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1 Introduction

Consider the following unconstrained optimization problem

min f(z), (1)

TER™

where f:R"™ — R is continuously differentiable and its gradient is denoted by g.

Throughout this paper, g = g(z), fr = f(zk), Sk—1 =Tk —Tp—1 and yp_1 = gk — gx—1. If z € R™ and
S C R", then dist {z,S} = inf {|ly — ||,y € S}.

Due to the simplicity, limited storage and nice numerical performance, conjugate gradient (CG) methods
are common and efficient methods for unconstrained optimization, especially when n is very large. Giving

an initial point z9, CG methods are the form of
mk:«%l :$k+akdk, k:071727"' ) (2)
where «y is the stepsize and dj. is the search direction determined by

—Gk; lfk = O7
dp = (3)

—9k + ﬁkdk—ly if k > 07

where (. is often called conjugate parameter.

Different choices of §j lead to different CG methods. Some well-known formulae for g are called the
Fletcher-Reeves (FR) [1], Hestenes-Stiefel (HS) [2], Polak-Ribiere-Polyak (PRP) [3] and Dai-Yuan (DY) [4]

formulae, and are given by

BFR lg|? BHS _ 9 Yk—1 PRP 9k Yk—1 DY lg|?
- 2 - I - 2 - .
lgk—1ll i1 yr—1 gkl Al k1

Subspace minimization conjugate gradient (SMCG) methods, which can be regarded as the generation
of classical CG method [5], are a class of high potential iterate methods for unconstrained optimization.
SMCG methods can be dated back to Yuan and Stoer’s work [5], and its search direction is determined by
solving the following problem:

. 1
min  gi dy + 5 di Bydy, (@)

di €82y,
where 2, = Span {gy,sr_1} and Bj, is a symmetric and positive definite approximation to the Hessian
matrix. From then now, SMCG methods have received some attentions [6,7]. In 2016, motivated by the
Barzilai-Borwein (BB) method [8] and based on the SMCG method [5], Dai and Kou [9] presented some
efficient Barzilai-Borwein CG methods (BBCG) for strictly convex quadratic minimization problem:

. 17 T
;Ielﬁ{l}lq(m)— 5% Az + bz, (5)
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where A € R™*" is a symmetric and positive definite matrix and b € R"; the numerical results in [9] indicated
that BBCG3 is the most efficient. Recently, Liu and Liu [10] extended BBCG3 to general unconstrained
optimization and presented an efficient Barzilai-Borwein conjugate gradient method with a generalized
Wolfe line search (SMCG_BB), and the numerical results in [10] indicate that SMCG_BB is comparable to
two well-known CG software packages CGOPT [11] and CG_.DESCENT (5.3) [12]. Based on SMCG_BB [10],

some efficient SMCG methods [13-17] were later proposed.

Some remarkable properties of linear CG method include the conjugacy of the search directions and the
orthogonality of the gradients, which are also of great importance to the numerical performance of nonlinear
CG methods. It is however observed that the orthogonality is often lost when linear CG method solves
strictly convex minimization problems. Hager and Zhang [18] observed that, when solving the strictly convex
quadratic minimization problem PALMERI1C in the CUTEr library [21], with the same exact line search
PRP* CG method [19] converges much slower than the L-BFGS method [20], although these two methods
should generate exactly the same iterations theoretically; they thought that the slow convergence may be
caused by the loss of orthogonality. To improve the orthogonality, Hager and Zhang [18] first tried to use
the L-BFGS method to improve the orthogonality while detecting the loss of orthogonality, and presented
a limited memory conjugate gradient method (CG_DESCENT(6.0)); the numerical results in [18] indicated
that CG_.DESCENT(6.0) has a great improvement over the memoryless version CG_DESCENT(5.3) and
is also faster than the L-BFGS method for the test problems in CUTEr library [21].

Although the limited memory CG method [18] is pretty efficient, it also has some drawbacks: (i)The

limited memory CG method [18] can be regarded as a preconditioned version of CG method (9) with

T 2 T
pHZ _ kYk-1 lyk—1lI" g drx—1 (©)
-~ dr dr dr '
k—1Yk—1 k—1Yk—1 O _1Yk—1

Its convergence is established by imposing the assumptions:
I1Pell <70, ghgrPrgier = villgnal®s di Py tdy = valldel®, (7)
where 7o > 0, 41 > 0 and ~2 > 0, on its preconditioners:
Po=1, Po=2ZBilLZL, Py = 2Bl 28 + 02020, (8)

where oy, is given by (4.2) of [18], By, is an approximation to the Hessian matrix of f at the subspace
spanned by the previous search directions, and Z;, and Z;, are the matrices whose columns are the orthogonal
bases for the above subspace and its complement, respectively. It is obvious that the assumptions (7) are
quite strict and the preconditioners (8) are pretty complicated. (ii))CG_-DESCENT (6.0) with the AWolfe
line search [22]:

T
ogi dy, < g(ay, + agpdy) " dy, < (26 — 1) g} dy.,



4 Zexian Liul2, Yu-Hong Dai®*, Hongwei Liu®

where 0 < 6 < 0.5 and 6 < o < 1, has illustrated nice numerical performance, but there is no guarantee for
the convergence of CG_.DESCENT with the AWolfe line search [22]. While CG DESCENT (6.0) with the
standard Wolfe line search is globally convergent, but it performs significantly worse than CG DESCENT
(6.0) with the AWolfe line search.

What about the numerical behavior of the combination of SMCG method with the limited memory
technique? Can one overcome the above drawbacks when combining SMCG method with the limited mem-
ory technique? The aim of our work is to answer the above questions. In this paper, based on BBCG3 [9]
and SMCG_BB [10], we present a limited memory SMCG method for unconstrained optimization, which
includes two types of iterations: SMCG iteration and quasi-Newton (QN) iteration. In the SMCG iteration,
the search directions are determined by solving the quadratic approximation problem, in which the impor-
tant parameter is estimated based on some important properties of f at x;. In the QN iteration, a modified
quasi-Newton method in the subspace spanned by some previous search directions is designed to improve
the orthogonality, and some properties about the quasi-Newton matrices are analyzed. A modified strategy
for choosing the initial stepsize is exploited. The global convergence of the proposed method is established
under weak conditions in comparison to the limited memory CG method [18]. Some numerical experiments
are conducted, which indicate that, for the test problems in the CUTEr library [21], the proposed method
has a tremendous improvement over SMCG_BB, is superior to the latest limited memory CG software
package CG_DESCENT (6.8) with the Wolfe line search, is also comparable to CG.DESCENT (6.8) with
the default and very efficient line search—the hybridization of the Wolfe line search and AWolfe line search,
and is superior to L-BFGS method.

The remainder of this paper is organized as follows. In Sect. 2, we describe the type of the iteration,
determine the search directions in the SMCG iteration and design a modified quasi-Newton method to
improve the orthogonality in the QN iteration, in which some important properties of the QN matrices are
analyze; we also design a modified strategy for choosing the initial stepsize and describe a limited memory
SMCG algorithm detailed. In Sect. 3, the convergence of the proposed method is established under weaker

conditions. Some numerical experiments are conducted in Sect. 4. Conclusions are given in the last section.

2 The limited memory subspace minimization conjugate gradient algorithm

In the section, we describe the iteration types of the limited memory SMCG algorithm, determine the
search direction in the SMCG iteration by solving a quadratic approximation problem, design a modified

quasi-Newton method in the subspace S spanned by the previous m > 0 search directions

S = span{dy_1,dp—1, - ,dr—m}

to improve the orthogonality in the QN iteration. We also develop a modified strategy for choosing the

initial stepsize and describe the limited memory SMCG algorithm detailed.
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2.1 The iteration type

The limited memory SMCG algorithm mainly includes two types of iterations which are SMCG iteration

and quasi-Newton (QN) iteration, respectively.
(1) SMCG iteration

The search directions in the SMCG iteration are generated by solving the problem (4), which are

described detailed as follows.
We denote the search direction

dy, = ugy +vsp_1, (9)

where u,v € R. Substituting (9) into (4) and using the standard secant equation Bysy_1 = yi_1 yield the

following quadratic approximation problem:

T T

2
gl u 1| w Pk G Yk—1 u

+ = 7 (10)
u, vER T 2 T T
9k Sk—1 v v 9k Yk—1 Sp—1Yk—1 v

where pp, = g%Bkgk is remained to be determined.
Based on some properties of the objective f at the current x, we determine pj by the following cases.

(i)If the conditions

T T
Yk—1Yk—1 Sk—1Yk—1
o1kl o ) g Shot¥hol o &
Sp—1Yk—1 Sp—15k—1 Vk

(11)

hold, where & > 10* and 0 < &3 < 1074, then the condition number of the Hessian matrix might be not

2
very large. Similar to BBCG3 [9], we also use % ”Ty’“’yl” I to estimate By, in the term p;, which implies
k—1 -
2
pr =3 S'}‘i’“;k”il llgrll®. Substituting the resulting p;, into (10), we can easily obtain
1 T T T 2 1 T 2 T 12
uk = — 9k Yk—19k 5k—1 = Sk—1¥k—1llgkl” ) vk = {9k Yr—1ll9r 11" — Prgi 551 ) 5 (12)
k k
where

T
Pk 9k Yk—1 T T 2
Ap = . . = PkSk—1Yk—1 — (gk yk—l) > 0. (13)
9k Yk—1 Skp—1Yk—1

Therefore, if the conditions (11) hold, the search direction in the SMCG iteration is determined by

di = upgk + vksk—1, (14)
where uy and vy are given by (12).
(ii) If the following conditions
T T
Yh_1Yk—1 Sh—1Yk-1 Sk—19kYik—19k

&3
> &2, >-=and > <& (15)
s yk—1 st sk — VE st yk—1llgxl
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hold, where 0 < ¢; < 1074, then the condition number of the Hessian matrix is likely to be very large. In

2
the case, it seems that it is too simple to use the scalar matrix %MI to estimate By in pj. Here we
k—19k—1
T - 2
set B, = I + M7 which implies py, = ||gx||® + %. Substituting the resulting p; into (10), we
Sp_1Yk—1 k—19k—1

can easily obtain that

T T T T T T
— 1 9k Ye—19k Sk—1 By = (1_gkyk—1gk3k—1> 9k Yk—1 Gk Sk—1 ' (16)

Up = 2 = P}
st yr—1llgel®’ st ye—llgnll® ) sp_yuk—1 sE_yuk—

Therefore, if the conditions (15) hold, the search direction in the SMCG iteration is determined by
di, = Upgk + Vpsp—1, (17)

where @, and v, are given by (16).
(iii)If neither (11) nor (15) holds, then dy = —gy.

In sum, the search directions in SMCG iteration are described as follows:

Uk Gk + VESk—_1, if (11) holds,
dp = ULgk + VkSk—1, if (15) holds, (18)

—9k> otherwise,

where uy, and vy, are given by (12), and @y and v are given by (16).

It is noted that the search direction (14) is similar to that in BBCG3 [9], and the search direction (17)
is similar to that in Case III in SMCG_BB [10].

The SMCG iteration is continued until the loss of the orthogonality is detected. When the orthogonality
is lost, the iteration will turn to the following QN iteration.

(2) QN iteration

When the orthogonality of the successive gradients is lost, we develop a modified quasi-Newton method
in the subspace to improve the orthogonality. Specifically, while the loss of the orthogonality is detected,
the SMCG iteration is terminated temporarily and then a modified quasi-Newton method described in
Subsection 3.2 is used to improve the orthogonality. It is noted that the quasi-Newton direction in the
subspace S, is always transformed to the full space R™ at each QN iteration. Once the orthogonality is

improved, the QN iteration is stopped and the SMCG iteration is evoked immediately.

2.2 A modified quasi-Newton method in the subspace for improving the orthogonality

We develop a modified quasi-Newton method in the subspace to improve the orthogonality in the
subsection.
Theorem 2.1 [23] Suppose that the iterate {z} is generated by the linear conjugate gradient method with

the exzact line search for minimizing the strictly conver quadratic minimization problem (5), and xy, is not the
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solution point x*. Then,

grd;=0, =01 k-1

and zj, is the minimizer of (5) over the subset 2, = {z|r = zo + span {do,d1, -+ ,dr_1}}.

From Theorem 2.1, we observe that xj, is the minimizer of (5) in the subset 2 and thus each subset

2, has been fully utilized in this sense.

Let S;, € R™*™ be such a matrix whose columns are d_1,dj_s, ..., ds_m. We suppose that the columns
of S, are linearly independent. It is also observed that the case of linear dependence rarely occurs. Let the
QR factorization of S, be S), = Z;, R}, where the columns of Z;, € R™*™ form the normal orthogonal basis

of S, and R;, € R™*™ is the upper triangular matrix with positive diagonal entries.

If g; is almost in the subspace S, which can be measured by the distance of g, and Sy, namely,

dist {gx, Sk} <70 llgxll, (19)

where 0 < 779 < 1 and 770 is small, then it is obvious that the orthogonality of the successive gradients has
lost. Since the columns of Z; form the normal orthogonal basis of S, it is not difficult to know from the

definition of dist {g, Sy} that (19) can be written as
~2 2 T |?
(1 - 770) gkl < sz ng - (20)

In the case, according to Theorem 2.1, it is possible that xj, is possible to be far away from the minimizer of
the objective function over the subset (2;.. Based on the above observation, it seems that when the inequality
(20) holds, it is better to optimize in the subspace Sy, as the subspace S has not been fully utilized. As a

result, we stop the SMCG iteration and turn to optimize the objective function over Sj, namely,
min . 21
min f (o +2) (21)
If the gradient g4, becomes sufficiently orthogonal to the subspace, which can be measured by

dist {gr+1, Sk} > n1 llgr+1ll (22)

where 0 < 7o < 1 < 1, then the iteration will leave the subspace Sg. Similar to (20), the inequality (22)

can also be written as
~2 2 T 2
(1= Ngwsal® > [loF 22| - (23)

In the limited memory CG method [18], the L-BFGS method is used to solve the subproblem (21) for
restoring the orthogonality. It is, however, observed that it is required to impose the strict assumptions (7)

on the preconditioners (8) in the convergence analysis of the limited memory CG method [18]. Additionally,
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it is well-known that the L-BFGS method only enjoys linear convergence rate. Since the dimension m of

the subspace Sy, is usually small, it may be more suitable to use a quasi-Newton method to solve (21).
Now we develop a modified quasi-Newton method in the subspace Sy, for solving the subproblem (21).

The search direction of quasi-Newton method [23] for solving (1) is the form: dj = B;l gr, where By, is
an approximation to the Hessian matrix. Li and Fukushima [24] presented a cautious quasi-Newton method

for nonconvex unconstrained optimization, where Bj, is updated by

Bysisy By, YkYp e Shuyk «
B, — Brssi £ogp sk o,
BT " TBesr T Ty L e > Vllorl®

Bt1 =
By, otherwise,

where v > 0 and o > 0.

In what follows, the symbol with hat means that it belongs to the subspace Sy, distinguishing from the

corresponding symbol in the full space R”.

Let & = (21,42, - ,#m)’ € R™. The subproblem (21) can be stated as
min F (@)= f (o +@1dp_1 + Fadp—o 4+ + Emdy_m) - (24)
SeRm

The search direction of the modified quasi-Newton method for solving subproblem (24) takes the form of

dry1 = =B {10kt (25)

Rmxm

where Bk+1 € is a symmetric and positive definite approximation to the Hessian matrix of f. To

ensure good convergence, the matrix By, will be reset to the identity matrix I € R™*™ after it is updated

[ times, where
| = max (m2, 45) . (26)

Motivated by [24] , the search direction of the modified quasi-Newton method for subproblem is (25) with

=~

Yk ZU;

i85 By + y§y£’ if mod (k,1) # 0 and S0
o (27)

kS
§£Bk.§)€ Sk Yk K

&

1, otherwise,

where mod (k,1) denotes the residue for & modulo n and v > 0. Tt is not difficult to verify that By, is

symmetric and positive definitive when By, is symmetric and positive definitive and §£gjk > 0.

In the practice, the search direction cka € R™ of the modified quasi-Newton method is always trans-
formed to the full space R™ at each QN iteration. According to the QR factorization of Sy, it is not difficult

to obtain the search direction in the full space R":

dk+1 = —Pkgk-+17 (28)



A Limited Memory Subspace Minimization Conjugate Gradient Algorithm for Unconstrained Optimization 9

where
5—1 T
P, = Z,B; |, Zj, (29)

and By, is given by (27).

Remark 1 It is noted that, when the orthogonality is improved, the limited memory CG method [18] first
performs the iteration with the complicated preconditioner corresponding to the third term in (8) and then
takes the iteration with P, = I, while our method performs the SMCG iteration immediately. It is clear

that our method is simpler.

We do the following assumptions and then study some important properties of the QN matrices (27)

and (29).

Assumption 2.1 (i) The objective function f(z) is continuously differentiable on R™ (ii)The objective function
f(z) is bounded below on R™; (iii) The gradient g(x) is Lipschitz continuous on R™, namely, there exists L > 0
such that

l9(@)—g) IS Lllz—yl, Vz,yeR"

Lemma 2.1 Assume that f satisfies Assumption 2.1. Then, for Bk+1 in (27), there exist three constants & >

0, &2 > 0 and &3 > 0 such that

Amax (ék+1) < 517 Amax (Bk_il) < 52:

Proof Since the columns of 7, forms the normal orthogonal basis for S, and m < +oo, it follows that
there exists & > 0 such that ||Z| < &. According to Assumption 2.1 (iii), (27) and the property of the
maximum eigenvalue function Amax (+): Amax (41 + 42) < Amax (A1) + Amax (A2), where A; € R™*™ and

Az € R™*™ are symmetric matrices, we have Amax (Bk+1) =1or

R R B a ATBE ~ AT
)\max <Bk+1) S Amax Bk + /\rnax *W + )\max (?i;?{k >
SgBk’Sk S Yk

N ~ N 242 —
Since By, will be set to I after updating at most [ times, we obtain A (BkJrl) <1+ % L¢.

Let P, = Ek_ jl. According to (27), after some matrix operations we obtain P, =1or

T

AT oo o 2T

5 5 YS 5 = YkS SKS

Pk:(J_Aij) P,y <[—AT]€>+AT}?. (30)
Sk Yk Sk Yk Sk Yk
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T ,. LT ~
It is not difficult to see that Amax (I — i ) (I — Uk ) S 7% 7 g any 2 # 0 € R™ and P in
Sk Yk

Py (‘?fz)k

(30), we have

T 7:)°
) s R s (§k2)
5T kéj:éT(I— ygﬁ) Py, (1— Yk ) B2
Sk Yk Sk Yk Sk Yk
2
NS o7 (§T,§)
“ N R 3 N $ R k
§Amw(ﬂEJzT<I—g%§> (1—?§ﬁ)z+ ——
Sk Yk Sk Yk Sk Yk

2
Lo\ T W T (éT,%)
. A 3 $ R k
< Mo (B ) A [ (7= B ) (1= 228 ) ) g 2
Sk Yk Sk Yk Sk Yk

~ ~ yk‘ Sk §
< s (i) LRI 2y I
( kyk) SpY

Dividing the above inequality by ||,2||2 and maximizing the resulting inequality, we can obtain

A 2 ”Qk“2”§k”2 [EAls
Amax (Pk) S )\max (Pk;—1> T + T ~
( k?lk) Sk Yk

5 202 |l3el [EA
Nna (P ) 1768 — 2K+ Tk
(T s

- 1
)\rnax <Pk_1) + —.
v

IN

L%
v2

IA

The above second inequality comes from Assumption 2.1 (iii). Since Py, will be set to I after updating at

most | times, we can easily know that there exists a constant £ > 0 such that A (Bk+1) = (Pk) < &.

2 R _
Since B,{J+1 is a symmetric and positive definite matrix, we have that HB’”lH = Amax (Bkjil) < &o.

Therefore, by the equivalence of matrix norm in finite dimensional space and Bk 11 € R™>*™  we know that

there exists £3 > 0 such that HB’“‘HH < &3. The proof is completed. O

Lemma 2.2 Assume that [ satisfies Assumption 2.1. Then, for Py in (29), there exist three constants yo > 0,

v1 > 0 and y2 > 0 such that
T 2 T 1 2
1Pl <70, Gks1Prks1 > villgesall™s  di Py “die > v2lldill”,

where P~ ! denotes the pseudoinverse of Pj,.

Proof By (23) and Lemma 2.1, we obtain
1Pl = || 26 Bt ZE | = | Bk || < & 2 0,

2 2 A 2
9is1Prgria = gk+1ZkBk+1Zk Jkt1 = 9k+1Bk+1gk+1 > Amin (Bk+1) [ = Z g (1 - ?71) lgk+1ll” = y1llgrp+all”s

_ A L 1.2
APy = df 2B 2L = i Bady > || = 21l 2 sellal”

5

Therefore, we can obtain the conclusions. The proof is completed. O
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2.3 A modified strategy for choosing the initial stepsize

As we know, the choice of the initial stepsize is of great importance to the numerical performance of an
optimization method. Based on the strategy in SMCG_BB [10], we design a modified strategy for choosing

the initial stepsize in this subsection.

As same as SMCG _BB, the initial stepsize af)(k = 0) at the first iteration is determined by

1, if |f| < 1073° and |z, < 1073,
0 2111/ llgoll, if |[f| > 107 and ||zo]|,, < 10777,
Qg = (31)
min {1, |zo|l»/llg0ll s } » if [|goll oo < 107 and |zo|lo, > 10727,
min {1, max {1, |zoll } /l9ollo}»  if [lg0llse > 107 and |jzol|,, > 1073

As for the initial stepsize af (k > 0), we determine it based on the following observations.

According to [25],

2 (fk—l - fr + g;fSk_l)
e = , 1 (32)
Sp—1Yk—1

is a quantity showing how f(z) is close to a quadratic function on the line segment between xy_, and z.

If the following condition [26,27] holds, i.e.,

pr <& or  max{pug, pr—1} < &, (33)

where 0 < &5 < &6, then f may be close to a quadratic function on the line segment between zj_; and x.

It is universally acknowledged that the linear CG method with the exact line search enjoys the quadrat-
ic termination for strictly convex quadratic functions. Additionally, Andrei [28] thought that the higher
accuracy of the stepsize, the faster convergence rate of a CG method. Based on the above observations, if f
is close to a quadratic function on the line segment between x;,_; and xj, then it is reasonable to choose the
minimizer of the interpolation function ¢ (¢k (0), 91’ (0), Px (a)) as the initial stepsize for a CG method,
where ¢ (a) = f (z; + ady) and a > 0 is a trial stepsize.

We first consider the initial stepsize for the search direction in the QN iteration.

(i) The initial stepsize for the search direction (28) with By, # I.

Since the search direction cfk is a quasi-Newton direction in the subspace, it is natural to choose ag =1

as the trial initial stepsize.
Let
& =min q (¢ (0),¢x" (0), ¢k (1)) . (34)

If the condition (33) holds and &;, > 0, then we set the initial stepsize as

& = min {max {&g, Amin } , ¥max } , (35)
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where amax > 0 is very large and amin > 0 is very small. Therefore, the initial stepsize for the search
dirction (28) with By, # I is determined by

g, if (33) holds and ay, > 0,
IS D ‘ .

1, otherwise.

(ii) The initial stepsize for the search direction (28) with By, = I.

It is well-known that the BB stepsizes [8], especially the adaptive BB stepsizes [30], are very efficient for
gradient method. Here we design an adaptive BB stepsize for the search direction (28) with By, = I. If the
exact line search is adopted, then ngsk,l = 0, which implies that if ng.sk,l > 0, then the stepsize aj_1 is

larger than the exact stepsize of’ ;| = arg m>il(} [ (zr—1 + adi_1). In order to compensate the gap, the initial
«

T
stepsize af should be determined by the short BB stepsize akB Bz — ﬁ Similarly, if g/ sx—1 < 0, the
2
initial stepsize a% should be determined by the long BB stepsize akBBl = H . Therefore, the initial
k—19k—1

trial stepsize is determined by

{ , if ggsk_l > 0, (37)

’ 1f ggsk‘fl S 0

: BB
_ {mm{ozlC Z,Oémax} , Omin

ap =
. BB
{mln {ak l,amax} , Omin

Let

& = min g (¢, (0),6x’ (0), ér (max (T, 5ag—1))) - (38)
If Ek > 0, then the initial stepsize is determined by
Qj, = min {max {gz'k, amin} ,amax} . (39)
Therefore, the initial stepsize for the search direction (28) with By, = I is determined by

&g, if (33) holds, and &y, > 0,
o0 — ) (33) ! (40)

ay, otherwise.

As for the initial stepsize for the search direction in SMCG iteration, it is mainly determined by the

way similar to that in SMCG_BB [10].

Therefore, the initial stepsize a{ (k > 0) can be described as follows. If the search direction d}, is computed

by (18) with dj, # —gj, or by (28) with B, # I, then the initial stepsize is determined by

ay, if (iteration = SMCG, a; > 0 and (33)) or
ap = (iteration = QN, @, > 0, wy, < ¢ and (33)) hold, (41)

1, otherwise,
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_ ¢6(1)—¢r(0)

= Go0iTle) ¢ > 0 and &y, is given by (35). If the search direction dy is computed by (18) with

where wy,

di, = —gy, or by (28) with By, = I, then the initial stepsize is given by

ay, if (iteration = SMCG, |lgxlI® <1, ap > 0 and (33)) or
ap = (iteration = QN, wy, < c3, 5k > 0 and (33)) hold, (42)

ay, otherwise,

where ay, Ek and ay, are determined by (39), (38) and (37), respectively.

2.4 Description of the limited memory subspace minimization conjugate gradient algorithm

As commented by Dai and Kou [9], it is important to design a suitable line search when extending BBCG3
to unconstrained optimization. A generalized Wolfe line search is developed in SMCG_BB [10]. As same as
SMCG_BB, we also use the generalized Wolfe line search in the limited memory SMCG algorithm, which
is described here for completeness.

The generalized Wolfe line search in SMCG_BB is

F (g + apdy) < f (z1) + nx + oaggl dy (43)

ghs1di > Ogi, dy, (44)

where 0 < 0 < § < 1 and 7, is required to satisfy . lim kng = 0. Here we take
— 400

0, if k=0, -
e =
. L '
mm{mﬁk—f(xk)}, if k> 1,
where Cj; is given by
t Ch. +
CO = f(xo)a QO = 1a Qk-’rl = thk + ]-, Ck-‘rl = M (46)

Qrt1

and 0 < fmin <t < Nmax < 1.
We describe the limited memory SMCG algorithm in detail.

Algorithm 1. The limited memory SMCG algorithm (LMSMCG_BB)

Step 0. Given g € R”, € > 0, amin, @max, 0, 9, M0, M1, &2, &3, &4, &5, &6, &7, v, MaxRestart and MinQuad.
Set IterRestart :=0, Numgrad :=0, IterQuad :=0, Numcongrad :=0, iteration= “SMCG iteration”
and k := 0.

Step 1. If ||gx||co < €, then stop.

Step 2. Compute the search direction.
If (iteration =“SMCG iteration”), then

If K =0, then do = —go and Numgrad :=1, and go to Step 3.
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elseif (neither (11) nor (15) holds), or (Numcongrad=MaxRestar) or (IterQuad=MinQuad and
IterRestart # IterQuad), compute the search direction by dj = —gj . Set Numgrad :=
Numgrad+1, Numcongrad := 0 and IterRestart := 0, and go to Step 3.
elseif the conditions (11) hold, compute dj by (14). Set Numgrad := 0 and Numcongrad:=
Numcongrad+1, and go to Step 3.
elseif the conditions (15) hold, compute dj by (17). Set Numgrad := 0 and Numcongrad:=
Numcongrad+1, and go to Step 3.
end
elseif (iteration =“QN iteration”), then
Compute By, by (27) and P, by (29), and determine the search direction dj, by (28).
end
Step 3. Compute the initial stepsize. If k = 0, then compute o by (31) and go to Step 4, otherwise,
compute the initial stepsize by (41) or (42), and go to Step 4.
Step 4. Line search. Determine «ay, satisfying the generalized Wolfe line search (43) and (44) with af.
Step 5. Set x4 = x + oy d.
Step 6. Update IterRestart and IterQuad. Set IterRestart :=IterRestart+1. If 2Ukri=f) g < &7 [11]

(gr+1+98) 7T sk
or |fra1— fr —0.5 (ng-HSk +ggsk)‘ < &g [10] holds, then IterQuad := IterQuad-+1, otherwise,

TterQuad :=0.
Step 7.Update the type of the iteration.
if (iteration=“SMCG iteration”), then
if (20) holds, then iteration=“QN iteration”.
elseif(iteration="“QN iteration”), then
if (23) holds, then iteration=“SMCG iteration”.
end

Step 8. Set k:=k+ 1, go to Step 1.

3 Convergence analysis

In the section, under the Assumption 2.1, we establish the global convergence of Algorithm 1, and analyze

the R-linear convergence of Algorithm 1 for uniformly convex functions .

We first study some important properties of the new search directions (18) and (28).

Lemma 3.1 Assume that f satisfies Assumption 2.1. Then, there exists a constant ¢1 > 0 such that the search

directions (18) and (28) satisfy the sufficient descent condition:

gk di. < =21 llgk]*. (47)
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Proof We prove it in the following two cases.

(i) The search direction is given by (18). Similar to the proof of Lemma 3.1 of [10], we can obtain
gk di < —calgell’,

2 . .
where ¢; = —— and &2 is the same as that in (11).

32
(ii) The search direction is given by (28). By Lemma 2.2, we obtain g} dy, = —gf Pr_1g1 < —71llgkll?.

By setting ¢1 = min{ci1,v1}, we can obtain (47). The proof is completed. O

Lemma 3.2 Assume that f satisfies Assumption 2.1. Then, there exists two constants c2 > 0 and ¢3 > 0 such

that the search directions (18) and (28) satisfy
ldgll* < (2 + @sk) llgwl® - (48)

Proof We prove it in the following two cases.

(i) The search direction is given by (18). Similar to the proof of Lemma 3.2 [10], we obtain that
ldil* < (c2 + csk) llgull®

where c2 and c3 are the same as those in Lemma 3.2 of [10].
(ii) The search direction is given by (28). By Lemma 2.2, we obtain ||dy||*> = ||—Ps—19%]*> < 7&llgx]*.
By setting ¢2 = max {’yg, 02} and ¢3 = c3, we can obtain (48). The proof is completed. O

The following lemma is used to prove the convergence of Algorithm 1.

Lemma 3.3 Assume that f satisfies Assumption 2.1. Then,

(1 — (5) Cc1

>~ 7 -
U= Gyt esk) L

where ¢1, C2, €3 and & are gwen by (47), (48) and (44), respectively.
Proof By (44) and Assumption 2.1, we have that
(06— 1) gF dy < g(ap +ardy)” dp — gF di = (9 (z1, + ardy) — gx)" di < Lay|di %,

which yields
o 0=1)gidy

L|d*
By (49), Lemma 3.1 and Lemma 3.2, we obtain that
1T =1 2 =
s B=Dald (-9 lal |, (-0 o0

Lldgl>  — L fldg)* T L(ca+esk)

The proof is completed. O
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Theorem 3.1 Assume that f satisfies Assumption 2.1, and let {z}} be generated by Algorithm 1. Then,
lim inf =0. 51
im inf ||g| (51)

Proof By Lemmas 3.1 and 3.2, we know that the search directions (18) and (28) satisfy the sufficient
descent condition (47) and (48). Therefore, by Lemma 3.3 and the generalized Wolfe line search (43) and
(44), similar to the proof of Theorem 4.1 in [10], we can obtain (51). The proof is completed. O

The following theorem indicates that SMCG_BB is R-linearly convergent for uniformly convex functions.

Theorem 3.2 Suppose that f is uniformly convex with unique minimizer x, Mmaz < 1, the gradient g is Lipschitz
continuous on bounded sets, and there exists pmax > 0 such that ay < pmax for all k. Then, there exists 6 € ]0, 1]

such that

fi— () <6 (fo— f (%))

Proof By Lemmas 3.1 and 3.2, we know that the search directions (18) and (28) satisfy the sufficient
descent direction and (48). Therefore, similar to the proof of Theorem 4.3 in [10], we can obtain the
desirable inequality fx — f (z*) < " (fo — f(z")). The proof is completed. O
Remark 2 It is noted that the convergence of the proposed method is established under Assumption 2.1

without the strict assumptions (7).

4 Numerical experiments

We compare the performance of LMSMCG_BB with that of SMCG_BB [10], the latest limited memory
conjugate gradient software package CG_DESCENT (6.8) [18] and the limited memory BFGS method
(L-BFGS) [20]. The C codes of CG_.DESCENT (6.8) and SMCG_BB can be downloaded from http://
users.clas.ufl.edu/hager/papers/Software and http://web.xidian.edu.cn/xdliuhongwei/en/paper.html,
respectively. LMSMCG_BB, the code of which will be available in our website finally, is implemented based
on the C code of SMCG_BB. Setting the LBFGS parameter in CG_.DESCENT (6.8) to TRUE yields to L-
BFGS method [18]. The test collection includes 145 problems from the CUTEr library [21], and can be found
in http://users.clas.ufl.edu/hager/papers/CG/results6.0.txt; the initial points and the dimensions of
the test problems are default. The numerical experiments are done on Ubuntu 10.04 LTS.

In the numerical experiments, we choose the following parameter values for LMSMCG _BB: e = 107%, ¢ =
0.01, 6 =0.9999, v = 1078, amin = 1073%, amax = 103°, ¢, = 0.9999, 7o = 1076, 7, = 0.4, & = 10%, & =
1078, &5 =5x107%, & =5x 1073, &, =5x 1077, & =108, m = 11, MinQuad=3 and MaxRestar= 4n,
and other parameter values in LMSMCG_BB are the same as SMCG_BB. SMCG_BB, L-BFGS method
and CG_DESCENT (6.8) use all default parameter values but the stopping condition. It is noted that the

number of memory for all test methods is 11. All test methods are terminated if || gx||co < 107 is satisfied.


http://users.clas.ufl.edu/hager/papers/Software
http://users.clas.ufl.edu/hager/papers/Software
http://web.xidian.edu.cn/xdliuhongwei/en/paper.html
http://users.clas.ufl.edu/hager/papers/ CG/results6.0.txt
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The performance profiles introduced by Dolan and Moré [32] are used to display the performances of the
test methods. In the following figures, “Nyse,”, “N;”, “Ng” and “Tepy,” represent the number of iterations,
the number of function evaluations, the number of gradient evaluations and CPU time (s), respectively.

We divide the numerical experiments into three groups.

In the first group of the numerical experiments, we compare LMSMCG_BB to SMCG_BB. Figs 1, 2, 3 and
4 illustrate the performance profiles of LMSMCG_BB and SMCG_BB in term of the number of iterations,
the number of function evaluations, the number of gradient evaluations and CPU time. LMSMCG_BB and
SMCG_BB both successfully solve 141 test problems, respectively. As shown in Figs 1, 2, 3 and 4, we
observe that LMSMCG_BB is superior much to SMCG_BB in term of the number of iterations, the number
of function evaluations, the number of gradient evaluations and CPU time. It indicates that the limited
memory technique equipped in LMSMCG_BB indeed brings quite significant numerical improvements.

In the second group of the numerical experiments, we compare LMSMCG_BB to CG_DESCENT (6.8)
with different line search procedures. In the C code of CG_.DESCENT (6.8), the Wolfe line search and AWolfe
line search were both implemented, and the most efficient line search is the hybridization of the Wolfe line
search and AWolfe line search, which is also the default line search in CG_DESCENT (6.8) [18]. We first com-
pare LMSMCG_BB to CG_.DESCENT(6.8) with the Wolfe line search (called CG.DESCENT(6.8)+Wolfe).
LMSMCG_BB successfully solves 141 problems, while CG_DESCENT (6.8)+Wolfe only successfully solves

115 test problems, and all test problems that CG_DESCENT (6.8)4+Wolfe failed are due to the failure of
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the Wolfe line search in the process of seeking suitable stepsize. As shown in Figs. 5 and 6, we observe
that LMSMCG_BB performs slightly better than CG_DESCENT(6.8)+Wolfe in term of the number of
iterations and the number of function evaluations, and Fig. 7 indicates that LMSMCG_BB has relatively
large improvement over CG_DESCENT(6.8)+Wolfe in term of the number of gradient evaluations. We see

from Fig. 8 that LMSMCG_BB is much faster than CG_DESCENT(6.8)+Wolfe for the CUTEr library.

— LMSMCG_BB —— LMSMCG_BB
----- CG_DESCENT(6.8)+(Wolfe-+AWolfe) —---- CG_DESCENT(6.8)+(Wolfe+AWolfe)
0.4 : ‘ 04 : : :
1 2 3 4 5 6 7 1 2 3 4 5 6 7
T T
Fig. 9 Performance profile based on Njter Fig. 10 Performance profile based on Ny

We then compare LMSMCG_BB to CG_.DESCENT(6.8) with the hybridization of the Wolfe line search
and AWolfe line search (called CG_DESCENT(6.8)+(Wolfe+AWolfe)). CG_.DESCENT(6.8)+(Wolfe-+AWolfe)
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successfully solves 145 problems. Though Fig.9 and Fig.10 illustrate that LMSMCG_BB is at a little
disadvantage over CG_.DESCENT(6.8)+(Wolfe+AWolfe) in term of the number of iterations and the
number of function evaluations, we can see from Fig.11 that LMSMCG_BB performs much better than
CG_DESCENT(6.8)+(Wolfe+AWolfe) in term of the number of gradient evaluations, since LMSMCG_BB is
better for about 71% test problems with the least gradient evaluations, while the percentage of CG_DESCENT
(6.8)+(Wolfe+AWolfe) is only about 38%. As shown in Fig. 12, we can observe that LMSMCG_BB is slightly
faster than CG_.DESCENT(6.8)+(Wolfe+AWolfe).

Though the AWolfe line search is very efficient, there is no guarantee for the global convergence of
CG_DESCENT with the AWolfe line search [29]. It follows from Theorem 3.1 in Sect. 3 that LMSMCG_BB
with the generalized Wolfe line search (43) and (44) used is globally convergent. The second group of
the numerical experiments indicates that LMSMCG_BB is superior much to CG_.DESCENT(6.8) with the
Wolfe line search which can keep the global convergence, and is also comparable with CG_DESCENT(6.8)
with the hybridization of the Wolfe line search and AWolfe line search for which there is no guarantee for
the global convergence.

In the third group of the numerical experiments, we compare LMSMCG_BB to L-BFGS method with
the hybridization of the Wolfe line search and AWolfe line search (called L-BFGS+(Wolfe+AWolfe)). The
Fortran code of L-BFGS method on Jorge Nocedal’s web page was executed for solving the 145 test
problems in the CUTEr library, and it failed in 33 of the 145 test problems [18], while the version of
L-BFGS with the Wolfe line search contained in CG_DESCENT (6.8) can only solve successfully 116 test
problems, and the version of L-BFGS with the hybridization of the Wolfe line search and AWolfe line search
contained in CG_DESCENT (6.8) can successfully solve 144 test problems. So the version of L-BFGS with
the hybridization of the Wolfe line search and AWolfe line search contained in CG_DESCENT (6.8) was
used to compare with LMSMCG_BB. Though Figs.13 and 14 illustrate that LMSMCG_BB is at a little
advantage over L-BFGS+(Wolfe4+AWolfe) in term of the number of iterations and the number of function
evaluations, we can see from Fig.15 that LMSMCG_BB is superior much to L-BFGS+(Wolfe+AWolfe) in
term of the number of gradient evaluations, since LMSMCG_BB is better for about 69% test problems with

the least gradient evaluations, while the percentage of L-BFGS+(Wolfe+AWolfe) is only about 38%. As we
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know, the gradient evaluation generally requires much more computational cost compared with the function
evaluation. In Fig.16, we can observe that LMSMCG_BB is much faster than L-BFGS+(Wolfe4+AWolfe),

one of the most efficient optimization methods for large unconstrained optimization.
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5 Conclusions

We present a limited memory subspace minimization conjugate gradient method (LMSMCG_BB) for uncon-
strained optimization in this paper. LMSMCG_BB only includes two types of iterations, which is different
from the limited memory CG method [18] that uses three preconditioners (8). Unlike the limited memory
CG method [18], the convergence of LMSMCG_BB with the generalize Wolfe line search used is established
under the mild assumption without the strict assumption (7). The numerical results indicate that, for the
CUTEr library, LMSMCG_BB has a quit great improvement over SMCG_BB, is superior to the latest
limited memory CG software package CG_.DESCENT (6.8) with the Wolfe line search, is also comparable
to CG_DESCENT (6.8) with the efficient the hybridization of the Wolfe line search and AWolfe line search,
and is superior to L-BFGS method with the hybridization of the Wolfe line search and AWolfe line search,

one of the most efficient optimization methods for large unconstrained optimization.
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