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1 Introduction21

Trust region methods are powerful techniques for nonlinear optimization that22

have the ability to incorporate second-order information, without requiring23

it to be positive definite. They are endowed with strong global convergence24

properties and have proven to be e↵ective in practice. Although the design and25

analysis of trust region methods are well established in the absence of noise26

(or errors), this is not the case when noise is present.27

In this paper, we show how to redesign the classical trust region method for28

unconstrained optimization to handle problems where the objective function,29

gradient, and (possibly) Hessian, are subject to bounded, non-diminishing30

noise. This involves only one modification in the algorithm: the ratio of ac-31

tual/predicted reduction used for step acceptance is now relaxed by a term32

proportional to the noise level. All other aspects of the classical trust region33

method remain unchanged. We show that, under mild conditions, the proposed34

algorithm converges to a neighborhood of stationary points, where the size of35

the neighborhood is determined by the level of noise. This analysis is more36

complex than for line search methods due to the e↵ects of memory encapsulated37

in the trust region update. Our convergence results do not assume convexity of38

the objective function but only that it is su�ciently smooth.39

Examples of practical optimization applications with bounded noise include40

those that employ mixed-precision arithmetic; problems where derivatives are41

approximated by finite di↵erences; and problems in which the evaluation of42

the objective function (and gradient) contain computational noise.43

This investigation was motivated by numerical experiments performed by the44

authors that indicated that, although the classical trust region approach often45

tolerates significant levels of noise, it can fail in certain situations. This raises46

the question of how to best modify the method to avoid failures. The algorithm47

proposed here is inspired by work on line search methods for unconstrained48

optimization [2,27] and equality constrained optimization [21]. In those papers,49

convergence-to-neighborhood results were derived but the analysis presented50

here follows di↵erent lines, as trust region methods require di↵erent proof51

techniques.52

The paper is organized into 5 sections. In the rest of this section, we provide53

a review of the relevant literature. In section 2, we describe the problem54

setting and the proposed trust region algorithm. The main convergence results55

are presented in section 3. Numerical experiments, summarized in section 4,56

indicate that the new algorithm is more robust than the classical method.57

Section 5 presents the final remarks on the contributions of this work.58

1.1 Literature Review59

The study of nonlinear optimization problems with errors or noise in the60

function and gradient has attracted attention in recent years, motivated by61
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the use of finite di↵erence approximations to derivatives [19,26,25] and by62

applications in machine learning; see [15] for a review of some recent work.63

One of the earliest investigations of trust region methods with errors is64

[10], which proved global convergence assuming that the errors in the gradient65

diminish at a rate that is proportional to the norm of the true gradient; this66

condition is referred to as the norm test in [7,8]. The importance of the norm67

test was promoted in [9], which established linear convergence and complexity68

bounds for an adaptive sampling method for empirical risk minimization, as69

well as in [12,22], which establishes convergence in probability for a stochastic70

line search method.71

Prior studies of optimization methods for minimization of functions with72

non-diminishing, bounded errors include [2], which employed a relaxed Armijo73

back-tracking line search and established linear convergence to a neighborhood74

of the solution for strongly convex functions. Stopping time guarantees for the75

same relaxed line search is proven in [3]. A similar relaxed Armijo back-tracking76

line search technique is used in [18], which considered di↵erent oracles from77

[22] to allow biased estimates, and provided complexity bounds for di↵erent78

noise structures under probabilistic frameworks. Quasi-Newton methods were79

analyzed in [27], which described a noise tolerant modification of the BFGS80

method; [24] showed ways to make this method robust and e�cient in practice.81

For constrained optimization, [4,5,14] studied a sequential quadratic pro-82

gramming (SQP) method for equality constrained optimization in the case when83

the objective function is stochastic and the constraints are deterministic. Those84

three papers give conditions under which convergence can be expected, giving85

careful attention to the behavior of the penalty parameter. Using a relaxed86

Armijo line search procedure, [21] shows global convergence to a neighborhood87

of the solution for an SQP method for equality constrained problems.88

Analysis for trust region methods with more general (unbounded) noise89

is presented in [13], which establishes almost sure global convergence under90

the assumption that function and gradient information is su�ciently accurate91

with high enough probability. [6] views the optimization as a generic stochastic92

process, and improves upon the results of [13]. The analysis presented in93

[6] establishes convergence results for a trust region method and, under the94

assumption of su�ciently accurate stochastic gradient information, derives a95

stopping time result and a second order global complexity bound. A method96

inspired by trust region techniques is [16], which uses step normalization97

techniques in the stochastic optimization setting, and establishes conditions98

for linear and sublinear convergence. A series of papers, including [11,1,17],99

analyze regularization and trust region methods with adaptive accuracy in the100

function and gradient evaluations, and establish worst case complexity bounds.101

The style of analysis presented in [13,6,16], which is used to prove con-102

vergence in probability, stands in contrast with the deterministic technique103

employed in this paper, which assumes bounded errors. It remains to be seen104

which approach is more useful for the design of noise tolerant optimization105

methods—or whether the two approaches complement each other.106
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2 Problem Statement and Algorithm107

Our goal is to design a trust region method to solve the unconstrained mini-108

mization problem109

min
x2Rn

f(x), (1)

in the case when the function f(x) and gradient g(x) = rf(x) cannot be110

evaluated exactly. Instead, we have access to noisy observations of the above111

quantities, which we denote as f̃(x), and g̃(x). We write112

f̃(x) = f(x) + �f (x), and g̃(x) = g(x) + �g(x), (2)

where the error functions (or noise) �f (x), �g(x) are assumed to be bounded,113

i.e.,114

|�f (x)|  ✏f , k�g(x)k  ✏g, 8x 2 Rn
. (3)

Throughout the paper k · k stands for the Euclidean norm.115

Let us apply a classical trust region method to problem (1). At each iterate,116

the method constructs a quadratic model117

mk(p) = f̃(xk) + g̃(xk)
T
p+

1

2
p
T
B̃kp, (4)

and solves the following trust region subproblem for the step pk:118

min
p2Rn

mk(p) s.t. kpk  �k. (5)

In Equation (4), B̃k could be defined as a noisy evaluation of the Hessian, a119

quasi-Newton matrix, or some other approximation. To decide if the step pk120

should be accepted—and if the trust region radius �k should be modified—121

classical trust region methods employ the ratio of actual to predicted reduction122

in the objective function, defined as123

f̃ (xk)� f̃ (xk + pk)

mk(0)�mk (pk)
. (6)

This ratio is, however, not adequate in the presence of noise because if �k124

becomes very small, the numerator can be of order ✏f , while the denominator125

will be proportional to �k. Thus, if �k << ✏f , the ratio (6) may exhibit126

wild oscillations that can cause the algorithm to perform erratically; see the127

examples in Section 4.128

To address this issue, we propose the following noise tolerant variant of (6):129

130

⇢k =
f̃ (xk)� f̃ (xk + pk) + r✏f

mk(0)�mk (pk) + r✏f
, (7)

where r > 2 is a constant specified below. The reason for relaxing both the131

numerator and denominator in (7) is to be consistent with the classical narrative132

of trust region methods where a ratio close to 1 is an indication that the model133

is adequate. An alternative approach would be to relax only the numerator and134
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interpret the condition ⇢k > c (where c > 0 is a constant) as a relaxed Armijo135

condition of the type studied in [2,21]. We find the first interpretation to be136

easier to motivate and to yield tighter bounds in the convergence analysis. We137

state the algorithm as follows.138

Algorithm 1: Noisy Trust-Region Algorithm

1 Initialize �0, and chose constants 0 < c0  c1 < c2 < 1 and ⌫ > 1
2 while a termination condition is not met do
3 Compute pk by solving (5) (exactly or approximately);
4 Evaluate ⇢k as in (7);
5 if ⇢k < c1 then
6 �k+1 = 1

⌫�k;
7 else if ⇢k > c2 then
8 �k+1 = ⌫�k;
9 else

10 �k+1 = �k;
11 end
12 if ⇢k > c0 then
13 xk+1 = xk + pk;
14 else
15 xk+1 = xk;
16 end
17 Set k  k + 1;
18 end

139

Typical values of the parameters are c0 = 0.1, c1 = 1
4 , c2 = 1

2 , ⌫ = 2, but140

other values can be used in practice. The global convergence result presented141

in the next section holds if the constant r in (7) is chosen as142

r = 2/(1� c2). (8)

We assume that the step pk computed in step 3 yields a decrease in the model143

mk that is at least as large as that given by the Cauchy step (defined below).144

This provides much freedom in the design of the algorithm, and includes the145

dogleg and Newton-CG methods, as well as the exact solution of the trust146

region problem; see, e.g., [20].147

In practice it can be useful to increase the trust region radius in Step 7 only148

if ⇢k > c2 and kpkk = �k, as this can prevent unnecessary oscillations in the149

trust region radius. The convergence result presented in the next section can150

easily be extended to that case, assuming certain technical conditions on the151

step computation—which are satisfied by the dogleg and Newton-CG methods.152

3 Global Convergence Analysis153

In this section, we establish a global convergence result for Algorithm 1 that154

applies to general objective functions. The proof is based on the observation155
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that, when the gradient is large enough, the trust region radius will eventually156

become large too, ensuring su�cient descent in the objective function despite157

the presence of noise. This drives the iteration toward regions where the158

stationarity measure is small (i.e., comparable to the noise level).159

We begin by establishing a standard requirement on the step computation160

based on the Cauchy step p
c
k for problem (1), which is defined as161

p
c
k = �⌧k

�k

kg̃kk
g̃k, (9)

where162

⌧k =

(
1 if g̃Tk B̃kg̃k  0

min
⇣
kg̃kk3

�⇣
�kg̃

T
k B̃kg̃k

⌘
, 1
⌘

otherwise.
(10)

As is well known (see e.g. [20, Lemma 4.3]), the reduction in the model provided163

by the Cauchy step satisfies164

mk(0)�mk(p
c
k) �

1

2
kg̃kkmin

0

@�k,
kg̃kk���B̃k

���

1

A . (11)

We assume that the step pk computed by Algorithm 1 yields a reduction in165

the model that is not less than that produced by the Cauchy step, i.e.,166

mk(0)�mk(pk) � mk(0)�mk(p
c
k) �

1

2
kg̃kkmin

0

@�k,
kg̃kk���B̃k

���

1

A . (12)

We can now state the assumptions on the problem and the algorithm under167

which the global convergence results are established.168

Assumption 1. The objective function f is Lipschitz continuously di↵eren-169

tiable with constant L, i.e.,170

kg(x)� g(y)k < Lkx� yk. (13)

Assumption 2. The error in the function and gradient evaluations is bounded,171

i.e., (3) holds for some constants ✏f , ✏g.172

We impose no other conditions on the errors, other than boundedness. Next,173

we impose a minimal requirement on the Hessian approximations.174

Assumption 3. There is a constant LB > 0 such that the matrices B̃k satisfy175

176

kB̃kk < LB , 8k. (14)

There is freedom in the computation of the step pk, but it must yield Cauchy177

decrease.178

Assumption 4. The step pk computed by Algorithm 1 satisfies (12).179

This assumption can be relaxed so as to require only a fraction of Cauchy180

decrease, but we do not do so here to avoid the introduction of more constants.181

The final requirement is standard.182

Assumption 5. The sequence {f̃k} generated by Algorithm 1 is bounded below.183

We now proceed with the analysis.184
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3.1 Properties of the ratio ⇢k185

We begin by establishing a bound between ⇢k and 1. From (7), we have186

|⇢k � 1| =

�����
mk (pk)� f̃ (xk + pk)

mk(0)�mk (pk) + r✏f

����� . (15)

From Taylor’s Theorem we have

f̃(xk + pk) = f(xk + pk) + �f (xk + pk)

= f (xk) + g
T
k pk +

Z 1

0
[g (xk + tpk)� gk]

T
pkdt+ �f (xk + pk).

With this, by (13), (14), and (3), we obtain
���mk(pk)� f̃(xk + pk)

���  1
2 (LB + L)kpkk2 + ✏gkpkk+ 2✏f (16)

⌘ Mkpkk2 + ✏gkpkk+ 2✏f ,

where187

M = 1
2 (LB + L). (17)

By substituting (16) and (12) into (15), we establish the following result.188

Lemma 1 If ⇢k is defined by (7), then for all k,189

|⇢k � 1|  M�
2
k + ✏g�k + 2✏f

1
2kg̃kkmin(�k, kg̃kk/kB̃kk) + r✏f

. (18)

This lemma suggests that ⇢k can be made close to 1 by decreasing �k, up190

until the noise term ✏f dominates. This assertion will be made more precise191

below.192

3.2 Lower Bound on Trust Region Radius193

We now show that if �k is very small and the gradient is large compared to194

the noise ✏g, Algorithm 1 will increase the trust region radius. We recall that r195

is defined in (8) and that ⌫ > 1.196

Lemma 2 (Increase of Trust Region Radius) Suppose that, at iteration197

k,198

kg̃kk > r✏g + �, (19)

for some constant � > 0. Then, if199

�k  �̄ =:
�

rM
, (20)

we have that200

�k+1 = ⌫�k. (21)
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Proof. Since r > 2, we have from (14), (17) and (19) that201

rM > 2M > kB̃kk and � < kg̃kk, (22)

and thus202

�̄ < kg̃kk/kB̃kk. (23)

Thus, if �k  �̄, we have203

min(�k, kg̃kk/kB̃kk) = �k. (24)

In addition, if �k  �̄, we also have204

M�k + ✏g M�̄+ ✏g =
�

r
+ ✏g =

1

r
(r✏g + �). (25)

Substituting (24), (19), (25) and (8) into (18), we have that for all �k  �̄

|⇢k � 1|  M�
2
k + ✏g�k + 2✏f

1
2kg̃kk�k + r✏f

<
M�

2
k + ✏g�k + 2✏f

1
2 (r✏g + �)�k + r✏f

<

1
r (r✏g + �)�k + 2✏f
1
2 (r✏g + �)�k + r✏f

=
2

r

= 1� c2. (26)

This implies that ⇢k > c2, and by step 8 of Algorithm 1 we have that �k+1 =205

⌫�k.206

A consequence of this lemma is that there is a lower bound for the trust207

region radius if the norm of the noisy gradient remains greater than r✏g.208

Corollary 1 (Lower Bound on Trust Region Radius) Given � > 0, if209

there exist K > 0 such that for all k � K210

kg̃kk > r✏g + �, (27)

then there exist K0 � K such that for all k � K0,211

�k >
1
⌫ �̄ =

�

⌫rM
. (28)

Proof. We apply Lemma 2 for each iterate after K to deduce that, whenever212

�k  �̄, the trust region radius will be increased. Thus, there is an index K0213

for which �k becomes greater than �̄. On subsequent iterates, the trust region214

radius can never be reduced below �̄/⌫ (by Step 6 of Algorithm 1) establishing215

the bound (28).216
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Remark. In traditional trust region analysis for deterministic (noiseless)217

optimization, one shows that the trust region radius will not shrink below218

a certain value that depends on the Lipschitz constant and the norm of the219

current gradient. However, that analysis does not imply that the trust region220

will increase beyond a certain threshold, which is required in the presence of221

noise. We need to show that the trust region eventually becomes large enough222

with respect to the noise level so that progress can be made. This di↵erentiates223

our analysis from classical trust region convergence theory.224

3.3 Reduction of Noisy Function225

The classical trust region algorithm is monotonic, as it requires a reduction226

in the objective function when accepting a step. Due to the relaxation in (7),227

Algorithm 1 can accept steps that increase the noisy function. However, when228

the iterates are far from the solution, this is not the case. We now show that229

when the noisy gradient and trust region radius are both large enough, the230

reduction in the objective is large enough to overcome any increase allowed by231

(7).232

Lemma 3 (Noisy Function Reduction) Suppose that for some k > 0233

kg̃kk > r✏g + � and �k �
�̄

⌫
=

�

⌫rM
, (29)

where234

� = ⌘ + µ, (30)

with µ > 0 an arbitrarily small constant, and235

⌘ =
1

2
(�r✏g + �) , � =

s

(r✏g)2 + 8⌫r2
✓

1

c0
� 1

◆
M✏f . (31)

Then, if the step is accepted at iteration k by Algorithm 1, we have236

f̃ (xk)� f̃ (xk + pk) >
c0

2⌫rM

�
µ� + µ

2
�
. (32)

Proof. As argued in (23), �̄ = �
rM <

kg̃kk
kB̃kk , and therefore237

min

0

@�k,
kg̃kk���B̃k

���

1

A � �

⌫rM
. (33)

If the step pk is accepted, we have from Step 12 of Algorithm 1 that ⇢k > c0,238

which by (7) is equivalent to239

f̃ (xk)� f̃ (xk + pk) + r✏f

mk(0)�mk (pk) + r✏f
> c0. (34)
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Thus by (12), (29), (33) and (30)

f̃ (xk)� f̃ (xk + pk) >c0 [mk(0)�mk(pk)] + r(c0 � 1)✏f

�c0

2
kg̃kkmin

0

@�k,
kg̃kk���B̃k

���

1

A+ r(c0 � 1)✏f

>
c0

2⌫rM
(r✏g + �) � + r(c0 � 1)✏f

>
c0

2⌫rM
(r✏g + ⌘) ⌘ + r(c0 � 1)✏f . (35)

We now chose ⌘ so that the right hand side is positive. We obtain240

⌘ � 1

2
(�r✏g + �) or ⌘  1

2
(�r✏g � �)

We wish for ⌘ to be the smallest positive value satisfying these inequalities,241

yielding242

⌘ =
1

2
(�r✏g + �) . (36)

Substituting this quantity in (35), we have

f̃ (xk)� f̃ (xk + pk) >
c0

2⌫rM
(r✏g + �) � + r(c0 � 1)✏f

=
c0

2⌫rM
(r✏g + ⌘ + µ) (⌘ + µ) + r(c0 � 1)✏f

=
c0

2⌫rM

✓
r✏g +

1

2
(�r✏g + �) + µ

◆✓
1

2
(�r✏g + �) + µ

◆
+ r(c0 � 1)✏f

=
c0

2⌫rM
(r✏g/2 + �/2 + µ) (�r✏g/2 + �/2 + µ) + r(c0 � 1)✏f

=
c0

2⌫rM

h
(�/2 + µ)2 � (r✏g/2)

2
i
+ r(c0 � 1)✏f

=
c0

2⌫rM

h
(�/2)2 + µ� + µ

2 � (r✏g/2)
2
i
+ r(c0 � 1)✏f

=
c0

2⌫rM


�
2 � (r✏g)2

4
+ µ� + µ

2

�
+ r(c0 � 1)✏f

=
c0

2⌫rM

2

4
(r✏g)2 + 8⌫r2

⇣
1
c0
� 1
⌘
M✏f � (r✏g)2

4
+ µ� + µ

2

3

5+ r(c0 � 1)✏f

=
c0

2⌫rM


2⌫r2

✓
1

c0
� 1

◆
M✏f + µ� + µ

2

�
+ r(c0 � 1)✏f

=r(1� c0)✏f +
c0

2⌫rM

�
µ� + µ

2
�
+ r(c0 � 1)✏f

=
c0

2⌫rM

�
µ� + µ

2
�
.

243
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The first inequality (29), together with (30), (31), identify the region where244

noise does not dominate and progress in the objective function can be guaran-245

teed. The constant µ was introduced to ensure that our analysis is meaningful in246

the case when noise is not present (✏f = ✏g = 0), as it shows that a decrease in247

the objective is achieved. Nonetheless, the global convergence results presented248

below are of interest only when noise is present, so there we essentially absorb249

µ into ⌘ by setting µ = ✏g/2.250

To summarize the results obtained so far, Lemma 2 states that when kg̃kk251

is large enough, the trust region is either large enough or will eventually be252

increased to be so. Lemma 3 states that when the gradient and trust region are253

both large enough, every accepted iterate reduces the noisy objective function by254

a non-vanishing amount. We show that this drives iterations towards stationary255

points of the problem.256

3.4 Global Convergence Theorems257

Our global convergence results are presented in two parts. The first result258

states that the iterates visit, infinitely often, a critical region characterized by259

a small gradient norm. The second result states that after visiting the above260

critical region for the first time, the iterates cannot stray too far from it, as261

measured by the objective value.262

Theorem 6 (Global Convergence to Critical Region) Suppose that263

Assumption 1 through Assumption 5 are satisfied. Then, the sequence of iterates264

{xk} generated by Algorithm 1 visits infinitely often the critical region C1 defined265

as266

C1 =

⇢
x : kg(x)k  (r + 1) ✏g +

�

2

�
, (37)

where r and � are defined in (8), (30), (31), with µ = ✏g/2, ⌫ > 1 and M given267

by (17).268

Proof. Assume by way of contradiction that there exist K 0 such that for all269

k > K
0

270

kg(xk)k > (r + 1) ✏g +
�

2
. (38)

Thus, by (3), definition (31) of ⌘, and setting µ = ✏g/2, we have that for all
k > K

0

kg̃(xk)k > r✏g +
1
2�

= � 1
2r✏g +

1
2� + 3

2r✏g

= ⌘ + r✏g +
1
2r✏g

> r✏g + ⌘ + µ (since r > 1)

= r✏g + �. (by (30)) (39)
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We now apply Corollary 1 and deduce that there exist K0 � K
0, such that271

for all k � K0,272

�k >
�

⌫rM
. (40)

When a step is not accepted, ⇢k < c0 < c1, and Algorithm 1 will reduce273

the trust region radius. If no step is accepted for all k > K0, the trust region274

radius would shrink to zero, contradicting (40). Therefore, there must exist275

infinitely many accepted steps. Now, by (39), (40) the conditions of Lemma 3276

hold, and we deduce that each accepted step k
0
> K0 achieves the reduction277

f̃ (xk0)� f̃ (xk0 + pk0) >
c0

2⌫rM

�
µ� + µ

2
�
=

c0

2⌫rM

 
✏g

2
� +

✏
2
g

4

!
. (41)

Since, as mentioned above, there is an infinite number of accepted steps, we278

deduce that {f̃(xk)}! �1, contradicting Assumption 5. Therefore, the index279

K
0 defined above cannot exist and we have that (38) is violated an infinite280

number of times.281

The achievable accuracy in the gradient guaranteed in (37) depends on282

✏g and
p
✏f , by the definition of �. The dependence on ✏g is evident, while283

the dependence on
p
✏f is due to the combined (multiplicative) e↵ect of the284

gradient and the trust region radius bound.285

Before stating our next theorem, we prove two simple technical results.286

Proposition 1 If Algorithm 1 takes a (nonzero) step at iteration k, then287

f̃k+1 � f̃k < r(1� c0)✏f . (42)

Proof. If the step is taken, we have from Step 12 of Algorithm 1 that ⇢k > c0,288

which by (7) is equivalent to289

f̃ (xk)� f̃ (xk + pk) + r✏f

mk(0)�mk (pk) + r✏f
> c0, (43)

and since pk cannot increase the model mk, we have290

f̃ (xk)� f̃ (xk + pk) > c0 [mk(0)�mk(pk)] + r(c0 � 1)✏f > r(c0 � 1)✏f . (44)

291

Next, we employ Lemma 2 and obtain the following result.292

Corollary 2 (Maintaining Lower Bound on Trust Region Radius)293

Let � > 0 be defined by (30)–(31), and suppose there exist K > 0 and K̂ > K294

such that for k = K + 1, ..., K̂ � 1295

kg̃kk > r✏g + �, (45)

and that296

�K+1 �
�

⌫rM
=

�̄

⌫
. (46)
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Then for k = K + 1, ..., K̂ � 1297

�k �
�

⌫rM
=

�̄

⌫
. (47)

Proof. The proof is by induction. Condition (47) holds for k = K+1. We show298

that if (47) it holds for some k 2 {K + 1, . . . , K̂ � 2}, then it holds for k + 1.299

Specifically, suppose that for such k we have that300

�k �
�

⌫rM
. (48)

By Lemma 2, if �k  �
rM , the trust region radius is increased, i.e.,301

�k+1 = ⌫�k �
�

rM
>

�

⌫rM
. (49)

If on the other hand �k >
�

rM , the trust region radius could be decreased, but302

in that case303

�k+1 �
�k

⌫
>

�

⌫rM
. (50)

304

The next theorem shows that after an iterate has entered the neighborhood305

C1 defined in Theorem 6, all subsequent iterates cannot stray too far away306

in the sense that their function values remain within a band of the largest307

function value in C1.308

Theorem 7 (Iterates Remain in the Level Set C2) Suppose that As-309

sumption 1 through Assumption 5 are satisfied. Then, after the iterates xk310

generated by Algorithm 1 visit C1 for the first time, they never leave the set C2311

defined as312

C2 =

⇢
x : f(x)  sup

y2C1

f(y) + 2✏f +max[G, r(1� c0)✏f ]

�
, (51)

where313

G =


(r + 1)✏g + � +

⌫
2
L�

(⌫ � 1)rM

�
⌫
2
�

(⌫ � 1)rM
, (52)

and � is defined in (30)–(31) with µ = ✏g/2.314

Proof. The proof is based on the observation that, when the iterates leave315

C1, if the trust region is large enough, then by Lemma 3 the noisy objective316

function starts decreasing immediately (Case 1); otherwise the smallness of the317

trust region limits the increase in the objective function before the trust region318

becomes large enough to ensure descent (Case 2). We now state this precisely.319

Suppose that the K
th step is an exiting step, i.e., xK 2 C1 and xK+1 /2320

C1. We let K̂ > K + 1 be the index of the first iterate that returns to C1.321

Such a K̂ exists due to Theorem 6. We will prove that all iterates xk with322

k 2 {K + 1, . . . , K̂ � 1} are contained in C2.323
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Since xk /2 C1 for k 2 {K + 1, . . . , K̂ � 1}, we have by (37) that324

kgkk > (r + 1) ✏g +
�

2
, (53)

and we have seen in (38)-(39) that this implies that325

kg̃kk > r✏g + �, k 2 {K + 1, . . . , K̂ � 1}. (54)

Also, we know that a step was taken at iterate K since xK 2 C1 and xK+1 /2 C1,326

and thus applying Proposition 1 yields327

f̃K+1 � f̃K < r(1� c0)✏f . (55)

We divide the rest of the proof according to the size of �K+1 relative to �̄,328

which is defined in (20), i.e.,329

�̄ =
�

rM
. (56)

Case 1: Suppose �K+1 � �̄. By (54) and the fact that ⌫ > 1, the conditions330

of Corollary 2 are satisfied and thus �k >
�

⌫rM , for k = K + 1, . . . , K̂ � 1.331

We can therefore apply Lemma 3, with µ = ✏g/2 > 0, for each iterate k =332

K + 1, . . . , K̂ � 1 to yield333

f̃(xK+1) � f̃(xK+2) � · · · � f̃(xK̂). (57)

Combining this result with (55) we obtain334

f̃k  f̃K+1 < f̃K + r(1� c0)✏f , k = K + 1, .., K̂. (58)

Since xK 2 C1 and by (3), we conclude that for k = K + 1, . . . , K̂,335

fk < fK + [2 + r(1� c0)]✏f  sup
y2C1

f(y) + [2 + r(1� c0)]✏f . (59)

Therefore, the inequality in (51) is satisfied in this case.336

Case 2: Suppose �K+1 < �̄. We begin by considering the increase in the337

function value while the trust region remains less than �̄. To this end, we338

define339

l =

⇠
log⌫

�̄

�K+1

⇡
, (60)

where d·e denotes the ceiling operation. Since the trust region radius is increased340

by a factor of at most ⌫, we have that l is the minimum number of steps required341

for the trust region radius to increase from �K+1 to (at least) �̄. Now, if342

K + l > K̂, then the iterates return to C1 before the trust region becomes at343

least �̂. Therefore, the number of out-of-C1 iterations taken by the algorithm344

while �k < �̂ is345

l̂ = min{l � 1, K̂ �K � 1}. (61)
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The increase in function values for iterations indexed by k = K+1, . . . ,K+ l̂+1
is bounded as follows:

|f(xk)� f(xK)| 
k�K�1X

i=0

|f(xK+1+i)� f(xK+i)|


l̂X

i=0

|f(xK+1+i)� f(xK+i)|


l̂X

i=0

�K+i max
x2[xK+i,xK+1+i]

kg(x)k

=
l̂X

i=0

�K+i max
x2[xK+i,xK+1+i]

kg(x)� g(xK+i) + g(xK+i)k


l̂X

i=0

�K+i

⇥
kg(xK+i)k+ L�K+i

⇤
(by (13)). (62)

To estimate the right hand side, we need to bound the total displacement made346

by the algorithm during those iterations. It follows from (60) that347

�̄/⌫  ⌫
l�1

�K+1 < �̄  ⌫
l
�K+1, (63)

and thus for i = 0, ..., l̂,348

�K+1+i  ⌫
i
�K+1  ⌫

l̂
�K+1  ⌫

l�1
�K+1 < �̄. (64)

By (54), (64), we can apply Lemma 2 to each iterate i = 0, ..., l̂, and obtain349

�i+1 = ⌫�i. (65)

Thus for i = 0, ..., l̂,350

�K+1+i = ⌫
i
�K+1  ⌫

l̂
�K+1  ⌫

l�1
�K+1 < �̄. (66)

Summing from i = 0 to l̂, we have351

l̂X

i=0

�K+1+i =
l̂X

i=0

⌫
i
�K+1 <

�̄

⌫ l̂

l̂X

i=0

⌫
i =

�̄

⌫ l̂

⌫
l̂+1 � 1

⌫ � 1
<

�̄

⌫ l̂

⌫
l̂+1

⌫ � 1
=

⌫

⌫ � 1
�̄.

(67)
By assumption, �K+1 < �̄, which implies �K < ⌫�̄; adding this to (67) we352

obtain353

l̂+1X

i=0

�K+i <
⌫
2

⌫ � 1
�̄. (68)
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Therefore, for i = 0, . . . , l̂,

kg(xK+i)k+ L�K+i = kg(xK) +
i�1X

j=0

[g(xK+j+1)� g(xK+j)] k+ L�K+i

 kg(xK)k+
i�1X

j=0

kg(xK+j+1)� g(xK+j)k+ L�K+i

 kg(xK)k+

0

@
i�1X

j=0

L�K+j

1

A+ L�K+i

< kg(xK)k+ L

l̂+1X

j=0

�K+j (since i < l̂ + 1)

< kg(xK)k+ ⌫
2

⌫ � 1
L�̄ (by (68)). (69)

Substituting this inequality into (62), we obtain for any k = K+1, ...,K+ l̂+1,

|f(xk)� f(xK)| 
l̂X

i=0

�K+i


kg(xK)k+ ⌫

2

⌫ � 1
L�̄

�

<


kg(xK)k+ ⌫

2

⌫ � 1
L�̄

�
⌫
2

⌫ � 1
�̄



(r + 1)✏g + � +

⌫
2

⌫ � 1
L�̄

�
⌫
2

⌫ � 1
�̄ (since xK 2 C1)

=


(r + 1)✏g + � +

⌫
2
L�

(⌫ � 1)rM

�
⌫
2
�

(⌫ � 1)rM
(by (56))

= G. (70)

Therefore, for k = K + 1, . . . ,K + l̂ + 1,354

f(xk) < f(xK) +G  sup
y2C1

f(y) +G. (71)

We now consider two possibilities.355

Case 2a): Suppose K + 1+ l > K̂. Then, K̂ �K � 1  l� 1 and by (61) we356

have that l̂ = K̂ �K � 1. Condition (71), thus reads357

f(xk) < f(xK) +G  sup
y2C1

f(y) +G, k = K + 1, . . . , K̂, (72)

and thus the inequality in (51) is satisfied for k = K + 1, . . . , K̂ � 1.358

Case 2b): suppose K +1+ l  K̂. Then, by (60) we have that l̂ = l� 1, and359

(71) reads360

f(xk) < f(xK) +G  sup
y2C1

f(y) +G k = K + 1, . . . ,K + l. (73)
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Let us now consider the iterates following K + l that are outside C1, i.e., those361

indexed by k = K + l + 1, ..., K̂ � 1. Letting i = l̂ = l � 1 in (66) and recalling362

the first inequality in (63),363

�K+l = ⌫
l�1

�K+1 �
�̄

⌫
. (74)

We can therefore apply Corollary 2 to iterates indexed by k = K+l+1, ..., K̂�1364

and deduce that365

�k �
�̄

⌫
, k = K + l + 1, ..., K̂ � 1.

This fact, together with (54), allow us to invoke Lemma 3, for k = K+l, ..., K̂�1,366

to yield367

f̃(xK+l) � f̃(xK+1+l) � f̃(xK+2+l) � ... � f̃(xK̂). (75)

Recalling (73) with k = K + l and using (3) we obtain368

f̃(xK+l) < sup
y2C1

f(y) +G+ ✏f . (76)

This condition together with (75) yields369

f(xk)  f̃(xK+l) + ✏f < sup
y2C1

f(y) +G+ 2✏f k = K + l, ..., K̂ � 1. (77)

Combining this bound with (73) we conclude370

f(xk) < sup
y2C1

f(y) +G+ 2✏f , k = K + 1, ..., K̂ � 1, (78)

and thus the inequality in (51) is satisfied.371

372

The constant G defined in (52) is proportional to ✏
2
g, ✏g
p
✏f , ✏f . Since that373

G characterizes the function value bounds, the dependence on ✏f is expected;374

the dependence on ✏g and ✏g
p
✏f arises from the combined e↵ect of the trust375

region radius and gradient norm.376

4 Numerical Experiments377

To illustrate the performance of the proposed Algorithm 1, we coded it in378

matlab and applied it to a small selection of unconstrained optimization379

problems. We injected uniformly distributed noise in the evaluations of the380

function and gradient. Specifically, we let (c.f. (2))381

�f = Xf 2 R, Xf ⇠ U(�✏f , ✏f ), and �g = Xg 2 Rn
, Xg ⇠ Bn(0, ✏g),

(79)
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where U(�a, a) denotes the uniform distribution from �a to a, and Bn(0, a)382

denotes the n dimensional ball centered at 0 with radius a. By generating noise383

in this way we satisfy Assumption 2.384

We set the parameters in Algorithm 1 as follows: c0 = 0.1, c1 = 1/4, c2 = 1/2385

and ⌫ = 2. The solution of the trust region subproblem (Step 3 of Algorithm 1)386

was computed using the standard Newton-CG method described e.g. in [20],387

with termination accuracy 10�8. In order to better illustrate the performance388

of the algorithm in the presence of noise, we did not include a stop test and389

simply ran it for 200 iterations, which was su�cient to observe its asymptotic390

behavior.391

4.1 Failure of the Classical Trust Region Algorithm392

We present two examples showing failure of the classical trust region algorithm,393

in contrast with Algorithm 1. First, we consider the simple quadratic function394

f = x
T
Dx, (80)

where x 2 R8 and D is the diagonal matrix395

D = diag(1e� 5, 1e� 4.75, 1e� 4.5, ...., 1e� 3.25). (81)

The condition number of D is roughly 56. We set ✏f = 10�1 and ✏g = 10�5 in396

(79). The Hessian of the quadratic model (4) was defined as Bk = r2
f(xk);397

i.e., we did not inject noise in this experiment. We started both algorithms398

from x0 = (1000, 0, 0, ...., 0), with an initial trust region radius �0 = 1. The399

results are displayed Figure 1.400

The four panels in Figure 1 compare the performance of the classical401

algorithm (red dashed line) and Algorithm 1 (blue solid line). The horizontal402

axis in each panel records the iteration number. In the upper left panel (a) we403

report the norm of the (noiseless) gradient krf(xk)k, along with the injected404

noise level ✏g (solid black line); the light blue dashed line plots the lowest value405

generated by Algorithm 1 in the past 25 iterations. In the upper right panel406

(b) we report the trust region radius; in the lower-left panel (c) the distance to407

solution; and in the lower right panel (d), the computed actual-to-predicted408

reduction ratio ⇢k; for graphical clarity, ratios greater than 5 or less than �5409

were plotted as +/� 5 in panel (d).410

We observe that the classical algorithm exhibits large oscillations in ⇢k,411

which causes the trust region radius to shrink so much that significant progress412

cannot be made. In contrast, ⇢k is controlled well in Algorithm 1. In this test,413

initial the trust region radius �0 is not small.414

In the next experiment, we illustrate the damaging e↵ect that a very small415

�0 can have on the classical algorithm, but not on the proposed algorithm.416

We applied the two algorithms to the following tri-diagonal function417

f(x) =
1

2

⇣
x
(1) � 1

⌘2
+

1

2

N�1X

i=1

⇣
x
(i) � 2x(i+1)

⌘4
, N = 200. (82)
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Fig. 1: New and classical trust region algorithms applied to a simple quadratic
problem.

The results are reported in Figure 2. In the upper left panel, we additionally418

plot in purple the size of the critical region C1, i.e. the value of the right-hand419

side in (37). (The latter requires knowledge of the constant M , which we420

approximate by the norm of the Hessian at the solution.) This panel shows that421

the theoretical prediction given in Theorem 6 is pessimistic when compared to422

the final achieved accuracy in the gradient, as is to be expected of convergence423

results that assume that the largest possible error occurs at every iteration. The424

upper right hand panel illustrates that Algorithm 1 is able to quickly increase425

the trust region radius an allow progress, unlike the classical algorithm.426

4.2 General Performance of the Proposed Algorithm427

We also tested the two algorithms on a subset of problems from [23]; the results428

are presented in the supplementary material. As a representative of these runs,429

we report the results for the tri-diagonal objective function (82). This time,430

the Hessian Bk of the quadratic model (4) is obtained by injecting noise in the431
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Fig. 2: New and classical trust region algorithms initialized with small trust
region radius.

true Hessian matrix. We define432

Bk = r2
f(xk) + �B , (83)

433

�B =
A

T
⇤A

kAk2 , Aij ⇠ U(0, 1), (⇤)ii ⇠ U(�✏B , ✏B), (84)

where ⇤ is a diagonal matrix. Thus, the matrices Bk are symmetric but not434

necessarily positive definite. We employed larger noise levels than in the previous435

experiments: ✏f = 10, ✏g = 100, and ✏B = 1000. This simulates the situation436

that may occur when employing finite di↵erence approximations, where the437

error increases with the order of di↵erentiation. Both algorithms were initialized438

from the same starting point x0, which was generated such that each entry in439

x0 is sampled uniformly from �50 to 50. To ensure a fair comparison, at each440

iterate we inject exactly the same noise into both algorithms.441

We report the results in Figure 3, which displays the same information as442

in Figure 2. We observe that both algorithms perform similarly before entering443
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the noisy regime. Algorithm 1 exhibits larger oscillations in the gradient norm444

due to the larger trust region radius, but achieves a lower objective function445

value. Whereas the large reduction in the trust region radius led to failures of446

the classical algorithm in the examples reported above, in many test runs such447

as that given in Figure 3, it can be beneficial by producing increasingly smaller448

steps that yield milder oscillations in the gradient norm than Algorithm 1. We449

cannot, however, recommend this type of trust region reduction as a general450

procedure for handling noise since failures can happen unexpectedly.451

Fig. 3: Comparison of the new and classical trust region algorithms when
solving problem (82) with uniform noise given by (79) (83).

4.3 Evaluating the Theoretical Results452

We have seen that the critical region C1 gives a pessimistic estimate of the453

achievable accuracy in the gradient because the analysis assumes worst-case454

behavior at each iteration, rather than providing estimates in high probability.455
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Nevertheless, Theorem 6 identifies the functional relationship between the456

achievable accuracy and the noise level: the right hand side in (37) scales as457

a function of ✏g and
p
✏f . We performed numerical tests to measure if the458

accuracy achieved in practice scales in that manner.459

We employed the tridiagonal function (82), for which we can estimate the460

constant M , as mentioned above. For given ✏f and ✏g, we compute the right461

hand side in (37), which we denote as C(✏f , ✏g), and ran Algorithm 1 as in the462

previous test. We repeated the run 10 times using di↵erent seeds, s = 1, . . . , 10,463

to generate noise. For each run, we track the smallest value of kg̃kk during464

the most recent 25 iterations and record the smallest such value observed465

during the run, which we denote as kg̃⇤(✏g, ✏f , s)k, where s denotes the seed.466

In Figure 4, we report the quantity467

R(✏f , ✏g) = log10
C(✏f , ✏g)P10

s=1 kg̃⇤(✏g, ✏f , s)k
(85)

as we vary ✏f and ✏g from 10�2 to 102. The fact that the ratio between

Fig. 4: R(✏f , ✏g) given in (85): Log10 of the ratio between predicted and actual
accuracy in the gradient, as a function of these noise level ✏f , ✏g. The small
variation in these numbers suggests that Theorem 6 gives the correct dependence
on the noise levels.

468

the theoretical bound and the smallest gradient norm measured in practice469

remained roughly constant gives numerical support to the claim that the470

achievable gradient norm is proportional to ✏g and
p
✏f . We should note that471

these observations are valid only when averaging multiple runs with di↵erent472

seeds, as one can observe significant variations among individual runs of473

Algorithm 1.474

5 Final Remarks475

In this paper, we proposed a noise-tolerant trust region algorithm that avoids the476

pitfall of the classical algorithm, which can shrink the trust region prematurely,477

preventing progress toward a stationary point. Robustness is achieved by478

relaxing the ratio test used in the step acceptance, so as to account for errors479

in the function.480
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We showed that when the noise in the function and gradient evaluations is481

bounded by the constants ✏f , ✏g, an infinite subsequence of iterates satisfies482

kgkk = O(
p
✏f , ✏g). (86)

When noise is not present, our results yield the limit {kgkk}! 0 (the sets C1483

and C2 in Theorem 6 and Theorem 7 coincide in this case).484

The technique and analysis presented here are relevant to the case when485

noise can be diminished as needed, as assumed e.g. in [13,6,7]. Algorithm 1486

can be run until it ceases to make significant progress, at which point the487

accuracy in the function and gradient is increased (i.e., ✏f , ✏g are reduced) and488

the algorithm is restarted with the new value of ✏f in (7); this process can then489

be repeated. This provides a disciplined approach for achieving high accuracy490

in the solution using a noise-tolerant trust region algorithm.491
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1 Additional Numerical Experiments6

We present supplementary results on the performance of Algorithm 1.7

1.1 Tridiagonal Function with Radamacher Noise8

In Figure 1, we report results of Algorithm 1 applied to the tridiagonal function

described in the main paper with injected noise following the Radamacher

distribution (in place of (79), (83), (84) from the main paper):

�f =Xf 2 R, Xf ⇠ R(�✏f , ✏f )

�g =Xg 2 RN , Xg ⇠ @BN (0, ✏g)

�B =
AT⇤BA

kAk2 , Aij ⇠ U(0, 1), (⇤B)ii ⇠ R(�✏B , ✏B).

Here X ⇠ R(�a, a) means that the only possible values of X are {+a,�a},9

each with probability 1/2.10
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Fig. 1: Comparison of the proposed and classical region algorithms in the

presence of Radamacher noise.

1.2 Tridiagonal Function with Uniform Noise11

In Figures 2 and 3 we report some additional runs of Algorithm 1 on the12

tridiagonal function with di↵erent levels of uniformly distributed noise. The13

noise levels are given in the headers of each panel.14
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Fig. 2: Comparison of the proposed and classical region algorithms on the

tridiagonal function with uniform noise.

1.3 Additional Functions from Schittkowski Test Set [1]15

In this section, we report some additional runs on other selected problems in16

[1]. We employed the starting points given in that test set. In the following17

experiments, we injected uniformly distributed noise (c.f. (79) from the main18

paper).19

1.3.1 Problem 271, SUR-T1-1220

We started both algorithms with a small (�0 = 1e � 6) or a large (�0 = 1)21

trust region radius, and plotted the results in Figures 4 and 5.22
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Fig. 3: Comparison of the proposed and classical region algorithms on the

tridiagonal function with uniform noise.

1.3.2 Problem 289, GUR-T1-323

We initiated both algorithms with small (�0 = 1e � 6) and large (�0 = 1)24

trust region radius and plotted the results in Figures 6 and 7.25
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Fig. 4: Comparison of the proposed and classical trust region algorithms on

problem 271, with a small initial trust region radius.

1.3.3 Problem 293, PUR-T1-1826

We initiated both algorithms with small (�0 = 1e � 6) and large (�0 = 1)27

trust region radius and plotted the results in Figures 8 and 9.28
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Fig. 5: Comparison of the proposed and classical trust region algorithms on

problem 271, with a large initial trust region radius.
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Fig. 6: Comparison of the proposed and classical trust region algorithms on

problem 289, with small initial trust region radius.



8 Shigeng Sun, Jorge Nocedal

Fig. 7: Comparison of the proposed and classical trust region algorithms on

problem 289, with large initial trust region radius.
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Fig. 8: Comparison of the proposed and classical trust region algorithms on

problem 293, with small initial trust region radius.
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Fig. 9: Comparison of the proposed and classical trust region algorithms on

problem 293, with large initial trust region radius.


