 0 in the assumption (1.5)). Inspired by the saddle point formulation (1.3)
and the decoupling of the strongly convex term in (1.4), we propose to study the
following saddle point problem:

2.1 i T2) = f*(y).
(2.1) ;rélgyekw{giéRmdMV(x)wL(x,waA z) = f*(y)

Here f* is the convex conjugate of the function f defined in (1.6). Specifically,
f* can be described as the sum of the convex conjugates fz* of functions f;, i.e.,
) = S0 fr(y™), where y := (y™M,...,y™) € R™ and yM,... y(™ ¢ R
Our proposed PDS algorithm is a primal-dual algorithm that constantly maintains
and updates primal variables z and dual variables y and z. Most importantly, its
algorithmic scheme allows the skipping of computations of gradients V f from time
to time, to which we refer as a “sliding” feature. We describe the proposed PDS
algorithm in Algorithms 2.1 and 2.2, where Algorithm 2.1 describes the implementa-
tion from agent i’s perspective and Algorithm 2.2 focuses on implementation over the
whole communication network. Here in Algorithm 2.1 we assume that A = £ ® I is
defined by the graph Laplacian £ of the communication network; similar implemen-
tation can be described if A = BT ® I, is defined by an oriented incidence matrix
B.

A few remarks are in place for Algorithms 2.1 and 2.2. First, in Algorithm 2.1,
V; and W; are prox-functions utilized by the i-th agent. Specifically, they are defined
based on strongly convex functions v and f;-* respectively:

Vi(:fj(i),x(i)) ::y<x(i)) _ y(i(i)) _ (z/(fc(i)),a;(i) _ j(ﬂ)j vz 20 e x O
(28) W@,y ) =7 D) - Fr D) —((FY GD),50 - 59, %D,y e R,
where ( ﬁ*)’ denotes the subgradient of f;‘ We will also use the notation
(29) V()= YL Vi@",20) and W(g,y) == T Wi(3", y)

in the description of Algorithm 2.2. Second, the major difference between Algorithms
2.1 and 2.2 is the update step for y,. However, it can be shown that the two update
steps for yg, i.e., (2.3) and (2.5), are equivalent and hence Algorithms 2.1 and 2.2 are
equivalent. Indeed, in view of the definition of W in (2.8) and (2.9) and the optimality

condition of (4.10), we have —&y + (1 + 71)(f*)"(yr) — 7% (f*)"(yr—1) = 0 for certain

subgradients (f*)'(yy) and (F*)'(yx_1) of f*. Consequently, if @, = (f*)'(yo—1)

or equivalently yx—1 = Vf(x,_;), and z; is defined recursively as in (2.2), then
we have yr = Vf(z;). Noting in the description of Algorithms 2.1 and 2.2 that

This manuscript is for review purposes only.
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Algorithm 2.1 The PDS algorithm for solving (2.1), from agent i’s perspective

Choose J:( >,7( 0 e X and set azm = J:m = a:(z), y<i) f(ggz)), and z(()i) =0. .
for k = 1 ,N do

Compute
~(l) _LE(l) +)\k(z(l> _ m(l)
(2:2) g}? =@ + ) )/ (1 +7%)
(2.3) u =V i)
and set m%(z‘) — x;ﬁp Z%(i) — 21@1: and —1,() _ kill—l,(') (set ] —-1,()) _ (()i)).
fort=1,...,T; do
Compute

(i 1, 1,0 —2,(4
uZ() t (>+a(t (1) _ 7’1 ())

t
2h® argmin<— SO LG, <z>> + q?k”z(i) — 02
JEN;

2(1) erd
(2.4) mZ’(i) = argmin pv;(z) + y,(cw + Z E(i’j)zz’(j),m(i)
2D ex () R,

ot V(Z‘t 1(2) (i>)+pkv($1(€)1 x(z))
end for ] ) ) ] )
Set zl(cl) _ mzxm(l)7 ZI(;) _ ng,(l)’ f?;;) _ ZTk t, (”/Tk, and 2 A(Z) _ ZtTil Zz,(l)/Tk‘
end for

Output = Y >. <Zk 1,3k> Zk 15kA(Z .

Algorithm 2.2 The PDS algorithm for solving (2.1), whole network perspective

Choose xg,zg € X and set &0 = z—1 = z0, Yo = Vf(go), and zp = 0.
for k=1,...,N do
Compute

Zp =xp—1 + M (Tp—1 — Th—2)

(2:5) y, = argmin(—Zx,y) + () + W (yk—1,9).
yGRmd
Set :cg =TE_1, zg = 2p_1, and :c,:l = x?‘_’;lil (when k =1, set xfl = x0).
fort=1,...,T; do
(2.6) al 7:5,6 Ty ock(a: xz_Q)

t
95 t—1
z—z
st

2} = argmin(—Aa}, ) + 13

z€RmMd
(1) ok —argmin (o) + (. + AT 0+ 0lV (e 0) 4 pV (@)
xTE
end for r r T’ =
Set zp = x; ", 2, = 2., & = Y1 Xy @k /T, and 2, = Y 0%, 28 /Ty
end for

—1
Output TN = (Z]k\;l ﬁk) Ziv:l Bki'k

This manuscript is for review purposes only.
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6 GUANGHUI LAN, YUYUAN OUYANG, AND YI ZHOU

yo = Vf(z,), by induction we have that y, = Vf(z,,) for all k. The converse of the
above derivation is also true, hence we can conclude that the descriptions of yj, in (2.3)
and (2.5) are equivalent. It is then immediate to observe that Algorithms 2.1 and 2.2
are equivalent descriptions of the proposed PDS algorithm. Third, observe that there
are two loops, namely the inner and outer loops, in the PDS algorithm. On one hand,
communications are performed only in the inner loops (for ¢t = 1,...,Ty) and hence
the PDS algorithm has in total 2 Zgil T} rounds of communications. On the other
hand, gradient computations are only performed in the outer loop (for k=1,...,N)
and therefore the PDS algorithm has in total N gradient evaluations. Here, note
that gradient computations and communications are not performed in a one-to-one
fashion; in fact the PDS algorithm skips the computations of gradients V f frequently.
The skipping of the gradient computations is the “sliding” feature of PDS that allows
the gradient complexity to be independent of the graph topology. Finally, observe
that our output is a weighted average of Z; from k = 1 to N, in which Zj is the
average of inner loop computation results {xi}?ﬁl Note that although we are using
equal weights, #, may also be chosen as a weighted average of x%’s. The analysis and
complexity results will remain the same.

Our main convergence result for the PDS algorithm is described in Proposition
2.1 below. We also provide example parameter choices of Algorithm 2.1 in Theorem
2.2 that satisfy the conditions in Proposition 2.1. To facilitate reading, we delay the
proof of Proposition 2.1 to Section 5.

PROPOSITION 2.1. Suppose that the parameters of Algorithm 2.1 satisfy the fol-
lowing conditions:
e For any k > 2,

Btk < Be—1(Th1 + 1), Bee1 = Brde, LAk < pr—17s,
(2.10) BrTi—r0h = Be1Ths ab| AP < nt1'als BrTioat < BrorThay 7
BiTh—1 (e + prTr) < Bre1Th (1 + 77;{5]1 + Pr—1);
o Foranyt>2andk > 1,
(2.11) af =1, |AIP <0l gk < a7t mh S pn 4 e
e In the first and last outer iterations,
(212) T = Oa pN(TN + 1) Z I~J7 and U]j\;NQJj\}N 2 ||A||2

Then we have
1 N
f@n) = @) < (SaBe) B (B +p) Viwo,a®) and

AZnll < (S08) T 1 [zl + 17 + (B 4 ) Viwo,a)]

THEOREM 2.2. Denote 7 := \/2L/p and A == [27 + 1] if p > 0, and A := +o0

if © = 0. Suppose that the parameters in Algorithm 2.1 are set to the following: for
all k < A,

E

(2.13) Tk = _1v Ap = L;la Br =k, pr = %7 Ty = "kRUAH-‘ )

2 L
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for all k > A,

(214) T =7, M =A= 15, Bk = ANHF=8) gy = L = [72(1;;2?&4” )

=

and for all k and t,

Br—1Tk :
= ShoLik L fk>2 andt =1,
M= (or + )t = 1) + i Th, g = ghkem, af = ¢ ‘
1, otherwise.

Applying Algorithm 2.1 to solve problem (1.2) we have

(2.15) f@n) = f(a*) <min {5, AV "2} ALV (0, 27)
(2.16) | AZ |2 < min {2, AN 21 [%(nz*ng +1)2+ 4JZV(xO,x*)} .
Specially, if we set
I P P!
(2.17) R= ool

then we have the following gradient and communication complexity results for Algo-
rithm 2.1 (here O(1) is a constant that is independent of N, || Al and €):
a) If u = 0, i.e., problem (1.2) is smooth and convez, then we can obtain an

e-solution after at most N := [4\/I~/V(xo,a:*)/€—‘ gradient evaluations and

2N + 96|l A||/e communications.
b) If uw > 0, i.e., problem (1.2) is smooth and strongly convez, then we can

obtain an e-solution after at most N := O(1) (1 + 1/ L/ulog(LV (o, x*)/a))
gradient evaluations and 2N + O(1)||A||(1 + 1/y/€) communications.

Proof. In view of the selection of i} and ¢}, we can observe that

~ 2
2 LT, .
) (1A () k<A
ntflqt > Low (& _ A 9
kSRS 25 AR @r2)l Al (A= T, k> A
A 2(1+7)R|A|l ’ ’

and together with the definitions of A and T}, we have % ‘gL > ||A|? for all k > 1
and t > 2. Using this observation, it is easy to verify that (2.11) holds. Noting

that the above observation also implies that niN g1~ > ||.A||2, and also noting that

71 = 0 and that px(7y +1) = L(N +1)/N when N < A and py(ry 4+ 1) = L when
N > A, we have (2.12) holds. It remains to verify (2.10). Note that for all k£ we have
Bka_loz,lC = Bk—lTk and ,@ka_lqli = I:Tka_l/(2R2) = Bk—lqugi_ll- We consider
three cases: 2 < k<A, k=A+1,and k > A+ 1. When 2 <k < A, we have

Br—1(Tk—1 + 1) = (k — 1)k/2 = By,
Br—1=k—1= B,
LA\, =L(k—1)/k < L = pp_17s,

Ty _ ~
.7 > nk_1qk > PTeo: )2 -1
aillA2 = apllAll2 = \ (k=1)R[A] =

BiTi—1(np; + piT) — Br—1 T (1 + 77;{5_11 +pr-1) = —(k = DpTpTr—1 <0.

This manuscript is for review purposes only.
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When & = A + 1, from the definition of A we have 27 +1 < A < 27 + 2. Therefore
Bemh = Be-1(Tho1 +1) = AN — A(A+1)/2 = (A/2)(2(1 +7) — (A +1)) <0,
Br—1— Brde = A —AXNTTA=0,

LAe = pr1mi = LA = (2L/A)r < LA = (L/(1 4+ 7))7 =0,

Tg—1 = 2
Me—1 qi > Mh_14k > LTA > 1
ai A2 = aillAl2 = \ AR[IA) =

)

BT (m + PrTe) = Bra T + 771?5‘11 +Pr-1) =p [A(T -1) - 27'2] TpTi—1 <0.
When k£ > A + 1, we have

Bro1(The1+1) = AXNE1=) (7 4 1) = A2 7 = g7y

ot = AN

L\, = Lt/(1+7) = pr17,

Trk—1 1 ~ i 2
Mp—1 9k Nk _ 1% S 2742 Lak=1=8)/2p > 1
apllAlZ = afllA2 = A 2(1+7) R Al ’

Br T —1 (g +prTr) __T(47) <1
T, - 2 =
/Bk—lTk(ﬂ"FT]kEIl"l‘pk—l) T(r24147)

We now can conclude that (2.10) holds. Note that the summation ngvzl Bk can be
lower bounded as follows: when N < A, we have Zgil Br = N(N +1)/2 > N?/2;
when N > A, we have Zf::l Br > By > A" (N=2),

Applying Proposition 2.1 and using the above note on the summation Eszl B

and the parameter selection in (2.13), we obtain results (2.15) and (2.16). Moreover,
setting R to (2.17) we conclude that

max{f(Zn) = f(a*), | ATx|l2} < min { g, ANT2} 8LV (2o, ).

We conclude immediately that Zx will be an e-solution if N = {4\ [LV (x0,2%)/ 6—‘ or
N = [A + logA_l(Sf/V(xmx*)/a)—‘ . As a consequence, when the problem is smooth

and convex, i.e., u = 0, by setting N = {4\ [ LV (z0, x*)/s—‘ we can obtain an e-solution
Tyn. Using the definitions of Ty and R in (2.13) and (2.17) respectively, the total
number of communication rounds required by the PDS algorithm can be bounded by
221,::1 T, <2N+ N(N +1)R||A||/L < 2N +96]|.A||/e. When the problem is smooth
and strongly convex, i.e., u > 0, we may set N := [A +log>\71(8iV(:Eo,m*)/£)—‘ to
obtain an e-solution ZTy. In view of the fact that —log A =log(1+1/7) > 1/(1+7),
the total number of gradient computations is bounded by

1 T * = *
N<l+A+ log SEYE0) < 14 At (7 +1) (log Vo))
—log A € e

=0(1) (1 + Mbg(iwxo,x*)/g)) :

Also, observing that A=V < 8A"2~1LV (z0,2*) /e, using the definitions of A, T} and
R in (2.13), (2.14) and (2.17), the total number of communication rounds required by

This manuscript is for review purposes only.
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200 the PDS algorithm is bounded by

291 2N Ty <2378 (% + 1) +250 A (W + 1)
Lx 2
A
292 —2N + A(A-}—IE)RHAH + 4(147) R/\ 2 ||AH( % )\—%)
L(1-A2)
393 <2N + O(D)[ Al + O(1)[|A]l/Ve. 0
295 In view of the above theorem, we can conclude that the number of gradient eval-

206 uations required by the PDS algorithm to obtain an e-solution to the decentralized
297 optimization problem (1.2) does not depend on the communication network topology;
298 it is only dependent on the Lipschitz constant L, strong convexity parameter u, and
299  proximity to an optimal solution V (zq,2*). Moreover, the number of gradient eval-
)0 uations required by the PDS algorithm is in the same order of magnitude as those
I optimal centralized algorithms (see, e.g., [24]). To the best of our knowledge, this
302 is the first time such complexity bounds for gradient evaluations are established for
03 decentralized algorithms. Note that the communications complexity for computing
1 an e-solution still depends on the graph topology of the communication network.

305 3. The stochastic primal-dual sliding algorithm for stochastic decen-
306 tralized optimization. In this section, we follow the assumption of the unbiased gra-
307 dient estimators stated in (1.5) and propose a stochastic primal-dual sliding (SPDS)
308 algorithm for solving the decentralized multi-agent optimization problem (1.2) under
309 the stochastic first-order oracle. Our proposed SPDS algorithm is a stochastic primal-
310 dual algorithm that possesses a similar “sliding” scheme as the PDS algorithm. In
311 particular, SPDS integrates the mini-batch technique and uses increasing batch size,
312 while skipping stochastic gradient computation from time to time. We describe the
313 SPDS algorithm in Algorithms 3.1 and 3.2.

Algorithm 3.1 The SPDS algorithm for solving (2.1), from agent i’s perspective
Modify (2.3) and (2.4) in Algorithm 2.1 to

(3.1) o =L 35 Gial?, €() and
Q@:MWMMM) + (o) + Lyen, L0 2D, 2
2 e x(®)

b Vieh V0,2 @) 4 B e @2

Algorithm 3.2 The SPDS algorithm for solving (2.1), whole network perspective
Modify (2.7) in Algorithm 2.2 to

‘T}i :argn}l{inuu(x) + (vp + ATz,tc,a:) + n,’iV(mz_l,z) + %ka_l — aJH%,
TE

in which vy, satisfies E[vg] = y and

(3.2) Elllox — yxli3] < of, where o), := Z-
314 The difference between the SPDS and PDS algorithms is that the SPDS algorithm

315 uses a mini-batch of ¢ stochastic samples of gradients while PDS requires the access of
316 exact gradients, i.e., yr = Vf(z;). As a result, the update of yj, is replaced by a mini-
317 batch update step and equations (2.4) and (2.7) of the PDS algorithm are replaced

This manuscript is for review purposes only.



318
319
320
321

10 GUANGHUI LAN, YUYUAN OUYANG, AND YI ZHOU

by their stochastic version accordingly. In order to use the mini-batch technique, we
need to replace the prox-function V'(-,-) in the PDS algorithm in Algorithm 2.2 by
Euclidean distances. Recalling the assumption on the variance of stochastic samples
in (1.5) and noting that the batch size at the k-th outer iteration is ¢y, it is easy
to obtain that the variance of the gradient estimator vy is 0% := 02 /cy, as stated in
(3.2). It should also be noted that in many applications the i-th agent may be able to
collect samples {ﬁ,(;)’j }5&, of the underlying random variable in (3.1) for computing
the gradient estimator U,(;). For example, in online supervised machine learning the
i-th agent can receive samples & ,(;')’J ’s from online data streams of the training dataset.
In such case, the SPDS algorithm allows all agents to collect stochastic samples and
perform communications simultaneously. This is because that as soon as the mini-
batch computation of the gradient estimator v,(;) in (3.1) is finished in the k-th outer
iteration, the i-th agent can start collecting future stochastic samples {5,8_“ ;’:11
for the next outer iteration. Consequently, the collection of future samples and the
communication with neighboring agents in the current k-th outer iteration can be
performed simultaneously.

The convergence of the SPDS algorithm is described in the following proposition,
whose proof is presented in Section 5. Followed by the proposition we also describe
example parameter choices in Theorem 3.2.

PROPOSITION 3.1. Suppose that the parameters of Algorithm 3.1 satisfy condi-
tions described in (2.10)—(2.12), among which two conditions are modified to

(3.3) 2Ly < pr_17k, Yk > 2, and pn(Tny +1) > 2L,

in which the Lipschitz constant L is with respect to the Euclidean norm. We have

E[@) — f@)] < (TR8) (2 (8 +00) leo— 273+ £, 2] and

-1 1
E(lAznla) < (Zil8e) S 1=l +1)2

1 N C 2
£ (3 ) o — 2713+ T, 2]

THEOREM 3.2. Denote 7 :=21/L/p and A = [27 +1] if p > 0, and A := +o0
if p = 0. Suppose that the mazimum number of outer iterations N 1is specified, and
that the parameters in Algorithm 3.1 are set to the following: for all k < A,

B4) 7= il = KL =k, g AL, Ty = [BAL) o, [min{Nac]

forallk > A+1,

=T, M= A=, B = AN g = 20

(E ) /l e A s Ck ! :
k % ¢ %

L2X" 2

and for all k and t,

t

(3:6) mp = (& + p)(t = 1)+ 0aTk, 4, = g5pe, o = PFle

Bre—1 T k>2 andt=1
1 otherwise.
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Applying Algorithm 3.1 to solve problem (1.2) we have

(87)  f@n) — f(@) < min {3, WA [4Lljeo — a3+ £2°] and

(&

(38)  MAzll2 < min {2, A2} [ (llz*ll2 + 1) + ALlJwo — 23 + 2]
Specially, if we set

(3.9) R=Jzlletl gpge— 207

T Aflwo—z*l2 lwo—a~[3°

then we have the following sampling and communication complexity results for Algo-
rithm 3.1 (here O(1) is a constant that is independent of o, N, || Al and €):

a) If w = 0, by setting N = {\/IOixo - x*||§/5w we can obtain a stochastic
e-solution with N + 80002||z¢ — x*||3/e gradient samples and N + 600||.A|| /e
rounds of communication.

b) If 1 > 0, by setting N = [A +logy—1 (5L ||z — x*||§/5)—‘ we can obtain a sto-

chastic e-solution with O(1) (1 ++/L/plog(L||zo — z*||3/e) + 02(1 + 1/5)>

samples and O(1) (1 +\/L/plog(L|jzo — z*||3/e) + |lA||(1 + 1/\@)> rounds
of communication.

Proof. Following a similar argument to the proof of Theorem 2.2, it is easy to
verify that the parameter selections in (3.4) - (3.6) satisfy the conditions stated in
Proposition 3.1. The results in (3.7) and (3.8) follows immediately from the propo-
sition and our parameter selections. We now consider the case when 1 = 0 (hence
A = +00). By the choice of N, the selections of S, px, R, and ¢ in (3.4) and (3.9),
and noting that Zgﬂ k? < N2 we can bound the total number of gradient samples
by

N N eNk2\ _ g>N N 2
Siaee <ty (14 95) = N+ gt g S b

2 74 2 T
SNJFA:NJFWWH:*;ZM

2L2||wo—a* |3
In the case when p > 0, similar to the proof of Theorem 2.2 we can observe two
bounds N < O(1) (1 +\/L/plog(L||zo — x*||%/5)> and A~V < (1/6)O(1). In view
of these bounds, the descriptions of ¢; and ¢ in (3.4), (3.5), and (3.9), we can bound

the total number of gradient samples by

N A Ac?k? N (147)%2Ac _k=A
Siiier <Ti (1+ gty ) + Silan (1+ 2kt =s?)

2

N—A

=N +0(1)o% + O(l)%oj/\‘w‘“

<0O(1) (1 +\/L/plog(L||zo — :c*||§/5)) +0(1)o? + O(1)0?/e. a

In view of Theorem 3.2, we can conclude that the sampling complexity achieved
by the SPDS algorithm does not depend on the communication network topology;
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it is only dependent on the Lipschitz constant L, strong convexity parameter p, the
variance of the gradient estimators o2, and proximity to an optimal solution ||x¢—x*||2.
Moreover, the achieved sampling complexity is in the same order of magnitude as
those optimal centralized algorithms, such as accelerated stochastic approximation
method [8, 9]. To the best of our knowledge, this is the first time such sampling
complexity bounds are established for stochastic decentralized algorithms. Indeed,
the total number of communications required to compute an e-solution still depends
on the graph topology. It should also be noted that the constant factors in part a)
of the above theorem (800 and 600) can be further reduced, e.g., by assuming that
N > 5. However, our focus is on the development of order-optimal complexity results
and hence we skip these refinements.

4. A byproduct on solving bilinearly coupled saddle point problems. In
this section, we present a byproduct of our analysis and show that the PDS algorithm
described in Algorithm 2.2 is in fact an efficient algorithm for solving certain convex-
concave saddle point problem with linear coupling. Specifically, in this section we
consider the following saddle point problem:

4.1 —h

(4.1) minmax f(z) + {(Az, z) — h(z)

where X' and Z are closed convex sets, A is a linear operator, and f and h are
convex functions. Here, we assume that h(z) is relatively simple, and that f(z) =
f(x) + pv(x), where p > 0, v : X — R is a strongly convex function with strong
convexity modulus 1 with respect to a norm || - [|, and f : X — R is a convex smooth
function whose gradient is Lipschitz with constant L with respect to the norm || - ||.
Note that problem (4.1) is equivalent to

4.2 i T2) = f*(y) —h

(4.2) min max pu(z)+(2,y+A 2) — f7(y) — h(z)

where f* is the convex conjugate of f and Y := dom f* Also, observe that when Z
is a vector space and h(z) = (b, z), the saddle point problem (4.1) becomes

(4.3) mlnf( ) s.t. Az =0b.

If in addition b = 0, Z = R™?, and X, f, and A are defined in (1.2), then we obtain
the linearly constrained reformulation of the multi-agent optimization problem (1.1).

We describe an extension of the PDS algorithm in Algorithm 4.1. In the algorithm
description, U, V, and W are prox-functions defined by

(4.4) U(2,2) :=((2) = ((2) = (¢'(2), 2 — 2),
(4.5) V(z,x) ::u(x)—u(A) (u’(:ﬁ),x z), and

(4.6) W(v,y) =F*(y) = f*(0) = (f*) (v).y — v).
respectively, where v and f* are defined in (4.2) and ¢ : Z — R is a strongly convex
function with strong convexity modulus 1 with respect a norm | - |. Noting from the

strong convexity of ( and v we have for any 2,z € Z and &,z € X that
(4.7) U(2,2) > 42— 2” and V (3, 2) > 1|2 — 2>

Moreover, since f is convex and V£ is Lipschitz with constant L with respect to norm
I ]I, f* should be strongly convex with strong convexity parameter 1/L with respect
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to the dual norm || - ||«. Consequently, noting the definition of W in (4.6) we have

(4.8) W(v,y) > 3= [lv = yll, Yo,y €Y.

Algorithm 4.1 An equivalent alternative description of the PDS algorithm
Choose xg € X, yp € Y, and zg € Z. Set o = x_1 = xp.
for k=1,...,N do

Compute
(4.9) T =Tp—1 + )\k(fk—l — xk_g),
(4.10) Y = argn}l;in<—5fk7 )+ () + W (-1, ).
ye

_ Teo1—1 _
Set 20 = xp_1, 20 = 2,1, and Ty o "7 (when k =1, set x] b= z0).

fort=1,...,T; do

i =2l 4o (et - )
2}, = argmin h(z) + (—Aith, ) + U (=, 2)
z2€EZ

2l = axgmin j(z) + (g + AT 2h,2) + V(2 2) + puV (@61, 0)
zeX

end for
_ Tk Y 4 N WV s et
Set xp = x,F, 21 = 2,.%, T = » 5 @ /Th, and 2, = >, 5, 21 [Ty
end for

Output Wy = (TN, YN, ZN) = (fo:l ﬂk)_l (Zszl 5k(ik,yk,5k))~

Extending the analysis of Algorithm 2.2, it is straightforward to observe that the
equivalent description of the PDS algorithm described in Algorithm 4.1 can be applied
to solve the more general saddle point problem (4.2). We will evaluate the accuracy
through the gap function defined by

QUi w) = (i) + (i, y + AT 2) = J*(y) = h(2)]

(4.11) i
= [@) + e+ AT2) = F () = b2

in which @y := (&g, yk, 2x) and w = (z,y,z). We have the following proposition
describing the convergence result, whose proof will be presented in Section 5.

PROPOSITION 4.1. Suppose that the conditions (2.10)—~(2.12) (where ||A|| is the
norm induced by || - || and | -|) described in Proposition 2.1 hold for Algorithm j.1.
For all w € X x Y X Z we have the following convergence result when Applying
Algorithm 4.1 to solve problem (4.2):

412)  Qwy,w) < (Zszlﬂk)_l Br [HU(z0,2) + (B +p1) Viwo, )]

Moreover, in the special case of problem (4.3) (i.e., if Z is a vector space with Euclid-
ean norm | - | = || - ||2, the proz-function U(-,-) = || - — - |3/2, and h(z) = (b, z)), then
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we can set the initial value zg = 0 in Algorithm J.1 and obtain

(113) @)~ F@) < (S268) B (B +m) Viwe.a) and

(19) [ Azy — bl < (S008) A [+ 17 + (B 4 Vi ).

We provide a set of example parameters for Algorithm 4.1 in the theorem below.
The proof of the theorem below is similar to that of Theorem 2.2 and thus is skipped.

THEOREM 4.2. Suppose that the parameters of Algorithm 4.1 are set to the ones
described in Theorem 2.2. Applying Algorithm 4.1 to solve problem (4.1) we have

Qwn,w) Smin{%,ANﬁA} [%U(zo,z*) + 4LV (2o, 2%)| .

Specially, if R is set to (2.17), then we have the following complexity results for
Algorithm 4.1 to obtain an e-solution of problem (4.1) (here O(1) is a constant that
is independent of N, | A|| and €):

a) If u = 0, then the PDS algorithm can obtain an e-solution of problem (4.1)

after at most O(1) ( EV(xo,x*)/zs) number of gradient evaluations and

o) < LV (zg,z*)/e + ||A||/€> number of operator computations (involving

Aand AT).
b) If u > 0, then the PDS algorithm can obtain an e-solution of problem (4.1)

after at most O(1) <1 +1/2L/p log(EV(xo,x*)/e:) number of gradient eval-

uations and O(1) (1 +\/2L/plog(LV (o, z*) /) + || A|l(1 + 1/\/5> number

of operator computations (involving A and AT ).

To the best of our knowledge, this is the first time that a primal-dual type algo-
rithm achieves the above complexity results for solving bilinearly coupled saddle point
problems. The only other method that achieves such complexity results is presented
in [15], which requires to utilize a smoothing technique developed in [23]. However,
the smoothing technique requires that either set X or Z is compact and hence is not
applicable to the constrained optimization problem (4.3). Our proposed algorithm
is the first algorithm in the literature that is able to solve the linearly constrained
optimization problem (4.3) with the above complexities.

5. Convergence analysis. Our goal in this section is to complete the remaining
proofs in Sections 2-4, including the proofs of Propositions 2.1, 3.1, and 4.1. We first
need the following proposition that describes an estimate of the gap function in (4.11):

PROPOSITION 5.1. Suppose that &y = S0, at /Ty, and 2, = S,%, 2L /Ty, where
the iterates {xt )15, and {z£}1%, are defined by

(5.1) 2f =argmin h(z) + (— AL, 2) + ¢LU (241, 2) and
z€EZ

(5.2) al, = argmin pv(z) + (vx + A 25, 2) + iV (2 2) + prV (zg—1, 1)
zeX
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respectively. Letting

Wy = (T, Yk, 2x) we have

(5.3) SN BeQig,w) + A+ B<C+ D, Yw:= (2,y,2) EX XV x Z

where

(5.4)

(5.5)

(5.6) C=Y 2

NB
D=3

A= B [ an ) + (o) + (ons o —2) = () + F(9)

RN V(@i a)

B ;:zﬁzl% S (AT2E — ATz 2t — ab)

+qi Uz, z) +mi Vit o))
Z [ ( . 1’ )_QIZU(ZliaZ)]a
Sk [V (it 2) — (ol + pe)V (k@) + eV (zh-1, 2)] -

Proof. By the optimality conditions of (5.1) and (5.2) and definitions of U and

V in (4.4) and (4.5)

respectively, we have

(W' (2) — Ay, + qpC'(21) — 41’ (217 1) 2k — 2) <0, Vz € Z, and

t—1

(i + ) () + vk + AT 2 — i/ (2371) = prv/ (wr—1), 7, — 2) <0, Vo € X

In view of the above results, the convexity of h and v, and the definitions of U and
V' we obtain the following two relations: for any z € Z and = € X,

h(zk) = h(z) + (= Aty 2, — 2) + U (27, 20) + aiU (2, 2) < iU (7", 2), and

(ok + ATz, — 2) + pw(a}) — (@)

+ V(g xh)

+ (14 nf, + pr)V (@), ) + prV(@g—1, )

< V(e o) 4+ peV (k-1 @).

Summing up the two relations above, while noting that

(— A
=(AT4,

we have

2h —2) + (v, + AT 2l — )
— .ATz,x’fC —ak) + <.ATZ,ZEZ> — (v + ATZZ, z) + (vg, zh),

(ATzh = ATz @) — ) + (A2, 23) — (o + AT 2, 2) + (vp, 7))

+ h(zp,) — h(2)
+ pv(y,) — v

+ @ Uzt 2) + aiU (2, 2)
(2) +npV(@h ah) + (w+np + i)V (zh, @) + piV(zp—1, 2})

<qGU(Z 2) + Vet ) + peVi(zg—_1, 7).

Summing fromt =1,...,

T} and noting the definitions of Z; and Zx and the convexity
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of functions h and v we have
Ty [(AT 2, &) — (v + AT 2, @) + (0g, 21) + h(Zk) — h(2) + pv(dy) — pr(a )}
+ ok [Vi@ko,2h) + (AT2h — ATz 2l — ) + LU (2 2h) + bV (g o
<3k [qU Y 2) — qhU (2L, 2)

z;)]

greﬁ

iV (xyh 2) — (g + o)V (@h, ) + peV (wk-1, )] -

We conclude (5.3) by multiplying the above relation by (i /Tk, noting the definition
of the gap function Q(wg,w) in (4.11) and summing the resulting relation from k =
1,...,N. O

It should be noted that the above result is valid for any choices of vy, @} and
x—1 used in the descriptions of z} and z} in (5.1) and (5.2) respectively. Now we
are ready to establish tight bounds of A, B, C, and D in (5.3) through a series of
technical lemmas. To provide a tight estimate of A, we start with the case when vy
is the exact solution to the dual prox-mapping subproblem (4.10).

LEMMA 5.2. Suppose that vy, = y where yi is defined by (4.9) and (4.10). If
(5.7 71 =0,8.m < Be-1(h-1 + 1), Be—1 = Brde, and LAx < pp_17i, Vk > 2,

then we have

A> —By(rn—1—in,yn —y) + ZLE |on_1 — dn||® + By (Tv + DW (yn, y).-
Proof. By the optimality condition of (4.10) and the definition of W in (4.6)
(=K + (L+76) () (k) = 76 (F) (1) vk — ) <0, Yy €V,
which together with the convexity of f* and the definition of W in (4.6) implies

(=@, yi —y) + [ () — () + W (ye—1, 9) + (76 + W (yx, )

(5.8)
<neW(yr—-1,9), Vy € V.

Combining the above relation with A in (5.4) and noting that vy = y;, we have
A= B | (7 + W (Wko ) — 7 W (yr—1,9) + 7 W (yr—1, Uk
(kY + (o 8) + (~Ths s — y) + BTV (@ror, 0]
From the definition of Z; we can observe that
— (@, y) + W ) + (T Uk — ) = —(@k—1 + Me(Er—1 — Tr—2) — T, Yk — Y)
=Ak(Tr—2 = Th—1,Yk—1 — Y) — (Th—1 — T, Yo — Y) + Ml T2 — Tr—1, Yo — Yo—1)-
Also, by the definition of &3 and the fact that V' is lower bounded in (4.7) we have

Tkzt iV (k1. 2h) > ppV(@p—1, 8) > B||wp—1 — @l
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560 Applying the above two observations, the bound of W in (4.8), the parameter as-

561 sumption (5.7), and recalling that x_; = & in Algorithm 4.1 we have

562 A>T [Br(e + DW Yk, y) — BemeW (-1, y)

563 + BeAk(Th—2 — k-1, Yk—1 — Y) — Be(Th—1 — Tk, Yk — Y)

564 B M (ko2 — Bk 1, Uk — Yro1) + D a1 — Eal + B gk — yk”i}
565 >Bn(Tn + )W (yn,y) — Bn(en—1 — En,yn — y) + 2P oy — dp|)?

566 + 30 Bedllzr—s — Eu—1 1y — yr—1ll«

567 B gy — e | B gy — )2

368 >Bn (v + )W (yn,y) — By (@n—1 — En,yn — y) + L2 oy g — @2,
570 where the last inequality follows from the simple relation a? + b > 2ab and
374 (BeAnk)? = Br—1Pk—1(Brmi/L) = (BAk/L) (LA, — pr—17%) < 0. o

573 There are cases when vy is not equal to yg, for example, in Algorithm 3.2. The
574 following lemma provide a tight bound for A under this case.

575 LEMMA 5.3. Suppose that yy is defined by (4.9) and (4.10) and vy = vg(Yk, &k)
576 is an unbiased estimator of y with respect to random variable & such that E[||vy, —
577 ygll«] = 0 and E[|jvg — yk||?] < o2, where || - ||« is the dual norm of || - ||. If the
578  parameters satisfy

5%9 71 = 0,86k < Br-1(Tkm1 + 1), Bt = Brde, and 2LA, < pp_17, Vk > 2,
581  then we have

o ElA]l >E |- A _ BnpN A2 N Biop

582 [A] ZE | -Bn(en-1 — En,yn —y) + Z lonv—1 — BN 17 = 2ok 5

583 + B8 (v + W (yn, y) } :

585 Proof. In view of the optimality condition described previously in (5.8) and the

586 definition of A in (5.4) we have A > A; + A where
587 Ay izszzlﬂk {*(flmy) + (Y Br) + (i, Yo — Y) + 25 {:’“1‘/(%—1,932)

588 + W (yr—1,9%) + (71 + DW (yr, y) — W (yr—1, y)} and

50 A :=fo:1%Zf£1 [BeV (wp—1,2L) 4 (vk — Yk, ¥ — Toe1) + (k — Y Th1 — )] -

591 Applying the same argument as in Lemma 5.2 to Ay, we have

592 Ay > = Bn(ano1 — En,yn — y) + 22 ay_y — En |12 + By (T + )W (yn, y).

594 To finish the proof it suffices to show that E[As] > — Zszl Broi/pr. Noting from
595 the definition of vy that E¢,, ¢, | [(vx — Yk, x—1 — )] = 0 and applying the bound
596 of V in (4.7) and Cauchy-Schwartz inequality to the description of Ay we have

- N T;
E[4o] 2B [0 2 500 (Bllones — o) + low — vl llzf, — wacal])]
. N 8 T 1 2| _ N Buoj
205 >E {Zk:lﬁ P I yk”*] == k=1 ;:k~ U
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We continue with the estimates of B, C, and D in the following two lemmas.

LEMMA 5.4. Suppose that

(5.9) af, =1, |AII> <ni'qh, Vt>2,k>1, and
(5.10) BiTi-rof =BT, o AI* < "3l vk > 2,
where || A is the norm induced by norms || - || and | - | introduced in (4.7). Then

Tn—1 BNnaN | Ta—1 T
B 222 Alllan — 2lllan — a3 | + %jj [t

Proof. By the definition of @}, in (2.6) and bounds of U and V in (4.7) we have
t b AT = ATz ) —af) + U (27 2) + nf V(g af)]
>k [—af (AT = ATz =) + (AT - ATz — )
t
L = 2P Bl — b - af (AT - AT T - )
Also observe that 0‘2 =1 for all ¢ > 2 we have
T b (AT = ATzl -2ty (AT - ATzt — 2t
=—ap(AT2) — ATz 2 — )+ (AT — ATz 2l — 2T,
In addition, in view of the assumptions (5.9) and (5.10) we have
t t
AL Pt z};H? + 2 — af P - af (AT — ATZ T 2l — a2
) .
=% llag — 2l + - |ka PP - g — 2 Al — 2 h)

t
+ [%uz,i* — 2P+ 2P = (o — A Al = o)

1 afe! I

1
T; _
>4 )2 — zll” + — a1 = ol Alllzy, — 2Rl —

Applying the above three relations to the definition of B in (5.5), recalling the defi-
nitions of 29, 20, z; " in Algorithm 4.1, and using the assumption (5.10) we have

N B _
B ZZk:l% - O‘llf<~’4T p— ATz, xp — D+ <AT22+1 - ATZWE%-H ‘Tk-i,l-1>
: Ty —1 T,
R e R ||1’ a2 = el Alllzg = 2Rl - l’klll]

:%<ATZN — ATz ey — 2l

ﬂN"?N

Tn— T,
+ QT,C ”Zl _Zl||2 2T~ HI‘ Nt -z N||2

Brdi 11,0 102 Bk—w:ﬁl -1 012 Bkak -1
+ Z e llze — zll” + —gp oy —all” — IAlllz = 22ll2R — 2l
k=2

T ERTARTIN T
> 20 | Allew — 2lllon — o R )+ S oy — 22
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632 Here in the last inequality we use the following result from the assumption (5.10):

633 (BrabIAI/Ti)? = (Brah/Te) Br—1m* 3"/ Tr—1)

34 =(Br/Ti)*ak(ab | AlI? = ghng7") > 0. O
636 LEMMA 5.5. If

g3z (5.11) gb < g, V> 2k > 1 and B Ti-1q}, < 516—1qu;?5_11, Vk > 2,

639 then C in (5.6) can be bounded by

Tn
N

1
G40 C <%0 (29, 2) — U2y, 2).

642 Also, if

M <ptng 4 pr, V6> 2,k>1 and

643 (5.12) . Thos

644 BeTk—1(ny +prTr) < Br—1Tk(p +m50" +pr—1), Yk > 2,

645 then D in (5.6) can be bounded by

46 D <B(nf + piT0)V (o, 2) — 25 (4 0y + pn)V (2, @).

648 Proof. In view of (5.11) and the fact that z,g = 21 and 2z = zg’“, we have:
1 Ty, 1 T

oo C <Y [%U(zk_l,@ — MU (,2) | < BU(z0,2) - 2= Uew, 2).

651 Similarly, by (5.12) and noting that 9 = xj_1 and z), = ac;‘g’“ we have

652 D < 4 [V el w) = Gt nf + )V (o) + TV (wro, )]

653 =S (B Ok + TV (wr1,2) — B (u o+l + p)V (2, 2)|

fiod <E(n1 + TV (20, 2) — 2 (n+ 0y +py)V(en, o). 0
656 With Lemmas 5.2, 5.4, and 5.5 and Proposition 5.1, we are ready to prove Propo-

657 sition 4.1.

658 Proof of Proposition /4.1. Note that the conditions (2.10) and (2.11) for param-
659 eters in Algorithm 4.1 are exactly the parameter assumptions (5.7), (5.9) — (5.12),
660 in Lemmas 5.2, 5.4, and 5.5. In view of the definition of wy, the convexity of @Q,
661 Proposition 5.1 and Lemmas 5.2, 5.4, and 5.5, we have

662 (Z180) QEn,w) < S4B, w)

663 <BN(aN—1 —En, YN —Y) — PPN oy — x|~ By (Ty + DWW (yn, y)
661 — 8 Alley — 2lllen — 2| - 2 o Tyt - 2T

665 + B}—?U(zo,z) - %U(m,z)

ags + 8 (01 + p1 1)V (w0, @) — S5 (n+ Y + py)V(@n, ).
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668 We conclude (4.12) from the above inequality by noting from (2.12), (4.7), and (4.8)
669 that

5NPN

BN(TN-1— TN, YN —Y) — len-1—@n|* = Bn(Tn + DW (yn, y)

670
1
<2 yn —y|* — Py — y)” <0, and
e T A TING oY WG VT S L
. v MAllzy = zllley — 237 = S lley™ — ey 7 = =70=Ulan, 2)
o Brayy 2 Bnay 2
672 S 2T11\\77 |ZN—Z| - QTJI\\,’ |ZN_Z| =0.
673 In the special case when Z is a vector space with Euclidean norm |- | = || - |2, the
674 prox-function U(-,-) = || - — - [|3/2, and h(z) = (b, 2), let us choose any saddle point
675 w* = (x*,y*, z*) that solves the SPP (4.2) and denote
76 (5.13) Wy = (a*,y", Zx) where ) = b (Azy — ).
7 [ [

678 Note that in such special case the SPP (4.2) reduces to the linear constrained op-
679 timization (4.3), in which z* is an optimal solution, y* = Vf(z*), and z* is the
680 optimal Lagrange multiplier associated with the equality constraints. Choosing w =
681 (z*,Vf(Tn),0) and noting that Az* = b, f(ZTn) = (TN, Vf(@ZN)) — [*(V[(TN)), and
682 f(z*) > (@*,yN) — [*(Un), by the definition of gap function @ in (4.11) we have

653 QW w) =ur(En) + @n, V(@N) — [H(VI(@N)) — wre”) = @ 5x) + [ (Gy)
684 >puv(@n) + f@n) — pv(a”) — fl@*) = f(@x) - fa).

686 Combing the above result with (4.12) we obtain (4.13) immediately. To prove (4.14)
687 let us study the gap functions involving Wy, w*, and Wy . Observe that

688 Q@ w") = [uw(@n) + @ny* + A=) = Fly") = (6,27)]

089 = [pra®) + @ Ty + ATEN) - @n) - (0,78

690 Spv(@N) + @nsy") = ) — pv(a®) = (@7, 58) + F* ()
692 + [AZN = bl2f|z]2-

693  Here also observe that Q(wx,w*) > 0 since w* is a saddle point. By these observations
694 and the definition of Z3 in (5.13) we have

695 Q@w, W) = [v(@n) + @n,y* + ATZR) = F(5) = (0.78)]

696 = [ () + (@ G + AT2N) = @) — (b.78)]

oo —(ZN) + @, y") = F () — w(a®) — (2%, 7x5) + [ ([x)
698 + ([Iz"l2 + Dl AZn — 0]l

988 >Q(Wn,w") + [[AZN — bll2 > [ AZTN — b|2.

701 The above result, together with the bound of @ in (4.12), and the facts that y* =
702 Vf(x*), 20 =0, and ||z0 — Zx |13 = IZx 13 = (||2*]|2 + 1)?, yield the estimate (4.14).0

703 Note that Proposition 2.1 is in fact a special case of Proposition 4.1. Indeed, since
704 Algorithm 2.1 is the agent view of Algorithm 2.2, which is a special case of Algorithm
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4.1 (when h(2) =0, Z =R™4, 2y = 0, X, f, and A are defined in (1.2), and all norms
are Euclidean). Therefore, the results in Proposition 2.1 are immediately implied
from Proposition 4.1.

Applying the results in Lemmas 5.3, 5.4, and 5.5 to Proposition 5.1 we can also
prove Proposition 3.1. The proof is similar to that of Proposition 4.1 above.

-1

Proof of Proposition 3.1. Denoting Wy := (Zszl Bk) (ij:l 6kwk>, let us
study the gap function @ defined in (4.11) in which A(-) = 0. Noting the convexity
of @, applying Proposition 5.1 (in which U(-,-) = || - — - [13/2, V() = || - — - 13/2,
and all norms are Euclidean) and the bounds of A through D in Lemmas 5.3 (with
ok = o/,/ck as specified in Algorithm 3.2), 5.4, and 5.5 (in which z9 = 0 from the
description of Algorithm 3.1), we have

(ZA18) BlQ@x, w)] < S0 BEIQin, w)]
<E [Bn (en-1 = @nyn =) — 2 a1 —an 3+ 2
= Bn(tny + )W (yn, y)

Tn—1 BunaY || Tn—1 T
— 2| Alllzn — zllallen — 2} Iz — S lle i T — 21V )13

N Byo®
k=1 prcs

BNy
2115 — S—llzn — 2lI3

Big]
+ TN

2T

T
2 O + T llwo — 23 — 5 (et nf + pw)llen — all]

Here noting from (2.12), (3.3), and (4.8) we can simplify the above to

N — B 1 N 2
(Z80) BQ(@n, w)] ST 12153 + £ 00 + piTh) o — w3 + S0, 262

The remainder of the proof is similar to that of Proposition 4.1 and hence is skipped.O

6. Numerical experiments. In this section, we demonstrate the advantages
of our proposed PDS method through some preliminary numerical experiments and
compare it with the state-of-the-art communication-efficient decentralized method,
namely the decentralized communication sliding (DCS) method proposed in [14]. We
consider a decentralized convex smooth optimization problem of unregularized logistic
regression model over a dataset that is not linearly separable. In order to guarantee a
fair comparison, all the implementation details described below are the same as sug-
gested in [14]. In the linear constrained problem formulation (1.2) of the decentralized
problem we set A = £ X I from the graph Laplacian. For the underlying communi-
cation network, we use the Erhos-Renyi algorithm to generate three connected graphs
with m = 100 nodes as shown in Figure 1. Note that nodes with different degrees are
drawn in different colors, in particular, G1 has a maximum degree of dy,q, = 4, G2
has diar = 9 and G3 has dyqa. = 20. We also use the same dataset as in [14], a real
dataset "ijenn1” from LIBSVM! and choose 20,000 samples from this dataset as our
problem instance data to train the decentralized logistic regression model. Since we
have m = 100 nodes (or agents) in the decentralized network, we evenly split these
20, 000 samples over 100 nodes, and hence each network node has 200 samples.

IThis real dataset can be downloaded from https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/

datasets/.
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© teccdeces®” g

F1G. 1. The underlying decentralized networks G1, G2 and G3, from left to right. Nodes
with different degrees are drawn in different colors.

All agents in the network start with the same initial point g = 0 and yg = 29 = 0.
We then compare the performances of the proposed PDS/SPDS algorithms with DCS
(SDCS for stochastic case) proposed in [14] for solving (1.2) with f; being the logistic
loss function. We show the required number of communication rounds and (stochastic)
gradient evaluations for the algorithms in comparison to obtain the same target loss.
In all problem instances, we use || - |2 norm in both primal and dual spaces. All
the experiments are programmed in Matlab 2020a and run on Clemson University’s
Palmetto high-performance computing clusters (with 6 Intel Xeon Gold CLX 6248R
CPUs for a total of 168 cores).

In the deterministic case, for the DCS algorithm we use the parameter setting as
suggested in [14] including using a dynamic inner iteration limit as min{10k, 5,000}
for possible performance improvement. For the PDS algorithm we use the parameter
setting as suggested in Theorem 2.2 for solving smooth and convex problems (u = 0).
In particular, when setting the inner iteration limit 7} we choose R = 1/(2v/2) in
(2.13) . Note that we also try tuning the estimation of Lipschitz constant L for the
best performance of the PDS algorithm.

TABLE 1
Comparison of the DCS and PDS algorithms in terms of reaching the same target loss

Algorithm Graph Target Loss | Achieved || Az|| S)?E;ls e\iﬁijltei};lzs
DCS Gl(dmaz = 4) 70 4.94e — 04 3,110 6,527,500
PDS Gl(dmaz = 4) 70 8.95e — 02 154 24
DCS G2(dmas = 9) 70 3.22¢ — 14 5,624 | 12,812,500
PDS G2(dmaz = 9) 70 2.08¢ — 01 274 25
DCS | G3(dmax = 20) 70 NA® NA NA
PDS | G3(dmas = 20) 70 1.84c — 02 168 2
DCS G1(dmaz = 4) 60 NA 3 NA NA
PDS Gl(dmas = 4) 60 3.60e — 01 236 60
DCS G2(dmaz = 9) 60 NA 3 NA NA
PDS G2(dmaz = 9) 60 9.15¢ — 01 340 58
DCS G3(dmae = 20) 60 NA ® NA NA
PDS G3(dmaz = 20) 60 2.09e — 01 564 54

IWe use “NA” for DCS experiments running more than 8,000 communication rounds but not
achieving the target losses.
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Table 1 show the results we obtained from the experiments of solving deter-
ministic logistic regression problems. From the table, to reach the same target loss
our proposing PDS algorithm requires less rounds of communication and much less
gradient evaluations than the DCS algorithm in [14]. In particular, the number of
gradient evaluations barely changes as the maximum degree of the graph increases,
which matches our theoretic results on graph topology invariant gradient complexity
bounds. Moreover, we can see that both algorithms achieves reasonable feasibility
residue, which is measured by || Az|2. It needs to be pointed out that the DCS al-
gorithm achieves a smaller feasibility residue but a much higher loss, while the PDS
algorithm spends more efforts in reducing the loss value and maintaining an accept-
able feasibility residue. Therefore, we can conclude that the PDS algorithm maintains
a better trade-off between loss and feasibility residue than the DCS algorithm.

We also consider the stochastic problem in which the algorithms can only access
the unbiased stochastic samples of the gradients. For the SDCS algorithm, we use the
parameter setting as suggested in [14] (see Theorem 4 within) except using a dynamic
inner iteration limit as min{10k, 5,000} for possible performance improvement. For
the proposed SPDS algorithm, we use the parameter setting as suggested in Theo-
rem 3.2 for solving smooth and convex stochastic problems with R =1 and ¢ = 1/4
n (3.4). We set N to be the smallest iteration limit where N mod 10 = 0, and hence
N = 30 for the cases when we set target loss as 70 and N = 100 when target loss is
60.

TABLE 2
Comparison of the SDCS and SPDS algorithms in terms of reaching the same target loss

Algorithm Graph Target Loss | Achieved || Az|| S)?E;ls Stgrc:(?ss.tlc
SDCS G1(dmaz = 4) 70 NA? NA NA
SPDS G1(dmas = 4) 70 6.10e — 04 428 431
SDCS G2(dmaz = 9) 70 NA? NA NA
SPDS G2(dmaz = 9) 70 3.77e — 04 740 431
SDCS G3(dmaz = 20) 70 NA® NA NA
SPDS G3(dmas = 20) 70 6.12¢ — 05 1,418 431
SDCS G1(dmaz = 4) 60 NA * NA NA
SPDS G1(dmasw = 4) 60 9.68¢ — 04 506 1,434
SDCS G2(dmaz = 9) 60 NA*? NA NA
SPDS G2(dmaz = 9) 60 8.87e — 04 816 1,433
SDCS G3(dmas = 20) 60 NA*? NA NA
SPDS G3(dmas = 20) 60 1.18¢ — 04 1,496 1,433

Table 2 show the results we obtained from the experiments of solving logistic re-
gression problems using stochastic samples of gradients. Observe from the table that
the number of required stochastic gradient samples for the SPDS algorithm do not
change as the maximum degree of the graph increases, which matches our theoretic
result that the sampling complexity of the SPDS algorithm is graph topology invariant
for stochastic problems. The SPDS algorithm can achieve target losses within reason-
able amount of CPU time and algorithm iterations, while the SDCS algorithm can not
achieve any of the target loss within the required communication rounds. Therefore,

IWe use “NA” for SDCS experiments running more than 4,000 communication rounds but not

achieving the target losses.
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we can conclude that the proposed SPDS algorithm outperforms the SDCS algorithm
in [14] in terms of both sampling and communication complexities.

7. Concluding remarks. In this paper, we present a new class of algorithms
for solving a class of decentralized multi-agent optimization problem. Our proposed
primal dual sliding (PDS) algorithm is able to compute an approximate solution to

the general convex smooth deterministic problem with O < L+ || All/ E) commu-
nication rounds, which matches the current state-of-the-art. However, the number of
gradient evaluations required by the PDS algorithm is improved to O ( L / E) and is

invariant with respect to the graph topology. To the best of our knowledge, this is the
only decentralized algorithm whose gradient complexity is graph topology invariant.
We also propose a stochastic primal dual sliding (SPDS) algorithm that is able to
compute an approximate solution to the general convex smooth stochastic problem

with O < f// £+ o2 /52> sampling complexity, which is also the only algorithm in

the literature that has graph topology invariant sampling complexity. Similar conver-
gence results of the PDS and SPDS algorithms are also developed for strongly convex
smooth problems.
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