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Abstract

In this paper we propose third-order methods for composite convex optimization prob-
lems in which the smooth part is a three-times continuously differentiable function with
Lipschitz continuous third-order derivatives. The methods are adaptive in the sense that
they do not require the knowledge of the Lipschitz constant. Trial points are computed
by the inexact minimization of models that consist in the nonsmooth part of the objective
plus a quartic regularization of third-order Taylor polynomial of the smooth part. Specif-
ically, approximate solutions of the auxiliary problems are obtained by using a Bregman
gradient method as inner solver. Different from existing adaptive approaches for high-
order methods, in our new schemes the regularization parameters are adjusted taking
into account the progress of the inner solver. With this technique, we show that the
basic method finds an e-approximate minimizer of the objective function performing at

most O (| log(e)]e_%) iterations of the inner solver. An accelerated adaptive third-order

method is also presented with total inner iteration complexity of O (| log(e)|e‘i).
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1 Introduction

1.1 Motivation

Following [23], several methods based on regularized Taylor models have been proposed
for unconstrained minimization of convex and nonconvex functions with Lipschitz contin-
uous pth derivatives (see, e.g., [2, 4, 5, 6, 7, 10, 15, 18]). In these methods, trial points are
obtained by the minimization of (p + 1)-regularizations of the pth-order Taylor approxi-
mations of the objective function (p > 2). To ensure fast global convergence rates, it is
enough to compute suitable approximate stationary points of the models [4]. Moreover,
if the objective function is convex, then any (p + 1)-regularization of the corresponding
pth-order Taylor approximation is also convex when the regularization parameter is suffi-
ciently large [21]. Remarkably, for p = 3, additional relative smoothness properties [3, 17]
were proved in [21] for third-order tensor models. These properties allow the use of Breg-
man gradient methods to approximately minimize third-order tensor models with linear
rate of convergence [21].

The fast minimization of third-order tensor models can be guaranteed only when
the regularization parameter is bigger than some multiple of the Lipschitz constant of
the third-order derivative of the objective function. The simplest way to satisfy this
condition is to use explicitly such Lipschitz constant, when it is known. As pointed in
[21], this requirement is one of the main limitations for practical implementations of third-
order tensor methods, since in general Lipschitz constants of third-order derivatives are
unknown. In this paper we address this problem. Specifically, we propose adaptive third-
order methods for composite convex optimization problems. The methods are adaptive in
the sense that they do not require the knowledge of the Lipschitz constant. Trial points
are computed using a Bregman gradient method as inner solver. We propose a novel way
to update the regularization parameters in the third-order models used to compute trial
points. Different from existing adaptive tensor methods [13, 16], in our new methods the
regularization parameters are adjusted taking into account the progress of the inner solver.
When the regularization parameter is sufficiently large, the inner solver is guaranteed to
have linear rate of convergence. We design an implementable way to check the violation
of linear convergence. Thus, once a slow convergence rate is detected, the execution of the
inner solver is stopped and the regularization parameter is increased. With this technique,
we show that our basic adaptive third-order method finds an e-approximate minimizer of

the objective function performing at most O <| log(e)]e_%> iterations of the inner solver,
while our accelerated adaptive third-order method has total inner iteration complexity of
(@] <\ log(e)|e_%). Preliminary numerical results are also reported and illustrate our new

adaptive technique.

1.2 Contents

The paper is organized as follows. In Section 2 we define our problem and present the
main results about the Bregman gradient method applied to the minimization of third-
order tensor models. In Section 3 we present and analyse the basic adaptive third-order
method. Section 4 is dedicated to the accelerated adaptive third-order method. Illus-



trative numerical results are reported in Section 5. Finally, in Section 6 we discuss the
possibility of second-order implementations of our adaptive schemes.

1.3 Notations

In what follows, || - || denotes the Euclidian norm in R", or the matrix and tensor norms
induced by it. For a set S C R"™, conv(S) denotes its convex hull. Given a matrix
A e R™*" trace(A) = > | Aj. Moreover, for a smooth function f: R” — R, we denote
by D3f(z) the third-order derivative of f(-) at point z, which is the tensor defined by

(D3 f(2)] :L(x) i3,k € {1 n}
ik " Qw;0x;0xy ) Y A

2 Problem Statement and Auxiliary Results

In this paper we consider methods for solving the following composite minimization prob-
lem

min f(z) = f(z) + ¢(x), (2.1)

z€eR™

where f : R” — R is convex and three times differentiable, while ¢ : R” — RU {400} is a
simple convex function. More specifically, we will assume that the third-order derivative
of f(-)is Ly-Lipschitz continuous, i.e.,

ID?f(z) = D*f(y)ll < Lyllz —yll, Va,y € R™ (2.2)
Given z € R", the third-order Taylor polynomial of f(-) around z is given by

3
Doly) = fr) + 3 D @)y ~all, y R (23)
i=1

It follows from (2.2) and (2.3) that
Ly

f(y) — u(y)] < Illy—xll‘lv (2.4)
L
IV () = V()| < Silly — ], (25)
and
2 2 Ly 2
IVZf(y) = VE@a(y)ll = Sy lly — =l (2.6)
Define d4 : R® — R by .
da(z) = ZIISCH4, (2.7)

and consider the following model of f(-) around of z:

QI,M(y) = Q:p,M(y) + T/’(y), y e dOIT”/% (28)



where
Qo (y) = Paly) + %ddy — ), (2.9)

with M > 0 being an estimate of Ly. If M > Ly, then it follows from (2.4) that

Fo) = @)+ Py - o) +v(y)

e

= Buly) + gy daly — ) ()

< @uly) + Srdily — ) + ()

= Quly). (2.10)

This remark motivates the following third-order method to solve (2.1):

zi11 € arg min Qu, ar(y), t>0. (2.11)
yeR”

Given, z € R", notice that Qg p/(-) in (2.9) is a multivariate polynomial. Therefore, in
general, Q, pr(-) in (2.8) is a nonconvex function, which makes its exact minimization
in (2.11) out of reach. Remarkably, if M > Ly, it follows from Theorem 1 in [21] that
Qa Mm(+) is convex, allowing the use of efficient methods from Convex Optimization to
approximately solve the problem
min Q, s (y). (2.12)
yeR”

In the present paper, we are interested in the computation of an inexact solution z* of
(2.12) such that

M
[V (@) + go( D)l < |2t = 2] (2.13)

for some gy (x*) € 9y (x). Such point zT enjoys the following property which motivates
the use of this type of inexact solution of (2.12) in the iterative minimization of f(-).

Lemma 2.1 Suppose that f : R"® — R satisfies (2.2) and let ™ be a point for which
(2.13) holds. If M > Ly then

(Viah)z—at) >
6

IV F ()5, (2.14)

T
3
where Vf(zt) = V(1) + gy(z).

Proof: By (2.5), (2.9) and (2.13) we have

IVF(z*) + %Ilw+ —a[(@* — ) IVF(@") = VOu(2) + Vo (27) + gy (™)

< IVF@E) = Vet + [V u(2") + gu(a™)]
Ly+M
< et —al.
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Since M > Ly, we get
~ M M
IVf(2") + 5 llat —af? (@™ —2)|| < =l - z|®.

Consequently,

M? . M
5 lat —z)|® > V@) + 3||fc+ —z|*(z — )|
2

. . M
= [IV/@OI*+ Mla® =2}V )2t —a) + = [la* — 2],

which implies that

-~ f .T+ 2
Vi) a—at) > IVIEIE L, (1 - 1) o — 2

= M|zt — x|? 4 9
5M
> %H:ﬂ — x| (2.15)

On the other hand, by (2.5), (2.9) and (2.13) we also have

IVFaH) < VY = Su(a®)| + [VE2(a™) — Vqu (20| + [V (2F) + gy (2]
L M M
< Gl —al’ + et —al + 2t — a2
L 3M + M
L 4M
< S o — g
6
Since M > Ly, we get
~ 5M
IVi@H)l < == llat —a®,
which implies that
6 -
+_ 3> 1. 2.1
ot —2|* = 2 IV i) (2.16)

Finally, combining (2.15) and (2.16) we obtain (2.14).
In what follows we have a sufficient condition for (2.13).

Lemma 2.2 Suppose that f : R™ — R satisfies (2.2), and let x € R™ and M,e > 0. If a
point x+ satisfies
V(@) + gp(z™)]| > € (2.17)

and

1 M
+ + < = :
199 ar(a™) + gu (@)l < len{l,Lf+ BM}e, (2.18)

then x™ satisfies (2.13).



Proof: By (2.17), (2.5) and (2.18) we get

IVF(@™) + gy (™)
IVf(@™) = Voo (a7)]| + [Vea(2T) = Vo (z7)]
HIVQa 0 (27) + gy (27|

€

VARVAN

€

5"

IN

L M
et =l + St — o) +
Thus,

€ 2L +6M Ls+3M
S (LI ) at —a)? = (LS ) |t — 2P,
2 12 6

which gives

M M
— ) e< —|aT — x| 2.19
(555 e < et (2.19)

1
2
Finally, combining (2.18) and (2.19) we conclude that (2.13) holds.

Remark 2.1 If M > 4Ly and

IV Q%1 (2") + gy ()] <

/o

then

1 M
+ + < Zmi
192 aa) 4 gyl < i {1 0 e

In this case, if
IVf(@®) + gp(a®)ll > €

then it follows from Lemma 2.2 that xt satisfies (2.13).
Our next lemma establishes the strong relative smoothness of Q, 7(-) when M > 4Ly.
This result will allow the use of a Bregman gradient method to compute z+ satisfying

(2.13).

Lemma 2.3 Suppose that f : R" — R satisfies (2.2) and let M > 4Ly. Then Q0 ()
satisfies the strong relative smoothness condition

1 3
5Vre(y) X VP (y) 2 5V2puly), Vay €RT, (2:20)

pelt) = 5 (VF(@)(y — ),y —2) + 3 dafy — ). (221)



Proof: From the proof of Lemma 4 in [21], for 72 = M/Ly we have

V20, (y) = (1 - 1) V() + Ly )
- (1 — i) ;VQf(x) + WV2d4(y _ x)]
R s
= ) )+ 5 Vidaly 1’)]

Since M > 4Ly, it follows that 7 > 2 and so
2 1o
Vi m(y) = 5V e (y). (2.22)

On the other hand, from the proof of Lemma 4 in [21] we also have

VzQx,M(y) =< (: i_ 1) [(1 — 71_> VQf(:U) + 7—(7—_21)Lfv2d4(y o x)]
_ ~ 1)L

- <:J_FD [T - 1V2f(;v) N (T 2 ) fV2d4(y—x)]
= T+ T 9y )

_ <7‘ + 1) [VQf(:c) N TszV2d4(y B x)]

T 2
= <1 + 71_> V2px(y)'
Since 7 > 2, it follows that
V20 1(9) % 5V (). (229

Thus, combining (2.22) and (2.23) we get (2.20).
Remark 2.2 By Theorem 6 in [19], function d4(-) is uniformly convex of degree 4 with

parameter 1/3, i.e.,

1/1
o) 2 da(o) + (Vas(o)y =)+ (3) Iy —als oy e R

Consequently, function py(-) defined in (2.21) is also uniformly convex of degree 4 with
parameter M /6.

Lemma 2.4 Suppose that f : R" — R satisfies (2.2) and let M > 4Ly. Then, Q0 p(-)
is uniformly convex of degree 4 with parameter M/24.
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Proof: By Remark 2.2, M > 4L; and Lemma 2.3, it follows that

M

Lle—wlt = =l -l

A
<
)
8
O

|
<
s
g
S
\.N

|
£

1
< / 2<V2(2$’M (w+t(z—w))(z—w),z—w) dt
0

1
= 2 /0VQQ%M(w—I—t(z—w))(z—w)dt,z—w>
= 2(VQm(z) = VQ m(w), z — w) .

Thus, by Lemma 1 in [22] we conclude that €, /(- ) is uniformly convex of degree 4 with
parameter M /24.
Now, given z € domt and M > 0, consider the sublevel set

La(@) = {y € R" : Quni(y) < f)}-
The next lemma gives an upper bound to ||y — z|| for y € Lys(z).

Lemma 2.5 Suppose that f : R" — R satisfies (2.2) and let M > 4Ly. Then, given

r € R™, )

96|V f ()]
M

where Vf(:c) is an arbitrary subgradient of f( -).

ly —=[* < Yy € Lo(x). (2.24)

Proof: Let y € Ly(z). For any Vf(z) € df(x) we can write

Vf(x) =V f(x)+gy(r),

where gy (x) € 09(z). In particular,

Y(y) > Y(x) + (gp(), y — ). (2.25)

Moreover, by Lemma 2.4, 0, a7( - ) is uniformly convex of degree 4 with parameter M /24.
Therefore,

M

Summing up inequalities (2.25) and (2.26) and using the equality VQ, y(z) = V f(z), we
get,

Qe (9) = Qura(0) + (V) y —a) + Sy — o]l (2.27)



By assumption, Q, a(y) < f(z) = Quas(x). Thus, subtracting Q, a(x) in both sides of
(2.27) it follows that

0> (Vf(e),y )+ gelly — "
Then
*||y — || < (Vf(@),z —y) < IV (@)llllz —yll,
which implies (2.24).
From Lemma 2.5 we can obtain an upper bound to ||V2p.(y)| for y € Ly ().

Lemma 2.6 Suppose that f : R® — R satisfies (2.2) and let M > 4L¢. Then, given
x € R™, we have

IV?0e (W)l < Lars Yy € conv(La()). (2.28)
with
Ly = trace (V2 f(z)) + % 96HV]\/{;( )H] , (2.29)

where V f(z) is an arbitrary subgradient of f(-).

Proof: Indeed, by (2.21) we have

M M
V20 ()] = IV2f (@) + 5 VZda(p)]| < [IV*f ()] + 3T\Iy — %

Thus, by Lemma 2.5 and (2.29) we have
IV2pe (W)l < Laas, Yy € Las(x).
Finally, since Q, a/(-) is convex (by Lemma 2.3), it follows that £/ (x) = conv (Lpr(z)).

In view of Lemma 2.3, Remark 2.2 and Lemma 2.6, we can approximately solve (2.12)
using the following Bregman gradient method (Algorithm B in [11]):

Y1 = arg min (Ve v (yk)y = vk) + 36, (U v) + (W)}, k20, (2.30)

where
Boo (1,v) = pa(v) = pa(u) = (Vo (u),v — u). (2.31)

Specifically, when M is sufficiently large we have the following convergence rate.

Lemma 2.7 Suppose that f : R™ — R satisfies (2.2). Given © € R™ and M > 0, let
{Ur}i>o e the sequence generated by method (2.80) with yo = x. If M > 4Ly then, for
all k>0,

9y (Yr+1) = =V (yr) + 3 [V (Yr) — Vou(Yes1)] € 0P (yrr1), (2.32)



and

?’SLi 61} M
190,01 (gr1) + g ()| € —22 2, (2.33)
2M (5)
where Ly p is given in (2.29) and
5
_ 1 2 96/[V.f ()| 96/|V.f ()| )H
B = 2tmce (V2 f(=)) i + 3 % (2.34)
with Vf(:z) being an arbitrary subgradient of f( -).
Proof: By Lemma A.8 in [11], (2.32) holds and
; ; (%) 4
Qo ar(yr) = Qo (Wr1) 2 —53 IV v (Yet1) + 9o (i) (2.35)
4(5) (3Lw,M)
On the other hand, by Lemma A.9 in [11] we also have
1
~ ~ 5) Bp. (z, Sy (z
6 () — O (S () < 12) D0 S0 2) 2:36)

()

where Sys(z) = arg mingegn Q as(y). Then, combining (2.35) and (2.36) we obtain

3°L3 11Bp. (xS (@)
V€% (1) + g ()| <€ —=22 (2.37)
2M (3)

Notice that Sys(z) € Las(x). Thus, it follows from (2.31), (2.21) and Lemma 2.5 that

B (2, S30(2) = pa(Sa1(@) = p(@) — (Vpul), Sar (@) = 2) = palSas (@)
= (V2 F@)(Su(@) ~ ), Su (@) — ) + = [Sn(e) ]’

< SIV A8 () — ol + 1S (z) ]
< Ljves) | SV )H] U [96\\3;( H]
< o (2.33)

Finally, combining (2.37) and (2.38) we get (2.33) holds.

For any x € R™ and M > 0 we can apply method (2.30) with yo = x to try to find
an approximate stationary point of Q, /(-) in the sense of (2.13). By Lemma 2.7, if for
some k inequality (2.33) is not satisfied, then M < 4L¢. This fact motivates the following
algorithm.



Algorithm 1
Step 0. Given z € dom1), Vf(z) € df(x) and M, e > 0, compute

96|V f ()| )H
2
Lym = trace (V2 f(z)) —|— 5 i
and
_ 1 2 96(|V f ()| )|| 96|V f ()| )H
Ba, M = 2trace (V f(a:)) 2 + 3 7
Set yo =z, a:= 0 and k := 0.
Step 1. Compute
Y1 = arg min Vv (k) y — yi) + 3Bpa (Yr,y) + ()}, (2.39)
and
9y (Yk+1) = =V m(yk) + 3[Voe(yr) — Voo (ye+1)] -
Step 2. If
€ M 3
IV 0 (Yes1) + o)l < = or Va2 (ye41) + 9y (Wrr1)ll < - llyess — 2%
(2.40)
set 27 = yp1 and stop.
Step 3. If
38Li /3:5 M
190,01 (1) + g ()| > —22 2, (2.41)
2M (5)

set xt = ypy1, a := 1, and stop.

Step 4. Set k:=k + 1, and go to Step 1.

Notice that the output of Algorithm 1 is a pair (z7,a). When o = 1, this means that
Algorithm 1 stopped at Step 3. In this case, by Lemma 2.7 we have a certificate that
M < 4Ly. The next theorem establishes a complexity bound for Algorithm 1.

Theorem 2.1 Suppose that f : R™ — R satisfies (2.2). Then, Algorithm 1 performs at
most

8 (7L 4
1+ log; (3 @ 362]\]\44) 5I7M64>

iterations. Moreover, if M > 4Ly, then Algorithm 1 returns a = 0 and z™m satisfying
IVf(zT) + gy(z™)| <eor (2.13).

Proof: Let {yk}f;j) be generated by Algorithm 1. Since yy11 was generated, this means
that Algorithm 1 have not stopped at the fth iteration. Consequently,

€
IV 2,01 (ye) + 9o (yo) | > = (2.42)

10



M .
IV (ye) + g (Wl > - llye — =, (2.43)
and s1 g
3 x. M x,M
IV ar (ye) + gu(yo)l|* < —"= 5 (2.44)
2M (&
(5)
Assume that )
3 (7LxM) /BxM —
ZZl—l—logm( ST et
In this case, by (2.44) we have
€ 4
1992 a0 (00) + 9w (w0l* < (5)
and so .
IV €%,01 (ye) + g ()l < = (2.45)

which contradicts (2.42). Thus, we must have

2M

38 (7L, )
5 < 1 + 10g1.2 < ( I7M) lBI?M 6_4> .

Now, let (2%, a) be the output of Algorithm 1, and assume that M > 4L;. In this
case, by Lemma 2.7 and Remark 2.1, Algorithm 1 must stop at Step 2, which gives a pair

(z7, ) with @ = 0 and =™ satisfying (2.13) or |V f(zT) + gy(z1)|| <e.

3 Basic Adaptive Third-Order Method

Now that we have a suitable solver for auxiliary problems of the form (2.12) we can

describe our basic adaptive third-order method to solve (2.1).

Algorithm 2
Step 0. Choose xzg € dom ), My, e > 0, and set t := 0.
Step 1. Find the smallest 4 > 0 such that 2:M; > 2M,.

Step 1.1. Apply Algorithm 1 to approximately minimize th,zth( -). Let (:L'ZZ, Qi)

be its output, and Vf(xzrl) = Vf(ﬂ::i) + gy(a];)-

Step 1.2. If oy ; =1, set ¢ := 7 + 1 and go back to Step 1.1.
Step 1.3. If HVf(x;)H <€, set xpq1 = iL‘:_Z and stop.

Step 1.4. If

= 1

flae) = flaf) = IV ) (3.1)

6 (27‘Mt)3
holds, set i =4 and go to Step 2. Otherwise, set ¢ := i+ 1 and go to Step 1.1.
Step 2. Set x4 = x:’ri, My =241 M;, t :==t+ 1 and go to Step 1.

11




If ¢ is sufficiently large we have '
2'My > 4Ly.

Thus, in view of Lemma 2.1 and Theorem 2.1, either ||V f(z;;)|| < € or (3.1) holds. The
next lemma gives an upper bound for {Mt}tT:O and also a bound for the total number of
executions of Algorithm 1 up to the T'th iteration of Algorithm 2.

Lemma 3.1 Suppose that f : R™ — R satisfies (2.2). Assume that {xt}fzo is generated
by Algorithm 2 with

V(i) >e i=0,....i and t=0,...,T. (3.2)

Then
My < My < max {2My, 4Ly}, (3.3)

fort=0,...,T. Moreover, the total number Et of executions of Algorithm 1 up to the
T'th iteration of Algorithm 2 is bounded as follows:

Er <2(T + 1) + logy (max {2My,4L}) — logy(Mp). (3.4)

Proof: First let us proof that (3.3) is true for ¢t = 0,...,T. Clearly, it is true for ¢t = 0.
Now, given t > 0, suppose that

2 My > 2max {2Mo, 4L} . (3.5)

Then, ‘
2~ 1My > max {2Mp, 4L}, (3.6)

and, by Theorem 2.1 and (3.2) we have

210,

o a1 — l® (3.7)

vamt,Qit_lMt (x;—’itfl) + gw<$?,_zt71>” S

In this case, using the convexity of f(-) it follows from (3.7) and Lemma 2.1 that

~ ~ 1 ~ 4
flae) = flafy, ) > mnvﬂxtzﬁl)nga

which contradicts the minimality of i;. Thus, (3.5) cannot be true, i.e.,
2 My < 2max {2Mo, 4L},
and so by Step 1 of Algorithm 2 we have
My < My =271 M; < max {2Mo, 4L},

that is, (3.3) also holds for ¢ > 1.
Now, notice that at the tth iteration of Algorithm 2, Algorithm 1 is executed at most
iy + 1 times. From M;,, = 2it=1 M, we have

’it —1= 10g2(Mt+1) — 10g2(Mt). (38)

12



Then, by (3.8) and (3.3) we have

T T

Br = > (ir+1)=> 2+logy(My1) — logy(My)
t=0 t=0

= 2T+ logy(Miyy) — logy(Mo)
< 2(T +1) + logy (max {2Mp, 4Ly }) — logy(Mo).

Thus, (3.4) is also true.
In what follows we will assume that

max ||z —z*|| < Ry € (0,400), (3.9)
z€L(x0)

where

Liwo) = {z €R" : f(z) < flw0) } .

Using (3.9) we can also bound the number of inner iterations at each execution of Algo-
rithm 1 in Algorithm 2.

Lemma 3.2 Suppose that f : R™ — R satisfies (2.2) and that (3.9) holds. Assume that
{xt};‘on is generated by Algorithm 2 with

Vi)l >e i=0,....i and t=0,...,T. (3.10)

Then, for each t € {0,...,T} and each i € {0,... i}, the computation of :U:'Z requires at
most .
3% (TLo)" Bo 4
Ol —_—
( 081.2 < 4M, €
iterations of Algorithm 1, where

2
48 \3 2
Lo = 4nL¢R3 + 2trace (V2 f (x9)) + 3max {2Mo, 4L} <J\48) G§, (3.11)
0

S

My 4 My
and . , L 3 ,
Go = max {||Vf(x0) |, 6% max {4Mo, 8L}7 (f(wo) ~ f(2*))F}. (3.13)
Proof: By Theorem 2.1, the computation of l‘;r ; requires at most
4
O log 38 (7L.’£t,2th) /th,2th 6_4
12 2(2¢ M) ’
where )
3(2' M, 96 \3 = 2
Lagains = troce (V@) + *C00 (20 I0fl? s

13



and

9% \5 - . M./ 96 \3 _ - }
Qth) IV f(zo)]I5 + 8t(, ) IV f(ze)]|3. (3.15)

1
Bai2iM, = 5tlrace (V2f(37t)) ( ST,
Regarding 2°M;, it follows from Step 1 and Lemma 3.1 that
2My < 2'My < 2" My = 2My41 < 2max {2Mp, 4L} . (3.16)

Thus, the computation of :):j ; Tequires at most

38 (7L, 20,) " Buyit, —
O <log1.2 ( ( t, 4]\22 ts te 4

It remains to show that L, 9ip, and B, 9ips, are bounded from above by Lo and S,
respectively. In view of (2.6) we have

V() = V2f(ar) = Vg, (e) + V20s4(21)
< Doy — 2ol + V2 $(wo) + D (w0t ~ ),

and so
trace (VQf(zt)) < nTLfHa:t — z0|? + trace (VQf(mo)) + trace (D3f(mo)[mt — o)) . (3.17)

On the other hand, by Lemma 3 in [21] we also have

L
D* f (o) e — wo] =V f (o) + -l — wol L,

which gives

trace (D? f(zo)[z¢ — x9]) < trace (V2f(330)) + nTLfH:ct — x| (3.18)

Thus, combining (3.17) and (3.18) we obtain

trace (V2 f(z¢)) nLyl|lz, — zo|* + 2trace (V2 f(z))

<
< nLy (e — ] + 2 — 2ol)? + 2trace (V2f(zo)
< 2nLy (|lz: — z*)? + ||lzo — :1:*||2) + 2trace (V2f(x0)) .

Since x¢ € L(zp), it follows from (3.9) that
trace (V2f(z¢)) < 4nLR§ + 2trace (V2 f(z)) . (3.19)

Now, suppose that ¢ > 1. By (3.1) we have



Thus, by Lemma 3.1, we get
~ l ~ ~ %
IV f(20)]|3 < 6max {4Mo, 8Lz} (f(x0) — f(2*)) (3.20)

and so . , Lo 3 ,
[V f(z)| <64 max{4Mo, 8Ly} (f(wo) — f(2"))* < Go, (3.21)

where G is given in (3.13). Finally, it follows from (3.14), (3.16), (3.19) and (3.21) that
Ly, 5iag, < Lo, while (3.15), (3.16), (3.19) and (3.20) imply that S,, 5, < fo-

Remark 3.1 From (3.11) and (3.12), it follows that Lo and By depend linearly on n,
the problem dimension. As we can see in (3.17), this dependence is due to the use of
trace (sz(x)) in the definitions of Ly pr and By ar at Step 0 of Algorithm 1. However,
looking at the proofs of Lemmas 2.6 and 2.7, it is clear that we could use ||V f(z)| instead
of trace (sz(:v)), which would yields Lo and By independent of n. In Algorithm 1, we
choose to use trace (V2f(x)) because it can be easily computed. Since Lo and [y appear
inside the logarithm in our iteration complexity bound for Algorithm 1, the dependence on
n is almost negligible.

Theorem 3.1 Suppose that f : R" — R satisfies (2.2) and that (3.9) holds. Given e > 0,
assume that {xt}tho is generated by Algorithm 2 with

mm{nvf(x;i)n,f(x;i)—f(x*)}ze, i=0,....0 and t=0,...,T.  (3.22)

Denote by m the first iteration number such that

f(m) — f(z*) < 6% (4max {2Mo,4L;} RJ), (3.23)

and assume that T' > m. Then,

1 f(z0) — f(z*)
m < 1+ 10g2 (%) 10g2 10g2 <63 (max {4]\407 8Lf} Ré)) (324)

and, for all k, m < k <T we have

. (42)3 max {4Mo,8Ls} R}

— f(a*) < 2
Consequently,
4
T < m+ 42max {4M,8Ls}5 Rie 3. (3.26)

Proof: By (3.22) and Steps 1 and 2 of Algorithm 2, we have

~ ~ 1 4

far) = f(@es1) =2 ———= [Vf(@s)|]s for k=0,....T - 1. (3:27)

6(2Myr)
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Since x4 € L(xg) for all k € {1,...,T — 1}, using the convexity of f(-), (3.9) and (3.3)
in (3.27) we get

) . 1 ; ) ?
Fan) = fan) = ————— (IVF@ea)lllpsn - 2*])°
6 (2My 11 RY)®
1 : 3
< ——— (fow) - f@n)°
6 (2My41R})®
1 . Y
= l(ka)_f(x*)>37 ]f:O, 7T_1
6 (2max {2Mo,4Ls} R3)®
(3.28)
Denote B R
xg) — f(a*
6% (2max {2My,4Ls} RY)
Then, it follows from (3.28) that
4
O = Ok+1>05,4, k=0,...,7—1 (3.30)

Thus, {5k}£:_01 satisfies condition (1.1) of Lemma 1.1 in [15] with power equal to 4/3. By
definition, m is the first iteration number such that (3.11) holds. This means that m is
the first iteration number for which d,, < 2. If m > 0, then §y > 2. Then, by inequality
(1.2) of Lemma 1.1 in [11] we obtain

m—1
m(2) < In(,, 1) < (i) In(do).

Rearranging the terms in this inequality and then taking the logarithm in both sides, we
conclude that (3.24) holds. Using d,, < 2, it follows from the inequality (1.3) of Lemma

1.1 in [15] that
3

1
3
S < 11—1_&

Now, replacing (3.29) in (3) we get

flax) = f(=) .7
6% (2max {2Mo,4Ls} R}) — (k—m)3

m<k<T,
which implies (3.25).
Finally, by (3.22) and (3.25) we have the inequality

~ ~ 3 max 4
< flan) - fla) « R OB,

from which we get the bound (3.26).
Combining (3.4) and (3.26) we have the following worst-case complexity result.

16



Corollary 3.1 Under the same assumptions of Theorem 3.1, let x741 = x; iy be the first
trial point generated by Algorithm 2 such that

min { [V F(@rin)ll, fl@r) - fla)} <e (3:31)
Then, the total number of executions of Algorithm 1 is bounded as follows
Er < 2(m+1)+ 84 max {4My, 8L} RIe 5 +log, (max {2Mo, 4L }) —logy(Mo), (3.32)
where m is bounded as in (3.24).

Remark 3.2 Let us refer to the iterations of Algorithm 1 by inner iterations. In view
of Corollary 3.1 and Lemma 3.2, Algorithm 2 needs at most O (Hogl.g(e)\e*% inner

iterations to generate T such that
min { V7 (@), f(z) - fla")} <e.

In fact, with a direct adaptation of the proof of Theorem 3.3 in [12], it can be shown that
an inner iteration complexity bound of the same order holds for the generation of T such
that |V f(Z)|| <.

4 Accelerated Adaptive Third-Order Method

The adaptive procedure used in Algorithm 2 can also be incorporated in accelerated third-
order methods (see, e.g., [13]). The next algorithm is an adaptive accelerated method
based on Algorithm 1.

Algorithm 3

Step 0. Choose z € dom1, My, e > 0, and define function ¢g(z) = ||z — 20| for
all x € dom. Set vg = xg9, Ag =0, and ¢t := 0.

Step 1. Find the smallest 4 > 0 such that 2 M; > 2M,.
Step 1.1. Compute the coefficient a;; > 0 by solving the equation

4 42 (At + at,i)g

.= - 4.1
a/t,Z 183 (ZZMt) ( )

Step 1.2. Set v;; = Ata%;“ and compute the vector
Zei = (1 = y,0) @ + V2,00 (4.2)

Step 1.3. Apply Algorithm 1 to approximately minimize ta,i,2th( -). Let (x:rz, Q)
be its output, and Vf(xfl) = Vf(x;) + gw(x;)

Step 1.4. If oy ; =1, set ¢ := 7+ 1 and go back to Step 1.1.

Step 1.5. If HVf(x;LZ)H <€, set xpq1 = xz’ri, and stop.

17



Step 1.6. If
- 1 ~ 4
(V) zei —al) > —— V()5 (4.3)
6(21Mt)3
holds, set 7, = ¢ and go to Step 2. Otherwise, set ¢ := i+ 1 and go to Step 1.1.
Step 2. Set x4 = :c;it, 2 = Ztq,, Ot = Qi and v = yi,. Define Ay = Ay + a4
and My = QitilMt.

Step 3. Define

or1(2) = pe(x) + ar [f(ze41) + (Vf(2e41), & — 2e41) +¥(x)], Vo € domp, (4.4)

and compute
Uy = arg min @iy (x). (4.5)
re€dom ¢

Step 4. Set t :=t+ 1, and go back to Step 1.

Lemma 4.1 Suppose that f : R™ — R satisfies (2.2). Assume that {Cb‘t}tT:o is generated
by Algorithm 3 with

V(i) >e i=0,....i and t=0,...,T.

Then
My < My < max {2My, 4Ly}, (4.6)

fort =0,...,T. Moreover, the total number Er of executions of Algorithm 1 up to the
T'th iteration of Algorithm 3 is bounded as follows:

Er <2(T + 1) + logy (max {2My,4L}) — logy(Mp). (4.7)

Proof: By Step 1 of Algorithm 3 and Theorem 2.1, the statements follow as in the proof
of Lemma 3.1.

Lemma 4.2 Suppose that f: R™ — R satisfies (2.2), and assume that {xt};‘rzo is gener-
ated by Algorithm 2. Then,

Apf(my) < pp = xergggl wwt(x), (4.8)

for allt € {0,...,T}.

Proof: By the equality Ay = 0 and the definition of ¢g( ), we have

Aof(zo) =0 = xergggwcpo(w),

that is, (4.8) is true for ¢ = 0. Assume that (4.8) is true for some ¢t € {0,...,7 — 1}. Since
©t(+) is uniformly convex of degree 4 with parameter 1/4, by the induction assumption
we have

.1 . 1
pu(x) 2 i + gglle - vil|* > A f () + 6l - vl (4.9)
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Then, combining (4.4) and (4.9) we get

Pl = merélgr%w {ou(2) + ar [f(@es1) + (V1) 2 — 241) + ¢ (2)]}
> min {Atf(xt) + Tl6”$ —vgl|* @ [f(@e41) + (Vf (@e41), 7 — 2op1) + 1?(@]}
(4.10)
Using the convexity of f(-), we have
Af(w) = Acf (i) + (Vf(mi41), Aswe — Aigga). (4.11)

Moreover, since gy (2i41) € 09 (z441) we also have
Y() = Y(@e41) + (Gy(Te41), T — Tes1),

which gives

ac [f(@ee1) + (VF (@), = 201) + 0(@)] = ap | f(we01) + (V(@en1), 2 — l’t+1>] :
(4.12)
Thus, using (4.11), (4.12) and A1 = Ay + a¢ in (4.10), it follows that

* : r 3 1
${41 > min {At+1f(93t+1) + (Vf(zt+1), Aert — Ae1 + @z — 1) + EHJU - Ut\|4} :

r€dom
(4.13)
By (4.2) and the definitions of 74 and Ay, we have
a¢ At Q¢
2t ( ’Yt)mt + YVt ( At T at> Tt + At n Y V¢ At+1 Tt + At+1 Vt
Consequently
App1ze = Agxy + aguy,
which gives
Ay = A1zt — agvg.
Thus,
Az — Ay + g — agwg1 = Ayry — A1 + o
A1zt — apvp — A1 i1 +
= At+1(zt — xt+1) + at(:n — Ut). (4.14)

Now, combining (4.13), (4.14) and (4.3), it follows that

_ _ 1
Oip1 = Avaf(zeg) + ,ain {At+1<vf(xt+1)a 2t — Tp41) + a(Vf(2e1), 2 — o) + —|lo — Ut|4}

~ . A ~ 4 = 1
> Apaf(re) + min {1V (@) 15+ a(V (@), 2 — o) + —[lo —v]|*
redom v 6 (ZZtMt)fg
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By Lemma 2 in [22] with p =4, s = atVf(le) and o = 1/4, we have
e 1 4 3 1 % r 4
ar(V f(wep1), 2 —ve) + EHOC —ult 2 (7 ) 4Ead V()]
3 4 ~ 4
— () dIviel
43

Thus,

. A T ; !
min {6(m|’Vf(1;t+1)|’§ + at<Vf(xt+1),l‘ — Ut) + EHSE — Ut”4}

r€dom 1) ZitMt)%
A ~23.5| 1V F 5
> ‘t+1 T+ —4733a] | [V f(zi41)]]3
6(2ZtMt>3
Ai+a ~2, % F 3
> (15‘7’5)1_4 33a | |V f(zes1)]3
6(2”Mt>3
. (4.16)

where the last equality follows from (4.1). Finally, combining (4.15) and (4.16), we con-
clude that

Ci1 > A f(we41),
that is, (4.8) is true for ¢ + 1.

Lemma 4.3 Let {l’t}tT:o be generated by Algorithm 3. Then, for allt € {0,...,T},

~ 1
or(z) < Auf(z) + ZHx — a:0H4, Vr € R”.

Proof: It follows by induction as in the proof of Lemma 3.2 in [14].
Now, combining Lemmas 4.1, 4.2 and 4.3 we can establish the rate of convergence of
Algorithm 3.

Theorem 4.1 Suppose that f : R™ — R satisfies (2.2). Assume that {xt}thg, with T > 2,
is generated by Algorithm 8 with

min{||vf(a;;;)|y,f(a:t)—f(x*)}>e, i=0,....0 and t=0,...,T.  (4.17)

Then
183 max {4Mo, 8L} |lzo — =*||*
13
271 (t—1)4

fla) = f(z") < , Vte{2,....T}. (4.18)

Consequently,
16 3 1 1
T<1+ () [181 max {4Mo, 8L} [lzg — z*[|] € 1. (4.19)
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Proof: By Lemmas 4.2 and 4.3, for t € {0,...,T} we have
. . 1
Af(wn) < of < Af(a) + 4l = wol*.

Consequently, for t € {1,...,T},

Flan ~ flaty < Bl (4.20
By (4.1) and (4.6) we also have
at 412;% + a)® _ ;lei”H > 42 .
(2% My) 183(2M;41) — 183 max {4My,8L¢}
Since a; = A1 — Ay, it follows that
42 i
Attr — 4 2 (183 max {4 Mo, 8Lf}> A (4.21)
Let us denote 159 ma {4Mo, 8L}
B, = LA, (4.22)
Then, by (4.21) we have
Byt — By > Bi,. (4.23)

Since By = 0, it follows from (4.23) that B; > 1. Thus, by Lemma A.4 in [14] (with
a = 3/4), we obtain

By

Vv
—~
—_
|
R
~—
—
—~
~
|
—_
~—
-
|
o}

_ <i> G)] (t—1)% Vie{2,....T).

Now, in view of (4.22), it follows that

42 21
Ay > (t—1)t =
183 max {4 My, 8L} 24 18% max {4Mo, 8Ly}

(t—1)*% Vte{2,...,T}.

(4.24)
Then, combining (4.20) and (4.24) we get (4.18). Finally, it follows from (4.17) and (4.18)

that S max { } o — 2]
~ ~ 18° max {4Mj, 8L rg—x*
e < flar) = f(z*) < b
23 (T —1)4

which implies (4.19).
Combining (4.7) and (4.19), we have the following worst-case complexity result.
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Corollary 4.1 Under the same assumptions of Theorem 4.1, let x741 = x; iy be the first
trial point generated by Algorithm 3 such that

min { |V F(@rsn)ll, fl@r) - fla)} <e (4.25)

Then, the total number of executions of Algorithm 1 is bounded as follows

13

I\ .2 1 1
Epr <442 <2> {184 max {4Mo, 8L} 1 ||z — x*H] € i+logy (max {2My, 4L })—log,(Mo).
(4.26)

In what follows we will assume that for all z € dom 1,

19 ()] < Ly Vgu(z) € 09(2). (4.27)

The following lemma gives an upper bound for the number of iterations required at each
execution of Algorithm 1 as inner solver in Algorithm 3.

Lemma 4.4 Suppose that f : R" — R satisfies (2.2) and that (3.9) and (4.27) hold.
Assume that {xt}fzo is generated by Algorithm 8 with

V(i) >e i=0,....i and t=0,...,T. (4.28)

Then, for each t € {0,...,T} and each i € {0,...,i;}, the computation of xzrl requires at
most

~\4 4~
ol 38 (7L0) Bo
o) —— 7 ¢
81.2 AM,
iterations of Algorithm 1, where
2
Lo = 20nL;R§ + 2trace (V? f(x0)) + 3max {2Mo, 4L} ) G (4.29)
0
2 4
5 48 \3 ~2  max{2My,4Ls} (48 \3 .4
Bo = (10nL ;R + trace (V? f(x0))) (J\/fo) G§ + 1 A G§, (4.30)
and 5 )
5 4 Ly s 2 i 3 2
Go = — Ry + 4V f(z0) [ Ro + o [ D”f (o) g + Ly, (4.31)

with Ry given in (3.9) and Ly, given in (4.27).

Proof: By Theorem 2.1, the computation of xj ; requires at most

4
8 ) )
3 (7th,i72lMt) /th,i,2ZMt

1 : —4
where )
3(21 M, 96 \3 - 2
Loy, = e (V2f)) + 200 (0 ) IVl
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and

2 . 4
1 96 \3 ~ 2 2'M, 9 3 ~ 4
Buvsaian, = ytrace (10) (i ) 197l + 250 (20) " 197Gl
(4.33)
It follows from Step 1 of Algorithm 3 and Lemma 4.1 that
2Mo < 2°M; < 2" My = 2My4q < 2max {2Mo, 4L} . (4.34)

Thus, the computation of a::r ; Tequires at most

4
3° (7L2t,i72th) th,i,Qth
O | log AM, €

—4

Now, it is enough to show that L, . 9ip7, and 3, , 5ips, are bounded from above by Ly and

By, respectively. In view of (2.6) we have
V2 f(20) = V2f(210) = VOsuy(21) + Vs (211)

L
“leri = ol + V(o) + D/ (wo) 20 — @,

IA

and so

trace (V2f(zm-)) < nTLf |20 —20||* +trace (VQf(xo)) +trace (D3f(x0)[zt7i — o)) . (4.35)

On the other hand, by Lemma 3 in [21] we also have
3 2 Ly 2
D7 f(zo)[zti — o] = V= f(wo) + - ll2s — 2ol
which gives
3 2 nlLy 2
trace (D° f(z0)[21,; — wo]) < trace (V> f(z0)) + THzm — xol|*. (4.36)

Thus, combining (4.35) and (4.36) we obtain

trace (VQf(ztyi)) < nLg|z; — wol|* + 2trace (V2f(xo))
< nLy (o — 2] + 2 — moll)? + 2race (V2f(z0))
< 2nLys (||lze; — 2*||* + ||mo — 2¥||%) + 2trace (V2 f(x0)) . (4.37)

By (4.2) we have

lztg — 2% = [[(1=y0)ze +yeive — (1= v0) " — vz
< (I =ya)llwe — 2| + yelloe — 2|
<l — 2]+ log — 27, (4.38)
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where the last inequality is due to y; € (0,1]. Since () is uniformly convex of degree
4 with parameter 1/4, by Lemmas 4.2 and 4.3 we also have

1 . 1 . . 1
T6/lve = ||t + Acf () < 16l = 2"+ of < i) < Acf(x) + 2z - ol *.

In particular, for x = x* it follows that

1 * 3 F(o% 1 *
el = 271t + A(F (o) = F(27) < 112" — o],

and so .
vr — || < 41f|zo — 2™ < 2f|zo — 27| (4.39)

Moreover, by Lemmas 4.2 and 4.3 we also have
Aif(xr) < of < pilwo) < Arf(wo).

Consequently, z: € L(x¢), and by (3.9) we get

|z — 2*|| < Ro. (4.40)
Thus, combining (4.38)-(4.40) and (3.9) it follows that

|zt — 2™ < 3Ry. (4.41)
Then, by (4.37), (4.41) and (3.9) we obtain

trace (V2f(zt,i)) < 20nL;R3 + 2trace (VQf(mo)) (4.42)

Moreover, by (2.5), (4.41) and (3.9) we have

IVl = IVFi) = V®aq (ze0) | + IV P (220)
L 1
< gf\lzlzi = aol* + [V £ (zo)llllzs = woll + SID*f (o) l121.: — ol
43Ly

42
< Ry + 4|V f (o) || Ro + 5\|D3f(x0)||R§.

6
Thus, by (4.27) and (4.31) we get

IV F(ze0)|l < Go. (4.43)

Finally, it follows from (4.32), (4.42), (4.43) and (4.29) that L,  5ip, < Lo, while (4.33),
(4.42), (4.43) and (4.30) imply that 8., , sia, < Po-

Remark 4.1 In view of Corollary 4.1 and Lemma 4.4, to generate an e-approximate
minimizer of f(-), Algorithm 8 needs at most O (| 10g1.2(6)|67i) iterations of Algorithm
1.
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5 Illustrative Numerical Results

To investigate the effectiveness of our new adaptive strategy, we tested a MATLAB im-
plementation of Algorithm 2. We applied the corresponding code to smooth logistic
regression problems of the form

f: [b( ) log(m

=1

— @) log(1 —my(a)) |,

(@) + (1

min f(z
reRn+1

where {(a(i),b(i))}zl C R x {0,1} is the dataset (with agl) =1fori=1,...,m)
mg(a) =1/ (14 e*<a’“>), and log( - ) denotes the natural logarithm. Three datasets from
[8] were considered. For each of them we used the starting point xg = [11 ... 1T, the
parameter My = 1 and the stopping criterion |V f(xy)|| < €. The results are presented in
Tables 1, 2 and 3, where “IT” represents the number of outer iterations (i.e., iterations of
Algorithm 2), “CO” represents the number of calls of the oracle!, “BGM-E” represents
the number of executions of Algorithm 1, “BGM-IT” represents the total number of inner

iterations (i.e., iterations of Algorithm 1), and “BGM-A” represents the average number

of inner iterations per execution of Algorithm 1.

e |IT | CO|BGM-E | BGM-IT | BGM-A
1072 | 42 | 252 83 469 5.6506
1074 | 42 | 252 83 491 5.9156
1076 | 43 | 256 84 496 5.9048
1078 | 43 | 256 85 520 6.1905

Table 1: Results for the dataset Diabetes [9] (n = 8 and m = 768)

e |IT|CO|BGM-E | BGM-IT | BGM-A
1072] 4 ] 20 5 62 12.4000
100°%] 4 ] 20 5 84 16.8000
10| 5 | 20 5 108 21.6000
1078 | 5 | 24 6 102 17.0000

Table 2: Results for the dataset Phishing [1] (n = 9 and m = 1353)
€ IT | CO | BGM-E | BGM-IT | BGM-A
1072 | 59 | 239 60 258 4.3000
1074 | 125 | 503 126 522 4.1428
1076 | 411 | 1647 412 1666 4.0437
1078 | 1731 | 6927 | 1732 6946 4.0104

Table 3: Results for the dataset Ionosphere [24] (n = 34 and m = 351)

IEach call of the oracle corresponds to either one function evaluation or one (high-order) derivative evaluation.
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As we can see, the new adaptive scheme is able to find approximate stationary points
with efficiency as predicted by the theory. Moreover, the average number of inner itera-
tions required to compute a suitable trial point is usually small.

6 Second-order Implementations

In our adaptive third-order methods, third-order information about f(-) is only required
for the computation of the gradients

VO uly) = V() + V@) - 2) + S D@l — o+ 5y — 2l — ), (6)

which are used in the inner solver (Algorithm 2). Notice that, inequality (2.5) can be
rewritten as

1 L n
IVf(y) = V() = V() (y —z) - §D3f(93)[y —a]?| < ?T{Hy —z|®  Vr,yeR™
In particular, for any A € R™ and 7 > 0, we have

L
< 5 lnl?

7_2
'Vf(m +7h) = Vf(z) —tV2f(x)h — §D3f(x)[h]2

and

7_2
V5= 7 = V1) + 7O = GO @ < I

Combining these two inequalities, it follows that
L
IV f(x +7h) + Vf(x —h) =2V f(x) — 2D’ f(z)[h]?] < ng?’HhH?’,

and so we can approximate D3 f(x)[h]? by the vector
_ Vf(x+7h)+Vf(z—71h) -2V f(z)

T, (h) p (6.2)
with an error bounded as follows:
L
|7-(h) = D (@) < Z-rnlf
Thus, by replacing D3 f(x)[y — x]? in (6.1) by T, (y — ), we obtain the vector
1 M
grni(y) = V(@) + V(@) y —2) + Ty —2) + Sy —alP(y—2),  (63)

which approximates V€ y(y) with an error bound

L
9,012 (0) = Vs ()] < oy — 2.

Since gz am,7( ) defined in (6.3) depends only on first and second-order information about
f(+), this remark opens the possibility for the development of second-order implementa-
tions of our third-order methods. As shown in [20], with a carefull choice of 7, it is indeed
possible to obtain this type of second-order scheme preserving the global convergence rate
of the original third-order method. However, the choice for 7 in [20] requires the knowl-
edge of the Lipschitz constant L;. Therefore, the development of adaptive strategies in
this context remains a very interesting open question.
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7 Conclusion

In this paper we presented adaptive third-order methods for composite convex optimiza-
tion problems in which the smooth part is a three-times continuously differentiable func-
tion with Lipschitz continuous third-order derivatives. Trial points are computed using a
Bregman gradient method as inner solver. Our adaptive procedure to update the regu-
larization parameters in the third-order tensor models take into account the complexity
of minimizing these models. When the regularization parameter is sufficiently large, the
inner solver is guaranteed to find a suitable approximate stationary point of the model
within O (]log(e)|) iterations. Thus, once a slow convergence rate is detected, the execu-
tion of the inner solver is stopped and the regularization parameter is increased. Using this
strategy we obtained a basic adaptive third-order method that finds an e-approximate min-

imizer of the objective function performing at most O <| log(€) |e_%> iterations of the inner
solver. We also obtained an accelerated adaptive third-order method with an improved
complexity bound of O <| log(€) |67i) inner iterations. Preliminary numerical experiments

illustrated the effectiveness of our new adaptive technique.
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