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Abstract

We propose an algorithm to solve convex and concave fractional programs and

their stochastic counterparts in a common framework. Our approach is based on

a novel reformulation that involves differences of square terms in the constraints,

and subsequent employment of piecewise-linear approximations of the concave

terms. Using the branch-and-bound framework, our algorithm adaptively refines

the piecewise-linear approximations and iteratively solves convex approximation

problems. The convergence analysis provides a bound on the optimality gap as

a function of approximation errors. Based on this bound, we prove that the pro-

posed branch-and-bound algorithm terminates in a finite number of iterations

and the worst-case bound to obtain an ε-optimal solution reciprocally depends

on the square root of ε. Numerical experiments on Cob-Douglas production ef-

ficiency and equitable resource allocation problems support that the algorithm

efficiently finds a highly accurate solution. Specifically, it achieves five-digit

accuracy for small size problem instances in reasonable amounts of time while

benchmark algorithms only attain two or three digits of accuracy even after

running for 12 hours. Moreover, our approaches based on a dual reformulation

and a cutting surface algorithm solve the same size of distributionally robust

Cob-Douglas production efficiency programs with a little extra computational
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1. Introduction

Let us consider fractional optimization models of the form

min
x∈X

K∑
k=1

pk
fk(x)

gk(x)
, (1)

where X is a non-empty compact and convex set in Rn and pk ≥ 0 for every

k ∈ [K] := {1, 2, · · · ,K}. If the vector p ∈ RK
+ satisfies

∑K
k=1 pk = 1, the model

is a sample average approximation of a stochastic fractional program minimizing

E
[
f̃(x)
g̃(x)

]
.5

We study two classes of optimization models of the form (1). In the first

model, fk are convex and gk are concave for k ∈ [K], and fk(x) > 0 and

gk(x) > 0 for all x ∈ X and k ∈ [K]. This model is called the convex fractional

program. The second model is the concave fractional program, which has the

form of maxx∈X
∑K

k=1 pk
f ′
k(x)

g′
k(x) where f ′k are concave and g′k are convex for10

k ∈ [K], and f ′k(x) > 0 and g′k(x) > 0 for all x ∈ X and k ∈ [K]. Converting

it to a minimization problem, we can represent this model in the form of (1).

In this work, we study the convex and concave fractional programs as well as

their distributionally robust counterparts in a single framework. We give two

motivating examples below.15

1.1. Motivating Examples

Our consideration of (1) is motivated from the following two application

models. The first model allocates resources to entities in an equitable manner.

This model is useful when the resources available from the suppliers are in

short-supply. The second model is a stochastic generalization of the classical20

Cobb-Douglas model for measuring production efficiency.

2



1.1.1. Equitable Resource Allocation Problem

Suppose that we have m suppliers and n customers. Let ri be the amount

of resource supplier i can provide and dj be the requirement of customer j.

Let bij be the benefit each unit resource from supplier i brings to customer

j. The decision variables xij allocates resources from supplier i to customer j.

A classical model, without equity considerations, maximizes total benefits by

solving

θ∗ := max

m∑
i=1

n∑
j=1

bijxij

sub. to
n∑

j=1

xij ≤ ri,
m∑
i=1

bijxij ≤ dj , xij ≥ 0, i ∈ [m], j ∈ [n].

(2)

However, a solution to (2) may lead to unfair allocation of available resources

to the customers. An equitable resource allocation model balances benefit max-

imization with allocation equity. The objective function in the model described

below minimizes an equity based objective function, while ensuring that the to-

tal benefits from the allocation do not fall below a certain threshold δθ∗, where

δ ∈ (0, 1) and θ∗ is the maximum value in (2). With this consideration, the

equitable resource allocation problem is formulated as

min
1

n

n∑
j=1

∣∣∣∣∣
∑m

i=1 bijxij∑m
i=1

∑n
j=1 bijxij

− 1

n

∣∣∣∣∣
sub. to

n∑
j=1

xij ≤ ri,
m∑
i=1

bijxij ≤ dj , xij ≥ 0, i ∈ [m], j ∈ [n],

m∑
i=1

n∑
j=1

bijxij ≥ δθ∗.

(3)

The objective function in (3) allocates the resources so that each customer

achieves a nearly equal share of the total benefit. Note that problem (3) is a

convex fractional program.25

1.1.2. Stochastic Cob-Douglas Production Efficiency Problem

The Cobb-Douglas production function (Cobb & Douglas, 1928) aggregates

economy-wide information. It was the first production function that was es-
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timated and used for analysis, and resulted in a landmark step in modeling

macroeconomics from the microeconomics perspective (Filipe & Adams, 2005).

The Cobb-Douglas model in (Bradley & Frey Jr, 1974) uses the profit function of

a firm as f(x) = a0

∏n
i=1 x

ai
i where xj are production factors, and a1, a2, · · · , an

are nonnegative parameters such that
∑n

i=1 ai = 1. Due to this constraint on

a1, a2, · · · , an, the function f is concave in x. The set X describes the domain

of production factors. The total cost is a linear function of production factors

and it is given by g(x) =
∑n

i=1 cixi + c0. The production efficiency problem is

formulated as

max
x∈X

a0

∏n
i=1 x

ai
i∑n

i=1 cixi + c0
. (4)

In this model, we may assume that the parameters follow a probability dis-

tribution P. This results in the stochastic programming generalization of the

Cobb-Douglas model. More generally, assuming that the model parameters a

and c follow an unknown probability distribution P, which is contained in a set of

probability distributions D, a distributionally robust Cobb-Douglas production

efficiency model can be formulated as:

max
x∈X

min
P∈D

E(ã,c̃)∼P

[
ã0

∏n
i=1 x

ãi
j∑n

i=1 c̃ixi + c̃0

]
. (5)

The model (5) specializes to a concave fractional program if the set D is a single-

ton and its element P has finite support. For polyhedral and convex ambiguity

sets, we discuss two solution approaches based on a dual reformulation and the

cutting surface algorithm in Section 6.30

1.1.3. Additional Applications

While the development of solution approaches in this paper is motivated from

(3) and (5), the developed methodology can be applied to other applications

such as those arising in information theory (Meister & Oettli, 1967; Aggarwal

& Sharma, 1970), cluster analysis (Rao, 1971), portfolio investment problems35

(Ziemba et al., 2013) and inventory problems (Hodgson & Lowe, 1982). For

additional applications, see Stancu-Minasian (1997).
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1.2. Contributions

This paper studies convex and concave fractional programming problems

and their stochastic counterparts in a common framework. The model studied40

in this paper is a non-convex optimization problem. We give a novel reformula-

tion which, after reformulating nonlinearity as fractional linear terms, represents

this term as a difference of square terms and considers its a piecewise-linear ap-

proximation. An algorithm is developed that adaptively refines this piecewise-

linear approximation by dividing a hyper-rectangle and solving a convex ap-45

proximation problem for each sub-hyper-rectangle to update the lower bound

and the incumbent solution. The basic idea of approximating the difference of

quadratic functions using a piecewise linear approximation was introduced in

Kim & Mehrotra (2021) in the context of linear fractional programming and

its stochastic counterparts. This work generalizes it applicability to a much50

broader setting. A convergence analysis shows that the algorithm attains an ε-

optimal solution after a finite number of iterations. Specifically, the worst-case

bound for the number of iterations is in the order of O(1/
√
ε), which indicates

its efficiency in finding an accurate solution.

We report numerical experiments on the motivating equitable resource allo-55

cation and Cob-Douglas production efficiency problems. The experimental re-

sults reveal that the proposed branch-and-bound algorithm outperforms bench-

mark algorithms on test instances for both problems. For these problems, if

data dimensions are smaller than 15, the proposed algorithm attains a five-digit

accuracy in solution for all cases within the time limit while benchmark algo-60

rithms never attain this accuracy when used with a 12 hour time limit. For

distributionally robust Cob-Douglas production efficiency problems, two solu-

tion approaches based on dual formulation and cutting surface algorithm attain

a five-digit accuracy solution with a little extra computation regardless of the

probability distribution followed by the parameters.65
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2. Literature Review

2.1. Algorithms for Convex Fractional Program

Konno et al. (1994) considers a generalized convex multiplicative program-

ming problem which minimizes r(x) +
∑K

k=1 fk(x)hk(x) subject to a compact

and convex set X where fk(x) > 0, hk(x) > 0, k ∈ [K] and r(x) are convex func-70

tions. This optimization problem specializes to the convex-concave fractional

program when r(x) = 0 and hk(x) = 1/gk(x) for concave gk. This work presents

an outer approximation algorithm that solves a sequence of approximation prob-

lems. The approximation problems are concave minimization problems and the

feasible region is successively refined through linear cuts. This algorithm attains75

ε-optimal solution after a finite number of iterations.

Freund & Jarre (2001) and Benson (2001) present branch and bound al-

gorithms to solve the convex-concave fractional program. In Freund & Jarre

(2001), a K-dimensional hyper-rectangle containing the Cartesian product of

the ranges of gk are branched. For each hyper-rectangle, they solve a convex80

optimization problem using an interior point method, and use the resulting La-

grange multipliers to obtain a linear function, which results in lower bounds

for two sub-hyper-rectangles. This method can easily be modified to accommo-

date the convex-convex fractional program. On the other hand, Benson (2001)

branches a 2K-dimensional hyper-rectangle, which contains the Cartesian prod-85

uct of the ranges of fk and gk. For each hyper-rectangle, it solves two different

convex optimization problems to obtain a lower bound. The branch-and-bound

algorithm in Benson (2001) is shown to obtain an ε-optimal solution in a finite

number of iterations.

2.2. Algorithms for Concave Fractional Program90

Dur et al. (2001), Benson (2002a), and Benson (2002b) present branch and

bound algorithms to solve the concave-convex fractional program. Dur et al.

(2001) introduces K auxiliary variables for fractional terms, and successively

branches them and solves convex approximation problems in a branch-and-

bound framework. In Benson (2002a), K auxiliary variables are introduced for95

6



reciprocals of gk. By branching them and solving convex approximation prob-

lems, it finds an ε-optimal solution. The convergence result states that either

the algorithm terminates after a finite number of iterations or every accumula-

tion point of a sequence of incumbent solutions is an optimal solution. On the

other hand, Benson (2002b) introduces 2K auxiliary variables for fk and gk.100

K auxiliary variables for gk are branched and convex relaxation problems are

derived using the McCormick envelope (McCormick, 1976). The convergence

result in Benson (2002b) is similar to the one given for the algorithm in Benson

(2002a).

3. Convex Approximations105

In this section, we propose a general framework that covers convex and con-

cave fractional programs and their stochastic counterparts as special cases. We

introduce a reformulation involving difference-of-convex constraints and present

the idea of piecewise-linear approximations.

3.1. A General Framework110

Let us consider a general fractional program of the form

min θ

sub. to fk(x) ≤ ck ≤ αk, σβk ≤ σdk ≤ gk(x),
ck
dk
≤ γk, k ∈ [K],

fTπ ≤ θ, HTπ ≥ γ, Pγ ≤ θ1J , x ∈ X , θ ∈ R, γ ∈ RK , π ∈ RL,

(6)

where

(A1) X is a non-empty compact and convex set in Rn.

(A2) fk are convex functions.

(A3) gk are concave functions.

(A4) P is a non-negative matrix in RJ×K .115

(A5) P := {p |Hp = f, p ≥ 0} is a non-empty polytope in RK .

In the above formulation, σ ∈ {−1, 1}. If σ = 1, we assume that
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(A6) fk(x) > 0 and gk(x) > 0 for all x ∈ X and k ∈ [K].

(A7) maxx∈X fk(x) ≤ αk and 0 < βk ≤ minx∈X gk(x) for all k ∈ [K].

Otherwise, we assume that120

(A8) fk(x) < 0 and gk(x) < 0 for all x ∈ X and k ∈ [K].

(A9) maxx∈X fk(x) ≤ αk ≤ 0 and maxx∈X −gk(x) ≤ βk for all k ∈ [K].

The model (6) includes the following optimization models.

3.1.1. Convex Fractional Program

Let αk = maxx∈X fk(x), βk = minx∈X gk(x). Since fk(x) > 0, gk(x) > 0 for

all x ∈ X and k ∈ [K], we can write the convex fractional program as

min θ

sub. to fk(x) ≤ ck ≤ αk, βk ≤ dk ≤ gk(x),
ck
dk
≤ γk, k ∈ [K],

pT γ ≤ θ, x ∈ X , θ ∈ R, γ ∈ RK .

(7)

This has the form of (6) with σ = 1. If the vector p ≥ 0 satisfies
∑K

k=1 pk = 1, (7)125

is a stochastic convex fractional program with finite support or a sample average

approximation to the stochastic convex fractional program when pk = 1/K.

3.1.2. Concave Fractional Program

The concave fractional program has the form of maxx∈X
∑K

k=1 pk
f ′
k(x)

g′
k(x) where

f ′k are concave and g′k are convex for k ∈ [K], and f ′k(x) > 0 and g′k(x) > 0 for

all x ∈ X and k ∈ [K]. Let αk = maxx∈X −f ′k(x), βk = maxx∈X g′k(x). Since

f ′k(x) > 0 and g′k(x) > 0 for all x ∈ X and k ∈ [K], we can write it as

min θ

sub. to − f ′k(x) ≤ ck ≤ αk, g
′
k(x) ≤ dk ≤ βk,

ck
dk
≤ γk, k ∈ [K],

pT γ ≤ θ, x ∈ X , θ ∈ R, γ ∈ RK .

(8)

Note that the concave fractional program (8) is a special case of (6) with σ = −1.

If p ∈ RK
+ satisfies

∑K
k=1 pk = 1, the optimization problem (8) is a stochastic130

concave fractional program with finite support. It is a sample average approxi-

mation of the stochastic concave fractional program if pk = 1/K.
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3.1.3. Distributionally Robust Fractional Program

If the ambiguity set is polyhedral or convex, we can write a reformulation or

a subproblem of a distributionally robust convex or concave fractional program135

in the form of (6). For more information, see Section 6.

3.2. Reformulation

In formulation (6), we have dk > 0. Multiplying dk to ck/dk ≤ γk, we obtain

ck ≤ dkγk for all k ∈ [K]. Let γmk and γMk be lower and upper bounds of

fk(x)/gk(x) subject to x ∈ X for each k ∈ [K]. Since gk(x) 6= 0 for all x ∈ X

and X is a compact set, such bounds are well-defined for every k ∈ [K]. Let

wk :=
γk + dk

2
, vk :=

γk − dk
2

. (9)

Using dkγk = w2
k− v2

k, we represent the constraints as ck + v2
k ≤ w2

k for k ∈ [K].

Using a convex set

S =


(x, c, d, θ, γ, π, w, v)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

fk(x) ≤ ck ≤ αk, σβk ≤ σdk ≤ gk(x), k ∈ [K],

γk + dk = 2wk, γk − dk = 2vk, k ∈ [K],

fTπ ≤ θ,HTπ ≥ γ, Pγ ≤ θ1J , γ
m ≤ γ ≤ γM ,

x ∈ X , c ∈ RK , d ∈ RK , θ ∈ R,

γ ∈ RK , π ∈ RL, w ∈ RK , v ∈ RK .


,

(10)

we obtain an alternative optimization problem of the form

ϑ∗ := min θ

sub. to ck + v2
k ≤ w2

k, k ∈ [K], (x, c, d, θ, γ, π, w, v) ∈ S.
(11)

Proposition 3.1. Two optimization problems (6) and (11) are equivalent:

• If (x∗, c∗, d∗, θ∗, γ∗, π∗) is an optimal solution to (6), then the solution

(x∗, ĉ, d̂, θ∗, γ̂, π∗, ŵ, v̂) such that

ĉk = fk(x∗), d̂k = σgk(x∗), γ̂k =
ĉk

d̂k
, ŵk =

γ̂k + d̂k
2

, v̂k =
γ̂k − d̂k

2
,

for all k ∈ [K] is an optimal solution to (11).
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• If (x∗, c∗, d∗, θ∗, γ∗, π∗, w∗, v∗) is an optimal solution to (11), the solution140

(x∗, c∗, d∗, θ∗, γ∗, π∗) is an optimal solution to (6).

Proof. Let us consider the first case. If σ = 1, we have 0 < d̂k by (A7). For

σ = −1, from gk(x∗) < 0, we have 0 < d̂k. Therefore, regardless of the value of

σ, 0 < d̂k holds. Since γ̂k + d̂k = 2ŵk, γ̂k − d̂k = 2v̂k, and ĉk + v̂2
k ≤ ŵ2

k indicate

ĉk ≤ d̂kγ̂k, we have ĉk/d̂k ≤ γ̂k due to d̂k > 0.145

Also, if σ = 1, we have γ̂k = fk(x∗)/gk(x∗) ≤ c∗k/d∗k = γ∗k due to fk(x∗) > 0

and gk(x∗) > 0. On the other hand, for σ = −1, we obtain γ̂k = fk(x∗)/ −

gk(x∗) ≤ fk(x∗)/d∗k ≤ c∗k/d
∗
k = γ∗k since fk(x∗) < 0 and 0 < −gk(x∗) ≤ d∗k.

Since γ̂k ≤ γ∗k , we have HTπ∗ ≥ γ̂k and P γ̂ ≤ θ∗1J due to P ≥ 0. Therefore,

(x∗, ĉ, d̂, θ∗, γ̂, π∗, ŵ, v̂) is feasible to (11).150

Suppose that (x∗, ĉ, d̂, θ∗, γ̂, π∗, ŵ, v̂) is not an optimal solution to (11). Let

(x̄, c̄, d̄, θ̄, γ̄, π̄, w̄, v̄) be an optimal solution to (11) such that θ̄ < θ∗. From that

γ̄k + d̄k = 2w̄k, γ̄k − d̄k = 2v̄k, and c̄k + v̄2
k ≤ w̄2

k, we have c̄k ≤ d̄kγ̄k. Since

0 < βk ≤ d̄k if σ = 1 and d̄k > 0 due to 0 < −gk(x̄) ≤ d̄k if σ = −1, we obtain

c̄k/d̄k ≤ γ̄k. Therefore, (x̄, c̄, d̄, θ̄, γ̄, π̄) is feasible to (6) with the objective value155

of θ̄ < θ∗, which contradicts the fact that (x∗, c∗, d∗, θ∗, γ∗, π∗) is an optimal

solution to (6). Thus, (x∗, ĉ, d̂, θ∗, γ̂, π∗, ŵ, v̂) is optimal to (11).

To prove the second statement, suppose that (x∗, c∗, d∗, θ∗, γ∗, π∗) is not an

optimal solution to (6). Let (x̄, c̄, d̄, θ̄, γ̄, π̄) be an optimal solution to (6) such

that θ̄ < θ∗. Then, by the first part of the above argument, we can construct160

a feasible solution to (11), which has the objective value of θ̄. This contradicts

the fact that (x∗, c∗, d∗, θ∗, γ∗, π∗) is an optimal solution to (6). Therefore,

(x∗, c∗, d∗, θ∗, γ∗, π∗) should be optimal to (6)

3.3. Piecewise-Linear Approximations

The reformulated problem (11) has K non-convex constraints of the form

ck + v2
k ≤ w2

k for k ∈ [K]. To relax these non-convex constraints, we consider

piecewise-linear approximation of w2
k. Let Wk := {w1

k, · · · ,w
Nk

k } be a set of
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points such that w1
k ≤ · · · ≤ wNk . We define a piecewise-linear function u as

u(wk;Wk) = max
1≤j<Nk

(wj
k + wj+1

k )wk − wj
kw

j+1
k . (12)

Proposition 3.2. For wk ∈ [w1
k,w

Nk

k ], let j be an index such that wj
k ≤ wk ≤

wj+1
k . Then, we have w2

k ≤ (wj
k + wj+1

k )wk − wj
kw

j+1
k ≤ u(wk;Wk). Moreover,

we have

(wj
k + wj+1

k )wk − wj
kw

j+1
k − w2

k ≤

(
wj

k − wj+1
k

2

)2

. (13)

Proof. Let h(wk) = (wj
k +wj+1

k )wk−wj
kw

j+1
k −w2

k. Since h(wj
k) = h(wj+1

k ) = 0

and

h(wk) = −

(
wk −

wj
k + wj+1

k

2

)2

+

(
wj

k − wj+1
k

2

)2

, (14)

we have h(wk) ≥ 0, which leads to w2
k ≤ (wj

k +wj+1
k )wk −wj

kw
j+1
k ≤ u(wk;Wk)165

for wk ∈ [w1
k,w

Nk

k ]. From (14), (13) immediately follows.

Using the piecewise-linear function (12) to approximate the square term w2
k

in (11), we obtain an approximation problem of the form

ϑ̄(W1, · · · ,Wk) := min θ

sub. to ck + v2
k ≤ u(wk;Wk), w1

k ≤ wk ≤ wNk

k , k ∈ [K],

(x, c, d, θ, γ, π, w, v) ∈ S.
(15)

The following proposition states that ϑ̄(W1, · · · ,Wk) serves as a lower bound of

ϑ∗(W1, · · · ,Wk) defined as

ϑ∗(W1, · · · ,Wk) := min θ

sub. to ck + v2
k ≤ w2

k, w
1
k ≤ wk ≤ wNk

k , k ∈ [K],

(x, c, d, θ, γ, π, w, v) ∈ S.

(16)

Proposition 3.3. Every feasible solution to (16) is also feasible to (15). There-

fore, ϑ̄(W1, · · · ,Wk) ≤ ϑ∗(W1, · · · ,Wk).

Proof. Let (x, c, d, θ, γ, π, w, v) be a feasible solution to (16). Then, we have

(x, c, d, θ, γ, π, w, v) ∈ S and ck + v2
k ≤ w2

k for all k ∈ [K]. Since wk ∈170
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[w1
k,w

Nk

k ], by Proposition 3.2, w2
k ≤ u(wk;Wk) for all k ∈ [K]. It implies

that ck +v2
k ≤ w2

k ≤ u(wk;Wk) for all k ∈ [K]. Therefore, (x, c, d, θ, γ, π, w, v) is

feasible to (15). Since (15) and (16) have the same objective function, we have

ϑ̄(W1, · · · ,Wk) ≤ ϑ∗(W1, · · · ,Wk).

In order to model the piecewise linear function u(wk;Wk), we can use binary175

variables with SOS2 constraints. However, in our experience solving this mixed

binary convex approximation problem is computationally costly especially when

Nk is large. Instead of solving this mixed binary convex program, we develop

a spatial branch-and-bound algorithm which adaptively refines piecewise linear

approximations by dividing the space of (w1, w2, · · · , wK) into small hyper-180

rectangles and solves convex approximation problems for sub-hyper-rectangles.

4. An Adaptive Branch-and-Bound Algorithm

Using the idea of piecewise-linear approximations, we introduce a spatial

branch-and-bound algorithm to obtain an ε-optimal solution to (11). Starting

with an initial hyper-rectangle, the algorithm successively breaks it into smaller185

hyper-rectangles and solves a convex approximation problem for each sub-hyper-

rectangle to update the lower bound and the incumbent solution. The algorithm

repeats this until the optimality gap becomes smaller than a tolerance level ε.

4.1. Initial Hyper-Rectangle

To construct an initial hyper-rectangle, we consider lower and upper lower190

bounds of wk. Using the definition of wk in (9), we compute wm
k and wM

k using

the bounds of γk and dk as wm
k = γmk + dmk and wM

k = γMk + dMk where dmk and

dMk are lower and upper bounds of |gk(x)| subject to x ∈ X for k ∈ [K]. Using

the bounds on wk, we construct the initial hyper-rectangle B0 := [wm
1 ,wM

1 ] ×

[wm
2 ,wM

2 ]× · · · × [wm
K ,w

M
K ]. If gk is linear, we can compute tight bounds of dmk195

and dMk by solving linear programming problems. For some applications such as

equitable resource allocation and Cob-Doglous production efficiency problems,
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we are also able to compute tight bounds of γmk or γMk using the Charnes-Cooper

transformation (Charnes & Cooper, 1962) as illustrated in Section 7.

4.2. Approximation Problem200

Let B := [wa
1 ,wb

1]× [wa
2 ,wb

2]× · · · × [wa
K ,w

b
K ] be a hyper-rectangle such that

B ⊂ B0. For each k ∈ [K], we use the line passing through (wa
k, (w

a
k)2) and

(wb
k, (w

b
k)2) to approximate w2

k in the interval of [wa
k,w

b
k]. By Proposition 3.2,

for wk ∈ [wa
k,w

b
k], we have w2

k ≤ (wa
k + wb

k)wk − wa
kw

b
k. Using this inequality,

we obtain a convex approximation problem of the form

ϑ̄(B) := min θ

sub. to ck + v2
k ≤ (wa

k + wb
k)wk − wa

kw
b
k, w

a
k ≤ wk ≤ wb

k, k ∈ [K],

(x, c, d, θ, γ, π, w, v) ∈ S.
(17)

Let ϑ∗(B) be the optimal objective value of (15) with additional box constraints

wa
k ≤ wk ≤ wb

k for k ∈ [K]. Since the linear approximation is a special case of

a piecewise linear approximation, we have ϑ̄(B) ≤ ϑ∗(B) by Proposition 3.3.

4.3. Evaluation Problem

Let (x̄(B), c̄(B), d̄(B), θ̄(B), γ̄(B), π̄(B), w̄(B), v̄(B)) be an optimal solution

to approximation problem (17). Since θ̄(B) serves as a lower bound of ϑ∗(B)

for all B ⊂ B0, taking the minimum of θ̄(B) for all sub-hyper-rectangles B that

partition B0, we are able to compute a lower bound of ϑ∗. In order to compute

an upper bound of ϑ∗, we solve a linear programming problem, which returns

the best objective value x̄(B) can attain, as

ψ(x̄(B)) := min θ

sub. to
fk(x̄(B))

gk(x̄(B))
≤ γk, k ∈ [K],

fTπ ≤ θ,HTπ ≥ γ, Pγ ≤ θ1J , θ ∈ R, γ ∈ RK , π ∈ RL.

(18)

For any x ∈ X , ψ(x) serves as an upper bound of ϑ∗. Therefore, we compute205

ψ(x̄(B)) each time we obtain x̄(B) and update the incumbent solution if needed.

13



4.4. Main Algorithm

After constructing the initial hyper-rectangle B0, we solve the convex ap-

proximation problem (17) with B = B0 to obtain (x̄(B0), ϑ̄(B0)) and com-

pute ψ(x̄(B0)) by solving the evaluation problem (18). Then, we initialize the210

incumbent solution, the iteration counter, and the branch-and-bound tree as

(x0
CB, θ

0
CB)← (x̄(B0), ψ(x̄(B0))), t← 0, and T0 ← {B0, ϑ̄(B0)}.

Algorithm 1 SOC-B
1: optimality tolerance: ε > 0

2: compute bounds on wk, dk and construct an initial hyper-rectangle B0

3: solve (17) with B = B0 and obtain (x̄(B0), ϑ̄(B0))

4: compute ψ(x̄(B0)) by solving (18) and let (x0
CB, θ

0
CB)← (x̄(B0), ψ(x̄(B0)))

5: let t← 0, T0 ← {(B0, ϑ̄(B0))}

6: while true do

7: find Bt such that ϑ̄(Bt) = min(B,ϑ̄(B))∈Tt
ϑ(B) and let ϑ̄t ← ϑ̄(Bt)

8: if ϑtCB − ϑ̄t < ε then

9: return xtCB and θtCB

10: else

11: let (xt+1
CB , θ

t+1
CB )← (xtCB, θ

t
CB)

12: find kt = arg maxk∈[K] (wb,t
k − wa,t

k )2/dmk and let B′t, B′′t as (19), (20)

13: for B ∈ {B′t, B′′t } do

14: solve (17) with B to obtain (x̄(B), ϑ̄(B)) and compute ψ(x̄(B))

15: if ψ(x̄(B)) < θt+1
CB then

16: update (xt+1
CB , θ

t+1
CB )← (x̄(B), ψ(x̄(B)))

17: end if

18: end for

19: Tt+1 ← Tt \ {(Bt, ϑ̄(Bt))} ∪ {(B′t, ϑ̄(B′t))} ∪ {(B′′t , ϑ̄(B′′t ))}

20: end if

21: t← t+ 1

22: end while

At each iteration t, we let Bt := [wa,t
1 ,wb,t

1 ] × [wa,t
2 ,wb,t

2 ] × · · · × [wa,t
K ,wb,t

K ]

14



such that ϑ̄(Bt) = min(B,ϑ̄(B))∈Tt
ϑ(B) and ϑ̄t ← ϑ̄(Bt). Note that ϑ̄t is the best

lower bound until time t. If the relative optimality gap, ϑtCB − ϑ̄t, is smaller

than a tolerance level ε, we terminate with an ε-optimal solution (xtCB, θ
t
CB).

Otherwise, let kt = arg maxk (wb,t
k − wa,t

k )2/dmk and split Bt into B′t and B′′t as

B′t := [wa,t
1 ,wb,t

1 ]× · · · × [(wa,t
kt

+ wb,t
kt

)/2,wb,t
kt

]× · · · × [wa,t
K ,wb,t

K ], (19)

B′′t := [wa,t
1 ,wb,t

1 ]× · · · × [wa,t
kt
, (wa,t

kt
+ wb,t

kt
)/2]× · · · × [wa,t

K ,wb,t
K ]. (20)

For B ∈ {B′t, B′′t }, we solve the convex approximation problem (17) with B to

obtain (x̄(B), ϑ̄(B)) and compute ψ(x̄(B)) by solving the evaluation problem

(18). Comparing ψ(x̄(B)) with the current best upper bound ϑtCB, we update215

the incumbent solution if needed.

Lastly, we update the branch-and-bound tree as

Tt+1 ← Tt \ {(Bt, ϑ̄(Bt))} ∪ {(B′t, ϑ̄(B′t))} ∪ {(B′′t , ϑ̄(B′′t ))}.

The above procedure is repeated until the relative optimality gap becomes

smaller than ε. A complete summary of the proposed method is given in Algo-

rithm 1.

5. Convergence Analysis220

In this section, we provide a convergence analysis for Algorithm 1. Specifi-

cally, we provide a bound on the optimality gap θtCB − θ∗ < ε as a function of

approximation errors at (x̄t, c̄t, d̄t, θ̄t, γ̄t, π̄t, w̄t, v̄t), which is an optimal solution

to (17) with B = Bt. Using this bound, we prove the finite convergence of

the algorithm. Furthermore, we derive a worst-case bound for the number of225

iterations to obtain an ε-optimal solution.

Since X is a non-empty compact set, (11) has an finite optimum. Let

(x∗, c∗, d∗, θ∗, γ∗, π∗, w∗, v∗) be an optimal solution to (11) and M be the max

of ‖P‖∞ := maxi

∑
j |Pij | and max {‖p‖1 | p ∈ P}. We present the bound on

the optimality gap in the following theorem.230
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Theorem 5.1. Let (x̄t, c̄t, d̄t, θ̄t, γ̄t, π̄t, w̄t, v̄t) and ϑt be an optimal solution and

the objective value to (17) with B = Bt. Then, we have

ϑtCB − ϑ∗ ≤ ϑtCB − ϑ̄t ≤M max
k∈[K]

∆k

dmk
, (21)

where

∆k := (wa,t
k + wb,t

k )w̄t
k − wa,t

k wb,t
k − (w̄t

k)2, k ∈ [K]. (22)

Proof. Since (x̄t, c̄t, d̄t, θ̄t, γ̄t, π̄t, w̄t, v̄t) is feasible to (17), we have c̄tk + (v̄tk)2 ≤

(wa,t
k + wb,t

k )w̄t
k − wa,t

k wb,t
k for k ∈ [K]. Using (22), we obtain c̄tk + (v̄tk)2 ≤

(w̄t
k)2+∆k for all k ∈ [K]. From the constraints γ̄tk−d̄tk = 2v̄tk and γ̄tk+d̄tk = 2w̄t

k,

we have v̄tk = w̄t
k − d̄tk, leading to

c̄tk + (d̄tk)2 ≤ 2w̄t
kd̄

t
k + ∆k, k ∈ [K]. (23)

Since d̄tk > 0, dividing (23) by d̄tk yields

c̄tk
d̄tk
≤ γ̄tk +

∆k

d̄tk
, k ∈ [K]. (24)

Let (x̂t, ĉt, d̂t, θ̂t, γ̂t, π̂t, ŵt, v̂t) be a solution such that

x̂t = x̄t, ĉtk = fk(x̄t), d̂tk = gk(x̄t), γ̂tk =
fk(x̄t)

gk(x̄t)
,

ŵt
k =

1

2

(
fk(x̄t)

gk(x̄t)
+ gk(x̄t)

)
, v̂tk =

1

2

(
fk(x̄t)

gk(x̄t)
− gk(x̄t)

) (25)

for k ∈ [K], and

θ̂t = θ̄t +M max
k∈[K]

∆k

d̄tk
, π̂t ∈ arg min fTπ subject to HTπ ≥ γ̂t. (26)

Let p̂t = arg max (γ̂t)T p subject to p ∈ P. Since P is a polytope, such p̂t is

well-defined. By definition, (x̂t, ĉt, d̂t, θ̂t, γ̂t, π̂t, ŵt, v̂t) belongs to S and satisfies

ĉtk + (v̂tk)2 ≤ (ŵt
k)2 for all k ∈ [K]. By (24), we have

γ̂tk =
fk(x̄t)

gk(x̄t)
≤ c̄tk
d̄tk
≤ γ̄tk +

∆k

d̄tk
. (27)
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Moreover, due to the feasibility of (x̄t, āt, b̄t, θ̄t, γ̄t, π̄t, w̄t, v̄t) to (17), we have

fT π̄t ≤ θ̄t, HT π̄t ≥ γ̄t, and P γ̄t ≤ θ̄t1J , resulting in

P γ̂t ≤ P γ̄t + max
j∈[J]

∑K
k=1 |Pjk| · max

k∈[K]

∆k

d̄tk
1J ≤ θ̄t1J +M max

k∈[K]

∆k

d̄tk
1J = θ̂t1J .

By the definition of π̂t, we have HT π̂t ≥ γ̂t. Moreover, we have

fT π̂t = (γ̂t)T p̂t = (γ̄t)T p̂t +

K∑
k=1

p̂tk∆k

d̄tk
≤ fT π̄t +

K∑
k=1

p̂tk∆k

d̄tk

≤ θ̄t +M max
k∈[K]

∆k

d̄tk
≤ θ̂t,

where the first equality follows the strong duality and the first inequality holds

due to weak duality since HT π̄ ≥ γ̄t. Therefore, (x̂t, ĉt, d̂t, θ̂t, γ̂t, π̂t, ŵt, v̂t) is

feasible to (11) with the objective value of θ̂t.

Since (θ̂t, γ̂t, π̂t) is feasible to (18) for x̂t and ψ(x̂t) is an upper bound of ϑ∗,

we have ϑ∗ ≤ ψ(x̂t) ≤ θ̂t. Let B∗t be a hyper-rectangle in Tt such that w∗ ∈ B∗t .

From that (x∗, c∗, d∗, θ∗, γ∗, π∗, w∗, v∗) is feasible to (17) for B = B∗t , it follows

that ϑ̄(B∗t ) ≤ ϑ∗(B∗t ) = ϑ∗. By the definition of Bt in Algorithm 1, we have

ϑ̄t = ϑ̄(Bt) ≤ ϑ̄(B∗t ). Moreover, since ϑtCB is the best upper bound, we have

ϑtCB ≤ ψ(x̂t). Putting things together, we have

ϑtCB − ϑ∗ ≤ ϑtCB − ϑ̄t ≤ θ̂t − θ̄t ≤M max
k∈[K]

∆k

d̄tk
≤M max

k∈[K]

∆k

dmk
. (28)

235

Next, we prove the finite convergence using Theorem 5.1 and the pigeonhole

principle.

Theorem 5.2. For any ε > 0, let n =
∑K

k=1 nk where

nk =

⌈
log2

√
M(wM

k − wm
k )2

4εdmk

⌉
, k ∈ [K]. (29)

Algorithm 1 (SOC-B) terminates within 2n iterations.

Proof. By Theorem 5.1 and (13) in Proposition 3.2, we have

ϑtCB − ϑ̄t ≤M max
k∈[K]

∆k

dmk
≤M max

k∈[K]

(wb,t
k − wa,t

k )2

4dmk
. (30)
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By the termination criterion, SOC-B must terminate at iteration t if wb,t
k −w

a,t
k ≤√

4εdmk /M holds for every k ∈ [K].240

Let B be a partition of B0 constructed by slicing each side of B0 into 2nk

pieces of equal length (wM
k −wm

k )/2nk . By (29), every edge of an hyper-rectangle

in B must be smaller than
√

4εdmk /M . If the algorithm does not terminate

through iteration t, no hyper-rectangle in Tt would have a side of length smaller

than (wM
k − wm

k )/2nk for any k ∈ [K]. Suppose for the sake of contradiction245

that such a hyper-rectangle exists in Tt. If every side is smaller than (wM
k −

wm
k )/2nk for k ∈ [K], we have a contradiction to the fact that the algorithm

does not terminate through iteration t since from (30) the stopping criterion

should have been satisfied before iteration t. On the other hand, suppose that

there exist some k and k′ in [K] such that the side along dimension k is smaller250

than (wM
k −wm

k )/2nk while that along dimension k′ is equal to or greater than

(wM
k′ −wm

k′)/2nk′ . However, this contradicts the branching rule of the algorithm

since the side along dimension k′ should have been branched before the side along

dimension k is branched. Therefore, as long as the algorithm does not terminate

through iteration t, the length of a side along dimension k should not be smaller255

than (wM
k −wm

k )/2nk for all k ∈ [K], which implies that the volume of a hyper-

rectangle in Tt should be at least
∏K

k=1(wM
k −wm

k )/2nk =
∏K

k=1(wM
k −wm

k )/2n.

Since |T0| = 1 and |Tt+1| = |Tt| + 1, at the start of iteration 2n, we must

have 2n + 1 hyper-rectangles in T2n . However, since every hyper-rectangle in

T2n has the volume as large as
∏K

k=1(wM
k −wm

k )/2n, the sum of the volumes of260

all hyper-rectangles in T2n should be larger
∏K

k=1(wM
k − wm

k ), which leads to a

contradiction to the fact that Tt is a partition of B0. Therefore, the algorithm

must terminate before iteration 2n.

Note that 2nk is in the order of O(1/
√
ε). This demonstrates the efficiency

of SOC-B to find a highly accurate solution.265
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6. Distributionally Robust Optimization

In this section, we introduce two solution approaches to solve a distribution-

ally robust convex or concave fractional program with finite support.

6.1. Dual Reformulation

We first consider the case where the ambiguity set is polyhedral. Let P be a

polyhedral ambiguity set as defined in (A5). Then, the distributionally robust

convex or concave fractional program with finite support is formulated as

min θ

sub. to fk(x) ≤ ck ≤ αk, σβk ≤ σdk ≤ gk(x),
ck
dk
≤ γk, k ∈ [K],

pT γ ≤ θ,Hp = f, p ∈ RK , x ∈ X , θ ∈ R, c ∈ RK , d ∈ RK , γ ∈ RK .

(31)

Using the linear programming duality, we can reformulate (31) as follows.270

Proposition 6.1. Optimization problem (31) is equivalent to

min θ

sub. to fk(x) ≤ ck ≤ αk, σβk ≤ σdk ≤ gk(x),
ck
dk
≤ γk, k ∈ [K],

fTπ ≤ θ,HTπ ≥ γ, x ∈ X , θ ∈ R, c ∈ RK , d ∈ RK , γ ∈ RK , π ∈ RL.

(32)

Proof. This follows from the linear programming duality.

Since the above reformulated problem (32) is an instance of (6), we can

use SOC-B to solve it. Note that many finitely supported ambiguity sets are

polyhedral. For the dualized reformulations with polyhedral ambiguity sets, see

Kim & Mehrotra (2021) and Luo & Mehrotra (2020).275
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6.2. Cutting Surface Algorithm

Next, we introduce an iterative approach to solve the distributionally robust

fractional program of the form

min θ

sub. to fk(x) ≤ ck ≤ αk, σβk ≤ σdk ≤ gk(x),
ck
dk
≤ γk, k ∈ [K],

pT γ ≤ θ, p ∈ C, x ∈ X , θ ∈ R, c ∈ RK , d ∈ RK , γ ∈ RK ,

(33)

where C is a convex ambiguity set. To address convex ambiguity sets, many

works (Wiesemann et al., 2014; Bertsimas et al., 2010; Delage & Ye, 2010)

consider the dualization of the inner problem. However, unlike the case with

polyhedral ambiguity sets, strong duality does not necessarily hold for convex280

ambiguity sets if some regularity conditions are not satisfied. To develop an

algorithm applicable in a general setting, we discuss an alternative approach

based on the cutting surface algorithm (Mehrotra & Papp, 2014; Luo & Mehro-

tra, 2019) below.

To solve the semi-infinite problem (33), we consider a sequence of problems

of the form

min θ

sub. to fk(x) ≤ ck ≤ αk, σβk ≤ σdk ≤ gk(x),
ck
dk
≤ γk, k ∈ [K],

P tγ ≤ θ1t, x ∈ X , θ ∈ R, c ∈ RK , d ∈ RK , γ ∈ RK ,

(34)

where each row of P t is an element of a finite set Ct := {p0, p1, · · · , pt} ⊂ C and285

p0 is an empirical distribution. Let (xt, θt, ct, dt, γt) be an optimal solution to

(34) at iteration t and pt+1 be an ε/2-optimal solution to the separation problem

maxp∈C p
T γt. If (pt+1)T γt − θt ≤ ε/2 holds, the algorithm terminates with the

solution (xt, θt, ct, dt, γt). Otherwise, we add a probability cut pt+1 to Ct and

repeat the above process. For a summary, see Algorithm 2290
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Algorithm 2 A cutting surface algorithm for (33)

1: Input: optimality tolerance ε > 0, empirical distribution p0.

2: Step 1: C0 ← {p0}, t← 0.

3: Step 2: Find an optimal solution (xt, θt, ct, dt, γt) of (34) with Ct.

4: Step 3: Find an ε/2-optimal solution pt+1 of the problem maxp∈C p
T γt.

5: Step 4: If (pt+1)T γt − θt ≤ ε/2, stop and return (xt, θt, ct, dt, γt);

otherwise Ct+1 ← Ct ∪ {pt+1}, t← t+ 1, and go to Step 2.

Let θM := maxk∈[K] γ
M
k and Γ := {(x, θ, c, d, γ) | fk(x) ≤ ck ≤ αk, σβk ≤

σdk ≤ gk(x), ck/dk ≤ γk ≤ γMk , pT γ ≤ θ ≤ θM , x ∈ X , θ ∈ R, c ∈ RK , d ∈

RK , γ ∈ RK}.

Theorem 6.1. Suppose that C is a compact set such that
∑K

k=1 pk = 1 and

p ≥ 0 for all p ∈ C. Then, Algorithm 2 returns an ε-optimal solution in a finite295

number of iterations.

Proof. By Proposition 3.1, without loss of generality, we can assume that γm ≤

γt ≤ γM . Since (33) minimizes θ, there exists some 0 ≤ j ≤ t such that

(pj)T γt = θ. From
∑K

k=1 p
j
k = 1 and pj ≥ 0, we have θ ≤ θM . Therefore,

(xt, θt, ct, dt, γt) ∈ Γ holds for all t ≥ 0.300

Since Γ is closed and bounded, Γ is compact. Also, since C is compact, so is

Γ × C. From that g(x, θ, c, d, γ) := γT p − θ is continuous on Γ × C, by (Luo &

Mehrotra, 2019, Theorem 3.2), we obtain the desired result.

7. Computational Performance

We now discuss computational experiments on the two models introduced in305

Section 1.1. Throughout the algorithm presented in this paper is called SOC-B.

7.1. Equitable Resource Allocation Problem

7.1.1. Data Generation

The instances of the equitable resource allocation problem (3) were created as

follows. For each supplier i ∈ [m], we generated the amount of available resource310
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ri ∼ Uniform(0, n). For each customer j ∈ [n], we generated the demand

dj ∼ Uniform(0,m). For each i ∈ [m] and j ∈ [n], we let bij ∼ Uniform(0, 1)

which is the benefit each unit resource from supplier i brings to customer j.

For data dimensions, we consider m ∈ [5, 10, 15] and n ∈ [5, 10, 15]. Thus the

largest instance has 225 decision variables. We generated five instances for315

each dimension combination. For the first part of the experiments, we use the

allocation threshold parameter δ = 0.8. We implemented SOC-B and Benson’s

algorithm (Benson, 2001) using python 3.7.

7.1.2. Bounds Computation

In (3), we have fj(x) = |n
∑m

i=1 bijxij −
∑m

i=1

∑n
j=1 bijxij | and gj(x) =320

|n
∑m

i=1

∑n
j=1 bijxij |. By data generation,

∑m
i=1

∑n
j=1 bijxij ≥ 0 holds for all

feasible x. Therefore, we can compute dmj and dMj by solving linear program-

ming problems. On the other hand, we let γmk = 0 since fj(x) ≥ 0 for all fea-

sible x. To compute γMk , we use the Charnes-Cooper transformation (Charnes

& Cooper, 1962) as γMk = max
∑m

i=1 bijyij −
∑m

i=1

∑n
j=1 bijyij/n subject to325 ∑n

j=1 yij ≤ rit, i ∈ [m],
∑m

i=1 bijyij ≤ djt, j ∈ [n],
∑m

i=1

∑n
j=1 bijyij ≥ δθ∗t,∑m

i=1

∑n
j=1 bijyij = 1, t ≥ 0 and yij ≥ 0, i ∈ [m], j ∈ [n]. We also use linear

programming to compute αj = maxx∈X fj(x) and βj = minx∈X gj(x) in (6).

7.1.3. Experimental Results

For each problem size (m,n), we run the algorithms on five instances with330

a 12-hour time limit. Since SOC-B attains the optimality tolerance of ε =

10−5 for all instances, we only report computation times. On the other hand,

Benson never attains it within the time limit. Therefore, we report relative

optimality gaps upon termination for Benson. The computation times and

relative optimality gaps are reported in Table 1. The experimental results show335

that SOC-B clearly outperforms Benson’s algorithm in all cases. Specifically,

while SOC-B returns a solution with five digit accuracy for all cases, Benson’s

algorithm does not attain this accuracy for any instance. Benson’s algorithm

only achieves three digit accuracy for n = 5 and two digit accuracy for n = 10
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Table 1: Experimental results for equitable resource allocation problem.

Problem
SOC-B Benson

Time (s) Optimality Gap (rel)

m n 1 2 3 4 5 1 2 3 4 5

5

5 85 63 29 31 45 2.16E-02 4.88E-03 4.87E-03 4.88E-03 2.63E-03

10 240 824 230 13792 4080 2.23E-01 4.52E-02 8.76E-02 2.38E-01 1.56E-01

15 9753 26477 38536 3500 29374 4.43E-03 3.73E-01 3.73E-01 6.69E-02 3.97E-01

10

5 33 52 21 39 87 1.13E-01 2.11E-02 1.14E-03 4.53E-03 1.06E-02

10 457 4343 2915 4468 5191 2.69E-01 1.68E-01 1.50E-01 1.07E-01 1.49E-01

15 5985 14765 2509 25537 8546 1.83E-03 4.01E-01 2.27E-01 3.33E-01 3.89E-01

15

5 24 26 68 31 76 2.07E-01 5.97E-03 1.13E-02 4.88E-03 2.90E-02

10 3916 2878 1158 2568 209 4.22E-01 1.60E-01 1.12E-01 1.45E-01 1.59E-03

15 20553 19841 14591 7865 9554 1.00E-03 4.07E-01 3.80E-01 3.85E-01 3.43E-01

and n = 15 instances even after running for 12 hours. These results clearly340

demonstrate the efficiency of SOC-B for solving convex fractional programs.

7.1.4. Equity-Efficiency Analysis

Table 2 reports average objective values for the allocation threshold pa-

rameter δ ∈ {0.5, 0.6, 0.7, 0.8, 0.9, 1.0}. The case with no equity consideration

corresponds to δ = 1 while the case with full equity consideration corresponds to345

δ = 0, completely ignoring the optimal objective value obtained from the benefit

maximization model. As expected, the objective value (unfairness) increases as

equity considerations reduce (δ increase). Compared to the worst case (δ = 1)

about 29% to 65% improvement in fairness is achieved while ensuring at least

80% of the maximum benefit (δ = 0.8).350

7.2. Stochastic Cob-Douglas Production Efficiency Problem

In this section we consider the stochastic and distributionally robust Cob-

Douglas production efficiency problem (5) with finite support. The sample

average formulation of the problem is given as follows:

max
x∈X

K∑
k=1

1

K

[ ∏n
j=1 ak0 x

akj

j∑n
j=1 ckjxj + ck0

]
. (35)

Let X := {x |Ax ≤ b, x ≥ 0}. The distributionally robust variant using the

finitely supported Wasserstein ambiguity set is discussed in Section 7.3.
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Table 2: Sensitivity analysis of the effect of δ on fairness. For each problem instance, we run

the algorithms on five instances and report the average objective values.

Problem δ

m n 0.5 0.6 0.7 0.8 0.9 1.0

5

5 0.0203 0.0318 0.0410 0.0499 0.0596 0.1433

10 0.0218 0.0269 0.0321 0.0362 0.0413 0.0616

15 0.0092 0.0111 0.0139 0.0172 0.0209 0.0360

10

5 0.0408 0.0498 0.0564 0.0641 0.0730 0.1119

10 0.0263 0.0296 0.0323 0.0352 0.0384 0.0654

15 0.0149 0.0181 0.0213 0.0253 0.0295 0.0372

15

5 0.0392 0.0460 0.0508 0.0571 0.0656 0.0847

10 0.0137 0.0180 0.0224 0.0263 0.0300 0.0493

15 0.0156 0.0183 0.0209 0.0232 0.0259 0.0328

7.2.1. Data Generation

Let Aij be the element in the ith row and the jth column of matrix A. For355

each i ∈ [m] and j ∈ [n], we let Aij ∼ Uniform(0, 1) and bi = n for all i ∈ [m].

On the other hand, for each scenario k ∈ [K], we generate ck0 ∼ Uniform(1, 2)

and ckj ∼ Uniform(0, 1) for each j ∈ [n]. For the Cob-Douglas functions, we let

ak0 ∼ Uniform(1, 2) and akj ∼ Uniform(0, 1). Then, we divide akj by
∑n

j=1 akj

so that
∑n

j=1 akj = 1 holds for all k ∈ [K]. For data dimensions, we consider360

n ∈ [5, 10, 20], K ∈ [5, 10], and m = dn/2e. For each dimension, we generate

five instances.

7.2.2. Bounds Computation

Putting (35) in the form of (6), we have fk(x) = −
∏n

j=1 ak0 x
akj

j and gk(x) =

−
∑n

j=1 ckjxj +ck0 with σ = −1. We compute dmj and dMj by solving linear pro-365

gramming problems. For γmk and γMk , we compute γmk using the Charnes-Cooper

transformation (Charnes & Cooper, 1962) as γmk := −max
∏n

j=1 ak0 y
akj

j sub-

ject to Ay ≤ bt, y ≥ 0, and
∑n

j=1 ckjyj + ck0 = 1. We let γMk = 0, and set

αk = 0 and βk = dMk in (6).

7.2.3. Computational Experience with Stochastic Cobb-Douglas Model370

For our computational comparison, we implemented SOC-B (Algorithm 1)

along with two benchmark algorithms (B-G (Benson, 2002b), B-J (Benson,
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Table 3: Experimental results for stochastic Cob-Douglas production efficiency problem.

Problem
n 5 10 15

K 5 10 5 10 5 10

SOC-B Time (s)

1 29 899 110 3644 297 25233

2 30 1378 169 5906 223 21063

3 17 677 89 8427 160 27495

4 25 869 79 3354 229 17386

5 22 672 99 6490 239 13527

B-G Opt. Gap (rel)

1 1.21E-04 2.09E-03 2.27E-04 2.60E-03 2.88E-04 5.32E-03

2 1.26E-04 3.62E-03 3.23E-04 8.37E-03 3.88E-04 6.01E-03

3 1.96E-05 1.23E-03 1.44E-04 6.17E-03 2.34E-04 2.96E-03

4 6.02E-05 2.51E-03 1.22E-04 2.24E-03 3.16E-04 8.66E-03

5 4.15E-05 1.78E-03 2.62E-04 4.62E-03 4.71E-04 6.30E-03

B-J Opt. Gap (rel)

1 4.10E-04 9.59E-03 7.18E-04 1.45E-02 7.84E-04 1.91E-02

2 4.83E-04 1.14E-02 9.24E-04 2.09E-02 9.56E-04 2.42E-02

3 7.53E-05 4.18E-03 4.59E-04 2.24E-02 6.91E-04 1.64E-02

4 1.69E-04 7.64E-03 3.67E-04 1.46E-02 1.12E-03 2.23E-02

5 1.40E-04 1.02E-02 7.40E-04 1.94E-02 1.38E-03 2.33E-02

2002a)). For each problem size (n,K), we run the algorithms on five instances

with a 12-hour time limit and an optimality tolerance of 10−5. We report com-

putation times for SOC-B and relative optimality gaps upon termination for the375

other algorithms in Table 3.

Our experimental results show that B-G and B-J generally fail to achieve

five digits of accuracy in 12 hours. However, SOC-B attains this accuracy for

all instances of any problem size. Moderate size models such that (n,K) ∈

{(5, 5), (5, 10), (10, 5), (10, 10), (15, 5)} are mostly solved within two hours. These380

results clearly demonstrate that SOC-B achieves a significant reduction in com-

putational time in solving stochastic concave fractional programs. However, the

difficulty in finding a solution with the desired level of accuracy increases with

increase in the problem dimension and the number of scenarios.

7.3. Distributionally Robust Cob-Douglas Production Efficiency Problem385

We next present experimental results for the proposed solution approach for

solving distributionally robust Cob-Douglas production efficiency problems. In

these experiments we use the dual formulation (DUAL) based approach and

the cutting-surface algorithm (CUT). Here our interest is also to study the

performance of the algorithms with increasing ambiguity.390
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7.3.1. Data Generation

For each (n,K) ∈ {(5, 5), (5, 10), (10, 5), (10, 10), (20, 5)}, we consider three

types of underlying distributions to investigate the performance of DUAL and

CUT algorithms. For k, j ∈ [K], we sample ak0, akj , ck0, ckj according to the

following probability distributions:395

• Uniform: ak0, ck0 ∼ Uniform(1, 2), akj , ckj ∼ Uniform(0, 1).

• Left-Skewed: ak0, ck0 ∼ 1 + Beta(5, 2), akj , ckj ∼ Beta(5, 2).

• Right-Skewed: ak0, ck0 ∼ 1 + Beta(2, 5), akj , ckj ∼ Beta(2, 5).

After generating ak1, · · · , akn, we divide akj by
∑n

j=1 akj so that
∑n

j=1 akj = 1

holds for all k ∈ [K]. On the other hand, we sample A and b according to the400

procedure in Section 7.2.1 and use the same one for all three instances.

7.3.2. Dual Formulation with Wasserstein Ambiguity Set

Let ∆max be the maximum Wasserstein distance from the nominal (empiri-

cal) probability distribution p0 computed as the max of
∑K

i=1

∑K
j=1 qijd(ξi, ξj)

subject to
∑K

j=1 qij = pi, i ∈ [K],
∑K

i=1 qij = p0
j , j ∈ [K],

∑K
k=1 pk = 1, pk ≥

0, k ∈ [K], qij ≥ 0, i, j ∈ [K]. Note that p0
j = 1/K for all j ∈ [K] in (35). We

use the Wasserstein radius of ∆ := ρ∆max where ρ ∈ {0.01, 0.05, 0.1}. With the

Wasserstein ambiguity set, the dual formulation is stated as

min −
K∑

k=1

p0tk −∆ν + δ

sub. to −
n∏

j=1

ak0 x
akj

j ≤ ck ≤ 0,

n∑
j=1

ckjxj + ck0 ≤ dk ≤ dMk , k ∈ [K],

− sk − rk + δ ≥ γk,
ck
dk
≤ γk, k ∈ [K],

− si + tj + d(ξi, ξj)ν + qij ≤ 0, i, j ∈ [K],

x ∈ X , s ∈ RK , t ∈ RK , r ∈ RK
+ , δ ∈ R, ν ≤ 0, q ∈ RK×K

+ .

(36)

7.3.3. Computational Experience with Distributionally Robust Cob-Douglas Model

Table 4 summarizes the experimental results for distributionally robust Cob-

Douglas production efficiency problem. For each problem size and probability405
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Table 4: Experimental results of distributionally robust Cob-Douglas production model.

Distribution Uniform Left-Skewed Right-Skewed

Problem DUAL CUT DUAL CUT DUAL CUT

n K ρ Obj. Val Time(s) Time(s) Cuts Obj. Val Time(s) Time(s) Cuts Obj. Val Time(s) Time(s) Cuts

5

5

0.01 0.1902 61 59 1 0.06340 93 96 1 0.02575 86 86 1

0.05 0.1846 63 62 1 0.06198 294 104 1 0.02487 142 92 1

0.1 0.1776 66 69 1 0.06023 93 102 1 0.02382 90 91 1

10

0.01 0.2210 3078 1731 1 0.08587 1815 991 1 0.04292 13541 6818 1

0.05 0.2109 2702 2752 2 0.08307 3789 2082 1 0.03973 11298 9404 2

0.1 0.1997 13567 11481 2 0.07981 4482 2264 1 0.03576 13234 16853 2

10

5

0.01 0.1148 163 228 1 0.03321 217 305 1 0.01362 1193 1579 1

0.05 0.1108 175 255 1 0.03241 341 310 1 0.01270 2362 1789 1

0.1 0.1061 187 244 1 0.03142 305 385 1 0.01166 1368 1755 1

10

0.01 0.1133 7490 9903 2 0.03419 27935 22661 1 0.02105 131599 102946 1

0.05 0.1098 6623 10824 2 0.03290 37994 31880 1 0.01970 149849 109526 1

0.1 0.1054 6823 24683 3 0.03149 72612 63238 1 0.01818 258533 174838 1

15

5

0.01 0.07796 400 649 1 0.03642 431 689 1 0.006737 8794 12836 1

0.05 0.07653 409 617 1 0.03607 1086 719 1 0.006133 9916 14201 1

0.1 0.07491 327 945 2 0.03565 452 775 1 0.005417 12592 16020 1

10

0.01 0.07506 53060 53553 1 0.02620 94760 110281 1 0.01569 437813 525410 1

0.05 0.07269 53776 61072 1 0.02525 97719 121190 1 0.01475 451222 556338 1

0.1 0.07055 85141 273111 3 0.02439 151191 162722 1 0.01363 604801 604800 1

distribution, we generate a problem instance and run the algorithms for three

different values of ρ. We run the dual (DUAL) formulation and cutting surface

(CUT) solution approaches until they attain the relative optimality gap of 10−5.

We report objective values, computation times and the number of probability

cuts needed in the cutting surface algorithm. In these experiments we did not410

impose a time limit, allowing us to make a more complete comparison.

Computational results suggest that when compared to the performance re-

ported in Table 3 the DUAL algorithm takes only two to three times more

computation time than the time required to solve the underlying stochastic

programs. While the CUT algorithm mostly required only one or two prob-415

ability cut for our test instances, the DUAL algorithm still tends to be more

efficient than the CUT algorithm. We also observe that the computation times

of DUAL algorithm remains similar for different values of ∆. However, the time

required by the CUT algorithm increases with ∆, as more probability cuts are

required in this case. This is because a new non-convex optimization problem420

is solved after the addition of a probability cut. Even though the new problem

is solved with a warm-start, the time required to solve multiple problems with
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sufficient accuracy is not offset despite it being in a lower dimension. Lastly,

computation times vary widely across parameter distributions. It takes less

time to solve problem instances from the uniform distribution than those from425

the skewed distributions. Among the skewed distributions, larger size instances

generated from the right-skewed distribution take substantially more computa-

tion time than those generated from the left-skewed distribution. The reasons

for this phenomenon are unclear.

8. Concluding Remarks430

We study convex and concave fractional programs as well as their stochastic

counterparts in a common framework. Having the worst-case iteration bound

reciprocally depend on ε, the proposed branch-and-bound algorithm efficiently

finds a highly accuracy solution to moderate size equitable resource allocation

and stochastic Cobb-Douglas problem instances. Although the problem diffi-435

culty does grow rapidly with number of scenarios and variables in the problem,

the algorithm developed in this paper is a significant advancement over previ-

ously known algorithms that can be used for solving such problems.
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