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Exploiting Prior Function Evaluations in Derivative-Free Optimization

FRANK E. CURTIS*, SHIMA DEZFULIANT, AND ANDREAS WACHTER.!

Abstract. A derivative-free optimization (DFO) algorithm is presented. The distinguishing
feature of the algorithm is that it allows for the use of function values that have been made available
through prior runs of a DFO algorithm for solving prior related optimization problems. Applications
in which sequences of related optimization problems are solved such that the proposed algorithm is
applicable include certain least-squares and simulation-based optimization problems. A convergence
guarantee of a generic algorithmic framework that exploits prior function evaluations is presented,
then a particular instance of the framework is proposed and analyzed. The results of numerical
experiments when solving engineering test problems show that the algorithm gains advantage over a
state-of-the-art DFO algorithm when prior function values are available.
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1. Introduction. We propose an algorithmic framework for solving optimiza-
tion problems that have two distinct characteristics. First, we are interested in prob-
lems that arise in contexts when sequences of optimization problems are to be solved
when the data defining the objective functions are similar from one problem to the
next. Second, we assume that these problems involve objective functions that are
smooth (i.e., continuously differentiable), yet derivatives are intractable to compute.
Problems with one or the other of these characteristics have been considered previ-
ously in the continuous optimization literature, but, to the best of our knowledge, no
algorithms have been proposed specifically for the combined setting. The key feature
of our proposed framework is that it exploits, in a derivative-free optimization (DFO)
context, function evaluations that have already been performed during the solution
of prior optimization problems when new problems in the sequence are considered.

Sequences of related optimization problems need to be solved in various applica-
tions throughout science, engineering, and economics. Here, we mention two settings
that have motivated this work. First, nonlinear least-square problems that commonly
appear in data-fitting applications fall into our setting of interest. For such problems
[3, 15], one aims to find the parameters in a function—which may be a black-box func-
tion, as in our setting—that accurately maps inputs to outputs in a set of observed
data. The second setting considers multi-output simulation optimization problems,
where one aims to minimize a cost associated with the outputs of a simulation; see,
e.g., [3, 17]. The black-box functions that arise in these contexts can, for example,
be those defined by numerical simulations, say that solve complex partial differential
equations (PDEs) or perform Monte Carlo simulations of complex systems [37].

Our proposed algorithm builds upon state-of-the-art model-based DFO methods
for solving problems that possess a composite structure of the objective. In particu-
lar, inspired by [5, 34, 37], our algorithm computes search directions by minimizing
local models of the objective that have been constructed using previously computed
function values, where the composite structure of the objective is exploited by com-
bining local models that have been constructed for black-box functions separately. It
has been shown, e.g., in the context of nonlinear least squares, that algorithms that
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exploit such structure often perform better than those that do not; see, e.g., [5, 34, 37].

1.1. Contributions. We propose and analyze a model-based DFO algorithm
that exploits function evaluations that have been performed when solving related op-
timization problems. This allows the algorithm to avoid new evaluations of black-box
functions at interpolation points when the function values at these points can be
approximated sufficiently accurately using prior evaluations, e.g., by an application-
specific surrogate model. Our algorithm also differs from other model-based DFO
approaches in that it exploits prior information when determining the set of interpo-
lation points itself. This feature is incorporated through the use of a specially designed
utility function that predicts the usefulness of a potential interpolation point. Our
numerical experiments show that our algorithm often outperforms a state-of-the-art
model-based DFO method in our setting of interest, especially when the budget for
function evaluations is small, which is typically the case in real-world applications.

1.2. Notation. The sets of real numbers, n-dimensional real vectors, and n-by-
m-dimensional real matrices are denoted by R, R™, and R™*™ respectively. The sets
of nonnegative and positive real numbers are denoted by R>( and Ry, respectively.
The vector of all zeros is denoted as 0, the identity matrix is denoted as I, the vector
of all ones is denoted as 1, and the ith unit vector is denoted as e;, where in each case
the size of the object is determined by the context. The set of nonnegative integers
is denoted as N and we define [n] := {1,...,n} for any n € N\ {0}.

For sets §§ € R™ and S; C R"™, we define Minkowski addition and subtraction
in the usual manner, e.g., S + So = {s1 + s2 : 51 € S1,82 € S2}. That said, in
the particular case when one of the sets is a singleton, say {c} with ¢ € R™, then we
simply write ¢+ S = {¢+ s : s € §}. The cardinality of a set S is denoted by |S].

Given any real number ¢ > 1, the ¢;-norm of a vector v € R™ is written as ||v|,.
The closed {,-norm ball with center 2 € R™ and radius A € Ry is denoted as
By(z,A) :={z : ||z — z||¢ < A}. The dual norm of || - ||, is denoted and defined by
|zllg= :== max{z"z : z € B,(0,1)}. The Frobenius-norm of a matrix M is denoted by
[|M]|g. For a matrix M € R™*™ and real numbers p > 1 and ¢ > 1, the L, ,-norm of

M is written as || M|l 4 = (37— (31, |M;;P)#) @ and the (p, g)-operator norm of M
is written as [[M||(y,q) = supyy, <1 [[Mz|q, although, for shorthand, |- |l, = || - |p.p)-

For the sake of generality, two norms used throughout the paper are those defining
the trust region radius and the approximation radius in our algorithm, which we
respectively denote as || - || and || - |lapp for some real numbers tr > 1 and app > 1.
In our analysis, we make use of norm equivalence constants for finite-dimensional real
vector spaces; in particular, due to the equivalence of all such norms, for any positive
integers m, and p, there exist constants (kiy,, Ktry s Ktrg s Ktrt Htrg,ﬂtrg,,‘{apps) S ]R;O
such that

(1.1a) lvll2 < Kirg ||V]]tx for all v € R"=,

(1.1b) loller < Ky ||v]|2 for all v € R

(1.1c) [vlleer < Bz [V 2 Vlloe  for all (v, V) € R™ x R X",
(1.1d) [Vollers < Beer [V 601 [|0]|2 for all (v, V) € RP x R"=*P,
(Lle) VUV |l(prorr) < By IV 15 11U 2 for all (V,U) € R"**P x RP*P,
(1.1f) lolleellv]lter < Ktrg vl|3 for all v € R"=,

(1.1g)  and [|[Vollapps < Kappz [V[lappllV(2,2)  for all (v, V) € R™ x R™=*"e,
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For differentiable g : R™ — R and y € R”, we use 0;9(y) and 0,0;¢(y) to denote

65’1(/‘1’) and g;fégi for any (i,j) € [n] x [n], respectively. The gradient function of

g is Vg : R® — R", where [Vg(y)]; = 0;9(y) for any i € [n] and y € R™. If g
is twice differentiable, then the Hessian function of g is V2g : R® — R"*"  where
(V2g(y)]i,; = 0:0;9(y) for any (i,j) € [n] x [n] and y € R™. For differentiable vector-
valued G : R™ — R™, the transpose of the Jacobian function of G is denoted by
VG :R" — R™™, where [VG(y)];; = 0:G,(y) for any (3, j) € [n] x [m] and y € R™.

Given any M € R™*"  its column space is span(M), its null space is null(M),
and given any v € R™, the projection of v onto span(M) is proj,, (v).

One of the main quantities in the paper is a function F' that takes two input
arguments. For the purposes of designing our optimization algorithm, it is convenient
to write the domain of the function as R0 although for ease of exposition we
write the function and its gradient as taking inputs in R™* x R™?; in particular, these
are written in the form F'(z;6) and VF(x;6). This should not lead to confusion due
to the natural one-to-one mapping between elements of R x R and R™ =17,

1.3. Problem Formulation. Consider a sequence of optimization problems,
namely, for all ¢ € N, consider the minimization problem

(1.2) ;reuﬂnt fie(z) with fi(x) == he(F(z,0¢)),

where the objective parameter satisfies 6; € © for some © C R™ (independent of t),
the function h; : RP — R is glass-bozr in the sense that its analytical form is known,
and x € {; represents a set of (finite or infinite) bound constraints on the elements
of x, which are allowed to be relaxable or unrelaxable.

Here, constraints are said to be relaxable (respectively, unrelaxable) if they do
not (respectively, do) need to be satisfied for one to be able to evaluate the objective
function. As an example of a set of unrelaxable constraints, consider the case when
F(z,0;) is the output of a simulation that fails to produce a meaningful output unless
x € Q4 [16]. Along with our proposed DFO framework, we provide techniques for
handling unrelaxable constraints. We also conjecture that our proposed techniques
can be extended to the setting when §2; is any closed convex set, such as by following
the ideas in [20]. However, since bound constraints are sufficient for our numerical
experimentation, we consider bound constraints only.

As for the function F' : R™ x © — RP, it is black-box in the sense that its
derivatives cannot be evaluated. We write

(1.3) F(2,6,) = [Fi(x,6,) -~ Fplz,00)]",

where F; for each i € [p] is the ith element function of the vector-valued function F.

Our presumption is that evaluations of F are expensive and, since one is solving a
sequence of problems over ¢t € N, it may be beneficial to store and make use of function
values obtained from previous runs of an algorithm when solving subsequent problems.
That is, for all £ > 0, we presume that a history of prior black-box function values
is available a priori. We denote the set of prior information for element function i
when solving problem ¢ (obtained when solving problems 0 through ¢ — 1 and during
prior iterations when solving problem ¢) by #;, which is a finite set and is defined
below. In addition, we use Fi(x, 01, Hi,0) to denote an approximation of Fj;(z,6,)
given #H;; and an approximation radius 6 € Ry, which in turn depends on a trust
region radius A € Ry. The approximation radius specifies which elements in H; ¢
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are near (x,60;) and hence might be useful for approximating F;(x, ;). (We formalize
the notion of a point being sufficiently near (z,6;) in Section 3.) In particular, we
shall ensure that the approximation error is bounded by a value proportional to the
approximation radius ¢ in the sense that, for some fixed Kapp € R>0,

(1.4) |Fi(2,0;) — Fi(2,0¢, i, 0)| < Kappd.

Two particular instances of problem (1.2) are sequences of least-squares optimiza-
tion problems and multi-output simulation problems. For concreteness, let us now
present how the information sets {#;,} can be defined for these particular cases.

Least-Squares Optimization Problems. Consider a sequence of sets of observations,
say, {{(wit,Yi,t) }ie[p) ten, where for all (i,t) € [p] x N one has (w;¢,yit) € W x R
for some W C R™. The goal of problem ¢ € N is to find a vector z € R™* such that
the black-box function ¢ : ; x W — R best describes the observations by solving

12
(1.5)  min 3 Z (p(x,wiy) — yi,t)z , where ; represents element-wise bounds.

i=1
One can formulate this problem as an instance of problem (1.2) by defining

T )
0 = [wft w%jt ngt] , Fi(z,0:) == ¢(x,w; ) for all ¢ € [p],
]T7 and hy(v) :

ye= [yie - Upe {|v — w||? for all v € RP.
The prior information that may be relevant for the ith component of F' contains all
tuples of the form (z,w, ¢(x,w)) where ¢(x,w) has previously been evaluated, i.e.,

(1.6) Hir = {(z,w, ¢(z,w)) : (x,w) has been evaluated}.

Notice that since F;(-,0;) = ¢(-,w; ) for all (i,t) € [p] x N, this means that one may
approximate the value of any component of F' by exploiting all prior evaluations of ¢,
even those obtained for different components. In other words, the history is the same
for all components of F' in the sense that H, , = H; for all (i,7) € [p] x [p].

Multi-Output Simulation Optimization Problems. Consider now a setting where,
for each t € N, one aims to solve (1.2) when the evaluation of F(z, ;) corresponds to
the run of a simulation that produces p > 1 output values, i.e., F(x,0;) is as defined
in (1.3). In such cases, the prior information for the ith component of F is

(1.7) Hir = {(z,0, F;(x,0)) : F;(x,0) has been evaluated}.

1.4. Literature Review. Generally speaking, DFO algorithms can be catego-
rized as direct-search, finite-difference, or model-based methods. Direct-search meth-
ods, such as pattern search methods [1, 18] and the Nelder-Mead method [23], are
often outperformed by model-based methods [22] when one is minimizing a smooth ob-
jective. That said, one of the strengths of direct-search methods is that they are more
readily applicable when an objective function is nonsmooth [2, 14] or even discontin-
uous [31]. Finite-difference approaches approximate derivatives using finite difference
schemes, which are then embedded within a gradient-based optimization approach,
such as a steepest descent or quasi-Newton method; see, e.g., [30]. Empirical evidence
has shown that finite-difference methods can be competitive with model-based meth-
ods, at least when one presumes no noise in the function values. The method that we
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propose in this paper falls into the model-based method category; hence, we provide
a more comprehensive overview of them in the remainder of this section.

Model-based trust-region methods for unconstrained optimization have received
a lot of attention in the literature; see, e.g., [10, 11, 13, 21, 25, 26, 27, 33]. Such
methods operate by constructing in each iteration a local multivariate model of the
objective function. Typically, linear or quadratic interpolation models are used. The
resulting model is minimized within a trust region to compute a search direction, then
common trust-region strategies for updating the iterate and trust region radius are
employed. Example theoretical results on the convergence of model-based methods to
first- or second-order stationary points can be found in [9, 13]. In order to guarantee
convergence, the interpolation points that are used for building the models need to
satisfy a geometry condition referred to as well-poisedness. See [10, 11, 13, 21, 33] for
further discussion. Other types of models can be employed as well while leading to
convergence guarantees. For example, interpolating radial basis function models have
been used in ORBIT [35, 36], a model-based trust-region algorithm with theoretical
convergence guarantees. Other types of local models such as linear or quadratic
regression models can be used in place of interpolation models; see [12].

Model-based algorithmic ideas have been extended to solve constrained optimiza-
tion problems as well. In [7], a high-level discussion on how to handle various types of
constraints is provided. BOBYQA [28] is designed to solve bound-constrained prob-
lems that are unrelaxable. COBYLA [24] can solve inequality constrained problems
by constructing linear interpolation models for the objective and constraint functions
using points that lie on a simplex. In [6] and [20], DFO methods for solving problems
with closed convex constraints are studied, where it is assumed that projections onto
the feasible region are tractable. The proposed algorithms in [6] and [20] have global
convergence guarantees. CONORBIT [29] is an extension of ORBIT [35] that handles
relaxable inequality constraints and unrelaxable bound constraints.

One of the motivating settings for our proposed algorithm is least-squares op-
timization. Hence, we mention that for the special case of such problems, tailored
algorithms that take into account the structure of the problem have been proposed.
For example, DFO-LS [4] and DFO-GN [5] suggest constructing separate linear mod-
els for the residuals, then exploiting a Gauss-Newton approach in order to construct
a quadratic model for the least-squares objective function. DFO-LS [4] can handle
bound constraints as well. Constructing separate quadratic interpolation models for
the residuals and using Taylor approximation to construct a quadratic model for the
least-squares objective has been considered in POUNDERS [34] and DFLS [37].

Most relevant for this paper is the fact that all of the aforementioned methods do
not consider how to exploit the use of function values obtained when previously solving
related optimization problems. This is the distinguishing feature of our algorithm.

1.5. Organization. A general DFO algorithmic framework that exploits prior
function evaluations for solving (1.2) is presented in Section 2. In Section 3, we provide
an approximation scheme that uses prior function value information such that one
obtains an implementable instance of the framework. In Section 4, ideas are presented
for obtaining well-poised interpolation sets. The results of numerical experiments are
presented in Section 5 and concluding remarks are provided in Section 6.

2. A Derivative-Free Algorithmic Framework. A general model-based al-
gorithmic framework for solving problem (1.2) that exploits prior information in order
to build the models is presented in this section. The framework that we propose is de-
signed to solve (1.2) for any ¢t € N. Hence, hereafter, we simplify notation by dropping
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6 F. E. CURTIS, S. DEZFULIAN, A. WACHTER

the index ¢. In particular, presuming that ¢ > 0 is fixed, we consider the minimization
of f(-) := h(F(-,0)) over Q, write H; in place of H;+, and write F;(z, 8, H;, ) in place
of Fi(z,0:,H;,0). In this manner, (1.4) can be rewritten as

(2.1) |Fi(2,0) — Fi(z,0,H;,0)| < Kapp0-

In Section 2.1, we describe a generic procedure for the construction of so-called fully
linear element function models and fully linear master models. In Section 2.2, a
description of the algorithm is provided with pseudocode presented in Algorithm 2.1.
We sketch a convergence proof for Algorithm 2.1 in Section 2.3 and Appendix A.

Inputs to our algorithm include an initial iterate zg € R™, a maximal trust region
radius Apax € Rsg such that Ax < Anax for all £ € N, and a maximal approximation
radius dmax € R such that §; < dmax for all & € N. Denoting the f(z)-sublevel
set for the objective function f as Lo = {x € R" : f(z) < f(xo)}, it follows by
construction that the iterate sequence {xy} generated by the algorithm and the points
that are used to approximate function values are contained in the enlarged set

‘Cenl = ACO + Btr(oa Amax) + Bapp(07 §max)~

Throughout this section, we assume the following about the functions defining f.

ASSUMPTION 2.1. There exists an open convex set X containing Ley N over
which, for each i € [p], one has that F;(-,0) is continuously differentiable, F;(-,0) is
Lipschitz continuous with constant L, ., € Ry such that

‘FA.’IJ,O) - Fz(ja9)| < LFi,z

|z — Z||e for all (z,Z7) € X x X,

and VF;(-,0) is Lipschitz continuous with constant Ly, » € Rs¢ such that

o < Lyp, 2l — Z||ee for all (z,Z) € X x X.

In addition, there exists an open convex set Y containing {F(z) : © € Len NQ} over
which one has that h is twice-continuously differentiable, h is Lipschitz continuous
with constant Ly € Rsg such that

(2.2) |h(y) = h(@)] < Lnlly = yll2 for all (y,5) € Y x Y,
Vh is Lipschitz continuous with constant Ly, € Ry such that
(2.3) [Vh(y) = Vh@)|2 < Lonlly = gll2 for all (y,5) €Y x Y,

there exists kyn € Rso such that ||Vh(y)|l2 < kvp, for ally € Y, and for each i € [p]
there exists ko, € Rsq such that |0;h(y)| < ko,n for ally € Y.

We augment this assumption in the next section following our introduction of
models for approximating the element functions of F'. In addition, defining

P p
S SR o
1=1 i=1

let us also mention that, under Assumption 2.1, it follows from (2.4) that f is contin-
uously differentiable and with (1.1) one finds that

2

p
, and Lyp, = E Lyr, .,

i=1

IV (@) = V(@) = [VF(z,0)VA(F(2,0)) = VF(Z,0)VA(F(Z,0))] -
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IN

fry [[VE (2, 0) || 1 [VR(F (2, 0)) = VR(F(Z,0))]l2
VFE(x,0) = VF(Z,0) || 1 [ VA(F (2, 0)) 2

btes (Kuey Le, LynLr, , + cvnlvr,) |2 — 2w

+ K:tr’l‘
(2.5)

IN

for all (z,Z) € X x X, where X is defined as in the assumption, which is to say that
the gradient function V f is Lipschitz continuous over X with constant as shown.

2.1. Fully Linear Models. Model-based derivative-free optimization methods
often use local linear or quadratic interpolation models [13, 35]. More generally, in
iteration &k € N, let Dy be a set of interpolation points in a neighborhood of the
current iterate xy, e.g., each member of the set Dy has the form x — x; for some
x € Bi(zr,Ar) N Q. Considering an element function F; for some i € [p], one
commonly lets ¢i; denote a local interpolation model of F; around z; satisfying
qr.i(zr + d) = Fi(xp + d,0) for all d € Dy,. However, our algorithm merely requires

(26) Qk,i(xk + d) = ﬁ'Z(II}}C + d,e,%kﬂ;, 51@) for all d e Dy,

where the approximate function value E(mk +d,0,Hy,i,0k) is required to satisfy a
condition similar to (2.1) for all d € D,.
We make the following assumption about gy ; for all k¥ € N and ¢ € [p]. Let us

define gy (z) := [gra(z) ... q;w(x)]T. With respect to the functions h and Vh,
this assumption should be seen to augment Assumption 2.1, e.g., with respect to the
definitions of the Lipschitz constants.

ASSUMPTION 2.2. There exists an open convex set X containing Ley N over
which, for all k € N and i € [p], one has that gy ; is twice-continuously differentiable,
Var,; s Lipschitz continuous with constant Lv,, € Rsq such that

IVari(®) = Vi, (@) |l < Lvg |z — Z|ler for all (x,%) € X x X,

and there exists kyq, € Rso such that ||Var:(x)||2 < kvg, for allx € X. In addition,
there exists an open convex set Y containing | Jy— {qr(z) : @ € Lo N} over which h
is twice-continuously differentiable, h is Lipschitz continuous with constant Ly € Ryq
such that (2.2) holds, Vh is Lipschitz continuous with constant Ly, € Rsq such that
(2.3) holds, there exists kvp, € Rsq such that ||Vh(y)|2 < kyn for ally € Y, and for
each i € [p] there exists kg,n, € Rsq such that |0;h(y)| < ko,n for ally € Y.

A practical method for constructing a model ¢;; that satisfies Assumption 2.2 is
provided in [32, 33]. For our purposes later on, let us define

P p
(27) qu = Z LV%‘ and Rvqg = Z Rvg; -

i=1 =1

In model-based derivative-free optimization, since the derivative of a black-box
function cannot be evaluated analytically and Taylor models are replaced with inter-
polation or regression models, one needs to ensure that the model is accurate enough
in a neighborhood of the current iterate, commonly defined by the trust region. This is
achieved by providing bounds on the error in the model and its gradient. The concept
of a fully linear model defines such a situation common in modern DFO methods.

DEFINITION 2.3. A sequence of differentiable models {my}, with my : R — R
for all k € N, is fully linear with respect to a differentiable function f : R™ — R over
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By (z1, Ak) N Q with constants (Kef, keg) € R>0 X R>q if, for all x € By (z, Ag) NQ,
(2.8) Im () — f(2)] < KetA} and ||[Vmy(z) — Vf(2)]

trr < HegAk-
The following lemma provides sufficient conditions for the models {gx ; }ren to be
a fully linear with respect to F;(-,0) over a trust region for all i € [p].

LEMMA 2.4. Suppose that Assumptions 2.1 and 2.2 hold and consider arbitrary
ke N and Dy :={d1,...,dn,} C Bt (0, Ar)N(Q2—xx) such that (a) for alli € [p], the
model qi,; satisfies (2.6) on Dy U{0}, and (b) the matriz [dy ... dy,] is invertible
and, for some A € Ry and Rapp € Rso, one has that

—1 A
. e < —
(2.9) H [dl dnm] H2 <A, and
(210)  |Fi(wg +d,0) — Fy(wg +d, 0, Hyi, 0)| < RapplAi for all d € Dy U{0}.
Then, for any x € By (zk; Ag) N Q and any i € [p], the model qx,; satisfies

(211) |Qk,i(x) 7F1(I79)| S ’%efAi
(2'12) and HVQk,i(x) - VFi(l‘, 9)‘ e < ’%egAm

for some ker € Ry and keg € R independent of k.

Proof. Consider an arbitrary index k € N, set Dy, := {dy,...,dn, } C B (0, A)N
(Q —z,) satisfying the conditions of the lemma, point © = zj + s for some [|s||e; < Ag
such that z € Q, and ¢ € [p]. For brevity, let us drop the dependence of F; on 6; i.e.,
let us use Fj(x) to represent F;(z,0). Following the proof of Theorem 4.1 in [32], let

eq(s) = qri(xzr +8) — Fi(zrp +s) and evy(s) == Vai(xr +5) — VF(zr + 9).
In addition, let dg := 0, and, for all j € {0,1,...,n,}, let

1
Il,j = / <VF1 (Zlfk + s+ t(d] - S)) — VFZ(I]C + S), dj — S>dt,
0
1
I, = / (Vak.i (xk +s+t(d; — s)) — Vai,i(zr + 5),d; — s)dt,
0
1
I3, = / (VF; (xk +s— ts) — VF;(xy + s),—s)dt, and
0
1
I = / (Van,i(wre + 5 — ts) — Vag,i(zk + ), —s)dt.
0
By [15, Lemma 4.1.2], it follows for all j € {0,1,...,n,} that
(213) <€vq(8), dj — 8> = 117]‘ — 127]' — 6q<8) — F»L<JI]€ + d]) + Qk;)i(.’lfk; + dj),

while one also finds for all j € {0,1,...,n,} that

(evq(s),dj) = Nj—Ioj — I35+ s
(2.14) — Fi(zp 4+ dj) + qri(xr + dj) + Fi(zr) — qri(xr).

Let us bound the integrals on the right-hand sides of (2.13) and (2.14). First, under
Assumption 2.1, it follows for all j € {0,1,...,n,} that

1
11,5 < / IVF; (2 + s+ t(dj — 5)) — VFi(zr + 5) |- |dj — s/ exdt
0
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1
(2.15) < Lvr,.ld; — S||fr/ tdt < 2Ly, A
0
Similarly, under Assumptions 2.1 and 2.2 it follows that
(2.16) 12| < 2Lvg A%, a4l < 5Lvr AR, Hagl < 5Ly, AR

Moreover, by (2.6) and (2.10), it follows for all j € {0,1,...,n,} that
(2.17) |F;(zy + dj) — qri(zK + dj)| < RappAi.

To show (2.12), let D == [dy ... dy,], note (2.14)~(2.17) shows ||DTevy(s)| <
k1A%, where k1 = (3(Lvr,, + Lvg,) + 2Rapp), then, with (1.1c) and (2.9), see that

(2.18) llevq(s)

(2.12) follows since s was chosen arbitrarily in By, (0; Ag) such that © = x5 +s € Q. To
show (2.11), it follows from (2.18), (2.13) for d; = 0, the fact that I ; (respectively,
I, ;) reduces to I3 ; (respectively, I4 ;) for j = 0 (since dy = 0), and (2.15)—(2.17) that

tr* S K:tr(’;||D7T||2||DT€Vq($)||oo < HftranlAAk = ’%egAk;

leq(s)] < levq(s)lu=lIsller + 3 (Lvr,, + Lvg, ) AR + RappAf
. 1 _ .
< (“eg + §(LVFM + Lyg,) + Happ) Ai =: ’fefA%

(2.11) follows since s was chosen arbitrarily in By, (0; Ag) with z =z + s € Q. ad

With local models for all of the element functions, a local quadratic model for f
around z; can be obtained using a Taylor expansion. For example, let us consider
the model my, for each k € N to be a second-order Taylor series approximation and
can be expressed as

(2.19)  my(z) = hqe(zr)) + Vhlqe(zr) Ve (zp) ' (2 — p)

P
+3(z—azp)" (Z Oih(qr(21)) V2 qri(zy) + VQk(xk)VQh(Qk(ﬂﬂk))VQk(ﬂCk)T> (x—z). I
i=1
Under our stated assumptions, the second-order derivatives of this model are
bounded and the models {my} are fully linear with respect to f within a trust region.
These facts are shown in the next two lemmas.

LEMMA 2.5. Suppose that Assumption 2.2 holds. Then, there ezists Kphm € Rsq
such that ||V*my (k)| (er,6er) < Fbhm for all k € N.

Proof. Under Assumption 2.2, it follows that ||V2qk,i(xk)||(tr’tr*) < Ly,, for all
k€ Nand i € [p] and | V2h(qx(xk))||2 < Ly, for all k € N. Consequently, by (1.1e),
(2.7), and the definition of my, in (2.19), one finds that

||v2mk: (il?k) H (tr,tr*)

IN

Vai(zr)|

p
Z 10 (i) 1V @i (1) | o ey + Fotes
i1

p
< (ko,nLlvg,) + Kty ﬂzquVh =! Kbhm,
i1

v 1 V2R ar () |12

as desired. O

This manuscript is for review purposes only.



387
388
389
390
391
392
393
394
395
396

112
413
414
415
416
417
418

419

10 F. E. CURTIS, S. DEZFULIAN, A. WACHTER

LEMMA 2.6. Suppose that Assumptions 2.1 and 2.2 hold and consider arbitrary
ke N and Dy = {d1,...,dn,} C B (0, Ak)N(QL—xy) such that (a) for alli € [p], the
model qy,,; satisfies (2.6) on Dy, U{0}, and (b) the matriz [dy --- dy,] is invertible
and, for some A € Rsg and Rapp € Rso, (2.9) and (2.10) hold. Then, my, defined by
(2.19) satisfies (2.8) in B(xy, Ak) NQ for some (Kef, Keg) € R2 independent of k.

Proof. Consider an arbitrary index k € N, set Dy, := {dy,...,dn, } C B (0, A)N
(Q — zy,) satisfying the conditions of the lemma, point z = xy, + s for some |||, < Ag
such that x € Q, and i € [p]. For brevity, let us drop the dependence of F' and F; on
0; i.e., let us use F(z) and F;(z) to represent F(x,0) and F;(x,0), respectively. To
show the first bound in (2.8), observe by the Mean Value Theorem that

(2.20) f(z) = f(zg) + V(g +118)"s
= h(F(zy)) + VA(F (x1, + 718)) VF(xy + 115)"s for some 71 € [0,1].

Similarly, for the master model my, in (2.19), it follows for some 75 € [0,1] that
(2.21) my(z) = h(gr(zr)) + Vh(gr(zr + 128) TV (zp + m05) T s.

Therefore, by (2.20) and (2.21), one finds that

(2.22) [f(2) — my(2)] < [R(F(2x)) = h(gr(zr))|
+ ||VF(z + 118)Vh(F (2 + 118)) — Var(ak + 728)VhA(qr (g + T25))]

tr* S||tr~

To bound the first term on the right-hand side of (2.22), one finds from (2.6) and
(2.10) and Assumptions 2.1 and 2.2 that

(2.23) \W(F(2k)) — h(q(zx))| < Li||F(xr) — qr(zr) |2 < k2 AR

where kg = (/pLpRapp. To bound the second term, recall that [|s[|;, < A and
Ay < Apax for all k € N; in addition, by (1.1d), (2.4), (2.7), the fact that |7 — 7| <1,
Lemma 2.4, and Assumptions 2.1 and 2.2 it follows that

(2.24) IVF(xp + 118)VA(F (z + 118)) — Vi (zr + 728)Vh(gr (zr + 728))||tr-
VF(zk +7118) — Var(zi + 718) lee- 1| VA(F (2 + 715)) |2
Var(zr + 715) — Vg (zr + 725) [l 1 [[VA(qr (2 + 725)) (|2
+ Keer (IVar (2x 4+ 718) o0 1 [[VR(F (28 4 715)) — VA(qr(zr + T25)) |2
< Pl hegl | VR(F (xr + 715)) |28k + Kty Ly [ VI(qr (2 + 725)) 28k
+ tors Lynl| Vg (2r + 718) |l 1 | F(zp + 718) — Fzg + 728) |2
+ Keer Lyn || Vg (@r + 718) |l 1 [| (@8 + T28) — qr(zr 4+ 725)[|2 < k3 Ag;

é Htrf

+ K/tri‘

where k3 1= K (/fv;l(p/%eg + Lvg) + Lynkvg (Epm + \/f)/%efAmaX)). From (2.22)-
(2.24) it follows that the first bound in (2.8) holds for kef = K2 + K3, as desired. Next,
to show the second bound in (2.8), first observe by Taylor’s Theorem that

(2.25) Vi(x)=VF(zr)Vh(F(z1)) + ; V2 f(xy + 75)sdr,

where
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(2.26) V2f(xp +75) = Zp: Oih(F(x + 78))V2Fy(zp + 75)
i=1
+ VF(xy, + 78)V2h(F () + 78))VF(z +75)T.
Also, from (2.19), it follows that
(2.27) Vmi(z) =Var(xr) Vh(gr(zx)) + Vimg(zr)s.

As a result, from (2.25) and (2.27), one obtains

(2.28)  [[Vmy(z) = Vf(z)]

e < ||VF(zr) VR(F(2)) — Vag (zx) VR(qr(z1))|

1
/ V2 f(xy + 75)sdr
0

tr*

+

+ llsllee V2170 ()l 00 -

tr*

Let us now bound each of the terms on the right-hand side of (2.28). For the first
term, by Assumptions 2.1 and 2.2 and Lemma 2.4, and (2.4), one has that

(2.29) [VE(2x)VR(F(21)) — Var (k) Vh(gr(@k)) || o
< ||VF(z)VR(F(2x)) — VE(2) V(g (zk))] -

+ |VE(zr) V(g (zk)) — Var(zr) Vh(gr(zk))|

ttet | VE(@k) e 1 [ VR(F (z1)) — Vh(gr(z))]]2

+ s [|[VE (k) — Ve () e 1 [ VR(qr (k) |2

< KiesvPLE, LynhRappAj + Ker PEvRReg A < Kaly,

tr*

IN

where kg 1= Kt \/;3(me LynRappAmax + \/ﬁHVh/%eg). For the second term, one finds

where, by (2.26), (1.1e), (2.4), and Assumptions 2.1 and 2.2, it follows that

1 1
/ V2 f(wp+7s)sdr| < sl / V2 f (2k + 75) | 13 40 9T
0 0 '

tr*

p
(2.30) V2 f(zk + 78) ltre) < D |0iA(F(ax + 75))| | V2 Fi(y, + 75)]| (
=1

tr,tr*)

+ ey VF(z + 7's)||t2r*,1HVQh(F(:r:;C +78))||2 < Ks.
where k5 := Zle(/iaih[/vpi’m) + Kty L%m Lyp,. For the third term, by Lemma 2.5,
(2.31) ||V2mk(mk)|\(trvtr*) < Kbhm-
Substituting (2.29)—(2.31) into (2.28), one obtains

IVmyg(x) — V(@) < (K14 + K5 + Kbhm) Ak = Keg Ak

as desired. O

2.2. Algorithm Description. Our algorithmic framework is stated as Algo-
rithm 2.1 on page 13. The main structure of the algorithm is similar to the general
trust-region DFO framework considered in [20]. In each iteration k € N, a set of
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points Dy, are determined and the information contained in {Hy,;};c[p) is augmented,
if necessary, such that one obtains approximate function values satisfying

(2.32)  |Fi(zr+d,0) — Fy(zs + d, 0, Hpi, 0k)| < Kappdr for all d € Dy U {0}.

Since Capp < Rapp/Kapp (see Algorithm 2.1), (2.32) and the fact that & « cappA7
in line 2 ensures that (2.10) holds, which along with (2.6) and (2.19) means that
the models {qx. i }ic[p) and my, satisfy the requirements of the lemmas in the previous
section. An implementable strategy for approximating function values using prior
function value information (to ensure (2.32)) is presented and analyzed in Section 3.

Remark 2.7. We emphasize that our presentation of Algorithm 2.1—in particu-
lar, its requirement that {qr;}icp) and my are fully linear for all k € N—has been
simplified for our discussion and analysis, even though our analysis could be extended
to situations in which fully linear models are not always required. This is consistent
with other modern DFO methods, such as those in [13, 20], which do not require a
fully linear model in every iteration. For example, as long as ||V?my(zk)|| < Kbhm
and the computed search direction satisfies a Cauchy decrease condition (see (2.34)

below) for all k € N, one can relax the requirements on Dy, in line 3 and accept the

trial point as long as py, > 0, even if | [d2 ... dnz_H]fl l2 > AA,C (i.e., (2.9) is

violated) or 8 > cappAi (i.e., (2.10) may be violated). In such a setting, a couple
of modifications of the algorithm are needed. First, one needs to modify the step ac-
ceptance conditions to stop the algorithm from decreasing the trust region radius if a
step has been computed with a model that is not fully linear. Second, in the criticality
step, if the model is not fully linear, then again the trust region radius should not be
updated and instead a fully linear model should be constructed.

Upon construction of my, the algorithm considers the stationary measure

(2.33) = a:kr—Ii-l(iiréQ Vmy(zx)d|.
lldlle-<1

Specifically, if the algorithm finds that 7}* is smaller than a threshold €. € R+ and the
trust region radius is greater than um}* for a constant 1 € R, then a criticality step
(see line 5) is performed, meaning the trust region radius is decreased and the iterate
is unchanged. The purpose of the criticality step is to ensure that the sufficiently
small value for 7} is due to a stationarity measure for f also being sufficiently small
(see (2.36)), not merely due to model inaccuracy. In any case, if line 7 is reached,
then a step s is computed in the trust-region that guarantees Cauchy decrease, i.e.,

m
(2.34) my(zr) — mi(zk + Sk) > KfeaT), min {Wk, Ay, 1}
Kbhm + 1
is achieved for some user-prescribed k.q € (0,1], where Kphm € Rsg is defined as
in Lemma 2.5. Sufficient conditions on sj to achieve (2.34) and an algorithm for
obtaining such a step can be found in [8]. After calculating the step s, the trial point
) + Sk is considered. According to the actual-to-predicted reduction ratio, namely,

J(xr) — fzg + s1)

(2.35) Pk e (@r) — ma(n + 55)

it is decided whether the trial point should be accepted as the new iterate and how
the trust region radius should be updated. If pj is greater than a threshold n € R+

This manuscript is for review purposes only.
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EXPLOITING PRIOR FUNCTION EVALUATIONS IN DFO 13

then the trial point is accepted; otherwise, it is rejected. In addition, if p > 7, then
the trust region radius is increased; otherwise, it is decreased.

The main difference between our algorithm and other modern model-based DFO
frameworks is that function value approximations may be used at interpolation points
in place of exact function values. These approximations are obtained using function
values computed at nearby points, either in earlier runs of the algorithm (when solving
a related optimization problem) or in earlier iterations of the current run of the
algorithm. Specifically, in each iteration £ € N, given the prior information Hj ;,
the algorithm attempts to approximate F;(zy + d,0) for all d € Dy, such that the
approximation error is sufficiently small. If there is not enough information available
for approximating F;(zj + d,6) for some d € Dy, then one may need to evaluate the
black-box function F; at zj + d, which is information that can be used to augment
Hy,i- See Section 3 for further details on our function approximation strategy.

Another important feature of our framework is that one can also exploit prior
function value information when determining the set of points to include in the in-
terpolation set Dy. Contemporary model-based DFO methods that do not exploit
prior function evaluations often choose the interpolation set so that it is well-poised
[6, 13], for which it is sufficient to ensure that (2.9) holds. For example, [7, 33] provide
techniques for obtaining well-poised sets of interpolation points. For our purposes,
however, beyond satisfying (2.9), our aim is to determine an interpolation set that
exploits prior function evaluations when possible. Toward this end, we define a utility
function to assess the potential usefulness of points in {#y;} that are contained in
By (2, Ak)NQ. In Section 4, we present our utility function and a complete algorithm
(Algorithm 4.1) for constructing the interpolation set such that (2.9) is guaranteed in
a manner that prioritizes the use of prior function evaluations.

Algorithm 2.1 : General DFO Framework
Require: Ay € (0,00); Apax € (0,00); dmax € (0,00); Ydee € (0,1); Yine € (1, 00);
n € (0,00); p € (0,00); & € (0,1] (see Theorem 4.6); €, € (0,00); Kapp € (0,00);
Rapp € (0,00); Capp € [0, Rapp/Kappl; Ktcd € (0, 1]; utnr € [0, 00).
Require: Initial iterate 2o € R™=; prior information {#Hg;}.
1: for k=0,1,... do
2: Set 0), < CappAi.
3: Find Dy C Q — 23, and augment {H},;};_; (if necessary) such that (2.9)
holds and the approximate values {Fl(mk +d, 0, Hr.i, Or) Yic[p),deDruio} Yield
{qri}7_, and my satisfying (2.6), (2.32), Assumption 2.2, and (2.19).

4: if 7' <e.and Ay > pr* then

5: Criticality step: set s =0, pr = 0, Apt1 < Ydec Ak, and Tp41 — Tk.

6: else

7 Compute sy, satisfying (2.34).

8: Evaluate F;(zj + sg,0) and augment Hy; for all ¢ € [p].

9: Compute py, by (2.35).

10: if Pk >N then

11: Successful step: set Agiq < mMin{YincAk, Amax } and xg41 T + Sk.
12: else

13: Unsuccessful step: set Ag11 ¢ YgecAr and xg 1 .

14: Set Hir1,i — 7'[]{72' for all 7 € Lp]

This manuscript is for review purposes only.
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2.3. Convergence Result. A convergence result for Algorithm 2.1 follows in a
similar manner as for [13, Algorithm 10.1] and [6, Algorithm 1]. We state the result
in terms of a stationarity measure for the minimization of f over {2 that is similar to
the previously defined measure for my, (recall (2.33)), namely,

f_ : T 4.
(2.36) M= |, i V() df;
ldfl <1

see [8, 20]. Specifically, under the following assumption, the following theorem holds.
ASSUMPTION 2.8. The objective [ : R™ — R is bounded below on Len N €.
THEOREM 2.9. If Assumptions 2.1, 2.2, and 2.8 hold, then klirn 7'(',{ =0.
—00

Given the properties of Algorithm 2.1 provided in this section, most notably the
fact that it generates fully linear models, a complete proof of Theorem 2.9 follows
that of other such convergence analyses of model-based trust-region DFO methods.
As a brief overview of the proof, we provide a sketch in Appendix A.

3. Function Approximation. Our general DFO framework presented in Algo-
rithm 2.1 makes use of approximate function values for building interpolation models;
specifically, given (z,6,0) € R™ x R™ x Ry and {H;};c[p), it makes use of

Fi(x,0,H;,0) ~ Fy(x,0) for all i€ [p].

In this section, we describe a simple regression procedure that yields the accuracy
required to obtain convergence. In a practical setting, however, an application-specific
function approximation scheme, such a surrogate model with guaranteed error bounds,
is likely to provide useful function estimates with fewer prior function evaluations.
In the following, we show that if a sufficient amount of function value informa-
tion with respect to F; for some i € [p] at points near (z,60) (in a sense defined in
this section) is available, then a simple procedure can compute F, (x,0,H;,0) satis-
fying the requirements stated in Algorithm 2.1, namely, a bound of the form (2.32),
without further function evaluations. If such information is not available, then the
algorithm may instead compute Fj(z,0) explicitly and set Fj(x,6,H;,8) < Fi(z,6),
for which the requirements in the algorithm are satisfied trivially. Ultimately, we
claim that there exist situations in practice when such explicit function evaluations
can be avoided, as our numerical experiments in Section 5 demonstrate. For ease of
exposition, we explain our approximation scheme for two particular cases introduced
in Section 1, i.e., least-squares and multi-output simulation optimization problems.

3.1. Least-Squares Optimization Problems. Recall problem (1.5) and con-
sider arbitrary i € [p]. Let us also assume the following about the function ¢.

ASSUMPTION 3.1. There exists an open convex set = containing Len X W over
which ¢ is Lipschitz continuous with constant Ly € Rsq such that

w —

ot )~ o(a0)] < L | [ 27

app
for all ((z,w), (Z,w)) € E X E.

Under Assumption 3.1, computing Fj(z, 6, H;, 0) ~ Fi(x,0) = ¢(x,w;) satisfying
the requirements of Algorithm 2.1 requires a sufficient amount of function value in-
formation in H; (defined in (1.6)) with respect to F;. We capture such information
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35}.
app

For notational convenience, let us explicitly express the finite set A;(x,w;,d) =
{(uj, d5) 0, where u; = (z;,w;) € R™ and ¢; = ¢(x;,w;) for all j € [N]. Given
A;(x,w;,0) for some i € [p], let us now describe a procedure for computing an ap-
proximation F}(z, 6, H;,8) ~ Fy(x,0) = ¢(x,w;) satisfying the requirements in Algo-

rithm 2.1. In particular, with parameters o’ = [ao ol aﬂ, let us express

in a set that we define for some § € R+ as

w — w;

Fi(x,&’}-ii, §) = ap + o = + ad w;.

We propose computing a by solving a regularized linear regression problem with
regularization parameter A € Ry, namely,

1N

. T T 2 A 2 2
(32) o o > (a0 +afa; +afw; — ;)" + 5 (leallz + llas]l3)

Jj=1

Observe that the intercept «g is not regularized in this problem, which has the result
that the approximation is invariant to translations (see Lemma 3.2 below). For further
discussion about regularizing in this manner, see [19, Section 3.4.1]. The objects that
are used to compute the approximation are then u := (x,w;) along with

T
. 1 e 1 N wtl . T N
(3.3) M.:[ul UN:| e RV*(mutl) and p=1[p1 ... on| €RN.
In particular, expressing (3.2) in terms of (M, ¢) yields
. 1 2 A
(3.4) Camin 2 Ma = 8l2+ 5 (el + )

Defining I := I — eje!’, one finds that the unique solution of this problem is given by

o= (MTM+ /\D_1 MT ¢, from which it follows that the desired approximation is
obtained by solving (3.4), then computing

(3.5) Fi(z,0,H;,6) :=[1 u]a=pT¢~Fx0),
where for the given regularization parameter A € Ry we define
(3.6) B =1[1 WT](M"M + )" M".

Our goal in the remainder of this section is to show that (3.5) satisfies the re-
quirements of Algorithm 2.1, namely, a bound of the form in (2.32). Our first lemma
shows that the value of the vector 8 defined in (3.6) has invariance properties.

LEMMA 3.2. The vector B defined in (3.6) is invariant to translations in the sense
that for any vector u., € R™ one finds that

[ (u— )] (MCTMC+/\D_1 MI=[1 o"] (M"M +A)"'MT,

where
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16 F. E. CURTIS, S. DEZFULIAN, A. WACHTER
Proof. Defining C:=1+e; [I —ul], one finds that M, = MC; thus,

(1 (u—ue)"] (MIM, + M) M
= [1 JT]CCcT (MM +ADC)TCTMT =1 W) (MTM + XTI M,

where the first equation follows since I = CTIC. O

Our next lemma, which is similar to [13, Lemma 4.9 |, shows that (3.5) yields an
affine combination of the elements of ¢ since the elements of § in (3.6) sum to 1.

LEMMA 3.3. The vector (3 defined in (3.6) satisfies 71 = 1.
Proof. Let ue =u, and M, =M — 1 [O uT]. By Lemma 3.2, one finds

Br =1 W] (M"M+X)"'M" =ef (MI M.+ )" M.

Hence, the result follows as long as el (MM, + \I)"*MT1 = 1. To see this, ob-
serve that since the first column of M, is 1, one finds (M M. + M)e; = M]1.
Multiplying both sides on the left by (MCTMC + AM)~Y, one concludes that e; =
(MIM, + X)"*MT1. Thus, el (MI M.+ M)"*MT1 = elTe; =1, as desired. O
We are now prepared to prove our main result of this section.
LEMMA 3.4. Letting omin € R>¢ be the minimum singular value of MgMd, where
Mg=[u1—u ... uy-— u]T, it follows that Fi(z,0,H;,0) defined in (3.5) satisfies

(3.7)

Fi(x,0,H:,0) — Fi(z, 9)‘ < Kappd

5 o QNHappg
wnere Kapp = L¢ 1 + m 6 .

Proof. By Lemma 3.3, it follows that 371 = 1, meaning

|Fi(x,0,Hi,0) — Fi(2,0)| = |7 ¢ — Fy(a, 0ﬁT1\<Z|ﬂJ||¢J Fi(z,0)]
Jj=1
IEj*.’E
) o)
(3.8) < Lyl1BlI1,

where the last inequality follows by the definition of A;(z,w;,d). Our aim now is to
bound ||3]|;. Letting u. = + Z;\Ll uj and M, =M — 1[0 ul], one finds that

N
Z ﬁ]”d) x]7w] ¢(1‘,U}l)|SL¢”ﬂH1
=1

app

(M M. + A1)~ = [é (MgMgi AI)l] :
Therefore, by applying the result of Lemma 3.2, one finds that
BT =1 (u—u)T] (MIM.+AD) " MT = 217 4 (u — u) " (MT My + )~ M7
thus, for any j € [N], the jth element of § satisfies

1851 = |55 + (0= o) "M Mg + A1) ™y — )
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1 _
< N + [Ju - ucnappH(MgMd + ) 1<uj — ) lapp~
1
= N + H(MgMd + )\I)_l(uj — )|app+0
1 _ 1 2Kappy
< w7 + maews ey — Ullapp || (Mg Ma + M) 71| (2,2)8 = ~ 7 (crmm+0/\ 52
Therefore, it follows that
N
2N Kappy
— < 1 h 0 52
which combined with (3.8) yields the desired conclusion. 0

3.2. Multi-Output Simulation. Recall the multi-output simulation optimiza-
tion setting with H; defined in (1.7) and consider arbitrary ¢ € [p]. The set of available
information for approximating F;(z, 8) for some d € R is given by

r—x
[e‘ - 9} < 5} :
app
The general procedure for approximating F;(x, 6) is similar to the least-squares case;
hence in order to avoid repetition, we only highlight the differences.

Let us express A;(x,0,9) = «{(u]-7gz5j-)]>§\[:17 where u; = (z;,60;) € R™ and ¢; =
F;(x;,60;). Similar to the least-squares case, we propose setting FZ(:L‘, 0,H;,6) = ag+
of v+ aff for some a = [ag of af]. Let us define M and ¢ as in (3.3), but with
u; and ¢; defined as above for all j € [N]. One can obtain « by solving a problem of
the form (3.4), and as a result, for u = (x, ), an approximation for F;(x,#) is given

by (3.5). Likewise, Lemma 3.2 and 3.3 hold. Finally, a result similar to Lemma 3.4
can be obtained if the following assumption is made.

(3.9) Ai(z,0,0) = {(a:,@, Fi(z,0)) € H; - ’

ASSUMPTION 3.5. There exists an open convex set = containing Len X © over
which F; is Lipschitz continuous with constant Ly, € Rso such that

r—I
=i
for all ((z,0),(z,0)) € E x E.

The following lemma is the revised version of Lemma 3.4 for this setting, the
proof of which is similar to the proof of Lemma 3.4; hence, it is omitted.

’Fi(x,ﬁ) — Fl(i‘,gﬂ < LFi

app

LEMMA 3.6. Letting omin € R>q be the minimum singular value of MgMd, where

My = [ul —-u ... uyN— u]T, it follows that Fi(x,e,m, d) defined in (3.5) satisfies

F( 97{5 F 0 < 5 h _L mﬂ 6
i(2,0,H;,0) — Fi(,0)| < Kappd where Kapp := L, | 1+ o A :

4. Interpolation Set Construction. In this section, we provide an imple-
mentable method for determining an interpolation set that contains n, + 1 suffi-
ciently affinely independent points in the sense that (2.9) is guaranteed to hold. For
our purposes here, let us write Q = [zp,zy] for some z;, € (RU {—00})™ and
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zy € RU{oo})™ with 1 ; < zy,; for all j € [n,]. Our strategy involves first run-
ning a modified version of [33, Algorithm 4.1], which is presented as Algorithm 4.1
below. If the output of this procedure is a set of n, + 1 points, then the set is com-
plete and we show that (2.9) is guaranteed to hold. Otherwise, the algorithm that we
present as Algorithm 4.2 in this section can be called iteratively until a total of n, + 1
points have been obtained, where again we show that (2.9) is guaranteed to hold. In
either case, after obtaining n, + 1 points, we call [33, Algorithm 4.2] to potentially
add additional points to the interpolation set and construct a quadratic model.
Algorithm 4.1 determines a set of points to include in Dy, from those in {Hy ;}.
First, in line 2, the subset of points from this history that are in By, (2, Ar) N and
have a utility as measured by a function u that exceeds a threshold wty, are identified
(more on this shortly). For example, in the case of least-squares optimization (when
the information history {#,} is defined as in (1.6)), this set may have the form

(41) €<« {z € By(zp, Ap)NQ: (xz,w,d(x,w)) € {Hii},w(z, 0, {Hii}) > Uthr )

while for the case of multi-output simulation optimization (when the information
history {#,;} is defined as in (1.7)), the set may have the form

(4.2) &+ {x € By(vg, Ap) NQ: (2,0, Fi(2,0)) € {Hri}u(x, 0, {H,i}) > Ut} -

The set £ is then ordered according to the utility function u, the definition of which
may be problem formulation dependent. For example, in the context of least-squares
optimization, for any point « € By, (zx, Ax) N such that (z,w, ¢(z,w)) € {Hi:}, we
define the utility as the fraction of element functions {¢(-, w;)} that can be approxi-
mated with the desired accuracy &y (see line 2 of Algorithm 2.1) at z. On the other
hand, for multi-output simulation optimization, since performing one simulation gen-
erates p outputs simultaneously, at any such point x, either all element functions can
be well approximated or there is not enough information available for approximating
any of them. A good choice for the utility function in this case may be a function
that estimates the accuracy of the approximation at . As discussed in Section 3, the
accuracy of the approximation at = depends on the number of nearby points as well
as the geometry of the nearby points (see Lemma 3.6).

Algorithm 4.1 adds elements to Dy, iteratively while also maintaining Z € R"=*"=
as a corresponding orthonormal matrix such that span(Z) = null([D]1.cna), where

(4.3) [Di]1:end = matrix composed of vectors in Dy, except 0.

Observe that the norm of the projection in line 5 of the algorithm can be computed
cheaply since it is equal to || Z7 (2D — z})||2/Ak.

If Algorithm 4.1 returns an interpolation set with |Dyx| = n, + 1, then (2.9)
holds (as we show in Theorem 4.8). Otherwise, additional points need to be added.
Under the assumption that the (potentially infinite) bound constraints defined by
Q) = [z, zy] might not be relaxable, we propose Algorithm 4.2, which employs the
subroutine in Algorithm 4.3, for augmenting the set Dj, in a manner that ensures that
(2.9) continues to hold. This algorithm can be called iteratively until |Dg| = n, + 1.

Consider Dy, with |Dg| < n, + 1 obtained after a call to Algorithm 4.1 and
(potentially) call(s) to Algorithm 4.2. Since |Dy| < ngy + 1, null([Dx]i:ena) # {0}, so
n, > 1. Following the spirit of Algorithm 4.1, one can augment Dy with d € R™= in
a manner that guarantees that (2.9) continues to hold by ensuring that

. d
projz Ik

(4.4) ’

>&, |dllee <Ak, and x +d € Q.
2
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Algorithm 4.1 : Construction of elements for Dy, from {Hy ;}

Require: Values and parameters from Algorithm 2.1.

1: Set Dy, < {0} and Z < I,,.
2: Choose € C By (zg, Ax) NQ from elements of {Hy, ;} (see, e.g., (4.1) or (4.2)).
3: Sort € as {xM, ... 2N} so u(xW), 0, {Hr}) > u(xVHD 0, {Hy}) for j € [|€]].
4: for j=1,...,|&| do
5: if Hpron (wui\_’;’“)H > ¢ then
k 2 -
6: Set Dy, eDkU{x(J) 71’]6}.

7: Compute orthonormal Z with span(Z) = null([Dg]1.ena) (see (4.3)).
8: return (Dy, Z)

for ¢ sufficiently small. Recalling that ||proj, (d/Ax) | = [|Z7d||/Ak, one way in
which one might ensure this property is by solving

(4.5) max Y(Z,d) st. ||d|ltr <Ax and xp — 2 < d < zy — 2k,

where Y(Z,d) := ||Z7d||3. However, a globally optimal solution of (4.5) may be
computationally expensive to obtain, and such a solution is not actually necessary.
The motivation for our proposed Algorithm 4.2 is to solve an approximation of
problem (4.5), a solution of which turns out to be sufficient for ensuring that (2.9)
continues to hold as long as £ is sufficiently small. In particular, the algorithm solves

(4.6) max Y(Z,d(v,7)) s.t. v€E€{—2;,2} and [|d(v,7)|tr < Ak,

(v,1,7)ER™@ X [n.]xR>o

where z; is the ith column of Z and where for any (i,7) € [n,] XxR>¢ and v € {—2;, 2}
the vector xx 4+ d(v, T) is the projection of x + 7v onto Q = [z, 2y]. A formula for
this vector is easily derived. In particular, for v € R, let 7(v) € (RU {o0})" have

TUG =Tk,
j

(4.7) Ti(v) = ¢ 2l if g, < 0 and zp; > —o0,

Vi

if v; >0 and zy,; < oo,

00 otherwise

for j € [ng]. The projection of x + 7v onto [z, zy] is given by xx + d(v, ), where

(4.8) d(v,7) = [min{r, 71 (0)}v1 ... min{r, 7, (v)}vn,]"

Remark 4.1. In (4.8) and subsequent calculations below, we interpret equations
and operations involving infinite quantities in the following natural ways: co = oc;

00 X 00 = 00; 00 — (—00) = 00; min{oo, 00} = 00; b — 0o = —o0 and b + co = oo for
any b € R; a x 0o = 0o and —a X oo = —oo for any a € Rsq; and ||v|| = oo for any
norm || - || and any v € (RU {—00,00})" that has an element equal to —oo or co.

One additional rule that we intend, which is not natural in all contexts, is 0 X oo = 0.

Algorithm 4.2 operates by iterating through the columns of Z, where for each
i € [n;] the optimal values of 7 € R>( (with respect to maximizing Y') are determined
along z; and —z;. If the search along either direction yields a larger value of T than
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has been observed so far, the solution estimate (with respect to (4.6)) is updated.
The subroutine in Algorithm 4.3 is responsible for computing the optimal step sizes.

Algorithm 4.2 : Construction of additional element for Dy

Require: Dy, and corresponding Z € R"=*"=,

1: Set d < 0.

2: fori=1,...,n, do

3 * « OPTSTEP(Z, 2i, 7(2i)).

4: if Y(Z,d(z;, 7)) > Y(Z,d) then set d < d(z;, 7).

5: T~ « OPTSTEP(Z, —2;, T(—2;)).

6: if Y(Z,d(—z;,77)) > Y(Z,d) then set d < d(—z, 7).

7: Set Dy, < Dy U {d}
8: Compute orthonormal Z with span(Z) = null([D]1.end) (see (4.3)).
9: return (Dy, Z).

Algorithm 4.3 : OptStep(Z,v,7T) (see Algorithm 4.2)

1: Let Ty + 0 and sort distinct values of {77}?;1 as 0 < 7)) <+ < T(ay)-
2: if ||d(va7_—(ﬁm))||tr < A then

3: return argmax_ .. i, Y(Z,d(v,T)).

4: else

5: Find j € [n,] such that ||d(v, Tl < Ak < ld(v, 7)) [l
6: Find 7 € [7;_,, 73] such that ||d(v P tr = A

7: return arg max Y(Z,d(v,1)).

refrg HIluis

Our goal in the remainder of this section is to prove that the output Dy from
Algorithm 4.1 satisfies (2.9) and, after any subsequent call to Algorithm 4.2, the
elements of Dy, continue to satisfy (2.9) as long as £ is sufficiently small. This notion
of sufficiently small is determined by a threshold revealed in Theorem 4.6.

Our first lemma bounds 7 € Rx¢ below if d(-, 7) lies on the trust-region boundary.

LEMMA 4.2. If (v,7) € R"™ xRxq, |[v]ls = 1, and ||d(v, T) ||t = A, then T > 2k
= try
Proof. By (1.1b), (4.8), and the conditions of the lemma, tr < co implies

Ny

A = (v, Tl =Y (min{r, 75 (0) ) "oy [T < 7ol < 7R ol = 7R
j=1

which yields the desired conclusion. (Here, the superscript “tr” denotes the tr-th
power of a number.) The result for tr = co can be shown in a similar manner. |

Going forward, corresponding to v € R™, we choose an index j*(v) such that

(4.9) J*(v) € argmax |v;].
JE€[n]
The following lemma is trivial (recall (4.7)), so we state it without proof.

LEMMA 4.3. If v € R™ has ||v||2 = 1, then F < |vjey) <1 and

_ _ LU, j*(v) — TL,j*(v)
max{T; () (=), Tj+(v) (V) } > .
J*(v) J*(v) 2|'Uj*(v)|
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Our next lemma shows a lower bound for the optimal value of (4.6) if a call to
the OptStep subroutine finds all step sizes yielding points within the trust region.

LEMMA 4.4. Consider line 3 in Algorithm 4.2 for any i € [n,]|. If it is found
within the call to OptStep(Z,z;,7(2)) that |d(zi, Ta,) (%))l < Ak, then 7T €
R yields Y(Z,d(z;, 7)) > (ﬂ(zni)z(zlw The same property holds for line 5 and
OptStep(Z,—z;, T(—z;)) with respecg to 77 € Rxg.

Proof. Without loss of generality, consider the call to OptStep(Z, z;, 7(z;)). The

proof for the call to OptStep(Z, —z;, 7(—z;)) is nearly identical. By the conditions of
the lemma, (4.8), Lemma 4.3, and the fact that 7(,,) > 7j-(.,)(2:), it follows that

i

Y(Z,d(zi,7%)) 2 Y(Z,d(z0,75,) = Y (3 Az 75,)))?
=1
> | Dolalidi (i, Tn) | = | D[zl min{7,), 7(2)}
=1 =1
o Tj () (20)°
> [t oy Wi, 7 oy (207 2 R
as desired. :

Next, we present the following lemma, which considers cases when a call to the
OptStep subroutine finds that not all step sizes yield points within the trust region.

LEMMA 4.5. Consider line 3 in Algorithm 4.2 for any i € [n,]. If it is found in
the call to OptStep(Z, z;, T(2:)) that ||d(zi, T(a,)(2:))|ler > Ak, then 77 € Rxq yields

Y(Z,d(z,7")) > <min {Ak, ?j*(zl,)(zi)}>2 LQ
Rtrl na:
The same property holds for line 5 and OptStep(Z, —z;, T(—%)) w.r.t. 7~ € Rx>q.
Proof. The proof is nearly identical to that of Lemma 4.4, except with the com-

puted value 7 in place of 7(,_), where by Lemma 4.2 one has that 7 > Fﬁ"‘ . 0
. -

We now prove our main result of this section.

THEOREM 4.6. If the well-poisedness parameter is chosen such that

{ 1 minje[nx](xuj — xL)j) }]

)
Htrl 2Amax

1
e (O,min
n

x

then any call to Algorithm /.2 adds d € R™ to Dy, that satisfies (4.4).

Proof. By construction, the vector d € R™* that is added to the elements of Dy
by the algorithm satisfies ||d||¢x < A and zp +d € Q = [z, zy]. Hence, all that
remains is to prove that d also satisfies the first inequality in (4.4). According to the
construction of the algorithm, it is sufficient to show that for some i € [n,] one finds

Aikri,max = Aik max{\/T(Z, d(z;, 7)), VT (Z, d(—zi,r))} > €.

If the calls to OptStep(Z, z;,7(2;)) and OptStep(Z, —z;, T(—2)) both find that all
step sizes yield points within the trust region, then Lemmas 4.3 and 4.4 imply

LTl max Z
AV ngAg

max{ 7« (z,)(2i), Tj= (=) (—2i) }
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1 Ty j(z) = TLj*(z:)  TUG*(z:) ~ TLj*(2:)
o na:Ak: 2|[Zz]3*(zL) 2”7;Amax .

Otherwise, if the call to OptStep(Z, z;,7(#;)) and/or OptStep(Z, —z;, T(—z;)) finds
that some of the step sizes yield points that are outside of the trust region, then one
may conclude from Lemma 4.5 that

1 1 Ay A
7Tm X > A i ) _‘* Z2i ) b) i ) _'* —Z; 4 .
A, Lomax 2 oa max {mln{ﬁtr1 Tj=( L)(z,)} mm{l‘€tr1 T ( O zz)}}

Considering all possible cases for which term obtains in the minima in the expression
above, one may conclude with Lemmas 4.2 and 4.3 that

1 I 1 @y j=(z) = 2L j*(2)
. > 5J i )J i )
Ak e = Ny o { Rtry ’ QAmax
Combining the results of these cases, the desired conclusion follows. ]

The next lemma shows that the norm in line 5 of Algorithm 4.1 and the first
inequality in (4.4) measures the magnitude of a pivot of a QR factorization.

LEMMA 4.7. At line 5 of Algorithm J.1, one finds with d = (z*) — x,) that

_ d
projz Ik

where r is the last diagonal of R in a QR factorization of A%c [[Dk]l:end d].

= I,
2

Proof. Letting QR be a QR factorization of ﬁk[pk]kenm one finds that a QR
factorization of the augmented matrix has, for some vector ¢ satisfying Q¢ = 0,

Aik[[Dk]lzend d =[Q 4 [(f; :]

Left-multiplication by Z7 yields Z7
that ¢ = Zu for some vector u with |

) d d
iz ()], = |27 (G, = bl = iz ze =
k 2 2

Ay
as desired. O

Aik = (ZTq)r. Then, since QTq = 0, it follows
ul|2 = 1, from which it follows that

The following theorem/proof is similar to [35, Lemma 4.2] and [32, Lemma 3.2].

THEOREM 4.8. Once Algorithm /j.1 or iterative calls to Algorithm /4.2 yields an in-

ng—1

Ny 2 Iinrxfl
terpolation set Dy with |Dy| = n,+1, it follows that (2.9) holds with A = Tto
Proof. Since |Dy| = ng + 1, let us express [Dg]i.ond = [dl dnm], where it

follows from & C By, (x, Ag), the manner in which Dy, is constructed, and (1.1a) that
Idill2 < Kixolldillsr < Kewo Ak for all ¢ € [ng]. In addition, let {o;};®, be the singular
values of %Ak[Dk]l:cnd such that o1 < --- < g, . One finds that

trg g

1
Rtrq Ak:

1
O1Ktry Ak

([th:end>1 _
K'troAk: 9

(4.10) I[Pk enall2 =
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In addition, letting QR denote a QR factorization of ﬁ[Dk]lzenda it follows that the

determinant of Aik[Dk]lzend is equal to the product of the diagonal elements of R, call

them {r;}",. Recalling ||d;||2 < Fir, A, we have

[Dk] 1l:end
K/tro Ak}

[Dk] 1l:end
K/tro Ak}

< \/Ng.

F

e[ <
2
Since Lemma 4.7 ensures that |r;| > £ for all i € [n,], it follows that

Ny Uz

Uln"I{l > Ulo.nz—l > HO__ — ldet ([Dk]lzend)‘ o H T > ( § )nL
x = = = e— = = .
" i=1 ' Forg A =1 Mo Rtro
These inequalities along with (4.10) yields
nrt Ng—1
_ Ng > Ky A
Dyl L < o -

||[ k]l.cnde — gnTAk Ak

which is the desired conclusion. 0

5. Numerical Experiments. The purpose of our experiments is to demon-
strate the reduction in function evaluations that can be achieved by our method
through its exploitation of prior function evaluations when solving a sequence of re-
lated problems. We compare Algorithm 2.1 as it is stated, referred to in this section as
Alg,,, and an algorithm that has all of the same features of Algorithm 2.1 except that
does not utilize prior function evaluations, referred to as Algy. We choose T' = 100,
and for all t € {0,...,T — 1} we run both algorithms until a fixed budget of two
simplex gradient evaluations (i.e., 2p(n, + 1) function evaluations) is exhausted. We
consider such a relatively small amount of function evaluations because the advantage
of our method is exploited best when solution time is crucial, such as an online setting,
in which the true optimum is out of reach and a good approximate solution suffices.

We implemented our algorithm in Python and ran our experiments on a Linux
workstation. We tested our algorithm on a variety of problems and the results were
similar in all cases. For our purposes here, we present the results obtained from
a single representative least-squares problem involving an ODE that describes the
conversion of methanol into various hydrocarbons [17], which for parameters = =
[#1 ... xg,}T € RY, and state v(1) = [v1(7) va(7) vg(T)]T € R? is described
(with 7 denoting time) by:

d’Ul I1U2

L T -
dr (x2 + x5)v1 + v2
dvy _ z101(2201 — )
dT (SL’Q + 1’5)’1)1 + V2
d’l)g Tr1U1 (U2 + I5U1)

2= TP v
dr (22 + 5)v1 + v 4

+ x3 +CU4)U1;

+ x301;

Here, the constraint set is €, = R% for all t € {0,...,T —1}.

We fix a vector 7 = [1.78 217 1.86 1.80 0]" € R%,, then, iteratively for
each t € {0,...,T — 1}, we generate the data for the ¢th least-squares objective in the
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following manner. First, we establish seven initial conditions by taking each of the
following vectors, perturbing it by a realization of a random vector having a uniform
distribution over a 2-norm ball with radius 0.1, then projecting the result onto the
3-dimensional standard simplex so that the elements are nonnegative and sum to one:

17 37 1371 Ti1 i1 riq e
ol |t o], [E].10].12]. |0

s 2| 1 s [ 2] o 1 s 2| o 3
o] o] |&] |o] [&] [o] [2

(This projection of the initial condition is meaningful for the application since the state
elements correspond to proportions.) We denote the resulting lth initial condition by
v?l) € R‘;O for all [ € [7]. Second, we establish the time points 71y = 0.1, 7(2) = 0.4,
and 7(3) = 0.8, which are fixed for all ¢t € {0,...,T — 1}. At this point in the data
generation for problem ¢, we have established {w; t };c[21], With each one corresponding
to a given initial condition and time point; specifically, each i € [21] corresponds to a

unique pair (j,1) € [3] x [7], corresponding to which we define w; ; := {7’(]—) (U(()l))T
All that remains to generate the data for problem ¢ is to establish the values {y; t }ic[21]-
For this, we first generate x(; € R‘;O by adding to Z a realization from a uniform

[0,1]° distribution. Then, for all i € [21], we let ¢(z (), w;,) denote the value of vg
from the ODE at time [w; j]o when using the initial Condltlon [w; ¢]1:3 and set

Vit < O(2(), wit) + (T ), wie) |,

where w;; is a realization from a uniform [—0.1,0.1] distribution. Overall, we have
established the data {(w; ¢, i) }ie[21) for problem ¢, which is defined as in (1.5) with ¢
defined as above. By generating the problem data in this manner for ¢ € {0,...,T—1},
each optimization problem is similar, but different due to the randomization of the
initial conditions and the noise in the measurement data.

To understand the typical behavior of our algorithm, we generated a total of
N =100 replications with 7' = 100 problems as described in the previous paragraph.
Each repetition starts with problem ¢ = 0, which involves no history of function
evaluations, meaning that Alg,, and Algy always perform equivalently for ¢t = 0.
However, for all t € {1,...,T — 1}, AlgH makes use of prior function evaluations
when possible while Algy does not. Let th and f@ +» respectively, denote the final
objective function value obtained by Alg,, and Alg@ when solving repetltlon k of
problem ¢. Averagmg over the repetitions, we obtain the values fy, ; = ~ LS Ke[N] f')—t ‘

and f@,t =% Zke[N]f o for all t € {0,...,7 — 1}. In addition, to get a sense
of Alg,,’s ability to take more steps within the function evaluation limit by using
approximated function values in place of true function values, we record Mtk as the
number of approximated function values used in repetition k of problem ¢. These are
averaged over the repetitions to obtain M, = & >okelN] MF for all t € {0,...,T —1}.

Figure 1 presents the results of our experiments. For all ¢t € {0,...,T — 1}, the

plot on the left shows ;. [t ( f@ F— fH 7), the accumulated improvement of Alg,, over

Algy, as well as the surrounding interval of width i%at, where o; is the standard

deviation of {3 ;. (fo,6— fa,t) bre[n]- The increasing trend shows that as the function
evaluation history increases in size, Alg,, is continually able to obtain improved final
objective values over Algy. The plot on the right shows, for all ¢ € {0,...,T — 1}, the
average number of function values that Alg,, is able to approximate in a run of the
algorithm. Recalling that the budget in each run is 2p(n,+1) = 2x21x (5+1) = 252,
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the plot shows that by problem ¢ = 10 over half of the function values used by Alg,,

come from approximations rather than (expensive) actual evaluations, which allows
the algorithm to take more iterations to improve the objective compared to Algy.

Fic. 1. Algy, and Algy comparison.
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6. Conclusion. We proposed and analysed a model-based DFO algorithm for
solving a sequence of related optimization problems under the assumption that the
black-box objective function is smooth and black-box function evaluations are the
computational bottleneck of the algorithm. We provided a regression-based method
that approximates the objective function at interpolation points by using black-box
function evaluations that are obtained from solving prior problems. In a practical
setting, this could be replaced by a more efficient scheme that is tailored to the specific
application. In addition, we proposed an algorithm for choosing the interpolation
points that are more likely to be approximated accurately given the history of prior
black-box function evaluations. Our numerical results showed that our algorithm
outperforms a state-of-the-art DFO algorithm for solving an engineering problem
when a history of black-box function evaluations is available.
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Appendix A. Sketch of Proof for Theorem 2.9.

For the sake of brevity and since one can prove the results stated in this section
using arguments that have already appeared for similar results for related algorithms
in the literature (e.g., see [5]), we provide in this appendix only a discussion of the
results that one needs to prove in order to prove Theorem 2.9.

First, one can show for all £k € N that the difference between the stationarity
measures with respect to f and my are proportional to Ag; see, e.g., [8, Lemma 7].

LEMMA A.1. For all k € N, it follows that for any value of Ay such that a
model my, is constructed, one has that |7T£ — | < KegAy.

Second, one can show lower bounds for the stationarity measures in certain cases.
The proof of this result relies on Lemma A.1.

LeEMMA A.2. For any k € N, if the condition in line 4 does not hold, then m}* >
min{e., u= Ar}. If, in addition, W,J: > e € Ry, then

€
TR > €me = Minq €,, —— » € Ry.
1+ Reglt

Third, one can show that if Ay is sufficiently small, then a successful step occurs.

LEMMA A.3. For any k € N, if trust region radius satisfies

1 Fred (1 —77)}7

Al Ar < min{con', 1}, where c¢g := min | u, ,
(A1) A< minfeor]’, 1) e

then the condition in line J does mot hold and py > n, i.e., the step is successful.

Fourth, one can show that if the stationarity measure with respect to f is bounded
below by a positive constant, then the trust region radius is similarly bounded below.
The proof of this result relies on all of the preceding lemmas.

LEMMA A4, If 77,]; >e€Ryg forallk € N, then A > Anin for all k € N, where

-1
. Ydec€ 2Kef Ydec€mc
Apin = min Ay, ——— Keg + ————~ € €me, | 1 -
{ 0 Fog +/J71 ’Ydec( eg /ffcd(l _n)) “YdecH€mc Konm + 1 'Ydec} I

Fifth, one can show that if the number of successful steps is finite, then the trust
region radius and stationarity measure with respect to f must vanish. The proof of
this result relies on Lemma A.1.

LEMMA A.5. If |{k € N: px > n}| is finite, then lim Ax =0 and lim 7r,’€c =0.
k—o0 k—o0

Sixth, one can show the trust region radius always vanishes. The proof of this
result relies on Lemmas A.2 and A 4.

LEMMA A.6. The trust region radius vanishes, i.e., klim A, =0.

—00

Seventh, one can show that a subsequence of stationary measures vanishes. The
proof of this result relies on Lemmas A.2, A.4, and A.5.

LEMMA A.7. The limit inferior of {71,{} is zero, i.e., likm inf 7'(']{ =0.

—00
Finally, given the “liminf” result in Lemma A.7, one can prove Theorem 2.9

using Lemmas A.2, A.5, and A.6 along with common techniques for the analysis of
trust-region methods that can turn “liminf” into “lim” results.
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