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1 Introduction

Line search methods and trust-region methods are two fundamental strategies
for solving unconstrained optimization. Cartis, Gould and Toint [9] present a
third alternative: the adaptive regularization algorithm using cubics (ARC).
At each iteration of ARC, the objective function is locally replaced by a cubic
approximation model, and an adaptive estimation of the local Lipschitz con-
stant of the objective function’s Hessian is employed. ARC has been shown to
have excellent global and local convergence properties. The iteration complex-
ity of ARC for unconstrained optimization is given in [10], and the numerical
experiments performance is also encouraging when solving small-scale prob-
lems. There have been many methods ([2,15,28,25,11,3,16,6,24,7,26]) on us-
ing ARC (or its variants) for unstrained optimization. And some methods ([20,
21,5,19,18]) are designed to solve or use ARC subproblems more efficiently.

For constrained optimization problems, some impressive algorithms are
also proposed based on ARC framework. Cartis et al. [13] extended the ARC
method to solve nonconvex optimization with convex constraints, and pre-
sented a class of adaptive regularization methods that use first- or higher-order
local Taylor models of the objective regularized by a(ny) power of the step size
and applied to convexly constrained optimization problems in [12]. They also
presented a short-step ARC algorithm for solving general nonconvexly con-
strained optimization problems [14] and proposed an ARp algorithm for for
nonconvex minimization problems with general inexpensive constraints even
though they are conceptual regularization algorithms. Mart́ınez [23] consid-
ered arbitrary (nonnecessarily Taylor-based) models of the objective function
and nonnecessarily convex constraints. At each iteration a mild approximate
KKT point is computed for the subproblem without requiring the fulfillment
of any constraint qualification. Lars Lubkoll et al. [22] proposed an affine co-
variant composite step method, designed for equality constrained optimization
with partial differential equations. A cubic hybrid approach was constructed
for inequality constrained problem in [4]. Agarwal [1] researched a generaliza-
tion of ARC to optimization on Riemannian manifolds. Birgin [8] introduced
a practical method for smooth bound-constrained optimization that possesses
worst-case evaluation complexity O(ε−3/2) for finding an ε-approximate first-
order stationary point when the Hessian of the objective function is Lipschitz
continuous.

Motivated by the idea of SQP methods to tackle the equality constrained
problem (1), we present a sequential adaptive regularization algorithm using
cubics (SARC) for solving equality constrained optimization. It is different
from the methods mentioned above. Obviously, the ARC subproblem (min-
imizing a cubic model of objective function) in the unconstrained optimiza-
tion circumstance can not be applied directly because of the existence of con-
straints. We should consider a constrained cubic regularization subproblem in
each iteration. In the algorithm to be proposed, a composite-step method is
employed to handle linearized constraints, where the trial step is decomposed
into the sum of the normal step and the tangential step in each iteration. The
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tangential step is obtained by solving a standard ARC subproblem, which is
constructed via reduced-Hessian approach. The normal step is used to reduce
the constraint violation, and the tangential step is used to provide sufficient
reduction of the model. After the trial step is obtained, the exact penalty func-
tion is used as the merit function, and the ratio of the reduction of the penalty
function to the reduction of the model is calculated to determine whether the
trial point is accepted. Global convergence is proved under some suitable as-
sumptions.

The remainder of this paper is organized as follows. In section 2, we de-
scribe the step computation and the ARC algorithm for equality-constrained.
The global convergence to first-order critical point is presented in Section 3.
Preliminary numerical results are reported in Section 4 and conclusion is of-
fered in Section 5.

Throughout the paper, ∥·∥ denotes the Euclidean norm. The inner product
of vectors a, b ∈ Rn is denoted by aT b.

2 Cubic regularisation for nonlinear equality constrained

Consider the nonlinear equality constrained optimization problem as follows.

minimize
x∈Rn

f(x) (1a)

subject to c(x) = 0, (1b)

where the objective function f : Rn → R and the equality constraints c : Rn →
Rm are sufficiently smooth functions and m ≤ n. The Lagrangian function for
this problem is

L(x, λ) = f(x)− λT c(x).

We use A(x) to denote the Jacobian of c(x), that is,

A(x)T = [∇c1(x),∇c2(x), ...,∇cm(x)],

where ci(x) is the ith component of c(x).
As we know, the linearized constraints may be not consistent. So, we as-

sume that Ak has full row rank for all k.
We consider the following constrained cubic regularization subproblem in

each iteration,

minimize
p∈Rn

fk + gTk p+
1

2
pTBkp+

1

3
σk∥p∥3 (2a)

subject to Akp+ ck = 0, (2b)

where fk = f(xk), gk = ∇f(xk), Ak = A(xk), ck = c(xk), Bk denotes the
Hessian ∇xxL(xk, λk) or its approximation, and σk ∈ R+ is an adaptive pa-
rameter.
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However, we do not solve subproblem (2) directly. Like the composite-step
approach, in iteration k we decompose the overall trial step pk as follow,

pk = nk + tk,

where nk is called as a normal step to improve feasibility, and tk is called as a
tangential step whose purpose is to obtain sufficient reduction of the objective
function’s model.

Because tk is used to produce the sufficient decrease in the objective func-
tion’s model, the maximum size of nk should be restricted. It is generated as
follows.

nk = αkn
c
k, (3)

where nc
k is a solution of

Akn+ ck = 0,

and αk satisfies

αk ∈
[
min

{
1,

θ
√
σk∥nc

k∥

}
,min

{
1,

1
√
σk∥nc

k∥

}]
, for θ ∈ (0, 1]. (4)

Then, the tangential step tk is computed by

tk = Nkt
N
k , (5)

where tNk is the solution(or its approximation) of the following standard ARC
subproblem

minimize ⟨gNk , tN ⟩+ 1

2
⟨tN , BN

k tN ⟩+ 1

3
σk∥tN∥3, (6)

where BN
k = NT

k BkNk, g
N
k = NT

k (gk +Bknk) and the columns of Nk form an
orthonormal basis of the null space of Ak (so that AkNk = 0).

Having obtained a trial step pk, we use a merit function to decide whether
it should be accepted. Here, we use l2 penalty function

ϕ(x, µ) = f(x) + µ∥c(x)∥

and its model

m(x,B, µ, p) = f(x) + gT (x)p+
1

2
pTBp+

1

3
σ∥p∥3 + µ∥c(x) +A(x)p∥. (7)

For convenience, define

mF (x,B, n) = f(x) + g(x)Tn+
1

2
nTBn+

1

3
σ∥n∥3,

mN (x, n) = ∥c(x) +A(x)n∥,

mH(x,B, t) = (g(x) +Bn)T t+
1

2
tTBt+

1

3
σ∥t∥3. (8)
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Define the overall model decrease from 0 to pk as

∆mk = m(xk, Bk, µk, 0)−m(xk, Bk, µk, pk). (9)

Then

∆mk = ∆mH
k + µk∆mN

k +∆mF
k +

1

3
σk(∥nk∥3 + ∥tk∥3 − ∥pk∥3),

where

∆mN
k = mN (xk, 0)−mN (xk, nk),

∆mH
k = mH(xk, Bk, 0)−mH(xk, Bk, tk),

and

∆mF
k = mF (xk, Bk, 0)−mF (xk, Bk, nk).

Note that ∆mN
k and ∆mH

k must be positive (see Lemma 1 and Lemma 3). To
obtain significant decrease, we require that

∆mk = ∆mH
k + µk∆mN

k +∆mF
k +

1

3
σk(∥nk∥3 + ∥tk∥3 − ∥pk∥3)

≥ νµk∆mN
k (10)

for some ν ∈ (0, 1) and µk large enough. Here, we follow the rules similar to
[27] updating µk as follows.

First, compute

µc
k = −

∆mF
k +∆mH

k + 1
3σk(∥nk∥3 + ∥tk∥3 − ∥pk∥3)
(1− ν)∆mN

k

(11)

as the smallest value to satisfy the (10). Suppose that µk is the penalty pa-
rameter at the previous iteration.

Then µk is updated by

µk =

{
max{µc

k, τ1µk−1, µk−1 + τ2} if µk−1 < µc
k,

µk−1 otherwise,
(12)

where τ1 > 1, τ2 > 0 are constants.
In order to determine whether the trial step is accepted, the descent ratio

is defined as

ρk =
ϕ(xk, µk)− ϕ(xk + pk, µk)

m(xk, Bk, µk, 0)−m(xk, Bk, µk, pk)
. (13)

Based on the above discussion, we gives the summary of the adaptive reg-
ularisation with cubic for equality constrained optimization algorithm frame-
work as follows.
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Algorithm 1: SARC for equality-constrained optimization.

Input: Input the initial point x0, regularization parameter σ0 ≥ 0
and penalty parameter µ−1 > 0. The constants η1, η2, γ1, γ2,
γ3, ν, τ1 and τ2 satisfy the conditions

0 < η1 ≤ η2 < 1, γ2 > γ1 > 1, 0 < ν < 1, τ1 > 1, τ2 > 0.
(14)

Set k ← 0;
while xk is not a KKT point do

Step 1. Compute a normal step nk by (3) and a tangential step tk
by (5), and set pk = nk + tk.
Step 2. Compute µc

k by (11) and update the penalty parameter
µk from (12).
Step 3. Compute the ratio ρk by (13).
if ρk ≥ η1 then

xk+1 = xk + pk,
update Bk+1.

else
xk+1 = xk.

end
Step 4. Update the regularization parameter

σk+1 ∈


[0, σk] if ρk ≥ η2,

[σk, γ1σk] if ρk ∈ [η1, η2),

[γ1σk, γ2σk] if ρk < η1.

(15)

Step 5. Set k ← k + 1;

end
return xk.

3 Global convergence

In this section, we shall prove that the iterates generated by SARC is globally
convergent to a first-order critical point for the problem (1). First of all, we
state some assumptions necessary for the global convergence analysis. Some
preliminary results are given in Subsection 3.1. The feasibility and the opti-
mality are shown in the remain two subsections.

Let {xk} be the infinite sequence generated by Algorithm 1, where we
assume that the algorithm does not stop at a KKT point.
(G1) The function f(x) is uniformly bounded from below. The functions g(x)
and c(x) are uniformly bounded and c(x) is Lipschitz continuous at each xk.
(G2) g(x) and ∇ci(x) exist and are Lipschitz continuous in some open set
C ⊇ {xk}.
(G3) {Bk} is uniformly bounded, namely, there exists some κB ≥ 0 so that
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for all k

∥Bk∥ ≤ κB .

(G4) There exists a constant κn > 0 so that for all k

∥nc
k∥ ≤ κn∥c(xk)∥. (16)

(G5) {Bk} is positive semi-definite on the null space of the Jacobian Ak for
each k.

We note that,

nk = 0 if c(xk) = 0, (17)

since nc
k = 0 from (16) and (3).

Furthermore, the normal step nk is within a fixed range of the maximum
possible values from (4),

θ
√
σk
≤ ∥nk∥ ≤

1
√
σk

. (18)

3.1 Preliminary results

We have the following result about ∆mN
k after the normal step is calculated.

Lemma 1 Suppose that nk is given by (3), where nc
k and αk satisfy assump-

tion (G4) and (4). Then

∥c(xk)∥ ≥ ∆mN
k ≥ min

{
∥c(xk)∥,

θ

κn
√
σk

}
, (19)

for all k.

Proof From the definition of mN (x, n), the normal step (3) and (16), we have
that

∆mN
k = ∥c(xk)∥ − ∥c(xk) +Aknk∥

= ∥c(xk)∥ − ∥c(xk) + αk(Akn
c
k + c(xk))− αkc(xk)∥

= ∥c(xk)∥ − (1− αk)∥c(xk)∥
= αk∥c(xk)∥. (20)

We note that 0 < αk ≤ 1 from (4). Thus the first inequality in (19) can be
obtained directly from (20).

From (20) and (4), we can also obtain that

∆mN
k = αk∥c(xk)∥ ≥ min

{
∥c(xk)∥,

θ∥c(xk)∥
∥nc

k∥
√
σk

}
.

Then (19) holds from (16).
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The following result shows that the normal step is bounded because of the
total reduction of the normal model is bounded.

Lemma 2 Suppose that assumptions (G1)-(G3) hold. Then there is a con-
stant κmn > 0 such that

κmn∥nk∥ ≤ ∆mN
k ≤ ∥c(xk)∥, (21)

for all k.

Proof The result is obviously true if c(xk) = 0, since (17) and (3) imply that
nk = 0. So now assume that c(xk) ̸= 0. Lemma 1 gives that

∆mN
k ≥ min

{
∥c(xk)∥,

θ

κn
√
σk

}
. (22)

If

σk ≥
(
κn∥c(xk)∥

θ

)−2

,

it follows from (22) and that

∆mN
k ≥

θ

κn
√
σk

=
κmn√
σk
≥ κmn∥nk∥, (23)

where κmn = θ
κn

.
If

σk <

(
κn∥c(xk)∥

θ

)−2

,

we have from (22) that

∆mN
k ≥ ∥c(xk)∥. (24)

Since αk ≤ 1 from (4), (16) ensures that

∥nk∥ = |αk|∥nc
k∥ ≤ ∥nc

k∥ ≤ κn∥c(xk)∥. (25)

(25) and (24) imply that

∆mN
k ≥

1

κn
∥nk∥ ≥

θ

κn
∥nk∥ = κmn∥nk∥, (26)

since 0 < θ ≤ 1. Therefore, when both (23) and (26) hold, the lemma is true
since (19) gives that ∆mN

k ≤ ∥c(xk)∥.

We now turn to the tangential step. The Cauchy step tck for the subproblem
(6) is then the minimizer of the model (8) in the steepest-descent direction
tsk = −Nkg

N
k . That is

tck = −βkt
s
k, and βk = arg min

β∈R+
mH(xk, Bk,−βtsk).

Then we can obtain the lower bound of the decrease brought by tangential
step tk.
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Lemma 3 Suppose that tk is computed by (5). Then

∆mH
k ≥ κmt∥gNk ∥min

 ∥gNk ∥
1 + ∥BN

k ∥
,
1

2

√
∥gNk ∥
σk

 , (27)

for all k ≥ 0, where κmt =
1

6
√
2
.

Proof For any β ≥ 0, using the Cauchy-Schwarz inequality, we have that

∆mH
k = mH(xk, Bk, 0)−mH(xk, Bk, tk)

= mH(xk, Bk, 0)−mH(xk, Bk, Nkt
N
k )

≥ mH(xk, Bk, 0)−mH(xk, Bk, t
c
k)

≥ mH(xk, Bk, 0)−mH(xk, Bk,−βNkg
N
k )

= β∥gNk ∥2 −
1

2
β2⟨gNk , BN

k gNk ⟩ −
1

3
β3σk∥Nkg

N
k ∥3

≥ β∥gNk ∥2
(
1− 1

2
β∥BN

k ∥ −
1

3
β2σk∥gNk ∥

)
. (28)

Let

βk =
3

2σk∥gNk ∥

(
−1

2
∥BN

k ∥+
√

1

4
∥BN

k ∥2 +
4

3
σk∥gNk ∥

)

= 2

(
1

2
∥BN

k ∥+
√

1

4
∥BN

k ∥2 +
4

3
σk∥gNk ∥

)−1

.

Then for all β ∈ [0, βk],

mH(xk, Bk, 0) ≥ mH(xk, Bk, tk)

because 1− 1
2β∥B

N
k ∥ − 1

3β
2σk∥gNk ≥ 0.

Let

θk
def
=

(√
2 max

{
1 + ∥BN

k ∥, 2
√

σk∥gNk ∥
})−1

. (29)

From the inequalities √
1

4
∥BN

k ∥2 +
4

3
σk∥gNk ∥

≤ 1

2
∥BN

k ∥+
2√
3

√
σk∥gNk ∥

≤ 2 max

{
1

2
∥BN

k ∥,
2√
3

√
σk∥gNk ∥

}
≤
√
2 max

{
1 + ∥BN

k ∥, 2
√
σk∥gNk ∥

}
,
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and

1

2
∥BN

k ∥ ≤
√
2 max

{
1 + ∥BN

k ∥, 2
√
σk∥gNk ∥|

}
,

it follows that 0 < θk ≤ βk.
Thus replace β in (28) with θk, we obtain that

mH(xk, Bk, 0)−mH(xk, Bk, tk)

≥
∥gNk ∥2(1− 1

2θk∥B
N
k ∥ − 1

3θ
2
kσk∥gNk ∥)

√
2 max

{
1 + ∥BN

k ∥, 2
√
σk∥gNk ∥|

} . (30)

It now follows from the definition (29) of θk that θk∥BN
k ∥ ≤ 1 and θ2kσk∥gNk ∥

· ∥Nk∥3 ≤ 1, so that the numerator of (30) is bounded below by 1
6∥g

N
k ∥2. This

and (30) imply the inequality in (27).

The following lemma gives a useful bound for the tangential step tk.

Lemma 4 Suppose that Assumption (G5) holds. Then the tangential step

∥tk∥ ≤
√
3

√
∥gNk ∥
σk

(31)

for all k.

Proof Suppose that

∥tk∥ >
√
3

√
∥gNk ∥
σk

, (32)

for k ≥ 0. In view of gNk = NT
k (gk + Bknk) and Nk is a orthogonal basis for

the null-space of Ak,

mH(xk, Bk, tk)−mH(xk, Bk, 0)

= (gk +Bknk)
T tk +

1

2
tTkBktk +

1

3
σk∥tk∥3

(G5)

≥ (gk +Bknk)
T tk +

1

3
σk∥tk∥3

≥ −∥tk∥∥gNk ∥+
1

3
σk∥tk∥3

(32)
> 0.

But this contradicts with (27). Hence the assumption (32) must be false. The
lemma is true.
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Assumption (G2) implies that

f(xk) ≥ fmin, (33)

for all k and some constant fmin.
For convenience, define the auxiliary function

Φ(x, µ) =
ϕ(x, µ)− fmin

µ
.

The important results of Φ(x, µ) are as follows.

Lemma 5 Suppose that {ki}, i ≥ 0, are the indices of the successful iterations
resulting from the algorithm. Then

Φ(xki , µki) ≥ 0, (34)

and for any j > 0,

Φ(xki+j , µki+j ) ≤ Φ(xki , µki)− η1
∆mki

µki

. (35)

Proof Due to the fact that µk > 0 for all k, and ϕ(xk, µk) ≥ fmin from (33),
(34) holds. Next, we prove the second conclusion. Because ki and ki+1 are
consecutive successful iterations, we have that

xl = xki+1

for ki + 1 ≤ l ≤ ki+1. Then it follows from ρki
≥ η1 that

ϕ(xki+1
, µki

)− fmin = ϕ(xki+1, µki
)− fmin ≤ ϕ(xki

, µki
)− fmin − η1∆mki

,

and thus

Φ(xki+1 , µki) ≤ Φ(xki , µki)− η1
∆mki

µki

.

From the definition of Φ, and the fact that µki ≤ µki+1 and (33) give

Φ(xki+1
, µki

)− Φ(xki+1
, µki+1

) = (f(xki+1
)− fmin)

(
1

µki

− 1

µki+1

)
≥ 0.

Combining the above two inequalities give that (35) holds for j = 1, which
then implies that Φ(xki+1 , µki+1) ≤ Φ(xki , µki). Therefore, (35) is hold for any
j > 0.

We next investigate the error between the penalty function and its overall
model at the new iterate xk + pk.
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Lemma 6 Suppose that assumptions (G1)-(G3) and (31) hold. Then

ϕ(xk + pk, µk)−m(xk, Bk, µk, pk) ≤ κ0(1 + µk)∥pk∥2 (36)

≤ κm(1 + µk)
1

σk
, (37)

for some constants κ0 and κm.

Proof A Taylor expansion of f(xk + pk) and the Lipschitz continuity of g(x)
give that

f(xk + pk)− f(xk)− gTk pk ≤ κfx∥pk∥2,

for some Lipschitz constant κfx. Similarly, the lipschitz continuity of A(x)
implies that

∥c(xk + pk)∥ − ∥c(xk) +Akpk∥ ≤ ∥c(xk + pk)−Akpk − c(xk)∥ ≤ κcx∥pk∥2,

for another Lipschitz constant κcx. The above inequalities with the bound

pTkBkpk
(G3)

≤ κB∥pk∥2,

yield that

ϕ(xk + pk, µk)−m(xk, Bk, µk, pk)

= f(xk + pk)− f(xk)− gTk pk −
1

2
pTkBkpk −

1

3
σk∥pk∥3

≤ (κfx +
1

2
κB + µkκcx)∥pk∥2

≤ κ0(1 + µk)∥pk∥2

with κ0 = max{κfx +
1
2κB , κcx}, i.e., (36) holds.

From the assumptions (G1)-(G3) and (31), there exists a constant Mg so
that for all k

∥gNk ∥ ≤Mg.

Then we can have from (31) that

∥pk∥ ≤ ∥nk∥+ ∥tk∥ ≤ (1 +
√
3Mg)

1
√
σk

. (38)

Using this bound and (36), we have that (37) holds with κm = κ0(1 +√
3Mg)

2.
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3.2 Feasibility

The following theorem shows the feasibility of the algorithm. The index set of
successful iteration of the algorithm is denoted as

S def
= {k ≥ 0 : k successful or very successful in the sense of (13)}.

Theorem 1 Suppose that assumptions (G1) and (G2) hold. Then

lim
k→∞

c(xk) = 0.

Proof Since the result is obviously if c(xl) = 0 for all sufficiently large l, we
consider any infeasibel iteration xl such that ∥c(xl)∥ > 0. First, we shall prove
that the algorithm can not stop at such a point. The Lipschitz continuity of
∥c(xl)∥ from assumption (G1) gives that

|∥c(x)∥ − ∥c(xl)∥| ≤ L1∥x− xl∥, (39)

for some L1 > 0 and all x. Thus (39) certainly holds for all x in an open ball

Ol
def
=

{
x | ∥x− xl∥ <

∥c(xl)∥
2L1

}
. (40)

We then get that

|∥c(x)∥ − ∥c(xl)∥| <
1

2
∥c(xl)∥

from (39) and (40) and thus that

∥c(x)∥ > 1

2
∥c(xl)∥, (41)

which ensures that the bound of c(x) is far away from zero for arbitrary x ∈ Ol.
(10) and (41) guarantee that

∆mk ≥ νµkmin
{
∥c(xk)∥, θ

κn

1√
σk

}
≥ νµkmin

{
1
2∥c(xl)∥, θ

κn

1√
σk

}
, (42)

for any xk ∈ Ol.
Let

σ0
l = max

{(
κn∥c(xl)∥

2θ

)−2

,

(
(1− η2)νθµ0

κmκn(1 + µ0)

)−2
}
. (43)

If σk ≥ σ0
l , (10), (19) and (43) imply that

∆mk ≥ νµk
θ

κn
√
σk

,
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which combines with (37) to give

1− ρk =
ϕ(xk + pk, µk)−m(xk, Bk, µk, pk)

∆mk

≤ κmκn(1 + µk)

νθµk
√
σk

≤ 1− η2.

Hence, so long as σk ≥ σ0
l , a very successful iteration will occur from any

xk ∈ Ol.

Next, we show that there must be a first successful iterate xkj
, kj > k0

def
= l,

not in Ol. Suppose that all iterates xki
∈ Ol. Then

σki
≤ σ0 def

= γ1max{σl, σ
0
l }. (44)

Since iteration ki ∈ S is successful, the bounds (35), (42), (44) shows that

Φ(xki+1 , µki+1) ≤ Φ(xki , µki)− η1
∆mki

µki

≤ Φ(xki
, µki

)− η1νmin

{
1

2
∥c(xl)∥,

θ

κn

√
σ0

}
.

By summing the first j of these successful iterations, we get

Φ(xki+j , µki+j ) ≤ Φ(xki , µki)− η1
∆mki

µki

≤ Φ(xki
, µki

)− jη1νmin

{
1

2
∥c(xl)∥,

θ

κn

√
σ0

}
.

Since the right side of this inequality can be made arbitrarily negative by
increasing j, Φ(xki+j

, µki+j
) must eventually be negative, this is contradiction

with (34). Our assumption that xki
, ki ∈ S ≥ l is remain in Ol must be

incorrect, and thus there must be a first iterate xkj
, j > 0, not in Ol.

Consider the iterates between xkj and xk0 = xl. (35) and (42) imply that

Φ(xkk
, µkk

) ≤ Φ(xki
, µki

)− η1νmin

[
1

2
∥c(xl)∥,

θ

κn
√
σki

]
, (45)

for any i < k ≤ j, since xki
∈ Ol. If

σki
≤
(
κn∥c(xl)∥

2θ

)−2

,

(35) and (45) with k = j imply that

Φ(xkj
, µkj

) ≤ Φ(xki
, µki

)− 1

2
η1ν∥c(xl)∥ ≤ Φ(xl, µl)−

1

2
η1ν∥c(xl)∥. (46)
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On the other hand, if

σki
<

(
κn∥c(xl)∥

2θ

)−2

,

for all 0 ≤ i ≤ j.

Φ(xki+1
, µki+1

) ≤ Φ(xki
, µki

)− η1νθ

κn
√
σki

, (47)

for each 0 ≤ i ≤ j. Then by summing (47),

Φ(xkj , µkj ) ≤ Φ(xl, µl)−
η1νθ

κn

j−1∑
i=0

1
√
σki

. (48)

But as xkj /∈ Ol, (38) and (40) imply that

∥c(xl)∥
2L1

≤ ∥xkj
− xl∥ ≤

j−1∑
i=0

∥xki+1
− xki

∥ ≤ 4(1 +
√
3Mg)

j−1∑
i=0

1
√
σki

, (49)

and then (48) gives

Φ(xkj
, µkj

) ≤ Φ(xl, µl)−
η1νθ∥c(xl)∥

8(1 +
√

3Mg)L1κn

. (50)

Thus in all cases (46) and (50) ensure that

Φ(xkj , µkj ) ≤ Φ(xl, µl)− κc∥c(xl)∥, (51)

where κc =
1
2η1νmax

{
1, θ

4(1+
√

3Mg)L1κn

}
. (51) proves that ∥c(xl)∥ cannot be

bounded away from zero since l is arbitrary and {Φ(xkj , µkj )} is decreasing
and bounded from below from Lemma 5.

3.3 Optimality

The feasibility of the algorithm has been proved in Theorem 1. Then we turn
to the optimality condition.

Lemma 7 Suppose that assumptions (G1)-(G3) hold and that (21) holds for
all k sufficiently large. Then there are constants µmax > 0 and κbdm ≥ 0, and
an index k1 such that

∆mk ≥ ∆mH
k + (µk − κmk)∆mN

k . (52)

and

µk = µmax, (53)

for all k ≥ k1.
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Proof (10) implies that µk satisfies

∆mk ≥ νµk∆mN
k , (54)

Since assumptions (G3) and (G1) imply that gk and Bk are bounded, (21)
gives that nk ≤ ∆mN

k /κmn and ∆mN
k ≤ ∥c(xk)∥, and c(xk) is bounded by

(G1), thus we have that

∆mF
k ≥ −κmk∆mN

k ,

for some constant κmk > 0. Then (54) immediately gives (52), from which we
obtain that

∆mk ≥ (µk − κmk)∆mN
k ,

due to ∆mH
k > 0.

Hence (54) is evidently satisfied for all µk ≥ κmk

1−ν . In view of (14), every
increase of an insufficient µk−1 must be by at least max{(τ1 − 1)µ0, τ2}, and
therefore the penalty parameter can only be increased a finite number of times.
The required value µmax is at most the first value of µk that exceeds κmk

1−ν , which
proves the lemma.

Lemma 8 Suppose that assumptions (G1)-(G3) hold and that (21) holds for
all k sufficiently large. Then there is a constant κbtm > 0 and an index k1
such that

∆mk ≥ κbtm∆mH
k , (55)

for all k ≥ k1.

Proof Consider k ≥ k1 as in Theorem 7, in which case µk = µmax, and let

κbtm
def
=

1

2
min

{
1,

νµmax

κmk − µmax

}
.

If

−1

2
∆mH

k ≤ (µmax − κmk)∆mN
k .

In this event (52) implies that ∆mk ≥ 1
2∆mH

k , thus proves that (55).
If

−1

2
∆mH

k > (µmax − κmk)∆mN
k .

Since both ∆mH
k and ∆mN

k are nonnegative, it must be that µmax ≤ κmk, in
which case (10) and (11) imply that

∆mk >
νµmax

2(κmk − µmax)
∆mH

k .

Thus the lemma is proved.
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Lemma 9 Assume that (19) holds. Suppose that xk is not a first-order critical
point for (1). Then there exists a σ0

k > 0 such that ρk ≥ η2 if σk ≥ σ0
k.

Proof Consider two cases, c(xk) ̸= 0 and c(xk) = 0.

Firstly, suppose that c(xk) ̸= 0. Then (10) and (19) imply that

∆mk ≥ νµkmin

{
∥c(xk)∥,

θ

κn
√
σk

}
. (56)

Let

σ0
k = max

{(
κmκn(1 + µ−1)

νθµ−1(1− η2)

)2

,

(
θ

κn∥c(xk)∥

)2
}
. (57)

If σk ≥ σ0
k, (56) and (57) show that

∆mk ≥ νµk
θ

κn
√
σk

,

which combines (37) and the fact {σk} is nondecreasing to give

1− ρk =
ϕ(xk + pk, µk)−m(xk, Bk, µk, pk)

∆mk

≤ κmκn(1 + µk)

νθµk
√
σk

≤ κmκn(1 + µ−1)

νθµ−1
√
σk

(57)

≤ 1− η2,

which shows that ρk ≥ η2 and σk+1 ≤ σk.

Now suppose that c(xk) = 0. Then, we have that nk = 0 and so ∆mk =
DeltamH

k . It then follows from Lemma 3 that

∆mk ≥ κmt∥gNk ∥
3
2min


√
∥gNk ∥

1 + ∥BN
k ∥

,
1

2
√
σk

 . (58)

Let lk be the index of the last iteration such that c(xlk) ̸= 0. Then

µk ≤ µ̄
def
= max{τ1µlk , µlk + τ2}. (59)

Note that ∥gNk ∥ ≠ 0 since xk is not a first-order critical point and c(xk) = 0.

Let

σ0
k = max


 1 + κB

2
√
∥gNk ∥

2

,

(
2κm(1 + µ̄)

κmt(1− η2)∥gNk ∥
3
2

)2
 . (60)
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Then, if σk ≥ σ0
k, we can obtain that

1− ρk =
ϕ(xk + pk, µk)−m(xk, Bk, µk, pk)

∆mk

(37),(58)

≤ 2κm(1 + µk)

κmt∥gNk ∥
3
2
√
σk

(59),(60)

≤ 2κm(1 + µ̄)

κmt∥gNk ∥
3
2
√
σk

≤ 1− η2.

Then, we also obtain that ρk ≥ η2 and σk+1 ≤ σk.

The following results are given based on the above conclusions.

Theorem 2 Suppose that (27), assumptions (G1)-(G5) hold. Then

lim inf
k→∞

∥NT
k gk∥ = 0.

Proof Suppose that NT
k gk is bounded away from zero, that is

∥NT
k gk∥ ≥ 2ϵ > 0 (61)

for some constant ϵ > 0 and for all k. NT
k Bknk tends to zero from Theorem 1

and assumption (G3). Thus it follows from (61) and the definition of gNk that

∥gNk ∥ ≥ ϵ > 0 (62)

for all k ≥ k2.
The assumption (G3), (55) and (27) imply that

∆mk ≥ κbtmκmtϵ min

∥gNk ∥κBn
,
1

2

√
∥gNk ∥
σk

 (63)

≥ κbtmκmtϵ min

{
ϵ

κBn
,
1

2

√
ϵ

σk

}
, (64)

for all k ≥ k3
def
= max{k1, k2}, where κBn = κB + 1. Let,

σ0 def
= max


(
2
√
ϵ

κBn

)−2

,

(
(1− η2)κbtmκmtϵ

3
2

2κm(1 + µmax)

)−2
 . (65)

And suppose that σk ≥ σ0, then (65) gives

ϵ

κBn
≥ 1

2

√
ϵ

σk
,

and hence (64) gives

∆mk ≥
κbtmκmtϵ

3
2

2

1
√
σk

.
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Combining this with (37), we obtain that

1− ρk =
ϕ(xk + pk, µk)−m(xk, Bk, µk, pk)

∆mk
≤ 2κm(1 + µmax)

κbtmκmtϵ
3
2

1
√
σk

.

The fact that σk ≥ σ0 and (65) imply that ρk ≥ η2. Thus the iteration will be
very successful whenever k ≥ k3 and σk ≥ σ0.

We now prove that

σk < γ2σ
0, (66)

for all k ≥ k3.
Suppose that (66) is false. Let k be the first iteration such that σk+1 ≥

γ2σ
0. And γ2σk ≥ σk+1 follows from (15), therefore σk ≥ σ0. But the itera-

tion k must have been very successful as we concluded at the end of the last
paragraph, thus σk ≥ σk+1. This contradicts the assumption that k is the first
iteration such that σk+1 ≥ γ2σ

0. Hence, the inequality (66) must hold. So
from (64) and (66), we obtain that

∆mk ≥ s3
def
= κbtmκmtϵ min

{
ϵ

κBn
,
1

2

√
ϵ

γ1σ0

}
.

For all k ∈ S ≥ k3,

ϕ(xk, µmax)− ϕ(xk+1, µmax) ≥ η1∆mk ≥ η1s3,

summing the above over the set of successful iteration between iteration k3
and k, and letting τk be the number of such successful iteration, we deduce
that

ϕ(xk, µmax) ≤ ϕ(xk3
, µmax)− τkη1s3.

Since assumption (G1) implies that {ϕ(x, µmax)} is bounded from below,
we obtain that τk is bounded. But this is impossible, since this would imply
that there is an index l such that xk = xl for all k ≥ l after which the cubic
regularisation parameter σk must converge to infinity, which is not compatible
with Lemma 9. Thus our initial hypothesis (61) is false and the conclusion of
this theorem holds.

A stronger conclusion can obtain under the following assumption.
(G6) NT

k gk is uniformly continuous on the sequence of iterates {xk}, namely,
∥NT

ti gti − NT
li
gli∥ → 0, whenever ∥xti − xli∥ → 0, i → ∞, where {xti} and

{xli} are subsequence of {xk}.

Theorem 3 Suppose that assumptions(G1)-(G6) hold. Then

lim
k→∞

∥NT
k gk∥ = 0.
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Proof Assume that there is an infinite subsequence {ti} ⊂ S such that

∥NT
ti gti∥ ≥ 3ϵ, (67)

for some ϵ > 0 and for all i. Theorem 7 ensures that for each ti, there is a first
successful iteration li > ti such that ∥NT

li
gli∥ < 2ϵ. Thus {li} ⊂ S and for all

i and ti ≤ k < li,

∥NT
k gk∥ ≥ 2ϵ, and ∥NT

li gli∥ < 2ϵ. (68)

Similar to (62), we have that

∥gNk ∥ ≥ ϵ > 0. (69)

Let K def
= {k ∈ S : ti ≤ k < li}, where {ti} and {li} were defined above.

Since K ∈ S, it follows from (27), Assumption (G3), and (55) that

∆mk ≥ κbtmκmtϵ min

 ϵ

κBn
,
1

2

√
∥gNk ∥
σk

 , k ∈ K. (70)

From (35), (69), (70), we have for all k ∈ K that,

Φ(xk, µk)− Φ(xk+1, µk+1) ≥
η1κbtmκmtϵ

3
2

µk
min

{
ϵ

κBn
,

1

2
√
σk

}
. (71)

Since {Φ(xk, µk)} is monotonically decreasing and bounded from below, (71)
implies that

1

2
√
σk
→ 0, k →∞, k ∈ K. (72)

From (72), (71) gives that

Φ(xk, µk)− Φ(xk+1, µk+1)
(53)

≥ η1κbtmκmtϵ
3
2

2µmax
√
σk

, (73)

for all sufficiently large k ∈ K. From (68) and (72), we have that (38) is satisfied
when I := K, and thus

Φ(xk, µk)− Φ(xk+1, µk+1) ≥
η1κbtmκmtϵ

3
2

2µmax(1 +
√
3Mg)

∥pk∥,

for all ti ≤ k < li, k ∈ S, i sufficiently large. Summing the above between
iteration ti and li, and employing the triangle inequality, we deduce that,

2µmax(1 +
√
3Mg)

η1κbtmκmtϵ
3
2

[Φ(xti , µti)− Φ(xli , µli)] ≥
li−1∑

k=ti,k∈S

∥pk∥

=

li−1∑
k=ti,k∈S

∥xk+1 − xk∥

= ∥xli − xti∥, (74)
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for all i sufficiently large. Since {Φ(xk, µk)} is convergent, thus

lim
i→∞

∥Φ(xti , µti)− Φ(xli , µli)∥ = 0,

and then

lim
i→∞

∥xli − xti∥ = 0.

From assumption (G6),

lim
i→∞

∥NT
li gli −NT

ti gti∥ = 0, (75)

but from (67) and (68),

∥NT
li gli −NT

ti gti∥ ≥ ∥N
T
ti gti∥ − ∥N

T
li gli∥ ≥ ϵ, (76)

this is in contradiction with (75). Then the theorem is proved.

4 Numerical Results

In this section, we present the numerical results of Algorithm 1 which have been
performed on a desktop with Intel(R) Core(TM) i7-6700 CPU @ 3.40GHz. Al-
gorithm 1 is implemented as a MATLAB code and run under MATLAB(R2018a).

In the implementation, the regularisation parameter is updated by the
following rules

σk+1 =


max{min{σk, ∥NT

k gk∥}, ϵm} if ρk ≥ η2,

σk if ρk ∈ [η1, η2),

2σk if ρk < η1,

(77)

where the ϵm = 10−16, η1 = 0.01, η2 = 0.9.
Other parameters are set as follows.

ν = 10−4, τ1 = 2, τ2 = 1.

The computation terminates when ∥c(xk)∥ ≤ ϵ and ∥NT
k gk∥ ≤ ϵ = 10−6

are both satisfied. The test problems are from CUTEst collection [17] and
the results are reported in Table 1, where NF and NC are the numbers of
computation of the objective function and the numbers of computation of the
constraints, respectively.

Table 1: Numerical results of the Algorithm 1

Problem
Dimension

NF,NC ∥c(xk)∥ ∥NT
k gk∥n m
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Table 1 continued

Problem
Dimension

NF,NC ∥c(xk)∥ ∥NT
k gk∥n m

AIRCRFTA 8 5 2 1.5932e-08 0
ARGTRIG 1000 1000 3 5.9215e-12 0
ARTIF 1002 1002 11 1.1690e-07 0
BDVALUE 1002 1000 2 6.4590e-08 0
BOOTH 2 2 4 0 0
BROYDN3D 1000 1000 11 2.4647e-07 0
BT1 2 1 5 2.8036e-08 0
BT2 3 1 14 6.5725e-14 4.2043e-15
BT3 5 3 14 0 5.9346e-08
BT4 3 2 8 2.2062e-12 2.7148e-07
BT5 3 2 5 8.2439e-07 3.2411e-09
BT6 5 2 12 8.9752e-07 6.3805e-13
BT7 5 3 13 4.5025e-12 3.7409e-08
BT8 5 2 11 3.3717e-07 1.5543e-15
BT9 4 2 13 2.5720e-08 1.3700e-07
BT10 2 2 6 4.4039e-09 0
BT11 5 3 10 5.6118e-12 3.6854e-08
BT12 5 3 8 6.4062e-08 9.0762e-10
BYRDSPHR 3 2 10 7.7791e-11 4.6885e-13
CLUSTER 2 2 10 4.8201e-08 0
GENHS28 10 8 5 1.6653e-16 2.5622e-13
GOTTFR 2 3 7 1.1392e-09 0
HATFLDF 3 3 5 8.7862e-07 0
HIMMELBA 2 2 5 0 0
HIMMELBC 2 2 5 2.5104e-09 0
HIMMELBE 3 3 4 0 0
HS06 2 1 10 4.1300e-13 5.8965e-08
HS07 2 1 7 1.7626e-09 1.4652e-08
HS08 2 2 5 2.5873e-07 0
HS09 2 1 9 1.7764e-15 5.4561e-07
HS26 3 1 18 5.4108e-12 7.7635e-07
HS27 3 1 20 2.4577e-08 4.9757e-07
HS28 3 1 3 0 1.9907e-06
HS39 4 2 8 1.0916e-08 1.6396e-07
HS40 4 3 3 1.7206e-07 3.1065e-07
HS42 4 2 3 5.6563e-09 8.6790e-09
HS46 5 2 18 7.6410e-07 2.4454e-08
HS47 5 3 16 2.8813e-07 5.2673e-07
HS48 5 2 4 9.9301e-16 4.4598e-13
HS49 5 2 16 8.8818e-16 3.5702e-07
HS50 5 3 9 8.8818e-16 1.1203e-16
HS51 5 3 2 0 1.4494e-11
HS52 5 3 5 3.9252e-16 2.4474e-10
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Table 1 continued

Problem
Dimension

NF,NC ∥c(xk)∥ ∥NT
k gk∥n m

HS56 7 4 10 4.8508e-07 2.4045e-12
HS61 3 2 7 6.7055e-08 4.3475e-09
HS77 5 2 9 7.3125e-11 9.0627e-10
HS78 5 3 8 2.8435e-07 6.5241e-14
HS79 5 3 4 8.1313e-09 3.9293e-09
HYPCIR 2 2 4 1.9989e-10 0
MARATOS 2 1 5 3.0114e-12 1.0900e-11
MWRIGHT 5 3 7 5.3368e-14 1.9160e-13
POWELLBS 2 2 12 7.8350e-07 0
RECIPE 3 3 8 1.7347e-19 0
S216 2 1 8 4.1389e-13 6.9983e-10
S219 4 2 27 1.1443e-09 1.4894e-12
S235 3 1 12 5.4818e-09 1.8671e-08
S252 3 1 20 1.7635e-07 3.8376e-09
S254 3 2 5 4.1170e-07 1.1735e-08
S269 5 3 9 1.1102e-16 2.0190e-07
S316 2 1 3 3.9328e-07 0
S317 2 1 5 9.3695e-08 9.0262e-07
S318 2 1 5 4.8702e-09 8.7080e-08
S319 2 1 6 1.6644e-12 3.0013e-11
S320 2 1 8 7.1054e-15 6.3238e-13
S321 2 1 9 7.8773e-12 2.9117e-09
S322 2 1 16 1.4133e-11 5.0594e-07
S336 3 2 8 2.2204e-15 1.5721e-13
S338 3 2 7 3.5279e-11 5.6554e-12
S344 3 1 13 7.3896e-13 9.4816e-07
S345 3 1 22 5.3824e-13 5.5569e-07
S373 9 6 11 2.5657e-10 1.1464e-10
S378 10 3 27 7.4865e-09 8.0702e-08
S394 20 1 20 1.4158e-11 8.4186e-13
S395 50 1 27 8.6207e-11 3.7018e-12
ZANGWIL3 3 3 2 1.4606e-14 0

5 Conclusion

We have introduced a sequential adaptive regularisation using cubics (SARC)
algorithm for solving nonlinear equality constrained programming. In the pre-
sented algorithm, a specific form of the step is constructed based on composite-
step method. More precisely, the trial step is decomposed to be the sum of
a normal and tangential step, where the former has a specific form depend-
ing on the Jacobian and the constraint function and the latter belongs to the
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null space of the transposed Jacobian and is calculated by solving a standard
ARC subproblem. The exact penalty function is used as the merit function to
decide wether the trial step is accepted. Global convergence is proved under
some suitable assumptions and preliminary numerical results are given.
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