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Abstract

The Total Matching Polytope generalizes the Stable Set Polytope and the Matching Polytope. In this
paper, we give the perfect formulation for Trees and we derive two new families of valid inequalities,
the balanced biclique inequalities which are always facet-defining and the non-balanced lifted biclique
inequalities obtained by a lifting procedure, which are facet-defining for bipartite graphs. Finally,
we give a complete description for Complete Bipartite Graphs.
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1. Introduction

Let G = (V,E) be a simple, loopless and undirect graph, and let D = V ∪ E be the set of its
elements. We say that the elements a, b ∈ D are adjacent if a and b are adjacent vertices, or if
they are incident edges, or if a is an edge incident to a vertex b. If two elements a, b ∈ D are not
adjacent, they are independent. A stable set is an independent set of vertices, instead a matching is
an independent set of edges. A total matching is a subset T ⊆ D where the elements are pairwise
independent. A subset C ⊆ V ∪E is a total cover of G if it covers all the elements of G. The Total
Matching Problem asks for a total matching of maximum size. This problem generalizes both the
Stable Set Problem, where we look for a stable set of maximum size and the Matching Problem,
where instead we look for a matching of maximum size. In particular, a matching is called perfect if it
covers all the vertices, that is, has size 1

2 |V |. We define νT (G) := max{|T | : T is a total matching},
ν(G) := max{|M | : M is a matching} and α(G) := max{|S| : S is a stable set}. The first work on
the Total Matching Problem appeared in [11], where the authors derive lower and upper bounds
on the size of a maximum total matching. In particular, the authors show that:

νT (G) ≥ max{α(G), ν(G)}

In [1], they find a relation between νT (G) and τ(G) := min{|C| : C is a total cover}, indeed they
show that:
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τ(G) ≤ νT (G)

In [10], D.F. Manlove provides a concise survey of the algorithmic complexities of the decision
problems related to the previous parameters. The author reports that νT (G) can be computed
in polynomial time for Trees and it is NP-complete for bipartite, chordal and arbitrary graphs.
From a polyhedral point of view, many studies of packing polytopes associated to the Stable Set
Problem and the Matching Problem have been proposed. The Stable Set Polytope is the convex
hull of the incidence vectors of all stable sets and the Matching Polytope is the convex hull of the
incidence vectors of all matchings. Many valid and facet-defining inequalities have been investigated
for Stable Set Polytope, see [9, 13, 2, 12, 4, 16, 7, 15, 5]. In particular, complete linear descriptions
have been obtained for classes of graphs as line-graphs and quasi-line graphs, see [4, 3]. The authors
in [6] propose the first polyhedral approach for the Total Matching Problem deriving facet-defining
inequalities for the polytope associated with it. The convex hull of the incidence vectors of total
matchings is called the Total Matching Polytope and it is denoted by PT (G). Given a total matching
T , the corresponding characteristic vector is defined as follows:

χ[T ] =

{
za = 1 if a ∈ T ⊆ D
za = 0 otherwise.

where z = (x, y) ∈ {0, 1}|V | × {0, 1}|E|, x correspond to the vertex variables and y to the edge
variables. Hence, The Total Matching Polytope of a graph G = (V,E) is defined as:

PT (G) := conv{χ[T ] ⊆ R|V |+|E| | T ⊆ D is a total matching}.

Despite the strong connection with the Matching Problem, the Total Matching Problem is less
studied in the operations research literature. In particular, significant results are obtained only
for structured graphs, as cycles, paths, full binary trees, hypercubes, and complete graphs, [8].
Motivated by the study of the Stable Set Polytope and the Matching Polytope for bipartite graphs,
we expect to have a nice linear complete description of the Total Matching Polytope for bipartite
graphs. For this reason, in this paper we mainly focus on the facial structure of PT (G) for bipartite
graphs. We present two new families of facet-defining inequalities for the Total Matching Polytope
and derive complete characterizations of Trees and Complete Bipartite Graphs.

Our contributions. The main results of this paper are:

• Complete description of Trees and Complete Bipartite Graphs.

• New families of facet-defining inequalities, the balanced biclique inequalities and non-balanced
lifted biclique inequalities.
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Outline. The outline of this paper is as follows. In the next paragraph, we fix the notation. In
Section 2, we study the Total Matching Polytope for Trees. In Section 3, we present new families
of valid inequalities, the balanced biclique inequalities, which are facet-defining for all the graphs,
and the non-balanced biclique inequalities, which are facet-defining for bipartite graphs. Finally, in
Section 4, we conclude as future works.

Notation. Given a graph G = (V,E), we define n = |V | and m = |E|. For a vertex v ∈ V , we
denote by δ(v) the set of edges incident to v and by NG(v) the set of vertices adjacent to v. The
degree of a vertex is |δ(v)|, in particular, we denote by ∆(G) := max{|δ(v)| | v ∈ V }. For a subset
of vertices U ⊆ V , let G[U ] be the subgraph induced by U on G. We define δ(U) := {e ∈ E | e =

{u, v}, u ∈ U, v ∈ V \U}. A total matching of maximum cardinality is denoted by νT (G). A graph
is chordal if every cycle of length greater or equal than four has a chord, that is, there is an edge
connecting two non consecutive vertices of the cycle. Given a graph G, a balanced biclique Kr,r is
a complete bipartite graph whose the cardinality of the two partitions of vertices is the same.

2. Complete description of Trees

First, we recall the basic important inequalities of PT (G).

Proposition 1. PT (G) has the following valid inequalities:

xv +
∑
e∈δ(v)

ye ≤ 1 ∀v ∈ V (1)

xv + xw + ye ≤ 1 ∀e = {v, w} ∈ E (2)
xv, ye ≥ 0 ∀v ∈ V,∀e ∈ E. (3)

In [6] the authors prove that these inequalities are facet-defining. Since νT (G) is polynomial for
Trees, we study the linear description of such graphs. The following definition will be used to prove
the main result of this Section.

Definition 1. Given a graph G, the total graph T (G) of G is a graph with vertex set the vertices
and edges of G, and two vertices are adjacent in T if and only if their corresponding elements are
either adjacent or incident in G.

Theorem 1. Let G be a Tree. Then PT (G) is completely defined by inequalities (1) – (3).

Proof: Consider the total graph T (G) of G. In [17], it is proved that a graph is a Tree if and
only if its total graph is chordal. Since chordal graphs are perfect graphs, and stable sets of the total
graph correspond to total matchings of G, see [6], we have that STAB(T (G)) = {x ∈ R|V (T (G))| |∑
v∈K

xv ≤ 1, for every clique K of T (G), xv ≥ 0, ∀v ∈ V (T (G))}. Finally, maximal cliques of the

Stable Set Polytope of T (G) correspond to basic inequalities (1) – (3) of the initial graph. This
completes the proof. �

This permits us to give an alternative polyhedral proof of the optimization problem for Trees.
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Corollary 1. The optimization problem on PT (G) for a Tree graph can be solved in polynomial
time.

3. New families of facet-defining inequalities

The basic facet-defining inequality (2) can be seen as a balanced biclique K1,1. Hence, we derive
a generalization of this inequality in the following. In [8], the author proves that νT (Kr,r) = r.
Then, we have a natural upper bound to obtain the following valid inequality.

Theorem 2. Let G be a graph and Kr,r be an induced balanced biclique of G. Then, the balanced
biclique inequality: ∑

v∈V (Kr,r)

xv +
∑

e∈E(Kr,r)

ye ≤ r (4)

is facet-defining for PT (G).

Proof: Let V (Kr,r) := A1 ∪ A2, where A1 := {v1, . . . , vr} and A2 := {vr+1, . . . , v2r}. Let F be
a face of PT (G), F = {z ∈ PT (G) | λT z = λ0} and let F̃ = {z ∈ PT (G) | πT z = π0} be the
face corresponding to the inequality (4), such that F̃ ⊆ F . We want to prove that there exists
a ∈ R such that (λ, λ0) = a(π, π0). Since Kr,r is a r-regular bipartite graph, then E(Kr,r) can be
partitioned in r perfect matchings M1, . . . ,Mr. First, we observe that χ[Mi] ∈ F̃ , ∀i = 1, . . . , r.
Consider one of the perfect matchings, let Mi and an edge e = {u, v} ∈ Mi. Now, define the total
matchings Tu := (Mi \ {e}) ∪ {u} and Tv := (Mi \ {e}) ∪ {v}. Note that, since the cardinality
of the total matchings described is equal to the cardinality of the perfect matchings, this implies
that χ[Tu], χ[Tv] ∈ F̃ . We have that λTχ[Mi] = λTχ[Tu] = λTχ[Tv] and so λu = λv = λe. By
construction, every vertex is touched by all the perfect matchings, so λv = λe, ∀e ∈ δ(v), and thus
λi = a ∈ R for all the coefficients on G[Kr,r]. By fixing one of the total matchings T introduced,
we obtain also that λTχ[T ] = λ0 = aπ0. Now, fix a perfect matching M on G[Kr,r] and consider a
vertex w /∈ V (Kr,r). Since M ∩ {w} = ∅, Tw := M ∪ {w} is a total matching, whose characteristic
vector lies on F̃ . This implies that λw = 0, ∀w /∈ V (Kr,r). Then, consider T eAi

:= Ai ∪ {e}, where
e /∈ δ(Ai), for i = 1, 2. It turns out that T eAi

is a total matching and in particular its characteristic
vector lies on F̃ . Thus λe = 0, ∀e /∈ E(Kr,r). This completes the proof, since we have proved that
(λ, λ0) = a(π, π0). �

Now, we focus on the computational complexity of the separation problem associated with balanced
biclique inequalities. In [14], the authors prove that it is NP-hard to compute a vertex maximum
biclique. The problem studied in [14] is a specific instance of the Maximum Weighted Total Biclique
Problem (MWTBP), which calls for a balanced biclique of maximum weight on vertices and edges.
Thus, we derive that in general, it is NP-hard to find the most violated balanced biclique inequality.
Since balanced biclique inequalities are facet-defining for the Total Matching Polytope, it is natural
to ask if a non-balanced biclique generates a facet-defining inequality. Now, consider a general
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non-balanced biclique Kr,s, with s > r. The biclique-inequality corresponding to the graph Kr,s

reads as follows: ∑
v∈V (Kr,s)

xv +
∑

e∈E(Kr,s)

ye ≤ s. (5)

It turns out that these inequalities are valid in general, but not facet-defining. To get a facet-
defining inequality we modify the coefficients. By applying a sequential lifting, [18, 13], we start
the process with a suitable subset of variables. From now on, let Kr,s be a non-balanced biclique
such that V (Kr,s) = R∪S where R := {v1, v2, . . . , vr} and S := {w1, w2, . . . , ws} with s > r be the
partitions of the vertices.

Proposition 2. Let Kr,s with s > r > 1 be a non-balanced biclique. Then, the non-balanced lifted
biclique inequalities:∑

i∈R
αtixi +

∑
j∈S

xj +
∑

e∈E(Kr,s)

ye ≤ s ∀t ∈ R (6)

where:

αti =

{
s− (r − 1) if t = vi,
1 otherwise.

are facet-defining for PT (Kr,s).

Proof: Let N := {0, 1}s+r+(s×r) ∩ PT (Kr,s). We want to lift the valid inequality
∑
v∈S

xv +∑
e∈E(Kr,s)

ye ≤ s of N ′ := conv(N) ∩ {xv = 0, v ∈ R} into a facet-defining
∑
i∈R

αixi +
∑
j∈S

xj +∑
e∈E(Kr,s)

ye ≤ s of conv(N) = PT (Kr,s). We perform a sequential lifting of the coefficients according

to the ordering of the index set {1, 2, . . . , r} of vertices of R. Now, consider the largest coefficient
relative to xv1 :

αv1 :=s−max
∑
i∈S

xi +
∑

e∈E(Kr,s)

ye

s.t. xv1 = 1, z ∈ N,

xj = 0, j ∈ R \ {v1}.

The optimum value of the maximization problem is r−1, since fixing the vertex v1 we can exclude all
the vertices of the other side, and since Kr,r is an induced subgraph, the cardinality of a maximum
total matching can be achieved by a matching M of size r − 1. Now, we claim that αi = 1 for
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i ∈ {v2, v3, . . . , vr}.

αv2 :=s−max
∑
j∈S

xj +
∑

e∈E(Kr,s)

ye + (s− r + 1)xv1

s.t. xv2 = 1, z ∈ N,

xj = 0, j ∈ R \ {v1, v2}.

Now, fixing the vertex v2, it is easy to see that the optimal value is achieved by setting x∗v1 = 1

and χ[M2], where M2 is a matching of size r − 2 induced by the vertices v3, . . . , vr of a balanced
biclique of size r − 2. Thus, the optimal value is (s− 1). We obtain that αv2 = 1. At the step i of
the sequence we have:

αvi :=s−max
∑
j∈S

xwj +
∑

e∈E(Kr,s)

ye + (s− r + 1)xv1 +

i−1∑
t=2

xvt

s.t. xvi = 1, z ∈ N,

xj = 0, j ∈ R \ {v1, . . . , vi−1}.

Repeating the same reasoning we obtain that αvi = 1. We conclude that (s− r + 1)xv1 +
r∑
i=2

xvi +

s∑
j=1

xwj +
∑

e∈E(Kr,s)

ye ≤ s is a valid inequality for PT (Kr,s). Notice that the computation of the

coefficients depends on the choice of the ordering where only the first coefficient of the sequence
gets the maximum value different from one. So, consider σ : {1, 2, . . . , r} −→ {1, 2, . . . , r} such
that σ(i) = i + 1. Choosing all the sequences with respect to the permutation σ, we get all the
required facet-defining inequalities. Now, we prove that after the lifting process the final inequality
is facet-defining for PT (Kr,s). Let F be the face induced by a non-balanced lifted inequality,
w.l.o.g. suppose that the coefficient of the first vertex is αv1 = s − r + 1 and let F ′ be a face
induced by πT z ≤ π0, suppose that F ⊆ F ′. Consider a vertex wj ∈ S and an edge e incident
to wj . Now, it turns out that χ[S \ {wj} ∪ {e}] ∈ F , thus πwj = πe,∀e ∈ δ(wj). Then, fix a
vertex vi ∈ R, i 6= 1 and an edge f ∈ δ(vi). We have that χ[R \ {vi} ∪ {f}] ∈ F , this implies
that πvi = πf ,∀f ∈ δ(vi), with vi 6= v1. Since every edge has exactly one end-point in R and
the other in S, we have that πv = πe = πw, ∀e = {v, w}, v 6= v1. Until now, we obtain that
πv = πw = πe, ∀v, w ∈ V (Kr,s) \ {v1}, ∀e ∈ E(Kr,s). For the coefficient πv1 , χ[R] = χ[S] implies

that πv1 +
r∑
i=2

πvi =
s∑
j=1

πwj , thus πv1 = (s− r+ 1)a, for a scalar a ∈ R. This completes the proof.

�

Remark 1. Observe that there is no lifting procedure for the coefficients of the edges of Kr,s.
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Figure 1: biclique K2,3

Proof: Let G = Kr,s. Suppose by contradiction that there is an edge e ∈ Kr,s such that βe > 1 for
a non-balanced lifted biclique. Hence, the corresponding inequality reads as follows

∑
v∈V (Kr,s)

xv +∑
f∈E(Kr,s)\{e}

yf + βeye ≤ s. Let VS := V (Kr,s) \ V (G[Kr,r]) where Kr,r is an induced balanced

biclique of G and fix a perfect matching M on G[Kr,r]. Then, χ[M \ {e}] + βe + χ[VS ] > s violates
the inequality. �

Now, we can see an easy direct application for the biclique K2,3. The corresponding inequalities
read as follow:

2xv1 + xv2 + xv3 + xv4 + xv5 +
∑

e∈E(K2,3)

ye ≤ 3,

xv1 + 2xv2 + xv3 + xv4 + xv5 +
∑

e∈E(K2,3)

ye ≤ 3.

The following proposition shows that the lifting procedure exposed in Proposition (2) is exhaustive
and maximal, that is, it generates all the possible facet-defining induced biclique inequalities.

Proposition 3. Consider a non-balanced biclique Kr,s. Then, the inequality:

|R|∑
i=1

πvixvi +

|S|∑
j=1

xwj +
∑

e∈E(Kr,s)

ye ≤ s, (7)

such that
|R|∑
i=1

πvi = s− r+ 1 with at least two coefficients different from one is not facet-defining for

PT (Kr,s).

Proof: We show that the face F ′ induced by the inequality (7) is properly contained in the
face F induced by a non-balanced lifted biclique inequality. Suppose that w.l.o.g. the first l < r

vertices have the corresponding coefficients different from one, thus define UR := {v1, v2, . . . , vl}
and L := R\UR. First, notice that the inequality (s− r+1)xv1 +

r∑
i=2

xvi +
s∑
j=1

xwj +
∑

e∈E(Kr,s)

ye ≤ s

is tight for all total matchings satisfying (7) at equality. In particular, every characteristic vector
of a total matching belonging to F is of the form χ[UR] + χ[TL], where TL is a total matching
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composed by a stable set on the vertices of L and a matching in Kr,s[L] induced on the remaining
vertices. It is easy to construct such a total matching TL, for example, we can take TL as the set
L. Notice also that χ[TL ∪ UR] ∈ F . Then, we exhibit a point x ∈ F such that x ∈ F \ F ′ and
F ′ ⊆ F . Consider the total matching T1 defined as:

χ[T1] :=


xv1 = 1

ye = 1 ∀e = {vi, wi−1} ∀i = 2, 3, . . . , r

0 otherwise.

So, there is at least one more solution in F . This concludes the proof. �

Theorem 3. Let G be a bipartite graph. Then, the non-balanced lifted biclique inequalities (6) are
facet-defining for PT (G).

Proof: Let V (G) := A1 ∪ A2 be the partition of the vertices of G and V (Kr,s) := B1 ∪ B2

a non-balanced biclique of G. We denote by F the face induced by a non-balanced lifted biclique
inequality. By Proposition (2), we have |V (Kr,s)|+ |E(Kr,s)| affinely independent points belonging
to F . Now, the vectors of the form χ[Bi] + χ[{v}], where v ∈ Ai \ Bi for i = 1, 2, lie on F and
they are linearly independent. Then, consider χ[Bi] + χ[{e}], where e /∈ δ(Bi), for i = 1, 2. Note
that they are characteristic vectors of total matchings and they are linearly independent. The final
matrix, having as columns these vectors, has the following form: AKr,s BKr,s CKr,s

0 Ĩv 0

0 0 Ĩe

 ,
where AKr,s , BKr,s , CKr,s represent the matrices corresponding to the characteristic vectors of total
matchings on Kr,s, and Ĩv, Ĩe are the identity matrices relative to the elements not in Kr,s. Since
the matrix has maximum rank, we can conclude. �

Now, we are ready to state the final theorem, since we have the full list of facet-defining in-
equalities describing PT (Kr,s).

Theorem 4. PT (Kr,s) is completely defined by:

• Basic inequalities (1) – (3),

• Balanced biclique inequalities (4),

• Non-balanced lifted biclique inequalities (6).

4. Conclusion and future works

In this paper, we have introduced two new families of facet-defining inequalities for the Total
Matching Polytope and we have found complete linear description for Trees and Complete Bipartite
graphs. As future work, we plan to give a complete linear description of the Total Matching Polytope
for bipartite graphs.
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