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1 Introduction

Line search methods and trust-region methods are two fundamental strategies
for solving unconstrained optimization. Cartis, Gould and Toint [9] present a
third alternative: the adaptive regularization algorithm using cubics (ARC).
At each iteration of ARC, the objective function is locally replaced by a cubic
approximation model, and an adaptive estimation of the local Lipschitz con-
stant of the objective function’s Hessian is employed. ARC has been shown to
have excellent global and local convergence properties. The iteration complex-
ity of ARC for unconstrained optimization is given in [10], and the numerical
experiments performance is also encouraging when solving small-scale prob-
lems. There have been many methods ([2,15,28,25,11,3,16,6,24,7,26]) on us-
ing ARC (or its variants) for unstrained optimization. And some methods ([20,
21,5,19,18]) are designed to solve or use ARC subproblems more efficiently.

For constrained optimization problems, some impressive algorithms are
also proposed based on ARC framework. Cartis et al. [13] extended the ARC
method to solve nonconvex optimization with convex constraints, and pre-
sented a class of adaptive regularization methods that use first- or higher-order
local Taylor models of the objective regularized by a(ny) power of the step size
and applied to convexly constrained optimization problems in [12]. They also
presented a short-step ARC algorithm for solving general nonconvexly con-
strained optimization problems [14] and proposed an ARp algorithm for for
nonconvex minimization problems with general inexpensive constraints even
though they are conceptual regularization algorithms. Martinez [23] consid-
ered arbitrary (nonnecessarily Taylor-based) models of the objective function
and nonnecessarily convex constraints. At each iteration a mild approximate
KKT point is computed for the subproblem without requiring the fulfillment
of any constraint qualification. Lars Lubkoll et al. [22] proposed an affine co-
variant composite step method, designed for equality constrained optimization
with partial differential equations. A cubic hybrid approach was constructed
for inequality constrained problem in [4]. Agarwal [1] researched a generaliza-
tion of ARC to optimization on Riemannian manifolds. Birgin [8] introduced
a practical method for smooth bound-constrained optimization that possesses
worst-case evaluation complexity O(s~%/?) for finding an e-approximate first-
order stationary point when the Hessian of the objective function is Lipschitz
continuous.

Motivated by the idea of SQP methods to tackle the equality constrained
problem (1), we present a sequential adaptive regularization algorithm using
cubics (SARC) for solving equality constrained optimization. It is different
from the methods mentioned above. Obviously, the ARC subproblem (min-
imizing a cubic model of objective function) in the unconstrained optimiza-
tion circumstance can not be applied directly because of the existence of con-
straints. We should consider a constrained cubic regularization subproblem in
each iteration. In the algorithm to be proposed, a composite-step method is
employed to handle linearized constraints, where the trial step is decomposed
into the sum of the normal step and the tangential step in each iteration. The
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tangential step is obtained by solving a standard ARC subproblem, which is
constructed via reduced-Hessian approach. The normal step is used to reduce
the constraint violation, and the tangential step is used to provide sufficient
reduction of the model. After the trial step is obtained, the exact penalty func-
tion is used as the merit function, and the ratio of the reduction of the penalty
function to the reduction of the model is calculated to determine whether the
trial point is accepted. Global convergence is proved under some suitable as-
sumptions.

The remainder of this paper is organized as follows. In section 2, we de-
scribe the step computation and the ARC algorithm for equality-constrained.
The global convergence to first-order critical point is presented in Section 3.
Preliminary numerical results are reported in Section 4 and conclusion is of-
fered in Section 5.

Throughout the paper, ||-|| denotes the Euclidean norm. The inner product
of vectors a,b € R™ is denoted by a”'b.

2 Cubic regularisation for nonlinear equality constrained

Consider the nonlinear equality constrained optimization problem as follows.
. 1

minimize f(z) (1a)

subject to ¢(z) =0, (1b)

where the objective function f : R™ — R and the equality constraints ¢ : R™ —
R™ are sufficiently smooth functions and m < n. The Lagrangian function for
this problem is

L(z,\) = f(z) — \e(x).
We use A(z) to denote the Jacobian of ¢(x), that is,
A(x)T = [Vey(x), Vea(2), ..., Vem ()],

where ¢;(x) is the ¢th component of ¢(z).

As we know, the linearized constraints may be not consistent. So, we as-
sume that Ay has full row rank for all k.

We consider the following constrained cubic regularization subproblem in
each iteration,

. 1 1

minimize f + gy p + 5p" Bip + zon|p|? (2a)
pER™ 2 3

subject to  Agp+ ¢, =0, (2b)

where fr = f(zi), gr = Vf(xr), Ax = A(zi), ¢ = c(zy), By denotes the
Hessian V., L(xy, \x) or its approximation, and o, € R is an adaptive pa-
rameter.
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However, we do not solve subproblem (2) directly. Like the composite-step
approach, in iteration k we decompose the overall trial step py as follow,

Pr = ng + ti,

where ny, is called as a normal step to improve feasibility, and ¢ is called as a
tangential step whose purpose is to obtain sufficient reduction of the objective
function’s model.

Because tj, is used to produce the sufficient decrease in the objective func-
tion’s model, the maximum size of nj should be restricted. It is generated as
follows.

nk = apng, (3)

where nf, is a solution of
Agn+c, = 0,

and o, satisfies

0 1
o € |min l,c},min{l,c}], forfe (0.1, (4
¢ { { Nl Nel| 1. @)

Then, the tangential step ¢ is computed by
ty = thé\l’ (5)
where ¢7 is the solution(or its approximation) of the following standard ARC
subproblem

1 1
minimize (g, #%) + 5 (£, BYEY) + son|eV, (6)

where B,iv = NgBka, g,iv = N,CT(gk + Byny) and the columns of Ny form an
orthonormal basis of the null space of Ay (so that Ay N, = 0).

Having obtained a trial step pg, we use a merit function to decide whether
it should be accepted. Here, we use Iy penalty function

¢(x, 1) = f2) + plle()||

and its model

(e, B, ) = 1) + 97 @p+ 30" Bo+ sollplP + ule(w) + A@pll. (7

For convenience, define
1

1
2nTBn + §a||n||3,

mF(x’ B,?’L) = f(SU) + g(m)Tn +
m™ (@,n) = [|c(z) + A(z)nl],

1 1
m®(z, B,t) = (9(x) + Bn)"t + St" Bt + Sot]]*. (8)
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Define the overall model decrease from 0 to py as

Amy, = m(xy, By, pix, 0) — m(wx, By, ptx, pr)- )

Then
1
Amg = Amj] + pAmfy + Amy; + §Uk(||nk||3 + 1t l® = llpwl®),
where
Am{c\’ = mN(xk70) — mN(mk,nk),
Ampt = mf (g, By, 0) — m™ (z, B, t1,),
and

AmkF = mF(mk,BmO) — mF(xk,Bk,nk).

Note that Aml and Amk must be positive (see Lemma 1 and Lemma 3). To
obtain significant decrease, we require that

1
Amy, = Amy + ppAmy + Amy; + gak(anH?’ +1tell® = llpxll?)

> vup Amy (10)

for some v € (0,1) and py large enough. Here, we follow the rules similar to
[27] updating u as follows.
First, compute

_Amyl + Ay + okl + (1t — llpsll)
(1—v)Am¥Y

pi, = (11)
as the smallest value to satisfy the (10). Suppose that py is the penalty pa-
rameter at the previous iteration.

Then py is updated by

_ Jmax{ug, Tipk—1, pr—1 + 72} i peo1 < pg,
He = { Mk—1 otherwise, (12)

where 7, > 1,75 > 0 are constants.
In order to determine whether the trial step is accepted, the descent ratio
is defined as

d(wp, pr) — d(xn + Pr, k)
m(zx, B, ptk, 0) — m(zg, By, pik, Dk.)

Pk = (13)

Based on the above discussion, we gives the summary of the adaptive reg-
ularisation with cubic for equality constrained optimization algorithm frame-
work as follows.
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Algorithm 1: SARC for equality-constrained optimization.

Input: Input the initial point =, regularization parameter og > 0
and penalty parameter u_; > 0. The constants 71, 172, 71, V2,
73, v, 71 and 7o satisfy the conditions

O<m<m<lyr>1n1>10<rv<l,n >1,7m>0.
(14)
Set k < 0;
while zj is not a KKT point do
Step 1. Compute a normal step ny by (3) and a tangential step ¢
by (5), and set pr = ng + ti.
Step 2. Compute pf by (11) and update the penalty parameter
uy from (12).
Step 3. Compute the ratio pg by (13).
if pr > n; then
Thk41 = Tk + Pk,
update Bg41.
else
| Tk+1 = Tk-
end
Step 4. Update the regularization parameter

[0,0'k;} if Pk Z n2,
Ok+1 € § [0k, 710k] if pr € [n1,m2), (15)
[(Y10k; Y20k if pr < 1.

Step 5. Set k + k+1;
end
return zyg.

3 Global convergence

In this section, we shall prove that the iterates generated by SARC is globally
convergent to a first-order critical point for the problem (1). First of all, we
state some assumptions necessary for the global convergence analysis. Some
preliminary results are given in Subsection 3.1. The feasibility and the opti-
mality are shown in the remain two subsections.

Let {z1} be the infinite sequence generated by Algorithm 1, where we
assume that the algorithm does not stop at a KKT point.
(G1) The function f(z) is uniformly bounded from below. The functions g(x)
and c(x) are uniformly bounded and ¢(x) is Lipschitz continuous at each xy.
(G2) g(z) and Vc¢;(z) exist and are Lipschitz continuous in some open set
(G3) {By} is uniformly bounded, namely, there exists some kg > 0 so that
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for all k
| Bkl < k-

(G4) There exists a constant £, > 0 so that for all k
2] < mnlle(an)]l- (16)

(G5) {By} is positive semi-definite on the null space of the Jacobian Ay for
each k.
We note that,

n,=0 if c(zp) =0, (17)

since nf, = 0 from (16) and (3).
Furthermore, the normal step nj is within a fixed range of the maximum
possible values from (4),

< el < (18)

0 1
\/Ok \/Uk.

3.1 Preliminary results

We have the following result about Am} after the normal step is calculated.

Lemma 1 Suppose that ny is given by (3), where n§, and oy, satisfy assump-
tion (G4) and (4). Then

Jewi)l = A > min { e, ==} (19

for all k.

Proof From the definition of m” (x,n), the normal step (3) and (16), we have
that

Amyl = |le(ap)l| = lle(r) + Axn|
= [le(zr)|| — lle(zk) + o (Arng, + c(zr)) — ez
= [le(zr)|| = (1 — ax)llc(@x) |l
= agllc(zg)||- (20)

We note that 0 < o < 1 from (4). Thus the first inequality in (19) can be
obtained directly from (20).
From (20) and (4), we can also obtain that

A = et = min { (el LY

Then (19) holds from (16).
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The following result shows that the normal step is bounded because of the
total reduction of the normal model is bounded.

Lemma 2 Suppose that assumptions (G1)-(G3) hold. Then there is a con-
stant kKmn > 0 such that

Ko [k || < Amg” < lea) ), (21)
for all k.

Proof The result is obviously true if ¢(x) = 0, since (17) and (3) imply that
ng = 0. So now assume that c(xy) # 0. Lemma 1 gives that

AmkN > min{c(xk)H, FénjUik} . (22)

. (anncéxk))‘?,

it follows from (22) and that

If

0 mn
AmY > 00 > 7, (23)

T EnOk Ok

where Ky, = Ki
n

If

o < (ﬁnHCézk)H ) - 7

Ami > le(ar)|l- (24)

we have from (22) that

Since ay < 1 from (4), (16) ensures that
]l = lawlIngll < lInkll < snlle(zr)l]- (25)

(25) and (24) imply that

1 0
Amg > —|lne] = —llngll = oI, (26)
Kn Kn
since 0 < 6 < 1. Therefore, when both (23) and (26) hold, the lemma is true
since (19) gives that AmY < [|c(zy)]|.

We now turn to the tangential step. The Cauchy step ¢§. for the subproblem
(6) is then the minimizer of the model (8) in the steepest-descent direction
t3 = —Nigi. That is

tp = —Bity, and B = argmin m" (zy, By, —Bt}).
BER+

Then we can obtain the lower bound of the decrease brought by tangential
step tg.
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Lemma 3 Suppose that ty is computed by (5). Then

N 1 N
lg I 1 [llgg | (27)

Amf > :
mk Iimt”g ||m m 1 + ||B]]€V|| 9 O ’

_ 1
for all k > 0, where Ky = VR

Proof For any § > 0, using the Cauchy-Schwarz inequality, we have that
m" (xy, Be, tr)
( H(xkakakt{gV)
( H(:Elﬁ By, tZ)
Z m (xlek, 0) — m™ (zx, Br, —BNkgy )

1
= 5||911cv||2 - 552<9k , By, gIJcV> - gﬂgakHng/vaHg

Amk =m (mk,Bk, 0) —
xkaka )
xy, By, 0) —

1 1
> Bl (1= 581821 - g alall). (28)

Let

- 3
Br= 5w ||+\/ 1B 112 + ang |
© 20ullgY b ;

—1
(IBéVI +\/ 1B 1% + Uk”Qk )

Then for all 8 € [0, 3,],

m* (zx, By, 0) > m" (vx, Bk, tr)

because 1 — fﬁHB;iVH - ﬂQUk”gl]cv 2 0.

Let
o (V{14 52, 2\/m}> 29

From the inequalities

\/ 18I+ gonlol |

4|B,§V|\+\[ allgy’ |

§2maX{Bk I, 7 ak|g}j||}

< \@max{l-l- ||BIJCVH72 UkIIQéVll}v
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and

1
1580 < VE max {1+ 151, 2/l 11}

it follows that 0 < 0, < Bk
Thus replace § in (28) with 6, we obtain that

m™ (zy, By, 0) — m" (zy, By, t)
lga P2 = 361 B || — 500w llgr 1)

V2 max {1+ 1BY)|.2y/oul g I}

It now follows from the definition (29) of 6y, that 0| B)Y| < 1 and 630y g} ||
- || N&|I> < 1, so that the numerator of (30) is bounded below by &||ga'||?. This
and (30) imply the inequality in (27).

(30)

The following lemma gives a useful bound for the tangential step t.

Lemma 4 Suppose that Assumption (G5) holds. Then the tangential step

N
ol < vy 1] (31)

for all k.

Proof Suppose that
[tell > V34 ——, (32)
Ok
for k > 0. In view of g% = NI'(gx + Brni) and Ni is a orthogonal basis for

the null-space of Ay,

m* (zx, By, tx) — m" (zx, B, 0)

1 1
= (gk + Bknk)Ttk + *tsztk + *JkHtkHS
2 3

(G5)

\%

1
(gx + Brni) i, + gakHtkH:S

1
> —ltalllgf Il + goxlltll®

But this contradicts with (27). Hence the assumption (32) must be false. The
lemma is true.
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Assumption (G2) implies that
f(@r) > fuin, (33)

for all k£ and some constant fiin.
For convenience, define the auxiliary function

¢ €T, B — fmin

B(a, ) = L1~ Fin,
W

The important results of @(z, ) are as follows.

Lemma 5 Suppose that {k;}, i > 0, are the indices of the successful iterations
resulting from the algorithm. Then

@(kaﬂki) > 07 (34)
and for any j > 0,

Amk,
¢(xki+j 5 /’(‘ki«{»j) < é(q"kw/’(‘kl) — N L1 - (35)

Proof Due to the fact that pg > 0 for all k, and ¢(xk, pg) > fimin from (33),
(34) holds. Next, we prove the second conclusion. Because k; and k;;q are
consecutive successful iterations, we have that

T = xki+1

for k; +1 <1 < k;;1. Then it follows from pg, > n; that
¢(xkri+1 s ,Uki) - fmin = (b(xkrl-lv :u/w) - fmin < d’(zkm,u]w) - fmin - nlAmkm

and thus

Amki
Q(:Eki+1 b /.Lkl) S Q(xkﬂu’kz) - 7]1 /,Lk *

From the definition of @, and the fact that pp, < ug,,, and (33) give

i+1

1 1
é(xki+17/j‘k’i) - é(xki+17/’[’ki+l) = (f(l'kHl) — fmin) ( — ) > 0.
Mk, Pkiqq

Combining the above two inequalities give that (35) holds for j = 1, which
then implies that @(xk,, ,, pr,,,) < P(@k,, pr,). Therefore, (35) is hold for any
7 >0.

We next investigate the error between the penalty function and its overall
model at the new iterate xx + py.
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Lemma 6 Suppose that assumptions (G1)-(G3) and (31) hold. Then

O(x + proy pir) — My, Be, e, ) < ko(1+ ) || pw]|? (36)
1

S Km(1+ﬂk)77 (37)
Ok

for some constants kg and Ky, .

Proof A Taylor expansion of f(xx + px) and the Lipschitz continuity of g(z)
give that

f(@e +pe) — flar) — i pi < kellpe ),

for some Lipschitz constant kgc. Similarly, the lipschitz continuity of A(x)
implies that

lleCr + pi)ll = lle@r) + Arprll < le(zr +pr) — Arpr — c(zi) || < Foxlpell?,

for another Lipschitz constant k... The above inequalities with the bound

(G3)
piBepr < kglpel?s

yield that

d(xr + pr, ) — m(xg, Br, o, Pi)

1 1
= f(zk +pr) — flze) — g9k pr — 519;‘531@1% - §0k||pk||3

1
(Fex + 51‘63 + Mkf<~'c>c)||pi~c||2

ro(1 + i) llpe

IN

IN

with ko = max{ke + %FLB, Kex }s 1.€., (36) holds.
From the assumptions (G1)-(G3) and (31), there exists a constant M, so
that for all &

g | < M.

Then we can have from (31) that
1
Pkl < llnwll + NIl < (1 + \/3Mg)\/7—k- (38)

Using this bound and (36), we have that (37) holds with k., = ko(1 +

J3M,)2.
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3.2 Feasibility
The following theorem shows the feasibility of the algorithm. The index set of
successful iteration of the algorithm is denoted as

sy {k > 0: k successful or very successful in the sense of (13)}.

Theorem 1 Suppose that assumptions (G1) and (G2) hold. Then

lim ¢(zg) = 0.
k—oo

Proof Since the result is obviously if ¢(x;) = 0 for all sufficiently large [, we
consider any infeasibel iteration x; such that ||¢(x;)|| > 0. First, we shall prove
that the algorithm can not stop at such a point. The Lipschitz continuity of
|lc(z;)]| from assumption (G1) gives that

He@)Il = lleCe)lll < Laflz — all, (39)

for some Ly > 0 and all x. Thus (39) certainly holds for all z in an open ball

Ot {o | o~ < 15001 (10)

We then get that
1
lle@)Il = lleCz)lll < S lle(z)l
from (39) and (40) and thus that

le(@)]] > %IIC(M)II, (41)

which ensures that the bound of ¢(x) is far away from zero for arbitrary z € O;.
(10) and (41) guarantee that

Amy Zl/ukmin{Hc(mk)H,Kin\/%}

> vymin { e, = A=} (42)

for any x € O;.

Let
of = max { (edcenlly ™ fg;ﬁ)f:oo))z} W

If o, > of, (10), (19) and (43) imply that

Amy, > vy

0
ISJI“/O'k7
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which combines with (37) to give

¢(xk +pk7,uk) _ m(l'k, Bk7/~1'k7pk)
Amk

1—pr=

< Kmkn (1 + fix)
T vOug/ok

S].—?]Q.

Hence, so long as o > UZO7 a very successful iteration will occur from any
i € O.

Next, we show that there must be a first successful iterate zy,, k; > ko defy ,
not in O;. Suppose that all iterates xx, € O;. Then

op, < o' e yimax{o, o) }. (44)
Since iteration k; € S is successful, the bounds (35), (42), (44) shows that

Amki
Mk,

qj(xki+17/1’ki+1) < qj(xkiaﬂki) —

1 0
< D(xk,, ;) — Vmin{ c(xy)]|, }
(o)~ momin { Sle(r)l,

By summing the first j of these successful iterations, we get

Amki
Hk;

Qs(xki+_j ; :U‘ki+_7’) < ds(xkq ; /Lk7) — M

1 0
< P(xg,, px,) — Jmymin § = |le(xr)]|, .
< @on) ~ govmin { 3, 2}

Since the right side of this inequality can be made arbitrarily negative by
increasing j, ®(xx,. ,, ftk,,,) must eventually be negative, this is contradiction
with (34). Our assumption that zy,,k; € S > [ is remain in O; must be
incorrect, and thus there must be a first iterate x,,j > 0, not in O;.
Consider the iterates between xy, and x, = 2. (35) and (42) imply that

0

) (45)

. 1
Pty ) < Do, )~ momin | le(en).
for any ¢ < k < j, since xx, € O;. If
kalle(@)]
< | ——
Thi = < 20 :
(35) and (45) with k = j imply that

1 1
D(zny, ;) < Plahys i) — gmvlle(@ll < S(ar, ) — Smvle(z)]. (46)
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On the other hand, if

-2
o < (Il

for all 0 <17 < j.

iz

P(Thyyrs fikir) < Pk, ;) — /o (47)

for each 0 < ¢ < j. Then by summing (47),

v |

(g, pry) < (@i, ) — . ; Jor (48)

But as zx; ¢ Oy, (38) and (40) imply that
lc(z)]| < g, — x| < S ek, , — xk ]| <4(1+ \/?)W)ji1 ! (49)

2L, — s o o ! i=0 VoK
and then (48) gives

By, ) < D, ) — 8(;;5%;&@ (50)

Thus in all cases (46) and (50) ensure that
D, pre;) < Py, ) — Kelle(z) |, (51)

where K, = £71vmax {1, ‘W?’LW}' (51) proves that ||c(x;)|| cannot be

bounded away from zero since [ is arbitrary and {@(zy;,ux,;)} is decreasing
and bounded from below from Lemma 5.

3.3 Optimality

The feasibility of the algorithm has been proved in Theorem 1. Then we turn
to the optimality condition.

Lemma 7 Suppose that assumptions (G1)-(G3) hold and that (21) holds for
all k sufficiently large. Then there are constants pimax > 0 and Kpqm > 0, and
an index k1 such that

Amy > AmI + (g — Fi) Amiy . (52)
and
Mk = fhmaxs (53)
forallk > k.
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Proof (10) implies that juy satisfies
Amy > v Amy (54)

Since assumptions (G3) and (G1) imply that g and Bj are bounded, (21)
gives that ny < Am} /kmn and AmY < ||c(zg)|, and c(zy) is bounded by
(G1), thus we have that

AmE >~k AmY

for some constant kmx > 0. Then (54) immediately gives (52), from which we
obtain that

Amk Z (,uk - K/mk)Am{g\rv

due to Amf > 0.

Hence (54) is evidently satisfied for all y, > 2. In view of (14), every
increase of an insufficient pg_; must be by at least max{(m — 1)uo, 72}, and
therefore the penalty parameter can only be increased a finite number of times.
The required value pimax is at most the first value of uy that exceeds 2k which

1—v?
proves the lemma.

Lemma 8 Suppose that assumptions (G1)-(G3) hold and that (21) holds for
all k sufficiently large. Then there is a constant kntm > 0 and an index k;
such that

Amy, > mbthmkH, (55)
for all k > k.

Proof Consider k > k1 as in Theorem 7, in which case px = ftmax, and let
def 1 . { Vllmax }
Kbtm — —min41l, ——— 5.
2 Kmk — MUmax
If
1 H N
_iAmk < (max — Kmk)Amy,' .

In this event (52) implies that Amy > %AmkH, thus proves that (55).
It

1
—§Am;€[ > (fmax — nmk)AméV.
Since both Amf and Am{c\’ are nonnegative, it must be that ppax < Kmk, in
which case (10) and (11) imply that

Vlbmax

Amp > ——————
2(Kfmk - /J/max)

H
Amy; .

Thus the lemma is proved.
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Lemma 9 Assume that (19) holds. Suppose that xy, is not a first-order critical
point for (1). Then there exists a of) > 0 such that py > n2 if o > op.

Proof Consider two cases, c¢(zy) # 0 and ¢(zy) = 0.
Firstly, suppose that ¢(zy) # 0. Then (10) and (19) imply that

. 0
Amy, > Vukmln{Hc(:Ek.)H, P } . (56)
Let
m/vn 1+ /14—1) 2 0 2
o) = max <H fon ) , . 57
: V(=) ) \sallean] o
If o, > 0, (56) and (57) show that
Amy > v i
b

which combines (37) and the fact {0} is nondecreasing to give

(g + prs k) — m(Tk, Br, b, Pr)

1= Pk = Amk
Fmbn (1 + fik) < Fmbn(1+ 1)
vOugJor —  vOu_1./ok
(57)
S 1-— n2,

which shows that py > 12 and ox41 < 0%
Now suppose that c(xp) = 0. Then, we have that n = 0 and so Amy =
DeltamkH . It then follows from Lemma 3 that

o'l 1
Amy, > Fm|| g 3min , 58
Let Ii, be the index of the last iteration such that ¢(z;, ) # 0. Then
_ def
e < = max{Tiu, , pu, + T2} (59)

Note that ||g)Y || # 0 since x}, is not a first-order critical point and c(x,) = 0.

Let
2

2

1 260 (1 + i

ngmax kB ’ Km JFHEV _ ' (60)
2¢/llg Bt (1 —=m2) gy |2
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Then, if 0}, > 02, we can obtain that

&(xk + Py ) — m(xk, B, fik, Pic)

1 — —
Pk Amy,
(37)%(58) 26m (1 + pg) (592(60) 26m(1+ f)
Y 1758 SV 17704 SV
< 1-mna.

Then, we also obtain that py > 19 and op41 < 0.

The following results are given based on the above conclusions.
Theorem 2 Suppose that (27), assumptions (G1)-(G5) hold. Then

liminf ||Nfgx|| = 0.
k—oo

Proof Suppose that N g), is bounded away from zero, that is
NG gll = 26 >0 (61)

for some constant € > 0 and for all k. NkT Bj.n;, tends to zero from Theorem 1
and assumption (G3). Thus it follows from (61) and the definition of gi¥ that

gl = >0 (62)

for all k > ks.
The assumption (G3), (55) and (27) imply that

lgp ll T [llga

AMmyp > KbimAmt€ Min (63)
KBn 2 (o
1
> KbtmFmt€ min{ < 6} ; (64)
KBn 2\ Ok

for all k > ks def max{k1, ko}, where kg, = kp + 1. Let,

-2 3\ 2
odet (M) | <<1—n2>mbtmnmez> . (65)

KBn 2"”‘3m(1 + ,Ufmax)

And suppose that o > 0, then (65) gives

€ 1 €
Z a )
KBn 2\ Ok

and hence (64) gives

3
KbtmFmt€2 1
Amk > btmmt

- 2 \/O'k.
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Combining this with (37), we obtain that

d)(.]?k +pk7ﬂk) - m(l'k;, Bk,MImpIs) < 2'%111(1 + ,urnax) 1
Amk Rbtm /imtE% VOk

The fact that oy, > 0® and (65) imply that pg > 1. Thus the iteration will be
very successful whenever k > ks and o), > o©.
We now prove that

I—pp =

o) < 207, (66)

for all k > ks.

Suppose that (66) is false. Let k be the first iteration such that opy; >
720°. And 0% > op41 follows from (15), therefore o, > 0. But the itera-
tion k must have been very successful as we concluded at the end of the last
paragraph, thus o > oj41. This contradicts the assumption that k is the first
iteration such that o1 > 720%. Hence, the inequality (66) must hold. So
from (64) and (66), we obtain that

def . e 1 €
Amk > 83 = KbtmKFmt€ mm{ ' 5 0} .
KBn 2\ mo

Forall k € § > ks,

¢($k:a,umax) - Qs(karlvaax) Z nlAmk Z mss,

summing the above over the set of successful iteration between iteration ks
and k, and letting 7, be the number of such successful iteration, we deduce
that

ATk, pmax) < O(Thy, fmax) — Th11S3-

Since assumption (G1) implies that {¢(z, pmax)} is bounded from below,
we obtain that 7 is bounded. But this is impossible, since this would imply
that there is an index [ such that z, = x; for all £ > [ after which the cubic
regularisation parameter o must converge to infinity, which is not compatible
with Lemma 9. Thus our initial hypothesis (61) is false and the conclusion of
this theorem holds.

A stronger conclusion can obtain under the following assumption.
(G6) N[ gy is uniformly continuous on the sequence of iterates {x} }, namely,
INEge, — NEgi, | — 0, whenever ||z, — ;.|| = 0, ¢ — oo, where {z,} and

{z;,} are subsequence of {x}}.
Theorem 3 Suppose that assumptions(G1)-(G6) hold. Then

lim ||N} g = 0.
k—o0
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Proof Assume that there is an infinite subsequence {¢;} C S such that
INEge, || > 3e, (67)

for some € > 0 and for all ¢. Theorem 7 ensures that for each t;, there is a first
successful iteration I; > ¢; such that |[N'g;, || < 2e. Thus {l;} C S and for all
iandti§k<li,

INK gkl > 2¢, and [N gu,

< 2e. (68)
Similar to (62), we have that

lgx’l| = € > 0. (69)

Let K &' {keS:t;<k<l}, where {t;} and {l;} were defined above.

Since K € S, it follows from (27), Assumption (G3), and (55) that

. e 1 /gl

Amy, > KpimKmt€ Min s == 5 ke K. (70)

KBn 2 Ok

From (35), (69), (70), we have for all k € K that,

3
nlﬁbtmﬁmteé . € 1

] - > - —_— . 71
(o) = Bl o) > 2 [ I (m)

Since {®(x, pr)} is monotonically decreasing and bounded from below, (71)
implies that

1
21/0']C
From (72), (71) gives that

0, k—oo, kek. (72)

(53) 1y Kptm Kme €2
D(xp, pg) — P(Tpt1, frg1) = %,
for all sufficiently large k € K. From (68) and (72), we have that (38) is satisfied
when Z := IC, and thus

(73)

3
1 KbtmAmt €2

>
"~ 2pmax (1 + \/gMg)

for all t; < k < l;, k € S, i sufficiently large. Summing the above between
iteration ¢; and [;, and employing the triangle inequality, we deduce that,

D(xg, i) — P(Thg1, Pohot1) okl

l;i—1
2tmax (1 + v 3M, <
a ( \/>3 g) [ds(xti7p’ti) - @(xl'ﬁl'bliﬂ 2 Z HpkH

M EbtmKmt €2 k=t; k€S

l;i—1

> e — |

k=t;,keS
1, — e, ], (74)
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for all ¢ sufficiently large. Since {®@(zx, pir)} is convergent, thus

ZILI?O D2, ;) — P2, ) || = 0,

and then

lim ||z, — 2, || = 0.

11— 00
From assumption (G6),

11— 00
but from (67) and (68),
INE g1, = N ge |l >IN gl = NG gl > e, (76)

this is in contradiction with (75). Then the theorem is proved.

4 Numerical Results

In this section, we present the numerical results of Algorithm 1 which have been
performed on a desktop with Intel(R) Core(TM) i7-6700 CPU @ 3.40GHz. Al-
gorithm 1 is implemented as a MATLAB code and run under MATLAB(R2018a).

In the implementation, the regularisation parameter is updated by the
following rules

max{min{og, || N g||},em} if px > n2,
Okt1 =S Ok if pr. € [11,m2), (77)
20 if pp <m,

where the €, = 1076 7, = 0.01, 7 = 0.9.
Other parameters are set as follows.

v=10"4 1 =27 = 1.

The computation terminates when |c(xy)|| < € and [N gyl < € = 1076
are both satisfied. The test problems are from CUTEst collection [17] and
the results are reported in Table 1, where NF and NC are the numbers of
computation of the objective function and the numbers of computation of the
constraints, respectively.

Table 1: Numerical results of the Algorithm 1

Problem DI NpNG )] INF gl
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Table 1 continued

Problem —D;mem‘:i NENC  [le(zn)]| INT g
AIRCRFTA 8 5 2 1.5932e-08 0
ARGTRIG 1000 1000 3 5.9215¢-12 0
ARTIF 1002 1002 11 1.1690e-07 0
BDVALUE 1002 1000 2 6.4590e-08 0
BOOTH 9 9 4 0 0
BROYDN3D 1000 1000 11 2.4647e-07 0
BT1 2 1 5 2.8036e-08 0
BT2 3 1 14 6.5725e-14  4.2043e-15
BT3 5 3 14 0 5.93466-08
BT4 3 2 8 2.2062e-12  2.7148e-07
BT5 3 2 5 8.2439e-07 3.2411e-09
BT6 5 2 12 8.9752e-07 6.3805e-13
BT7 5 3 13 4.5025e-12  3.7409e-08
BTS8 5 2 11 3.3717e-07 1.5543e-15
BT i 2 13 2.5720e-08  1.3700e-07
BT10 2 2 6 4.4039e-09 0
BT11 5 3 10 5.6118e-12  3.6854e-08
BT12 5 3 8 6.4062¢-08  9.0762¢-10
BYRDSPHR 3 2 10 7.7791e-11 4.6885e-13
CLUSTER 2 2 10 4.8201e-08 0
GENHS28 10 8 5 1.6653e-16  2.5622e-13
GOTTFR 2 3 7 1.1392e-09 0
HATFLDF 3 3 5 8.7862e-07 0
HIMMELBA 2 2 5 0 0
HIMMELBC 2 2 5 2.5104e-09 0
HIMMELBE 3 3 4 0 0
HS06 2 1 10 4.1300e-13  5.8965e-08
HS07 2 1 7 1.7626e-09 1.4652e-08
HS08 9 9 5 9.58736-07 0
FIS09 2 1 9 1.7764e-15  5.4561e-07
HS26 31 18 5.4108¢-12  7.7635e-07
HS27 3 1 20 2.4577e-08 4.9757e-07
HS28 3 1 3 0 1.9907e-06
FIS39 42 8 1.0916e-08  1.6396e-07
FS40 43 3 1.7206e-07  3.1065e-07
FS42 4 2 3 5.6563¢-09  8.6790e-09
HS46 5 2 18 7.6410e-07 2.4454e-08
HS47 5 3 16 2.8813e-07 5.2673e-07
HS48 5 2 4 9.9301e-16 4.4598e-13
FS49 5 2 16 8.8818¢-16  3.57026-07
HS50 5 3 9 8.8818c-16  1.1203¢-16
HS51 5 3 2 0 1.4494e-11
HS52 5 3 5 3.9252e-16  2.4474e-10
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Table 1 continued

Problem —D;men“:i NENC  [le(zn)]| INT g
HS56 7 4 10 4.8508e-07 2.4045e-12
HS61 3 9 7 6.7055¢-08  4.3475¢-09
HS77 5 2 9 7.3125e-11  9.0627e-10
HS78 5 3 8 2.8435e-07 6.5241e-14
HS79 5 3 4 8.1313¢-09  3.9293¢-09
HYPCIR 2 2 4 1.9989e-10 0

MARATOS 2 1 5 3.0114e-12  1.0900e-11
MWRIGHT 5 3 7 5.3368¢-14  1.9160e-13
POWELLBS 2 2 12 7.8350e-07 0

RECIPE 3 3 8 1.7347¢-19 0

S216 2 1 8 4.1389¢-13  6.9983e-10
S219 4 2 27 1.1443e-09 1.4894e-12
3235 31 12 5.4818¢-09 1.8671e-08
3952 31 20 1.76356-07  3.83760-09
3254 3 9 5 4.1170e-07  1.17356-08
S269 5 3 9 1.1102e-16  2.0190e-07
S316 2 1 3 3.9328e-07 0

3317 9 1 5 9.3695¢-08  9.02626-07
3318 2 1 5 1.87026-09  8.7080e-08
S319 2 1 6 1.6644e-12 3.0013e-11
3320 2 1 8 7.1054e-15  6.3238¢-13
S321 2 1 9 T.8773e-12  2.9117e-09
S322 2 1 16 1.4133e-11  5.0594e-07
S336 3 2 8 2.2204e-15 1.5721e-13
3338 3 2 7 3527911 5.6554e-12
3344 31 13 7.3896e-13  9.4816e-07
S345 3 1 22 5.3824e-13  5.5569e-07
S373 9 6 11 2.5657e-10 1.1464e-10
3378 0 3 97 7.48656-09  8.07020-08
S394 20 1 20 1.4158e-11 8.4186e-13
S395 50 1 27 8.6207e-11  3.7018e-12
ZANGWIL3 3 3 2 1.4606e-14 0

5 Conclusion

We have introduced a sequential adaptive regularisation using cubics (SARC)
algorithm for solving nonlinear equality constrained programming. In the pre-
sented algorithm, a specific form of the step is constructed based on composite-
step method. More precisely, the trial step is decomposed to be the sum of
a normal and tangential step, where the former has a specific form depend-
ing on the Jacobian and the constraint function and the latter belongs to the
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null space of the transposed Jacobian and is calculated by solving a standard
ARC subproblem. The exact penalty function is used as the merit function to
decide wether the trial step is accepted. Global convergence is proved under
some suitable assumptions and preliminary numerical results are given.
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