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This paper, for the first time, studies an expected utility problem with a chance constraint with incomplete
information on a decision maker’s utility function. The model maximizes the worst-case expected utility of
random outcome over a set of concave functions within a novel ambiguity set, while satisfying a chance con-
straint with a given probability. To obtain computationally tractable formulations, we employ a discretization
approach to derive a max-min chance-constrained approximation of this problem. This approximation is
further reformulated as a mixed-integer second-order cone program (MISOCP). We show that the discrete
approximation asymptotically converges to the true counterpart under mild assumptions. We also present
a row generation algorithm for optimizing the max-min program. In particular, the algorithm considers a
master problem as a chance-constrained problem and a second-order cone program (SOCP) as subproblems.
A computational study for a bin-packing problem and a multi-item newsvendor problem is conducted to
demonstrate the performance of the proposed framework and the computational efficiency of our algorithm.

We find that the row generation algorithm can significantly reduce the computational time.
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1. Introduction

Decision-making under uncertainty frequently involves balancing the value of under and over uti-
lization of a resource, or relative to a decision. We also need to ensure certain service performance,
while balancing the implications of under and over-utilization. For example, in a newsvendor model,
the implications of over and under-stocking are different. Thus, with the current business trends
of shortening product life-cycles especially during the COVID-19 pandemic, it is crucial to find a
robust solution that optimally trades off between under and over-stocking (Natarajan et al. 2018,
Hu et al. 2019, Wang and Delage 2021). To ensure customer service we also want a bound on the

stockout probability. In healthcare operations, random demand results in underage and overage
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costs (Kim and Mehrotra 2015). In this context, the underage and overage can be modeled using a
nonlinear function. The use of the nonlinear function is important since the costs may not be linear
(Davis et al. 2014). As additional examples, for a finite duration work-shift, in the case of assigning
patients to a finite number of timeslots, the random duration required to fully serve a patient has
implications on work-life balance as the day is planned for a finite time (Guest 2002, Azeem and
Akhtar 2014). Here to achieve the work-life balance, we want to ensure that the assigned patients
finish within a certain time with a desirable probability. A similar situation arises in scheduling
operating rooms (ORs) with multiple surgeries (e.g., Wang et al. 2021a,b).

When considering situations in the preferences of different stakeholders (e.g., hospital, patients,
doctors, and nurses), such as work-life balance or patient safety, it is difficult to estimate an
exact utility function w in practice, while a crude parametric estimate might be available (see
Chajewska et al. 2000, Hu and Mehrotra 2015, Hu et al. 2018, Armbruster and Delage 2015, Haskell
et al. 2018, and references therein). Therefore, for such problems it is prudent to assume that
the utility function u is unknown, and specify a model over an ambiguity set % that allows a
family of utility functions based on their shape and properties. In the following, we will propose a
general modeling framework to address such an important class of decision-making problems with

incomplete information on decision-makers’ utility function.

1.1. Modeling Framework

The decision-making framework we study in this paper maximizes the worst-case expected utility
of random outcomes over a set of concave functions, with a chance constraint. We consider the
functions that first increase and then decrease, which suitably models the situations described
above. This framework is novel since, for the first time, it combines the concept of robust deci-
sion making and chance constraint optimization as a complementary synergistic mechanism for
decision modeling under risk and uncertainty. Specifically, we consider the Robust Concave Utility

Maximization Problem (RCUMP) with a chance constraint, represented as

(RCUMP) maximize minimize E[u(f(x,&))], (1)

zeX uewU

where X := {m = (@1, 2) € R™ x N"2 | Pg (f(az,é) < t) >1—¢, Az < d}, n:=mn;+ne, and t € R,
AeR™" deR™ We assume that X' is a non-empty compact set, u € [0,1] is a concave utility
function and lies in an ambiguity set 2. We define the set % by using functional bounds on the
utility and an additional condition that is specified by using a reference utility function. f (w,é)
is a measurable random function over € X. Q denotes a joint distribution of random vector
£= (51, e ,én)T. e €[0,1] is a confidence parameter, which measures the violated probability of

the chance constraint. The objective of (RCUMP) is to maximize the worse-case expected utility.
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Chance constraint requires that the constraint is satisfied with a given probability 1 —e. In this
paper, we assume that the probability distribution of é has a finite support (&1, .-+, €/9l) such that
]P’(é: &) =p, forweQ:={1,---,|Q|}, where > p,=1and p, >0 for w € Q, || is the cardinality

weN
of a set. Let 2 denote the set of all possible scenarios for the random vector.

1.2. Mathematical Formulations of Illustrative Examples

As discussed before, the model studied in this paper is motivated by many applications that involve
balancing costs resulting from random overage and underage. The number of patients assigned to
a clinician for service, or the number of surgeries assigned to an operating room can be thought of
as a bin-packing problem with each item having a random size. We formally describe this model
below, followed by a description of a multi-item newsvendor problem.

Bin Packing with Chance and Utility. Let Z := {1,---,|Z|} denote a set of items and
J:={1,---,|7|} denote a set of bins. We assign |Z| items with random size & := (&, - - ,ém)T
to |J| bins. We let Q:={1,---,|Q|} denote the set of scenarios for the random size, and assume
that the probability distribution of the random size has a finite support (£,---, &%), We use £
to denote the size of item i € Z under scenario w € 2. Assume that Q is a joint probability of £ and
is characterized by a probability vector (pi,---,pjq) such that ) p, =1 and p, >0 for all w € Q.
We use t; to represent the capacity of bin j € J. e

We define a binary variable x; such that x; =1 if bin j € J is open and x; = 0 otherwise, and
y;; such that y;; =1 if item 7 € 7 is assigned to bin j € J, and y,;; = 0 otherwise. The bin packing
robust expected utility problem (BP_RCUMP) is formulated as follows:

maximize minimize Y E[u(>  &yij —t;)] (2a)
(x,y)e{0,1}171x{0,1}1 2T ueEU = zeZI J J
subject to PQ{Zéiyij_thO}Zl_ga vjedJ, (2b)
i€z
z’y”:l, VZEZ, (2C)
jeg
Vi < x5, VieZ,jeJ. (2d)

For the (BP_RCUMP), the objective function (2a) is to maximize the worst-case expected utility
of over- and under-utilization. Constraints (2b) require that the sum of item sizes assigned to bin
j is less than the capacity of bin j with a probability 1 —e. Constraints (2c) ensure that each item
is assigned to exactly one bin. Constraints (2d) allow item ¢ to be assigned to bin j only if bin j is
open.

Multi-Item Newsvendor with Chance and Utility. The multi-item newsvendor robust

expected utility problem is to decide the order quantities for each item with a random demand, so
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as to maximize the worst-case expected utility of the under- and over-stocking. More specifically,

let Z:={1,---,|Z|} denote the set of items, and Q:={1,---,|Q|} denote the set of scenarios. We

let the inventory capacity t:= {t,,---,t7)}, and the random demand of items £:=1{&, ,ém}.

Under the scenarios w € , the demand &“ := {&y,--- ,Q“’Il} with the probability distribution Q

such that p, >0 and ZQ P = 1. Each item ¢ € 7 has a ordering cost ¢;, and d is the total budget.
we

Decision variable @ := {x1,--- , 2|7/} denotes the ordering quantities. The following formulates the

multi-item newsvendor robust expected utility problem (MN_RCUMP):

ma)ecg‘rzl‘lze minimize Elu(z; —&)] (3a)

TR i€l
subject to Pq {xi—é Sti} >1—c¢, VieT, (3b)
c'z<d. (3c)

For the (MN_RCUMP), the objective function (3a) is to maximize the worst-case expected utility of
under- and over-stocking. Constraints (3b) ensure that the over-stocking is less than the inventory
capacity with the probability 1 —e. Constraint (3c) ensures that the total ordering cost is no more

than the budget.

1.3. Literature Review
In this section, we provide a review of the existing studies that are relevant to our work from
both the methodology and application aspects. More specifically, we mainly focus on the literature

about robust expected utility framework and two applications that are mentioned above.

1.3.1. Literature Review on Robust Expected Utility In the robust optimization (RO)
framework, the complete knowledge of uncertain data is assumed to be unavailable and lies in
an uncertainty set (e.g., Bertsimas and Sim 2004), and the decision-makers aim to identify the
solutions that perform best under the worst-case realizations within an uncertainty set and are
robust to estimation errors. RO has been extensively developed in terms of new methodologies
and its practical applications (e.g., see recent reviews by Bertsimas et al. 2011, Gabrel et al. 2014,
Gorissen et al. 2015, Rahimian and Mehrotra 2019).

In terms of robust expected utility, Hansen and Sargent (2001) described a connection between
the max-min expected utility theory and robust-control theory. Schied (2005) defined the robust
utility function by using a set of probability measures and reformulated the terminal wealth prob-
lem as a standard utility-maximization problem associated with a subjective probability measure.
Natarajan et al. (2010) studied a robust expected utility model for portfolio optimization, where
only the mean, covariance, and support information are available and the investors utility is a
piecewise-linear concave function. Armbruster and Delage (2015) considered the problem of max-

imizing the worst-case expected utility of random outcome over a set of utility functions that are
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assumed to be risk-averse, S-shaped, or prudent, and finally derived a linear program (LP) refor-
mulation. Haskell et al. (2016) further extended this work by considering ambiguity about both the
decision makers risk preferences and the underlying distribution. They obtained a LP reformulation
under the assumption of a polyhedral distributional ambiguity set with a finite number of ver-
tices. For more general ambiguity sets, they proposed conservative approximations that are based
on reformulation-linearization techniques. Delage et al. (2021) considered a utility-based shortfall
risk measure where the true loss function is unavailable and proposed a preference robust model
by constructing a set of utility-based loss functions from empirical data or subjective judgments.
Haskell et al. (2018) considered the ambiguity in choice functions over a multi-attribute prospect
space and developed a robust preference model by constructing an ambiguity set of choice functions
through preference elicitation with pairwise comparisons of prospects. Luo and Mehrotra (2019)
studied a service center location problem with ambiguous utility gains upon receiving service under
a distributionally robust optimization (DRO) framework, where the elicited location-dependent
utilities are assumed to be described by an expected value and variance constraint.

Perhaps, the most relevant studies to ours are Hu and Mehrotra (2015) and Hu et al. (2018). Hu
and Mehrotra (2015) assumed that the utility function is increasing and concave. They specified
the uncertainty set by using upper bound and lower bound on the utility and marginal utility
functions, as well as auxiliary equality and inequality constraints on the utility. They used a
partitioning-based approach to formulate the problem as a LP. More recently, Hu et al. (2018)
assumed that the uncertainty set of the utility function is non-decreasing and satisfies additional
boundary and auxiliary conditions. They developed a sample average approximation (SAA) based
approach (Kleywegt et al. 2002) to solve the problem. Unlike the aforementioned two studies,
our work considers the utility-dependent decisions within a chance-constrained framework and
constructs a novel ambiguity set in the space of risk-averse utility centered at a reference utility
function using a distance metric. This allows us to model a more general set of utility functions
that are first increasing then decreasing. We also provide a convergence analysis where the proof
is different from Hu et al. (2018) and finally propose an efficient row generation-based solution

scheme to efficiently solve our (RCUMP) model with two practical applications.

1.3.2. Literature Review on Chance-Constrained Bin Packing Problem Chance-
constrained programs (CCPs) were firstly introduced by Charnes and Cooper (1959) to address
optimization problems under uncertainty, which have been widely used for various decision-making
context. CCPs are generally difficult to solve (e.g., Song et al. 2014), especially when the coefficients
matrix is random or the chance constraints contain integer decision variables (as is shown in our

(BP_RCUMP) in Section 1.2). For the study of more general CCPs under different optimization
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settings, we refer the interested reader to a recent review by Kiiciikkyavuz and Jiang (2021). In
recent years, the chance-constrained bin packing problem (CCBP) has been extensively studied,
especially under the context of healthcare resources allocation (e.g., ORs and surgeries) and cloud
computing management (e.g., Hoogervorst et al. 2019, Cohen et al. 2019, Martinovic et al. 2021).
For healthcare resources allocation, Deng and Shen (2016), Deng et al. (2019) and Zhang et al.
(2020) investigated a surgery scheduling problem with chance constraints to determine ORs alloca-
tion and surgery scheduling using the stochastic programming and DRO paradigms. More recently,
Wang et al. (2021a) studied a chance-constrained multiple bin packing problem with application
to ORs planning. Wang et al. (2021b) further extended this work to a DRO model with joint
chance constraints with partial distribution information. Instead of minimizing the total cost or the
number of bins as in the above studies, we consider utility-dependent decisions within a chance-
constrained framework to ensure certain service performance, while balancing the implications of
under and over-utilization of resources. Although CCBP is widely studied, to our best knowledge,

such applications under a robust expected utility framework are very rare.

1.3.3. Literature on Multi-Item Newsvendor Problem The newsvendor problem is a
fundamental operations management problem with various applications (see a recent review by
Qin et al. 2011). To determine the order quantities for multiple products, the retailers assume a
specifically known distribution of the random demand (e.g., Erlebacher 2000). However, in reality,
the true demand distribution is hardly ever known to the retailers. Leveraging recent advances in
RO, robust multi-item newsvendor problems aim to maximize the worst-case expected operating
revenue over all possible demand realizations within an uncertainty set (e.g., Ardestani-Jaafari and
Delage 2016, Hu et al. 2019, Zhang et al. 2021). For most real-world applications, the solutions of
RO models are generally over-conservative, thus DRO multi-item newsvendor problems have been
extensively explored in recent years, where one seeks a more robust solution that performs best
under the worst-case demand distribution within an ambiguity set of distributions (e.g., Hanasu-
santo et al. 2015, Natarajan et al. 2018, Rahimian et al. 2019, Chen et al. 2020, Wang and Delage
2021). Very few studies attempt to use alternative risk preferences within the expected utility
framework (Wang et al. 2012, Choi and Ruszczynski 2011), which assume that the distributions of
product demands and the utility function are exactly known in advance. However, it is very difficult
to derive the exact representation of the utility function in practice. This also further motivates
us to model the problem under a robust expected utility framework using a novel ambiguity set of

the utility functions.
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1.4. Contributions of This Paper

To summarize, this paper addresses the modeling framework and resolution method of a general
chance-constrained robust expected utility problem over a set of concave utility functions that
lie in a novel ambiguity set. Under mild conditions, we derive a mixed-integer second-order cone
programming (MISOCP) formulation, and conduct the convergence analysis for (RCUMP) that
relies on the convergence theory of optimization problems, and also develop a row generation-based
solution scheme to solve the resulting problem efficiently.

More specifically, the contributions of this paper are summarized as follows:

e We construct a novel ambiguity set in the space of risk-averse utility centered at a reference
utility function using a distance metric, and employ a discretization scheme to model the novel
utility ambiguity set U. In doing so, we are able to reformulate (RCUMP) as a tractable MISOCP
with the help of a big-M technique. Then a convergence analysis is provided to show that the
discrete approximation asymptotically converges to the true counterpart under some mild assump-
tions. To the best of our knowledge, this is the first attempt to study a general robust expected
utility problem with chance constraints when the information of the utility function is incomplete.

e We propose an efficient row generation-based solution scheme to solve the robust expected
utility model. More specifically, we represent (RCUMP) as a max-min formulation and investigate
the row generation approach for solving the problem. The algorithm considers a master problem
as a chance-constrained problem and a second-order cone programming (SOCP) subproblem. We
show that our proposed algorithm converges in a finite number of iterations.

e We perform an extensive numerical study for the bin-packing problem using real data from
surgery planning and the multi-item newsvendor problem to analyze the general structure of the
decisions from the decision-making framework and show the benefits of the techniques developed in
this paper for the computational improvement. We find that the row generation algorithm signifi-
cantly outperforms the one that uses a commercial solver to solve the MISOCP. We also evaluate
the out-of-sample performance of the solutions generated from (BP_RCUMP). We found that the
solutions generated from (BP_RCUMP) with the larger number of partitions N =20 or the larger
ambiguity set do not improve performance in terms of out-of-sample over-utilization and under-
utilization measures in the simulation for most of the instances, even though the computational cost
increases rapidly with the number of partitions V. Therefore, when N = 10, the optimal solutions
obtained from (BP_RCUMP) achieve a desirable out-of-sample performance, and this performance
is not improved by increasing the number of partitions. Moreover, the average under-utilization is
significantly larger than the over-utilization, and decreases when ¢ varies from 0.05 to 0.1. There-
fore, the choice of € could affect the value of over-utilization and the under-utilization. Similar

observations can also be found for the multi-item newsvendor problem.
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1.5. Organization

The remainder of this paper is organized as follows. Section 2 gives a definition of ambiguity set U
and formulates (RCUMP) as a MISOCP using a discrete approximation of # and big-M techniques.
We then present convergence analysis to show that the discrete approximation asymptotically
converges to the true counterpart under some mild assumptions in Section 3. In Section 4, we
present a row generation algorithm to solve (RCUMP). Section 5 reports the computational results
of the robust expected utility model for the bin-packing problem and the multi-item newsvendor
problem with the help of data from the test problems. Section 6 concludes the paper with a

summary of the important findings.

2. Model Formulation
Section 2.1 introduces the definition of the ambiguity set U and examples for the rise-averse
utility functions. Using a discretization scheme, we then reformulate the robust expected chance-

constrained problem as a MISOCP in Section 2.2.

2.1. The Ambiguity Set Definition
We assume that the function f(a:,é) has a bounded support © := [—60;,60,] for all x € X, where

01,60, € R*. We also assume that the function u satisfies the following conditions,
u(—=6,)=0, u(0)=1, wu(b)=0. (4)
We use function @ and u as the bounds of u, that is to say,
u(a) <wu(a) <ula), a€0. (5)

We construct the following ball in the space of risk-averse utility centered at a reference utility

function wug:
d(uauo) < \/Ba (6)

where b is a positive constant and d(u,ug) is the distance between two functions v and uy which is

defined as the L?-norm of u — uy, i.e.,

d(u,ug) = \//_: lu(a) —uo(a)|’ da

Constraint (6) ensures that the utility functions are real-valued square-integrable in the domain

using ug as a reference, with a pre-specified bound. Let %’ be the set of all first increasing then

decreasing concave utility functions defined on ©. We have the following ambiguity set %,

U :={ue ’ u satisfies the conditions in the constraints (4) — (6)}.
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This utility set is different from the one used in Hu and Mehrotra (2015), in the use of constraint
(6). The set used in Hu and Mehrotra (2015) is specified using constraints linear in u, and w is non-
decreasing. Here we are allowing u to increase as well as decrease. Moreover, using a benchmark
to specify the ambiguity set for u is desirable when considering the situations where a parametric

function is first estimated.

2.1.1. Examples of the Ambiguity Set In the following, we provide an example of the

ambiguity set % defined above. We let the bounds on u be derived from the power utility functions.

1—r
<a+01> 3 ae[_aho]a

The upper and lower bound on u are given by

a+01 o
< 01 ) ) ac [_0150]7 91

0, — 1—rg 0, -1
ch . ae (0,6, 24 . ac(0,6,),
92 02

respectively, where parameters r; and r, are constant coefficients. For the power utility functions,

u(a) = (7)

Holt and Laury (2002) suggested that one could set 71,75 € [0.41,0.68] for a risk-averse decision-

makers. We give the following upper bound @ and lower bound w of the utility function in Figure
1(a):
(a’+1)0‘32a QE[—l,OL - (a+1)0-597 ae[_170]7
wa)= 0.32 wa)= 0.59
(1—a)™™, a€c(0,1]. (1—a)™, a€c(0,1].

As a comparison, we set 7 =0.25 and r, =0.75 for @ and u, which are shown in Figure 1(b).

09 091
08 1 0.8
0.7 1 0.7
0.6 [ 1 06
051 1 0.5
041 1 0.4
03 1 0.3
0.2 0.2}

0.1 [ \| 0.1

1 1 1 1 1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
a a

(a) (b)

Figure 1  The bounds of utility functions when r; =0.68 and r2 =0.41 in (a) and 71 =0.75 and 72 = 0.25 in (b)

For the reference utility function, we let uy be the power utility function, defined as follows

o) = <29) e ®)

o 1—rg
(92 a> N CLE(O,GQ].
02
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2.2. Reformulation of (RCUMP)

In this section, we present a reformulation for (RCUMP) associated with a set %y, which is defined
using a discretization of the continuous problem. Let N is the number of partitions, A(N) =
{ag, -+ ,a;,--- ,an} be a set of break points such that ay < - - <a; <--- <ay; ag=—01, a; =0;
and ay = 0y. We assume that if N; < Ny, then A(N;) C A(N,). We define the following piecewise

linear approximation functions of v and u:

N-1
ug(@) =3 u(api1) _H<ak)a+ aru(ar) — apu(agy 1) 1(ax < a < ary), )
o Ak+1 — Qg Ak+1 — A
N—1 ,_ _ _ _
ﬂN(a) _ Z U((Lk+1) — u(ak)a+ ak+1u(ak) - (lku(ak+1) 1(ak S a< ak+1)7 (10)
o Qg1 — Qg Qp+1 — Qg

where 1(-) represents the indicator function, which returns 1 if the clause inside is correct, and

otherwise 0.

Following Figure 1(a), Figure 2 gives the approximation of bounds of utility functions when the

number of partitions N=20.

-1 -0.5 0 0.5 1

Figure 2 Approximation of bounds of utility functions when r; =0.68, r2 =0.41 and N =20

Let the ambiguity set

u satisfies the conditions in constraint (4) and uy <u<uy, and

Uy = ue¥ | = ) 7
LS (unlan) — ul@e))? (axer — ax) <,

k=0

and

7n () = minimize Eu(f(x,£))], (11)

wEUN

then Lemma 1 below gives a SOCP reformulation of my(x) for any given & € X.
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LEMMA 1. For a given x € X, problem (11) is equivalent to the following SOCP reformulation:

migi;gize Z;pw{f(w’ £”)a” 4+ 5) (12a)

subject to (agy1 — ak—1)0k > (ars1 — ag)O0k—1 + (ar — ag—1)0r41, Vke{l,--- N —1}, (12Db)

0, <un(ay), Vke{0,---,N}, (12¢)

0 > uy(ag), Vke{0,---,N}, (12d)

1Q(O —uo)l[> <1, (12e)

ara® + B4 =0, >0, Vke{0,--- ,N}weQ, (12f)

B >0, Yw € €, (12g)

where 8 =0, 6, =1 and Oy =0, Q = diag(\/@,m ,\/%) is a diagonal matriz, and
0 —ug:= (0 —uo(ao), -+ ,0n_1 —uglan_1))".

Proof. Let 0, =u(ay), then 0y =u(ag) =0, 6, =u(a;) =1 and Oy = u(ay) = 0. Given the con-

cavity property of u € %y, we have

0, — 0y s 0,—0,_1

ap—ayg T a;—a1_q

so> D=0 OOy

e — e — )
A141 — Qq N —aN-1

which implies that constraint (12b) holds. In addition, constraints (12c), (12d) and (12e) represent
the constraints of u(a).

Let %\, be a subset of %y which consists of all the piecewise linear function with break
point {ag, - ,ax}. If u* is an optimal solution of problem (11), we can define a piecewise linear
function belonging to %) that bounds u* from below. Hence, we can rewrite problem (11) as
minimize, ez > ,cqPou(f(x,€)). Since u € Uy is piecewise linear with the break point a; and

corresponding value 6y, thus given a v € O, u(v) is equivalent to
minigﬂze va+
subject to ara+5—0,>0 Vke{0,---,N},
B> 0.

Therefore, when v = f(x,£“) for w € Q, problem (11) is equivalent to problem (12). O
Using the duality theory and big-M strengthening technique inspired from Song et al. (2014),
we obtain a reformulation of (RCUMP) with the ambiguity set %y in Theorem 1.

THEOREM 1. The problem

maﬁg{ﬂze m%lréi@rlrllvize Elu(f(x,€))] (13)
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is equivalent to the following MISOCP:

N N-1
o = Y 14

, Dnaximize ’; (w(ar)yar — @(ax)yix) + ; Mo (a) (14a)
subject to Ax <d, (14b)
pof(x, &) Zakékw =0, Yw €, (14c)
- Z O > 0, Vw e Q, (14d)

Me = — (@1 — Ap—1) + 1Ay — Q1)
+ o1 (@ror — ax—2) + ik — Yok + Y Ok Vke{l,---,N -1}, (14e)

weN
1Q 'l < A, (14f)
f(@,€9) + (mu(kg1) — )20 <my(kgyn), Vw € Q, (14g)
przw 2 1—- £, (14h>
weN

/Lk771k7’72k76kwZoazwe{oal}a Vke{oa 7N}7WEQ7 (141)

f(@,€) <t, Az <d}.
We sort my(k) in a non-decreasing order such that m,(ki) < ... < my,(ky), and let q =
max {l : Eé.:lpkj < 5}.

Proof. Let y = Q(0 — uy), then ||y||> < 1 based on constraint (12¢) and 8 = Q 'y +u,. Let w, v,
~2, 0 be the dual variables of constraints (12b) to (12d), and (12f) respectively. The dual function

where My = py = o = 0, and for w,k € Q, m,(k) == ma%ﬂgr%ize{f(m,fw)

can be formulated as

g(“77177276) = al%fy L(a7167y7/~1’77177276)
subject to ||lyll2 <1,
B >0, Yw e Q,

where
L(avﬁvyall'a7177276)
= Z(pwf(m,ﬁ“’ Zak5kw a, + Z Z5kw B + Z u(ag)ver, — w(ag)vin) + 1 (Q 'y + uy).

weN weN k=0 k=0
and 7y = —pie(@r1 — @p—1) + g1 (Apge — Apgr) + fro—1(ar—1 — ar—2) + Y1 — Yok + D Okw, for all

we

k=1,---,N—1.

Based on the domain of variables y, a and 3, and the definition of dual norm, we have,

N N-1

9,712, 02) = > (ulaw)var — wlar)vir) + Z muo(ar) = [|Q 'l

k=0 k=0
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if p, f(x, &) — ZQLO arkw =0, P, — Z]kvzo Okw > 0, for w € Q. Thus, constraints (14c)-(14e) are the
dual formulation of problem (12). Note that when 6, = ug(ay) for all k=0,---, N, constraint (12e)
can be reformulated as 0 < b. Since b is a positive constant, uy € relint %y such that constraint
(12e) hold with strict inequality, and problem (12) satisfies Slaters condition (Boyd et al. 2004).
Strong duality holds under the Slaters conditions.

Note that the chance constraint can be rewritten as

f@,89) + (M, — )z, < M., Vw e Q, (15a)
przw 21_57 (15b)
weN

2, €{0,1}, Yw e Q, (15¢)

where M, is a large constant such that constraint (15a) still holds when z, = 0. We use the
coefficient strengthening procedure inspired from Song et al. (2014) to obtain a tight value of M,,.
Note that for all w € €,

M, > M, := maximize {f(a:,.f“)

xERM

P{f(m,é)—tgo}zl—a,Amgd}.
For any w, k € Q, let

my (k)= ma;ceiﬂlg}ize {f(:n, &)

f(@,£)<t, Az <d}.

We sort m, (k) in a non-decreasing order such that m, (k1) <...<my(kyn). Then my (k1) is an
upper bound for M,,, if ¢ = max {l : Zé.:lpk]. < 5}.

This completes our proof. O

In the following, Corollary 1 and Corollary 2 give the final reformulations of (BP_RCUMP) and
(MN_RCUMP), respectively, which both are represented as the MISOCP.

COROLLARY 1. Based on Theorem 1, the final MISOCP reformulation of (BP-RCUMP) under

the ambiguity set Uy can be represented as follows:

N
maximize > (u(ar)yar — @ar)yir) + 1" von(a) — A (16a)
T,Y,2,14,71,72,6,A -
subject to (2c), (2d), (16b)
N
Pu (Z&inj—tj> —Zak5kjw=0, VieJ,we, (16¢)
1€EL k=0
N
Po— Y Oju >0, Vi€ J,we, (16d)
k=0

Mo = — o (Qrg1 — Q1) + fpy1(Qpyo — Qpy1)
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+/~Lk—1(ak—1—ak—2)+’}’1k—72k+zz5kjw VEke{l,--- N —1}, (16e)

JET weQ
Q™ nll < A, (16f)
> &+ (Mo (kgsr) = £)2j0 < mju(kgp), VieJ,weq, (16g)
i€l
przjw Z 1- €, Vj € j, (16h)
wen
”77177276207$j>yijazjw6{071}7 ViEI,jGJ,UJEQ, (161)

where m;, (k) = maximize { Syl >0 Ry <ty y; €140, 1}I|}, foralljeJ and k,weQ, and q
Yj i€T

j i€l
1s defined in Theorem 1.

COROLLARY 2. Based on Theorem 1, we can reformulate (MN_RCUMP) with the ambiguity set
Uy as the following problem:

N
maximize Z (u(ar)yor — wlag)yin) + 0 uon(a) — A (17a)
Z,2,1,71,72,0,2 P
subject to (3c), (17b)
N
Puli — &) =) arbiw =0, VieT,weq, (17¢)
k=0
N
Po— Y Okiw >0, VieT,weq, (17d)
k=0
Me = — (A1 — Ap—1) + 1 (Qrr2 — Qrgr1)
+,uk—1(ak—1—ak—2)+71k—’72k+zz5kiw, Vke{l,---,N -1}, (17e)
€L weR
Q7 nll2 < A, (17f)
T — &+ (M (kgy1) — i) ziw <My, (Kgta), VieZ,we, (17g)
prziw Z I_Ea VZEI, (17h)
weN
mv“771772752072iw6{071}7 ViGI,WGQ, (171)

where my, (k) = maximize{:z:i —&¥ |z —&F Sti}, for all i €T and k,w € Q, and q is defined in

z; ER
Theorem 1.
3. Convergence Analysis
In this section, we show that, the optimal solutions obtained by using the discrete approximation
of the set U converge to the true optimal solutions in the limit. Throughout this section, we make

the following assumptions, which are also commonly used in the literature.

ASSUMPTION 1. (i) f(x,€) is linear in an open neighborhood of X ; (i) % is a non-empty set,
and function w € % has bounded derivative almost everywhere; (iii) u, u and uy are continuous

concave functions.
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Note that uy and ay are the approximation functions of u and @ based on the A(N). Also,
under the above assumption, u, and uy uniformly converge to uw and u, respectively. In the

following, under Assumption 1, we first show that w(x) := minir@r/lizeE[u( f(x,€))] and 7y (x) ==
ue

miniaglize Elu < f (w,é))] are continuous concave functions.
ucUN
LEMMA 2. 7(x) and mwx(x) are continuous concave functions on X.

Proof. Based on Assumption 1, we know that u is concave and £(-) is linear in an open neigh-
borhood of X which can be denoted by A'(X). Therefore, u(f(x,€)) is concave in A'(X) and thus
Elu(f(x,£))] is concave in N(X). Moreover, for a;,x, € X, we have

m(Azy + (1 - A)az) = minimize Efu(f (A, + (1 - V), €))]
> miilér}klize )\E[u(f(ah,é))] + (1= NE[u(f(x2, é))}

> Amigér(gizeE[u(f(wh &)+ (1= miilierélizeE[u(f(mg, £))]
=Am(xy) + (1 = N)m(xs).

7(x) is concave function in N(X), thus 7(x) is continuous in X. Similarly, 7y (2) is continuous
concave functions in X. This completes our proof. O
The following Lemma 3 to Lemma 7 give some preliminary results, which are needed to prove

the convergence of my(x) to m(x).
LEMMA 3. Function u € %y is equicontinuous.

Proof. For u € %y, since the derivative v’ of u satisfies |u’'| < M for almost everywhere, then
u € %y is Lipschitz with Lipschitz constant M. Since a set of functions with bounded Lipschitz

constant forms an equicontinuous set, u are equicontinuous. O

LEMMA 4. (ArzelaAscoli Theorem in Green and Valentine (1961)) Let K be a compact metric
space, with metric di(p,p’), and let C(K) denote the space of real (or complex) valued continuous
functions on K. If {f,}nen 15 a sequence in C(K) obeying:

o {fn}tnen is pointwise bounded, and

o {fu}tnen is equicontinuous,

then, the sequence {f,}nen contains a uniformly convergent subsequence.

LEMMA 5. For any sequence {uy € %y}, there exists a subsequence {uy, } that uniformly con-

verges to . € U .

Proof. Based on Lemma 3 and Lemma 4, we have that, for any sequence {uy € %y}, there
exists a subsequence {uy, } that uniformly converges to @. Now we show that @ € % . Since {uy, }

is first increasing then decreasing concave function, for any —6; < a; < as <0, we have

i(a) = Jm (a1) < Jm (ag) = u(az).
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Therefore, 4 is increasing at [—61,0]. Similarly, @ is decreasing at [0, 60s]. For A >0 and —0; <a; <

a2§927

w(Aar+ (1 —N)ag) = Iglin ung (Aay + (1= XN)as)
> I}l—rgo Ay (a1) + (1= Nun, (az)

= Ai(ay) + (1 —A)a(az).

Hence, 4 is first increasing then decreasing concave function. We then consider the bound con-

straints. Since uy - and Uy, uniformly converge to u and u, respectively; we have

4= lim uy, > lim u, =wu, 4= lim uy, < lim ay, = 4.
K—oo K K—)ooiNK =’ K—oo K K—oo K

We now claim the auxiliary constraint. Let

) = 3 (o)~ (00 (01—~
and 7
fluo) = [ (uo(0) — u, (@) da—b, (18)
hence

I}ijnmh<uNK) = Khiréo f(U’NK)‘
Given the uniform convergence of {uy, } to @, for any § > 0, there exists K such that for all K > K:
lun, (a) —a(a)| < 9.

Thus we have

|f(UNK) —f(ﬂ)

=| / (uo(@) = uw, (a))” = (uo @) — (a))* da
-/ ((a) — wxy () (2u0(a) — (@) — un, (0)) da
< 5/1 12u0(a) — (a) — un, (a)|da
Since 2ug(a) — i(a) — uy, (a) is bounded, f(@) = lim f(uy,). It follows that,

£(@) = Tim Flux,) = im by, (uy,) <0.

Therefore, we have 1 € % . O
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LEMMA 6. For any u € % , there exists a sequence uy € XUy such that u= A}im UN -
— 00

Proof. For any u € %, since (ug(a) —u(a))? is uniformly continuous on [—0;,6,], h(u) converges

uniformly to f(u). Hence, for § >0 and § < 7/2, there exists N such that for all N > N:
[h(u) = f(u)] <6,

then we have h(u) < f(u)+ 6 <4, which gives us that

N—-1

Z uo(a) ak))2 (agy1 —ag) <b+0. (19)
k=0

For any A € [0,1], by constraint (19), it follows that

=2

(=02 S (olan) — u(@e))” (@rs — ax) < (1= N2(b+6) < (1= \)(b+9). (20)

0

>
Il

Similarly, we have
0<A(b+d—1), (21)

for all 7 € RT and 7 <b. From constraints (20) and (21), we can obtain

N-1

> Tuo(ar) = (1= Aular) +Xug(ar))]* (g1 — ay) Sb+5 = Ar

k=0

We let vy = (1 — A)u+ Auy, thus,
N
> (uolar) —va(ar))* <b, VA€[5/7,1].
k=0

Hence, we have for each A € [0/7,1], vy € Uy for all N > N.

To construct the sequence uy, we define a positive sequence {d;} such that §; — 0 as i — occ.
Let v; = (1— %)u + %uo. Based on the above discussion, for each §;, there exists a positive integer
number N; such that v; € %y for N > N;, and v; = u as i — co. Let uy =v; for N; < N < Ny ;.
Therefore, we have uy € Zy for all N > N; and uy —u as N —>oo. O

We state Theorem 2.3 in Alvarez-Mena and Herndndez-Lerma (2005) in the following lemma for

completeness, which gives some convergence conditions of 7y ().

LEMMA 7. For x € X, let {un} be a sequence of {mn(x)}. Suppose (i) a subsequence {uy,} of
{un} converges to ue % ; (ii) klim infry, (x) > 7(x); (iii) for any u € %, there exists a sequence
—00
uy € Uy such that u = jéim uy and E[u(f(xz,£))] = ]\}im Elun(f(x,€))]. Then wu is optimal for
—00 —00

{m(x)}. Furthermore, my, (x) converges to {m(x)}.

Based on Lemma 5 and 7, we shows that 7y (x) converges to m(z) for all € X in Lemma 8 .
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LEMMA 8. my(x) = 7(x) as N — oo for all x € X.

Proof. We let sequence {uy} be the optimal solution of 7y (x) for given & € X. By Lemma 5
we know that there exists a subsequence {uy, } of {ux} converges to u € % . Since the limit of
sequence {uy, } in %, hence, kh_)rgo inf 7y, () > m(x). Moreover, Lemma 6 shows that for any u € %,
there exists a sequence uy € %y such that u= J\}gr;o uy. Since E[uy (f(x,£))] = w;ﬂpwu]v(f(w,ﬁw))
and E[u(f(x,€))] = wzegzpwu(f(a:,é‘“)), we have E[u(f(x,€))] = ]\}%E[UN(f(m,é))] (Lytle 2015).
Therefore, my, () = 7(x) as K — oo by Lemma 7. To prove my(x) — w(x), let {7, (x)} be a
subsequence of my(x). By Lemma 5, there exists a subsequence {u,,,} of {u,,} such that u,,
converges to u, which with Lemma 7 implies that 7, () converges to 7(x). Since {7, (x)} is an
arbitrary subsequence of 7y (), thus, mx(x) = w(x) as N — oo (Buck 1943). O

The following Lemma gives some convergence conditions of problem (13).

LEMMA 9. (Lemma 9 in Hu and Mehrotra (2015)) Let yn and Zy be the optimal objective value
and the set of optimal solutions of problem (13) and y* and Z* be those of (RCUMP). Denote
the deviation of sets Zn and Z* as D(Zn,Z*) := max,, ez, Mg, ez [|21 — 22||. Suppose (1) X
is a non-empty compact set; (ii) the function () is continuous on X ; and (iii) wx(-) uniformly

converges to m(-) on X as N — oo. Then, yy —y* and D(Zn,Z*) —0 as N — oo.

Theorem 2 shows that the optimal solutions of problem (13) converge to the true optimal solution

of (RCUMP) in the limit.

THEOREM 2. Let yy and Zy be the optimal objective value and the set of solutions of problem
(13), and y* and Z* be the optimal objective value and the set of solutions of (RCUMP). Then

yn = y* and D(Zy,Z*) := maximize minimize ||b; — bs|| = 0 as N — oo.
bi1€Zn boeZ*

Proof. By Lemma 2, we have that X" is compact and 7y (x) and w(x) are continuous, then {my}
uniformly converges to 7m (see Hu and Mehrotra 2015). Since 2~ and .7 are non-empty com-
pact sets, and the function 7(x) is continuous on 2  and .7, then yy — y* and D(Zy,Z*) :=

maximize minimize ||b; — by|| — 0 as N — oo, based on Lemma 9. O
b1€ZN boeZ*

4. A Row Generation Solution Scheme

Note that solving the reformulation of (RCUMP) by an off-the-shelf commercial solver (e.g.,
CPLEX, GUROBI) directly might be time-consuming, which will be further confirmed by our
numerical study in Section 5. Instead, in this section we propose a row generation algorithm as a
solution method for our (RCUMP).

Based on Lemma 1, (RCUMP) can be further rewritten as the following max-min problem:

maximize 22a
xreX,pel0,1] P ( )
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subject to p < Z(x), (22b)

where Z(x) is given as follows:

Z(x)= migg%ize pr (f(x,&9)a% 4+ 52)
o weN

subject to (12b) — (12g).
We then define the master problem as follows:

(MP) maximize
x,z€{0,1}1 pelo,1]

subject to (14b), (14g), (14h),

and the subproblem as follows:

(SP) mig}g%ize %pw (f(w,ﬁw)a? + B;J)

subject to (12b) — (12g).

An outline of the row generation algorithm is given in Algorithm 1. The row generation solves
(MP) and (SP) iteratively until a stopping criteria is met. We let UB and LB denote the upper
and lower bound, respectively. We initialize the number of iterations £ to 0, UB to positive infinity,
and LB to negative infinity. In each iteration, we update £ := £+ 1 and solve the linear relaxation of
(MP) to obtain an optimal solution (x, 2%, p) and optimal objective value uobj*. If the objective
value uobj’ is larger than the current lower bound: when (x4, 2%) is integer, we solve (SP) with x
fixed to be x* to attain an optimal solution (8%, a*, 3°) and optimal objective value lobj* . If uobj*
is larger than lobj¢, we add the cut p < Y p,(f(=x,&€9)a” + 8“%) to the (MP), else update LB
if necessary. When (%, 2°) is fractional, vu&;ggupdate U B if necessary. We terminate the algorithm
when the stopping criteria is satisfied, and return the optimal value UB and the optimal solution
(z*,z*,p*). The following theorem shows that Algorithm 1 can find a solution of (RCUMP) in a

finite number of iterations under certain conditions.

THEOREM 3. Let v:= (0,a,0) and V:={v|(12b) — (12g)}. We also let t := (x,p), T := X X
[0,1], and g(t,v) :=p— > p,(f(x,&)a” + ¥). We assume that T xV is compact and g(t,v) is
continuous on T x V. I;"Jetg;wre exists an oracle that solves (MP) and (SP) to optimality at each
iteration, then Algorithm 1 terminates within finitely many iterations. If UB < 400, then Algorithm

1 obtains a solution (x*,z*,p*) of a desired accuracy at termination.

Proof. Based on the definitions, we can rewrite problem (22) as the following problem:

. 93
maximize p (23a)
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subject to g(t,v) <0, Vv eV. (23b)

Since T x V is compact and ¢(¢,v) is continuous on 7 x V, then g(¢,v) is uniformly continuous on

T x V. Thus, for the 7, there exists a § > 0 such that
lg(t,v) —g(t',v')| <7/2, if [[t—t|[+|lv—2'||<0. (24)

If Algorithm 1 generates infinite ¢ and v values without termination. For t € T, let B(v,d) be a
closed ball of center v and radius ¢, then we have v*™! & Uf_ B(v',§). Otherwise, if there exists
a vt € B(v',6) for some i < ¢, based on condition (24), we have g(t,v**!) < g(t,v’) +7/2 <,
which implies that the termination criteria is satisfied. Therefore, v & U‘_, B(v?,§) and B(v?,d)N
B(v,§) =0 if v # v7, which indicates that UfFvol(B(v,6)) < vol(UyeyB(v,d)), this is a contra-
diction. Therefore, Algorithm 1 terminates within finitely many iterations.

If Algorithm 1 terminates at iteration ¢, the stopping criteria are met. Hence, Algorithm 1 will

finally return an solution (x*, z*, p*) of a desired accuracy at termination. O

5. Numerical Study
In this section, we numerically evaluate the performance of our robust concave utility maximization
model and the proposed row generation solution scheme with the help of the bin packing problem

in Section 5.1 and the multi-item newsvendor problem in Section 5.2.

5.1. Bin Packing Robust Expected Utility Problem

In this section, we use the real data from surgery planning problem to show the performance of the
algorithm proposed in Section 4 and the general structure of the decision made from (BP_RCUMP)
that is presented in Section 1.2. In the context of surgery planning, the bins are ORs, items are
surgeries, and capacity denotes the OR time limit. We describe implementation details in Section

5.1.1 and finally present the computational results in Section 5.1.2.

5.1.1. Implementation Details In this section, we used historical surgery duration data
from a large public hospital in Beijing, China from January 2015 to October 2015, in which 5,721
historical observations of surgery duration are employed to generate our samples (see Wang et al.
(2021a) for a more detailed description). More specifically, we used log-normal distribution with the
mean and the standard deviation of the surgery duration to generate surgery duration samples and
rounded the samples to the nearest 15 minutes. Equal probabilities are used as in the SAA method.
The daily time limit ¢; is set to 10 hours for j € J. Nine major surgery types are performed in a
day and the number of surgeries and the percentage for each surgery type are used to calculate the
number of surgeries for each surgery type. The bound support © = [-10, 14], and the power utility

functions (7) and (8) are used as the bounds and reference of the utility functions, respectively. We
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Algorithm 1: Row Generation Algorithm

1 Initialize The number of iteration £ =0, UB = +o00, LB = —00, a tolerance ¢ >0, and a
small number 7 > 0.

2 Initialize N'= {0}, where o is the root node with the LP relaxation of (MP).

3 while (N is nonempty and UB — LB > ¢€') do

4 | Select a node o e N, N« N /{o}.
5 Solve the linear relaxation of (MP) at the node o to obtain the optimal solution
(x%, 2%, p*) and objective value uobjt. £ =10+ 1.

6 if uobj‘’ > LB then

7 if (x4, 2") is integer then

8 Fix  to be x*, and solve (SP) and obtain an optimal solution (8, a*, 3*) and

objective value lobj*.
9 if uobj‘ —lobj* > 7 then
10 Add the following cut
0 <3 pu(f(,€)a + 5 (25)
weN
to (MP).

11 end

12 else

13 | Update LB := max{LB, lobj*}.

14 end

15 end

16 else

17 Update UB := min{UB, uobj*}.

18 Branch, resulting in nodes o* and o**, N < N U {o*,0**}.

19 end
20 end
21 end

22 return LB and its corresponding optimal solution (z*, z*, p*).

consider the number of partitions N € {2,10,20} and € € {0.05,0.1,0.2}. We set r, in the reference
function to 0.55. We consider two different pairs of parameters for the ambiguity set, namely,
(r1,72) €{(0.41,0.68),(0.25,0.75) }. For each sample size, five instances were generated. Therefore,
all the performance is reported over five instances on average.

All experiments are conducted on the cedar cluster of Compute Canada with a single CPU core
and 32G memory. We implement the algorithm and models in the C programming language using
IBM CPLEX solver, version 12.10 callable libraries. We set the runtime limit as two hours and

the relative optimality gap tolerance as 0.1%. For instances that could not be solved to optimality,
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we give the average relative optimality gap, where the gap is calculated as % * 100, and UB
and LB are the upper and lower bound, respectively. We report the average CPU solution time (in

seconds) for the instances that are solved to optimality within the runtime limit.

5.1.2. Computational Results In this section, we present the computational results for
(BP_RCUMP). We first provide the computational performance of the row generation algorithm
(i.e., Algorithm 1) for solving (BP_RCUMP), then present the optimal solutions and objective
value, and the out-of-sample performance.

Performance of row generation algorithm. We assign twelve surgeries (|Z| =12) to four
ORs (|J| =4) a day. The number of scenarios is set to be 30. The performance of the following
two variants are compared:

e CPX: refers to using CPLEX to directly solve MISOCP reformulation of (BP_RCUMP).

e RG: refers to using the row generation algorithm (Algorithm 1) to solve (BP_RCUMP).

Table 1 reports the average CPU solution time for solving (BP_RCUMP) and the subproblem
(SP), the average number of cuts (25), and the number of instances that are solved to optimality
over the five generated instances.

We observe from Table 1 that, using the row generation algorithm to solve (BP_RCUMP) sig-
nificantly outperforms CPX in terms of the average solution time for all the problems. Specifically,
compared with CPX, using the row generation algorithm saves an average of 80% time when CPX
is able to solve the problems to optimality. We also observe that for (r;,72) = (0.41,0.68), CPX
can only solve 15 out of the 45 instances to optimality, and solve 13 out of the 45 instances when
(r1,m2) = (0.25,0.75), whereas, using the row generation algorithm solved all of these instances to
optimality. We see from Table 1 that the average solution time for CPX increases more dramatically
than the time increase in the row generation algorithm as the number of partitions /N increases. In
particular, the number of solved instances decreases significantly for CPX in most cases when N
is increased from 2 to 10, while the increase in average solution time for RG is mild. The required
solution times did not change significantly when we considered different ambiguity sets. From Table
1 we also observe that the solution time for CPX changes significantly across different instances of
the same size when € = 0.1 and € = 0.2. For example, when € =0.1 and N = 2, the solution time
for one of the instances is only 21 seconds however the remaining instances cannot be solved to
optimality within the runtime limit. This suggests that compared with CPX, the row generation
algorithm has a more stable computational performance.

Out-of-sample performance. We now discuss the solutions in the context of data from the
operating room planning problem and the out-of-sample performance of the solution generated

from (BP_RCUMP). For this purpose, we generated 150,000 scenarios from log-normal distribution
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Table 1  The average CPU (in seconds) solution time for solving (BP_RCUMP) (AvT) and the
subproblem (SP) (AvT-Z), the average number of cuts (# of cuts), and the number of solved

instances from the five instances (solved) are reported.

(r1.72) : N CPX RG
AvT solved AvT AvT-Z # of cuts solved
2 549 5/5 19 0.02 18 5/5
0.05 10 4,672 5/5 2,329 255.78 10,851 5/5
20 1,443[7.9] 1/5 2,921 709.40 12,052 5/5
2 21[0.5] 1/5 30 0.36 466 5/5
(0.41,0.68) 0.1 10 [2.0] 0/5 280  68.33 2,620 5/5
20 [3.2] 0/5 311 177.00 2,735 5/5
2 14[8.7] 1/5 80 0.60 937 5/5
0.2 10 [5.7] 0/5 567 157.22 6,210 5/5
20 29[5.6] 2/5 832  393.84 6,422 5/5
2 614 5/5 19 0.02 18 5/5
0.05 10 3,210[10.7] 3/5 1,027 169.84 7,468 5/5
20 1,704[10.4] 1/5 1,909 548.80 8,970 5/5
2 21[0.4] 1/5 25 0.33 466 5/5
(0.25,0.75) 0.1 10 [2.4] 0/5 160  50.17 2,249 5/5
20 17[3.8] 1/5 237 125.29 2,270 5/5
2 14[8.8] 1/5 86 0.73 937 5/5
0.2 10 [6.7] 0/5 529 137.01 5,179 5/5
20 46[7.1] 1/5 800  347.61 5,279 5/5

“[-17” in column of AvT means the average relative optimality gap (%) for instances that cannot be

solved to optimality within the time limit.

and used the solutions obtained from (BP_RCUMP). We also share our experience in solving larger
size problems generated from taking |Z| =15, || =5 and |©2| = 100. Since both methods cannot
solve any instance to optimality within the runtime limit which leave an average of about 10%
optimality gap, we illustrate the out-of-sample performance of the best current solutions generated
from the model with the larger problem size. Table 2 presents the average objective values and the
number of opened ORs, the average over-utilization and under-utilization for (BP_RCUMP). This
objective value is the value of the utility function at the optimal decision.

We see from Table 2 that as € increases, the optimal number of opening ORs decreases at first

then remains unchanged. In this example, we observe that the average objective value for the
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Table 2 The average objective value (Obj), the average number of opening ORs (# of ORs), the average
over-utilization (Over)(in hours) and under-utilization (Under)(in hours) for (BP_RCUMP) are reported.

(1Z1, 7, 182)) (12,4,30) (15,5,100)
(ri,732) e N Obj #of ORs Over Under Obj # of ORs Over Under

2 290 3.8 0.06 3.93 3.57 5 0.05 4.02

0.05 10  3.29 3.8 0.05 3.92 4.08 5 0.04 4.02

20 3.30 3.8 0.05 3.92 4.08 5 0.04 4.01

2 345 3 0.13  2.00 4.24 4 0.14 2.11

(0.68,0.41) 0.1 10 3.65 3 0.13  2.00 4.52 4 0.14 211
20  3.65 3 0.13  2.00 4.52 4 0.14 2.11

2 345 3 0.13  2.00 4.24 4 0.14 2.12

02 10 3.65 3 0.13  2.00 4.52 4 0.15 2.12

20  3.66 3 0.13  2.00 4.52 4 0.14 2.12

2 290 3.8 0.06 3.93 3.57 5 0.05 4.02

0.05 10 3.13 3.8 0.05 3.92 3.87 5 0.05 4.02

20 3.13 3.8 0.05 3.92 3.87 5 0.04 4.02

2 345 3 0.13  2.00 4.24 4 0.14 2.11

(0.75,0.25) 0.1 10  3.57 3 0.13  2.00 4.40 4 0.14 2.11
20  3.57 3 0.13  2.00 4.41 4 0.14 2.11

2 345 3 0.13 2.00 4.24 4 0.14 2.11

02 10 3.57 3 0.13  2.00 4.41 4 014 2.11

20  3.57 3 0.13  2.00 4.41 4 0.14 2.11

instances with N =10 is better than the ones with N =2, and the improvement of the average
objective value is not significant when we increase the number of partitions to N = 20, given that
the instances with N = 10 have the same number of opened ORs as the instances with other N
values. Moreover, when (r1,73) = (0.41,0.68), the average objective values are marginally larger
than the ones with (r,72) = (0.25,0.75). This can be explained by the fact that the robust models
are more conservative when the size of the ambiguity set increases. The results in Table 2 also
show that the out-of-sample performance with the larger number of partitions N = 20 or the larger
ambiguity set (r1,79) = (0.25,0.75) in terms of over-utilization and under-utilization measures in
the simulation does not improve for most of the instances, even though as observed from Table 1,
the computational cost increases rapidly with the number of partitions N. Therefore, when N =10,
the optimal solutions obtained from (BP_RCUMP) achieve a desirable out-of-sample performance,

and this performance is not improved by increasing the number of partitions. Moreover, the average
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under-utilization is significantly larger than the over-utilization, and decreases when ¢ varies from
0.05 to 0.1. When ¢ = 0.05, it has about four hours under-utilization, two hours under-utilization
for € =1, whereas the over-utilization is only about 0.04 and 0.14 hour, respectively. This can be
explained by the fact that in order to obtain a desirable over-utilization probability, one needs to
open more ORs and as a result, it will have a larger under-utilization. And when ¢ increases, it
allows a larger probability that violated the overtime chance constraints, thus under-utilization
decreases and over-utilization increases with an increase in € value. When ¢ varies from 0.1 to 0.2,

it still opens 3 ORs on average, therefore the under-utilization and over-utilization are unchanged.

5.2. Multi-Item Newsvendor Robust Expected Utility Problem

In this section, we present computational results of the (MN_RCUMP) problem that is presented
in Section 1.2. We follow a similar parameters setting for the multi-item newsvendor problem in a
recent work by Chen et al. (2020). For each scenario w and item 4, we randomly generate & from
a uniform distribution on [0,%;], where @; is randomly generated from a uniform distribution on
[0,100]. The inventory capacity ¢; is randomly generated from a uniform distribution on [10,20]. We
let d=50|Z| and ¢; =1, for i € Z. The number of items |Z| € {100, 150} and the number of scenarios
|| € {1000,2000}. All experiments for (MN_RCUMP) are conducted on a 64-bit computer using
Windows operating system with Intel(R) 3.10 GHz processor and 128 GB RAM with a 64-bit
computer using Windows operating system. For other implementation details, we use the same

settings as in Section 5.1.1.

5.2.1. Computational Results We first show the performance of the row generation algo-
rithm (Algorithm 1) for solving (MN_RCUMP), then we discuss the out-of-sample performance for
(MN_RCUMP) in this section.

Performance of row generation algorithm. We present the performance of the methods
described in Section 5.1.2. Table 3 reports the average CPU solution time for solving (MN_RCUMP)
and the subproblem (SP), the average number of cuts (25), and the number of instances that are
solved to optimality over the five generated instances.

The results from Table 3 further demonstrate the efficiency of the proposed row generation
algorithm. More specifically, in comparison to CPX, the average solution time is decreased by more
than 80% by using the row generation algorithm. When |Z| =150, |©2| = 2000, and N =20, CPX
cannot solve any instance to optimality, whereas, using the row generation algorithm could solve
all the instances to optimality within the runtime limit. We also observe from Table 3 that as the
number of partitions IV increases, the average solution time increases significantly, while when e
varies from 0.05 to 0.2 or (ry,7;) varies from (0.41,0.68) to (0.25,0.75), the average solution time

is not significantly different.
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Table 3  The average CPU (in seconds) solution time for solving (MN_RCUMP) (AvT) and the subproblem (SP)

(AvT-Z), the average number of cuts (# of cuts), and the number of solved instances over the five instances (solved) are

reported.
(IZ1,192)) (100,1000) (150,2000)
(r1,7) - N CPX RG CPX RG
AvVT solved AvT AvT-Z # of cuts solved AvT solved AvT AvT-Z # of cuts solved

2 27 5/5 7 1 2 5/5 117 5/5 47 3 2 5/5
0.0510 595 5/5 79 73 2 5/5  2,2855/5 282 238 2 5/5
20 3,0775/5 192 186 2 5/5 - 0/5 626 582 2 5/5
2 31 5/5 7 1 2 5/5 166 5/5 49 4 2 5/5
(0.41,0.68) 0.1 10 593 5/5 79 73 2 5/5  2,3515/5 286 240 2 5/5
20 3,1975/5 191 185 2 5/5 - 0/5 635 589 2 5/5
2 40 5/5 10 2 3 5/5 226 5/5 86 6 28 5/5
0.2 10 586 5/5 117 107 3 5/5  2,5825/5 459 392 3 5/5
20 3,0845/5 274 265 3 5/5 - 0/5 995 941 3 5/5
2 27 5/5 7 1 2 5/5 119 5/5 47 3 2 5/5
0.0510 623 5/5 80 75 2 5/5  2,3515/5 287 243 2 5/5
20 3,1165/5 190 185 2 5/5 - 0/5 659 614 2 5/5
2 32 5/5 7 1 2 5/5 166 5/5 49 3 2 5/5
(0.25,0.75) 0.1 10 641 5/5 81 75 2 5/5  2,5945/5 283 238 2 5/5
20 3,1835/5 191 186 2 5/5 - 0/5 655 609 2 5/5
2 41 5/5 11 2 3 5/5 230 5/5 85 6 28 5/5
0.2 10 598 5/5 131 123 3 5/5  2,7095/5 425 363 3 5/5
20 3,0845/5 291 284 3 5/5 - 0/5 1,008 944 3 5/5

“[—1]” in column of AvT means that we cannot find any feasible solution for instances within the time limit.

Out-of-sample performance. We now discuss the out-of-sample performance of the solution
generated from (MN_RCUMP). We generated 150,000 scenarios from the uniform distribution
(0,u). Table 4 presents the average objective values, the average over- and under-stocking for
(MN_RCUMP). This objective value is the value of the utility function at the optimal decision.

Conclusions from the results in Table 4 are similar to those observed from Table 2 with some
differences. For example, when (r1,72) = (0.41,0.68), the average objective values are marginally
larger than the ones with (ry,r2) = (0.25,0.75). Furthermore, the out-of-sample performance with
the larger number of partitions N = 20, or the larger ambiguity set in terms of over-stocking
and under-stocking measures does not improve for most of the instances, even though it has the
costlier solutions with an increasing N. Besides, the over-stocking increases and the under-stocking
decreases as € increases, and the average under-stocking is significantly larger than the over-
stocking for most of the instances. Different from Table 2, when (|Z], |€2|) = (150,2000) and € = 0.2,

(MN_RCUMP) has a comparable number of under- and over-stocking. In this case, as ¢ increases,
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Table 4  The average objective value (Obj), the average over-stocking (Over)(in hours) and under-stocking
(Under)(in hours) for (MN_RCUMP) are reported.

(IZ1,1€2)) (100,1000) (150,2000)

(r1,72) € N Obj  Over Under Obj Over  Under
2 90.38 3.726 15.721 135.36  4.319  9.732

0.05 10 93.95 3.725 15.724 140.79  4.319  9.732

20 94.02 3.725 15.724 140.89  4.319  9.732

2 90.94 4757 14.726 136.22 5.451 8.773

(0.41,0.68) 0.1 10 94.33  4.756  14.728 141.36 5451 8.773
20 94.39 4.756 14.728 141.46 5.451 8.773

2 91.69 6.993 13.121 137.34  7.872 7.298

02 10 94.83  6.989 13.122 142,12 7.870 7.298

20 94.90 6.987 13.122 142,22  7.870 7.298

2 90.38 3.726 15.721 135.36  4.319  9.732

0.05 10 92,50 3.725 15.724 138.58 4.319 9.732

20 92,55 3.725 15.724 138.66 4.319  9.730

2 90.94 4.757 14.726 136.22 5.451 8.773

(0.25,0.75) 0.1 10 92.96 4.757 14.728 139.28 5.451 8.773
20 93.01 4.756 14.728 139.35 5.451 8.773

2 91.69 6.993 13.121 137.34  7.872  7.298

02 10 93.56 6.991 13.121 140.19  7.872  7.298

20 93.61 6.987 13.122 140.27 7.870  7.298

the over-stocking also increases to reach the value of the under-stocking, while for (BP_RCUMP),

the under-utilization is still larger than over-utilization when € =0.2.

6. Concluding Remarks

In this work, we study a general robust expected utility maximization problem with a chance-

constraint over a set of a concave utility function that lies in an ambiguity set, which maximizes

the worst-case expected utility of random outcome over a set of concave functions, while satisfying

a constraint with a given probability. Methodologically speaking, we first apply a discrete approx-

imation approach to formulate the ambiguity set ¢/ and reformulate (RCUMP) as a mixed-integer

program with the help of the approximated ambiguity set and big-M techniques. We then conduct

a detailed convergence analysis to show that the discrete approximation asymptotically converges

to the true counterpart under some mild assumptions. On the computational side, we propose
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a row generation-based solution scheme to solve our chance-constrained robust expected utility
model efficiently, and show that our proposed algorithm can be converged in a finite number of
iterations. Finally, from a practical application viewpoint, we perform an extensive numerical study
for the bin packing problem and the multi-item newsvendor problem to analyze the general struc-
ture of the decisions from the decision-making framework and show the benefits of the techniques
developed in this paper for computational improvement. The numerical results show that the row
generation algorithm can significantly reduce the computational time for a certain problem size
when compared with CPLEX solver, and the solutions that are obtained from (RCUMP) achieve
a desirable out-of-sample performance.

To the best of our knowledge, this is the first attempt to combine the concept of robust decision-
making with the utility-dependent decisions and chance constraint optimization as a complemen-
tary synergistic mechanism for decision modeling under risk and uncertainty, especially when the
information of the utility function is incomplete. For future research, we suspect that the modeling
framework and resolution methods that are presented in this paper should also benefit several other
practical applications of interest, e.g., those in facility location (e.g., Luo and Mehrotra 2019),
and cloud computing (e.g., Cohen et al. 2019, Martinovic et al. 2021), etc. It is also very interest-
ing to further explore the current framework under a DRO context when the distribution of the
pay-off function f (m,é) is ambiguous but resides in an ambiguity set (e.g., moment-based set and

Wasserstein ambiguity set).
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