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Abstract

In this work, we study the performance of sub-gradient method (SubGM) on a natural
nonconvex and nonsmooth formulation of low-rank matriz recovery with £1-loss, where the goal is
to recover a low-rank matrix from a limited number of measurements, a subset of which may be
grossly corrupted with noise. We study a scenario where the rank of the true solution is unknown
and over-estimated instead. The over-estimation of the rank gives rise to an over-parameterized
model in which there are more degrees of freedom than needed. Such over-parameterization
may lead to overfitting, or adversely affect the performance of the algorithm. We prove that
a simple SubGM with small initialization is agnostic to both over-parameterization and noise
in the measurements. In particular, we show that small initialization nullifies the effect of
over-parameterization on the performance of SubGM, leading to an exponential improvement in
its convergence rate. Moreover, we provide the first unifying framework for analyzing the behavior
of SubGM under both outlier and Gaussian noise models, showing that SubGM converges to
the true solution, even under arbitrarily large and arbitrarily dense noise values, and—perhaps
surprisingly—even if the globally optimal solutions do not correspond to the ground truth. At
the core of our results is a robust variant of restricted isometry property, called Sign-RIP, which
controls the deviation of the sub-differential of the £;-loss from that of an ideal, expected loss.
As a byproduct of our results, we consider a subclass of robust low-rank matrix recovery with
Gaussian measurements, and show that the number of required samples to guarantee the global
convergence of SubGM is independent of the over-parameterized rank.

1 Introduction

We study the problem of robust matriz recovery, where the goal is to recover a low-rank positive
semidefinite matrix X* € R%? from a limited number of linear measurements of the form y =
A(X*)+s, where y = [y1,92, ... ,ym]T is a vector of measurements, A is a linear operator defined as
A() = [(A1,), (A2, ), ..., (A, )] T with measurement matrices {A;}7,, and s = [s1,52,...,5m]"
is a noise vector. More formally, the robust matrix recovery is defined as

find X~ subject to: y = A(X™) +s, rank(X*)=r, (1)
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where r < d is the rank of X*. Robust matrix recovery plays a central role in many contemporary
machine learning problems, including motion detection in video frames [2], face recognition [24],
and collaborative filtering in recommender systems [25]. Despite its widespread applications, it is
well-known that solving (1) is a daunting task since it amounts to an NP-hard problem in its worst
case [28, 30]. What make this problem particularly difficult is the nonconvexity stemming from the
rank constraint. The classical methods for solving low-rank matrix recovery problem are based on
convexification techniques, which suffer from notoriously high computational cost. To alleviate this
issue, a far more practical approach is to resort to the following natural nonconvex and nonsmooth
formulation .
. T

Jmin, fa@):= 2y -4 (o) ®
where ' > r is the search rank. The ¢;-loss is used to robustify the solution against noisy
measurements. The above formulation is inspired by the celebrated Burer-Monteiro approach [3],
which circumvents the explicit rank constraint by optimizing directly over the factorized model
X*=UU".

Perhaps the most significant breakthrough result in this line of research was presented by Bho-
janapalli et al. [1], showing that, when the rank of the true solution is known and the measurements
are noiseless, the nonconvex formulation of the problem with a smooth ¢s-loss has a benign land-
scape, i.e., it is devoid of undesirable local solutions; as a result, simple local-search algorithms
are guaranteed to converge to the globally optimal solution. Such benign landscape seems to be
omnipresent in other variants of low-rank matrix recovery, including matrix completion [15, 14],
robust PCA [15, 13], sparse dictionary learning [32, 29], linear neural networks [19], among others;
see recent survey papers [7, 40].

A recurring assumption for the absence of spurious local minima is the exact parameterization of
the rank: it is often presumed that the ezact rank of the true solution is known a priori. However,
the rank of the true solution is rarely known in many applications. Therefore, it is reasonable to
choose the rank of UU T conservatively as 7 > r, leading to an over-parameterized model. This
challenge is further compounded in the noisy regime, where the injected noise in the measurements
can be “absorbed” as a part of the solution, due to the additional degrees of freedom in the model.
Evidently, the existing proof techniques face major breakdowns in this setting, as the problem
may no longer enjoy a benign landscape. Moreover, over-parameterization may lead to a dramatic,
exponential slow-down of the local-search algorithms—both theoretically and practically [42, 37].

In this work, we study the performance of a simple sub-gradient method (SubGM) on f,, (U).
We prove that small initialization nullifies the effect of over-parameterization on its performance—as
if the search rank 7’ were set to the true (but unknown) rank r. Moreover, we show that SubGM
converges to the ground truth at a near-linear rate even if local, or even global, spurious minima
exist. Our proposed overarching framework is based on a novel signal-residual decomposition of the
the solution trajectory: we decompose the iterations of SubGM into low-rank (signal) and residual
terms, and show that small initialization keeps the residual term small throughout the solution
trajectory, while enabling the low-rank term to converge to the ground truth exponentially fast.

1.1 Power of Small Initialization

In this section, we shed light on the power of small initialization on the performance of SubGM for
the robust matrix recovery. Given an initial point Uy and at every iteration ¢, SubGM selects an
arbitrary direction Dy from the (Clarke) sub-differential [8] of the ¢;-loss function 9 fy, (U;). Due to
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Figure 1: (a) The performance of SubGM for different search ranks ’. (b) The performance of SubGM for different
corruption probabilities. (c) The performance of SubGM for different values of the initialization scale a.. In all of the
simulations, the initial point Uy is chosen as aB, where B is obtained from Algorithm 2.

local Lipschitzness of the £1-loss, the Clarke sub-differential exists and can be obtained via chain
rule (see [8]):

Afe, (Ur) = ;i Sign <<Ai, UtUtT - X*>) (Ai + A:) Ut (3)
i=1

At every iteration, SubGM updates the solution by moving towards — Dy—for an arbitrary choice of
Dy € Ofy, (Uy)—with a step-size n;. To showcase the effect of small initialization on the performance
of SubGM, we consider an instance of robust matrix recovery, where the true solution X* is a
randomly generated matrix with rank » = 3 and dimension d = 20. Furthermore, we consider
m = 500 measurements, where the measurement matrices {4;}!" have i.i.d. standard Gaussian
entries.

Property 1: Small initialization makes SubGM agnostic to over-parameterization. Fig-
ure la shows the performance of SubGM with small initialization for both exact (' = 3) and
over-parameterized (1’ > 3) settings, where 10% of the measurements are grossly corrupted with
noise. Our simulations uncover an intriguing property of small initialization: neither the convergence
rate nor the final error of SubGM is affected by the over-estimation of the rank. Moreover, Figure 1b
depicts the performance of SubGM for the fully over-parameterized problem (i.e., v’ = d = 20) with
different levels of corruption probability (i.e., the fraction of measurements that are corrupted with
large noise values). It can be seen that, even in the fully over-parameterized setting, SubGM is
robust against large corruption probabilities.

Property 2: Small initialization improves convergence. It is known that different variants
of (sub-)gradient method converge linearly to the true solution, provided that the search rank
coincides with the true rank (' = r) [34, 41, 33, 20]. However, these methods suffer from a
dramatic, exponential slow-down in over-parameterized models with noisy measurements [42]. Our
simulations reveal that small initialization can restore the convergence back to linear, even in the
over-parameterized and noisy settings. Figure 1c shows that SubGM converges linearly to an error
that is proportional to the norm of the initial point: smaller initial points lead to more accurate
solutions at the expense of slightly larger number of iterations.



. 10!
— large init \\7
small init
~ 10t
K =
4 :
S >|< 1073
1)
= 5
Q
IS S 10°°
w . .
—— large init
7 o
10 —— small init
0 500 1000 1500 2000 2500 3000 0 500 1000 1500 2000 2500 3000
Iteration T Iteration T

(a) (b)

Figure 2: (a) The objective value of the solutions obtained via SubGM with and without small initialization. (b)
The error of the solutions obtained via SubGM with and without small initialization. In both instances, the initial
point is chosen as Uy = aB, where B is obtained from Algorithm 2. The initialization scale « is chosen as o = 107 1°
and a = 1, for SubGM with and without small initialization, respectively.

Property 3: Emergence of “spurious” global minima. Inspired by these simulations, a
natural approach to explain the desirable performance of SubGM is by showing that the robust
matrix recovery problem enjoys a benign landscape. We refute this conjecture by showing that, not
only does the robust matrix recovery with over-parameterized rank have sub-optimal solutions, but
also its globally optimal solutions may be “spurious”, i.e., they do not correspond to the ground
truth X*. Figure 2 shows the performance of SubGM with and without small initialization. It can
be seen that SubGM converges to the ground truth, which is a local solution for the ¢;-loss with
sub-optimal objective value. On the other hand, SubGM without small initialization converges to a
high-rank solution with strictly smaller objective value. In other words, the ground truth is not
necessarily a globally optimal solution, and conversely, globally optimal solutions do not necessarily
correspond to the ground truth.

From a statistical perspective, our simulations support the common empirical observation that
first-order methods “generalize well”. In particular, SubGM converges to a low-rank solution that is
close to the ground truth—i.e., has a better generalization error—rather than recovering a high-rank
solution with a smaller objective value (or better training error). The smaller objective values for
higher rank solutions is precisely due to the overfitting phenomenon: it is entirely possible that
the globally optimal solution to (2) achieves a zero objective value by absorbing the noise into its
redundant ranks. To circumvent the issue of overfitting, a common approach is to regularize the
high-rank solutions in favor of the low-rank ones via different regularization techniques. Therefore,
the desirable performance of SubGM with small initialization can be attributed to its implicit
reqularization property. In particular, we show that small initialization of SubGM is akin to implicitly
regularizing the redundant rank of the over-parameterized model, thereby avoiding overfitting; a
recent work [31] has shown a similar property for the gradient descent algorithm on the noiseless
matrix recovery with fo-loss.



1.2 Summary of Results

In this part, we present a summary of our results. Let o; and o, be the largest and smallest
(nonzero) eigenvalues of X*, and define the condition number k as o1 /0.

Theorem 1 (Convergence of SubGM; Informal). Suppose that the measurements satisfy a direction-
preserving property delineated in Section 3.2. Suppose that the initial point is chosen as Uy = aB,
for a special choice of B and a initialization scale a. Consider the iterations {Ut}fzo generated by
SubGM applied to the robust matrixz recovery with step-size ny = npt, for an appropriate choice of
0 < p <1 and sufficiently small . Then, for any arbitrary accuracy € > 0 and initialization scale
a=0((e/d)'/?), we have

Hmﬂg—X*

L (@

2
after T =0 (m%ﬁiéd/s)) iterations, where 0 < B < 2 is a constant depending on the parameters of
the problem.

The above result characterizes the performance of SubGM for the robust matrix recovery with
£1-loss. In particular, it shows that SubGM converges almost linearly to the true low-rank solution
X*, with a final error that is proportional to the initialization scale. Surprisingly, the required
number of iterations is independent of the search rank r’ and depends only logarithmically on d.

At the crux of our analysis lies a new restricted isometry property of the sub-differentials,
which we call Sign-RIP. Under Sign-RIP, the sub-differentials of the ¢;-loss are d-away from the
sub-differentials of an ideal, expected loss function (see Section 3.2 for precise definitions). We
will show that the classical notions of ¢o-RIP [30] and ¢;/¢>-RIP [20] face major breakdowns in
the presence of noise. In contrast, Sign-RIP provides a much better robustness against noisy
measurements, while being no more restrictive than its classical counterparts. We will show that,
with Gaussian measurements, the Sign-RIP holds with an overwhelming probability under two
popular noise models, namely outlier noise model and Gaussian noise model.

Our next theorem establishes the convergence of SubGM under outlier noise model. To streamline
the presentation, we use O(-) and Q(-) to hide the dependency on logarithmic factors.

Theorem 2 (Convergence of SubGM under Outlier Noise Model; Informal). Suppose that the
measurement matrices {A;}1", have i.i.d. standard Gaussian entries, and a fraction p < 1 of the
measurements are corrupted with arbitrarily large noise values. Suppose that the initial point is
chosen as Uy = aB, for a special choice of B and a sufficiently small initialization scale . Consider
the iterations {Ut}tho generated by SubGM applied to the robust matriz recovery with an exponentially
decaying step-size 1y = npt, for an appropriate choice of 0 < p < 1 and sufficiently small n. Finally,
suppose that the number of measurements satisfies m = Q (/@4dr2/(1 - p)2). Then, for any arbitrary
accuracy € > 0 and initialization scale o = €/d, and with an overwhelming probability, we have

Hmﬂ;—X* <e, (5)

F
after T =0 (%) iterations.

Theorem 2 shows that small initialization enables SubGM to converge almost linearly, which is
exponentially faster than the sublinear rate O(1/¢) introduced by Ding et al. [10]. Second, Ding
et al. [10] show that SubGM requires Q(x2dr’ 3) samples to converge, which depends on the search
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Figure 3: (a) Performance of SubGM and GD under the Gaussian noise model with ¢;1- and f2-loss functions,
respectively. (b) The effect of small initialization on the performance of SubGM under the Gaussian noise model.

rank /. In the over-parameterized regime, where the true rank is small (i.e., » = O(1)) and the
search rank is large (i.e., v’ = Q(d)), our result leads to three orders of magnitude improvement in
the required number of samples (modulo the dependency on x). Moreover, Ding et al. [10] crucially
rely on the equivalence between globally optimal solutions and the ground truth, which only holds
when p <1/ Vr'. We relax this assumption and show that SubGM converges to the ground truth,
even if p is arbitrarily close to 1.

Next, we turn our attention to the Gaussian noise model, and show that SubGM converges even
if the measurements are corrupted with a dense, Gaussian noise.

Theorem 3 (Convergence of SubGM under Gaussian Noise Model; Informal). Suppose that the
measurement matrices {A;}I", have i.i.d. standard Gaussian entries, and each measurement is
corrupted with a zero-mean Gaussian noise with a variance of at most v?. Suppose that the initial
point is chosen as Uy = aB, for a special choice of B and o sufficiently small initialization scale
«a. Consider the iterations {Ut}tho generated by SubGM applied to the robust matrix recovery with
exponentially decaying step-sizes n; = np', for an appropriate choice of 0 < p < 1 and sufficiently
small . Finally, suppose that the number of measurements satisfies m 2 Q(V2/<54dr2). Then, with

an overwhelming probability, we have
N 242
=0 ( . ) : (6)
F m

Traditionally, ¢>-loss has been used for recovering the ground truth under Gaussian noise model,
due to its correspondence to the so-called maximum likelihood estimation. Our paper extends the
application of ¢1-loss to this setting, proving that SubGM is robust against not only the outlier,
but also Gaussian noise values. More precisely, Theorem 3 shows that SubGM outputs a solution
with an estimation error of O(+/v2dr?/m), which is again independent of the search rank /. To
the best of our knowledge, the sharpest known estimation error for gradient descent (GD) [42]
and its variants [37] on fa-loss is O(y/v2dr’/m), which scales with the search rank r’; in the fully
over-parameterized regime, our provided bound improves upon this error by a factor of (9(\/%)
Figure 3 compares the performance of SubGM and GD on #;- and ¢»-losses, when the measurements

HUtUtT e

after T = O (% log? (m”)> iterations.
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are corrupted with Gaussian noise. Candes and Plan [4] showed that any estimate U suffers from
a minimax error of |[UUT — X*|p = Q(y/v2dr/m). Compared to this information-theoretic lower
bound, our provided final error is sub-optimal only by a factor of /7.

2 Related Work

Landscape v.s. Trajectory Analysis: It has been recently shown that different variants of
low-rank matrix recovery (e.g., matrix completion [14], matrix recovery [15], robust PCA [13])
enjoy benign landscape. In particular, it is shown that low-rank matrix recovery with fs-loss and
noiseless measurements has a benign landsacpe in both exact [15, 14, 39] and over-parameterized [38]
settings. On the other hand, it is known that £;-loss possesses better robustness against outlier
noise. However, there are far fewer results characterizing the landscape of low-rank matrix recovery
with ¢1-loss. Fattahi and Sojoudi [13] and Josz et al. [18] prove that robust matrix recovery with
¢1-loss has no spurious local solution, provided that with v’ = r = 1 and the measurement matrices
correspond to element-wise projection operators. However, it is unclear whether these results extend
to higher ranks or more general measurement matrices.

Despite its theoretical significance, benign landscape is too restrictive to hold in practice: Zhang
et al. [39] and Zhang [38] show that spurious local minima are ubiquitous in the low-rank matrix
recovery, even under fairly mild conditions. On the other hand, our experiments in Subsection 1.1
reveals that local-search algorithms may be able to avoid spurious local/global solutions with
proper initialization. An alternative approach to explain the desirable performance of local-search
algorithms is via trajectory analysis. It has been recently shown that the trajectories picked up by
gradient-based algorithms benefit from implicit regularization [17], or behave non-monotonically
over short timescales, yet consistently improve over long timescales [9]. In the context of over-
parameterized low-rank matrix recovery with fo-loss, Li et al. [22] and Stoger and Soltanolkotabi
[31] use trajectory analysis to show that GD with small initialization can recover the ground truth,
provided that the measurements are noiseless. Zhuo et al. [42] extend this result to the noisy setting,
showing that GD converges to a minimax optimal solution at a sublinear rate, and with a number
of samples that scale with the search rank.

Iteration and Sample Complexity: Despite their guaranteed convergence, local-search algo-
rithms may suffer from notoriously slow convergence rates: whereas 10 digits of accuracy can be
expected in a just few hundred iterations of GD when ' = r, tens of thousands of iterations might
produce just 1-2 accurate digits once ' > r [37]. Table 1 shows the iteration complexity of the
existing algorithms with different loss functions, compared to our proposed method. Evidently,
under the outliear noise model, GD does not perform well due to the sensitivity of the #»-loss to
ourliers. In contrast, SubGM converges linearly in the exact setting (' = r), and at a significantly
slower (sublinear) rate in the over-parameterized regime (r’ > r). In contrast, our proposed SubGM
algorithm with small initialization converges near-linearly in both the exact and over-parameterized
regimes. In the Gaussian noise model, it is known that GD converges linearly to a minimax
optimal solution in the exact setting, but suffers from a drastic, exponential slow-down in the
over-parameterized regime. In contrast, our proposed SubGM algorithm with small initialization
is not affected by the over-parameterization, and maintains its desirable convergence rate in both
settings.

Another important aspect of local-search algorithms is their sample complexity. Table 2 provides



Algorithm Outlier noise model Gaussian noise model
r'=r r'>r r'=r r>r
GD+{-loss N/A N/A klog () [6] | Z=\/7F [42]
SubGM+{;-loss | £ log (Z=) [20] | =£[10] N/A N/A
Our results | x*log’ (£) (see Corollary 2) | x? log® (52) (see Corollary 3)

Table 1: A comparison between the iteration complexity of different techniques. We show that SubGM with small
initialization and exponentially decaying step-size converges near-linearly to: (z) an arbitrary accuracy in the outlier
noise model; and (4¢) a nearly-minimax optimal error in the Gaussian noise model. Our derived iteration complexities
are obtained from Theorems 2 and 3 after choosing an appropriate value for the step-size; see Corollaries 2 and 3 for
the precise statements.

Algorithm Outlier noise model Gaussian noise model
r=r r>r r=r >
GD+¢2-loss N/A N/A vi2dr [6] | v2K2dr! [42]
SubGM+-/;-loss | w2dr? [20]* | x'2dr"® [10]* N/A N/A
Our results (";?;)22 (see Corollary 2) | v?k*dr? (see Corollary 3)

Table 2: A comparison between the sample complexity of different techniques. Our results provide the best
sample complexity bounds in the over-parameterized setting where 7’ > r, under both outlier and Gaussian noise
models. For simplicity, we hide the dependency on the logarithmic factors. *Under an oulier noise model, the results
of [20, 10] holds under the assumption p < 1/+/r'. In contrast, our result relaxes this assumption to p < 1.

a comparison between the sample complexity of the existing algorithms, and our proposed method.
In the outlier noise model, Li et al. [21] show that SubGM with spectral initialization on ¢;-loss
requires O(dr?) samples (modulo the condition number), provided that the true rank is known
(7' = r), and the corruption probability is upper bounded as p < 1/v/7/. Ding et al. [10] extend this
result to the over-parameterized regime, showing that SubGM with spectral initialization requires
O(dr’ 3) samples to converge, under the same assumption p < 1/ Vr'. In both works, the upper
bound p <1/ Vr' is imposed to guarantee that the global minima of the ¢;-loss correspond to the
true solution. On the other hand, our result relaxes this upper bound on the corruption probability
by showing that SubGM converges to the ground truth, even if the ground truth is not globally
optimal. In the Gaussian noise model, Zhuo et al. [42] shows that GD recovers the true solution
with O(dr’) samples. In the over-parameterized regime, our result reduces the sample complexity to
O(dr?), showing that the sample complexity of SubGM is independent of the search rank r’.

Notations

For a rank-r matrix M € R™*" its singular values are denoted as | M| = 01(X) > 02(X) >
o > 0p(X) := opmin(X). For a square matrix X € R™*" | its eigenvalues are defined as A\ (X) >
A2(X) >+ > Ap(X) := Apin(X). For two matrices X and Y of the same size, their inner product
is defined as (X,Y) = Tr(X "Y), where Tr(-) is the trace operator. For a matrix X, its operator
and Frobenius norms are denoted as || X|| and || X||, respectively. The unit rank-r sphere is defined
as S, = {X € R || X| = 1,rank(X) < r}. We define Py as the projection operator onto the
row space of V. The notation B(X,¢) refers to a ball of radius ¢, centered at X. The ¢, norm
of a vector z is defined as ||z, = (32 |z;]7)1/9. Given two sequences f(n) and g(n), the notation
f(n) < g(n) implies that there exists a constant C' < oo satisfying f(n) < Cg(n). Moreover, the



notation f(n) < g(n) implies that f(n) < g(n) and g(n) < f(n). Throughout the paper, the symbols
C,c1,ca,... refer to universal constants whose precise value may change according to the context.
The sign function Sign(-) is defined as Sign(z) = x/|z| if x # 0, and Sign(0) = [—1,1]. For two
sets X and ), the notation X + ) refers to their Minkowski sum. Given two scalars a and b, the
symbols a A b and a V b are used to denote their minimum and maximum, respectively.

3 Our Overarching Framework

In this section, we present our overarching framework for the analysis of SubGM. To this goal, we
first explain why the existing techniques for studying the smooth variants of the low-rank matrix
recovery cannot be extended to their robust counterparts.

3.1 Failure of Existing Techniques

The majority of existing methods study the behavior of the gradient descent on f2-loss fy, (U) =
% Hy - AUU T)H2 by analyzing its deviation from an “ideal”, noiseless loss function fy,(U) =
|UUT — X*||%.. Tt is known that fy,(U) = [|[UU " — X*||% is devoid of spurious local minima, and its
saddle points are strict, and hence, escapable (see [40, Appendix A] for a simple proof). Therefore,
by controlling the deviation of f,,(U) and its gradients from fy,(U), one can show that fy,(U)
inherits the desirable properties of fy,(U). More concretely, the gradient of fs,(U) can be written as
Vfe,(U) =QUUT — X*)U, where Q(X) = (2/m) 31", ((4i, X) — s;) (A; + A]) . One sufficient
condition for V fo,(U) = V fz,(U) is to ensure that (M) remains uniformly close to M for every
rank-(r + ') matrix X. In the noiseless setting, this condition can be guaranteed via fo-RIP:
Definition 1 (¢2-RIP, Recht et al. [30]). The linear operator A(-) satisfies £2-RIP with parameters
(k,8) if, for every rank-k matriz M, we have (1 —8)||M||% < L AM)[* < (1+6)||M]%.

Roughly speaking, ¢>-RIP entails that the lin-
ear operator A(-) is nearly “norm-preserving” for
every rank-k matrix. In the noiseless setting,
this implies that Q(UUT — X*) ~ 4(UUT — X*),
which in turn leads to Vfy,(U) ~ Vf,(U). On
the other hand, it is known that /¢»-RIP is satis-
fied under mild conditions. For instance, (k,J)-
(o-RIP holds with m = Q(dk/6?) Gaussian mea-
surements [30]. However, the next proposition
shows that /¢o-RIP is not enough to guarantee

Q(M) =~ 4M when the measurements are subject to noise variance

noise. Figure 4: The number of samples to satisfy f2-
RIP is independent of the noise variance. However,
the performance of /2 highly depends on the noise
variance.
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Proposition 1 (Ma and Fattahi [26]). Suppose that ' = d and the measurement matrices {A;}1",
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Proposition 1 sheds light on a fundamental shortcoming of #-RIP: in the presence of noise,
it is possible for the measurements to satisfy ¢2-RIP, yet V fy,(U) may be far from V fy,(U). In
particular, we show that, in order to have V fy, (U) ~ V fs,(U), the number of measurements must
grow with the noise variance. On the other hand, for any fixed J, £5-RIP is guaranteed to be satisfied
with a number of measurements that is independent of the noise variance. Figure 4 shows that
£5-RIP cannot capture the behavior of /3-loss in the high noise regime. Other notions of RIP, such
as £1/02-RIP [20], are also oblivious to the nature of the noise.

Algorithm 1 Subgradient Method

Input: measurement matrices {A;}™,, measurement vector y = [yi, - ,Ym| , number of
iterations T, the initial point Uy;
Output: Solution X7 = UrU] to (2);
for t < T do
Compute a sub-gradient D, € 0 fy, (Uy);
Select the step-size n: (see (11));
Set Upr1 <= Uy — n¢Dy;

end for

3.2 Sign-RIP: A New Robust Restricted Isometry Property

To address the aforementioned challenges, we argue that, while the measurements may not be
norm-preserving in the presence of noise, they may still enjoy a “direction-preserving” property. At
the heart of our analysis lies the following decomposition of the sub-differential of the ¢;-loss:

fe,(U) = v-0f,(U)  +(3fe,(U) =7 0fn,(U)),
—_————
expected sub-differential sub-differential deviation

where 7 is an strictly positive number. In the above decomposition, the function fy, (U) is called
the expected loss, and it is defined as HUUT — X*HF As will be shown later, fy, (U) captures the
expectation of the empirical loss fy,(U), when the measurement matrices have i.i.d. Gaussian
entries. To analyze the behavior of SubGM on fy, (U) (Algorithm 1), we first study the ideal
scenario, where the loss deviation is zero, and hence, f;, (U) coincides with its expectation. Under
such ideal scenario, we establish the global convergence of SubGM with small initialization. We then
extend our result to the general case by carefully controlling the effect of sub-differential deviation.
More specifically, we show that the desirable performance of SubGM extends to the empirical loss
fo, (U), provided that the sub-differentials are “direction-preserving”, that is, D ~ vD for every
D € 0fy,(U) and D € dfy, (U), where

. : e
8fgl(U):{(Q + QT) U:QeQoUUT X )} | with Q(X) = — ;Slgn((Ai,X)—si)Ai. (7)
Definition 2 (e-approximate rank-k matrix). We say matriz X is e-approzimate rank-k if there

exists a matriz X' with rank(X') < k, such that | X — X'||p <e.
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Definition 3 (Sign-RIP). The measurements are said to satisfy Sign-RIP with parameters (k,d,¢,S)
and a uniformly positive and bounded scaling function ¢ : S — R over the set S if for every nonzero
e-approzimate rank-k X, Y € S, and every Q € Q(X), we have

X Y
<Q ~ R HY||F> < PlX)°. ®)

According to our definition, the scaling function satisfies ¢ < ¢(X) < ¢,VX € S, for some
constants 0 < ¢ < ¢ < co. Without loss of generality, we assume that p <1< . Later, we
will show that this assumption is satisfied for Gaussian measurements and different noise models.
Whenever there is no ambiguity, we say the measurements satisfy (k, d, e, S)-Sign-RIP if they satisfy
Sign-RIP with parameters (k,d,¢,S) and a (possibly unknown) uniformly positive and bounded
scaling function ¢ : § — R.

Next, we provide the intuition behind Sign-RIP. For any U € R%*"’ | the rank of UU T — X* is at
most 7 + r’. Now, suppose that the measurements satisfy (r' + 7,9, ¢, S)-Sign-RIP with small 6 and
suitable choices of £, S. Then, upon defining v = o(UU " — X*) < @, we have HD - fyDH <2¢||U| 6
for every D € Ofy,(U) and D € Ofy,(U). In other words, for sufficiently small 4, df, (U) and
Ofs, (U) are almost aligned under (v’ + r,d,¢,S)-Sign-RIP. A caveat of this analysis is that the
required parameters of Sign-RIP depend on the search rank /. One of the major contributions of
this work is to relax this dependency by showing that every matrix in the sequence {U;U,” — X*}I_;
generated by SubGM is e-approximate rank-r, for some small £ > 0.

At the first glance, one may speculate that Sign-RIP is extremely restrictive: roughly speaking,
it requires the uniform concentration of the set-valued function Q(X) over e-approximate rank-k
matrices. However, we show that, Sign-RIP is not statistically more restrictive than ¢- [30] and
01 /02-RIP [20], and—unlike its classical counterparts—holds under different noise models.

Definition 4 (Outlier Noise Model). With probability p, each entry of the noise vector s is
independently drawn from a zero mean distribution P; otherwise, it is set to zero.

Notice that our proposed noise model does not impose any assumption on the magnitude of the
nonzero elements of s, or the specific form of their distribution, which makes it particularly suitable
for modeling outliers with arbitrary magnitudes.

Definition 5 (Gaussian Noise Model). Fach element of the noise vector s is independently drawn
from a Gaussian distribution with zero mean and variance 1/3 < 00.

Our next two theorems characterize the sample complexity of Sign-RIP under the outlier and
Gaussian noise models.

Theorem 4 (Sign-RIP under Outlier Noise Model). Assume that the measurement matrices
{A;}, defining the linear operator A(-) have i.i.d. standard Gaussian entries, and that the
noise vector s follows the outlier noise model with 0 < p < 1 (Definition 4). Then, with
probability of at least 1 — C’le_C?m(l_p)Q‘sg, (k,d,e,8)-Sign-RIP holds with parameters k < d,
<1, 8 ={X : (< || X||p £ R} with arbitrary R > ¢ > 0, ¢ < (\/k/m, and a scaling

function p(X) = \/% (1 —p+pE [6_82/(2||XH§’)}), provided that the number of samples satisfies

dk log? (m) log(R/<)
mz Og(l—p)zoﬁg2 '
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The proof of the above theorem is provided in Appendix B.2. Theorem 4 shows that, for any
fixed R, ¢, p, and §, Sign-RIP is satisfied with @(dk) number of Gaussian measurements, which
has the same order as f2- [30] and ¢; /¢2-RIP [20] (modulo logarithmic factors). However, unlike fo-
and ¢ /¢o-RIP, Sign-RIP is not oblivious to noise. In particular, our theorem shows that Sign-RIP
holds with a number of samples that scales with (1 — p)~2, ultimately alleviating the issue raised in
Subsection 3.1. Moreover, our result does not impose any restriction on p, which improves upon the
assumption p < 1/v/7/ made by Li et al. [20] and Ding et al. [10].

Theorem 5 (Sign-RIP for Gaussian noise model). Assume that the measurement matrices {A; }1"
defining the linear operator A(-) have i.i.d. standard Gaussian entries, and that the noise vector s
follows the Gaussian noise model (Definition 5). Then, with probability of at least 1—016*027”5252/”3
(k,d,e,8)-Sign-RIP holds with parameters k <m, § <1, S ={X : ( < ||X| p < R} for arbitrary

R>(>0,e < \Vk/m, and a scaling function o(X) :\/E&, provided that the number of
T VIX 42

vadklog®(m) log(R/<)

samples satisfies m 2, 75

The proof of the above theorem is provided in Appendix B.3. Theorem 5 extends Sign-RIP
beyond outlier noise model, showing that it holds even when all measurements are corrupted with
Gaussian noise. However, unlike the outlier noise model, the sample complexity of Sign-RIP scales
with the noise variance.

3.3 Choice of Step-size

Next, we discuss our choice of the step-size, and its effect on the performance of SubGM. For simplicity,
let Ay = UU,” — X* and ¢y = o(U;Uy — X*). Under Sign-RIP, we have D; ~ (¢1/||Adllr) - AUs
for every Dy € Ofy, (Uy). Therefore, the iterations of SubGM can be approximated as Upy; =~
U — (i) )| Atl|F) - AUz, Consequently, with the choice of 17; = ne; || A¢||r, the iterations of
SubGM reduce to

U1 =U —n- A+U; + deviation. (9)

Ignoring the deviation term, the above update coincides with the iterations of GD with a constant
step-size 1), applied to the expected loss function fy,(U) = [[UUT — X*||%. By controlling the effect
of the deviation term, we show that SubGM on fy,(U) behaves similar to GD with a constant
step-size. A caveat of this analysis is that the proposed step-size 1; = 1p; *||A¢|| 7 is not known a
priori. In the noiseless scenario, Sign-RIP can be invoked to show that ¢; !||A¢||r can be accurately

estimated by fs, (U), as shown in the following lemma.

Lemma 1. Suppose that the measurements are noiseless, and satisfy (k,d,e,S)-Sign-RIP for some
<1, k<d,e>0,S8 #0, and uniformly positive and bounded scaling function ¢(-). Moreover,
suppose that Ay € S is e-approzimate rank-k. Then, we have

(1 =0)et [Atllp < for (U) < (1 +0)epe | Al - (10)

The above lemma is the byproduct of a more general result presented in Appendix B.4. It implies
that, for small 6, the step-size n; = 1 fy, (Uy) satisfies 0y = 1y ||A¢]| -, and hence, Uy = Us—np? AUy,
which again reduces to the iterations of GD on f,(U) with the “effective” step-size ny?, which is
uniformly bounded since ¢ < ¢; < .

12



However, in the noisy setting, the value of ¢; '||A¢||F cannot be estimated merely based on
fo, (Uy), since fo, (Uy) is highly sensitive to the magnitude of the noise. To alleviate this issue, we
propose an exponentially decaying step-size that circumvents the need for an accurate estimate of
|A¢]| 7. In particular, consider the following choice of step-size

m=-—1—pl, where Qt € Q(Ay), (11)
Q¢

for appropriate values of n and 0 < p < 1. We note that the set Q(A;) can be explicitly characterized
without any prior knowledge on Ay:

1 & 1 &

Q(Ay) = m Z; Sign ((As, Ag) —si) A; = ™ Z; Sign <<Ai, UtUtT>_yi) A;.
1= 1=

Our next lemma shows that the above choice of step-size is well-defined (i.e., @Q; # 0), so long as A;

is not too small and the measurements satisfy (k, d,e,S)-Sign-RIP.

Lemma 2. Suppose that the measurements satisfy (k, 6, ¢, S)-Sign-RIP with § < 2/(14+5Vk), k < d,
e>0,8 #0, and a uniformly positive and bounded scaling function p(-). Moreover, suppose that
Ay is e-approzimate rank-k and ||A¢|| > 4e. Then, we have

1+ 5Vk tIA 1 k LA
L (LR S e e < (14 +5vVk Y <\ e 1A e (12)
2 o [|Ad] 2 |
The proof of the above lemma can be found in Appendix B.5. Lemma 2 implies that the chosen

step-size remains close to (np'/¢(A¢))(| Al 2/ ||A¢l]), as long as the error is not close to zero. Due
to Lemma 2, the iterations of SubGM with exponentially-decaying step-size can be approximated as

t

Upy1 = Up — <”7Z)t||> AU, + deviation. (13)

In other words, SubGM selects an approximately correct direction of descent, while the exponentially
decaying step-size ensures convergence to the ground truth.

3.4 Effect of Over-parameterization

At every iteration of SubGM, the rank of the error matrix A; = U;U,” — X* can be as large as
r +r’. Therefore, in order to guarantee the direction-preserving property of the sub-differentials, a
sufficient condition is to satisfy Sign-RIP for every rank-(r + ') matrix. Such crude analysis implies
that the performance of SubGM may depend on the search rank /. In particular, with Gaussian

/ .
%) , which scales

measurements, this would increase the required number of samples to O ( =p)
linearly with the over-parameterized rank. To address this issue, we provide a finer analysis of the

iterations. Consider the eigen-decomposition of X*, given as

v ol

.
_ T
00 Vﬂ =vav,

X =[v m[

where V € R and V| € R¥™*(@=") are (column) orthonormal matrices satisfying V'V, = 0,
and ¥ € R™" is a diagonal matrix collecting the nonzero eigenvalues of X*. We assume that the
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diagonal entries of ¥ are in decreasing order, i.e., 01 > 09 > - -+ > 0, > 0. Moreover, without loss
of generality, we assume that o1 > 1 > o,. Based on this eigen-decomposition, we introduce the
signal-residual decomposition of U, as follows:

Uy =VS,+ VL (F,+Gy), where S;=V'U, E,=V/U, F, = EPg,, Gy = EPg.  (14)
FE
t

In the above expression, Pg, is the orthogonal projection onto the row space of S;, and PJS} is its
orthogonal complement. It is easy to see that U;U, = X* if and only if S;S,) = ¥ and E;E; = 0.
Therefore, our goal is to show that S’tStT and EtEtT converge to X and 0, respectively. Based on the
above signal-residual decomposition, one can write

A=UU —X*=V (stsj - 2) VI +VSE' VI +ViES VI + V. EF'V] +V.GG V],

v small norm
rank-4r

An important implication of the above equation is that A; can be treated as an s-approximate
rank-4r matrix, where € = HVLGtG:VIHF- We show that HVLGtG:VIHF = O(\/ga), and hence,
A; is approximately rank-4r, provided that the initialization scale is small enough. To this goal,
we first characterize the generalization error ||A¢|| in terms of the signal term HStStT -X *H, cross
term HStEtTH, and the residual term HEtEtTH

Lemma 3. We have

1A < HE—StStTH+2HStEtTH+HEtEtTH. (15)

The proof of the above lemma follows directly from the signal-residual decomposition (14), and
omitted for brevity. Motivated by the above lemma, we will study the dynamics of the signal, cross,
and residual terms under different settings.

4 Expected Loss

In this section, we consider a special scenario, where the measurement matrices {4;}; have i.i.d.
standard Gaussian entries, and the number of measurements m approaches infinity. Evidently, these
assumptions do not hold in practice. Nonetheless, our analysis for this ideal scenario will be the
building block for our subsequent analysis. Since the number of measurements approaches infinity,
the uniform law of large numbers implies that fy, (U) converges to its expectation E[f,, (U)] almost
surely, over any compact set of U [36]. The next lemma provides the explicit form of E[f,, (U)].

Lemma 4. Suppose that the measurements are noiseless and the measurement matrices {A;}7*,
have i.i.d. standard Gaussian entries. Then, we have

Bl @)= 2 |ovT - x-

Proof. Due to the ii.d. nature of {4;}!", and the absence of noise, one can write E[f, (U)] =
E [[(A,UUT — X*)|], where A is random matrix with i.i.d. standard Gaussian entries. It is easy to

see that (A,UUT — X*) is a Gaussian random variable with variance HU Ul — x* H? The proof is
completed by noting that, for a zero-mean Gaussian random variable X with variance o2, we have

E[|X] = /20 O

. (16)
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Figure 5: The iterations of SubGM for the expected loss (16) undergo three phases: eigenvalue learning phase, where
the eigenvalues of S5, converge to those of X*; global convergence phase, where the generalization error decays
linearly; and local convergence phase, where the generalization error decays sub-linearly.

Next, we study the performance of SubGM with small initialization for fy, (U) = /7/2E[fe, (U)].

. o I 2(UUT-Xx*)U T . I .
First, it is easy to see that Jfy, (U) = TorT—x-1 for UU' # X*. Moreover, df, (U) is
F

nonempty and bounded for every U that satisfies UUT = X*. Therefore, upon choosing the
step-size as n, = (n/2) HUUT - X*HF, the update rule for SubGM reduces to U+, = U — Dy =
n (UtUtT — X*) Uy, for any Dy € Ofs, (Up). In other words, the iterations of SubGM with step-size
ne=(n/2)||[UUT — X*HF on fy, (U) are equivalent to the iterations of GD with constant step-size
n on the expected fy-loss function fo,(U) = (1/4) |UUT — X*H; )

Due to this equivalence, we instead study the behavior of GD on fy,(U). Based on the
decomposition of the generalization error in Lemma 3, we show that the iterations of SubGM on

the expected loss undergo three phases:

- Eigenvalue learning: Due to small initialization, the signal, residual, and cross terms are
small at the intial point. Therefore, the generalization error is dominated by the signal term
1548, — || & ||=||. We show that, in the first phase, SubGM improves the generalization
error by learning the eigenvalues of X*, i.e., by reducing HStStT — EH During this phase, the
residual term HE,:EtT H will decrease at a sublinear rate.

- Global convergence: Once the eigenvalues are learned to certain accuracy, both signal and
cross terms HStStT — EH and HStEtTH start to decay at a linear rate, while the residual term
maintains its sublinear decay rate.

- Local convergence: The discrepancy between the decay rates of the signal and cross terms, and
that of the residual term implies that, at some point, the residual term becomes the dominant
term, and hence, the generalization error starts to decay at a sublinear rate.

Figure (5) illustrates the three phases of SubGM on the expected loss fy, (U) with a rank-3
ground truth X*. Here, we assume that the problem is fully over-parameterized, i.e., ' = d = 20.
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Figure 6: (a) The eigenvalues of X* are learned at different rates. (b) During the eigenvalue learning phase, the
generalization error is dominated by the signal term. In the global convergence phase, both signal and cross terms
decay linearly. Finally, the residual term becomes the dominant term in the local convergence phase, and it governs
the generalization error.

A closer look at the first phase of the algorithm reveals that SubGM learns the eigenvalues of X* at
different rates: the larger eigenvalues are learned faster than the small ones (Figure 6a). A similar
observation has been made for gradient flow applied to low-rank matrix factorization [23], and is
referred to as incremental learning [16]. Finally, Figure 6b illustrates the dynamics of the signal,
cross, and residual terms.

Proposition 2 (Minimum eigenvalue dynarr_lic). Consider the iterations of SubGM for the expected
loss fo, (U), and with the step-size ny = (0/2) fo, (Uy). Suppose thatn < 1/o1, SpS. = 0, || EyFy|| < o4,
and ||S¢St|| < 201. Then, we have

Mmin (St1501) = (14 n0,)” = 20 HEtEtTH) Min (S15T) = 20 (14 7077) Ao (Stsj)2 .

The proof of Proposition 2 can be found in Appendix C.1. The above proposition shows that
the minimum eigenvalue of S;S, grows exponentially fast at a rate of 14 ©(no,.), provided that 7
and HEtEtT H are small. This implies that the minimum eigenvalue satisfies Apin (StSt—r ) 2 o, after
O (log (1/Amin(S05y ))/(noy)) iterations.

Proposition 3 (Signal, cross, and residual dynamics). Consider the iterations of SubGM for the

expected loss fo,(U), and with the step-size gy = (1/2) fo, (Ut). Suppose that n < 1/07, ‘StS;H <
1.0101 and HEtEtTH < o1. Then, we have

Hz — S8l < (1 — i (Stsj)) Hz _ stSJH + 51 HStEtTHQ , (17)

HSHEJ+1 < (1 D Amin (Stsj) + o Hz — StStTH + 2 ||EtEtH) HStEtT ) . (8)

L < 67 -7 "

HSMS;l < 1.0101. (20)
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The proof of Proposition 3 can be found in Appendix C.2. The above proposition shows that,
once the minimum eigenvalue of S;.S," approaches o, the iterations enter the second phase, in which
the signal and cross terms start to decay exponentially fast at the rate of 1 — ©(no,). Moreover, it
shows that the residual term is independent of )\min(StStT ), and decreases sublinearly throughout
the entire solution path. Given these dynamics, we present our main result.

Theorem 6 (Global convergence of SubGM for expected loss). Consider the iterations of SubGM
for the expected loss fo,(U), and with the step-size ny = (1/2) fo, (Uy). Suppose that n < 1/01, and
the initial point is selected such that HUOUOT - QOzQX*H < a?o,, for some a < \or. Then, the
following statements hold:

iterations, we have

- Linear convergence: After T < log(01/a)
nor

N2l * 2
|oruf - 02,

- Sub-linear convergence: For everyt > T, we have

2
< a

HUtUtT x| s

The detailed proof of Theorem 6 is presented in Section A.1. According to the above theorem,
for any accuracy ¢ > 0, one can guarantee HUTU% — X*|| < ¢ after O (log(a1/2)/(noy)) iterations,
provided that o < v/ A /7. In Section 5, we will show how to obtain an initial point that satisfies
the conditions of Theorem 6.

5 Empirical Loss with Noiseless Measurements

A key difference between the behavior of SubGM for the empirical loss fy, (U) and its expected
counterpart fy, (U) is the fact that the residual term HEtEtT H no longer enjoys a monotonically
decreasing behavior. In particular, Figure 7a shows that, even with an infinitesimal initialization
scale «, the residual term grows to a non-negligible value, before decaying linearly to a small level.
In order to analyze this behavior, we further decompose FE; as

E, =F, + Gy, where  F; = E,Pg,, and G;= EiPg.
Based on the above decomposition and Lemma 3, the generalization error can be written as:

HUtUtT e

<JssT sl +ofsar|+ et o] e

This decomposition plays a key role in characterizing the behavior of the residual term: we show
that the increasing nature of HE,:E;r H in the initial stage of the algorithm can be attributed to the
dynamic of HFtFtTH- During this phase, the term HGthT H also increases, but at a much slower rate.
In particular, we show that HGtG: H remains in the order of a” for some 0 < v < 2 throughout
the entire solution path. In the second phase, HGtG;r H remains roughly in the same order, while
HFtFtT H decays linearly until it is dominated by HGthTH. At the end of this phase, the overall error
will be in the order of O(a”). Figure 7b illustrates the behavior of HFtFtTH and HGtG;r H, together
with ||EE/ ||
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Figure 7: (a) The dynamics of the signal, cross, and residual terms for the empirical loss. Unlike the expected loss,
the residual term for the empirical loss has a non-monotonic behavior. (b) The dynamics of |FyF}" || and |GG/ ||.
The non-monotonic behavior of the residual term can be attributed to the dynamic of ||FtFtT H

Similar to our analysis for the expected loss, our first step towards analyzing the behavior
of SubGM is to characterize the dynamic of the minimum eigenvalue of S;S,". For simplicity of
notation, we define 7; = np(A;)? in the sequel. Recall that, due to our assumption on p(A;)?, we
have 9277 < iy < @*n, provided that A; € S.

Proposition 4 (Minimum eigenvalue dynamic). Consider the iterations of SubGM for the empirical
loss fo, (U) with the step-size ny = (n/2)fe,(Ur). Suppose that the measurements are noiseless
and satisfy (4r,0,¢,S)-Sign-RIP with § < 1/\/r, € = Vd ||G¢|)?, and S = {X : ¢ < || X||p < R} for

(=¢ (1/5 Y, \/&) and R = 5\/ro1. Moreover, suppose that n < 1/(p%01), SiS," = 0, }EtE;rH <o,
HStStTH <201, A¢ € S is e-approximate rank-4r, and HEtStT(StS;)_lH < 1/3. Then, we have

Amin (St+13;1> > ((1 + 7hon)? — 2 HEtEtTH — 7207,6 ||At|]F) Amin (Stsj)
20 (14 70,) A (557 )2 .

The proof of Proposition 4 can be found in Appendix D.2. Later, we will show that the conditions
of Proposition 4 are satisfied with a sufficiently small initial point. The above proposition shows that,
in the first phase of the algorithm, Amin (StStT ) grows exponentially with a rate of least 1+ Q(n£2ar).
Comparing this result with Proposition 2 reveals that A, (StHStTJrl) for the empirical loss behaves
almost the same as its expected counterpart. This will play an important role in establishing the
linear convergence of SubGM for the empirical loss. Finally, note that Sign-RIP must be satisfied
for every e-approximate rank-4r matrix, where & = v/d||G4||>. Later, we will show that, with small
initialization, the value of v/d ”Gt||2 scales with a, and hence, can be kept small throughout the
iterations. Our next proposition characterizes the behavior of the signal and cross terms for the
empirical loss.

Proposition 5 (Signal and cross dynamics). Consider the iterations of SubGM for the empirical
loss fo, (U) with the step-size . = (n/2)fe,(Ur). Suppose that the measurements are noiseless
and satisfy (4r,6,¢,8)-Sign-RIP with § < 1/y/r, € = Vd||Gi|?, and S = {X : ¢ < || X || < R}
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Algorithm 2 Initialization Scheme

Input: initialization scale «, measurement matrices {A4;}",, measurement vector y =
[y1,--+ ,ym] ", and the search rank 7/;
Output: An initialization matrix Uy € R’

. . A+AT
Obtain C € L 3™, Sign(y;) —; -
Compute the eigenvalue decomposition C' = ADAT;
Define D:L/ as the top 7’ x r’ sub-matrix of D corresponding to the r’ largest eigenvalues of C,

whose negative values are replaced by 0;

Set Uy = aA (Di)l/z.

for (=« (1/5\/ \/&) and R = 5/ro1. Moreover, suppose that n < 1/(@%01), HStStTH < 1.0107,
[BES | < o,

EtEtTHF </roi, and A € S is e-approximate rank-4r. Then, we have

Hz — 818 < (1 — i Amin (Stsj)) Hz _ StStTH + 57 HstEJHQ + 377001 | Al (22)
HStJrlEin-l < (1 — Tt Amin (5t5;>+277t HE — StStTH+277t HEtEtT‘D HStEtTH + 220601 [| Al
(23)

HSMSJ'H <1.010y. (24)

The proof of this proposition is presented in Appendix D.3. Proposition 5 shows that, under
Sign-RIP, the one-step dynamics of the signal and cross terms behave almost the same as their
expected counterparts, provided that § is sufficiently small.

Finally, we provide the one-step dynamic of the residual term. To this goal, we will separately
analyze F; and Gy, i.e., the projection of E; onto the row space of S; and its orthogonal complement.
This together with E; = F; 4+ G} characterizes the dynamic of the residual term.

Proposition 6 (Residual dynamic). Consider the iterations of SubGM for the empirical loss
fo, (U) with the step-size ny = (n/2)fe,(Uy). Suppose that the measurements are noiseless and
satisfy (4r,0,e,8)-Sign-RIP with § < 1/\/r, € = Vd |Gy, and S = {X : ¢ < || X||p < R} for

(=c¢ (1/5\/\/&) and R = 5\/ro1. Moreover, suppose that HStStTH < 1.01074, ‘EtEtTH < o1,
Ay € S is e-approzimate rank-4r, and HEtS’t(StSt)_lH < 1/3. Then, the following statements hold:

o If iy S 1/||A¢||, we have
72 i 4 T _
[Geqall < <1+m <2HEtSt H + |E:]|" + 2| A HEtSt H) +777t6||At||F> Gl -

o Ifn < 1/(¢%01), we have

1Fiall < (1= Tihmin (SeST ) + 370 1Adl| ) 1l + 3760 | Al 12l + 677 1Al 1G]

The proof of the above proposition can be found in Appendix D.4. Note that the condition
n < 1/(@%01) for the dynamic of ||Fy|| readily implies 7y < 1/|A¢||. Therefore, the one-step

~
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dynamic of ||G¢|| holds under a milder condition on the step-size. Moreover, unlike ||Fi||, the
dynamic of ||Gy|| is independent of Apin(S¢S, ). At the early stages of the algorithm, the term

it (2| BT |+ 1B + 2 | Ad] | ES] | ) = O(a?) is dominated by 7 || Al ~ 76 || X* | . There-

fore, ||G¢|| grows at a slow rate of 1+ O(1)nd@? || X*|| . As the algorithm makes progress, ||A¢|| -
decreases, leading to an even slower growth rate for ||G¢||. This is in line with the behavior of |G|
in Figure 7b: the growth rate of ||G;|| decreases as SubGM makes progress towards the ground truth,
and it eventually “flattens out” at a level proportional to the initialization scale. However, unlike
||G¢||, the term ||F}|| does not have a monotonic behavior. In particular, according to Proposition 6,
|| Ft|| may increase at the early stages of the algorithm, where Apin (StStT ) is negligible compared
to | A¢|| z. However, ||Fy|| will start decaying as soon as Amin (S¢S; ) 2 & | A¢]| r, which, according
to Proposition 4, is guaranteed to happen after certain number of iterations. The non-monotonic
behavior of ||F|| is also observed in practice (see Figure 7b).

Before presenting the main result, we provide our proposed initialization scheme in Algorithm 2.
The presented initialization method is analogous to the classical spectral initialization in the noiseless
matrix recovery problems [27], with a key difference that we scale down the norm of the initial point
by a factor of a?. As will be shown later, the scaling of the initial point is crucial for establishing
the linear convergence of SubGM; without such scaling, both GD and SubGM suffer from sublinear
convergence rates, as evidenced by the recent works [42, 10].

Theorem 7 (Global Convergence of SubGM with Noiseless Measurements). Consider the iterations
of SubGM for the empirical loss fo, (U) with the step-size ny = (n/2) fo, (Ut). Suppose that the initial
point Uy is obtained from Algorithm 2 with an initialization scale that satisfies o < 1/(@Vd) A
1/k. Suppose that the measurements are noiseless and satisfy (4r,0,e,8)-Sign-RIP with 6 <

1/ (Vrs2@tlog? (1/a)), & = Vo> OV™0)§ and 8 = {X : ¢ < | X||» < R} for ( =¢ (1/5 vV

and R = 5\/ro1. Finally, suppose that n < 1/(¢%01). Then, after t = Tong S log (1/a)/(nore?)
iterations, we have

HUtUtT _X* B S daQ*O(\/;KQ(S)'

The proof of Theorem 7 is presented in Subsection A.2, and follows the same structure as
the proof of Theorem 6. However, unlike the expected loss, the final error will be in the order of
P for some 0 < B(8) < 2 that is a decreasing function of 6. Indeed, smaller § will improve the
dependency of the final generalization error on «. Moreover, for an arbitrarily small € > 0, one
can guarantee HUTUYT - X*HF < e within T < log(d/e)/(8(0)norp?) iterations, provided that the
initialization scale satisfies a < (g/d)"/P),

Finally, we characterize the sample complexity of SubGM with noiseless, Gaussian measurements.

Corollary 1 (Gaussian Measurements). Suppose that the measurement matrices {A;};~, have
i.i.d. standard Gaussian entries. Consider the iterations of SubGM for the empirical loss fr, (U),
with the step-size ny = (n/2) fe,(Uy) and n < 1/o1. Suppose that the initial point Uy is obtained
from Algorithm 2 with an initialization scale that satisfies o < 1/\/& A 1/k. Finally, suppose
that the number of measurements satisfies m > k*dr?log®(1/a?)log?(m). Then, after t = Tppg <
log (1/«) /(noy) iterations, and with an overwhelming probability, we have

20 (\/n4dr2 log(ln/la) logz(m))

HUTUYT e

< da
F
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The above corollary is a direct consequence of Theorem 4 after setting the corruption probability
p to zero. To the best of our knowledge, Corollary 1 is the first result showing that, with Gaussian
measurements, the sample complexity of SubGM is independent of the search rank, provided that
the initial point is sufficiently close to the origin.

6 Empirical Loss with Noisy Measurements

In this section, we establish the convergence of SubGM with small initialization and noisy measure-
ments. A key difference compared to our previous analysis is in the choice of the step-size: in the
presence of noise, the value of 7; = (17/2) f¢, (Us) can be arbitrarily far from the error no; ! ||A¢||. To
circumvent this issue, we instead propose to use the following geometric step-size:

¢
n=n- L, where Q; € Q(Ay). (25)
Q||

Our first goal is to show that, under a similar Sign-RIP condition, our previous guarantees on
SubGM extend to geometric step-size. Then, we show how our general result can be readily tailored
to specific noise models. Our next result characterizes the dynamic of )\min(StS’tT ) with the above
choice of step-size.

Proposition 7 (Minimum eigenvalue dynamic). Consider the iterations of SubGM on f,, (U)
with the step-size defined as (25). Suppose that the measurements satisfy (4r, e, §)-Sign-RIP with

§ S 1)r e =Va|G? and S = {X : ¢ < | X||p < R} for ¢ = ¢ (1/5v m) and R = 5./ro1.
SST|| < 200, |EeST (8i8T) || < 173,

‘EtE;rH < g1,

Moreover, suppose that S;S; = 0,

t
IIKII < U%, and Ay € S is e-approximate rank-4r. Then, we have

A7) A

np' np* T\2
2pk (1 o) o (557)"

The proof of the above proposition is presented in Appendix E.2. Recalling our discussion in
Section 3.3, SubGM with geometric step-size moves towards a direction close to A;/ ||A¢|| with an
“effective” step-size np'/||A¢]|. In light of this, the above proposition is analogous to Proposition 4,
with an additional assumption that the effective step-size is upper bounded by 1/07. Proposition 7 can
be used to show the exponential growth of )\min(StHS;l) in the first phase of the algorithm. To see
this, note that, due to small initialization, we have ||A¢|| = || X™*|| = 01, Amin (StStT)z < Amin (StStT),
and HEtEtT H ~ 0 at the early stages of the algorithm. This implies that the minimum eigenvalue
dynamic can be accurately approximated as Amin (St+15;1) > (14 Q2(n/K)) Amin (StStT), which
grows exponentially fast. We next characterize the dynamics of the signal and cross terms.

i (S111571) 2 (<1 ) e - 3g4mpt5) o (5157

Proposition 8 (Signal and cross dynamics). Consider the iterations of SubGM on fo, (U) with the
step-size defined as (25). Suppose that the measurements satisfy (4r,e,0,S)-Sign-RIP with 6 < 1/4/T,

e=Vd|G? and S = {X : ¢ < ||X||p <R} for ¢ = ¢ (1/(5\/\/&) and R = 5+/roy. Moreover,
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1
Ky S o and

suppose that S,;StT = 0, HEtEtTH <oy, HStStTH < 1.01o7,
A € S is e-approximate rank-4r. Then, we have

ES) (StStT)ilH

Hzfsms;l §<1 oy (stsj)”z S,87 H+5 )stEJH2+193ﬁnpt5a1, (26)

1A 1A

| s B || < <1—H”A”t‘ (Amin (5:87) 2[5 5:57 || -2 HE@A\)) | seET||+113vmetson,
(27)
HSMSIH <1.0101. (28)

The proof of Proposition 8 is analogous to Proposition 5, and can be found in Appendix E.3.
Assuming ||A¢|| < p!, the above proposition shows that both signal and cross terms behave similar
to their expected counterparts in Proposition 3, and their deviation diminishes exponentially fast.

Proposition 9. Consider the iterations of SubGM on fo, (U) with the step-size defined as (25).
Suppose that the measurements satisfy (4r,e,0,8)-Sign-RIP with § < 1/y/r, ¢ = \/3||Gt||2, and

S={X: (< | X||p <R} for¢=¢ (1/5 \Y% \/&) and R = 5\/roy. Moreover, suppose that S;S, = 0,

HEtEtTH < oy, HStStTH <1l.loy, ‘EtStT (StStT)_lH < 1/3, and Ay € S is e-approximate rank-4r.
Then, the following statements hold:

o Ifn< m, we have

||Gt+1ug( \VM (HEtst |1zt 21200 |7 H)+49fnop )nth, (29)

which can be further simplified as

|Griall < (14 5020 + 49\/rnop'd) Gl (30)

npt
| Figa]| < <1 A, HAmm (StStT) + 16\/77npt5> | F3|| 4 163/rnp's || Sel| + 6mp" |Gl . (31)

The proof of Proposition 9 follows that of Proposition 6, and can be found in Appendix E.4.
Inequality (30) implies that the growth rate of ||G;|| diminishes with ¢. We will use this property to
show that ||G¢|| remains proportional to the initialization scale o throughout the solution trajectory,
which will be used to control the final generalization error. Moreover, unlike the dynamic of
| F3l, (30) holds even when ||A|| decays faster than nop’; this will play a key role in the proof of
our next theorem.

Theorem 8 (Global Convergence of SubGM with Noisy Measurements). Consider the iterations
of SubGM on fy, (U) with the step-size defined as (25), and parameters n < 1/ (klog(l/a)) and
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p=1-0(n/(klog(l/a))). Suppose that the initial point Uy is obtained from Algorithm 2 with an ini-
tialization scale that satisfies a < 1/(\/&)/\1//&/\% Suppose that the measurements satisfy (4r,d,e,S)-

Sign-RIP with § < 1/ (y/rr2@tlog? (1/a)), e < \/&@2_0(“/;”5)5, and S ={X : ( < ||X||p < R} for
(>e¢ (1/5 Y \/&) and R = 5\/roy. Then, after Topng < (k/1)log? (1/a) iterations, we have

HUtUtT e

< dOéZfO(\/?né) V(.
F

The proof of the above theorem can be found in Section A.3. Upon defining 5(8) = 2 — O(y/rkd),
the above result implies that, for any arbitrary accuracy € > ¢, SubGM converges to a solution that
satisfies ||U:U," — X*HF < ¢ within O(klog?(d/e)/(B(8)n)) iterations, provided that o < (g/d)Y/#(®),
Compared to the noiseless setting, the final error in Theorem (8) has an additional term (. This is
due to the fact that we only require a lower bound on the choice of (; as will be explained later,
this additional freedom will be used to show the convergence of SubGM under the Gaussian noise
model. Moreover, compared to the noiseless setting, the iteration complexity of SubGM in the noisy
regime is higher by a factor of log(d/e), and its step-size must be chosen more conservatively. The
higher iteration complexity is due to the lack of a prior estimate of |A||; to alleviate this issue,
we proposed a geometric step-size, which inevitably lead to a slightly higher iteration complexity.

Equipped with the above theorem and Theorems 4 and 5, we next characterize the behavior of
SubGM under both outlier and Gaussian noise regimes.

Corollary 2 (Outlier Noise Model). Suppose that the measurement matrices {A;};~, have i.i.d.
standard Gaussian entries, and the noise vector s follows an outlier noise model with a corruption
probability 0 < p < 1 (Definition 4). Consider the iterations of SubGM on fo, (U) with the
step-size defined as (11), and parameters n < 1/ (klog(l/a)) and p = 1 — O (n/(klog(1l/a))).
Suppose that the initial point Uy is obtained from Algorithm 2 with an initialization scale that
satisfies a < 1/v/d AN 1/k A (1 — p). Suppose that the number of measurements satisfies m >
k*dr?log®(1/a2)log?(m)/(1 — p)%. Then, after Top,g < (k/n)log? (1/a) iterations, and with an
overwhelming probability, we have

k2dr2 lo a) log2(m
o=l
< da . (32)
F

Corollary 3 (Gaussian Noise Model). Suppose that the measurement matrices {A;};~, have i.i.d.
standard Gaussian entries, and the noise vector s follows a Gaussian noise model with a variance
vg < 0o (Definition 5). Consider the iterations of SubGM on fo, (U) with the step-size defined as (11),
and parameters n < 1/ (klog(l/a)) and p=1— 0 (n/(klog(1/a))). Suppose that the initial point
Uy is obtained from Algorithm 2 with an initialization scale that satisfies a < 1/v/d A +/dr/m A1/k.
Then, after Topg < (k/n)log? (1/a) iterations, and with an overwhelming probability, we have

_0 \/ngn4dr2 log®(1/a)log?(m)
m

HUtUtT _ X

HUtUtT - x| (33)

The proof of Corollary 3 follows directly from Theorems 5 and 8 after choosing

(= C\/V3K4d7’2 log®(1/a)log?(m)/m,

for sufficiently large constant C'. The details are omitted for brevity.
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Remark 1. Our result can be readily extended to settings where the measurements are corrupted with

(2)

both outlier and Gaussian noise values. Consider measurements of the form y; = (A;, X*) +s§1) +s,7,

(1)

where ;" and 552) follow the outlier and Gaussian noise models delineated in Definitions 4 and 5. In
this setting, Corollaries 2 and 3 can be combined to show that, with m = ) (1/3%4(17’2/(1 —p)?) sam-

ples, SubGM with small initialization and geometric step-size achieves the error HUtUtT — X*HZF =
O (V§m4dr2/((1 —p)?m)) (modulo logarithmic factors).

7 Concluding Remarks

In this work, we study the performance of sub-gradient method (SubGM) on a nonconvex and
nonsmooth formulation of the robust matrix recovery with noisy measurements, where the rank
of the true solution r is unknown, and over-estimated instead with ' > r. We prove that the
over-estimation of the rank has no effect on the performance of SubGM, provided that the initial
point is sufficiently close to the origin. Moreover, we prove that SubGM is robust against outlier and
Gaussian noise values. In particular, we show that SubGM provably converges to the ground truth,
even if the globally optimal solutions of the problem are “spurious”, i.e., they do not correspond to
the ground truth. At the heart of our method lies a new notion of restricted isometry property, called
Sign-RIP, which guarantees a direction-preserving property for the sub-differentials of the ¢1-loss. We
show that, while the classical notions of restricted isometry property face major breakdowns in the
face of noise, Sign-RIP can handle a wide range of noisy measurements, and hence, is better-suited
for analyzing the robust variants of low-rank matrix recovery. A few remarks are in order next:

Spectral vs. random initialization: In our work, we assume that the initial point is obtained
via a special form of the spectral method, followed by a norm reduction. A natural question thus
arises as to whether the spectral method can be replaced by small random initialization. Based on
our simulations, we observed that SubGM with small random initialization behaves almost the same
as SubGM with spectral initialization. Therefore, we conjecture that small random initialization
followed by a few iterations of SubGM is in fact equivalent to spectral initialization; a similar result
has been recently proven by Stoger and Soltanolkotabi [31] for gradient descent on f9-loss. We
consider a rigorous verification of this conjecture as an enticing challenge for future research.

Beyond Sign-RIP: Another natural question pertains to the performance of SubGM on problems
that do not satisfy Sign-RIP. An important and relevant example is over-parameterized matrix
completion, where the linear measurement operator is an element-wise projector that reveals partial
and potentially noisy observations of a low-rank matrix. Indeed, the performance SubGM on
problems of this type requires a more refined analysis, which is left as future work.
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A  Proofs of the Main Theorems

A.1 Proof of Theorem 6

Before delving into the details, we first present the general overview of our proof technique for
Theorem 6. First, we prove that the conditions of Propositions 2 and 3 hold for every 0 < ¢ < co.
Then, we use the minimum eigenvalue dynamic in Proposition 3 to show that )\min(StStT ) > 0.980,
after O (log(1/a?)/(no,)) iterations. In the second phase, we leverage the lower bound Amin (S¢S ) >
0.980, to further simplify the one-step dynamics in Proposition 2, and show that both signal and
cross term decay linearly, while the residual term remains in the order of o®. This phase lasts for
O (log(o1/a?)/(no,)) iterations, and the generalization error can be upper bounded by a? at the
end of this phase. Finally, in the third phase, we show that the residual term will dominate the
signal and cross terms, and the generalization error will decay at a sublinear rate.

Lemma 5. The conditions of Propositions 2 and 3 are satisfied for every 0 <t < oco. In particular,
for any 0 <t < 0o, we have

T a?
HEtEt H S TENE (34)
HStSJH < 1.0101, (35)
S:ST - 0. (36)

The proof of the above lemma can be found in Appendix C.3. Given Lemma 5, we proceed to
prove Theorem 6.
Phase 1: Eigenvalue Learning. Due to Proposition 2 and Lemma 5, we have

Min (Se1871) = (14 200, — 21 HEtEtT H) Aawin (5057 ) = 2.01122,,, (5057

> (14 19990, ) Amin (StStT ) — 2.019A25, (st5j> : (37)

where we used the assumption 2 HEtEtT H < 20 < 0.010, due to our choice of a. Now, we consider
two cases:

- Suppose that T} is the largest iteration such that Ay, (StStT) < 0,/2.01 for every t < Tj.
According to (37), we have

Aumin (ststT ) > (14 0.9970,) Amin (SQSOT ) > (14 0.990,) 20,

This implies that, after O (log(1/a?)/(no,)) iterations, we have Amin (S¢.S;) > 0,/2.01, and
hence, Ty = O (log(1/a?)/(na,)).
- For t > T, let ; = 0 — Amin (StStT). Then, according to (37), we have
zii1 < (1 —2.03n0,) 2 4+ 2.01nz2 + 0.02n02

) (38)
< (1-1.02n0,) z¢ + 0.02n07,
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where in the second inequality, we used the fact that x; = 0, — Anin (StS;— ) < 1.010,/2.01.
The above inequality implies

x441 — 0.01960, < (1 — 1.02n0;,) (2 — 0.01960,)
— 2441 — 0.01960, < (1 — 1.0290,)" " 1 (21, — 0.01960,.) .

Hence, we have z; < 0.020, after T35 = T + T iterations, where T, = O (1/n0o,.), which in
turn shows that Amin (StStT) > 0.980,..

The above analysis shows that Amin (S5, ) > 0.980, for every t > Ty = T1+T5 = O (log(1/a?)/(na,)).

Phase 2: Global Convergence. We have 0.980, < Amin(StStT) < 1.010q for every t > T3. This
combined with the one-step signal dynamics (17) implies that

T T T 2
HE—StHStHH < (1-0.9870,) ‘z—stst H +577HStEt H .

On the other hand, due to Lemma 5, we have
2
HS,:E;H < HStStTH HEtEtTH < (1.0107)a?.

This implies that

S - S8t | < (- 0.9800,) ‘2 _ StStTH I (39)
601a2 601a2
— == s8], - <(1-0.98 HE—SSTH—
e+15011 |~ Ggggy = 77‘7’")( 2t 7 0.980,
— 2= S8t | = 8797 < (1~ g.08p0, )T HZ—S o
LT () 98, = oener BT ™ .98, )

Therefore,

nor

Hz-ststTHg7m2 for t>Ty=Ts+Ty, where T4:(’)<

Here, we use the inequality || — ST3SIT13H < ||Z] + HST3SIT“3H < 2.010;. On the other hand, the
one-step dynamics for the cross term (18) implies that

i = (1 (s557) s -7 ] |

1 —0.5n0,

( ) ‘StEtTH
- HSHIE;lH <(1- 0-57707")t_T5+1 HSTSE;ZH
< (1—0.5n0,) "5 (1.01an/a7) (40)

where the second inequality follows from the proven upper bound HE — StStT H < 7ka? and Lemma 5.
Moreover, the last inequality is due to the fact that
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e

< ISz [H[ By || < 1.01a/07.

The inequality (40) results in

s ()

HStEtTH <ao? for t>Tr=Ts5+T5 where Tg=0O
nor

This upper bound can in turn be used in (39) to further strengthen the upper bound on the signal
term as follows

nor

log (%
HZ—StStTHSQZ for tZT8:T7—|—T6:O<g(a2)>'
Finally, invoking the signal-residual decomposition in Lemma 3, we have

HUtUtT _ X

log (2L
< ] 2t e e 20 (P52

nor

Phase 3: Sublinear convergence. Once both signal and cross terms are in the order of a?, the
residual term becomes the dominant term, while both signal and cross terms maintain their linear
decay rates. Therefore, we have

Oé2

UU — X* e —
H e na?t + 1

< |EET|| 5
This completes the proof. ]

A.2 Proof of Theorem 7

The proof of Theorem 7 follows the same structure as the proof of Theorem 6: first, we use
Proposition 4 to show that Amin(S:S, ) reaches 0.980, after 71 < log(1/a)/(no,@?) iterations.
Given this inequality and equipped with the one-step dynamics of the signal, cross, and residual
terms (Propositions 5 and 6), we then establish the linear convergence of SubGM to the ground

truth. As a first step, we show an important property of the proposed initialization scheme.

Lemma 6. Suppose that the measurements are noiseless and satisfy (4r,0,¢,S)-Sign-RIP where
e=0, and X* € §. Then, the initial point Uy =V Sy + V| Ey generated from Algorithm 2 satisfies
X*
X

HUOUJ —a?p(X*) H < 2a%p(X*)s, (41)

The proof can be found in Appendix D.5. An immediate consequence of the above lemma is the
following inequality:

Given this property of the proposed initialization scheme, we next show that the conditions of
Propositions 4, 5, and 6 are satisfied throughout solution path.

)
X1

SoSy — a’p(X*)

v HSOEOTH v HEOEOTH < 202p(X*)3. (42)
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Lemma 7. We either have ||A¢|p S da2=OWT%8) for some 0 < t < Tong, or the conditions of
Propositions 4, 5, and 6 are satisfied for every 0 <t < T,nq. In particular, for any 0 <t < T,p,q, we
have

|Fl < ng? (100776 + 3001 \/agd ) (¢t +1), (43)
[Gill < o' =OWV™0) /g5, (44)
[A]| < 501, (45)
HStStTH < 1.0101, (46)
S.ST =0, (47)
T .
E.S, <St5t) <1/3. (48)

The proof of Lemma 7 is provided in Appendix D.6. Note that the inequality ||A¢|p <
da?~OWTE3) for some 0 < t < Tepg readily implies the final result. On the the other hand, if
A 7 2 da?~OWrr*0)  Lemma 7 implies that Propositions 4, 5, and 6 hold for every 0 < ¢ < T.pq.

Phase 1: Eigenvalue Learning. Based on Lemma 7, the conditions of Proposition 4 are satisfied
for Ty < log(1/a)/(no,¢?), and we have

Amin (SMSJH) > ((1 4 20,00) — 27 HEtEtT H — 7203,6 HAtHF) Amin (stsj )

2
= 2 (1+ 7307) Ain (S5 ) (49)

Due to (43) and (44), we have ||E:E/ || < | F 1% + [|Ge|? < 0.0050, for every t < log (1/a)/(nove?),
where we used Lemma 7 and the assumed upper bounds on ¢ and a. Moreover, 720 ||A¢||p <
150010 < 0.0050;-, where again we used the assumed upper bound on ¢ and Lemma 7. These two
inequalities together with (49) lead to

Ain (S141551) = (1+ 1.9970,) A (157 ) = 2.01700%, (5057 ).

The above inequality is identical to (37), after noticing that np* < 7; < n@?. On the other

hand, Lemma 6 shows that Amin (SOSOT) > a?p(X7) (”;W — 25) > 04292\};%- Therefore, using

an argument analogous to the proof of Theorem 6, we have /\min(StStT ) > 0.980, fort > T} =
O(log(1/)/(noy¢?)). The details are omitted for brevity.

Phase 2: Global convergence. Recall the signal-residual decomposition

HUtUtT _ X"

< Hz - StSJH 42 HStEtTH v HFtFtTH n HGtGZH.

In what follows, we show that once Apin(SpS,") > 0.980,, all terms in the above inequality decay at
a linear rate, except for HGthT H To this goal, first note that Propositions 5 and 6 together with
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0.980, < )\min(StStT) < 1.0107 lead to the following one-step dynamics:

2
Hz _ st+1st11H < (1 0.9870,) ]2 _ stSJH + 57 HStEJH + 37769%01 | Al (50)

|SeniBTL| < (1 - 09870, + 20 | = = SiT|| + 20 | BBl ) || S BT || + 22801 el (51)
el < (1 = 0.98700) [ Erl| + 5/016 | Acl| p + 67 [| Ael 1G]] - (52)
Note that, unlike HZ - StStTH and || F||, the cross term HStEtTH enjoys linear decay only under the

condition ‘Z — S5 H < 0.980,, which is not necessarily satisfied in the eigenvalue learning phase.
Our next lemma shows that this condition is satisfied, shortly after the eigenvalue learning phase.

Lemma 8. We have HE—StStTH < 0.030,, for every Tenqg > t > T1 + To, where To =
O (log(k)/(norp?).

Proof. 1t is easy to see that
2
5 || SuE/ || < 505007 | B> < 5.05701 (1] + IGil))* < 0017302, (53)

where the last inequality is due to our choice of § and Lemma 7. Similarly, we can show that
37001 ||A¢llp < 0.017:02. These two inequalities combined with (50) lead to

HE - SMSLH < (1 0.9870,)

‘z . StStTH +0.027502.

This implies that HZ — StS;—H < 0.030, after O (log(x)/(no,¢?)) iterations. O

The above lemma shows that the one-step dynamic of the cross term can be simplified as

|SeBLL || < (1 - 0.49730:)

[SeET ||+ 22m0%01 1A - (54)
Moreover, recall that
(Gunl < (147 (22T [+ 1m0+ 200l | 5T ) + 76 180 ) UG
< (1SR NANP + 78 | Al ) Gl (55)

Here we use the fact that HEtStTH V|E* < |A¢]l. Now, let us define ~; = HE - StStTH +
2||S.E || + | F|1* 4 ||Ge||* as an upper bound for the generalization error |U:U," — X*||. Combin-
ing (50), (52), (54), and (55), we have

tert = |5 = Sena ST || + 2 | S BL | + 1Fesa | + 1G]
< (1= Cuikoy) 3 + Comdon [ Adllp + Coior |Gl
< (1= Ciioy + Coiipy/r016) 7 + Caiporr V|| G|
< (1 - C5"7t0'r) Tt + CéLﬁtO’?“\/g ||GtH2 )
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for some universal constants C1, Cy, C3,Cy, C5 > 0. This implies that

i = CoVA|IGil* < (1= Csinor) (v = Covd Gl
— 1 — GV |Gl < (1 - Coion) ™ T4 (7, — CoV/A |G,

Note that y7, 17, < 0.10,, according to Lemma 8, inequality (53), and the upper bounds on || ||
and ||G¢||%. On the other hand, ||G,|| < al=O(Vrs?s) V@4, according to Lemma 7. Therefore, after
Ty +T» + T iterations with T3 = O (log(1/a)/(nove?)), we have || Ayl x < Vdv daQ*O(\/?n%)@é.
This completes the proof. ]

A.3 Proof of Theorem 8

Without loss of generality, we assume that [[A]| > ¢ for every 0 < t < T,,4; otherwise, the final
bound for the generalization error holds and the proof is complete. Before delving into the details,
we first provide a general overview of our approach. The proof of Theorem 8 is similar to that of
Theorem 7 with a key difference that we divide our analysis into two parts depending on the value
of ||A¢]|: if np'/ || A¢]] < 1/01, then |A¢]| decays slower than o1np’. Under this assumption, we will
use the one-step dynamics of signal, cross, and residual terms in Propositions 7, 8, and 9 to prove
that |As]| decays exponentially fast. Alternatively, np'/ ||A¢|| = 1/01 implies that [|A]| < o1npt,
which readily establishes the exponential decay of the generalization error. Indeed, the above two
cases may occur alternatively, which requires a more delicate analysis.

Similar to the proof of Theorem 7, we show that SubGM undergoes two phases: (1) eigenvalue
learning phase, and (2) global convergence phase. In the first phase, we show that Apin(S:S,")
and ||A¢|| converge to 0.980, and 0.020,, respectively. The main difference between the proofs of
Theorems 7 and 8 is the fact that the one-step dynamics of signal, cross, and residual terms may
not hold during the entire solution trajectory. However, our next lemma shows that they indeed
hold in the first phase of our analysis.

Lemma 9. Suppose that ||A]| > 0.020, for every 0 <t < T < T.nq. Then, the assumptions of
Propositions 7, 8, and 9 are satisfied for every 0 <t <T'. In particular, for any 0 <t <T', we have

IF < (157t Vois +12v20\/Gad ) (¢ + 1), (56)

1G]l < 2v2a!~OT) /55, (57)

|A < 501, (58)

HStStTH <110y, (59)

S8 =0, (60)

HEtStT (Stsj) _1H <1/3. (61)

The proof of Lemma 9 is analogous to that of Lemma 7, and can be found in Appendix E.5.
Equipped with this lemma, we next provide the proof for the eigenvalue learning phase.

34



Phase 1: Eigenvalue Learning. We will show that Apin(S:S,") > 0.980, within t < T} =
O((k/n)log(1/a)) iterations. After that, we prove that we only need T = O((k/n) log(x)) additional
iterations to ensure that ||A]| < 0.020,; this marks the end of Phase 1. Without loss of generality, we
may assume that ||As]| > 0.020, for every ¢t < Tj. To see this, suppose that ||A|| < 0.020, for some
¢t < Ty. This implies that || £ — S, || < [|A¢]| < 0.020,, which in turn leads t0 Amin (S¢S, ) > 0.980,.
On the other hand, ||A¢|| > 0.020, together with Lemma 9 implies that the one-step dynamic in
Proposition 7 holds and we have

t

Amin (St+1st11> > ((1 ¥ ||77AptH )2 IIQZf\I HEtEt H 384+/rnp’ 5) min (StSt )

t
np' np T
~2 1+ ar> Amin (S6Sy )
1A ( 1A ( t t>

2mpt . T\ _ 2.01np" )2
<1 + m ( - O(\/;O'l(s))> )\mm (Stst ) HAt” )\mln (Stst )

1.997¢ 0r> T 2.01np" T
> 14+ —— ) Apin | StS ———— Amin  StS 62
—( 1A (8:7) = “ad (sis7) (62)

where the second inequality follows from [|A¢|| > 0.020, and n < 1, and the last inequality follows
from § < 1/(y/ro1). The rest of the proof for the eigenvalue learning phase is similar to the
arguments made after (37) in the proof of Theorem 6. Suppose that 77 is the largest iteration such
that Amin (S:S, ) < 0,/2.01 for every ¢t < T{. We show that T] = O((x/n)log(1/a)). To see this,
note that for every ¢t < Ty, the above inequality can be simplified as

i (5157 2 (14 25522 ) A (5157

> N (5057 ﬁ( v, (63)

where we used the assumption § < 1/(y/rk) and ||A¢|| < 501. To proceed with the proof, we need
the following technical lemma.

Lemma 10. For any a > 0,0 < p <1 and T' € N4, we have

oo ($225) <L o 2o (1) -

- P

The proof of Lemma 10 can be found in Appendix F.5. Lemma 10 together with Lemma 6

and (63) leads to
tpt Or
Amin (5057 ) > d > 2 X*< —5)
(si57) 2 o (G155, ) oo (2,

tpt oy
o (22 o ()




Due to our assumption p = 1 — O(n/(klog(1/a))), we have p' > 1 — O(nt/(klog(1/a))). This
together with the assumption ¢t < O((k/n)log(1/a)) leads to pt > 1 — O(1) > Q(1). Therefore, one
can write

nt o’ p(X*)
)\min( T) > Q1)— | —/——=.
SiS, ) > exp | (1) - NG
Given the above equation, it is easy to verify that after O((k/n)log(1/a)) iterations, we have
Amin (S¢S/) > 0,./2.01. This implies that 7] = O((r/n) log(1/a)).
For t > T}, define z; = 0, — Amin (S’tStT ) Then, arguments analogous to the proof of Theorem 6
can be used to write

np'o
1A

<1 - ?) (z; — 0.01960,)

K

t
< (zg; —0.01960,) [ <1 - W’) .

Pt 5K
-1

Recall that p' = Q(1) for every t < O((k/n) log(1/a)). Therefore, for every T] < t < O((r/n)log(1/a)),
we have

i1 — 0.01960, < <1 —1.02 > (x¢ —0.01960,)

noe\t-Ti+1
zes1 — 0.01960, < (w7; — 0.01960,) (1 -am? ) .
This in turn implies that after additional T/ = O(k/n) iterations, we have z41+1 < 0.020,. Therefore,
we have A\pin (StStT) > 0.980, after Th =T} + T{ = O((r/n) log(1/«)) iterations. Now, it suffices
to show that, after additional T = O((k/n)log(k)) iterations, we have ||A¢|| < 0.020,. To this
goal, suppose that ||A¢]| > 0.020, for every T} < t < Ty + T5. Recalling the signal-residual
decomposition (21), one can write

1A < |2 = s || + 2 |[seBT | + 1EI + Gl
< HZ _ StStTH +0.010,,

where the second inequality follows from Lemma 9. Given the above inequality, ||A¢| > 0.020,
implies that HZ — StStT H > 0.010, for every T1 <t < Ty +T5. Combined with the one-step dynamic
for the signal term, we have

HE—SMSLH < (1 HTZHA““ (stsj)> Hz StSTH 517

(%) <1 - OHQAS?HPtUT) HE — StS;rH + 0O (\/;nptéal)

2
HStEtT H +193y/rnp'so,
HAtH

5,57 — 0.98n4" 1= - SeS/'|] ; (65)
< |2 — 5.9, 0.98np'c; IS = 557 [ + 0.010, O (Vrnp'éor)
<X - ,S'f;S,;r —0.49p'c, + O (\/;nptéal)
<|z—-85|| - (nptar) )
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where in (a) we used the fact that | B/ || < /o1 [|Fy|| < o1v/rmop'st, 6 S 1/ (Ve log? (1/av)),
and t < (k/n)log (1/a). The above inequality leads to

t—1
— > nplo,

s=T1

st <[ sns

Therefore, after T3 = Ty + O((x/n) log k) iterations, we have |- — S,/ || < 0.01,. This completes
the proof of the first phase.

Phase 2: Global Convergence. In the second phase, we show that, once ||A:| < 0.020,,
|A|| starts to decay linearly until it is dominated by v/d|Gy|®>. Similar to before, we define
v = || =SS + 2||SeES || + |F||* + |G¢]|>. Our next lemma plays a central role in our
subsequent arguments:

Lemma 11. Suppose that Ty < t < Topnq is chosen such that vs < 0.1, and | A > Vd ||Gs|?, for
every Ty < s <t. Then, we have

- Y41 < 0.10,.

Moreover, at least one of the following statements are satisfied:
- Al = VA (|Genl?,
- Al S Vda?~ OV,

To streamline the presentation, we defer the proof of the above lemma to Appendix F.6.
According to the above lemma, we may assume that v < 0.10, and ||A]| > Vd|Gy|? for all
iterations T3 < t < T,,q; otherwise, we have [|A¢]| < Vda?=OWrsd) for some Ty < t < Thpg, which
readily completes the proof. On the other hand, the assumptions v; < 0.1¢, and ||A|| > vVd ||G¢|?
lead to

-1
Aumin (stsj) > 0.90,, HststTH <110y, HEtEJH <0.10,, HEtStT (Stsj) H <0.2.

Together with our analysis in Phase 1, this implies that the one-step dynamic of G; holds for every
0 <t <T.pg, and we have [|Gy|| < Qﬂalfo(ﬁ”‘s) V@é, for every 0 <t < T,,4.

Under the assumption [|A| > v/d||G¢||?, our next lemma shows that, if || Ay 7| > 0.020,p" for
some ¢ > 0, then there exists ' satisfying ' —t = O(1/n) such that |Ay 7, || < 0.020,p". This in
turn ensures that the generalization error decays by a constant factor every O(1/n) iterations until
it reaches the same order as v/d ||G¢||*>. In particular, we have the following lemma:

Lemma 12. Suppose that ||| > V/d HGtH2 for every Ty <t < Tppq. Suppose that tg > 1 satisfies
1Ay 1s—1l <0.020,p7 1 and || Ay i1y || > 0.020,p%. Then, after at most At = O (1/n) iterations,
we have || Aty s aviTs|| < 0.020,pt0tAL,

The proof of the above lemma is presented in Appendix F.7. We show how Lemma 12 can
be used to finish the proof of Theorem 8. Recall that p = 1 — 0 (n/(klog(1/a))). Let us pick
Ty = O((r/n)log?(1/a)). Simple calculation reveals that 0.020,p™ < o?. According to Lemma 12, if
A7, 475 ]| > 0.020,.p™, then there exists At = O (1/n) such that | Az, 17 a¢l < 0.020,p74 A < o2,
Combined with Lemma 11, we have ||A¢|p < VA ||Ad] < d||Gl* Vv ¢ < da?~O(V7rs) V ¢ after at
most Tpng = T34 Ty + At = O((k/n)log?(1/a)) iterations. This completes the proof of Theorem 8.0]
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B Proofs of Sign-RIP

B.1 Preliminary
We first provide the preliminary probability tools for proving Theorems 4 and 5.

Definition 6 (Sub-Gaussian random variable). We say a random variable X € R with expectation
2,2

E[X] = u is o?-sub-Gaussian if for all A € R, we have E [e/\(X_“)] < . Moreover, the

sub-Gaussian norm of X is defined as || X||,, 1= suppen, {p~2(E[| X|P))/P}.

According to [36], the following statements are equivalent:

e X is o2-sub-Gaussian.

2

t
e (Tail bound) For any t > 0, we have P(|X — p| > ¢) < 2e 252,
e (Moment bound) We have || X[, < o.
Next, we provide the definitions of the sub-Gaussian process, £-net, and covering number.

Definition 7 (Sub-Gaussian process). A zero mean stochastic process {Xy,0 € T} is a o?-sub-
Gaussian process with respect to a metric d on a set T, if for every 0,0 € T, the random variable
Xy — Xy is (0d(0,0'))?-sub-Gaussian.

Definition 8 ({-net and covering number). A set N is called an &-net on (T, d) if for every t € T,
there exists w(t) € N such that d(t,m(t)) < &. The covering number N(T,d,§) is defined as the
smallest cardinality of an {-net for (T, d):

N(T,d,&) ;= inf{|N|: N is an &-net for (T,d)}.

Next, we introduce some additional notations which will be used throughout our arguments.
Define the rank-k and e-approximate rank-k unit balls as:

Sk = {X € R : rank(X) < k, | X||p = 1},

Ske = {X € R || X||p = 1 and 3X’ such that rank(X') <k, || X — X'||, < e}

I

For simplicity of notation, we use Nj¢ to denote N (S, |-||p,&). Moreover, we define Si. as
the restriction of the set S to the set of e-approximate rank-k matrices, i.e., Sp. = {X : X €
S, X is e-approximate rank-k}. The following lemma characterizes the covering number of the set
of low-rank matrices with unit norm.

)(2d+1)k

Lemma 13 (Li et al. [20]). We have N ¢ = N(Sg,||[|p,§) < (%

The following well-known result characterizes a concentration bound on the supremum of a
sub-Gaussian process.

Theorem 9 (Corollary 5.25 and Theorem 5.29 in [35]). Let {X;} e be a separable sub-Gaussian
process on (T,d). Then, the following statements hold:

o We have

E [supXt] <12 /00 V1og N(T,d, &)d¢.
0

teT
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o Forallty € T and x > 0, we have
P <Sup{Xt - Xt =2 C / V1og N(T,d, £)d¢ + ;,;) < Ce~@"/C diam(T)?
teT 0
where C' < 0o is a universal constant, and diam(T) = sup, ycp{d(t,t")} is the diameter of T.

Equipped with these preliminary results, we proceed with the proof of Theorem 4.

B.2 Proof of Theorem 4

To provide the proof of Theorem 4, we first define the following stochastic process:

LS Sion((Ar X — 52 (Ao V) — X
HX,Y = sup {m ;Slgn(<Al’X> l) <A17Y> QD(X) < ||X||F,Y>} )

where p(X) := \/g (1 —p+pE [6_82/(2”X||2F)D, and the supremum is taken over the set-valued

function Sign(-). Moreover, to streamline the presentation and whenever there is no ambiguity,
we drop the supremum when it is taken with respect to the set-valued function Sign(-). Our next
lemma provides a sufficient condition for Sign-RIP.

Lemma 14. Sign-RIP holds with parameters delineated in Theorem 4, if

sup Hxy S _inf X)9. 66
X€Sk,,YESy o /¢ XGSk,sSO( ) (66)

Proof. According to the definition, Sign-RIP is satisfied if, for every X,Y € Si . and Q € Q(X), we
have

X Y
<Q ~ TR HYHF> < e(X)e (67)

Recall that S;, . = {X : ( < || X||z < R, X is e-approximate rank-k}. This implies that ¥ € S . if
Y/ Y |lp € Sk Hence, it suffices to restrict Y € Sy, . /¢. Therefore, Sign-RIP is satisfied if

HX,Y < QO(X)(S, VX € Sk75, Y € Sk,s/(:-
Hence, to guarantee Sign-RIP, it suffices to have

sup Hxy < _inf ¢(X)d.
XES,e,YES o ¢ X €Sk,

O]

Relying on the above lemma, we instead focus on analyzing the stochastic process
{’HX,Y}XGS;C,E,YGS,C e As a first step towards this goal, we show that the scaling function can be
used to characterize E[(Q,Y)], for every Q € Q(X).

Lemma 15. Suppose that the matriz A has i.i.d. standard Gaussian entries and the noise satisfies
Assumption 4. Then, for every Q € Q(X), we have

E[(Q,Y)] = \/Z (1 —p+pE [6—82/(2HXHF)D <||)?IIF’Y> .
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Proof. Without loss of generality, we assume || X|| = [|[Y||z = 1. Let us denote u := (A4, X) ,v :=
(A,Y), p:= Cov(u,v) = (X,Y). Then, we have

E [Sign ((A, X) —s) (A,Y) |s # 0] = E [Sign (u — s) v|s # 0]

@ pE [Sign(u — s)u|s # 0]

= pEsp [/:O “\/12776_“2/261“ B /_SOO u\/12?6_u2/2du]

= PEs~p [/:O U\/127T€“2/2du + ZO u\/%euz/%lu]

= 2pEs.p /|:O u\/lﬂeﬂﬂ/?du

- \FEM [Ta(-e)
T s

= \/ZESNP [6_82/2] (X,Y),

where, in (a), we used the fact that v|u, s ~ N (pu, 1 — p?) since s is independent of u,v. Similarly,
one can show that E [Sign ({4, X)) (4,Y)] = \/g (X,Y). The proof is completed by noting that

E [Sign (s + (4, X)) (4, Y)] =pE [Sign ((4, X) — 8) (4, ¥) | £ 0] + (1 — p)E [Sign ((4, X)) (4, Y)]
This completes the proof. O

Now, we provide an overview of our proof technique for Theorem 4. Let Gy = supxcs, . Hxy

and Gy = Gy — E[Gy] be stochastic processes indexed by Y. According to Lemma 14, it suffices to
control supy-¢s, _ P Gy. We consider the following decomposition:

sup Gy < sup Gy + sup E[Gy]

YES;C,S/( YESk,s/C YGSk,s/(
_ IS — g
< sup Gy + —sup Gy + sup E[Gy] + - sup E[Gy], (68)
YeSy, Cves YeSy, Cves

where the second inequality follows from Sy, . /o C Sy + %S, and the fact that both Gy and E[Gy] are
linear functions of Y. We control the individual terms in the above decomposition separately. To
provide an upper bound for supyg, Gy and supycg Gy, we rely on the following key lemma.

Lemma 16. The stochastic processes {Gy }yes, and {Gy }yes are O (1/m)-sub-Gaussian processes.

Proof. Since S C S, it suffices to show that {Gy}yes is O(1/m)-sub-Gaussian. According to
Definition 7, the stochastic process {gy}Y cs I8 sub-Gaussian if for any arbitrary Y, Y’ € S, Gy — Gy~
is O (HY - Y/||§J / m) -sub-Gaussian. Note that Gy — Gy~ is sub-Gaussian if and only if Gy — Gy~ is
sub-Gaussian with the same parameter. The latter will be proven by checking the moment bound
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condition in Definition 6. For arbitrary Y,Y’ € S, denote AY =Y — Y’. Then, for any p € N, we
have
2p

X
sup stlgn (A, X) — »)<A,»,AY>—90(X)<’X’F AY>

XESkE i=1
2p
X
<E [( sup o(X) < AY>‘
XESks ||X||F

1 & 2 ”
LN AL AYY 44/ 2 Ay
(m;u 420 |F>

1 & 2 2\?
<o (R |[= A; AY 2) ay|®
< (m;u , >|> +(2) 1arz).

where in the third inequality, we used ¢(X) < /2/m, which holds for every X € R%*?. According
to [20, Appendix A.2], the random variable (1/m) > " | (4;, AY)|is O (HAYH%/m)—sub—Gaussian
with mean/2/7 ||AY || p. Therefore, we have

1 2 1 & 2 2 2
(miZIMAi,AYM) ~E (mi21|<Ai,AY>|—\EHAY||F+\£HAY||F>
2
<o (2| (L5 jnary - Piavie) |+ (2) avie
> mi:l ) T F = F

1 2\”
2p A | 2p z 2p
<2 <(2p 1)..mp||AY||F + <7r> ||AY||F> .
Combining the above inequalities leads to

2p11/2p 1 2p 2 P 2p 12 b
_ <P _ _ — i
(16— Gv ) <4 (- i SlaviZ+ (2) javiz) 5/ v,

given that p > m. Therefore, {Gy }ycs is a O (1/m)-sub-Gaussian process, which implies that
{Gy }yes, is also a O (1/m)-sub-Gaussian process. O

E[|IGy — Gy/|*] <E

Z Sign ((A;, X)—s;) (A;, AY)|+ sup

XGSkYS

IN

Given that both {Gy }yes, and {Gy }yes are sub-Gaussian processes, we can readily obtain
sharp concentration bounds on their suprema.

Lemma 17. The following statements hold:

- dk _ _
E | sup Gy | Sy —, P sup Gy > E |sup Gy | +7 | Se (69)
Y eS, m YeS YeSy
_ a2 _ -
E [sup gy} <y =, P (sup Gy > E [sup Qy] + 7) S e, (70)
Yes m YesS YesS
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Proof. The proof follows directly from Theorem 9. The details are omitted for brevity. O

Equipped with the above lemma, we provide a concentration bound on supyg, _ P Gy.

Lemma 18. Assume that m 2 \/dk/v? and €/{ < \/k/d. Then, the following inequality holds with

—cmy© .

- k
sup Gy < |3+ \/7 v.
YeSk,e/( d
Proof. Based on (69), we have, with probability of at least 1 — Ce—cm?

[dk
ROSEY B

where the last inequality follows from the assumption m = /dk/~?2. Similarly, based on (70), the

—cmy“©.

probability of at least 1 — Ce

sup Gy <E | sup Gy
YeSy YeSk

following inequalities hold with a probability of at least 1 — Ce

€ - 5 - e2d? ey \/E
e <Z|E <4+ =<1 -
cf?é%g’”—c< [i%%gy]”)w\/@m* ¢ —( ’ d)”’

where the last inequality follows from m 2 \/dk/v? and /¢ < \/k/d. Finally, a simple union bound
implies that

- - € = k
sup Gy < sup Gy + —-supGy < 3+\/> 7
Y €S/ YeSy Cves d
with probability of at least 1 — Ce_C"WQ, thereby completing the proof. O

Recalling (68), it remains to control the terms supy g, E[Gy] and supy g E[Gy].

Lemma 19. The following inequality holds:

sup E[Gy] < supE[Gy] < \/ I 1og?(m) log (f) (1)

Y €Sy Yes

Due to its length, we defer the proof of Lemma 19 to Appendix F.1. Equipped with Lemmas 18
and 19, we are ready to present the proof of Theorem 4.

Proof of Theorem 4. The inequality (68) combined with Lemmas 18 and 19 implies that the following
inequality holds with probability of at least 1 — Ce—em*;

dk R
sup Gy </ — logz(m) log <> + 7.
YGSk,E/C m C

On the other hand, one can write

2 2 2 2
i — Z(1= —s7/2lIXI7) >4 /21—
Xlel‘lsi,e () Xle{lsi,e {\/; (1 prpE [e " D} - w(l p)- (72)
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Therefore, upon choosing

- dklog*(m)log (R/¢)

mz (1 - p)2(52 ) and Y 5 (1 - p)(57
we have
sup Gy = sup Hxy < _inf ¢(X)d
YESy,c/¢ X€ESk.. X€ESk,e
YGSk,s/C
with probability of at least 1 — Ce~m(1~ P)?*6* This completes the proof of Theorem 4. O

B.3 Proof of Theorem 5
Recall that, with outlier noise model, the scaling function takes the form ¢(X) =
\/% (1 —p+pE [6_52/(2”X||§’)D. Setting p = 1, and s; ~ N(0, Vg) immediately implies p(X) =

E, [—s%(?ll)ﬂ\%)} :\ﬁﬁ. On the other hand, using th thod in th f
s N(O,Vg) e pu ||X||?:+Vg n € otnher nan USIHg € same metnoda 1 € proo

of Theorem 4, we can show that the following inequality holds with probability at least 1 — Ce—cm?;

dk R
sup Gy </ — logZ(m) log () +7,
YGS;C,E/C m C

where Gy is defined in the proof of Theorem 4. It remains to bound infxes, . ¢(X). To this goal,
note that | X||p > (,VX € S .. Hence, we have the following lower bound for the scaling function

X
inf = inf \/7 | X1l \/5C 2 £7 (73)
XESkE XGSkE /‘|XHF+V2 T /C2+V92 I/g

2 2
provided that ¢ < v,. Therefore, upon choosing m > dklog (;n llog(R/ 3 and v < <5, we have
9 ¢?6 Vg
sup Gy = sup Hxy < inf ¢(X), (74)
YESk7£/< XESkYE X€eSy €
YES]C“E/C
with probability at least 1 — C’le_CQmCQ‘sQ/ vy , which completes the proof. O

B.4 Proof of Lemma 1
Lemma 20 is a direct consequence of the following more general result:

Lemma 20. Suppose that the measurements are noiseless, and satisfy (k,d,e,S)-Sign-RIP for any
e >0, S, and scaling function ¢(-). Then, for any e-approxrimate rank-k matriz X € S, we have

1 m
EZ (Ai, X)| = o(X) [[ X[ p| < 00(X) [ X[ -
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Proof. According to the definition of Sign-RIP, for every e-approximate rank-k matrices X,Y € S,

and every @ € Q(X), we have ‘<Q —p(X) ||)?(||F’ |§}/||F>‘ < p(X)d. In particular, upon choosing
Y = X, we have

(@ ety x) =

This completes the proof. O

<e(X) | X]p-

1 m
— N7 (A4, X)| — X
o 2 0 ) = 90 1 X1,

Evidently, the result of Lemma 20 can be readily recovered from the above lemma after
substituting X with A;. Moreover, it is worth noting that the above lemma recovers the so-called
01 /02-RIP introduced in [20] with e = 0 and p(X) = /2/.

B.5 Proof of Lemma 2
Due to Sign-RIP, we have

| Al )
< (A +90
HQtH = SD( t) (H ﬁt”F
1 1 1

— >
[0l = (a0 5 ¢ 15
Al 7
1 1 [[Adlp ( HAtHF>
= > 1-6 5
1Qell — w(Ad) [[Ad] | A (75)

By our assumption, A; is e-approximate rank-k. This implies that, there exists a rank-k matrix X’
such that ||A; — X'|| < e. This in turn implies that

1A p < [JA: = X' o+ | X || p S e+ | X p e+ VE|X|| < 1+ VE)e + VE A
JA > || X = [[Ar = X'[| = || X'|| = = [JAl = 2 > [|A]| /2

where in the last inequality we used the assumption ||A;|| > 4e. Combining the above inequalities
implies that

1A 201 +Vk)e 1+ 5Vk
< +2VEk <
[[A]] [[A]] 2

Combining the above inequality with (75) leads to

= o' [y (LA5VEN S\ et Al
HQtH - 2 o(A) Al

The upper bound can be derived in a similar fashion. ]
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C Proofs of the Expected Loss

C.1 Proof of Proposition 2
According to the update rule Uyy1 = U — (UtUtT — X*) Ui, we have

Spi1 =V U1 = Sy — 1) ((Stsj - 2) Sy + S, B Et> .
Define an auxiliary matrix M as
M= (I -2 (St 1y (stsj ~ 2) St) (sj s (Stsj - 2)) (I - ET) : (76)

where = = nS,E, E;S," (StS;—)_l (I—n(SS — E))_l. Note that, due to our assumptions and
the choice of 1, we have S;S, = 0 and n HStStT — ZH < 1. Therefore, both matrices S;.S,” and
I—n (StStT — 2) are invertible and the matrix = is well-defined. Our goal is to first show that
)\min(S’tHS;l) > Amin(M), and then derive a lower bound for Ay, (M). Based on the definition of
E, it is easy to verify that = (S; — 1 (S:S; — ) S¢) = SE, E;Pg,. Combining this with (76) reveals
that

Si418,) 4 — M = n*S,E, E,Pg E] E,S| = 0.

Therefore, instead of obtaining a lower bound for Amyin (Si+1 S,Irl), it suffices to obtain a lower bound
for Amin(M). One can write

1 <t (s (- (o )

1
S|SB EST (5i87)

. (St,S’;r) -1/2 StEtTEtS;r (StStT> -1/2 (77)

1/

<7 EtEtTH H(stsj)_ * S,ST (StStT)_l/Q

S EtEtTH.

<1,

where the last inequality is due to the assumption HEtEtT H < 01 and the choice of 1. Therefore, we
have

Amin (5t+1StT+1> > Amin (M)
> (U= EID Amin (52— (S:8T = 2) 8) (57 =08/ (587 - %))

Now it suffices to bound Apin ((St —-n (StSt—r — E) St) (St—r — S (StStT - Z))) First note that

(78)

S, —n (Stsj . z) S, = (I 2 (I - nstsj) _1> (st . nstsjst) .
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Based on the above equality, one can write

Muin (St = n (Si57 = 2) 8) (T = 8! (887 - %))

- <<1 s (1-n8,57) ) ST, (S5~ nsT 557 ) (I 2 (1~ nStStT)n))

(st
> Anin <<[—|—7]2 (I NS5, ) >>2)\m nStStTSt> (StT - TIStTStStT))

(@)

> <1+nar( — 7 Amin StSt ))

-1

2)\mm (stst — 2 (StSt) g (stSI )3>

—
=

) (1 + no, (1 — N Amin StSt )) 1)2 ()\mm SeS, ) — 29 Amin <StStT)2 + 7% Amin (StStT)3>
(1 + no, <1 — N Amin (StStT)) 1) < min (StStT> = 21 Amin (StStT)2>

=(1+ 77<7,ﬂ)2 Amin (StStT) =21 (1 4+ noy) Amin (StSltT)Q ,

v

(79)
where in (a), we used the fact that

Amin (1 > (1 . nstsj)1> — 1+ Amin (nz (1 - nstsf)1>
=1+ PAmin (21/2 (I — 1SS, ) o 21/2)
> 1+ 1oy Amin ((I - UStStT)_l)

=1+no, (1 — N Amin (StS;—))il ,

and in (b) we used the fact that the matrices S;S,", (S¢S, )2, and (S;5," )? share the same eigenvectors.
Combining (79) with (77) and (78) completes the proof. O

C.2 Proof of Proposition 3

Before delving into the details, we provide the update rule for S; and E;, which will be used frequently
throughout our proof. Applying the signal-residual decomposition to Uzy1 = U — 7 (UtUtT - X *) U;
leads to

St+1 = VTUt+1 =5 — n ((StStT — E) S + StEtTEt> , (80)

Eiq = VIUt+1 =FE; —nk; (StTSt + EtTEt) . (81)

Bounding HE — St+1S;|-—|-1H: The update rule for Sy leads to
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S—Si18] =5—8,8] +18,S, (stsj —2)+n (StStT —2) SeS) —n? (Stsj —z) SuS) (Stsj —2)

(4)

YOS E] ES, — i (ststT —2) S.E] ES] — 128, E] E,S; (Stsj —z)

(B)
—n*SE E,E E,S; .
(©)

(82)
First, we provide an upper bound for (B). Recall that n = O(1/01). Moreover, we have
HStS;— — ZH < 2.0107 due to the assumption HStStTH < 1.01oq. Therefore, one can write

2
I < 20 |[SiE] Bs] || + 202 |58 - < | ST EusT || < 4n || e[
Similarly, due to our assumption on HEtEtT H and 7, we have HEtEtT H < 1/n, which in turn implies
2 2
)l < o [mal || s | < sl
Finally, we provide an upper bound for (A). First, one can verify that

(4) = (2= 587) (051 = 08,ST ) + (051 = 08,8T + 2 (8,57 =) 58] ) (2= 58] ).

(A1) (A2)

For the first term, we have
(A < HO.BI - nStStTH Hz - StSJH < (0.5 = mAuin (5157 )) Hz - StStTH .
To provide a bound for (As), observe that
0.5I — 15,8, + 1 (StStT - 2) SeST = 0.5 — 7 (I +1 (2 - Stsj)) .S

The next step in our proof is to show that, with the choice of n < 1/01, the eigenvalues of
(I +n (E — 88 )) S;S,” are nonnegative. We prove this by showing that the eigenvalues of
(I+n(Z—5.5)) 5SS, are close to those of $;5, . First, note that I +n (X — 5.5, ) is positive

definite due to our choice of step-size. Therefore, the matrix D = (I +n (Z — StStT ))1/ % is well-
defined and invertable. Hence, for any 1 < i < r, we have

A ((1 + (2 - Stsj)) Stsj) =\ (D—1 (1 +y (2 - Stsj)) StStTD> =\ (Dstsjp) .
To proceed with our argument, we first present a relative perturbation bound for symmetric matrices.

Lemma 21 (Relative Perturbation Bound, Eisenstat and Ipsen [11]). Let X € R¥? be a symmetric
matriz with eigenvalues A\y > -+ > Aq. Moreover, suppose R is a non-singular matriz. Let
AL > - > Ag be the eigenvalues of Y = R"XR. Then, we have

Ai — A

< Al

‘I—RTR

,  for alli.
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Invoking Lemma 21 with X = 5.5; and Y = D55 D results in

A (140 (2= 587)) 887) = A (Stsj)] <

N(s:ST| 1= D7
w1 - (10 (5= 557))|
CERI DEEEA

<0.5

)\i(StS;r)‘ .

for every ¢ = 1,2,...,r. The above inequality implies that Amin ((I +7n (E — StStT)) StStT) =
Amin (StStT), and therefore, Anin ((I +n (E — StStT)) S’tStT) > (. This leads to

HOM 0,87 4 (StStT B E) StStTH _ HO_M —0S,ST + 1P (5,55;)1/2 (StStT - E) <StStT>1/QH

<05 - A (nStStT _ <StStT)1/2 (StStT - E) (StSIgT)l/Q)
=05 = Ain (0,5 —n? (S5 ) (8:57))
= 0.5 — NAmin ((I +n <E - StStT>> StStT) < 0.5,

where in the last inequality, we used the fact that Ay, ((I +n (Z — StStT)) StStT) > 0. Combined
with the definition of (As), we have

1(A2)] < Ho.51—nstsj +op? (Stsj - z) StSJH Hz - StsJH <05 Hz — 5,87

which in turn implies
I < (1= mrwin(S8T)) ||2 = S/

Combining the derived upper bounds for (A), (B), and (C) completes the proof for the signal
dynamics. 0

Bounding ||Si41E,|: Recalling the update rules (80) and (81), we have
Si1Ely =SB + (S =SS]SB! —nSi(S/) Si + E] E\)E/]
(4)
+ 7P (stsj - 2) Si(S] S + E] B)E] —nS.E] E,E] +1S,.E] E, (SJ S+ B Et> B/ .
—_—

(B) © (D)

We provide separate bounds for the individual terms in the above equality. First, observe that
O <n HEtEtTH HStE;rH Moreover, one can write

1(B)]| < n? Hz - Stst Hst(sfst + EJEt)EfH
e i+ e ) |

<ol st

)
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where, in the last inequality, we used the assumption that HEtEtT H < o1 and HStStT H < 01. Similarly,

we have (@)
IO < |52 | (|lsesi | + | meml ) |2y |

<o s

where, in (a), we used HStStT H E.E," = E;S]S;E] = 0. Finally, we provide an upper bound for
(4).
I < (o= =557 + 1 = nsis? ) |57 |
< (o] 1 (557) 5
Combining the derived bounds for (A), (B), (C), and (D) concludes the proof. O

Bounding HEtJrlEzzl-—i-lH: Due to the update rule for E;11, one can write

2
BB = BB — 2B, (EJ B+ 8] St> E] +n2E, (Ej B+ 8] St) B/

2 (83)
—E (I—2n<EtTEt+StTSt> + (EJE#SJSQ >EZ.
On the other hand, n < 1/01, |[EiE:|| < o1, and ||S;S¢]| < o1 imply that
2
[-nE E ~1-2 (EJEt + Sjst) + 2 (E,TEt + Sjst) 0. (84)

Hence, we have

2
|EeET|| = || B (I—2n (B B+ 57 8) +0* (B B+ 57 8:) )EJ

< | (1-nE B E/ |

—|eET - nEtEtTEtEtTH

9

(-] et

where in the last inequality, we used the fact that HEtE;r H < oi.

Bounding HStHS;lH: First, recall that
Sia1Shy =SS — 28,S] ST + yDS,S) + 0SS S + 1y (Stsj - 2) 5.5, (Stsj - 2)
—2nS,E,E, S +n*S,E, E,E E,S]
4 (stsj - 2) S EE] ST + 0SB E ST (stsj - z)

<587 = 2S5, SiST +nESiST +0SiST S+ (88T - 2) 8i87 (S8 - %)

1)
2 SE] BE] ES] + 1 (Stsj - 2) SiEE] S| + 2SS (Stsj . z),

-~

(B)
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where the last inequality follows by noting that —2nS;E;E,'S," < 0. Now, it is easy to see that
2
I < 0P B 0|+ 20 20T |05 (o + | e
< a0® B/ | |lesi | (o + [ sesT])

It remains to provide an upper bound for (A). One can write

(A) = 5,8] — 21 (StStT>2 + 2 ((StStT>3 + Estsﬁ)

(A1)

i8S (I A ) 15,8, (I A ) >

(A2)
For (A1), we have

(A <

A (StStT>2 + 2 (StstT)gH + 2 sttsthH

s

IN

SeST — 21 (StStT)Q 4o (stsj)g‘

INg

)

st o st e st

where (a) follows from the fact that S;.S,", (5.5, )2, (S¢S )3 share the same eigenvectors, and the
assumption n < 1/01. On the other hand, one can easily verify that

2
(A2l < 2001 ||SeST (1= ns:ST)|| < 200 (HstSJH —n|sis/ | ) .
Combining the upper bounds for (A) and (B) leads to
2
[sivastal < (@m0 s sofon [ BET) || = 2n (1-4men = vm el s
3
et s
(@) T T2, 2 T3 T
2 oot -2t o s s (s
where, in (a), we used the assumption HE,:E;r | < o1 and n < 1/01. Now, let us define the function
f(z) == n%z3 — 2n2® + (1 + 2.0010y) .

It is easy to see that f(z) is increasing within the interval z < 1/47. On the other hand, we have
1.0107 < 1/4n due to our choice of 1. Therefore, we have

fsssia] <1 (Jss]) < £
On the other hand, simple calculation reveals that
f(1.0167) = 7*(1.0107)3 — 21(1.0107)? + (1 + 2.00107) (1.0107) < 1.0107.

for n < ¢/o; with sufficiently small constant ¢. This completes the proof. O
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C.3 Proof of Lemma 5

We prove this lemma by induction on ¢. First, due to our choice of the initial point in Theorem 6,
we have ||EoEq || < o2, ||S05) || < 1.010q and SpSg > 0. Now, suppose that (34), (35), and (36)
hold for ¢. Then, it is easy to see that

e ] < o e

due to the decreasing nature of HEtEtT H Therefore, Proposition 3 can be invoked to show that
HStHS;—HH < 1.0101. Moreover, we have

2
| Bl < [T | = n 2T |
1 n
S _
etz (nt+ &) (86)
1
Tot+1)+ 5

On the other hand, Proposition 2 can be used to show that

Amin <St+1St—|——i-1) > (1 + 77207%) Amin <St5tT> —2n (1 +noy) Amin (StStT>2

> (1 —2no1 (1 +noy) + 77203) Amin (StStT)
0

where in the first inequality, we used HEtEtT H < o, which follows from HEtEtT H < o? and our
choice of a. Moreover, the last inequality follows from our choice of 7.

D Proofs of Empirical Loss with Noiseless Measurements

D.1 Preliminaries

For simplicity, we define A; = UtUtT — X*. Before presenting the proofs for the empirical loss, we
first introduce a key decomposition. Recall the update rule

Uiy1 = U — 20 QiU; = ﬁt—f—l + R Uy, (87)

where 7, = 2L 5" | (A;,Ay)| and Q; € Q(A;). Moreover, denote Uip1 = Uy — AUy, where

2m

N = ngp(At)Q is the update rule obtained from the expected loss, and R;U; with Ry = T Ay — 21 Q¢
is the residual caused by the deviation of the empirical loss from its expectation. Finally, we define
Sy =V U, and By = VU

Lemma 22. Suppose that the measurements satisfy Sign-RIP with parameters <4r, 5,V/d |]Gt||2>.
Then, we have | Re|| < 370 || Al| -
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Proof. One can write

A=V (Stsj - 2) VI VSE V] + VIES VT + VIGG V] + VIGGIV]
—_———

rank-4r small perturbation

Note that |VL.G:G[ V||, < Vd||Gy||>. Therefore, Ay is an V/d ||Gy||>-approximate rank-4r matrix.
One can write

Ry =no(A)* Ay — 20,Q,

= (L) 18l = m) @i + (2(A) 1Al = m) QF

n At n At T
+ 590(At) | Al (@(At)HAtHF — Qt) + §<P(At) Al g (‘P(At)”AtHF - Qy )

Due to the above decomposition, one can write

Ay
1A

1Rl < 2| Zo(A) 1Al = ] 1Qul + (A0 1A || (X) Q| (55)

First, note that [(17/2)@(A) [|A¢|z — nel < 0(n/2)p(Ar) |A¢]|p due to Lemma 20. Moreover, due to
Sign-RIP, we have ||Q:]| < (14 0)¢(A) and H"O(X>||AATT|F — QtH < d¢(A¢). Combining these upper
bounds with (88) completes the proof. O

D.2 Proof of Proposition 4

Due to the proposed decomposition (87), one can write
Siv1=Si1 + V' RU;. (89)

Our main goal is to show that the minimum eigenvalue of S;S; follows that of S;S, —which has
been characterized in Lemma 2—plus an additional deviation caused by the term VT R,U;. Similar
to the proof of Proposition 2, we characterize the growth rate of )\min(S’tHS;l) by first resorting
to a more tractable lower bound. Adopting the notation introduced in Appendix D, consider the
following auxiliary matrix

M:=(I+5)8 1S (I+8) =T +E)VT (I -iqA) UU (I —ipA)(I+2)",

~ ~ ~ -1 ~ ~
where = := VTRtUtSt—Ll (StHS;l) . Note that, according to Lemma 5, we have St+1St11 =0

due to our assumption S;S,” = 0. Therefore, S'tHStTH is invertible, and hence, the matrix Z is
well-defined. On the other hand, it is easy to see that = satisfies

VIRUS) | = 2514150 . (90)
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Based on the above equality, one can write
Str1S81 = M = ($er1 85 + VI RUUTRIV + S0 U] RV + VT RUSL)
— (841851 — 28 ST + 280185 + S SLLET)
— VT RUU RV - VT RUS, (StHS;l)_l Sen USRIV o)
VTR, (I S0 (SuaSt) sm) UT RV

= V'RUP;, U RV

= 0.

Therefore, we have )\min(StHStTJrl) > Amin(M). Our next goal is to provide a lower bound for
Amin(M). To this goal, we will show that the minimum eigenvalue of M is close to that of StHS’;l.
Combined with the minimum eigenvalue dynamics of §t+1'§;1 presented in Proposition 2, this
completes the proof.

To show that Apin (M) ~ /\min(gprlg;l), we will use the relative perturbation bound presented
in Lemma 21. To this goal, first we need to provide an upper bound for ||Z]|.

Bounding ||Z||. One can write

~ ~ ~ —1
120 < IRl | U255 (Se18T)

— R <I — (UtUtT - X*))il U151 (§t+1g;1)71

~ ~ ~ ~ —1
O ST (S ST

< 1B | (17 (007 = x4)) ||| G5 (Se157)

(a) - . U -1
< 200 [015T, (51157,

®
< 670 [| Al o

)

where in (a), we used the fact that HUtUtT — X*H < o1 due to our assumptions on HStStTH and
HEtEtT H, and our choice of n. Moreover, (b) follows from Lemma 22. Now, note that

~ ~ - - —1 ~ - ~ - —1 ~ - ~ ~ —1
U157, (Sms;l) = VS8, (Smsg;l) +VLE 8, (Sms;l) )
~ ~ ~ - -1

=V 4 ViEnSh ($n85)

Therefore, we have

L 1 1
Up1S1 (St+15tT+1>

_ SN |
In order to provide an upper bound for ||Z||, it suffices to bound ‘Et+1 S (St+1 SIH> . To this

< Ut Bl (Sl

goal, first we present the following technical lemma, the proof of which can be found in Appendix F.2.
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Lemma 23. The following statements hold:

SiST (Si1SL, )

H <2 and < |87 (SunaST) 7 <35

] HEmSLl (gmg;l) H §3HEtStT (StStT)—lu.

. - . -1
Et-l—lSt—Ll <St+152;1) to
HEtStT (StS’tT )71H which, according to our assumption, is upper bounded by 1/3. This upper
bound, together with (92) implies that

The second statement of the above lemma connects '

IEI < 1276 [[ Al -

On the other hand, applying the relative perturbation bound to M and S’t+1§;_1 implies that

Aain(M) = Ain($e1 50| Shmin(Se1550) [T - T+ D)1 +2)7 |
<312 Amin (St—klg;l)
<3670 [| A¢]| p Amin <§t+1‘§tT+1) .
This in turn implies that

Amln('s't-s—l‘S'tJrl) Z ( )
— 3670 HAtHF) min (St+1St+1>

Ami
> (1
< ]_ + ’I’]tO'r — 21 HEtE H — 7276 HUtUt —
2

1) s (557)
=20 (1 + 7t07) Amin (StSt ) )

which completes the proof. O

D.3 Proof of Proposition 5
Bounding HZ — St+1StT+1H: Recall that Syy1 = 5}+1 +VTRU,. Therefore, we have

Y= S418 1 =% — S S VI RUSL, — SinU) RV - VIRUU RV .

deviation

(94)

The main idea behind our proof is to first control the norm of the deviation term, and then invoke
Proposition 3 for ¥ — Sy S;l. One can write

|vTRUSL| < 1R [T || < 3m6 1A g ST

9
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where in the last inequality, we used Lemma 22. Moreover, S’HlUtT can be rewritten as
S U = ((I i (StStT - 2) Si+ S, B/ Et)) (STVT + Eij)
- (I — 7 (StStT - 2)) SeSTVT + <I i (StStT - E)) SB[ V]
+ SEES VT + S EEE V]

Note that HI — M (StStT — E) H < 2 due to our choice of 7 and our assumption on S;S,". Therefore,
we hav

Hg”lUtTH <2 HStStTH 42 HStEJH + HStEJH2 + HStEJH 1B < 6071, (95)

where we used our assumptions on HStStT H and HEtEtT H Combining the above two inequalities
leads to

HS}HUJRZVH - HVTRtUtStLH < 1873001 | Al (96)

Using a similar technique, we have
|VTRUUT RTV || < 9726%01 A3 < o 1Al (97)

where we used the assumed upper bounds on 7 and §, and the fact that HEtEtTH <o, HStStTH <
1.010y, and HEtEtTHF < y/roi, which in turn implies ||A¢||z < +/ro1 due to Lemma 3. Moreover,
we have already shown in Proposition 3 that

. 2
o= 5080 = (1 (557) [ —7] <5 s
Hence, combining the above inequalities leads to

2
Hz _ SMS,LH < (1 — T Amin (Stsj)) Hz _ StSJH + 57, HstEJH + 377001 | Al

Bounding HStHEtlluz First, note that

Sii1ELy = S Bl + VI RUE)  + Sia U RV, + VT RUU, R VL.

deviation

Similar to the signal term, the main idea behind our proof is to first control the norm of the
deviation term, and then invoke Proposition 3 for St+1EtT+1. We first provide an upper bound for

|[VTRUEL|

HVTRtUtEtTHH < || Rl HUtEtTHH < 300 || At g HUtEtTHH .

To bound HUtEtTH‘

, one can write

HUtEtTHH < Ul HEt — S SE] — ﬁtEtEtTEtH

< 2([[Sell + [ Eel]) | 22l
<501,
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where we used the assumption [|S;|| < 1.01,/07 and || E;|| < /o7. Similar to (97), we have
A AR ERUA Y
< Hst " ((Stsj - z) S, + stEjEt) H IR,
< 6m0vo1[|Adllp

and
VTR BRIV < 00T | 1RP < 10007262 | Al < by 1A

Moreover, we have already shown in Proposition 3 that
& pT _ T _ T _ T
HSt+1Et+1H < (1 — nt)\min (StSt ) + 27]1‘, HE — StSt H + 2771‘, ||EtEt||> HStEt H . (98)
Combining the above inequalities leads to

HSMEJHH < (1 — T Amin (Stsf) + 27, Hz - StStTH + 27, ||EtEt|]) HStEtTH + 227,80 || Adl|

Bounding HStHS;lH: First, note that

Si11S01 = Ses1Shy + VIRUS, + Se1U) RV + VI RUU R V.

deviation

Similar to our previous arguments, we will provide an upper bound on the deviation term, and then
resort to Proposition 3 to provide an upper bound for Sj41 S;l. First, note that

|V RS | < VTRV ST+ [VTRVLES L
< 38 80l (|55 | + | T ) (99
where we used Lemma 22 in the last inequality. On the other hand
Hstsng - HSt (S; _ 7 (SJ (Stsj - z) + EJEtSJ) + UJRZV) H
<7+ 57 -+ 7)) e
<2 HStStTH + HStSJvTRZVH + HstEjijtTvH
<3 HStStTH + 3030 | Al HStEtTH .

Similarly, we have
HEtStTHH <3 HEtStTH + 300 [| Al HEtEtTH .

The above two inequalities combined with (99) results in

2 HVTRtUtSLH < 2167,02\/76.
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which follows from our assumption on [|St||, || E¢|| and 6. Similarly, one can show that
HVTRtUtUJRZVH < o276,

Therefore, the norm of the deviation term is upper bounded by 21777,50%\/775 . Moreover, Proposition 3
implies
3

Y

~ ~ 2
|8esa8T| < (1 201 + ot || suST || = 2| sy + 72 [T

which in turn leads to
2 3
| SeerSTa|| < (L4200 + 4ot || SuST | 2 [ seT||” + 77 || e |+ 2177003 .

The rest of the proof is analogous to that of Proposition 3, and hence, omitted for brevity. O

D.4 Proof of Proposition 6

Bounding ||G¢11]|: To provide an upper bound for ||Gi41]| = HEtHPé:t+1 in terms of ||Gy|| =
HEtPi , it is crucial to characterize the relationship between the projection operators Pétﬂ and

Pét. To this goal, we decompose P§t+1 as follows
1 1 1pl
Pst+1 = PStPSt+1 + PStPSt+1'
Based on the above decomposition, G¢y1 can be written as
Gi+1 = Ei11Pg, Piﬂ + Er 1Py, P§t+1 :

-~

(4) (B)

We first study (A). Let M;D;N,” be the singular value decomposition of Sy, where M; € R"™*" and
N; € R™*" are (row) orthonormal matrices, and Dy € R"™" is a diagonal matrix collecting the
singular values of S;. Based on this definition, we have Pg, = N;N,". On the other hand, we have
St+1Ps, Piﬂ = —St11 PiPiH, which is equivalent to

Se1NiN, Pg, | = —S111P5,Pg,, - (100)
Our next technical lemma shows that Sy NV is invertible.
Lemma 24. The matrix Si11N: is invertible.

The proof of this lemma can be found in Appendix F.3. Lemma (24) combined with (100) leads
to
N/PS,., == (Sex1N) "' S41Pg,Ps, -
Therefore, we have
(A) =E411Pg, P§t+1

=E 1NN/ Py, |

= — By 1Ny (S Ny) St+1P§tP§t+1

=—E 11Ny (S5 Ny) ' S,41P3, PJS_t+1 — Ere1 Ny (S Vo)™ (SHl B gtH) Pip“%t“ .

(A1) (A2)
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We first control (A;). Observe that
Si41PE = (St - (stsj . z) Sy — S B Et) PL =~ SE] Gy,
Therefore, we have
(A1) = mEis1N; (SeaNi) ™' SiEY GiP3, . (101)
On the other hand, note that Fy 11 = Ep — i Ey (S;'—S’t + EtTEt) + VthUt. Hence, we have
(B) = (I - mEE]) GiP4,,, + VI RIVIGP,,,. (102)
Combining equations (101) and (102), we obtain
Gt = (T = MEE] + BNy (S Vo)™ SiB ) GiP4,,, + VI RVIGIPS,, + (Aa),
which results in

1Geall < |1 = BB + Bra N (SeaNo) ™ ST || 1Gell + |1 Rall Gl + 11 (A2) ]

(©)

Therefore, it remains to control the terms ||(C)|| and ||(As2)||. First, we provide an upper bound
on ||(0)]|. Define S;41N; = (I +Z) S; Ny, where E = Sy, 1 N; (S;N;) ™! — I (note that S;N; = M, D;
which implies that S;V; is invertible). Hence, we have

NON < || = REET + B a Ny (SN ST | + 7 | Brsa Ve (5N 7| (7 +2)7 = 1] || 52T |

(C1) (C2)
(103)
It is shown in the proof of Lemma 24 that ||Z|| < 37 ||A¢|| < 1/2. Therefore, one can write
[(T+3)t 1] <= H(I n E)’1H < 67 | Ayl|. To provide an upper bound for HEHth (S,N;) !
one can write

)

-1
EtJrth (StNt)_l == Et+1S;r (StStT)
-1
- (Et _ 7B (SJ S+ EJ Et) + ijtUt) S7 (Stsj )
1
- (I REE] ) Hy, — 3,E,8 + VI RUS] (StStT )
- (I REE] ) Hy — i ES] + V] RV + V] RV H,,
where H; = E;S (StStT)_l. Therefore, we have

| BN (8™ | < D+ 7| 2| 4+ 1Rl (14 (]

< 1l + 7 | B/ || + 40 1d] -
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Hence, we obtain
ICall < 67 8l () -+ 7 || BT ||+ el ) | s

To control ||(C1)||, we use triangle inequality to arrive at the following decomposition

e HI BT + BN, (SN,) ™ S, BT H i ||s.sTEST (stsj )*lstEj
(Cn) (Cr2)
2 ||EETEST (Stsj)fl ST || + 7 HRtUtNt (S, N,) ™ StEtTH.
(C13) (Cra)
It is easy to see that ||(C11)]| = HI — ﬁthGTH < 1, due to the assumed upper bound on ﬁt

% lCia)ll < BB,

and HEtEt H Moreover, one can verify that ||(C12)|| < 7?7 HrEt
. Combmlng the derived upper

1Ol < 376 1ALy (L + [H) [|SET || < 6726 1Al ||SiE,
bounds for ||C}| and ||Cs||, we have
—2 T 2 4 T T
(©) <1+ (2] BT |+ 1B + 78 1Al || BT | + 6 Nl 18l | EST )

To complete the proof, it remains to provide an upper bound for [[(A2)||. First, note that
<St+1 - 5’t+1> Pi =V TR,V G,. Given this equality, one can write

[Az2]| < HEtJrth (Sep1 V)~ VIRV.GPy,

< | B (St 1R UGl

<3716 || B Ne (SN0 7| 184l Gl

Therefore, it suffices to provide an upper bound for

Ei 1Ny (Se41Nt) ™ H

HEt+1Nt (St+1Nt)_1H < HEt+1Nt (StNt)_lH HStNt (St+1Nt)_1H
< HEt+1Nt (StNt)_lH |+~

<9 HEHth (StNt)’lH
<9

Combining the above inequalities leads to
1(A2)]| < 67:0 | Al p Gl -
Finally, combining the derived upper bounds for (C') and (Az) gives rise to the following inequalities

_2 T)1? | -2 4 2 T _
IGeall < {1+ 252 | Bes/ ||+ 72 1B + 67 IELI 1A || BoST || + 70 180l ) Gl

2
< (1 o+ 22 || BeST ||+ 1Bl + 202 el || oS | + 70 uAt\F) IGell

59



Bounding |F}41]| : Similar to the previous part, we use the decomposition Pg,
PétPgt+1 to write

1
Ft+1 = Et+1 PStJrl = Et+1PSt PstJrl + Et+1PSt PSt+1 .

(4) (B)

HPSt+1 - PStH

= | (1= mEET) Go+ VI RiUP,

First, we provide an upper bound for ||(B)||:

I(B)| = || Bes1P, (P — Ps)

< HEtHPi

HP5t+l - PStH
< (HGtH + HVJTRtVJ-Gt‘D HPSt+1 - PStH

< (IGell + 30 | A g Gl [[Psy — P |
<2 ||GtH HPSt+1 - PStH :

To control HPSt+1 —Pg,

, we use the following technical lemma.

= Pg, PSt+1 +

(104)

Lemma 25 (Theorem 2.4, Chen et al. [5]). Let A € R™*" and B = A+ E € R™*" have the same

rank. Then, we have

el <]« ]

Due to Proposition 4 and our assumptions, we have )\min(StHStTJrl) > )\min(StStT) > 0, and

hence, both StHSt—S-l and StS;— are rank-r. Invoking Lemma 25, we have

-1
IPsis = Psll < (8 - 50T (5e57) |

_ H <—ﬁt ((StStT . 2) S + StEtTEt) + vTRtUt) s/ (Stsj)_lﬂ

< ||SeST = 5|+ | BT | WA+ 1R 1+ 1)
t HStStT - EH + HStEtTH + 6176 || Ael|
A

where in the last inequality, we used the following auxiliary lemma.
Lemma 26. If || A]| > VA ||Ge||?, then we have | Az < 5v/7 | Al

Proof. Recall the signal-residual decomposition

<1
3

IN

(105)

A=V (StstT — z) VI VSE V] + VIESI VT + VIEE V] + VIGG V] .

One can write

it £ (7 5] 2T )+ vt
=4V || Al + || A
<5V || Al

which completes the proof.
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Combining (105) with (104) leads to
(B < 67 | Al [|Gell -
Next, we will provide an upper bound for (A4). One can write

(A < | Et41Ps, |l
< H (Et — WE, (EJ E,+S) St> ¥ VthUt> Ps,

< HFt — BB Fy - ﬁtFtStTStH + HVIRtUtPSt : (106)
The first term in the above inequality can be bounded as follows
HFt — BB, Fy — ﬁtFtStTStH < H (0-51 - ﬁtEtEtT> FtH + HFt (05[ - ﬁtStTSt> H
< (HU-M* ﬁtEtEtTH + HO~5I*77tStTStH) [l
< (1= dwin (5257 ) I
Moreover, we have
VI RUPs, | < IR (1Sl + 1EN) < 378 1Az (1S3 + 1 F D)
Therefore, we have
NN < (1= Tdwin (SeST) + 370 |18l ) I Fill + 370 1Al 1S4
Finally, combining the derived upper bounds for (A4) and (B) leads to
1Fietll < (1= edmin (SeST7) + 30 18l ) I1F3ll + 370 | Acl| - 1S4]] + 67 1 A Gl
which completes the proof. ]
D.5 Proof of Lemma 6
Recall that Uy = «aB, where BB' is the best rank-r’ approximation of C €
5= > Sign (y;) (A; + A]). Since rank(X*) = r, Sign-RIP implies
X*
— o(X* < p(X™).
o - et | < oo

Note that BB is the best rank-r’ approximation of C. We have

X* X~

BBT — p(X* <||BB" -C +HC—¢X*
H e < | T,

< A1 (O)] 4 (X))o

*

< i * *

<o ot | o

< 2p(X7)d.
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Therefore, based on the definition of Uy, we have

*

1X*

UoUy — a®p(X*)

H < 202p(X*)5.

Given this bound, one can write

SoSy — a’p(X*)

X*
=||vT <UOUT —a?p(X™) ) VH
1 X* H 0 X
X*

UOU(;F - QQSO(X*) HX*H
F

S ‘

< 202%p(X*)6.

Similarly, we have

|07 H:HVT (UoUoT (X >VL < 20%p(X*)3,

X

et -| <08

X*
v/ <U0U0T ~ a2p(X) ] > vV,
F

This completes the proof. ]

D.6 Proof of Lemma 7

We prove this lemma by induction on ¢. First, due to Lemma 6, it is easy to verify that (45)-(48)
hold for ¢t = 0. Now, suppose that (45)-(47) are satisfied for ¢t < T,,,4. Moreover, without loss of
generality, we assume that |A¢||p 2 da2~OWT%8) for every 0 < t < Typg; otherwise, the statement
of the lemma holds. Together with the induction hypothesis on ||G¢||, this implies that || Al > ¢,
for ¢ > 0 defined in Propositions 4, 5, and 6.

Bounding ||F;4+1|: In order to apply Proposition 6, first we verify its assumptions. One can
write || BB/ || = | Fi|I” + ||G¢]|*. Therefore, we have |E+E," || < o1, due to the induction hypothesis
on ||Fi|| and [|G]|. On the other hand, HStS;rH < 1.010; and HEtStT(StS;—)_lﬂ < 1/3 due to
our induction hypothesis. It remains to show that (4r,d,¢,S)-Sign-RIP with ¢ > Vd@a implies
(4r,0,v/d||Gy||* , S)-Sign-RIP. To show this, first note that (4r, 8,1, S)-Sign-RIP implies (4r, 8, €2, S)-
Sign-RIP, for any 5 < 1. Using this fact, it suffices to show that V/d ||G¢||* < Vdga < e, which is
immediate due to our induction hypothesis on ||G¢||, and our choice of §. Therefore, Proposition 6
holds and we have

[ Fyra]l < (1 — Tt Amin (StStT> + 30 HAtHF) [ F2]| + 36 (| Al g [1Sell + 67 [|Ael[ [|Gell . (107)
Due to our induction hypothesis, (107) can be simplified as

[Fiall < (1 + 75v/ra1id) || Fi|| + 80v/rot 76 + 30017 || G|
<||F|| + 100y/ro 7,6 + 300177 |G|

<||Fy|| 4+ 100y/rot2i6 + 300171/ pd
<n@? (100\/?0555 + 300, \/0@5) (t+2),

where in the first inequality, we use Lemma 26 and the induction hypothesis on ||A||. Moreover, in
the last inequality, we used the induction hypothesis on ||Gy||.

62



Bounding HStHStTJrl H Similar to our previous argument, it is easy to verify that the assumptions
of Proposition 5 are satisfied at iteration ¢. Therefore, HStHStTHH < 1.0107 readily follows from
Proposition 5.

Bounding ||U;+1U,; — X*||: Note that

HUt-HUtT+1 - X*

<o St 2 s et
On the other hand, we have
T 2 2
HEt-HEtJrlH < N Feall” + [|Gaa ]| < 0.501.

where the last inequality is due to our choice of § and «.. Similarly, we can show that HStHE;l H <oi.
This together with HE — StHS;lH < HStHS;lH 4+ 01 < 2.0107 leads to

HUt+1Ut—:-1 - X*H < 5071.

Establishing St+15t11 > 0: The proof follows directly from the application of Proposition 4. The
details are omitted due to its similarity to the proof of (36) in Lemma 5.

Bounding HEH—lSt—Ll (St+1St11)_1H= To streamline the proof, let H; = E;S, (StStT)_l. Our
goal is to prove ||Hy|| < 1/3 by showing the following recursive relationship.

Lemma 27. For every 0 < s <t, we have
[Hs 1]l < (1= empoy) | Hsl| + Vo, (108)
where ¢, > 0 are some universal constants.

The proof of Lemma 27 can be found in Appendix F.4. Equipped with this lemma, we are ready
to derive the desired result. First, due to Lemma 6, we have
1B 2ere0x)

min(S080) ~ a2p(X*) (\/1m - 25)

< 44/rK9,

Hyl|| <
IHoll < 5

provided that 6 < 4\/17%' On the other hand, (108) implies that

c c c
IHicall = S vis < (1= o) (1l - & vind) < Iital + & vt

Therefore, due to our choice of §, we have

/
|Hi1] < (4\ﬁ/§ + 25%&) § SVred < 1/3.
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Bounding ||G¢+1|:  Due to Proposition 6, we have
9 T 4 -1 T _
1Guall < (17 (2|[EST |+ 1B + 6 | Esusis 1A | BsT||) + 76 1adi ) 16l
Moreover, one can write
2 . 1
i |BeST | S NE? S rotnfo + otifapst® S Vikdlog (a> .
Similarly, it can be shown that

1
BNV a2 I 1A BT v o 18 S vindos ().

Therefore, for some universal constant C' > 0, we have

1
[Gunl < (1+Cvimatos (1) ) el

Hence, we have

1G] < (1 +cmélog< )) IGol

/1og(l/a)

g(ucmalog( )) "Gl

< exp <C’ \fﬁ;25log< >> 1Gol|
< a0V 1|

< l—0(Vrr?s) /36,

where in the last inequality, we used the upper bound ||Go| < || Eo|| and Lemma 6.

E Proofs of Outlier Noise Model

E.1 Preliminaries

Given the update rule Uyy1 = U — 2n:Q1 Uy, we consider the following decomposition

2np'

2
mAtUta Ry = 770 A — 214 Qy, (109)

Ut+1 = Ut+1 + RtUt, where Ut+1 == Ut - ||A ||

In the above decomposition, U; 41 resembles one iteration of GD on fe,(U) with the “effective”

step-size %. Moreover, the term R.U; captures the deviation of SubGM and GD. Similar to
the noiseless setting, the main idea behind our proof technique is to show that R; remains small
throughout the iterations of SubGM, and consequently, SubGM behaves similar to GD. To this goal,
we first provide an upper bound on ||A||z in terms of [|A]].
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Lemma 28. Suppose that d ||Gi||* < ||A¢l|. Then, we have || Az < 2(1 4+ /7) || Al

Proof. Due to our proposed signal-residual decomposition, one can write

|adlp < ||V (88T =) VT + VSEIV] + ViBS VT + ViRE V]| + V.G v]
—_———

small norm |l g

rank-4r F
<Var HV (687 =) VT + VSE VI + VIESTVT + VLFtFtTVfH VA |Gy

< VAR A+ VA VGGV || + V|Gl
201+ Vr) 1Al

where the last inequality follows from the assumption 4r < d and v/d ||G¢||* < ||A¢||. This completes
the proof. O

Equipped with this technical lemma, we next provide an upper bound on ||R¢||.
Lemma 29. Suppose that the measurements satisfy (4r,d,e,S)-Sign-RIP with § < W, €
V|G, S ={X : |IX ]| = ¢} for ¢ = VAIGP (3 v V), and VA||Gil|* < | Al Then, we have
[Rel] < 8(1+ v/r)np's

Proof. One can write

2 2
R, = np' A, — 77P

[A]] HQt”
2np* < A 2nptp(Ay) 2np"
= — Qt — p(Ay) — A+ A
Q] \™* NAdlp) Qe A" 1A~
1Al
2np! < Ay 1R — (A 57, 2np*
- Qi — p(AY) + r A
Q] \ ™ Ay 1Q¢] 1A~
The above equality implies that
|A:]]
A, [l - () i
R Q 2np” -
15 e elBe )HAtHF 1Q¢ll (110)

(u@ [) 20eteta0n

where in the last inequality, we used Sign-RIP. Next, we provide an upper bound for 1/ [|@Q;||. Due
to Sign-RIP, we have ||Q:|| > < ‘ﬁ"f‘” 5) ©(A¢). On the other hand, due to Lemma 28, we have

[A:]] " :
St < 2(1+\[) Combining these inequalities with (110), we have

9
[Re|| € —————— -np'6 < 8(1+ /r)np's,

2(1+r) Y

where the last inequality is due to the assumption § < 4(T1\ﬁ)'
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E.2 Proof of Proposition 7

The proof is almost a line-by-line reconstruction of the proof of Proposition 4 in Appendix D.2. For
brevity, we only provide a sketch of the proof. Similar to (89), one can write

St+1 = S’t+1 + VTRtUt. (111)

Given this decomposition, we characterize the growth rate of Apin(Si+1 S;l) by first resorting to a
more tractable lower bound. In particular, we define M := (I + =) StHS’tTJrl (I + E)T, where Z :=

- U -1
VTRtUtSt—Ll (St+1StT+1) . Based on the definition of M, a series of inequalities analogous to (91)

can be used to show that Apin(Si+1 S;l) > Amin(M). Therefore, it suffices to provide a lower bound
for Amin(M). Similar to the proof of Proposition 4, we first show that Apin(M) ~ )\min(gt_l’_lg;l):

Amin(M) = Amin (S2415%1 )| < 3120 Amin (S41551) < 1923700 i (S2415%1) -

Combining the above inequality with the one-step dynamic of Apin (5}“ §;1> from Proposition 2
completes the proof.

E.3 Proof of Proposition 8

Similar to the minimum eigenvalue dynamics, the proof is identical to the proof of Proposition 5.
Hence, we only provide a sketch. Similar to (94), one can write

Y =SS =2~ S S VI RUS,) — Sea U RV - VT RUU R V.
Lemma 29 combined with an argument similar to Appendix D.3 leads to

HVTRtUtS,T+1 + 8 USRIV + VT RUU RY VH < 193y/rptord.

The above bound combined with the one-step dynamics of ¥ — §t+15'tT+1 in Proposition 3 completes
the proof for the one-step dynamics of ¥ — S;41 S;l. The dynamics of the cross term (27) and the
upper bound on HStHStTJrlH (28) can be deduced in a similar fashion. The details are omitted for
brevity. O

E.4 Proof of Proposition 9

The proof of Proposition 9 is identical to that of Proposition 6, with a key difference that ||R;|| <
164/rnp'. The details are omitted for brevity. O

E.5 Proof of Lemma 9

The proof is based on an inductive argument similar to the proof of Lemma 7 in Appendix D.6.
Due to our special initialization, it is easy to verify that the statements of the lemma are satisfied
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for t = 0. Now suppose that (56)-(61) are satisfied for ¢t. Due to Proposition 9, one can write

[Gerll < (1+500% + 49v/rnop's) | G4l

< exp (5772 2y 49+/rnp8) |Gy,
¢

< ||Goll [T exp (51°p* + 49v/rmop°9)
s=0

s=0

5 49\/716
< HGOHeXp(l ”p2 + 1{2 >

< [|Gol| exp (Z 5 p* + 49\/7“7701785)

Due to p=1—-0(n/(klog(l/a))) and n < 1/(klog(1/a)), we have

2
gl 4?*{’7”5 < Vrrdlog(1/a).

< <
2 <nrlog(l/a) <1/2, and

Combining the above inequalities leads
[Griall < 2|Goll a=OW7) < 2y3a1=0NT) /55

where the last inequality is due to our special initialization technique and Lemma 6. The remaining
bounds in Lemma 9 can be established similar to Lemma 7. The details are omitted for brevity. [

F Omitted Proofs

F.1 Proof of Lemma 19

To prove this lemma, we use one-step discretization technique. First note that, for any X € S,
there exists a matrix in X’ € Sy such that || X — X'|| < e. Suppose that Ny ¢ is a {-net of Sy
where £ > e. Based on the definition of ¢-net, there exists X” € Nj ¢ such that || X' — X"||, < ¢
This implies that || X — X"| < | X — X'||p + || X’ — X"|| < 2, and hence, N ¢ is a 2¢-net of
Sk.e. Given this fact, one can write the following chain of inequalities for every ¥ € S:

Xl
EGy] <E| sup Sign ((A;, X') — ;) (A;,Y) — (X <7y>
GrI<E| s o Z ) = 50) (4 Y) = o)
(A)
1 m
+E sup — Sign ((A;, X) — s;) — Sign ({(A;, X') — s;)) (4;,Y
||X—X'|Fszsm;( ((4i X) = 1) ( ) = si)) (A, Y) 112)
(B)
X X/
+ sup <g0 X — (X' ,Y>.
e o\ P e,

/

(©)

We control each term in the above inequality separately.
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Bounding (4). To control (4), note that L >, Sign ((A;, X') — 5;) (A;,Y) —p(X') <ﬁ, Y>
is O (1/m)-sub-Gaussian and (A) is the supremum of the sub-Gaussian random variable over a the
finite set N ¢. Hence, the Maximum Inequality implies that

(A4) S %log (?) (113)

Bounding (B). Invoking Holder’s inequality, one can write

(B) <E

( Z |Sign ((4;, X) — s;) — Sign ((A4;, X) — s;) ‘) 1r<nzi}1(n| (A, Y) |

[X— X’I|F<2€

Note that if | <AZ,X - X/> ‘ < ’ (Ai,X, - ASZ> ‘, then Slgl’l(<Al,X,> - )\SZ) = Slgn((AZ,X> - )\SZ)
Therefore, the above term can be further bounded by

1 & , ,
E ”X §(1}|1|0 oo <m;’81gn (A;, X) — s;) — Sign (<Ai,X>—si)‘> 1I<nz£?§n|<A“Y>|
1y x_x XY |
- §(‘3|‘|’F<2§<m;1 (40 X =X 2| (4:.X) Sz>)@a;;'<AHY>'
1 m
< - X =X > XN — sl <
<E [ i‘,lﬁ;@g(m;l (A, X = X') [ >t) + 1 (] (A, X7) sZ|_t)> nax. | (4;,Y) ]
1 m
<E - X — XN >
s (G106 x)120) e )
(B1)
1 m
+E _ AlaX — 8| <t A17Y
(R R0 -mi0) g
(B2)

(114)
For (B;), we have

1 & t
(le <|AiHF > 25)) max | {4;,Y)]

=1

<k [1 (14 2 5 )] B hmaxt (s 1)1 4B [1 (14 2 o )1 awmy] 09

<0 (acéi log (m)> +E [n <||Ai||F > 22) | {4:,Y) I] :

where C' > 0 is a universal constant and t/¢ > +/d. Furthermore, applying Cauchy-Schwarz
inequality, we have

(B1) <E

ot

B |1 (4 2 5 ) 1147 < /P @eliale 2 08 [tasvy] 506

(116)
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_ct
Hence, we conclude that (B;) Se Ce Vlog (m).
Now we turn to bound (Bs). Note that (£ 57 1 (| (4;, X') — 55| < 1)) maxi<ij<m | (4;,Y) | is
O (log(m)/m)-sub-Gaussian, and N, ¢ is a finite set. Hence, the Maximum Inequality yields

o ( \/dklog(m;log (R/s)) |

(117)

(B2) < sup E
X’GNk@

(; S (1(AL X)) — s < t)) max | {4;,Y)]

i=1

For the first part, one can write

1 m
(ZIL (A, X') — si St)) max | (4;,Y) |
m 1<i<m

<E[1(]{A;,X")—s| <t)]E [max| (A;,Y) |] +E[1(] (A, X') — 5] <) [(A,Y) ] (118)

i
Tog(m)
og(m)—
¢
ot
Therefore, we conclude that (B) < log(m)% +e e log (m) + w. Finally, it
remains to bound (C) in (112).
Bounding (C). We have
X X X'
@ = s {600 - o) (¥ )+ (e~ oY)
X=X | p<2¢ X1 IX1e 11X Me
X X (119)
< s e —e()ht s |l
XX/ p<og x| p<oe 1IX e 12X e |5
For the first part, we use Mean Value Theorem to write
o(X) = ()| < Vo) p [| X = X[ < 2[1Ve(Z)lIp €, (120)
32
where Z = AX + (1= \)X', A € [0,1]. Note that Ve(Z) = \/2pE | £Z¢ 74TF |. Hence, we have
F
52 - $2 1
swp IVe(Z)lp S swp B |2 oe zlle] < s B| e 2“2%] <L
12112 1Z1e2¢ [ 1Z]l5 Cuzie=¢ 1215 ¢
For the second part, we have
X' X - X' X (|1X’ X
o . e
XXl <26 HXHF XN elle ~ x—xp<eell 1XI7 XN X Mp e (122)
<%
¢
Therefore, we conclude that (C) < %
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Combining the derived upper bounds for (A), (B), and (C'), we have

E[gy] < (4) + (B) +(O)

<4/ d—nf log <?) + log(m)z £ O g (m) + \/dk 1Og(m7)nlog (R/e) g (129)

provided that € > & and t/& > v/d. Let &€ < (\/k/m and t < G/dklog (m) /m. Clearly, these choices
of parameters satisfy t/& > Vd. Moreover, ¢ = C/k/m together with the assumption € < (\/k/m
implies that ¢ < £. Finally, plugging these values in (123) leads to

BlGy] S \/ ™ tog?(m) o (),

for every Y € S. This in turn implies

sup E[Gy] < supE[Gy] < \/Cj: log®(m) log (?)

YeSy, YeS

which completes the proof. [l

F.2 Proof of Lemma 23
. -1

$iST (54151

HSHISJq (StStT)_lH < 2. For brevity, we only show 0.5 < Apin <St+15’tT+1 (StStT)_l), as the other
part of the inequality can be proven in a similar fashion. One can write

To prove 0.5 <

< 2, it suffices to show that 0.5 < Apin (5’,5“5;1 (StStT)_l) <

Si1S) = SiS] — 7SS (S,gstT - 2) - (S,gstT - 2) SiS) — 2 S B B ST
i (SiST = 3) SiST (i8] = 2) + i SiE] BB EusT (124)

+ 7 (S8 - 2) SEE] S+ RSEE ST (5,57 - %)

Note that the eigenvalues of 5}“ gtll (StStT )71 are real and nonnegative, due to its similarity to
(S,gSltT)_l/2 S’t“g;l (StStT)_l/2. One the other hand, one can write

S8, (ststT )71 — [+ S+ 1SS S (S,gstT )71 2SS, — 2 S BB S (Stsj )71
+ 7P (StStT . 2) .57 (Stsj - z) (Stsj )_1 VRSB EEE,S] (Stsj )_1
+ i (StStT - z) S.BE]S) (Stsj )_1 RS EE] S (stsj - z) (Stsj )_1 .

We will show that every term in the above decomposition, except for the first term, is in the order
of O(mo1). First note that

1735 =

-1
AR (stsj ) H = O(ij01). (125)
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Similarly, we have

-1 -1
275y Sy + 207, S, E BT ST (stsj ) H < 2 18,87 || + 2 || S, B BT ST (Stsj ) H

s (StStT ) s,

= 27 || S¢S, || + 21 EtEtTH’ (126)

< 20 || eS| + 2 EtEtTH
= O(n01).

It is easy to see that all the remaining terms are in the order of O(7;01); we omit their proofs for
brevity. Combining the above bounds, we obtain

~ ~ —1
A (SMSL (587 > —1-O(mor) > 1/2, (127)

. . —1
where the last inequality is due to our choice of 7;. This in turn implies that S,;StT (St+1 5’;1) <
2. Similarly, we can show that HStS; (StHS;l)_lH < 3, by proving Amin (S’tHS;l(StStT)_l) >
1/3. This can be shown in an analogous fashion, after noting that

Si11S01 = Ses1Shy + VIRUS, 4+ Se1U) RV + VI RUU RV . (128)

perturbation

Similar to the proof of Proposition 5, it can shown that the norm of the perturbation term is upper
bounded by 475 || A¢|| z < 1/6, due to our choice of § and 7, and our assumptions on ||E¢E; || and
(REANE

-1
Finally, we prove the second statement by providing an upper bound for

Bra Sl (SenSLa)

Due to the first part of the lemma, one can write

B (ST

On the other hand, we have
E1Shy = EiS) + 0BeS) (E = 8,8 ) — i E(S] St + B} E) S,
+ T E(S] Sy + B Ey) S/ (StStT - E) (129)

<

E157, <5t5tT)lH ’

SiS; <§t+1§;1)1H

<> H];;Hg;l (sts;)”H |

— WEE] ST + 7B (ST S+ B[ B)) BT EiS/.
Let us define H; = E;S," (StStT )71. Based on this definition, one can verify that
B S, (stsj )_1 = Hy + i, HiSeS] (S — SiS)) (StStT ) T HSS] — 25 BE) H,
+ 72 H, (Stsj )2 (Stsj - 2) (Stsj )71 + 2B, (SJ Sy + BT Et) EJH,

s BB ST (58] - %) (s8] )_1.
(130)
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Now, note that

Similarly, we have HﬁthStStTH < L |Hy| and HﬁtEtE;HtH < & || H||. Moreover, we have

WHSS] (5= $i57) ($e8T) | < i |l |2 = S8/ || S o |1 < 5 Il (131)

12

e (5is7) (38T =) (5057) || < a2 Nl |[susT || 57 = | < non)? 1l < 5 el

(132)
In a similar fashion, it can be shown that ||f7E; (S S+ E/ E;) E/ Hy|| < 15| H:| and
‘ﬁfEtE;HtStStT (5.5 — %) (StStT)_l < &5 ||H¢||. Combining the derived bounds completes
the proof. O

F.3 Proof of Lemma 24

To prove this lemma, we show that
St+1 Ny = (I + Z)Se Ny (133)

for some matrix = with ||Z|| < 1. Before proceeding, we show that the above inequality is enough
to prove the invertibility of Sy N;. First note that S; Ny = M;D;. Therefore, the matrix M;D; is
invertible due to the assumption S;S;" = 0. On the other hand, ||Z|| < 1 implies that I+Z is invertible,
thereby completing the proof. To verify (133), it suffices to show that = = Sy 1V, (StNt)_l — I has
norm less than one. To this goal, we write

—vT (Ut — (UtUtT - X*) U, + RtUt> N, (VTUtNt) T (VTUtNt) (VTU,fJ\f,f)_1
=V (=i (U] = X7) + ) Uy (VTUtNt>_1
9 T (—ﬁt (UtUtT - X*) + Rt) U, ST (stsj )71
=V (=i (00 = X7) + R)V+VT (= (VU] = X*) + R,) Vi H,,
where H; is defined as ;S (5,5,) ", Moreover, in (a), we used the following chain of equalities
N, (VTUtNt)_l = N, (SiN,) ™' = NyD; "M, = NyDy M, M, DM, = ST (Stsj)_l .
Therefore, we have

121 < |~ (U7 = X*) + Ral| (U 1) < 20 A+ 670 1Al < 37 1A < 172, (134)

Here we used Lemma 26, |As]] S o1, [|Re]| < 376 || A¢l| g, [[Hel| < 1/3, and our assumption on 7.
This completes the proof. [l
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F.4 Proof of Lemma 27
First, note that
Ey11S441 = EsS] +hEsS] (8 — 555,) = 1:EBs(S, Ss + BJ Ey)S] — hBsE ES,
+72E,(ST S, + Bl E,)S] (sssj - 2) + 72E, (s;rss + ESTES) EIE,ST  (135)
+ VI RUS,, + Es U RV + VI RUU R V.
On the other hand, one can write
Sor1STi1 = S8T +SoST (2= 88T )+ (2= 8,57 ) 8,8 = 2 S.B] B8]
7 (5= Su8T) Su8T (2 = 8,87 ) + i SoE BB Bos] (156
i (2= 8,87 ) S BT B,ST — 2 S.B E,ST (- 8,57 )
+VIRUSy + SsU) R]V + VI RUUS R V.
Pre-multiplying (136) with H, leads to a relationship between Ss415/,; and Ey1S]), ;:

Es+155+1 = HsSerlSsTﬂ +T
— Herl = Hs + T(Ss+lss+1)_1a

where simple algebra reveals that
T =—H, <ﬁtESSSJ 2,8, E] B,ST + 258,87 (2 - Sss;r)
S, B] ByE] B,S] — S8, B ByS] - 28, B] BT (3 - 5,87))
— 9, E.E] B,S] + 2E,E] E,ST (SSSST - 2) +72E,E] BE,E] E,S] (137)
+VI'RUS!  + Es U RV + VI RUU RIV
— H, (VI RUS ] + S U BRIV + VI RUU] RIV).

For simplicity, we define D = SSSST (S 5+1S;r+1)_1 in the sequel. Based on the the definition of T,
one can write

H, +T(Ss1S8s11) ! = H Ay + B, + C, (138)

where the matrices Ay, By, and Cy are defined as
Ay =1 — =D — 2% (Sssj) 5 (sssj)_l D +7?%8,S] D,
By = —2SsE] H,D — 0} S.E] E;E] H,D — )t SS,E] HyD — 07 S.E] EoS] . (SSSJ )*1 D
_2S.EESTD - (VTRSUSSST+1 + S U RIV + VI R,ULUT RSTV) (ssﬂsjﬂ)_l ,
Cy = — 2, B E] H,D + i2E,E] H,S,87 (sssj - z) (SsHSJH) BB E,E] H,D

—1
+ (VIRSUSSJ+1 + B U RIV + VI RUUT R;rv) (SSHS;LI)
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To provide an upper bound on ||A4;||, we define P = (I + 715584 % (SSSST)f1 - ﬁtSSSsT> D and
Q=T+ 7557 % (S58]) ™" — 71,555 . We have
2 _ 2 _ T _
1A = 1T = 2P = Mo (T = PD)T (I = 12P))
<1+ Ao (—ZP — i PTS + i PTE2P)
(139)
— 1 — T Amin (ZP Py ﬁtPTEQP)
<1 = T Amin (EP + Py PTEP) :
where we used the fact that n < J% in the last inequality. Now it suffices to provide a lower bound

for Amin (EP +P'Y — PTEP). To this goal, we use the following intermediate lamma.

Lemma 30 (Theorem 4.1. in Eisenstat and Ipsen [12]). Given a diagonal matriz A € R¥¢ and its
perturbed variant A’ = AR for some R € R we have

min [;(A") = A(A)] < (A [T = B[ (140)

for everyt1=1,2,--- ,d.

To apply this lemma, we choose A =¥ and R =P+ X" 'PTY — 2~ 'PTYP, which leads to the
equality XP + PTY — PTYP = X R. Given this definition and Lemma 30, we have

Oy

—————— < Amin(ZR). 141
T = AR (141)

Now, we provide an upper bound for HI - R_lH. First note that HI - R‘lH < |II — R] HR_lH. On
the other hand

11— R == (PT=1) == P)|| < 1T = PI” < (1T = DIl + |[(Z - @) DI))*.

Using a similar approach to the proof of Lemma 23, we have

-1
Il — D|| = H (St+15t11 - Stsj) (Sms;l) H <0.1.
On the other hand, one can write
I(I-Q)D| < |I-QllD]
(a)
<3[I-Q|

=7 || S:S/ (2 - StS;) (StStT)_lH

gmk—&@H
<0.1,
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where, in (a), we used Lemma 23. Therefore, we have ||I — R|| < 0.04. Next, we provide an upper
bound for HR_lH. Note that

R=P+x'P's(I-P).
By Weyl’s inequality, we have
O-min(R) > Umin(P> — HE_lpTE (I — P)H

> omin(P) = [|P|[|[1 = P||
> 0.8 — 1.2 x 0.2 = 0.56.

Here we used the fact that || — P|| < 0.2. The above inequality implies that HR‘IH =1/omin(R) < 2.
Combining the above bounds, we have

|[I=R7Y < |I-R||R| < o0.08.
This together with (141) implies that
Amin (BR) > 0.920,.
Therefore, we have
|42 <1-0920, = |4 <1—0.4670,. (142)

Next, we provide an upper bound for ||Bs||. Simple algebra reveals that
-1
HzﬁtssE;rHsD+77,?SSEJESEJHSD+ﬁfzssE§HsD+ﬁfssE§EsS§2 (3,87) DS, B ESSSTDH

SsBJ || |1Hs|l -

S ‘
Next, we provide a bound for the remaining terms in Bs. We have

1

VI RU,S) 4 <Ss+15§+1)_1H < || Rl H <I — <UsUsT — X*) ‘f'Rs)_ Ust1S441 (Ss+15;r+1)_1H

< IR | (1= 2 (007 - x7) + )

Us41S011 (Ss+15;r+1)1H

-1
S 0 [|As|l g

Ust15411 (SSHSSTH)

To proceed, we provide an upper bound for HUSJrlSZH (SS+1S;FH)_1H.

|

Similarly, one can show that

Ust15441 (Ss+15;r+1)1H < HVSJHSSTH (SerlS;rl)

<1+ [[Hogall -

1 1
+ V1 Es41504 (Ss+1SST+1) H

-1
VIRUUTELY (Sensha) | S 202 1A 1+ 171D S 0 Al
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Combining the derived bounds leads to

1Bsll < 7 10 [| Asl| p (14 [[Hospal])- (143)
In a similar way, one can show that
1Coll 'S e | BB || VL 4+ 26 1A o (1 -+ | i) (144)

Substituting (142), (143), and (144) in (138) yields

(1= cxied |8l ) [l < (1= 04611, + o |

)+ cad Al ) 1|

+c4ﬁt5 ”AS”F
e [ Ho < 1 — 0.4670, + coie (|[SsEJ || + (| ESE]||) + esmed | Al 5 EL| caed || Al
s+l < 1— 170 || Al p 1— 176 || Al

= [Hoall < (1 = esmor) | Holl + cev/roin:d,

where the last inequality follows from the assumed upper bound on J, as well as (43)-(45). This
completes the proof. O

F.5 Proof of Lemma 10

We first prove the upper bound. One can write

log (ﬁ (1 +apt)> = szlog (1 + ozpt) < iapt - *

1—
t=0 t=0 t=0 P

Hence, we have HtT:o (1 + apt) < exp <1f—p> For the lower bound, we have

o T T +
ap « T
log (H 1 + ap ) Zlog +ap Z >—7"_p".
P l+4a " 1+«
Hence, we have H;‘F:o (1+ ap') > exp (Han ) O

F.6 Proof of Lemma 11

We start with the proof of the first statement. We consider two cases:

- Suppose that ||A]| < 0.010,p!. Recall that Uyyq = U; — ”A ”AtUt + R;U;. Hence, we have

Ay = <Ut sz” AU + RtUt> (Ut WXPH UtTAT + UtTR;r> — X"
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The above equality leads to

|Acell 1] + et [0 | 2+ 211 Rell

w2 o0y | 1Rl + o0 | R + 2o iy | (145)

(a)
< | A + doinp + doindp’ | Al + 20107 0%
< 0.020,.p".

On the other hand, we know that v;4+1 < 5||A¢t1||, which, together with the above inequality,
implies that v41 < 0.10,.

o1

- Suppose that ||A¢]| > 0.010,.p'. Therefore, we have ﬁgp:” < L. On the other hand, since
v < 0.10,., we have

-1
Amin (Stsj) > 0.90,, HStStTH <110y, HEtEJH <0.10,, HEtStT (Sﬁj) H <0.2.

This implies that the assumptions of Propositions 7, 8, and 9 are satisfied at iteration ¢, and
we have

Yei1 < |2 = SenaSTa || + 2| S L | + 1B |2 + 1Gra

(a) o mopt o mopt
< (1—9(1) ij >7t+0(1)\/77017705/0t+0(1) ”Ziﬁ G2

NG
1A

<y = Q (o,m0p") + O (1) or10p

(b)
< v — Q (ovmop') + O (amopt/ \/3)

< v —Q (ormop')

where (a) follows from the one-step dynamics of the signal, cross, and residual terms derived
in Propositions 7, 8, and 9. Moreover, (b) follows from ||A;|| > V/d||G¢||*. Therefore, we have
Y+1 < < 0.1o.

To complete the proof of this lemma, it suffices to show that if [|[Ayp1]| < vVd|Gegr]?, then
|Asy1]] € Vda=OWTH9)  Note that based on our assumption and Phase 1 of the proof of Theorem 8,
the one-step dynamic of G holds for every 0 < s < t+1. Therefore, an analysis similar to Lemma (9)
leads to ||Avy1|| < Vda!=OWTR), O

F.7 Proof of Lemma 12

Since || A¢+15—1] < 0.020,.p"7 1, an argument similar to the proof of Lemma 11 can be invoked to
show that || A, +73 | < 0.030,p" and v, 41, < 0.150,p%. Let At be the first time that || Ay 17y +ael] <
0.020,pto 2t Note that since || Ay 11y]| > 0.020,.p%, we have At > 1. This implies that, for every
0 < s < At—1, we have ||Ayi1y+s]| > 0.020,pF5. Therefore, (146) implies that vy 17y+s1 <
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Vio+Ts+s — (armpT#). This in turn leads to

At—1
1,
Vto+Ts+At < Vig+T5 — 2 < E ornp °+8>
s=0

At—1
< 0.150,p' — Q (Z 0mpt0+5>
s=0

7At71
= g,pl° (0.15 —-Q <Z np5>> .
s=0

Let us assume that At < (k/n)log(1/a). Under this assumption, we have p® = Q(1) for every
s < At. This implies that (Zfztal np5> = Q(nAt). Therefore, upon choosing At = Q(1/n), we

have vi4ry+ar < 0.15 = Q (Z?:tal 77p5> < 0. This implies that, there must exist # < At such that
Voot Tsdf < 0.020,p" . This completes the proof. O
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