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ABSTRACT. The mathematical program with switching constraints (MPSC)
is a kind of problems with disjunctive constraints. The existing convergence
results cannot directly be applied to this kind of problem since the required con-
straint qualifications for ensuring the convergence are very likely to fail. In this
paper, we apply the augmented Lagrangian method (ALM) to solve the MPSC
and an application of the MPSC (i.e., the either-or-constrained program). We
show that, under the MPSC relaxed constant positive linear dependent condi-
tion recently proposed in the literature, the feasible accumulation points of the
iterates generated by the ALM are guaranteed to be strongly stationary if the
multiplier sequence is bounded. When the multiplier sequence is unbounded,
the feasible accumulation points are weakly stationary if MPSC linear indepen-
dence constraint qualification holds. Some numerical experiments are conduct-
ed and compared with the recently proposed relaxation method. The numerical
results demonstrate the effectiveness of the ALM and show that ALM can find
better solutions than the relaxation method.

4 1. Introduction. The mathematical program with switching constraints (MPSC)
5 considered in this paper is of the form

’ (1)
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2 LEI GUO GAO-XI LI AND XINMIN YANG

where all functions f, g1,...,9m, h1,..., hp, G1,...,Gy, Hy,...,H;: R® — R are
assumed to be continuously differentiable. For simplicity, we let g = (g1,...,9m) ",
h = (hi,....hp)", G = (Gy,...,G))", and H = (Hy,...,H;)". Let X denote
the feasible region of problem (1). The last [ constraints in X force either G(x)
or Hi(x) to be zero. We call z € X a degenerate feasible point if there exists ¢g
such that G, (z) = Hy,(x) = 0. For such degenerate feasible points, the standard
linear independence constraint qualification and Mangasarian-Fromovitz constraint
qualification (MFCQ) fail [8, Lemma 4.1]. Moreover, the tangent cone to X at a
degenerate feasible point is generally nonconvex but the linearized tangent cone is
convex. Thus, the standard Abadie constraint qualification fails at a degenerate
feasible point.

The constraint structure of the MPSC is highly related with the mathematical
program with complementarity constraints and mathematical program with van-
ishing constraints which have been widely studied in the literature [17, 15, 10,
12, 1, 6, 16, 5]. Recently, Mehlitz [8] proposed several stationarity concepts such
as weak-stationarity, Mordukhovich (M-) stationarity, and strong (S-) stationarity
for the MPSC (1), and for ensuring these stationary conditions to hold at opti-
mum, then proposed some MPSC tailored constraint qualifications such as MPSC
Mangasarian-Fromovitz constraint qualification, MPSC linear independence con-
straint qualification (MPSC LICQ), MPSC Abadie constraint qualification, and
MPSC Guignard constraint qualification. Liang and Ye [13] consider the optimality
conditions and exact penalty for this problem. Based on the theoretical findings
in [8], a relaxation method for solving MPSC was proposed in [9] and second-order
optimality conditions for MPSC were investigated in [14]. More recently, Li and
Guo [11] further extended the weaker verifiable constraint qualifications for stan-
dard nonlinear programming to the MPSC (1) and discussed the relations among
all the MPSC constraint qualifications.

This rest of the paper is organized as follows. In Section 2 we recall some basic
concepts for the MPSC. In Section 3 we present the convergence results of the ALM
for solving the MPSC. In Section 4, some numerical results are reported.

2. Preliminaries. The used notation is standard as in the literature. We let || - ||
denote the Euclidean norm and || - ||, the infinite norm. Denote [v]; as the ith
component of the vector v. If there is no possibility of confusion we may also use
the notation v;. We denote by o the Hadamard product (i.e., the componentwise
product of two vectors).

In order to facilitate the notation, we define some index sets which depend on a
feasible point z* € X:

Ly ={1,...,p}, Iy :={i € {1,...,m} : gi(z*) = O},
IE ={t e {l,...,1} : Gi(z*) = 0 A Hy(x*) # 0}, (2)
IH ={te{l,...,l} : Gi(z*) # 0N Hi(z*) = 0},
Ty ={te{l,....l} : Gy(a*) = 0N Hy(z*) =0},
Note that {Z%,Z};,Z¢y; } is a disjoint partition of {1,...,{}. The MPSC Lagrangian
function of problem (1) is defined by

Lapsc(®, Mg, Ans Aas Ar) i= f(x) + g(2) " Ag + h(z) " A + G(2) " Ag + H(z) " Ap.

We recall some stationarity concepts of the MPSC (1) and some constraint qual-
ifications [8, 11].
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ALM FOR MPSC 3
Definition 2.1. Let z* € X. We say that * is W-stationary to problem (1) if
there exist multipliers (A\g, An, Ag, Ar) € R™ x RP x R! x R! such that

VaeLypsc(x*, Ag, Any Mg, Am) = 0, (3)
Ag >0, g(x*) Ay =0, Agli =0, i €T}, Au)i =0, i € T}

We say that =* is M-stationary to problem (1) if there exists multipliers (Ag, A, Ag, Am) €

R™ x RP x R! x R! satisfying (3) and
[Ag]i[)\H]i =0, 1€ IZ‘H' (4)

We say that z* is S-stationary to (1) if there exists multipliers (Ag, An, Aq, Ar) €
R™ x R? x R! x R! satisfying (3) and

[Agli =0 and [Ag]; =0, i € TSy (5)

Definition 2.2. Let 2* € X. We say that MPSC LICQ holds at x* if the following
gradients are linearly independent:
€L reTLULE
(¥ ok * *\ . g G GH
{Vgl(a: ), Vh;(z*), VG ("), VH(x") : jeTnteTh UThy }
Definition 2.3. Let z* € X and I} C 7}, I C I, I3 C I}, be index sets such that
G(xz*; I, I, I3) is a basis for span G(z*;Zy,,Z5,Z5;). We say that MPSC RCPLD
holds at x* iff there exists 6 > 0 such that
— G(x; Iy, I, T5;) has the same rank for each x € Bs(x*);
— for each Iy C T3, I5, Is C Iy, if there exist {Ag, An, Ag, Am} with [Ag]; > 0
for each i € I and [Ag|i[Au]; = 0 for each i € T}y, not all zero, such that

D DliVeia) + Y Dl Vi) + Y el VG ()
i€y jel relaUls
+ Y PalVH(z") =0, (6)
telz3Ulg
then for any = € Bs(z*), the vectors {Vyg,;(x) : i € I}, {Vh;(z) : j € I},
{VG,(z):r€ I, UIs}, {VH(x) : t € I3U I} are linearly dependent.
Here G(x; 11, Iz, I3) is a set of gradients defined by

g(x;]l,lg,lg) = {Vh](x),VGT(x),VHt(x) rjeli,relste 13}
It is obvious that MPSC LICQ is stronger than MPSC RCPLD (see, e.g.,[11]).

3. Augmented Lagrangian method. In this section, we first present the con-
vergence of the ALM for solving the MPSC (1) and then apply the convergence
results to either-or-constrained programs.

3.1. Augmented Lagrangian method for the MPSC. In this section we apply
the safeguarded ALM for nonlinear programming problems proposed in [2] to solve
the MPSC (1) and then investigate its convergence. In general, constraint qualifi-
cations such as the RCPLD for ensuring the convergence of the safeguarded ALM
imply that the tangent cone of the considered nonlinear programming problems are
convex. Thus, the existing convergence results cannot be expected to be valid for
the MPSC (1) due to that the tangent cone of the feasible region of the MPSC (1)
is generally nonconvex. An independent analysis of the MPSC (1) is needed that
takes into account the problem structure.
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4 LEI GUO GAO-XI LI AND XINMIN YANG

The usual Lagrangian function of the MPSC (1) is defined as
L(x, pig, s p10) = f(2) + g() " g + h(x) " + (G () 0 H()) " po,

and the augmented Lagrangian function is defined as
1
Lo(@, g, s 1o) := f(z) + %(”ﬂh + ph(@)|I” + llpo + p(G(x) 0 H(x))|?

+[ max{0, g + pg(x) )
In the following, we apply the safeguarded ALM for nonlinear programming
problems proposed in [2] to solve the MPSC (1).

~min ~min

Algorithm 3.1. Choose parameters fig"** > 0, g™ and ;" such that g™ <
pEnax - iin and glex such that gt < gmex po > 0, 6 € [0,1), and o > 1. Set
k=0.
Step 1. Let [fglf € [0,7g™], j = 1,...om, [} € [A™, A=, i = 1,...,p, and
aol® € [pim, a2, i = 1,...,1. (For k > 0, the typical option is to take
2 J MO /‘I‘O
(fk, iy, i) as the Euclidean projection of (uf, uff, uf;) onto the box @7~ [0, ] x

~min 5max l ~min ;max
le[ﬂh SRR ] X @ g™, 1))

Compute z**! as a stationary point of the unconstrained optimization
problem
min Ly, (z, fig, iy, fi5)- (7)
Step 2. Set
P = i+ PR, = 4 AG) 0 B, ®)
py T = max{0, fig + p*g(z" )}, 7 = min{pg T, —g(2" )}, 9)
and

A = max{|[A(a" ) |oo, |G (1) 0 H (25|, 75 [loo }-

Step 3. If k = 0 or B+ < 0B, select any pri1 = pr. Otherwise select pji1 = o pi.
Adjust k£ by 1, and go to Step 1.

Before giving the convergence results of Algorithm 3.1, we recall two Lemmas.

Lemma 3.1. [3, Lemma 1] Let 0 # = = 377 av;, where {v1,. .., v} is linearly
independent. Then there exist 7 C {m+1,...,m+p} and &;, i € {1,...,m}UJT,
such that x = Zie{l,...,m}uj a;v; with a;a; > 0 for every i € J and {v; : i €
{1,...,m}UJ} is linearly independent.

Lemma 3.2. [7, Lemma 3.1] Let f : R® — R and h : R® — R! be differentiable
in some neighborhood of T € R™, with their derivatives being continuous at T. Let

{x*} C R™ be a sequence which converges to T. Assume that Vh(z) is full of row
rank and the following

APV f(xF) — (Vh(z?)TAF = w”
holds for some o € R, \F € R!, and w* € R™ for all k.

If o, — @ and {wk} — 0 as k — oo, then there exists a unique A\ € R* such that
{A\} = X as k — co and

avf(z) — (Vhz) "X =0.
In particular, if @ =0, then {\F} — 0.
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ALM FOR MPSC 5

We next give the convergence of the sequence generated by Algorithm 3.1.

Theorem 3.3. Let {x*} C R™ be a sequence generated by Algorithm 3.1 and let
¥ € R™ be an accumulation point. Suppose that the sequence {uf} generated by
Algorithm 3.1 has a bounded subsequence such that the corresponding subsequence

of {x*} converges to x*. If x* is feasible to the MPSC (1) and MPSC-RCPLD holds
at z*, then x* is an S-stationary point of the MPSC (1).

Proof. According to Step 1 and Step 2 in Algorithm 3.1, it follows that

P

)+ (Vg (@) + > [uk]i Vhi(ab)
=1 i=1
l

l
+ D (k)i Hi(2*)VGi(a) + ) [ulliGi(2*)VH (") = 0, py > 0.(10)
i=1

i=1
Let
MG = o H(z"), Ny = g 0 G(a%), Xy = pg, Ay = p. (11)
Then (10) becomes

Vf(z*) +

Ms

AV gi(x +Z>\th

=

l
2) + > NliVH (%) =0, pf > 0. (12)
1 i=1

+

'Fﬁ“ )
ax

K2

By a simple arrangement, it follows that

Vf(zk) + w* + Z [)\g]ngi(:Ek) + i[)\ﬁ}ivm(:ﬂk)

€Ly

+ ) NELVGH(aF) + Y Wy VH; (o) = 0. (13)

eIy, i€y,
where

who= > DMVaEN+ Y DEVGIEN+ Y DELVH(Y).
i€{l,....m}I\Z¢ 1€ETHUTY 1€ETEUTE
(14)
We now show that {w*} converges to 0 as k € K,k — co. By the assumptions,
we assume that K7 C {1,2,...... } is a subsequence such that {u*|k € K} con-
verges to fi, and ¥ — 2* as k € K1,k — oo. It then follows from the first two
conditions of (11) that

{[/\](C}]IEUZEH“C S Kl} — 0, {[)\%]IEUIEHUC S Kl} — 0, as k — oo. (15)

Let us prove that {[)\};]{17___,7"}\&% € K1} — 0 as k — oo. We consider two cases:
{pk} is bounded; and {py} is unbounded. In the first case, from the implementation
process of Algorithm 3.1, it follows that {3*} converges to 0 as k — co. Thus, we
readily have that 7% — 0 as k — oo, which suggests the derived result immediately.
In the second case, if i ¢ T¢, then g;(z*) < 0 and hence g;(z*) < —e for some
positive € for all sufficiently large k. By the boundedness of {,ug} and the definition
of [A,]¥, it is easy to verify that [A\j]¥ = 0 when k € K; is sufficiently large.
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6 LEI GUO GAO-XI LI AND XINMIN YANG

Let Iy C Iy, Io C Zf, and Is C Z}; be index sets such that G(z*, I, I, I3) is a
basis for span G(z*, Zy, L, Z};). Since MPSC-RCPLD holds at z*, by the definition,
there is a constant § > 0 such that the rank of G(x, 7,2, Z};) is constant for each
x € Bs(x*). Thus G(2*, 11,15, I3) is a basis for span G(z*,T,, 7%, Z5) for all k
sufficiently large. By this fact and (13), there exists 5\’2, 5\2, and 5\721 such that

wh + V") + > V) + > ARV
ZEI* 1€l
+ ) NELVGi(®) + D N VH (%) = 0. (16)
i€l i€ls
When w* + Vf(z¥) = 0 on some subsequence Ky C K, it is easy to verify that
Vf(x*) = 0 which suggests that z* is an S-stationary point.
From now on, we assume that w* + Vf(z*) # 0 all k € K; sufficiently large.
Then applying Lemma 3.1 to (16) yields that there exist If C Z* and AF > 0, A},
AL, and A% such that

wh + V) + ) NV (k) + DN Vhi(aF)
iel} 1€l
+ ) PELVGi(ah) + ) [Nl VHi(2F) =0, (17)
i€l i€l3
and the vectors {Vg;(a*) : i € If}, {Vh;(@¥) : j € I}, {VG.(a*) : r € L},
{VH,(z*) : t € I3} are linearly independent for all k sufficiently large. Without

loss of generality, we assume that I} = I,. S B
Applying Lemma 3.2 with oy, = 1 to (17), there exists Ay, A, Ay and A} such

that
)+ > [NliVai(a®) + DN Vhi(
1€y ielq
+ Y NGLiVGi(a®) + > I\l VHi(z*) =0,
i€l i€ls
which together with the facts that I, C I; I, C1f, I3 C 17 implies that x* is an
S-stationary point. O

Theorem 3.4. Let {x*} C R™ be a sequence generated by Algorithm 3.1 and let
x* be an accumulation point. Suppose that the sequence {||uk||} converges to co as
k — oco. If z* is feasible to the MPSC (1) and MPSC-LICQ holds at x*, then x* is
a W-stationary point of the MPSC (1).

Proof. We assume without loss of generality that {z*} converges to z* for some
subsequence K C {1,2,...... } and G(z*) = 0 (this can be achieved by moving the
nonzero components of G to H and the corresponding zero components of H to G).
It is easy to check from (2) that

{ie{l,..,1} | Hi(z*) =0} =Ty, (18)
{ie{1,...,1} | Hi(z*) # 0} = I¢,
and {Zf,Z{ ) is a disjoint partition of {1,...,l}. According to the proof of Theo-
rem 3.3, the equation (12) still holds true.

We first consider the case when {pj} is bounded. It then follows from (8) and
(9) that {ufk € K}, {uflk € K},{uklk € K} are bounded. Without loss of
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ALM FOR MPSC 7

generality, we assume that they converges to {u;}, {ug}, {1} respectively. Since

{uk} is bounded, from the first two conditions of (11), the relation (15) holds.
Moreover, from the implementation process of Algorithm 3.1, it follows that {3}
converges to 0 as k — oco. Thus, we readily have that h(z*) — 0, G(z%) o H(2*) —
0 and 7% — 0 as K — oo. These facts suggest that x* is a feasible point and
min{u;, —g(z*)} = 0. Thus taking a limit in (12) implies that x* is an S-stationary
point.

From now on, we consider the case when p* — co. For convenience, we let

oo = {i€{l,.... 0} | |[uf)i| = o0, as k€ K, k — oo} .

According to the first condition of (9) and the third condition of (11), we readily
have that for all k£ € K large enough,

It then follows from the fact that Z5 UZS, = {1,...,1} and (12) that

0=V + Y MiVaia®) + Z[Aﬁ]Nhi(rk) + > PELVH(2")

i€Ly 1€TS
+ )0 DELVGIER) + D DELVGi(R) + DN VH (2F). (19)
€Tty i€Ty, i€Ty,

In order to apply Lemma 3.2, we need to show that [A%]; — 0 as k € K,k — oo
for all i € Zf,. First following from the second condition of (11), it is easy to verify
that

Nilzaz., =0, ask € K,k — oc.

Let Ty := {i € It N Too|[MNy]i — 0 as k € K,k — oo} and Z§ = Z5 N Zoo\Zp. Let
Z§ # 0. We can find € > 0 and an infinite set K3 C K such that

IINEJil > €, i €T8 ke K.

Let j € Z§. According to the second condition of (8), it follows that

18] kN ok g1
= G;(z")H;(z") + —0, as ke K1,k — o (20)
Pk—1 Pk—1

where the limit follows from the fact that Gj(z*) = 0 and the boundedness of
{EE=1}. Tt is not hard to see that for all i € Z,

k—1 k17,
&—%Gi(mk)f[i(xk) =1- ['szg]i]l =1, as k = o0 (21)

where the equality follows from the second condition of (8). By (11) and (21), we
have

pkil[)‘%}j _ pkilGj(xk) (1 N [ﬁgil]j)/Hj(xk) N

P as k — oo, (22)

Hj(z*)
This immediately implies that

(o253
T )

, as k — 00. (23)
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Moreover, from (21) and the first two conditions of (11) it is easy to verify that

ph1

()3

It then follows from (23) and (24) that

SNEAE] = 1> 0as k — oo (24)

s [NEls
PPN

2/, %
— Hj(z") >0 as k — oo.

This together with (20) implies that

N
RYIR

—0as ke Ky, k— oco.

Clearly, it follows that {[\&],|k € K1} — oo as k — co. Thus, we have

1A )z | _ X
(N 1z > NSz Nz AG Nz, )~ ITAG Dzl

Dividing (19) by H(P‘Z]IS’ Az, [)\E]I; s A& [Mif)zz,, )|l and applying Lemma 3.2
for k € K7 with

— 0.

1 k Ziezg; [Ni)iV Hi(%)

A = wo =

1Nz (AR s [Nz s A Nz )N I(NE] 2, (AR )z [Nz s A [Nz

Since aj — 0 and w* — 0, we obtain that

(N§lzy [Mi)z, Nilzs A6 N2z,
I(AE]z; » MRz - (M ]I*,A@P\ Jzz )|l

which is evidently impossible. Thus, we have that Z§ = (). It then follows that

—0as ke Ki,k— o0,

Z [)\];{]ZVHZ(.’L‘k) = Z [)\%]lVHz(Ik) —0aske Kl,k’ — 00.

i€Te iETOU(TE\To0)
Thus, applying Lemma 3.2 to (19) for k € K with
of =1, wh = Nyl VH(z")
€Ty,
suggests that there exist [\;];,1 € I, A}, AG, and [Aj]i,i € Iy such that

P

)+ D> NLiVaia®) + Y N LiVhi(a®)

'LGI_* =1
l
+ 3 Pl VH @) + S AL VG () = 0.
1€LE i=1

By the definition of the W-stationarity, we derive that z* is a weakly stationary
point. O
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3.2. Augmented Lagrangian method for the EOCP. In portfolio selection
problems, a minimum buy-in threshold is introduced to prevent the investors from
holding a small position for assets [4]. In other words, the investor needs to make
a portfolio selection that is either zero or above a positive weight. This class of
problems can be modelled as the following either-or-constrained program (EOCP).

min  f(z)
st. gi(x) <0, i=1,...,m,
hij(x) =0, j=1,...,p, (25)
ci(x) <0V E(z) <0, k=1,...,1,
where V denotes the logical “or”, and all functions ci, ... ,cll, 3 ... ,012: R™ — R are
assumed to be continuously differentiable. For simplicity, we let ¢! = (ci,. .., cll)T
and ¢® = (c?,...,¢?)". The constraints c(x) <0V ci(z) <0k =1,...,[ are called

either-or-constraints. A binary variable can be introduced to transform the EOCP
(25) into a mixed integer program but it makes the numerical treatment of this
either-or-constraints challenging [8]. Another possible approach to deal with this
either-or-constraints is to equivalently transform them into min{c}(z), c(z)} < 0.
In order to avoid the inherent nonsmoothness of “min” function, two variables
z,i,z,% € R are introduced and the either-or-constraints are reformulated as the
so-called switching constraints

(cx(2) = z)(ci(z) = ) = 0, 2z, 2 < 0.
The EOCP (25) is then reformulated as the following MPSC

min, . f()
st gi(x) <0, i=1,...,m,

hi(z)=0, j=1,...,p, (26)
24,28 <0, k=1,...,1,
(ch(z) —2}) (A (x) —23) =0, k=1,...,L

The equivalence between problem (25) and problem (26) is discussed in [8] from the
viewpoint of global and local optimal solutions respectively.

In the following, we employ Algorithm 3.1 to solve problem (25). Fix a feasible
point 2* € R™ of the EOCP (25) and define the following index sets

I;_={ke{l,...;0}ci(z*) =0 A c}(x*) <0},
I*y:={k e{l,....1}|cL(z*) <OAcG(z*) = 0},
oy ={ke{1,... . l}ep(z*) =0 A ci(x*) > 0},
Iy i={k e {1,...,l}c;(z*) > O A c;(x*) = 0},

I* i ={ke{l,....}ci(z*) < OAci(

It _={ke{l,....1}ci(z*) > 0ACci(z*) < 0},
Ity ={ke{l,....}cl(z*) =0 A ci(
I*_={ke{l,....1}|c,(z*) <OAcE(z*) < 0}.

8
*
* —
I
(@)
—

We recall some dual stationarity concepts of the EOCP(25) as given in [8].

Definition 3.5. Let 2* € R™ be feasible to the EOCP (25). Then, z* is called to
be
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(1) W-stationary, if there exist multipliers which solve the following system:

0= V@) + Yiez: PMoliVai(@™) + X ez, MnliVhi(z™)
+ Zkelg+ulgo [)\cl]kVC}c(g;*) + ZkGIiUUI&) [)\Cz]kVCQ(x*)7
Vi€ I, [Agli >0, (27)
ke lg Ul Ml >0,

ke IiO U I3, [/\cz]k > 0.

(2) S-stationary, if there exist multipliers which satisfy the conditions (27) and
Al =0A [A2]p =0, k € I}
The following lemma follows from Section 7.2 of [8].

Lemma 3.6. If (z*,z*) is a W-stationary (S-stationary) point of problem (26),
then x* is a W-stationary (S-stationary) point of the EOCP (25).

With the help of Theorems 3.3 and 3.4, and Lemma 3.6, it is easy to obtain the
convergence results of the ALM for solving the EOCP (25).

Corollary 1. Let {(z*,2%)} c R"*! be a sequence generated by Algorithm 3.1
applied to problem (26), and let (z*, z*) € R"! be an accumulation point. Suppose
that the point (z*, z*) is feasible to problem (26) and that MPSC RCPLD holds at
(x*,2*). Moreover, we suppose that the sequence {uk} generated by Algorithm 3.1
has a bounded subsequence such that the corresponding subsequence of {(z*,z%)}
converges to (x*,2*). Then x* is an S-stationary point of the EOCP (25).

Corollary 2. Let {(zF,2F)} C R™ be a sequence generated by Algorithm 3.1
applied to problem (26), and let (z*,z*) € R™*! be an accumulation point. Suppose
that the point (x*,z*) is feasible to problem (26) and that MPSC-LICQ holds at
(z*,2*). Moreover, we suppose that the sequence {||u*||} generated by Algorithm
3.1 tending to 0o as k — oco. Then x* is a W-stationary point of the EOCP (25).

4. Numerical experiments. In this section we conduct numerical experiments
to test the performance of Algorithm 3.1, which is coded in MATLAB. We apply
it to solve some examples in the MPSC literature. All computations are performed
on a computer with 2000 MHz Inter(R) Core i5 processor and all the augmented
Lagrangian subproblems are solved by using the function “fmincon” in Optimization
Toolbox with default tolerance in MATLAB R2016b. We use 8*+! < 1073 as the
termination condition of Algorithm 3.1 and we set pg = 2, § = 0.8, 0 = 10,
PR = g™ = g™ = 10°, ﬂ;‘;i“ = " = —105. The initial multiplier vector is
chosen as an all-eights vector.

4.1. Either-or-constrained examples.

Example 4.1. [9, Subsection 6.2.1] Let us consider the problem

min (xl — 8)2 + (1‘2 + 3)2
s.t. $1721’2+4§0 \Y 1’172§0, (28)
22 =429 <0 V (21 —3)% + (22— 1)2 =10 <0.

It is easy to see that problem (28) possesses the unique global minimizer (2, —2) and
another local minimizer (4,4). We can transform (28) into an MPSC by introducing
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additional variables:
min (27 — 8)% + (x3 + 3)?
s.t. 21,72, %3, %4 < 07
(.%’1 —2x9 +4 — Zl)<$1 -2 — ZQ) =0,
(22 — 4wy — 23)((x1 — 3)2 + (w9 — 1) — 10 — 24) = 0.
Example 4.2. [8, Example 7.1] Let us consider the problem
min (x; —1)2

st. 1 <0V 29 <0, (29)

as well as its MPSC reformulation
min  (z; —1)2
s.t. 21,29 <0,
(Il — Zl)(l‘g - 22) =0.
The set of global minimizers of problem (29) is given by {(1,¢)|¢t < 0}. There are
no local minimizers of (29) which are different from its globally minimizers.
Example 4.3. [8, Example 7.2] Let us consider the problem

min (21 +1)? + 23
st. —xp+a2 <0,
—r1 <0V —x9 <0,

with a unique global minimizer (0,0). Its MPSC reformulation is
min (21 +1)? + 23
st. 21,20 <0,—x1 + 29 <0,
(—.’El — Zl)(—l'g — 22) = 0
4.2. MPSC examples.
Example 4.4. [8, Example 4.1] Consider the problem

min (21 —2)% + (22 — 1)? + (23 — 2)?
st 2?4+ 23+ 23 <323 <1,
(21 — 22) (29 — 22) = 0.
It is easy to see that (1,1,1) is a globally optimal solution.
Example 4.5. [8, Example 5.1] Consider the problem

min  (z1 — 1)? + 23
s.t. T1Lg = 0, —T2 S 0, T S 0,

whose unique global minimizer is (0, 0).
Example 4.6. [8, Example 5.2] Consider the problem

min  z; + 23
st. —x1 4+ 292 < 0,272 =0,

whose unique global minimizer is (0, 0).
Example 4.7. [8, Example 5.3] Consider the problem

min x1 + 2o
s.t. x% — 29 <0,z172 =0,

whose unique global minimizer is (0, 0).
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TABLE 1. Numerical results of Algorithm 3.1 for solving Examples

4.1-4.7

ExaSolut AppSolut pRFT
Example 4.1 (2,-2) (2.0,-2.0) 5.8e-4
Example 4.2 {(1,8)t <0} (1.0,-1.9) 3.2e-5
Example 4.3 (0,0) (-0.0, 0.0) 5.1e-5
Example 4.4 (1,1,1) (1.0,1.0, 1.0) 2.5¢-6
Example 4.5 (0,0) (0.0,0.0) 6.60-6
Example 4.6 (0,0) (-0.0,-0.0) 1.3e-7
Example 4.7 (0,0) (-0.0,0.0) 9.5e-5

We summarize in Table 1 the numerical results of Algorithm 3.1 for solving Exam-
ples 4.1-4.7. The columns of the table list the exact solution labeled by ExaSolut
and the approximate solution obtained by Algorithm 3.1 labeled by AppSolut.
For either-or-constrained examples (Examples 4.1-4.3), we use Algorithm 3.1 to
solve their MPSC reformulations and the exact and approximate solutions report-
ed in Table 1 are those of their original problems. From Table 1, we see that the
proposed method can find good approximate solutions.

4.3. Portfolio optimization examples. We present a concrete example of port-
folio optimization based on the test examples in [4], which is described as
min z'Qux
st. elz=1,
plz > p,
€Ty = 0V xr; € [lv,u7], 1= 1, ey g,

(30)

with randomly generated @ € R™ ", u,l,u € R, and p € R. Here, e € R"
represents the all-ones vector. More details can be found in [4]. The decision
variable x need to fulfill the constraints

;=0 V x; € [li7ui], 1= ].,...,q.

That is, x is required to lie in some continuous interval, except for the outlier case
when it is equal to zero. In the context, this variable is often called semi-continuous.
Assuming that u; > 0 holds for all i = 1, ..., ¢, we can simply treat the requirement
x; < u; as a standard inequality constraint which should be fulfilled at all times.
Clearly, if x; = 0 is valid, then the inequality z; < w; holds automatically, so that
we can rewrite problem (30) as the following EOCP

min 2! Qux

st elxz=1,

,uszp,u—xZO,

(31)

Then it is easy to transform problem (31) into the following MPSC problem
min z' Qx
st. elza—1=0,
p—p'z<0,
r—u<0, —y<0,
1‘,’(.731' - li - yi) = 0, 1= 1, e
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We apply Algorithm 3.1 to solve problem (31) with p = 1, I; = —10, u; = 20 for
1 =1,...,q, in which @ is randomly generated. The numerical results of Algorithm
3.1 for solving problem (31) are presented in Table 2. The problem size n is listed in
the first column, the termination state 851! is listed in the second column, and the
CPU time in second of the proposed method is listed in the third column labeled
by CPU.

TABLE 2. Numerical results of Algorithm 3.1 for solving problem
(31) with random instances

n ELaRs CPU
10 1.1e-5 5.7
50 9.5e-4 66.2
100 2.6e-4 110.9
150 1.6e-4 149.7

4.4. Comparison with relaxation methods. In this subsection, we give some
examples given in [9] in which only W-stationary points are obtained by the recent-
ly proposed relaxation method but better S-stationary points are derived by the
proposed method in this paper.

Example 4.8. [9, Example 3.3] Let us consider the MPSC problem

min  3(zq — 1)? + J(zz — 1)?
s.t. T1x9 = 0.

Its global minimizers are (1,0) and (0, 1), which are both S-stationary. Furthermore,
there exists a W-stationary point (0,0) which is not a local minimizer. In [9], they
showed the Scholtes’ relaxation scheme can only find the W-stationary point (0, 0).
Using Algorithm 3.1 to solve the problem, an S-stationary point can be found (see
Table 3).

Example 4.9. [9, Example 5.1] Let us consider the MPSC problem

min T1To — 1 — To
st. 23 +23-1<0,
T1Xg = 0.

It is easy to verify that the global minimizers are (1,0) and (0, 1), which are both
S-stationary. Furthermore, there is a W-stationary point (0,0) which is not a local
minimizer. The relaxation scheme of Steffensen and Ulbrich can only find W-
stationary point (0,0) (see, e.g., [9]). An S-stationary point can be found by using
Algorithm 3.1 to solve the problem (see Table 3).

We summarize in Table 3 the numerical results of Algorithm 3.1 for solving Ex-
amples 4.8 and 4.9. In this table, S-Station and W-Station respectively represent
the S-stationary and W-stationary points of these examples. It is easy to see that
the proposed method can find better solutions than the relaxation method.
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TABLE 3. Numerical results of Algorithm 3.1 for solving Examples
4.8 and 4.9

S-Station W-Station AppSolut pFFT

Ex
Ex

ample 1.8 (0,1), (1,0) (0,0) (0,1) 3.9¢-5
ample 4.9 (0,1), (1,0) (0,0) (0,1) 2.6e-5

(1]
2]
(3]
(4]
(5]
(6]
(7
(8]

(9]

(10]

(11]

(12]
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