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Abstract. One fundamental problem in decentralized multi-agent optimization is the trade-off5
between gradient/sampling complexity and communication complexity. In this paper we propose6
new algorithms whose gradient and sampling complexities are graph topology invariant, while their7
communication complexities remain optimal. Specifically, for convex smooth deterministic prob-8
lems, we propose a primal dual sliding (PDS) algorithm that is able to compute an ε-solution with9
O((L̃/ε)1/2) gradient complexity andO((L̃/ε)1/2+‖A‖/ε) communication complexity, where L̃ is the10
smoothness parameter of the objective function and A is related to either the graph Laplacian or the11
transpose of the oriented incidence matrix of the communication network. The complexities can be12
further improved to O((L̃/µ)1/2 log(1/ε)) and O((L̃/µ)1/2 log(1/ε)+‖A‖/ε1/2) respectively with the13
additional assumption of strong convexity modulus µ. We also propose a stochastic variant, namely14
the primal dual sliding (SPDS) algorithm for convex smooth problems with stochastic gradients.15
The SPDS algorithm utilizes the mini-batch technique and enables the agents to perform sampling16
and communication simultaneously. It computes a stochastic ε-solution with O((L̃/ε)1/2 + (σ/ε)2)17
sampling complexity, which can be further improved to O((L̃/µ)1/2 log(1/ε) + σ2/ε) in the strong18
convexity case. Here σ2 is the variance of the stochastic gradient. The communication complexities19
of SPDS remain the same as that of the deterministic case. All the aforementioned gradient and20
sampling complexities match the lower complexity bounds for centralized convex smooth optimiza-21
tion and are independent of the network structure. To the best of our knowledge, these gradient and22
sampling complexities have not been obtained before in the literature of decentralized optimization.23
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1. Introduction. The problem of interest in this paper is the following decen-27

tralized multi-agent optimization problem in which the agents will collaboratively28

minimize an overall objective as the sum of all local objective fi’s.:29

(1.1) min
x∈X

∑m
i=1 fi(x).30

Here each fi : X(i) → R is a convex smooth function defined over a closed convex set31

X(i) ∈ Rd and X := ∩mi=1X
(i). Under decentralized settings, each agent is expected32

to collect data, perform numerical operations using local data, and pass information33

to the neighboring agents in a communication network; no agent has full knowledge34

about other agents’ local objectives or the communication network. This type of35

decentralized problems has many applications in signal processing, control, robust36

statistical inference, machine learning among others (see, e.g., [6, 11, 25, 26, 21, 7]).37

In this paper, we assume that the communication network between the agents38

are defined by a connected undirected graph G = (N , E), where N = {1, . . . ,m}39
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is the set of indices of agents and E ⊆ N × N is the set of communication edges40

between them. Each agent i ∈ N could directly communicate with the agents in its41

neighborhood Ni := { j ∈ N | (i, j) ∈ E }∪{i}. For convenience we assume that there42

exists a loop (i, i) for all agents i ∈ N . In addition, we assume that the local objectives43

are all large-dimensional functions and the i-th agent may only be able to access the44

information of its local objective fi(x) through a sampling process of its first-order45

information, e.g., the agent has objective fi(x) = Eξi [Fi(x, ξi)], where the expectation46

is taken with respect to the random variable ξi and the distribution of ξi is not known47

in advance. In order to solve problem (1.1) collaboratively, the agents have to sample48

the first-order information of their own local objective fi and also communicate with49

the neighbors in the communication network in order to reach consensus. Our goal in50

this paper is to design an algorithm that is efficient, in terms of both the sampling and51

communication complexity, on solving the multi-agent decentralized problem (1.1).52

1.1. Problem formulation and assumptions. The aforementioned multi-53

agent problem can also be formulated as the following linearly constrained problem:54

(1.2) min
x∈X

f(x) :=
∑m
i=1fi(x

(i)) s. t. Ax = 0,55

where the overall objective function f : X → R is defined on the Cartesian product56

X := X(1) × · · · × X(m) ⊆ Rmd and we use the notation x = (x(1), . . . , x(m)) ∈ X57

to summarize a collection of local solutions x(i) ∈ X(i). The matrix A in the linear58

constraint Ax = 0 is designed to enforce the conditions x(i) = x(j) for all agents59

i and j that are connected by a communication edge. One possible choice of A is60

A = L ⊗ Id ∈ Rmd×md where Id ∈ Rd×d is an identity matrix and L ∈ Rm×m is the61

graph Laplacian matrix whose (i, j)-entry is |Ni|−1 if i = j, −1 if i 6= j and (i, j) ∈ E ,62

and 0 otherwise. Here |Ni| is the degree of node i. One other choice of A is A =63

B> ⊗ Id ∈ R|E|d×md where B ∈ Rm×|E| is an oriented incidence matrix of graph G.64

Here |E| is the number of edges in G. For both cases, it can be shown that Ax = 0 if65

and only if x(i) = x(j) for all agents i and j that are connected via a communication66

edge. Note that problem (1.2) is equivalent to the saddle point problem67

(1.3) min
x∈X

max
z∈Rmd

f(x) + 〈Ax, z〉.68

We assume that there exists a saddle point (x∗, z∗) for problem (1.3).69

In this paper, our goal is to solve the multi-agent problem (1.1) by obtaining an70

ε-approximate solution x to the linearly constrained problem (1.2) such that f(x) −71

f(x∗) ≤ ε and ‖Ax‖2 ≤ ε. We make the following assumptions on the information72

and sampling process of the local objective functions. For each i, we assume that73

(1.4) fi(x
(i)) := f̃i(x

(i)) + µνi(x
(i))74

where µ ≥ 0, f̃i is a convex smooth function, and νi is a strongly convex function75

with strong convexity modulus 1 with respect to a norm ‖ · ‖. Here the gradient ∇f̃i76

is Lipschitz continuous with constant L̃ with respect to the norm ‖ · ‖. The i-th agent77

can access first-order information of f̃i through a stochastic oracle which returns an78

unbiased gradient estimator Gi(x
(i), ξ(i)) for any inquiry point x(i) ∈ X(i), where ξ(i)79

is a sample of an underlying random vector with unknown distribution. The unbiased80

gradient estimator satisfies E[Gi(x
(i), ξ(i))] = ∇fi(x(i)) and81

(1.5) E[‖Gi(x(i), ξ(i))−∇fi(x(i))‖22] ≤ σ2, ∀x(i) ∈ X(i),82
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where ‖ · ‖2 is the Euclidean norm. Note that the above assumption also covers the83

deterministic case, i.e., when σ = 0. For simplicity, in this paper we assume that the84

strong convexity constant µ, the Lipschitz constant L̃, and the variance σ2 are the85

same among all local objective functions. With the introduction of f̃i’s in (1.4), we86

can study the cases of both strongly convex and general convex objective functions87

for the multi-agent optimization problem (1.1). For convenience, we introduce the88

following notation for describing the overall objective function:89

(1.6) f(x) := f̃(x) + µν(x) where f̃(x) :=
∑m
i=1f̃i(x

(i)) and ν(x) :=
∑m
i=1νi(x

(i)).90

1.2. Related works and contributions of this paper. In many real-world91

applications, the topology of the communication network may constantly change,92

due to possible connectivity issues especially for agents that are Internet-of-Things93

devices like cellphones or car sensors. Therefore, it is important to design decen-94

tralized algorithms with sampling or computation complexity independent of the95

graph topology [20]. Ideally, our goal is to develop decentralized methods whose96

sampling (resp. gradient computation) complexity bounds are graph invariant and in97

the same order as those of centralized methods for solving stochastic (resp. determin-98

istic) problems. Although there are fruitful research results in which the sampling99

or computational complexities and communication complexities are separated for de-100

centralized (stochastic) optimization, for instance, (stochastic) (sub)gradient based101

algorithms [30, 22, 5, 29, 19, 10], dual type or ADMM based decentralized methods102

[28, 2, 27, 1, 31, 3], communication efficient methods [14, 4, 12, 16], and second-order103

methods [18, 17], none of the existing decentralized methods can achieve the aforemen-104

tioned goal. In this paper, we pursue the goal of developing graph topology invariant105

decentralized optimization algorithms based on the gradient sliding methods [13, 15].106

Our contributions in this paper can be summarized as follows.107

First, for the general convex deterministic problem (1.1), we propose a novel108

decentralized algorithm, namely the primal dual sliding (PDS) algorithm, that is able109

to compute an ε-solution with O(1)((L̃/ε)1/2) gradient complexity. This complexity110

is invariant with respect to the topology of the communication network. To the111

best of our knowledge, this is the first decentralized algorithm for problem (1.1) that112

achieves the same order of gradient complexity bound as those for centralized methods.113

Such gradient complexity can be improved to O(1)((L̃/µ)1/2 log(1/ε)) for the strongly114

convex case of problem (1.1).115

Second, for the general convex stochastic problem (1.1) in which the gradients of116

the objective functions can only be estimated through stochastic first-order oracle, we117

propose a stochastic primal dual sliding (SPDS) algorithm that is able to compute an118

ε-solution with O(1)((L̃/ε)1/2 + (σ/ε)2) sampling complexity. The established com-119

plexity is also invariant with respect to the topology of the communication network.120

Such result can be improved to O(1)((L̃/µ)1/2 log(1/ε)+σ2/ε) for the strongly convex121

case.122

Third, as a byproduct, we show that a simple extension of the PDS algorithm123

can be applied to solve certain convex-concave saddle point problems with bilinear124

coupling. For general convex smooth case, the number of gradient evaluations of ∇f̃125

and matrix operations (involving A and A>) are bounded by O(1)((L̃/ε)1/2) and126

O(1)((L̃/ε)1/2 + ‖A‖/ε) respectively. As a special case, our proposed algorithm is127

also able to solve convex smooth optimization problems with linear constraints. This128

is the first time such complexity results are achieved for linearly constrained convex129

smooth optimization. We also extend our results to strongly convex problems.130
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1.3. Organization of the paper. This paper is organized as follows. In section131

2 we present the PDS algorithm for decentralized optimization. In section 3 we present132

the SPDS algorithm for problems that require sampling of stochastic gradients. The133

byproduct results on general bilinearly coupled saddle point problems are presented134

in Section 4. To facilitate reading, we postpone all the major proofs to Section 5.135

In Section 6 we present some preliminary numerical experiment results. Finally the136

concluding remarks are presented in Section 7.137

2. The primal dual sliding algorithm for decentralized optimization. In138

this section, we propose a primal dual sliding (PDS) algorithm for solving the linearly139

constrained formulation (1.2) for decentralized multi-agent optimization in which each140

agent i has access to the deterministic first-order information of its local objective fi141

(i.e., σ = 0 in the assumption (1.5)). Inspired by the saddle point formulation (1.3)142

and the decoupling of the strongly convex term in (1.4), we propose to study the143

following saddle point problem:144

(2.1) min
x∈X

max
y∈Rmd,z∈Rmd

µν(x) + 〈x, y +A>z〉 − f̃∗(y).145

Here f̃∗ is the convex conjugate of the function f̃ defined in (1.6). Specifically,146

f̃∗ can be described as the sum of the convex conjugates f̃∗i of functions f̃i, i.e.,147

f̃∗(y) =
∑m
i=1f̃

∗
i (y(i)), where y := (y(1), . . . , y(m)) ∈ Rmd and y(1), . . . , y(m) ∈ Rd.148

Our proposed PDS algorithm is a primal-dual algorithm that constantly maintains149

and updates primal variables x and dual variables y and z. Most importantly, its150

algorithmic scheme allows the skipping of computations of gradients ∇f̃ from time151

to time, to which we refer as a “sliding” feature. We describe the proposed PDS152

algorithm in Algorithms 2.1 and 2.2, where Algorithm 2.1 describes the implementa-153

tion from agent i’s perspective and Algorithm 2.2 focuses on implementation over the154

whole communication network. Here in Algorithm 2.1 we assume that A = L ⊗ Id is155

defined by the graph Laplacian L of the communication network; similar implemen-156

tation can be described if A = B> ⊗ Id is defined by an oriented incidence matrix157

B.158

A few remarks are in place for Algorithms 2.1 and 2.2. First, in Algorithm 2.1,159

Vi and Wi are prox-functions utilized by the i-th agent. Specifically, they are defined160

based on strongly convex functions ν and f̃∗i respectively:161

Vi(x̂
(i), x(i)) :=ν(x(i))− ν(x̂(i))− 〈ν′(x̂(i)), x(i) − x̂(i)〉, ∀x̂(i), x(i) ∈ X(i),162

Wi(ŷ
(i), y(i)) :=f̃∗i (y(i))− f̃∗i (ŷ(i))− 〈(f̃∗i )′(ŷ(i)), y(i) − ŷ(i)〉, ∀ŷ(i), y(i) ∈ Rd,(2.8)163164

where (f̃∗i )′ denotes the subgradient of f̃∗i . We will also use the notation165

V (x̂, x) :=
∑m
i=1Vi(x̂

(i), x(i)) and W (ŷ, y) :=
∑m
i=1Wi(ŷ

(i), y(i))(2.9)166167

in the description of Algorithm 2.2. Second, the major difference between Algorithms168

2.1 and 2.2 is the update step for yk. However, it can be shown that the two update169

steps for yk, i.e., (2.3) and (2.5), are equivalent and hence Algorithms 2.1 and 2.2 are170

equivalent. Indeed, in view of the definition of W in (2.8) and (2.9) and the optimality171

condition of (4.10), we have −x̃k + (1 + τk)(f̃∗)′(yk) − τk(f̃∗)′(yk−1) = 0 for certain172

subgradients (f̃∗)′(yk) and (f̃∗)′(yk−1) of f̃∗. Consequently, if xk−1 = (f̃∗)′(yk−1)173

or equivalently yk−1 = ∇f̃(xk−1), and xk is defined recursively as in (2.2), then174

we have yk = ∇f̃(xk). Noting in the description of Algorithms 2.1 and 2.2 that175
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Algorithm 2.1 The PDS algorithm for solving (2.1), from agent i’s perspective

Choose x
(i)
0 , x

(i)
0 ∈ X(i), and set x̂

(i)
0 = x

(i)
−1 = x

(i)
0 , y

(i)
0 = ∇f̃(x

(i)
0 ), and z

(i)
0 = 0. .

for k = 1, . . . , N do
Compute

x̃
(i)
k =x

(i)
k−1 + λk(x̂

(i)
k−1 − x

(i)
k−2)

x
(i)
k =(x̃

(i)
k + τkx

(i)
k−1)/(1 + τk)(2.2)

y
(i)
k =∇f̃i(x

(i)
k )(2.3)

and set x
0,(i)
k = x

(i)
k−1, z

0,(i)
k = z

(i)
k−1, and x

−1,(i)
k = x

Tk−1−1,(i)

k−1 (set x
−1,(i)
1 = x

(i)
0 ).

for t = 1, . . . , Tk do
Compute

ũ
t,(i)
k =x

t−1,(i)
k + αtk(x

t−1,(i)
k − xt−2,(i)

k )

z
t,(i)
k = argmin

z(i)∈Rd

〈
−
∑
j∈Ni

L(i,j)ũt,(j)k , z(i)

〉
+
qtk
2
‖z(i) − zt−1,(i)

k ‖22

x
t,(i)
k = argmin

x(i)∈X(i)

µνi(x) +

〈
y
(i)
k +

∑
j∈Ni

L(i,j)zt,(j)k , x(i)

〉
(2.4)

+ ηtkVi(x
t−1,(i)
k , x(i)) + pkVi(x

(i)
k−1, x

(i))

end for
Set x

(i)
k = x

Tk,(i)
k , z

(i)
k = z

Tk,(i)
k , x̂

(i)
k =

∑Tk
t=1 x

t,(i)
k /Tk, and ẑ

(i)
k =

∑Tk
t=1 z

t,(i)
k /Tk.

end for

Output x
(i)
N :=

(∑N
k=1 βk

)−1∑N
k=1 βkx̂

(i)
k .

Algorithm 2.2 The PDS algorithm for solving (2.1), whole network perspective

Choose x0, x0 ∈ X(i), and set x̂0 = x−1 = x0, y0 = ∇f̃(x0), and z0 = 0.
for k = 1, . . . , N do

Compute

x̃k =xk−1 + λk(x̂k−1 − xk−2)

yk = argmin
y∈Rmd

〈−x̃k, y〉+ f̃∗(y) + τkW (yk−1, y).(2.5)

Set x0k = xk−1, z0k = zk−1, and x−1
k = x

Tk−1−1

k−1 (when k = 1, set x−1
1 = x0).

for t = 1, . . . , Tk do

ũtk =xt−1
k + αtk(xt−1

k − xt−2
k )(2.6)

ztk = argmin
z∈Rmd

〈−Aũtk, z〉+
qtk
2
‖z − zt−1

k ‖22

xtk = argmin
x∈X

µν(x) + 〈yk +A>ztk, x〉+ ηtkV (xt−1
k , x) + pkV (xk−1, x)(2.7)

end for
Set xk = x

Tk
k , zk = z

Tk
k , x̂k =

∑Tk
t=1 x

t
k/Tk, and ẑk =

∑Tk
t=1 z

t
k/Tk.

end for

Output xN :=
(∑N

k=1 βk

)−1∑N
k=1 βkx̂k.
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y0 = ∇f̃(x0), by induction we have that yk = ∇f̃(xk) for all k. The converse of the176

above derivation is also true, hence we can conclude that the descriptions of yk in (2.3)177

and (2.5) are equivalent. It is then immediate to observe that Algorithms 2.1 and 2.2178

are equivalent descriptions of the proposed PDS algorithm. Third, observe that there179

are two loops, namely the inner and outer loops, in the PDS algorithm. On one hand,180

communications are performed only in the inner loops (for t = 1, . . . , Tk) and hence181

the PDS algorithm has in total 2
∑N
k=1 Tk rounds of communications. On the other182

hand, gradient computations are only performed in the outer loop (for k = 1, . . . , N)183

and therefore the PDS algorithm has in total N gradient evaluations. Here, note184

that gradient computations and communications are not performed in a one-to-one185

fashion; in fact the PDS algorithm skips the computations of gradients ∇f̃ frequently.186

The skipping of the gradient computations is the “sliding” feature of PDS that allows187

the gradient complexity to be independent of the graph topology. Finally, observe188

that our output is a weighted average of x̂k from k = 1 to N , in which x̂k is the189

average of inner loop computation results {xtk}
Tk
t=1. Note that although we are using190

equal weights, x̂k may also be chosen as a weighted average of xtk’s. The analysis and191

complexity results will remain the same.192

Our main convergence result for the PDS algorithm is described in Proposition193

2.1 below. We also provide example parameter choices of Algorithm 2.1 in Theorem194

2.2 that satisfy the conditions in Proposition 2.1. To facilitate reading, we delay the195

proof of Proposition 2.1 to Section 5.196

Proposition 2.1. Suppose that the parameters of Algorithm 2.1 satisfy the fol-197

lowing conditions:198

• For any k ≥ 2,199

βkτk ≤ βk−1(τk−1 + 1), βk−1 = βkλk, L̃λk ≤ pk−1τk,

βkTk−1α
1
k = βk−1Tk, α

1
k‖A‖2 ≤ η

Tk−1

k−1 q
1
k, βkTk−1q

1
k ≤ βk−1Tkq

Tk−1

k−1 ,

βkTk−1(η1
k + pkTk) ≤ βk−1Tk(µ+ η

Tk−1

k−1 + pk−1);

(2.10)200

201

• For any t ≥ 2 and k ≥ 1,202

αtk = 1, ‖A‖2 ≤ ηt−1
k qtk, q

t
k ≤ qt−1

k , ηtk ≤ µ+ ηt−1
k + pk;(2.11)203204

• In the first and last outer iterations,205

τ1 = 0, pN (τN + 1) ≥ L̃, and ηTN

N qTN

N ≥ ‖A‖2.(2.12)206207

Then we have208

f(xN )− f(x∗) ≤
(∑N

k=1βk

)−1

β1

(
η1

1

T1
+ p1

)
V (x0, x

∗) and209

‖AxN‖2 ≤
(∑N

k=1βk

)−1

β1

[
q1
1

2T1
(‖z∗‖2 + 1)2 +

(
η1

1

T1
+ p1

)
V (x0, x

∗)
]
.210

211

Theorem 2.2. Denote τ :=
√

2L̃/µ and ∆ := d2τ + 1e if µ > 0, and ∆ := +∞212

if µ = 0. Suppose that the parameters in Algorithm 2.1 are set to the following: for213

all k ≤ ∆,214

τk = k−1
2 , λk = k−1

k , βk = k, pk = 2L̃
k , Tk =

⌈
kR‖A‖
L̃

⌉
,(2.13)215

216
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for all k > ∆,217

τk = τ, λk = λ := τ
1+τ , βk = ∆λ−(k−∆), pk = L̃

1+τ , Tk =
⌈

2(1+τ)R‖A‖

L̃λ
k−∆

2

⌉
,(2.14)218

219

and for all k and t,220

ηtk = (pk + µ)(t− 1) + pkTk, q
t
k = L̃Tk

2βkR2 , α
t
k =

{
βk−1Tk

βkTk−1
, if k ≥ 2 and t = 1;

1, otherwise.
221

222

Applying Algorithm 2.1 to solve problem (1.2) we have223

f(xN )− f(x∗) ≤ min
{

2
N2 , λ

N−∆
}
· 4L̃V (x0, x

∗)(2.15)224

‖AxN‖2 ≤ min
{

2
N2 , λ

N−∆
} [

L̃
4R2 (‖z∗‖2 + 1)2 + 4L̃V (x0, x

∗)
]
.(2.16)225

226

Specially, if we set227

R = ‖z∗‖2+1

4
√
V (x0,x∗)

,(2.17)228
229

then we have the following gradient and communication complexity results for Algo-230

rithm 2.1 (here O(1) is a constant that is independent of N , ‖A‖ and ε):231

a) If µ = 0, i.e., problem (1.2) is smooth and convex, then we can obtain an232

ε-solution after at most N :=

⌈
4
√
L̃V (x0, x∗)/ε

⌉
gradient evaluations and233

2N + 96‖A‖/ε communications.234

b) If µ > 0, i.e., problem (1.2) is smooth and strongly convex, then we can235

obtain an ε-solution after at most N := O(1)

(
1 +

√
L̃/µ log(L̃V (x0, x

∗)/ε)

)
236

gradient evaluations and 2N +O(1)‖A‖(1 + 1/
√
ε) communications.237

Proof. In view of the selection of ηtk and qtk, we can observe that238

ηt−1
k qtk ≥

L̃pk
2βk

(
Tk

R

)2
=


‖A‖2

(
L̃Tk

kR‖A‖

)2

, k ≤ ∆;

(2τ+2)‖A‖2
∆

(
L̃λ

k−∆
2 Tk

2(1+τ)R‖A‖

)2

, k > ∆,
239

240

and together with the definitions of ∆ and Tk we have ηt−1
k qtk ≥ ‖A‖2 for all k ≥ 1241

and t ≥ 2. Using this observation, it is easy to verify that (2.11) holds. Noting242

that the above observation also implies that ηTN

N qTN

N ≥ ‖A‖2, and also noting that243

τ1 = 0 and that pN (τN + 1) = L̃(N + 1)/N when N ≤ ∆ and pN (τN + 1) = L̃ when244

N > ∆, we have (2.12) holds. It remains to verify (2.10). Note that for all k we have245

βkTk−1α
1
k = βk−1Tk and βkTk−1q

1
k = L̃TkTk−1/(2R

2) = βk−1Tkq
Tk−1

k−1 . We consider246

three cases: 2 ≤ k ≤ ∆, k = ∆ + 1, and k > ∆ + 1. When 2 ≤ k ≤ ∆, we have247

βk−1(τk−1 + 1) = (k − 1)k/2 = βkτk,248

βk−1 = k − 1 = βkλk,249

L̃λk = L̃(k − 1)/k < L̃ = pk−1τk,250

η
Tk−1
k−1 q1

k

α1
k‖A‖2

≥ η1
k−1q

1
k

α1
k‖A‖2

≥
(

L̃Tk−1

(k−1)R‖A‖

)2

≥ 1,251

βkTk−1(η1
k + pkTk)− βk−1Tk(µ+ η

Tk−1

k−1 + pk−1) = −(k − 1)µTkTk−1 ≤ 0.252253
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When k = ∆ + 1, from the definition of ∆ we have 2τ + 1 ≤ ∆ ≤ 2τ + 2. Therefore254

βkτk − βk−1(τk−1 + 1) = ∆λ−1τ −∆(∆ + 1)/2 = (∆/2)(2(1 + τ)− (∆ + 1)) ≤ 0,255

βk−1 − βkλk = ∆−∆λ−1λ = 0,256

L̃λk − pk−1τk = L̃λ− (2L̃/∆)τ ≤ L̃λ− (L̃/(1 + τ))τ = 0,257

η
Tk−1
k−1 q1

k

α1
k‖A‖2

≥ η1
k−1q

1
k

α1
k‖A‖2

≥
(

L̃T∆

∆R‖A‖

)2

≥ 1,258

βkTk−1(η1
k + pkTk)− βk−1Tk(µ+ η

Tk−1

k−1 + pk−1) =µ
[
∆(τ − 1)− 2τ2

]
TkTk−1 ≤ 0.259

260

When k > ∆ + 1, we have261

βk−1(τk−1 + 1) = ∆λ−(k−1−∆)(τ + 1) = ∆λ−(k−∆)τ = βkτk,262

βk−1 = ∆λ−(k−1−∆) = βkλk,263

L̃λk = L̃τ/(1 + τ) = pk−1τk,264

η
Tk−1
k−1 q1

k

α1
k‖A‖2

≥ η1
k−1q

1
k

α1
k‖A‖2

≥ 2τ+2
∆ ·

(
L̃λ(k−1−∆)/2Tk−1

2(1+τ)R‖A‖

)2

≥ 1,265

βkTk−1(η1
k+pkTk)

βk−1Tk(µ+η
Tk−1
k−1 +pk−1)

= τ2(1+τ)
τ(τ2+1+τ) ≤ 1.266

267

We now can conclude that (2.10) holds. Note that the summation
∑N
k=1 βk can be268

lower bounded as follows: when N ≤ ∆, we have
∑N
k=1 βk = N(N + 1)/2 > N2/2;269

when N > ∆, we have
∑N
k=1 βk > βN ≥ λ−(N−∆).270

Applying Proposition 2.1 and using the above note on the summation
∑N
k=1 βk271

and the parameter selection in (2.13), we obtain results (2.15) and (2.16). Moreover,272

setting R to (2.17) we conclude that273

max{f(xN )− f(x∗), ‖AxN‖2} ≤ min
{

2
N2 , λ

N−∆
}

8L̃V (x0, x
∗).274275

We conclude immediately that xN will be an ε-solution if N =

⌈
4
√
L̃V (x0, x∗)/ε

⌉
or276

N =
⌈
∆ + logλ−1(8L̃V (x0, x

∗)/ε)
⌉
. As a consequence, when the problem is smooth277

and convex, i.e., µ = 0, by settingN =

⌈
4
√
L̃V (x0, x∗)/ε

⌉
we can obtain an ε-solution278

xN . Using the definitions of Tk and R in (2.13) and (2.17) respectively, the total279

number of communication rounds required by the PDS algorithm can be bounded by280

2
∑N
k=1 Tk ≤ 2N +N(N + 1)R‖A‖/L̃ ≤ 2N + 96‖A‖/ε. When the problem is smooth281

and strongly convex, i.e., µ > 0, we may set N :=
⌈
∆ + logλ−1(8L̃V (x0, x

∗)/ε)
⌉

to282

obtain an ε-solution xN . In view of the fact that − log λ = log(1 + 1/τ) ≥ 1/(1 + τ),283

the total number of gradient computations is bounded by284

N ≤1 + ∆ +
1

− log λ
log 8L̃V (x0,x

∗)
ε ≤ 1 + ∆ + (τ + 1)

(
log 8L̃V (x0,x

∗)
ε

)
285

=O(1)

(
1 +

√
L̃/µ log(L̃V (x0, x

∗)/ε)

)
.286

287

Also, observing that λ−N ≤ 8λ−∆−1L̃V (x0, x
∗)/ε, using the definitions of λ, Tk and288

R in (2.13), (2.14) and (2.17), the total number of communication rounds required by289
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the PDS algorithm is bounded by290

2
∑N
k=1Tk ≤2

∑∆
k=1

(
kR‖A‖
L̃

+ 1
)

+ 2
∑N
k=∆+1

(
2(1+τ)‖A‖R

L̃λ
k−∆

2

+ 1

)
291

=2N + ∆(∆+1)R‖A‖
L̃

+ 4(1+τ)Rλ
∆
2

L̃(1−λ
1
2 )
· ‖A‖(λ−N

2 − λ−∆
2 )292

≤2N +O(1)‖A‖+O(1)‖A‖/
√
ε.293294

In view of the above theorem, we can conclude that the number of gradient eval-295

uations required by the PDS algorithm to obtain an ε-solution to the decentralized296

optimization problem (1.2) does not depend on the communication network topology;297

it is only dependent on the Lipschitz constant L̃, strong convexity parameter µ, and298

proximity to an optimal solution V (x0, x
∗). Moreover, the number of gradient eval-299

uations required by the PDS algorithm is in the same order of magnitude as those300

optimal centralized algorithms (see, e.g., [24]). To the best of our knowledge, this301

is the first time such complexity bounds for gradient evaluations are established for302

decentralized algorithms. Note that the communications complexity for computing303

an ε-solution still depends on the graph topology of the communication network.304

3. The stochastic primal-dual sliding algorithm for stochastic decen-305

tralized optimization. In this section, we follow the assumption of the unbiased gra-306

dient estimators stated in (1.5) and propose a stochastic primal-dual sliding (SPDS)307

algorithm for solving the decentralized multi-agent optimization problem (1.2) under308

the stochastic first-order oracle. Our proposed SPDS algorithm is a stochastic primal-309

dual algorithm that possesses a similar “sliding” scheme as the PDS algorithm. In310

particular, SPDS integrates the mini-batch technique and uses increasing batch size,311

while skipping stochastic gradient computation from time to time. We describe the312

SPDS algorithm in Algorithms 3.1 and 3.2.313

Algorithm 3.1 The SPDS algorithm for solving (2.1), from agent i’s perspective

Modify (2.3) and (2.4) in Algorithm 2.1 to

v
(i)
k = 1

ck

∑ck
j=1Gi(x

(i)
k , ξ

(i),j
k ) and(3.1)

x
t,(i)
k = argmin

x(i)∈X(i)

µνi(x) +
〈
v
(i)
k +

∑
j∈Ni

L(i,j)zt,(j)k , x(i)
〉

+ ηtkVi(x
t−1,(i)
k , x(i)) + pk

2
‖x(i)k−1 − x

(i)‖22

Algorithm 3.2 The SPDS algorithm for solving (2.1), whole network perspective

Modify (2.7) in Algorithm 2.2 to

xtk = argmin
x∈X

µν(x) + 〈vk +A>ztk, x〉+ ηtkV (xt−1
k , x) + pk

2
‖xk−1 − x‖22,

in which vk satisfies E[vk] = yk and

E[‖vk − yk‖22] ≤ σ2
k, where σk := σ√

ck
(3.2)

The difference between the SPDS and PDS algorithms is that the SPDS algorithm314

uses a mini-batch of ck stochastic samples of gradients while PDS requires the access of315

exact gradients, i.e., yk = ∇f̃(xk). As a result, the update of yk is replaced by a mini-316

batch update step and equations (2.4) and (2.7) of the PDS algorithm are replaced317
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by their stochastic version accordingly. In order to use the mini-batch technique, we318

need to replace the prox-function V (·, ·) in the PDS algorithm in Algorithm 2.2 by319

Euclidean distances. Recalling the assumption on the variance of stochastic samples320

in (1.5) and noting that the batch size at the k-th outer iteration is ck, it is easy321

to obtain that the variance of the gradient estimator vk is σ2
k := σ2/ck, as stated in322

(3.2). It should also be noted that in many applications the i-th agent may be able to323

collect samples {ξ(i),j
k }ckj=1 of the underlying random variable in (3.1) for computing324

the gradient estimator v
(i)
k . For example, in online supervised machine learning the325

i-th agent can receive samples ξ
(i),j
k ’s from online data streams of the training dataset.326

In such case, the SPDS algorithm allows all agents to collect stochastic samples and327

perform communications simultaneously. This is because that as soon as the mini-328

batch computation of the gradient estimator v
(i)
k in (3.1) is finished in the k-th outer329

iteration, the i-th agent can start collecting future stochastic samples {ξ(i),j
k+1 }

ck+1

j=1330

for the next outer iteration. Consequently, the collection of future samples and the331

communication with neighboring agents in the current k-th outer iteration can be332

performed simultaneously.333

The convergence of the SPDS algorithm is described in the following proposition,334

whose proof is presented in Section 5. Followed by the proposition we also describe335

example parameter choices in Theorem 3.2.336

Proposition 3.1. Suppose that the parameters of Algorithm 3.1 satisfy condi-337

tions described in (2.10)–(2.12), among which two conditions are modified to338

2L̃λk ≤ pk−1τk, ∀k ≥ 2, and pN (τN + 1) ≥ 2L̃,(3.3)339340

in which the Lipschitz constant L̃ is with respect to the Euclidean norm. We have341

E [f(xN )− f(x∗)] ≤
(∑N

k=1βk

)−1 [
β1

2

(
η1

1

T1
+ p1

)
‖x0 − x∗‖22 +

∑N
k=1

βkσ
2

pkck

]
and342

E [‖AxN‖2] ≤
(∑N

k=1βk

)−1 [
β1q

1
1

2T1
(‖z∗‖2 + 1)2

+β1

2

(
η1

1

T1
+ p1

)
‖x0 − x∗‖22 +

∑N
k=1

βkσ
2

pkck

]
.

343

344

Theorem 3.2. Denote τ := 2
√
L̃/µ and ∆ := d2τ + 1e if µ > 0, and ∆ := +∞345

if µ = 0. Suppose that the maximum number of outer iterations N is specified, and346

that the parameters in Algorithm 3.1 are set to the following: for all k ≤ ∆,347

τk = k−1
2 , λk = k−1

k , βk = k, pk = 4L̃
k , Tk =

⌈
kR‖A‖
L̃

⌉
, ck =

⌈
min{N,∆}βkc

pkL̃

⌉
,(3.4)348

349

for all k ≥ ∆ + 1,350

τk = τ, λk = λ := τ
1+τ , βk = ∆λ−(k−∆), pk = 2L̃

1+τ ,

Tk =

⌈
2(1+τ)R‖A‖

L̃λ
k−∆

2

⌉
, ck =

⌈
(1+τ)2∆c

L̃2λ
k+N−2∆

2

⌉
,

(3.5)351

352

and for all k and t,353

ηtk = (pk + µ)(t− 1) + pkTk, q
t
k = L̃Tk

4βkR2 , α
t
k =

{
βk−1Tk

βkTk−1
k ≥ 2 and t = 1

1 otherwise.
(3.6)354

355
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Applying Algorithm 3.1 to solve problem (1.2) we have356

f(xN )− f(x∗) ≤ min
{

2
N2 , λ

N−∆
} [

4L̃‖x0 − x∗‖22 + L̃σ2

c

]
and(3.7)357

‖AxN‖2 ≤ min
{

2
N2 , λ

N−∆
} [

L̃
8R2 (‖z∗‖2 + 1)2 + 4L̃‖x0 − x∗‖22 + L̃σ2

c

]
.(3.8)358

359

Specially, if we set360

R = ‖z∗‖2+1
4‖x0−x∗‖2 and c = 2σ2

‖x0−x∗‖22
,(3.9)361

362

then we have the following sampling and communication complexity results for Algo-363

rithm 3.1 (here O(1) is a constant that is independent of σ, N , ‖A‖ and ε):364

a) If µ = 0, by setting N =

⌈√
10L̃‖x0 − x∗‖22/ε

⌉
we can obtain a stochastic365

ε-solution with N + 800σ2‖x0 − x∗‖22/ε gradient samples and N + 600‖A‖/ε366

rounds of communication.367

b) If µ > 0, by setting N =
⌈
∆ + logλ−1(5L̃‖x0 − x∗‖22/ε)

⌉
we can obtain a sto-368

chastic ε-solution with O(1)

(
1 +

√
L̃/µ log(L̃‖x0 − x∗‖22/ε) + σ2(1 + 1/ε)

)
369

samples and O(1)

(
1 +

√
L̃/µ log(L̃‖x0 − x∗‖22/ε) + ‖A‖(1 + 1/

√
ε)

)
rounds370

of communication.371

Proof. Following a similar argument to the proof of Theorem 2.2, it is easy to372

verify that the parameter selections in (3.4) - (3.6) satisfy the conditions stated in373

Proposition 3.1. The results in (3.7) and (3.8) follows immediately from the propo-374

sition and our parameter selections. We now consider the case when µ = 0 (hence375

∆ = +∞). By the choice of N , the selections of βk, pk, R, and c in (3.4) and (3.9),376

and noting that
∑N
k=1 k

2 ≤ N3 we can bound the total number of gradient samples377

by378 ∑N
k=1ck ≤

∑N
k=1

(
1 + cNk2

4L̃2

)
= N + σ2N

2L̃2‖x0−x∗‖22

∑N
k=1 k

2379

≤N + σ2N4

2L̃2‖x0−x∗‖22
= N +

800σ2‖x0−x∗‖22
ε2 .380

381

In the case when µ > 0, similar to the proof of Theorem 2.2 we can observe two382

bounds N ≤ O(1)

(
1 +

√
L̃/µ log(L̃‖x0 − x∗‖22/ε)

)
and λ−N ≤ (1/ε)O(1). In view383

of these bounds, the descriptions of ck and c in (3.4), (3.5), and (3.9), we can bound384

the total number of gradient samples by385 ∑N
k=1ck ≤

∑∆
k=1

(
1 + ∆σ2k2

2L̃2‖x0−x∗‖22

)
+
∑N
k=∆+1

(
1 + (1+τ)2∆c

2L̃2λ
N−∆

2

λ−
k−∆

2

)
386

=N +O(1)σ2 +O(1)
1− λN−∆

2

1− λ 1
2

σ2λ−(N−∆)
387

≤O(1)

(
1 +

√
L̃/µ log(L̃‖x0 − x∗‖22/ε)

)
+O(1)σ2 +O(1)σ2/ε.388

389

In view of Theorem 3.2, we can conclude that the sampling complexity achieved390

by the SPDS algorithm does not depend on the communication network topology;391
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it is only dependent on the Lipschitz constant L̃, strong convexity parameter µ, the392

variance of the gradient estimators σ2, and proximity to an optimal solution ‖x0−x∗‖2.393

Moreover, the achieved sampling complexity is in the same order of magnitude as394

those optimal centralized algorithms, such as accelerated stochastic approximation395

method [8, 9]. To the best of our knowledge, this is the first time such sampling396

complexity bounds are established for stochastic decentralized algorithms. Indeed,397

the total number of communications required to compute an ε-solution still depends398

on the graph topology. It should also be noted that the constant factors in part a)399

of the above theorem (800 and 600) can be further reduced, e.g., by assuming that400

N ≥ 5. However, our focus is on the development of order-optimal complexity results401

and hence we skip these refinements.402

4. A byproduct on solving bilinearly coupled saddle point problems. In403

this section, we present a byproduct of our analysis and show that the PDS algorithm404

described in Algorithm 2.2 is in fact an efficient algorithm for solving certain convex-405

concave saddle point problem with linear coupling. Specifically, in this section we406

consider the following saddle point problem:407

min
x∈X

max
z∈Z

f(x) + 〈Ax, z〉 − h(z)(4.1)408
409

where X and Z are closed convex sets, A is a linear operator, and f and h are410

convex functions. Here, we assume that h(z) is relatively simple, and that f(x) =411

f̃(x) + µν(x), where µ ≥ 0, ν : X → R is a strongly convex function with strong412

convexity modulus 1 with respect to a norm ‖ · ‖, and f̃ : X → R is a convex smooth413

function whose gradient is Lipschitz with constant L̃ with respect to the norm ‖ · ‖.414

Note that problem (4.1) is equivalent to415

min
x∈X

max
y∈Y,z∈Z

µν(x) + 〈x, y +A>z〉 − f̃∗(y)− h(z)(4.2)416
417

where f̃∗ is the convex conjugate of f̃ and Y := dom f̃∗. Also, observe that when Z418

is a vector space and h(z) = 〈b, z〉, the saddle point problem (4.1) becomes419

min
x∈X

f(x) s. t. Ax = b.(4.3)420
421

If in addition b = 0, Z = Rmd, and X , f , and A are defined in (1.2), then we obtain422

the linearly constrained reformulation of the multi-agent optimization problem (1.1).423

We describe an extension of the PDS algorithm in Algorithm 4.1. In the algorithm424

description, U , V , and W are prox-functions defined by425

U(ẑ, z) :=ζ(z)− ζ(ẑ)− 〈ζ ′(ẑ), z − ẑ〉,(4.4)426

V (x̂, x) :=ν(x)− ν(x̂)− 〈ν′(x̂), x− x̂〉, and(4.5)427

W (v, y) :=f̃∗(y)− f̃∗(v)− 〈(f̃∗)′(v), y − v〉.(4.6)428429

respectively, where ν and f̃∗ are defined in (4.2) and ζ : Z → R is a strongly convex430

function with strong convexity modulus 1 with respect a norm | · |. Noting from the431

strong convexity of ζ and ν we have for any ẑ, z ∈ Z and x̂, x ∈ X that432

U(ẑ, z) ≥ 1
2 |ẑ − z|

2 and V (x̂, x) ≥ 1
2‖x̂− x‖

2.(4.7)433434

Moreover, since f̃ is convex and ∇f̃ is Lipschitz with constant L̃ with respect to norm435

‖ · ‖, f̃∗ should be strongly convex with strong convexity parameter 1/L̃ with respect436
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to the dual norm ‖ · ‖∗. Consequently, noting the definition of W in (4.6) we have437

W (v, y) ≥ 1
2L̃
‖v − y‖2∗, ∀v, y ∈ Y.(4.8)438

439

Algorithm 4.1 An equivalent alternative description of the PDS algorithm

Choose x0 ∈ X , y0 ∈ Y, and z0 ∈ Z. Set x̂0 = x−1 = x0.
for k = 1, . . . , N do

Compute

x̃k =xk−1 + λk(x̂k−1 − xk−2),(4.9)

yk := argmin
y∈Y

〈−x̃k, y〉+ f̃∗(y) + τkW (yk−1, y).(4.10)

Set x0
k = xk−1, z0

k = zk−1, and x−1
k = x

Tk−1−1
k−1 (when k = 1, set x−1

1 = x0).
for t = 1, . . . , Tk do

ũtk =xt−1
k + αtk(xt−1

k − xt−2
k )

ztk = argmin
z∈Z

h(z) + 〈−Aũtk, z〉+ qtkU(zt−1
k , z)

xtk = argmin
x∈X

µν(x) + 〈yk +A>ztk, x〉+ ηtkV (xt−1
k , x) + pkV (xk−1, x)

end for
Set xk = xTk

k , zk = zTk

k , x̂k =
∑Tk

t=1 x
t
k/Tk, and ẑk =

∑Tk

t=1 z
t
k/Tk.

end for

Output wN := (xN , yN , zN ) :=
(∑N

k=1 βk

)−1 (∑N
k=1 βk(x̂k, yk, ẑk)

)
.

Extending the analysis of Algorithm 2.2, it is straightforward to observe that the440

equivalent description of the PDS algorithm described in Algorithm 4.1 can be applied441

to solve the more general saddle point problem (4.2). We will evaluate the accuracy442

through the gap function defined by443

Q(ŵk, w) :=
[
µν(x̂k) + 〈x̂k, y +A>z〉 − f̃∗(y)− h(z)

]
−
[
µν(x) + 〈x, yk +A>ẑk〉 − f̃∗(yk)− h(ẑk)

]
,

(4.11)444

445

in which ŵk := (x̂k, yk, ẑk) and w := (x, y, z). We have the following proposition446

describing the convergence result, whose proof will be presented in Section 5.447

Proposition 4.1. Suppose that the conditions (2.10)–(2.12) (where ‖A‖ is the448

norm induced by ‖ · ‖ and | · |) described in Proposition 2.1 hold for Algorithm 4.1.449

For all w ∈ X × Y × Z we have the following convergence result when Applying450

Algorithm 4.1 to solve problem (4.2):451

Q(wN , w) ≤
(∑N

k=1βk

)−1

β1

[
q1
1

T1
U(z0, z) +

(
η1

1

T1
+ p1

)
V (x0, x)

]
.(4.12)452

453

Moreover, in the special case of problem (4.3) (i.e., if Z is a vector space with Euclid-454

ean norm | · | = ‖ · ‖2, the prox-function U(·, ·) = ‖ · − · ‖22/2, and h(z) = 〈b, z〉), then455
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we can set the initial value z0 = 0 in Algorithm 4.1 and obtain456

f(xN )− f(x∗) ≤
(∑N

k=1βk

)−1

β1

(
η1

1

T1
+ p1

)
V (x0, x

∗) and(4.13)457

‖AxN − b‖2 ≤
(∑N

k=1βk

)−1

β1

[
q1
1

2T1
(‖z∗‖2 + 1)2 +

(
η1

1

T1
+ p1

)
V (x0, x

∗)
]
.(4.14)458

459

We provide a set of example parameters for Algorithm 4.1 in the theorem below.460

The proof of the theorem below is similar to that of Theorem 2.2 and thus is skipped.461

Theorem 4.2. Suppose that the parameters of Algorithm 4.1 are set to the ones462

described in Theorem 2.2. Applying Algorithm 4.1 to solve problem (4.1) we have463

Q(wN , w) ≤min
{

2
N2 , λ

N−∆
} [

L̃
2R2U(z0, z

∗) + 4L̃V (x0, x
∗)
]
.464

465

Specially, if R is set to (2.17), then we have the following complexity results for466

Algorithm 4.1 to obtain an ε-solution of problem (4.1) (here O(1) is a constant that467

is independent of N , ‖A‖ and ε):468

a) If µ = 0, then the PDS algorithm can obtain an ε-solution of problem (4.1)469

after at most O(1)

(√
L̃V (x0, x∗)/ε

)
number of gradient evaluations and470

O(1)

(√
L̃V (x0, x∗)/ε+ ‖A‖/ε

)
number of operator computations (involving471

A and A>).472

b) If µ > 0, then the PDS algorithm can obtain an ε-solution of problem (4.1)473

after at most O(1)

(
1 +

√
2L̃/µ log(L̃V (x0, x

∗)/ε

)
number of gradient eval-474

uations and O(1)

(
1 +

√
2L̃/µ log(L̃V (x0, x

∗)/ε) + ‖A‖(1 + 1/
√
ε)

)
number475

of operator computations (involving A and A>).476

To the best of our knowledge, this is the first time that a primal-dual type algo-477

rithm achieves the above complexity results for solving bilinearly coupled saddle point478

problems. The only other method that achieves such complexity results is presented479

in [15], which requires to utilize a smoothing technique developed in [23]. However,480

the smoothing technique requires that either set X or Z is compact and hence is not481

applicable to the constrained optimization problem (4.3). Our proposed algorithm482

is the first algorithm in the literature that is able to solve the linearly constrained483

optimization problem (4.3) with the above complexities.484

5. Convergence analysis. Our goal in this section is to complete the remaining485

proofs in Sections 2–4, including the proofs of Propositions 2.1, 3.1, and 4.1. We first486

need the following proposition that describes an estimate of the gap function in (4.11):487

Proposition 5.1. Suppose that x̂k =
∑Tk

t=1 x
t
k/Tk and ẑk =

∑Tk

t=1 z
t
k/Tk, where488

the iterates {xtk}
Tk
t=1 and {ztk}

Tk
t=1 are defined by489

ztk = argmin
z∈Z

h(z) + 〈−Aũtk, z〉+ qtkU(zt−1
k , z) and(5.1)490

xtk = argmin
x∈X

µν(x) + 〈vk +A>ztk, x〉+ ηtkV (xt−1
k , x) + pkV (xk−1, x)(5.2)491

492
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respectively. Letting ŵk := (x̂k, yk, ẑk) we have493 ∑N
k=1βkQ(ŵk, w) +A+B ≤ C +D, ∀w := (x, y, z) ∈ X × Y × Z(5.3)494495

where496

A :=
∑N
k=1βk

[
−〈x̂k, y〉+ 〈x, yk〉+ 〈vk, x̂k − x〉 − f̃∗(vk) + f̃∗(y)

+ pk
Tk

∑Tk

t=1V (xk−1, x
t
k)
]
,

(5.4)497

B :=
∑N
k=1

βk

Tk

∑Tk

t=1

[
〈A>ztk −A>z, xtk − ũtk〉

+qtkU(zt−1
k , ztk) + ηtkV (xt−1

k , xtk)
]
,

(5.5)498

C :=
∑N
k=1

βk

Tk

∑Tk

t=1

[
qtkU(zt−1

k , z)− qtkU(ztk, z)
]
,(5.6)499

D :=
∑N
k=1

βk

Tk

∑Tk

t=1

[
ηtkV (xt−1

k , x)− (µ+ ηtk + pk)V (xtk, x) + pkV (xk−1, x)
]
.500

501

Proof. By the optimality conditions of (5.1) and (5.2) and definitions of U and502

V in (4.4) and (4.5) respectively, we have503

〈h′(ztk)−Aũtk + qtkζ
′(ztk)− qtkζ ′(zt−1

k ), ztk − z〉 ≤ 0, ∀z ∈ Z, and504

〈(µ+ ηtk + pk)ν′(xtk) + vk +A>ztk − ηtkν′(xt−1
k )− pkν′(xk−1), xtk − x〉 ≤ 0, ∀x ∈ X .505506

In view of the above results, the convexity of h and ν, and the definitions of U and507

V we obtain the following two relations: for any z ∈ Z and x ∈ X ,508

h(ztk)− h(z) + 〈−Aũtk, ztk − z〉+ qtkU(zt−1
k , ztk) + qtkU(ztk, z) ≤ qtkU(zt−1

k , z), and509

〈vk +A>ztk, xtk − x〉+ µν(xtk)− µν(x)

+ ηtkV (xt−1
k , xtk) + (µ+ ηtk + pk)V (xtk, x) + pkV (xk−1, x

t
k)

≤ηtkV (xt−1
k , x) + pkV (xk−1, x).

510

511

Summing up the two relations above, while noting that512

〈−Aũtk, ztk − z〉+ 〈vk +A>ztk, xtk − x〉513

=〈A>ztk −A>z, xtk − ũtk〉+ 〈A>z, xtk〉 − 〈vk +A>ztk, x〉+ 〈vk, xtk〉,514515

we have516

〈A>ztk −A>z, xtk − ũtk〉+ 〈A>z, xtk〉 − 〈vk +A>ztk, x〉+ 〈vk, xtk〉517

+ h(ztk)− h(z) + qtkU(zt−1
k , ztk) + qtkU(ztk, z)518

+ µν(xtk)− µν(x) + ηtkV (xt−1
k , xtk) + (µ+ ηtk + pk)V (xtk, x) + pkV (xk−1, x

t
k)519

≤qtkU(zt−1
k , z) + ηtkV (xt−1

k , x) + pkV (xk−1, x).520521

Summing from t = 1, . . . , Tk and noting the definitions of x̂k and ẑk and the convexity522
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16 GUANGHUI LAN, YUYUAN OUYANG, AND YI ZHOU

of functions h and ν we have523

Tk
[
〈A>z, x̂k〉 − 〈vk +A>ẑk, x〉+ 〈vk, x̂k〉+ h(ẑk)− h(z) + µν(x̂k)− µν(x)

]
524

+
∑Tk

t=1pk
[
V (xk−1, x

t
k) + 〈A>ztk −A>z, xtk − ũtk〉+ qtkU(zt−1

k , ztk) + ηtkV (xt−1
k , xtk)

]
525

≤
∑Tk

t=1

[
qtkU(zt−1

k , z)− qtkU(ztk, z)526

+ηtkV (xt−1
k , x)− (µ+ ηtk + pk)V (xtk, x) + pkV (xk−1, x)

]
.527528

We conclude (5.3) by multiplying the above relation by βk/Tk, noting the definition529

of the gap function Q(ŵk, w) in (4.11) and summing the resulting relation from k =530

1, . . . , N .531

It should be noted that the above result is valid for any choices of vk, ũtk and532

xk−1 used in the descriptions of ztk and xtk in (5.1) and (5.2) respectively. Now we533

are ready to establish tight bounds of A, B, C, and D in (5.3) through a series of534

technical lemmas. To provide a tight estimate of A, we start with the case when vk535

is the exact solution to the dual prox-mapping subproblem (4.10).536

Lemma 5.2. Suppose that vk = yk where yk is defined by (4.9) and (4.10). If537

τ1 = 0, βkτk ≤ βk−1(τk−1 + 1), βk−1 = βkλk, and L̃λk ≤ pk−1τk, ∀k ≥ 2,(5.7)538539

then we have540

A ≥ −βN 〈xN−1 − x̂N , yN − y〉+ βNpN
2 ‖xN−1 − x̂N‖2 + βN (τN + 1)W (yN , y).541542

Proof. By the optimality condition of (4.10) and the definition of W in (4.6)543

〈−x̃k + (1 + τk)(f̃∗)′(yk)− τk(f̃∗)′(yk−1), yk − y〉 ≤ 0, ∀y ∈ Y,544545

which together with the convexity of f̃∗ and the definition of W in (4.6) implies546

〈−x̃k, yk − y〉+ f̃∗(yk)− f̃∗(y) + τkW (yk−1, yk) + (τk + 1)W (yk, y)

≤τkW (yk−1, y), ∀y ∈ Y.
(5.8)547

548

Combining the above relation with A in (5.4) and noting that vk = yk we have549

A ≥
∑N
k=1βk

[
(τk + 1)W (yk, y)− τkW (yk−1, y) + τkW (yk−1, yk)550

−〈x̂k, y〉+ 〈yk, x̂k〉+ 〈−x̃k, yk − y〉+ pk
Tk

∑Tk

t=1V (xk−1, x
t
k)
]

551
552

From the definition of x̃k we can observe that553

− 〈x̂k, y〉+ 〈yk, x̂k〉+ 〈−x̃k, yk − y〉 = −〈xk−1 + λk(x̂k−1 − xk−2)− x̂k, yk − y〉554

=λk〈xk−2 − x̂k−1, yk−1 − y〉 − 〈xk−1 − x̂k, yk − y〉+ λk〈xk−2 − x̂k−1, yk − yk−1〉.555556

Also, by the definition of x̂k and the fact that V is lower bounded in (4.7) we have557

1
Tk

∑Tk

t=1pkV (xk−1, x
t
k) ≥ pkV (xk−1, x̂k) ≥ pk

2 ‖xk−1 − x̂k‖2.558
559
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Applying the above two observations, the bound of W in (4.8), the parameter as-560

sumption (5.7), and recalling that x−1 = x̂0 in Algorithm 4.1 we have561

A ≥
∑N
k=1 [βk(τk + 1)W (yk, y)− βkτkW (yk−1, y)562

+ βkλk〈xk−2 − x̂k−1, yk−1 − y〉 − βk〈xk−1 − x̂k, yk − y〉563

+βkλk〈xk−2 − x̂k−1, yk − yk−1〉+ βkpk
2 ‖xk−1 − x̂k‖2 + βkτk

2L̃
‖yk−1 − yk‖2∗

]
564

≥βN (τN + 1)W (yN , y)− βN 〈xN−1 − x̂N , yN − y〉+ βNpN
2 ‖xN−1 − x̂N‖2565

+
∑N
k=2 [βkλk‖xk−2 − x̂k−1‖‖yk − yk−1‖∗566

+ βk−1pk−1

2 ‖xk−2 − x̂k−1‖2 + βkτk
2L̃
‖yk−1 − yk‖2∗

]
567

≥βN (τN + 1)W (yN , y)− βN 〈xN−1 − x̂N , yN − y〉+ βNpN
2 ‖xN−1 − x̂N‖2,568569

where the last inequality follows from the simple relation a2 + b2 ≥ 2ab and570

(βkλk)2 − βk−1pk−1(βkτk/L̃) = (β2
kλk/L̃)(L̃λk − pk−1τk) ≤ 0.571572

There are cases when vk is not equal to yk, for example, in Algorithm 3.2. The573

following lemma provide a tight bound for A under this case.574

Lemma 5.3. Suppose that yk is defined by (4.9) and (4.10) and vk = vk(yk, ξk)575

is an unbiased estimator of yk with respect to random variable ξk such that E[‖vk −576

yk‖∗] = 0 and E[‖vk − yk‖2∗] ≤ σ2
k, where ‖ · ‖∗ is the dual norm of ‖ · ‖. If the577

parameters satisfy578

τ1 = 0, βkτk ≤ βk−1(τk−1 + 1), βk−1 = βkλk, and 2L̃λk ≤ pk−1τk, ∀k ≥ 2,579580

then we have581

E[A] ≥E
[
−βN 〈xN−1 − x̂N , yN − y〉+ βNpN

4 ‖xN−1 − x̂N‖2 −
∑N
k=1

βkσ
2
k

pk
582

+ βN (τN + 1)W (yN , y)
]
.583

584

Proof. In view of the optimality condition described previously in (5.8) and the585

definition of A in (5.4) we have A ≥ A1 +A2 where586

A1 :=
∑N
k=1βk

[
−〈x̂k, y〉+ 〈yk, x̂k〉+ 〈−x̃k, yk − y〉+ pk

2Tk

∑Tk

t=1V (xk−1, x
t
k)587

+ τkW (yk−1, yk) + (τk + 1)W (yk, y)− τkW (yk−1, y)
]

and588

A2 :=
∑N
k=1

βk

Tk

∑Tk

t=1

[
pk
2 V (xk−1, x

t
k) + 〈vk − yk, xtk − xk−1〉+ 〈vk − yk, xk−1 − x〉

]
.589

590

Applying the same argument as in Lemma 5.2 to A1, we have591

A1 ≥− βN 〈xN−1 − x̂N , yN − y〉+ βNpN
4 ‖xN−1 − x̂N‖2 + βN (τN + 1)W (yN , y).592593

To finish the proof it suffices to show that E [A2] ≥ −
∑N
k=1 βkσ

2
k/pk. Noting from594

the definition of vk that Eξ1,...,ξk−1
[〈vk − yk, xk−1 − x〉] = 0 and applying the bound595

of V in (4.7) and Cauchy-Schwartz inequality to the description of A2 we have596

E [A2] ≥E
[∑N

k=1
βk

Tk

∑Tk

t=1

(
pk
4 ‖xk−1 − xtk‖2 + ‖vk − yk‖∗‖xtk − xk−1‖

)]
597

≥E
[∑N

k=1
βk

Tk

∑Tk

t=1−
1
pk
‖vk − yk‖2∗

]
= −

∑N
k=1

βkσ
2
k

pk
.598

599
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We continue with the estimates of B, C, and D in the following two lemmas.600

Lemma 5.4. Suppose that601

αtk = 1, ‖A‖2 ≤ ηt−1
k qtk, ∀t ≥ 2, k ≥ 1, and(5.9)602

βkTk−1α
1
k = βk−1Tk, α

1
k‖A‖2 ≤ η

Tk−1

k−1 q
1
k, ∀k ≥ 2,(5.10)603604

where ‖A‖ is the norm induced by norms ‖ · ‖ and | · | introduced in (4.7). Then605

B ≥βN

TN
‖A‖|zN − z|‖xN − xTN−1

N ‖+
βNη

TN
N

2TN
‖xTN−1

N − xTN

N ‖
2.606

607

Proof. By the definition of ũtk in (2.6) and bounds of U and V in (4.7) we have608 ∑Tk

t=1

[
〈A>ztk −A>z, xtk − ũtk〉+ qtkU(zt−1

k , ztk) + ηtkV (xt−1
k , xtk)

]
609

≥
∑Tk

t=1

[
−αtk〈A>z

t−1
k −A>z, xt−1

k − xt−2
k 〉+ 〈A>ztk −A>z, xtk − x

t−1
k 〉610

+
qtk
2 ‖z

t−1
k − ztk‖2 +

ηtk
2 ‖x

t−1
k − xtk‖2 − αtk〈A>ztk −A>zt−1

k , xt−1
k − xt−2

k 〉
]
.611

612

Also observe that αtk = 1 for all t ≥ 2 we have613 ∑Tk

t=1 − αtk〈A>z
t−1
k −A>z, xt−1

k − xt−2
k 〉+ 〈A>ztk −A>z, xtk − x

t−1
k 〉614

=− α1
k〈A>z0

k −A>z, x0
k − x−1

k 〉+ 〈A>zTk

k −A
>z, xTk

k − x
Tk−1
k 〉.615616

In addition, in view of the assumptions (5.9) and (5.10) we have617 ∑Tk

t=1

[
qtk
2 ‖z

t−1
k − ztk‖2 +

ηtk
2 ‖x

t−1
k − xtk‖2 − αtk〈A>ztk −A>z

t−1
k , xt−1

k − xt−2
k 〉

]
618

=
q1
k

2 ‖z
0
k − z1

k‖2 +
η
Tk
k

2 ‖x
Tk−1
k − xTk

k ‖
2 − α1

k〈z1
k − z0

k,A(x0
k − x−1

k )〉619

+
∑Tk

t=2

[
qtk
2 ‖z

t−1
k − ztk‖2 +

ηt−1
k

2 ‖x
t−2
k − xt−1

k ‖2 − 〈ztk − z
t−1
k ,A(xt−1

k − xt−2
k )〉

]
620

≥ q
1
k

2 ‖z
0
k − z1

k‖2 +
η
Tk
k

2 ‖x
Tk−1
k − xTk

k ‖
2 − α1

k‖A‖|z1
k − z0

k|‖x0
k − x−1

k ‖.621622

Applying the above three relations to the definition of B in (5.5), recalling the defi-623

nitions of x0
k, z0

k, x−1
k in Algorithm 4.1, and using the assumption (5.10) we have624

B ≥
∑N
k=1

βk

Tk

[
− α1

k〈A>z0
k −A>z, x0

k − x
−1
k 〉+ 〈A>z0

k+1 −A>z, x0
k+1 − x

−1
k+1〉625

+
q1
k

2 ‖z
0
k − z1

k‖2 +
η
Tk
k

2 ‖x
Tk−1
k − xTk

k ‖
2 − α1

k‖A‖|z1
k − z0

k|‖x0
k − x−1

k ‖
]

626

=βN

TN
〈A>zN −A>z, xN − xTN−1

N 〉627

+
β1q

1
1

2Tk
‖z0

1 − z1
1‖2 +

βNη
TN
N

2TN
‖xTN−1

N − xTN

N ‖
2

628

+

N∑
k=2

[
βkq

1
k

2Tk
‖z0
k − z1

k‖2 +
βk−1η

Tk−1
k−1

2Tk−1
‖x−1

k − x
0
k‖2 −

βkα
1
k

Tk
‖A‖|z1

k − z0
k|‖x0

k − x−1
k ‖
]

629

≥βN

TN
‖A‖|zN − z|‖xN − xTN−1

N ‖+
βNη

TN
N

2TN
‖xTN−1

N − xTN

N ‖
2.630

631
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Here in the last inequality we use the following result from the assumption (5.10):632

(βkα
1
k‖A‖/Tk)2 − (βkq

1
k/Tk)(βk−1η

Tk−1

k−1 /Tk−1)633

=(βk/Tk)2α1
k(α1

k‖A‖2 − q1
kη
Tk−1

k−1 ) ≥ 0.634635

Lemma 5.5. If636

qtk ≤ qt−1
k , ∀t ≥ 2, k ≥ 1 and βkTk−1q

1
k ≤ βk−1Tkq

Tk−1

k−1 , ∀k ≥ 2,(5.11)637638

then C in (5.6) can be bounded by639

C ≤β1q
1
1

T1
U(z0, z)−

βNq
TN
N

TN
U(zN , z).640

641

Also, if642

ηtk ≤ µ+ ηt−1
k + pk, ∀t ≥ 2, k ≥ 1 and

βkTk−1(η1
k + pkTk) ≤ βk−1Tk(µ+ η

Tk−1

k−1 + pk−1), ∀k ≥ 2,
(5.12)643

644

then D in (5.6) can be bounded by645

D ≤β1

T1
(η1

1 + p1T1)V (x0, x)− βN

TN
(µ+ ηTN

N + pN )V (xN , x).646
647

Proof. In view of (5.11) and the fact that z0
k = zk−1 and zk = zTk

k , we have:648

C ≤
∑N
k=1

[
βkq

1
k

Tk
U(zk−1, z)−

βkq
Tk
k

Tk
U(zk, z)

]
≤ β1q

1
1

T1
U(z0, z)−

βNq
TN
N

TN
U(zN , z).649

650

Similarly, by (5.12) and noting that x0
k = xk−1 and xk = xTk

k we have651

D ≤
∑N
k=1

βk

Tk

[
η1
kV (x0

k, x)− (µ+ ηTk

k + pk)V (xTk

k , x) + pkTkV (xk−1, x)
]

652

=
∑N
k=1

[
βk

Tk
(η1
k + pkTk)V (xk−1, x)− βk

Tk
(µ+ ηTk

k + pk)V (xk, x)
]

653

≤β1

T1
(η1

1 + p1T1)V (x0, x)− βN

TN
(µ+ ηTN

N + pN )V (xN , x).654
655

With Lemmas 5.2, 5.4, and 5.5 and Proposition 5.1, we are ready to prove Propo-656

sition 4.1.657

Proof of Proposition 4.1. Note that the conditions (2.10) and (2.11) for param-658

eters in Algorithm 4.1 are exactly the parameter assumptions (5.7), (5.9) – (5.12),659

in Lemmas 5.2, 5.4, and 5.5. In view of the definition of wN , the convexity of Q,660

Proposition 5.1 and Lemmas 5.2, 5.4, and 5.5, we have661 (∑N
k=1βk

)
Q(wN , w) ≤

∑N
k=1βkQ(ŵk, w)662

≤βN 〈xN−1 − x̂N , yN − y〉 − βNpN
2 ‖xN−1 − x̂N‖2 − βN (τN + 1)W (yN , y)663

− βN

TN
‖A‖|zN − z|‖xN − xTN−1

N ‖ − βNη
TN
N

2TN
‖xTN−1

N − xTN

N ‖
2

664

+
β1q

1
1

T1
U(z0, z)−

βNq
TN
N

TN
U(zN , z)665

+ β1

T1
(η1

1 + p1T1)V (x0, x)− βN

TN
(µ+ ηTN

N + pN )V (xN , x).666
667
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We conclude (4.12) from the above inequality by noting from (2.12), (4.7), and (4.8)668

that669

βN 〈xN−1 − x̂N , yN − y〉 − βNpN
2 ‖xN−1 − x̂N‖2 − βN (τN + 1)W (yN , y)

≤ 2βN

pN
‖yN − y‖2 − βN (τN+1)

2L̃
‖yN − y‖2 ≤ 0, and

670

− βN

TN
‖A‖|zN − z|‖xN − xTN−1

N ‖ − βNη
TN
N

2TN
‖xTN−1

N − xTN

N ‖
2 − βNq

TN
N

TN
U(zN , z)

≤βNq
TN
N

2TN
|zN − z|2 −

βNq
TN
N

2TN
|zN − z|2 = 0.

671

672

In the special case when Z is a vector space with Euclidean norm | · | = ‖ · ‖2, the673

prox-function U(·, ·) = ‖ · − · ‖22/2, and h(z) = 〈b, z〉, let us choose any saddle point674

w∗ = (x∗, y∗, z∗) that solves the SPP (4.2) and denote675

w∗N := (x∗, y∗, z∗N ) where z∗N := ‖z∗‖2+1
‖AxN−b‖2 (AxN − b).(5.13)676

677

Note that in such special case the SPP (4.2) reduces to the linear constrained op-678

timization (4.3), in which x∗ is an optimal solution, y∗ = ∇f̃(x∗), and z∗ is the679

optimal Lagrange multiplier associated with the equality constraints. Choosing w =680

(x∗,∇f̃(xN ), 0) and noting that Ax∗ = b, f̃(xN ) = 〈xN ,∇f̃(xN )〉− f̃∗(∇f̃(xN )), and681

f̃(x∗) ≥ 〈x∗, yN 〉 − f̃∗(yN ), by the definition of gap function Q in (4.11) we have682

Q(wN , w) =µν(xN ) + 〈xN ,∇f̃(xN )〉 − f̃∗(∇f̃(xN ))− µν(x∗)− 〈x∗, yN 〉+ f̃∗(yN )683

≥µν(xN ) + f̃(xN )− µν(x∗)− f̃(x∗) = f(xN )− f(x∗).684685

Combing the above result with (4.12) we obtain (4.13) immediately. To prove (4.14)686

let us study the gap functions involving wN , w∗, and w∗N . Observe that687

Q(wN , w
∗) =

[
µν(xN ) + 〈xN , y∗ +A>z∗〉 − f̃∗(y∗)− 〈b, z∗〉

]
688

−
[
µν(x∗) + 〈x∗, yN +A>zN 〉 − f̃∗(yN )− 〈b, zN 〉

]
689

≤µν(xN ) + 〈xN , y∗〉 − f̃∗(y∗)− µν(x∗)− 〈x∗, yN 〉+ f̃∗(yN )690

+ ‖AxN − b‖2‖z∗‖2.691692

Here also observe thatQ(wN , w
∗) ≥ 0 since w∗ is a saddle point. By these observations693

and the definition of z∗N in (5.13) we have694

Q(wN , w
∗
N ) =

[
µν(xN ) + 〈xN , y∗ +A>z∗N 〉 − f̃∗(y∗)− 〈b, z∗N 〉

]
695

−
[
µν(x∗) + 〈x∗, yN +A>zN 〉 − f̃∗(yN )− 〈b, zN 〉

]
696

=µν(xN ) + 〈xN , y∗〉 − f̃∗(y∗)− µν(x∗)− 〈x∗, yN 〉+ f̃∗(yN )697

+ (‖z∗‖2 + 1)‖AxN − b‖2698

≥Q(wN , w
∗) + ‖AxN − b‖2 ≥ ‖AxN − b‖2.699700

The above result, together with the bound of Q in (4.12), and the facts that y∗ =701

∇f̃(x∗), z0 = 0, and ‖z0 − z∗N‖22 = ‖z∗N‖22 = (‖z∗‖2 + 1)2, yield the estimate (4.14).702

Note that Proposition 2.1 is in fact a special case of Proposition 4.1. Indeed, since703

Algorithm 2.1 is the agent view of Algorithm 2.2, which is a special case of Algorithm704

This manuscript is for review purposes only.



TOPOLOGY INVARIANT GRADIENT AND SAMPLING COMPLEXITY 21

4.1 (when h(z) ≡ 0, Z = Rmd, z0 = 0, X , f , and A are defined in (1.2), and all norms705

are Euclidean). Therefore, the results in Proposition 2.1 are immediately implied706

from Proposition 4.1.707

Applying the results in Lemmas 5.3, 5.4, and 5.5 to Proposition 5.1 we can also708

prove Proposition 3.1. The proof is similar to that of Proposition 4.1 above.709

Proof of Proposition 3.1. Denoting wN :=
(∑N

k=1 βk

)−1 (∑N
k=1 βkŵk

)
, let us710

study the gap function Q defined in (4.11) in which h(·) ≡ 0. Noting the convexity711

of Q, applying Proposition 5.1 (in which U(·, ·) = ‖ · − · ‖22/2, V (·, ·) = ‖ · − · ‖22/2,712

and all norms are Euclidean) and the bounds of A through D in Lemmas 5.3 (with713

σk = σ/
√
ck as specified in Algorithm 3.2), 5.4, and 5.5 (in which z0 = 0 from the714

description of Algorithm 3.1), we have715 (∑N
k=1βk

)
E[Q(wN , w)] ≤

∑N
k=1βkE[Q(ŵk, w)]716

≤E
[
βN 〈xN−1 − x̂N , yN − y〉 − βNpN

4 ‖xN−1 − x̂N‖22 +
∑N
k=1

βkσ
2

pkck
717

− βN (τN + 1)W (yN , y)718

− βN

TN
‖A‖‖zN − z‖2‖xN − xTN−1

N ‖2 −
βNη

TN
N

2TN
‖xTN−1

N − xTN

N ‖
2
2719

+
β1q

1
1

2T1
‖z‖22 −

βNq
TN
N

2TN
‖zN − z‖22720

+ β1

2T1
(η1

1 + p1T1)‖x0 − x‖22 −
βN

2TN
(µ+ ηTN

N + pN )‖xN − x‖22
]
.721

722

Here noting from (2.12), (3.3), and (4.8) we can simplify the above to723 (∑N
k=1βk

)
E[Q(wN , w)] ≤β1q

1
1

2T1
‖z‖22 + β1

2T1
(η1

1 + p1T1)‖x0 − x‖22 +
∑N
k=1

βkσ
2

pkck
.724

725

The remainder of the proof is similar to that of Proposition 4.1 and hence is skipped.726

6. Numerical experiments. In this section, we demonstrate the advantages727

of our proposed PDS method through some preliminary numerical experiments and728

compare it with the state-of-the-art communication-efficient decentralized method,729

namely the decentralized communication sliding (DCS) method proposed in [14]. We730

consider a decentralized convex smooth optimization problem of unregularized logistic731

regression model over a dataset that is not linearly separable. In order to guarantee a732

fair comparison, all the implementation details described below are the same as sug-733

gested in [14]. In the linear constrained problem formulation (1.2) of the decentralized734

problem we set A = L × Id from the graph Laplacian. For the underlying communi-735

cation network, we use the Erhos-Renyi algorithm to generate three connected graphs736

with m = 100 nodes as shown in Figure 1. Note that nodes with different degrees are737

drawn in different colors, in particular, G1 has a maximum degree of dmax = 4, G2738

has dmax = 9 and G3 has dmax = 20. We also use the same dataset as in [14], a real739

dataset ”ijcnn1” from LIBSVM1 and choose 20, 000 samples from this dataset as our740

problem instance data to train the decentralized logistic regression model. Since we741

have m = 100 nodes (or agents) in the decentralized network, we evenly split these742

20, 000 samples over 100 nodes, and hence each network node has 200 samples.743

1This real dataset can be downloaded from https://www.csie.ntu.edu.tw/∼cjlin/libsvmtools/
datasets/.
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Fig. 1. The underlying decentralized networks G1, G2 and G3, from left to right. Nodes
with different degrees are drawn in different colors.

All agents in the network start with the same initial point x0 = 0 and y0 = z0 = 0.744

We then compare the performances of the proposed PDS/SPDS algorithms with DCS745

(SDCS for stochastic case) proposed in [14] for solving (1.2) with fi being the logistic746

loss function. We show the required number of communication rounds and (stochastic)747

gradient evaluations for the algorithms in comparison to obtain the same target loss.748

In all problem instances, we use ‖ · ‖2 norm in both primal and dual spaces. All749

the experiments are programmed in Matlab 2020a and run on Clemson University’s750

Palmetto high-performance computing clusters (with 6 Intel Xeon Gold CLX 6248R751

CPUs for a total of 168 cores).752

In the deterministic case, for the DCS algorithm we use the parameter setting as753

suggested in [14] including using a dynamic inner iteration limit as min{10k, 5, 000}754

for possible performance improvement. For the PDS algorithm we use the parameter755

setting as suggested in Theorem 2.2 for solving smooth and convex problems (µ = 0).756

In particular, when setting the inner iteration limit Tk we choose R = 1/(2
√

2) in757

(2.13) . Note that we also try tuning the estimation of Lipschitz constant L̃ for the758

best performance of the PDS algorithm.759

Table 1
Comparison of the DCS and PDS algorithms in terms of reaching the same target loss

Algorithm Graph Target Loss Achieved ‖Ax‖ Com.
rounds

Gradient
evaluations

DCS G1(dmax = 4) 70 4.94e− 04 3, 110 6, 527, 500

PDS G1(dmax = 4) 70 8.95e− 02 154 24

DCS G2(dmax = 9) 70 3.22e− 14 5, 624 12, 812, 500

PDS G2(dmax = 9) 70 2.08e− 01 274 25

DCS G3(dmax = 20) 70 NA3 NA NA

PDS G3(dmax = 20) 70 1.84e− 02 468 24

DCS G1(dmax = 4) 60 NA 3 NA NA

PDS G1(dmax = 4) 60 3.60e− 01 236 60

DCS G2(dmax = 9) 60 NA 3 NA NA

PDS G2(dmax = 9) 60 9.15e− 01 340 58

DCS G3(dmax = 20) 60 NA 3 NA NA

PDS G3(dmax = 20) 60 2.09e− 01 564 54

1We use “NA” for DCS experiments running more than 8, 000 communication rounds but not
achieving the target losses.
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Table 1 show the results we obtained from the experiments of solving deter-760

ministic logistic regression problems. From the table, to reach the same target loss761

our proposing PDS algorithm requires less rounds of communication and much less762

gradient evaluations than the DCS algorithm in [14]. In particular, the number of763

gradient evaluations barely changes as the maximum degree of the graph increases,764

which matches our theoretic results on graph topology invariant gradient complexity765

bounds. Moreover, we can see that both algorithms achieves reasonable feasibility766

residue, which is measured by ‖Ax‖2. It needs to be pointed out that the DCS al-767

gorithm achieves a smaller feasibility residue but a much higher loss, while the PDS768

algorithm spends more efforts in reducing the loss value and maintaining an accept-769

able feasibility residue. Therefore, we can conclude that the PDS algorithm maintains770

a better trade-off between loss and feasibility residue than the DCS algorithm.771

We also consider the stochastic problem in which the algorithms can only access772

the unbiased stochastic samples of the gradients. For the SDCS algorithm, we use the773

parameter setting as suggested in [14] (see Theorem 4 within) except using a dynamic774

inner iteration limit as min{10k, 5, 000} for possible performance improvement. For775

the proposed SPDS algorithm, we use the parameter setting as suggested in Theo-776

rem 3.2 for solving smooth and convex stochastic problems with R = 1 and c = 1/4777

in (3.4). We set N to be the smallest iteration limit where N mod 10 = 0, and hence778

N = 30 for the cases when we set target loss as 70 and N = 100 when target loss is779

60.780

Table 2
Comparison of the SDCS and SPDS algorithms in terms of reaching the same target loss

Algorithm Graph Target Loss Achieved ‖Ax‖ Com.
rounds

Stochastic
grads.

SDCS G1(dmax = 4) 70 NA4 NA NA

SPDS G1(dmax = 4) 70 6.10e− 04 428 431

SDCS G2(dmax = 9) 70 NA4 NA NA

SPDS G2(dmax = 9) 70 3.77e− 04 740 431

SDCS G3(dmax = 20) 70 NA4 NA NA

SPDS G3(dmax = 20) 70 6.12e− 05 1, 418 431

SDCS G1(dmax = 4) 60 NA 4 NA NA

SPDS G1(dmax = 4) 60 9.68e− 04 506 1, 434

SDCS G2(dmax = 9) 60 NA 4 NA NA

SPDS G2(dmax = 9) 60 8.87e− 04 816 1, 433

SDCS G3(dmax = 20) 60 NA 4 NA NA

SPDS G3(dmax = 20) 60 1.18e− 04 1, 496 1, 433

Table 2 show the results we obtained from the experiments of solving logistic re-781

gression problems using stochastic samples of gradients. Observe from the table that782

the number of required stochastic gradient samples for the SPDS algorithm do not783

change as the maximum degree of the graph increases, which matches our theoretic784

result that the sampling complexity of the SPDS algorithm is graph topology invariant785

for stochastic problems. The SPDS algorithm can achieve target losses within reason-786

able amount of CPU time and algorithm iterations, while the SDCS algorithm can not787

achieve any of the target loss within the required communication rounds. Therefore,788

1We use “NA” for SDCS experiments running more than 4, 000 communication rounds but not
achieving the target losses.
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we can conclude that the proposed SPDS algorithm outperforms the SDCS algorithm789

in [14] in terms of both sampling and communication complexities.790

7. Concluding remarks. In this paper, we present a new class of algorithms791

for solving a class of decentralized multi-agent optimization problem. Our proposed792

primal dual sliding (PDS) algorithm is able to compute an approximate solution to793

the general convex smooth deterministic problem with O
(√

L̃/ε+ ‖A‖/ε
)

commu-794

nication rounds, which matches the current state-of-the-art. However, the number of795

gradient evaluations required by the PDS algorithm is improved to O
(√

L̃/ε

)
and is796

invariant with respect to the graph topology. To the best of our knowledge, this is the797

only decentralized algorithm whose gradient complexity is graph topology invariant.798

We also propose a stochastic primal dual sliding (SPDS) algorithm that is able to799

compute an approximate solution to the general convex smooth stochastic problem800

with O
(√

L̃/ε+ σ2/ε2

)
sampling complexity, which is also the only algorithm in801

the literature that has graph topology invariant sampling complexity. Similar conver-802

gence results of the PDS and SPDS algorithms are also developed for strongly convex803

smooth problems.804
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