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Abstract

In this paper, we consider optimization problems over closed embedded submanifolds of Rn,
which are defined by the constraints c(x) = 0. We propose a class of constraint dissolving ap-
proaches for these Riemannian optimization problems. In these proposed approaches, solving a Rie-
mannian optimization problem is transferred into the unconstrained minimization of a constraint
dissolving function named CDF. Different from existing exact penalty functions, the exact gradient
and Hessian of CDF are easy to compute. We study the theoretical properties of CDF and prove
that the original problem and CDF have the same first-order and second-order stationary points,
local minimizers, and Łojasiewicz exponents in a neighborhood of the feasible region. Remark-
ably, the convergence properties of our proposed constraint dissolving approaches can be directly
inherited from the existing rich results in unconstrained optimization. Therefore, the proposed con-
straint dissolving approaches build up short cuts from unconstrained optimization to Riemannian
optimization. Several illustrative examples further demonstrate the potential of our proposed con-
straint dissolving approaches.

1 Introduction

1.1 Problem description

In this paper, we consider the following constrained optimization problem

min
x∈Rn

f (x)

s.t. c(x) = 0.
(OCP)

We denote the feasible region of OCP by M := {x ∈ Rn : c(x) = 0}. In addition, the objective
function f : Rn → R and constraint mapping c : Rn → Rp of OCP satisfy the following assumptions.

Assumption 1.1. Blank assumptions

1. ∇ f (x) is locally Lipschitz continuous in Rn;

2. The transposed Jacobian of c, denoted as Jc(x) ∈ Rn×p, is locally Lipschitz continuous in Rn;

3. The linear independence constraint qualification (LICQ) holds for any x ∈ M, i.e. Jc(x) ∈ Rn×p has
full column rank for any x ∈ M.
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When c is smooth in Rn, the setM is a closed Riemannian submanifold embedded in Rn. Thus
OCP can be regarded as a smooth optimization problem over a class of embedded submanifolds
of the vector space Rn, where the Riemannian metric is fixed to be the Euclidean metric. In fact,
OCP satisfying Assumption 1.1 covers a wide variety of practically interesting smooth optimization
problems over closed Riemannian manifolds. Interested readers can refer to the books [4, 8] and a
recent survey paper [33] for instances.

1.2 Existing approaches

Due to the diffeomorphisms between the Euclidean space and the Riemannian manifold, various
unconstrained optimization approaches (i.e., approaches for solving unconstrained nonconvex optimiza-
tion) can be transferred to their corresponding Riemannian optimization approaches (i.e., the approaches
for Riemannian optimization). In practice, [4] provides several well-recognized frameworks based
on two basic materials in differential geometry: geodesics and parallel transports. The geodesics
generalize the concept of straight lines from Euclidean spaces to Riemannian manifolds, but may be
expensive to compute in most cases. To this end, [4] provides the concept of retractions as relaxations
to geodesics, which makes it more affordable to update the iterates on a certain Riemannian manifold
at the cost of introducing approximation errors. Besides, parallel transports are mappings that move a
tangent vector from one tangent space to another under certain rules. Computing parallel transports
is essential in computing the difference of two vectors from different tangent spaces. Specifically,
computing parallel transports is necessary for algorithms that utilize information in the past iterates
to construct searching direction (e.g., quasi-Newton methods, nonlinear conjugate gradient methods,
momentum accelerated methods). For various Riemannian manifolds, computing the parallel trans-
ports amounts to solving differential equations, which is generally unaffordable in practice [4]. To
alleviate the computational cost, [4] proposes the concept of vector transports as approximations to
parallel transports. As mentioned in [54], computing vector transports is usually cheaper than paral-
lel transports. With retractions and vector transports, many unconstrained optimization approaches
have been extended to their Riemannian versions, including Riemannian gradient descent with line-
search [2, 4, 65, 63], Riemannian conjugate gradient methods [1, 55], Riemannian accelerated gradient
methods [75, 74, 57, 18], and Riemannian adaptive gradient methods [6]: see [4, 8] for instances.

In recent years, there emerge an increasing number of approaches for solving unconstrained op-
timization problems, which have superior convergence properties, marvelous numerical behaviors,
or both. However, transferring an unconstrained optimization approach to its Riemannian versions
requires some basic geometrical materials of the Riemannian manifold, including computing Rieman-
nian gradients, retractions, and vector transports [4]. Determining those geometrical materials can be
challenging for various Riemannian manifolds, see [20, 50, 25] for instances. Based on those geo-
metrical materials, transferring an unconstrained optimization approach to its Riemannian versions
requires profound modifications, including replacing the computation of differentials by Riemannian
differentials, introducing retractions to keep the iterates feasible, and employing vector transports to
move vectors on the Riemannian manifold. As a result, it is challenging to keep Riemannian opti-
mization approaches updated with the advances in unconstrained nonconvex optimization.

Furthermore, the convergence properties of many practically useful Riemannian optimization ap-
proaches cannot directly follow from existing results for unconstrained optimization. As shown in
[4, 8], the convergence properties of these Riemannian optimization approaches need to be carefully
revisited when retractions and vector transports are employed. Extending the existing unconstrained
optimization approaches to their Riemannian manifold versions and retaining the convergence guar-
antee are nontrivial and sometimes intractable. Therefore, it is quite natural to ask the following
question.

Could unconstrained optimization approaches, together with their convergence properties, have a
straightforward implementation for the constrained optimization problem OCP?

This question drives us to propose constraint dissolving approaches for OCP, i.e., transferring OCP
into an unconstrained optimization problem while keeping stationary points unchanged. Therefore,
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constraint dissolving approaches enable direct implementation of unconstrained optimization ap-
proaches to solve OCP, while the convergence properties of those unconstrained optimization ap-
proaches are retained simultaneously.

We should mention that there are two classes of existing approaches attempting to achieve a sim-
ilar goal but using completely different philosophies. One of them is the well-known `1 penalty
function methods. The `1 penalty function is known as an exact penalty function. However, its non-
smooth penalty term, with the nonconvex manifold constraints inside, usually leads to difficulties
in developing efficient unconstrained optimization approaches [51]. The other class of methods are
based on the augmented Lagrange penalty function [31, 53]. The Lagrangian penalty function is an
exact penalty function for OCP when the Lagrange multipliers λ take their optimal values, which are
certainly unknown in advance. Therefore, classical augmented Lagrange methods need to solve the
unconstrained penalty function subproblem with a fixed λ and then update the multipliers in each
iteration. These two hierarchical approaches are not as efficient as the existing Riemannian optimiza-
tion approaches for solving OCP. In particular, [22] proposes a class of exact penalty functions named
Fletcher’s penalty function below

φ(x) := f (x)− u(x)>c(x) +
β

2
‖c(x)‖2 . (1.1)

Here u(x) is defined by the following linear least squares problem

u(x) := arg min
y∈Rp

1
2

∥∥∥∥∥ p

∑
i=1

yi∇ci(x)−∇ f (x)

∥∥∥∥∥
2

. (1.2)

Fletcher’s penalty function and its variants [19, 72, 21] involve the first-order derivative of the
original objective function f . Therefore, their differentiability depend on the second-order differen-
tiability of f . Moreover, calculating the derivatives of these penalty functions requires the second-
order derivative of f , which are not always available in practice. As a result, existing approaches
based on Fletcher’s penalty function, such as approximated steepest descent methods [21], approx-
imated Newton methods [60, 59, 72], and approximated quasi-Newton methods [21], are usually
combined with certain approximation strategies to estimate higher-order derivatives. Hence, vari-
ous existing unconstrained optimization approaches are not compatible with the Fletcher’s penalty
function framework.

For optimization problems on the Stiefel manifold, i.e. M = Sm,s := {X ∈ Rm×s : X>X = Is},
[68] presents an exact penalty model named PenC based on the explicit expression of the multipliers
[24], which further yields efficient infeasible algorithms [68, 69, 34, 70]. However, PenC involves ∇ f
in its objective function as well. Therefore, those aforementioned limitations of Fletcher’s penalty
function approaches still remain unsolved.

1.3 Constraint dissolving function

Very recently, for optimization problems on the Stiefel manifold, [67] proves that under mild con-
ditions, all the stationary points of the following smooth penalty function are either its strict saddle
points or are the first-order stationary points of the original problems:

ψ(X) := f
(

X
(

3
2

Is −
1
2

X>X
))

+
β

4

∥∥∥X>X− Is

∥∥∥2

F
. (ExPen)

As a result, various algorithms designed for unconstrained optimization can be directly applied
to optimization problems on the Stiefel manifold, while the convergence properties are straightfor-
wardly retained.

The constraint dissolving approaches for Riemannian optimization proposed in this paper is mo-
tivated by (ExPen). To this end, we first introduce the following constraint dissolving operator
A : Rn → Rn, which is a smooth mapping independent of f and satisfies the following assump-
tions.
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Assumption 1.2. Blanket assumptions on A

• A is locally Lipschitz smooth in Rn;

• A(x) = x holds for any x ∈ M;

• The Jacobian of c(A(x)) equals to 0 for any x ∈ M. That is, JA(x)Jc(x) = 0 holds for any x ∈ M
(notice that A(x) = x holds for any x ∈ M), where JA(x) ∈ Rn×n is the transposed Jacobian of A at
x.

With the constraint dissolving operator, we propose the constraint dissolving function (CDF) for
OCP:

h(x) := f (A(x)) +
β

2
‖c(x)‖2 . (CDF)

Clearly, the first requirement in Assumption 1.2 guarantees the smoothness of h(x). Meanwhile the
second requirement ensures that f (x) = h(x) for any x ∈ M. Finally, the last requirement implies that
the first-order derivative of c(A(x)) vanishes at any feasible x. As a result, we can further conclude
that c(A(x)) = O(‖c(x)‖2) when ||c(x)|| is sufficiently small, whose rigorous proof is presented later.
The practical choices of A are introduced in Section 4.

1.4 Contribution

In this paper, we propose a class of constraint dissolving approaches, which transfer OCP into
minimizing the corresponding constraint dissolving function (CDF) in Rn. We prove that OCP and
CDF have the same first-order stationary points, second-order stationary points, and local minimizers
in a neighborhood ofM. In addition, we show that CDF has the same Łojasiewicz exponent as OCP
overM. Furthermore, we show that the exact gradient and Hessian of CDF can be easily obtained.

As CDF requires a constraint dissolving operator A satisfying Assumption 1.2, we present rep-
resentative formulations of A for many well-known Riemannian manifolds. Moreover, we discuss
how to choose A for general cases and demonstrate that the general formulation does not involve
any information on the objective function, and hence CDF is different from the Fletcher’s penalty
function. More importantly, constructing CDF is completely independent of any geometrical mate-
rial of M. Since ∇h(x) is not necessarily restricted to the tangent space of M when x is feasible,
CDF waives all the calculations of geometrical materials of M, including computing Riemannian
gradients, retractions, and vector transports on M. Therefore, we can develop various constraint
dissolving approaches to solve optimization problems over a broad class of Riemannian manifolds,
without prior knowledge of their geometrical properties.

The convergence properties, including the global convergence and iteration complexity of apply-
ing any unconstrained optimization approach to CDF can be guaranteed by a unified framework. We
also present a representative example to demonstrate how to adopt CDF and invoke the theoretical
framework. These examples further highlight the significant advantages and great potentials of CDF.

1.5 Organization

The rest of this paper is arranged as follows. In Section 2, we present some notations, definitions,
and constants that are necessary for concise narrative in later parts of the paper. We establish the the-
oretical properties of CDF and illustrate how our proposed constraint dissolving approaches inherit
the convergence properties from the implemented unconstrained approaches in Section 3. The proofs
for the theoretical properties of CDF are presented in the appendix. In Section 4, we discuss how to
choose the constraint dissolving operator A for CDF. We conclude the paper in the last section.
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2 Notations, definitions and constants

2.1 Notations

Let range(A) be the subspace spanned by the column vectors of matrix A, and ‖·‖ represents the
`2-norm of a vector or an operator. The notations diag(A) and Diag(x) stand for the vector formed
by the diagonal entries of a matrix A, and the diagonal matrix with the entries of x ∈ Rn as its
diagonal, respectively. We denote the smallest and largest eigenvalues of A by λmin(A) and λmax(A),
respectively. Besides, σmin(A) refers to the smallest singular value of matrix A. Furthermore, for any
matrix A ∈ Rn×p, the pseudo-inverse of A is denoted by A† ∈ Rp×n, which satisfies AA† A = A,
A† AA† = A†, and both A† A and AA† are symmetric [27].

In this paper, the Riemannian metric for M is chosen as the Euclidean metric in Rn. For any
x ∈ M, we denote Tx := {d ∈ Rn : d> Jc(x) = 0} = Null(Jc(x)>) and Nx := {d ∈ Rn : d>u =
0, ∀u ∈ Tx} = range(Jc(x)) as the tangent and normal spaces ofM at x, respectively. Additionally,
for any x ∈ M, we denote the Riemannian gradient and Riemannian Hessian of f at x as grad f (x)
and hess f (x), respectively.

For any x ∈ Rn, we define the projection from x ∈ Rn toM as

proj(x,M) := arg min
y∈M

‖x− y‖ .

It is worth mentioning that the optimality condition of the above problem leads to the fact that x−w ∈
range(Jc(w)) for any w ∈ proj(x,M). Furthermore, dist(x,M) refers to the distance between x and
M, i.e.

dist(x,M) := min
y∈M

‖x− y‖ .

The transposed Jacobian of the mapping A is denoted as JA(x) ∈ Rn×n. Recall the definition of
Jc(x), and let ci and Ai be the i-th coordinate of the mapping c and A respectively, then Jc and JA can
be expressed by

Jc(x) :=


∂c1(x1)

∂x1
···

∂cp (x1)
∂x1

...
. . .

...
∂c1(xn )

∂xn
···

∂cp (xn )
∂xn

 ∈ Rn×p, and JA(x) :=


∂A1(x1)

∂x1
··· ∂An (x1)

∂x1

...
. . .

...
∂A1(xn )

∂xn
··· ∂An (xn )

∂xn

 ∈ Rn×n.

Besides, DJA(x) : d 7→ DJA(x)[d] denotes the second-order derivative of the mapping A, which can
be regarded as a linear mapping from Rn to Rn×n and satisfies DJA(x)[d] = limt→0

1
t (JA(x + td)−

JA(x)) ∈ Rn×n. Similarly, DJc(x) refers to the second-order derivative of the mapping c, which
satisfies DJc(x)[d] = limt→0

1
t (Jc(x + td)− Jc(x)) ∈ Rn×p. Additionally, we set

Ak(x) := A(A(· · · A(x) · · · ))︸ ︷︷ ︸
k times

,

for k ≥ 1, and define A0(x) := x, A∞(x) := lim
k→+∞

Ak(x). Furthermore, we denote g(x) := f (A(x))

and use ∇ f (A(x)) to denote ∇ f (z)|z=A(x) in the rest of this paper.

2.2 Definitions

We first state the first-order optimality condition of OCP as follows.

Definition 2.1 ([51]). Given x ∈ Rn, we say x is a first-order stationary point of OCP if there exists λ̃ ∈ Rp

that satisfies ∇ f (x)−
p

∑
i=1

λ̃i∇ci(x) = 0,

c(x) = 0.

(2.1)
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For any given x ∈ M, we define λ(x) as

λ(x) := Jc(x)†∇ f (x) ∈ arg min
λ∈Rp

‖∇ f (x)− Jc(x)λ‖ ,

where Jc(x)† =
(

Jc(x)> Jc(x)
)−1 Jc(x)> since Jc(x) has full column rank when x ∈ M. Then it can be

easily verified that
∇ f (x) = Jc(x)λ(x), (2.2)

whenever x is a first-order stationary point of OCP.

Definition 2.2. Given x ∈ Rn, we say x is a second-order stationary point of OCP if x is a first-order
stationary point of OCP and for any d ∈ Tx, it holds that

d>
(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d ≥ 0. (2.3)

As the Riemannian metric onM is fixed as the Euclidean metric in Rn, the following proposition
presents the closed-form expressions for the Riemannian gradient grad f (x) and Riemannian Hessian
hess f (x) for any x ∈ M.

Proposition 2.3. Given x ∈ M, the Riemannian gradient of f at x can be expressed as

grad f (x) = ∇ f (x)− Jc(x)λ(x). (2.4)

Moreover, hess f (x) can be expressed as the following self-adjoint linear map hess f (x) : Tx → Tx such that

d>hess f (x)d = d>
(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d, for any d ∈ Tx.

The proof of the above proposition directly follows [4, 8], and hence is omitted for simplicity.
Given x ∈ M, the smallest eigenvalue of hess f (x) is defined as

λmin(hess f (x)) := min
d∈Tx ,‖d‖=1

d>hess f (x)d.

Let Ux be a matrix whose columns forms an orthonormal basis of Tx, we define the projected Hessian
of OCP at x as

H(x) := U>x

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
Ux, (2.5)

The following proposition characterizes the relationship betweenH(x) and hess f (x).

Proposition 2.4. Given any x ∈ M, suppose x is a first-order stationary point of OCP, then H(x) and
hess f (x) have the same eigenvalues. Moreover, λmin(hess f (x)) = λmin(H(x)) and x is a second-order
stationary point of OCP if and only ifH(x) � 0.

The proof of the above proposition directly follows from the Proposition 2.3 and [4], and hence
we omit it for simplicity.

Definition 2.5 ([38, 17]). Given x ∈ M, we say that x is a strict saddle point of OCP if x is a first-order
stationary point of OCP and λmin(hess f (x)) < 0. Moreover, given x ∈ Rn, we say that x is a strict saddle
point of CDF if x is a first-order stationary point of CDF and λmin(∇2h(x)) < 0.

Definition 2.6. Given x ∈ Rn, we say x is a first-order stationary point of CDF if

∇h(x) = 0. (2.6)

Besides, when h is twice-order differentiable, we say a point x ∈ Rn is a second-order stationary point of h if x
is a first-order stationary point of h and satisfies

∇2h(x) � 0. (2.7)
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Next, we present the definition of the Łojasiewicz gradient inequality [43, 44, 7], which is a pow-
erful tool in analyzing the convergence of various unconstrained optimization approaches.

Definition 2.7. Given x ∈ Rn, the function f is said to satisfy the (Euclidean) Łojasiewicz gradient inequality
at x if and only if there exist a neighborhood U of x, and constants θ ∈ (0, 1], C > 0, such that the following
inequality holds for any y ∈ U ,

‖∇ f (y)‖ ≥ C| f (y)− f (x)|1−θ .

The Łojasiewicz gradient inequality on a Riemannian manifold [32] can be similarly defined in the
following definition.

Definition 2.8. Given x ∈ M, the function f is said to satisfy the Riemannian Łojasiewicz gradient inequality
at x if and only if there exist a neighborhood U ⊂ M of x, and constants θ ∈ (0, 1], C > 0, such that the
following inequality holds for any y ∈ U ,

‖grad f (y)‖ ≥ C| f (y)− f (x)|1−θ .

The constant θ is usually referred as (Riemannian) Łojasiewicz exponent in the gradient inequality,
which is simply abbreviated as (Riemannian) Łojasiewicz exponent.

2.3 Constants

For any given x ∈ M, we define the positive scalar ρx ≤ 1 as

ρx := arg max
0<ρ≤1

ρ s.t. inf {σmin(Jc(y)) : y ∈ Rn, ‖y− x‖ ≤ ρ} ≥ 1
2

σmin(Jc(x)).

Based on the definition of ρx, we can define the set Θx := {y ∈ Rn : ‖y− x‖ ≤ ρx} and define several
constants as follows:

• σx,c := σmin(Jc(x));

• Mx, f := supy∈Θx
‖∇ f (A(y))‖;

• Mx,c := supy∈Θx
‖Jc(y)‖;

• Mx,A := supy∈Θx
‖JA(y)‖;

• Lx,g := supy,z∈Θx ,y 6=z
‖∇g(y)−∇g(z)‖

‖y−z‖ ;

• Lx,c := supy,z∈Θx ,y 6=z
‖Jc(y)−Jc(z)‖
‖y−z‖ ;

• Lx,A := supy,z∈Θx ,y 6=z
‖JA(y)−JA(z)‖
‖y−z‖ ;

• Lx,b := supy,z∈Θx ,y 6=z
‖JA(y)Jc(A(y))−JA(z)Jc(A(z))‖

‖y−z‖ .

Based on these constants, we further set

εx := min

{
ρx

2
,

σx,c

32Lx,c(Mx,A + 1)
,

σ2
x,c

8Lx,b Mx,c

}
,

and define the following sets:

• Ωx := {y ∈ Rn : ‖y− x‖ ≤ εx};

• Ω̄x :=
{

y ∈ Rn : ‖y− x‖ ≤ σx,cεx
4Mx,c(Mx,A+1)+σx,c

}
;
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• Ω :=
⋃

x∈MΩx;

• Ω̄ :=
⋃

x∈M Ω̄x.

It is worth mentioning that Assumption 1.1 guarantees that σx,c > 0 for any given x ∈ M, which
implies that εx > 0. On the other hand, we can conclude that Ω̄x ⊂ Ωx ⊂ Θx holds for any given
x ∈ M, andM lies in the interior of Ω̄.

Definition 2.9. For any given x ∈ M, we set

βx := max

{
128Lx,g(Mx,A + 1)2

σ2
x,c

,
64Mx, f (Mx,A + 1)Lx,b

σ3
x,c

,
16Mx, f Lx,A(2Mx,A + 1)

σ2
x,c

}
.

Remark 2.10. When the manifoldM is compact, there exists a finite set I ⊂ M such thatM ⊆ ⋃x∈I Θx.
Therefore, we can choose uniform positive lower bounds for σx,c and εx, while find uniform upper bounds for
all the other aforementioned constants. Specifically, we can choose a uniform upper bound for βx, which can be
marked as a threshold. Any β greater than this threshold can determine an exact penalty function for (CDF).

Finally, the following assumption is needed when we discuss the second-order stationarity of
CDF.

Assumption 2.11. Assumption on twice-order differentiability

• f , c and A are twice differentiable in Rn.

3 Theoretical Results

In this section, we present some theoretical properties of CDF. We begin with the characteris-
tics of the mapping A in Section 3.1. Then we investigate the stationarity of CDF as well as the
Łojasiewicz exponents in Section 3.2. Finally, in Section 3.3, we propose a framework showing that
the convergence properties of CDF can directly be inherited from those of the applied unconstrained
optimization approaches.

3.1 Theoretical properties of A
We start with evaluating the relationships among ‖c(x)‖, ‖c(A(x))‖ and dist(x,M) in the follow-

ing lemmas.

Lemma 3.1. For any given x ∈ M, the following inequalities hold for any y ∈ Ωx,

1
Mx,c

‖c(y)‖ ≤ dist(y,M) ≤ 2
σx,c
‖c(y)‖ . (3.1)

Proof. Let z ∈ proj(y,M), then from the definition of z we can conclude that ‖z− y‖ ≤ ‖y− x‖.
Thus ‖z− x‖ ≤ ‖z− y‖ + ‖y− x‖ ≤ 2εx ≤ ρx, and hence z ∈ Θx. By the mean-value theorem,
for any fixed ν ∈ Rp there exists a point ξν ∈ Rn that is a convex combination of y and z such that
ν>c(y) = (y− x)> Jc(ξν)ν. By the convexity of Θx, ξν ∈ Θx holds for any ν ∈ Rp. Therefore, we get

‖c(y)‖ = sup
ν∈Rp ,‖ν‖=1

ν>c(y) = sup
ν∈Rp ,‖ν‖=1

(y− x)> Jc(ξν)ν ≤ sup
ν∈Θx

‖Jc(ξν)‖ ‖y− z‖ ≤ Mx,cdist(y,M).

Moreover, it follows from the definition of z that y− z ∈ range(Jc(z)). As a result, let ν̃ = Jc(z)>(y−z)
‖Jc(z)>(y−z)‖ ,
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we have
‖c(y)‖ = sup

ν∈Rp ,‖ν‖=1
(y− z)> Jc(ξν)ν ≥ (y− z)> Jc(ξ ν̃)ν̃

= (y− z)> Jc(z)ν̃ + (y− z)> (Jc(z)− Jc(ξ ν̃)) ν̃

=
∥∥∥Jc(z)>(y− z)

∥∥∥+ (y− z)> (Jc(z)− Jc(ξν̃)) ν̃

≥
∥∥∥Jc(z)>(y− z)

∥∥∥− Lx,c ‖y− z‖2

≥ (σx,c − εxLx,c)dist(y,M) ≥ σx,c

2
dist(y,M).

Lemma 3.2. For any given x ∈ M, it holds that

‖A(y)− y‖ ≤
2(Mx,A + 1)

σx,c
‖c(y)‖ , for any y ∈ Ωx. (3.2)

Proof. For any given y ∈ Ωx, we choose z ∈ proj(y,M). Then we can conclude that z ∈ Θx. Further-
more, from the Lipschitz continuity of A and the fact that A(z)− z = 0, it holds that

‖A(y)− y‖ = ‖(A(y)− y)− (A(z)− z)‖ ≤ (Mx,A + 1)dist(y,M) ≤ 2(Mx,A + 1)
σx,c

‖c(y)‖ , (3.3)

where the last inequality follows from Lemma 3.1.

Lemma 3.3. For any given x ∈ M, it holds that

‖c(A(y))‖ ≤
4Lx,b

σ2
x,c
‖c(y)‖2 , for any y ∈ Ωx. (3.4)

Proof. For any given y ∈ Ωx, we choose z ∈ proj(y,M). It holds that z ∈ Θx. By the mean-value
theorem, for any ν ∈ Rp, there exists tν ∈ [0, 1] and ξν = tνy + (1− tν)z such that

ν>c(A(y)) = ν> (JA(ξν)Jc(A(ξν)))
> (y− z). (3.5)

The convexity of Θx ensures that ξν ∈ Θx holds for any ν ∈ Rp. Therefore, from the definition of Lx,b
and Ωx, we get

‖c(A(y))‖ = sup
ν∈Rp ,‖ν‖=1

ν>c(A(y)) = sup
ν∈Rp ,‖ν‖=1

ν> (JA(ξν)Jc(A(ξν)))
> (y− z)

≤ sup
ν∈Rp ,‖ν‖=1

∥∥∥(JA(ξν)Jc(A(ξν)))
> (y− z)

∥∥∥ ≤ sup
ν∈Rp ,‖ν‖=1

‖JA(ξν)Jc(A(ξν))‖dist(y,M)

≤ Lx,b sup
ν∈Rp ,‖ν‖=1

‖ξν − z‖dist(y,M) ≤ Lx,bdist(y,M)2 ≤
4Lx,b

σ2
x,c
‖c(y)‖2 ,

(3.6)
where the last inequality follows from Lemma 3.1.

For any given x ∈ M and y ∈ Ωx, Lemma 3.3 illustrates that the operator A can reduce the
feasibility violation of y quadratically when y is sufficiently close toM.

Next, we present the theoretical property of A∞(y).

Lemma 3.4. For any given x ∈ M and any y ∈ Ω̄x, A∞(y) exists and A∞(y) ∈ Ωx ∩M. Moreover, it
holds that

‖A∞(y)− y‖ ≤
4(Mx,A + 1)

σx,c
‖c(y)‖ . (3.7)
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The proof for Lemma 3.4 is presented in Section A.1.
In the rest of this subsection, we study the properties of JA(x). The following lemmas characterize

the range space and null space of JA(x) for any given x ∈ M.

Lemma 3.5. For any given x ∈ M, the inclusion JA(x)>d ∈ Tx holds for any d ∈ Rn. Moreover, when
d ∈ Tx, it holds that JA(x)>d = d.

Proof. Firstly, for any d ∈ Rn, and any d1 ∈ Nx, from the fact that JA(x)Jc(x) = 0, we can conclude
that JA(x)d1 = 0. Then we have that d>1 JA(x)>d = 0 holds for any d1 ∈ Nx, which implies that
JA(x)>d ∈ N⊥x = Tx. Thus we obtain that JA(x)>d ∈ Tx holds for any d ∈ Rn.

On the other hand, by the Taylor expansion of c(x + td) up to the second-order term, we have
‖c(x + td)‖ ≤ Mx,c ‖d‖2 holds for any d ∈ Tx. In addition, when d ∈ Tx, we have that x + td ∈ Ωx
for t ∈ (0, 1) sufficiently small. Then by Lemma 3.2, we get

‖x + td−A(x + td)‖ ≤
2(Mx,A + 1)

σx,c
‖c(x + td)‖ ≤

2(Mx,A + 1)Mx,c

σx,c
‖d‖2 t2.

By Assumption 1.2, A(x) = x. Thus we have

JA(x)>d = lim
t→0

A(x + td)−A(x)
t

= lim
t→0

A(x + td)− (x + td)
t

+ lim
t→0

x + td− x
t

= lim
t→0

x + td− x
t

= d,

which completes the proof.

Lemma 3.6. For any given x ∈ M, the equality JA(x)d = 0 holds if and only if d ∈ Nx.

Proof. For any d2 satisfying JA(x)d2 = 0 and any d1 ∈ Tx, by Lemma 3.5 we have 0 = d>1 JA(x)d2 =

d>1 d2, which implies that d2 ∈ Nx.
On the other hand, let d2 ∈ Nx. Then d2 = Jc(x)η for some η ∈ Rp. By Assumption 1.2, JA(x)d2 =

JA(x)Jc(x)η = 0. This completes the proof.

Next we show the idempotence of JA(x), i.e. JA(x)2 = JA(x) holds for any x ∈ M.

Lemma 3.7. For any given x ∈ M, it holds that JA(x)2 = JA(x).

Proof. For any d1 ∈ Tx, let d2 = JA(x)d1 − d1. Then for any d3 ∈ Tx, it follows from Lemma 3.5 that
d>3 d2 = d>3 JA(x)d1 − d>3 d1 = 0, which further implies d2 ∈ Nx. On the other hand, for any d4 ∈ Nx,
it follows from Lemma 3.6 that JA(x)d4 = 0.

Therefore, for any d1 ∈ Tx and any d4 ∈ Nx, it holds that

JA(x)2(d1 + d4) = JA(x)2d1 = JA(x)d1 + JA(x)d2 = JA(x)d1 = JA(x)(d1 + d4).

Therefore, we complete the proof by recalling the arbitrariness of d1 ∈ Tx and d4 ∈ Nx.

3.2 Theoretical properties of CDF

This subsection investigates the relationships between OCP and CDF on their stationary points,
Łojasiewicz exponents and local minimizers. We start by presenting the explicit expression for the
gradient and Hessian of CDF.

Proposition 3.8. The gradient of h in CDF can be expressed as

∇h(x) = JA(x)∇ f (A(x)) + βJc(x)c(x). (3.8)

Furthermore, under Assumption 2.11, the Hessian of g(x) := f (A(x)) can be expressed as

∇2g(x) = JA(x)∇2 f (A(x))JA(x)> +DJA(x)[∇ f (A(x))]. (3.9)

and the Hessian of h(x) is

∇2h(x) = ∇2g(x) + β
(

Jc(x)Jc(x)> +DJc(x)[c(x)]
)

. (3.10)
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The statements of Proposition 3.8 can be verified by straightforward calculations, and hence its
proof is omitted.

3.2.1 Relationships on stationary points

This subsection shows that OCP and CDF share the same first-order and second-order stationary
points in a neighborhood ofM. Moreover, for any given x ∈ M and β ≥ βx, we can prove that all
first-order stationary points of CDF in Ω̄x are feasible. For a more concise presentation, we put all the
proofs for Proposition 3.9, Theorem 3.10 and Theorem 3.11 in Appendix A.2.1.

Proposition 3.9. Any first-order stationary point of OCP is a first-order stationary point of CDF. On the
other hand, any first-order stationary point of CDF overM is a first-order stationary point of OCP.

Theorem 3.10. For any given x ∈ M, suppose β ≥ βx, then the following inequality holds for any y ∈ Ωx,

‖∇h(y)‖ ≥ βσx,c

8(Mx,A + 1)
‖c(y)‖ . (3.11)

Moreover, any first-order stationary point of CDF in Ωx is a first-order stationary point of OCP.

Theorem 3.11. Suppose Assumption 2.11 holds. Any second-order stationary point of OCP is a second-order
stationary point of CDF. On the other hand, for any given x ∈ M, if β ≥ βx and y ∈ Ωx is a second-order
stationary point of CDF, then y is a second-order stationary point of OCP.

Based on Theorem 3.11, the following corollary illustrates that OCP and CDF have the same strict
saddle points locally. The proof for Corollary 3.12 directly follows from Theorem 3.10 and Theorem
3.11, hence we omit it for simplicity.

Corollary 3.12. Suppose Assumption 2.11 holds. Any strict saddle point of OCP is a strict saddle point of
CDF. On the other hand, for any given x ∈ M, if β ≥ βx and y ∈ Ωx is a strict saddle point of CDF, then y
is a strict saddle point of OCP.

3.2.2 Stationarity at infeasible points

From Lemma 3.3, we know that the constraint dissolving operatorA can quadratically reduce the
feasibility violation of any infeasible point x ∈ Ω̄. Together with Lemma 3.4, A∞(x) is feasible and it
is in a neighborhood of x. The relationships between x andA∞(x) in terms of the function values and
derivatives are of great importance in characterizing the properties of CDF at those infeasible points.

The detailed proofs of Proposition 3.13 – Proposition 3.16 are presented in Appendix A.2.2.

Proposition 3.13. For any given x ∈ M, suppose β ≥ βx, then the following inequalities hold for any
y ∈ Ω̄x

h(A(y))− h(y) ≤ − β

8
‖c(y)‖2 , (3.12)

h(A∞(y))− h(y) ≤ − β

4
‖c(y)‖2 . (3.13)

When we invoke a specific unconstrained optimization algorithm to solve CDF, we usually termi-
nate the algorithm once the stopping criterion reaches a certain tolerance, meanwhile the feasibility
violation at the returned solution x may not be sufficiently small. To pursue a solution with high
feasibility accuracy, certain post-processing step should be imposed. As we have mentioned, A∞(x)
is feasible if x is sufficiently close toM. Thus we can recursively compute x ← A(x) until the desired
accuracy on feasibility is satisfied.

Proposition 3.14. For any given x ∈ M, suppose β ≥ βx, then it holds that

‖∇h(y)‖ ≥ 1
2
‖grad f (A∞(y))‖ , for all y ∈ Ω̄x. (3.14)
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Proposition 3.14 shows that ‖grad f (A∞(y))‖ can be controlled by ‖∇h(y)‖. Next, we study the
relationship between the Riemannian Hessian of f at A∞(y) and the Hessian of h at y.

Proposition 3.15. Suppose Assumption 2.11 holds, then the following inequalities hold for any x ∈ M

λmin(hess f (x)) ≥ λmin(∇2h(x))− Lx,A ‖grad f (x)‖ , (3.15)

λmax(hess f (x)) ≤ λmax(∇2h(x)) + Lx,A ‖grad f (x)‖ . (3.16)

Proposition 3.16. Suppose Assumption 2.11 holds. For any given x ∈ M and β ≥ βx, the following
inequality holds for any y ∈ Ω̄x,

λmin(hess f (A∞(y))) ≥ λmin(∇2h(y))−
∥∥∥∇2g(A∞(y))−∇2g(y)

∥∥∥
−
(

5
2

Lx,A +
96Lx,c Mx,c(Mx,A + 1)2

σ2
x,c

)
‖∇h(y)‖ .

(3.17)

3.2.3 Łojasiewicz exponents and local minimizers

The following proposition guarantees the fact that OCP and CDF share the same Łojasiewicz
exponents at any x ∈ M.

Proposition 3.17. For any given x ∈ M, suppose β ≥ βx and OCP satisfies the Riemannian Łojasiewicz
gradient inequality at x with Riemannian Łojasiewicz exponent θ ∈ (0, 1

2 ], then CDF satisfies the (Euclidean)
Łojasiewicz gradient inequality at x with Łojasiewicz exponent θ.

At the end of this subsection, we establish the relationship on the local minimizers between OCP
and CDF.

Theorem 3.18. For any given x ∈ M, suppose β ≥ βx, then any local minimizer of OCP in Ω̄x is a local
minimizer of CDF. Moreover, any local minimizer of CDF in Ω̄x is a local minimizer of OCP.

The detailed proofs of Proposition 3.17 and Proposition 3.18 are presented in Appendix A.2.3.

3.3 Constraint dissolving approach and theoretical analysis

In this subsection, we show how to establish the convergence properties of the proposed con-
straint dissolving approaches directly from existing results. In our proposed constraint dissolving
approaches, we first construct the corresponding CDF for OCP, then we select a specific uncon-
strained optimization approach to minimize CDF. Moreover, we perform a post-processing proce-
dure to achieve high accuracy in feasibility, if necessary. The details of the constraint dissolving
approach are summarized in Algorithm 1.

Algorithm 1 Constraint Dissolving Approach for OCP.

Require: Input data: manifoldM, objective function f , penalty parameter β, initial guess x0, station-
arity tolerance εs, feasibility tolerance ε f , and a selected unconstrained optimization approach
(UCO).

1: Construct the constraint dissolving function CDF.
2: Initiated from x0, invoke the UCO to solve CDF and generate a sequence {xk}. Terminate when

tolerance εs is reached and obtain x̃.
3: if require post-processing then
4: while ‖c(x̃)‖ > ε f do
5: x̃ = A(x̃).
6: end while
7: end if
8: Return x̃.
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Remark 3.19. As shown in Lemma 3.3, for any x ∈ M, the constraint dissolving operatorA can quadratically
reduce the feasibility violation of any infeasible point in Ωx. Therefore, given any ε f > 0 in Algorithm 1, step

4-6 in Algorithm 1 are only performed for at most O
(

log(log(ε−1
f ))

)
times. More precisely, when the UCO

in Algorithm 1 yields an x̃ that satisfies ‖∇h(x̃)‖ ≤ εs, then from Lemma 3.3 and Theorem 3.10, step 4-6 in
Algorithm 1 are only performed for at most O

(
log(log(εsε−1

f β−1))
)

iterations.

For convenience, we call the selected unconstrained optimization approach in Algorithm 1 as
UCO, and let {xk} be the iterates generated by Algorithm 1. We assume that there exists a compact
set Γ̂ ⊂ Rn such that {xk} ⊂ Ω̄∩ Γ̂. Hence, supx∈M∩Γ̂ βx < +∞ due to the compactness ofM∩ Γ̂. We
choose sufficiently large β such that β ≥ supx∈M∩Γ̂ βx. Then we can adopt the following framework
to establish the corresponding theoretical results.

• Global convergence: Theorem 3.10 illustrates that OCP and CDF have the same first-order sta-
tionary points in Ω̄ ∩ Γ̂. Therefore, if a cluster point of {xk} is a first-order stationary point of
CDF, then we can claim that it is a first-order stationary point of OCP. Moreover, Proposition
3.17 illustrates that OCP and CDF have the same Łojasiewicz gradient exponents. Therefore,
when OCP satisfies the KL property, then the sequence convergence of {xk} can be guaranteed
by Proposition 3.17 and existing results, for instance [7], established for the selected uncon-
strained optimization approach in Algorithm 1.

• Local convergence rate: Theorem 3.18 shows that OCP and CDF have the same local minimiz-
ers in Ω̄ ∩ Γ̂. Together with Proposition 3.17, the local convergence rate of the sequence {xk}
can be established from prior works [52, 41, 39].

• Worst case complexity: Proposition 3.14 establishes the relationship between ‖∇h(xk)‖ and
‖grad f (A∞(xk))‖. Consequently, if Algorithm 1 produces an iterate xk satisfying ‖∇ f (xk)‖ ≤
εs, then it holds that ‖grad f (A∞(xk))‖ ≤ 2εs. As a result, the worst case complexity of Algo-
rithm 1 can be obtained from prior works immediately [13, 14, 15].

• The ability of escaping from saddle points: If a cluster point of {xk} is a second-order
stationary point of CDF, then Theorem 3.11 guarantees that this cluster point is a second-
order stationary point of OCP as well. Moreover, for any sequence {xk} generated by Al-
gorithm 1, Proposition 3.16 provides the relationship among hess f (A∞(xk)), ‖∇h(xk)‖ and
λmin(∇2h(xk)). Consequently, Algorithm 1 inherits the escaping-from-saddle-point properties
from its UCO, while the theoretical analysis directly follows existing results in unconstrained
optimization [26, 35, 36].

Clearly, the existence of a bounded set Ω̄ ∩ Γ̂, which contains all iterates generated by Algorithm
1, is crucial for the establishment of the above-mentioned theoretical properties. In the rest of this
subsection, we provide easy-to-verify conditions for the existence of such a compact set under a mild
assumption, which covers a board class of scenarios.

Assumption 3.20. Assumption on the coercivity of f (x) overM
• The level set Γ?

x := {y ∈ M : f (y) ≤ f (x)} is compact for any x ∈ M.

Assumption 3.20 straightforwardly holds when M is compact, and it is commonly assumed in
the literature [5, 25, 58]. Those extreme situations that Assumption 3.20 does not hold are out of the
scope of this paper.

For any given x ∈ M and any constant ζ > 0, we set Γx,ζ := {y ∈ Rn : dist(y, Γ?
x) ≤ ζ + 1} and

µx,ζ := infy∈Γx,ζ\Ω̄ ‖c(y)‖
2. From the definition of Ω̄ and the compactness of Γx,ζ , we can conclude

that µx,ζ > 0 holds for any x ∈ M. In addition, we define MΓx,ζ := supy,z∈Γx,ζ
g(y) − g(z), and

Ξx := {z ∈ Ω̄ ∩ Γx,ζ : dist(z, Γ?
x) ≤ 1/2}. Then we introduce the following threshold value of β.

Definition 3.21. For any given x ∈ M and any ζ > 0, we define

β̄x := max

{
4MΓx,ζ

µx,ζ
, sup

w∈M∩Γx,ζ

βw

}
. (3.18)
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Proposition 3.22. Suppose Assumption 3.20 holds. For any given x ∈ M and ζ > 0, let β ≥ β̄x, then it
holds that

{y ∈ Rn : h(y) ≤ h(x)} ∩ Γx,ζ ⊂ Ξx. (3.19)

Proof. For any y ∈ Γx,ζ \ Ω̄, it holds from the definition of MΓx,ζ and µx,ζ that

h(y)− h(x) = g(y) +
β

2
‖c(y)‖2 − g(x) ≥ −MΓx,ζ +

µx,ζ β

2
> 0. (3.20)

Moreover, for any y ∈
(
Ω̄ ∩ Γx,ζ

)
\ Ξx, we show that A∞(y) 6∈ Γ?

x by contradiction. Suppose on the
contrary that A∞(y) ∈ Γ?

x. Then Lemma 3.4 demonstrates that

dist(y, Γ?
x) ≤ ‖A∞(y)− y‖ ≤ sup

z∈Γx,ζ∩M
εz ≤ sup

z∈Γx,ζ∩M

ρz

2
≤ 1

2
.

As a result, y ∈ Ξx and this contradicts the fact that y ∈ Ω̄ \ Ξx. Therefore, A∞(y) ∈ M \ Γ?
x, and

from Proposition 3.13, we obtain that

h(y) ≥ h(A∞(y)) = f (A∞(y)) > f (x) = h(x). (3.21)

This completes the proof.

The following corollary illustrates that with the help of Assumption 3.20, we can actually further
relax the requirement {xk} ⊂ Ω̄ ∩ Γ̂ to x0 ∈ Ω̄ ∩ Γ̂ under mild conditions.

Corollary 3.23. Given any x0 ∈ M and ζ > 0, suppose Assumption 3.20 holds, β ≥ β̄x0 and Algorithm 1
generates a sequence {xk} that satisfies h(xk) ≤ h(x0) and ‖xk+1 − xk‖ ≤ ζ for any k ≥ 0. Then it holds
that {xk} ⊂ Ω̄ ∩ Γx0,ζ .

Proof. We prove the inclusion {xk} ⊂ Ω̄ ∩ Γx0,ζ by induction. Suppose xj ⊂ Ω̄ ∩ Γx0,ζ for 0 ≤ j ≤ k.
Then Proposition 3.22 and the fact that h(xk) ≤ h(x0) implies that xk ∈ Ξx0 . Moreover, it follows from
the definition of Γx0,ζ and Ξx0 that dist(Rn \ Γx0,ζ , Ξx0) ≥ ζ.

Therefore, the fact that ‖xk+1 − xk‖ ≤ ζ implies that xk+1 ∈ Γx0,ζ . Furthermore, together with
Proposition 3.22 and the fact that h(xk+1) ≤ h(x0), we arrive at xk+1 ∈ Ξx0 ⊂ Ω̄ ∩ Γx0,ζ . Namely, the
inclusion xj ∈ Ω̄ ∩ Γx0,ζ holds for 0 ≤ j ≤ k + 1. Then by induction, we obtain that {xk} ⊂ Ω̄ ∩ Γx0,ζ
holds for any k ≥ 0.

Remark 3.24. The conditions in Corollary 3.23 are not restrictive at all. By choosing any monotone algorithm
or algorithm that employ nonmonotone line search techniques [29] as UCO, it is easy to guarantee that the
relationship h(xk) ≤ h(x0) holds for any k ≥ 0. Moreover, the condition that ‖xk+1 − xk‖ ≤ ζ holds for any
k ≥ 0 is also priorly verifiable in most cases. For example, we can choose the UCO in Algorithm 1 as a line-
search method with maximal stepsize, a trust-region method with maximal radius [71], or a cubic regularization
method with an appropriate regularization parameter [49]. For the other situations, we can prefix a large ζ as
a loose upper-bound for the distance between two consecutive iterates. Additionally, when {xk} has sequential
convergence, the restriction ‖xk+1 − xk‖ ≤ ζ naturally holds for any sufficiently large k.

4 Implementation

In this section, we first show that we can construct the constraint dissolving operator A directly
from c(x) without any prior knowledge of the geometrical properties of M. In addition, we pro-
vide easy-to-compute formulations of A for several well-known Riemannian manifolds, such as the
Stiefel manifold, the Grassmann manifold, the symplectic Stiefel manifold, the hyperbolic manifold,
etc. Moreover, we provide an illustrative example of selecting the momentum-accelerated cubic reg-
ularization method as the unconstrained optimization approach in Algorithm 1, and establish its
convergence properties directly from existing works.
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4.1 Construction of constraint dissolving operators

When we have no prior knowledge on the constraints c(x) = 0 in OCP, we can consider the
following mapping

Ac(x) := x− Jc(x)
(

Jc(x)> Jc(x) + α ‖c(x)‖2 Ip

)−1
c(x). (4.1)

It is worth mentioning that Jc(x) may be rank-deficient for some x ∈ Rn \M [23, 21], resulting in
the discontinuity of Jc(x)†. To this end, we choose to add a regularization term to Jc(x)> Jc(x) with a
prefixed constant α > 0 in (4.1). Then Ac is locally Lipschitz smooth in Rn and we can consider the
following penalty function,

hc(x) := f (Ac(x)) +
β

2
‖c(x)‖2 . (4.2)

The following lemma illustrates that Ac satisfies Assumption 1.2.

Lemma 4.1. Suppose c is twice locally Lipschitz continuously differentiable, then the constraint dissolving
operator Ac satisfies Assumption 1.2.

Proof. The Lipschitz smoothness of Ac is guaranteed by the twice locally Lipschitz continuous differ-
entiability of c. In addition, for any x ∈ M, it follows from the equality c(x) = 0 that the equality
Ac(x) = x holds. Moreover, according to the fact that JAc(x) = In − Jc(x)Jc(x)† holds for any x ∈ M,
we obtain

JAc(x)Jc(x) = Jc(x)− Jc(x)Jc(x)† Jc(x) = 0. (4.3)

Therefore, we can conclude that Ac satisfies Assumption 1.2.

The mappingAc in (4.2) only depends on Jc(x). As a result, for a wide range of Riemannian mani-
folds, we can develop the corresponding constraint dissolving function without any prior knowledge
on the geometrical properties ofM.

On the other hand, for several Riemannian manifolds with explicit expressions, which are widely
used in real life, we can choose specific constraint dissolving operators that are easy to calculate. We
present the details in Table 1. It can be easily verified that all the constraint dissolving operators pre-
sented in Table 1 satisfy Assumption 1.2, and we omit the proofs for simplicity. Moreover, calculating
these operators A and the corresponding JA(x) only involve matrix-matrix multiplications. This im-
plies that it is efficient to compute∇h once∇ f is obtained. In particular, compared with the Fletcher’s
penalties, CDF avoids the needs to solve a system of linear equations in each function evaluation by
appropriately selecting the the constraint dissolving operators for a variety of Riemannian manifolds
in Table 1.

4.2 Choosing penalty parameter β for CDF

In this subsection, we discuss how to choose the penalty parameter for CDF. The following propo-
sitions illustrate that for any local minimizer x of OCP, we can choose a sufficiently large penalty
parameter β to guarantee that x is also a local minimizer for CDF through a practical formula.

Proposition 4.2. For any x ∈ M, it holds that

sup
y∈Ωx\M

{
max

{
f (A2(y))− f (A(y))
‖c(y)‖2 − ‖c(A(y))‖2 , 0

}}
≤

32Mx, f (Mx,A + 1)Lx,b

3σ3
x,c

.

Proof. For any x ∈ M and any y ∈ Ωx, it holds directly from Lemma 3.3 that

‖c(A(y))‖ ≤
4Lx,b

σ2
x,c
‖c(y)‖2 ≤ 1

2
‖c(y)‖ ,
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Table 1: Implementation of A for several Riemannian manifolds. Here 0m×m denotes the m-th order
zero matrix, and XH denotes the conjugate transpose of a complex matrix X.

Name of the manifold Expression ofM Possible choice of A
Sphere

{
x ∈ Rn : x>x = 1

}
x 7→ 2x/(1 + ‖x‖2

2)

Oblique manifold
{

X ∈ Rm×s : Diag(X>X) = Is
}

X 7→ 2X
(

Is + Diag(X>X)
)−1

Stiefel manifold
{

X ∈ Rm×s : X>X = Is
}

X 7→ X
(

3
2 Is − 1

2 X>X
)

[67]

Complex Stiefel manifold
{

X ∈ Cm×s : XH X = Is
}

X 7→ X
(

3
2 Is − 1

2 XH X
)

Generalized Stiefel manifold
{

X ∈ Rm×s : X>BX = Is
}

for some X 7→ X
(

3
2 Is − 1

2 X>BX
)

positive definite B
Grassmann manifold

{
range(X) : X ∈ Rm×s, X>X = Is

}
X 7→ X

(
3
2 Is − 1

2 X>X
)

[67]

Complex Grassmann manifold
{

range(X) : X ∈ Cm×s, XH X = Is
}

X 7→ X
(

3
2 Is − 1

2 XH X
)

Generalized Grassmann manifold
{

range(X) : X ∈ Rm×s, X>BX = Is
}

X 7→ X
(

3
2 Is − 1

2 X>BX
)

for some positive definite B

Hyperbolic manifold [5]
{

X ∈ Rm×s : X>BX = Is
}

for some B X 7→ X
(

3
2 Is − 1

2 X>BX
)

that satisfies λmin(B) < 0 < λmax(B)

Symplectic Stiefel manifold [58]
{

X ∈ R2m×2s : X>QmX = Qs
}

X 7→ X
(

3
2 I2s +

1
2 QsX>QmX

)
Qm :=

[
0m×m Im
−Im 0m×m

]
Quadratic matrix Lie groups [73]

{
X ∈ Rm×m : X>RmX = Rm

}
X 7→ X− 1

2 X
(
X>R>m XRm − Im

)
R2

m = νIm, R>m = νRm for ν = ±1

which leads to
‖c(y)‖2 − ‖c(A(y))‖2 ≥ 3

4
‖c(y)‖2 . (4.4)

On the other hand, it follows from Lemma 3.2 and Lemma 3.3 that

| f (A2(y))− f (A(y))| ≤ Mx, f

∥∥∥A2(y)−A(y)
∥∥∥ ≤ 2Mx, f (Mx,A + 1)

σx,c
‖c(A(y))‖

≤
8Mx, f (Mx,A + 1)Lx,b

σ3
x,c

‖c(y)‖2 .
(4.5)

Therefore, for any y ∈ Ωx \M, from (4.4) and (4.5) we get

∣∣∣∣∣ f (A2(y))− f (A(y))
‖c(y)‖2 − ‖c(A(y))‖2

∣∣∣∣∣ ≤
8Mx, f (Mx,A+1)Lx,b

σ3
x,c

‖c(y)‖2

3
4 ‖c(y)‖

2 ≤
32Mx, f (Mx,A + 1)Lx,b

3σ3
x,c

,

which illustrates that sup
y∈Ωx\M

{
max

{
f (A2(y))− f (A(y))
‖c(y)‖2−‖c(A(y))‖2 , 0

}}
≤ 32Mx, f (Mx,A+1)Lx,b

3σ3
x,c

and completes the

proof.

Proposition 4.3. For any local minimizer x of OCP, suppose the penalty parameter β in CDF satisfies

β ≥ 2 · sup
y∈Ωx\M

{
max

{
f (A2(y))− f (A(y))
‖c(y)‖2 − ‖c(A(y))‖2 , 0

}}
, (4.6)

then it holds that x is a local minimizer for CDF.

Proof. We prove this proposition by contradiction. Suppose x is not a local minimizer for CDF. Then
there exists a sequence {yi} ⊂ Ω̄x such that {yi} → x and h(yi) < h(x) holds for any i ≥ 1.

From (4.6), it is easy to verify that the following inequality holds for any y ∈ Ωx,

h(A(y)) = f (A2(y)) +
β

2
‖c(A(y))‖2 ≤ f (A(y)) + β

2
‖c(y)‖2 = h(y). (4.7)

16



Notice that Lemma 3.4 implies that Ak(y) ∈ Ωx holds for any y ∈ Ω̄x and any k ≥ 1. Therefore,
together with (4.7), we can conclude that for any y ∈ Ω̄x, it holds that

f (A∞(y)) = h(A∞(y)) ≤ h(A(y)) ≤ h(y). (4.8)

From (4.8) and Lemma 3.4, it holds that {A∞(yi)} → x and for any i ≥ 1, f (A∞(yi)) ≤ h(yi) <
h(x), which contradicts the fact that x is a local minimizer of OCP. Therefore, from the contradiction,
we can conclude that x is a local minimizer for CDF and complete the proof.

Remark 4.4. As illustrated in Proposition 4.2, the right-hand-side of (4.6) is upper-bounded by a constant.
Moreover, based on Proposition 4.3, we suggest the following procedure to choose a penalty parameter for CDF.
We first choose a reference point x̃ ∈ M and randomly sample Nβ points {xre f

1 , ..., xre f
Nβ
} ∈ B(x̃, δβ) where

B(z, δβ) := {x ∈ Rn : ‖x− z‖ ≤ δβ}. Then we compute an estimated value for β as follows:

βesti = 2θβ · max
1≤i≤Nβ

max


f (A2(xre f

i ))− f (A(xre f
i ))∣∣∣∣∥∥∥c(xre f

i )
∥∥∥2
−
∥∥∥c(A(xre f

i ))
∥∥∥2
∣∣∣∣+ εβ

, 0


 . (4.9)

Here δβ > 0, εβ ≥ 0 and θβ ≥ 1 are some prefixed hyper-parameters.

4.3 Comparison with existing penalty approaches

We summarize the differences between CDF and Fletcher’s penalty function (1.1) in Table 2. As
mentioned in the introduction, Fletcher’s penalty function involves ∇ f in its function value. There-
fore, the cost of computing its exact gradient is similar to computing the Hessian of CDF, meanwhile,
calculating the Hessian of Fletcher’s penalty function is usually intractable.

Table 2: Differences between CDF and Fletcher’s penalty function.

Objective function f in OCP CDF Fletcher’s penalty function (1.1)
Bounded below Bounded below Not bounded below
Lipschitz smooth Lipschitz smooth Lipschitz continuous
Twice differentiable Twice differentiable Differentiable
∇ f is available h and ∇h are achievable Only φ is achievable
∇ f and ∇2 f are available h, ∇h and ∇2h are achievable Only φ and ∇φ are achievable

On the other hand, the constraint dissolving operator A that satisfies Assumption 1.2, its trans-
posed Jacobian JA(x) is not necessary symmetric. As a result, from the expression of∇ f (x) presented
in Proposition 3.8, ∇h(x) is not necessarily in Tx even when x ∈ M. However, from the expression
of Fletcher’s penalty function in (1.1), ∇φ(x) = grad f (x) ∈ Tx holds for any given x ∈ M.

To further illustrate the differences between CDF and Fletcher’s penalty function, we provide
an example by considering a problem in R2 that minimizes f (w) :=

∥∥w− [1, 1]>
∥∥2

over the con-
straint w>Cw = 1 with C := Diag(1,−1). As illustrated in Section 4.1, the mapping A : w 7→
w − 1

2 w(w>Cw − 1) satisfies Assumption 1.2 and thus its constraint dissolving function h(w) :=
f (w− 1

2 w(w>Cw− 1)) + β
2 (w

>Cw− 1)2 shares the same first-order stationary points with itself. We
plot the contours of h(w), together with the contours of the corresponding Fletcher’s penalty function
in Figure 1. These figures illustrate that even when w is feasible, ∇h(w) is not necessarily contained
in the tangent space of the feasible set. Therefore, ∇h(x) is independent of the Riemannian gradient
of f even when x is feasible, which further illustrates that minimizing CDF can completely waive the
computation of geometrical materials of the Riemannian manifold M. However, the expression of
the corresponding Fletcher’s penalty function forces ∇φ(x) = grad f (x) ∈ Tx for any given x ∈ M.
That is, for any x ∈ M, computing ∇φ(x) is equivalent to computing the Riemannian gradient of f
at x.

17



Figure 1: The contours of CDF and (1.1) with β = 1 for w ∈ [0, 2]× [−0.5, 1.5], where a lighter contour
corresponds to a higher function value. The red lines denote the feasible set. (a) The contours of h(w);
(b) The contours of Fletcher’s penalty function.
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Furthermore, when f is bounded below, it is easy to verify that CDF is bounded below in Rn.
Meanwhile, Fletcher’s penalty function does not have this property. As illustrated in Figure 1, Fletcher’s
penalty function can be unbounded below in Rn even if the objective function is bounded below.
Moreover, Fletcher’s penalty function is not well defined in Rn since the Jacobian of the constraint is
singular at [0, 0]>.

4.4 Example

In this subsection, we present a representative example to illustrate how to apply CDF to solve
OCP by the routine in Algorithm 1, and that it inherits all the convergence properties from the selected
unconstrained optimization approach. Moreover, we present several supplementary examples in
Appendix B. These supplementary examples further illustrate that the proposed constraint dissolving
approaches enable us to directly employ various existing efficient unconstrained solvers to CDF.

Before we start the proof, we first define several constants based on Assumption 3.20 for any given
x0 ∈ M and any ζ > 0:

• σ̃x0,c := infx∈Γx0,ζ∩Ω̄ σx,c;

• M̃x0,A := supx∈Γx0,ζ∩Ω̄ Mx,A;

• M̃x0,c := supx∈Γx0,ζ∩Ω̄ Mx,c;

• L̃x0,c := supx∈Γx0,ζ∩Ω̄ Lx,c;

• L̃x0,A := supx∈Γx0,ζ∩Ω̄ Lx,A.

Recently, there is a growing interest in designing algorithms that can escape from saddle points in
unconstrained nonconvex optimization. Among these approaches, the cubic regularization Newton’s
method is a popular optimization algorithm. Recently, [64] proposed a cubic regularization method
with momentum (CRm), which achieves the best possible convergence rate to a second-order sta-
tionary point for nonconvex optimization. However, transferring CRm into its Riemannian version
by the framework from [4] requires deep modifications to the original framework, since solving the
cubic step in tangent space requires specially designed solvers, computing the momentum step in-
volves vector transports on the Riemannian manifold, and retractions should also be introduced to

18



enforce the feasibility of the iterates. Noting that the iterates are not updated along geodesics, and
the momentum steps involve vector transports, we need great efforts in establishing the convergence
properties for the Riemannian version of CRm.

Alternatively, we can directly apply CRm algorithm to solve OCP through CDF. The detailed
algorithm is presented in Algorithm 2.

Algorithm 2 Cubic regularization method with momentum for CDF.
Require: Input data: functions f , ρ < 1, ν.

1: Choose initial guess x0 ∈ M, and β ≥ β̄x0 according to Definition 3.21, set y0 = x0, k := 0.
2: while not terminated do
3: Compute cubic step:

dk = arg min
d∈Rn

d>∇h(xk) +
1
2

d>∇2h(xk)d +
ν

6
‖d‖3 . (4.10)

4: yk+1 = xk + dk, τk = min{ρ, ‖∇h(yk+1)‖ , ‖yk+1 − xk‖}.
5: Compute momentum step: vk+1 = yk+1 + τk(yk+1 − yk).
6: Set xk+1 = yk+1 if h(yk+1) ≤ h(vk+1); otherwise, set xk+1 = vk+1.
7: k = k + 1.
8: end while
9: Return xk.

Next, we establish the convergence results of Algorithm 2 by combining Theorem 1 in [64], Theo-
rem 3.10 and Theorem 3.11.

Theorem 4.5. Suppose Assumption 2.11 and Assumption 3.20 hold, ∇2g(x) is locally Lipschitz continuous
in Rn, Algorithm 2 sets ζ > 0, chooses its parameters as

M̃ := sup
y,z∈Γx0,ζ ,y 6=z

∥∥∇2g(y)−∇2g(z)
∥∥

‖y− z‖ , β ≥ max

{
β̄x0 ,

96M̃(M̃x0,A + 1)2

σ̃2
x0,c

}
,

ν = max

 sup
y,z∈Γx0,ζ ,y 6=z

∥∥∇2h(y)−∇2h(z)
∥∥

‖y− z‖ , sup
y∈Γx0,ζ

2
∥∥∇2h(y)

∥∥
ζ

, sup
y∈Γx0,ζ

‖∇h(y)‖
ζ2

 ,

and produces iterates {xk}. Then for any ε ∈ (0, 1), there exists an constant C that is dependent on β, Mx, f ,
Lx,g and ν, such that for any K ≥ C

ε3/2 , there exists an x̃ ∈ {xi}0≤i≤K such that

‖grad f (A∞(x̃))‖ ≤ ε, and λmin(hess f (A∞(x̃))) ≥ −
√

ε.

Proof. We first conclude from the definition for ν that ‖xk+1 − xk‖ ≤ ζ holds for any k ≥ 0. Due to step
7 in Algorithm 2, the sequence {xk} generated by Algorithm 2 satisfies h(xj+1) ≤ h(xj), j = 0, 1, ...,
which leads to the fact that {xk} ⊂ Γx0,ζ . Then Corollary 3.23 ensures that the sequence is restricted
in Ω̄ ∩ Γx0,ζ , which implies the validity of Assumption 1 in [64]. Together with Theorem 1 in [64], we
can conclude that for any ε ∈ (0, 1) and any K ≥ C

ε3/2 , there exists an x̃ ∈ {xi}0≤i≤K satisfying

‖∇h(x̃)‖ ≤ ε

2 + 8L̃x0,A +
288L̃x0,c M̃x0,c(M̃x0,A+1)2

σ̃2
x0,c

, and λmin(∇2h(x̃)) ≥ −
√

ε

3
.

By Proposition 3.14, the relationship ‖grad f (A∞(x̃))‖ ≤ 2 ‖∇h(x̃)‖ ≤ ε holds. In addition, it
follows from Theorem 3.10 and Lemma 3.4 that

‖A∞(x̃)− x̃‖ ≤
4(M̃x0,A + 1)

σ̃x0,c
‖c(x̃)‖ ≤

32(M̃x0,A + 1)2

βσ̃2
x0,c

‖∇h(x̃)‖ ≤ 1
3M̃

ε.
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Finally, we recall Proposition 3.16 and arrive at

λmin(hess f (A∞(x̃)))

≥ λmin(∇2h(x̃))−
∥∥∥∇2g(A∞(x̃))−∇2g(x̃)

∥∥∥−(5
2

L̃x0,A +
96L̃x0,c M̃x0,c(M̃x0,A + 1)2

σ̃2
x0,c

)
‖∇h(x̃)‖

≥ λmin(∇2h(x̃))− M̃ ‖A∞(x̃)− x̃‖ −
(

5
2

L̃x0,A +
96L̃x0,c M̃x0,c(M̃x0,A + 1)2

σ̃2
x0,c

)
‖∇h(x̃)‖

≥ −
√

ε

3
− ε

3
− ε

3
= −
√

ε,

which completes the proof.

5 Conclusion

Riemannian optimization has close connections with unconstrained optimization. To extend ex-
isting unconstrained optimization approaches to solve Riemannian optimization problems and es-
tablish the corresponding theoretical properties, most existing approaches are developed based on
the frameworks summarized in [4] by utilizing various geometrical materials from differential ge-
ometry. However, determining and preparing the geometrical materials are challenging for various
Riemannian manifolds. In addition, incorporating these geometrical materials requires significant
modifications to the original unconstrained optimization approaches. Last but not least, the approx-
imation errors introduced by retractions and vector transports generally will lead to difficulties in
establishing the theoretical convergence properties. Therefore, it is challenging to apply advanced
unconstrained optimization approaches to solve Riemannian optimization problems.

The main contribution of this paper is to propose a class of constraint dissolving approaches,
based on the so-called constraint dissolving functions CDF. We prove that under mild assumptions,
OCP and CDF have the same first-order stationary points, second-order stationary points, local min-
imizers, and Łojasiewicz exponents in a neighborhood of the feasible region. In addition, the exact
gradient and Hessian of CDF can directly be calculated based on the same order of differentials of f .
We summarize our proposed constraint dissolving approaches in Algorithm 1. We provide a frame-
work to establish the global convergence, worst-case complexity, and escaping-from-saddle-point
properties of Algorithm 1 under mild assumptions directly based on existing results for the selected
unconstrained optimization approach.

Moreover, we discuss how to choose the constraint dissolving operator A for CDF and present
an easy-to-compute form of A for several well-known manifolds, including the generalized Stiefel
manifold, the symplectic Stiefel manifold, and the hyperbolic manifold. The construction of CDF is
independent of the geometrical properties ofM, which avoids the difficulties in analyzing the geo-
metrical properties of the underlying manifold and hence it enables us to design constraint dissolving
approaches for a number of well-known Riemannian manifolds. Finally, we use the cubic regular-
ization method with momentum as an example to illustrate how to directly apply unconstrained
optimization approaches to OCP and inherit existing theoretical results.

A Proofs for Main Results

A.1 Proofs for Section 3.1

Proof for Lemma 3.4

Proof. We first show that the inclusion Aj(y) ∈ Ωx holds for any j ∈ N ∪ {0} by mathematical
induction. It is clear that this statement holds at j = 0. Suppose that the statement holds for any
0 ≤ j ≤ K − 1 with certain K ∈ N. Then for any 1 ≤ k ≤ K − 1, Lemma 3.1, Lemma 3.3 and the
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definition of εx imply that∥∥∥c(Ak(y))
∥∥∥ ≤ 4Lx,b

σ2
x,c

∥∥∥c(Ak−1(y))
∥∥∥2
≤ 1

2

∥∥∥c(Ak−1(y))
∥∥∥ . (A.1)

By simple calculations, we obtain

K

∑
i=0

∥∥∥c(Ai(y))
∥∥∥ < 2 ‖c(y)‖ . (A.2)

On the other hand, it follows from Lemma 3.2 that∥∥∥Ak(y)−Ak−1(y)
∥∥∥ ≤ 2(Mx,A + 1)

σx,c

∥∥∥c(Ak−1(y))
∥∥∥ ,

which implies that

K

∑
i=1

∥∥∥Ai(y)−Ai−1(y)
∥∥∥ ≤ K

∑
i=1

2(Mx,A + 1)
σx,c

∥∥∥c(Ai−1(y))
∥∥∥

≤ 4(Mx,A + 1)
σx,c

‖c(y)‖ ≤
4Mx,c(Mx,A + 1)

σx,c
‖y− x‖ .

(A.3)

Together with the fact that y ∈ Ω̄x, it holds that

∥∥∥AK(y)− x
∥∥∥ ≤ ‖y− x‖+

K

∑
i=1

∥∥∥Ai(y)−Ai−1(y)
∥∥∥

≤ 4Mx,c(Mx,A + 1) + σx,c

σx,c
‖y− x‖ ≤ εx.

Namely, the inclusion Aj(y) ∈ Ωx holds at j = K. By mathematical induction, we can conclude that
this statement holds for any j = N∪ {0}.

Now, it is easy to extend inequalities (A.2) and (A.3) to the following infinite case, leading to

+∞

∑
i=0

∥∥∥c(Ai(y))
∥∥∥ ≤ +∞

∑
i=0

1
2i ‖c(y)‖ = 2 ‖c(y)‖ ,

and
+∞

∑
i=1

∥∥∥Ai(y)−Ai−1(y)
∥∥∥ ≤ 4(Mx,A + 1)

σx,c
‖c(y)‖ . (A.4)

Then by the dominated convergence theorem, we have that the sequence {Ak(x)} is convergent, i.e.
A∞(y) exists. Moreover,

‖A∞(y)− y‖ ≤
∞

∑
k=1

∥∥∥Ak(y)−Ak−1(y)
∥∥∥ ≤ 4(Mx,A + 1)

σx,c
‖c(y)‖ . (A.5)

Finally, we show that A∞(y) ∈ M. From (A.1),
∥∥∥c(Ak(y))

∥∥∥ ≤ 1
2

∥∥∥c(Ak−1(y))
∥∥∥ holds for any

k ≥ 1. Then
‖c(A∞(y))‖ = lim

k→+∞

∥∥∥c(Ak(y))
∥∥∥ = 0.

This implies that A∞(y) ∈ M and the proof is completed.
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A.2 Proofs for Section 3.2

A.2.1 Proofs for Section 3.2.1

Proof for Proposition 3.9

Proof. For any first-order stationary point, x ∈ M of OCP, it follows from the equality (2.2) that

∇h(x) = JA(x)∇ f (x) + βJc(x)c(x) = JA(x)Jc(x)λ(x) = 0,

which implies that x is a first-order stationary point of CDF.
On the other hand, for any x ∈ M that is a first-order stationary point of CDF, it holds that

JA(x)∇ f (x) = 0,

which results in the inclusion ∇ f (x) ∈ Nx = range(Jc(x)) from Lemma 3.6. By Definition 2.1, we
conclude that x is a first-order stationary point of OCP.

Proof for Theorem 3.10

Proof. For any y ∈ Ωx, it follows from the definition of Mx,A that

‖(JA(y)− In)∇h(y)‖ ≤ (Mx,A + 1) ‖∇h(y)‖ .

Moreover, we can obtain

‖(JA(y)− In)∇g(y)‖ = ‖(JA(y)− In)JA(y)∇ f (A(y))‖ ≤
∥∥∥JA(y)2 − JA(y)

∥∥∥ ‖∇ f (A(y))‖

≤ Lx,A(2Mx,A + 1)dist(y,M) ‖∇ f (A(y))‖ ≤
2Mx, f Lx,A(2Mx,A + 1)

σx,c
‖c(x)‖ .

Here, the second inequality results from the Lipschitz continuity of JA(y) and Lemma 3.7. The last
inequality is implied by Lemma 3.1. On the other hand, it holds that

‖(JA(y)− In)Jc(y)c(y)‖ ≥ ‖Jc(y)c(y)‖ − ‖JA(y)Jc(y)c(y)‖

≥ σx,c

2
‖c(y)‖ − ‖JA(y)Jc(y)‖ ‖c(y)‖ ≥

σx,c

2
‖c(y)‖ − Lx,bdist(y,M) ‖c(y)‖

≥ σx,c

2
‖c(y)‖ − Lx,bεx ‖c(y)‖ ≥

σx,c

4
‖c(y)‖ .

Combining the above two inequalities, we have

‖∇h(y)‖ ≥ 1
Mx,A + 1

‖(JA(y)− In)∇h(y)‖

≥ 1
Mx,A + 1

(
β ‖(JA(y)− In)Jc(y)c(y)‖ − ‖(JA(y)− In)∇g(y)‖

)
≥ 1

Mx,A + 1

(
βσx,c

4
−

2Mx, f Lx,A(2Mx,A + 1)
σx,c

)
‖c(y)‖ ≥ βσx,c

8(Mx,A + 1)
‖c(y)‖

(A.6)

holds for any y ∈ Ω̄x. Here, the last inequality results from Definition 2.9.
Finally, for any first-order stationary point x∗ of CDF that satisfies x∗ ∈ Ωx, it follows from the

inequality (A.6) that the feasibility ‖c(x∗)‖ = 0 is implied by the stationarity ∇h(x∗) = 0. Together
with Proposition 3.9, we conclude that x∗ is a first-order stationary point of OCP.

In the rest of this part, we aim to prove Theorem 3.11. We start with two auxiliary lemmas.
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Lemma A.1. Suppose Assumption 2.11 holds. For any given x ∈ M, the following equation holds for any
d ∈ Tx, (

DJA(x)[grad f (x)]
)

d =
(
DJA(x)[∇ f (x)]

)
d +

p

∑
i=1

λi(x)JA(x)∇2ci(x)JA(x)>d.

Moreover, if x is a first-order stationary point of OCP, then for any d ∈ Tx, it holds that

(
DJA(x)[∇ f (x)]

)
d = −

p

∑
i=1

λi(x)JA(x)∇2ci(x)JA(x)>d.

Proof. Firstly, for any given x ∈ M, it follows from Assumption 1.2 that the equality JA(x)Jc(A(x)) =
JA(x)Jc(x) = 0 holds. Then for any d ∈ Tx, we denote x̂ ∈ proj(x + d,M) and obtain

‖JA(x + d)Jc(A(x + d))‖ = ‖JA(x + d)Jc(A(x + d))− JA(x̂)Jc(A(x̂))‖

≤ Lx,b ‖x + d− x̂‖ = Lx,bdist(x + d,M)
(i)
≤

2Lx,b

σx,c
‖c(x + d)‖

(ii)
≤

Lx,bLx,c

σx,c
‖d‖2 .

Here, the inequality (i) directly follows from Lemma 3.1. Meanwhile, combining the second-order
Taylor expansion of c(x + d) at x with the facts that x ∈ M and d ∈ Tx, we can obtain the inequality
(ii).

Therefore, it follows from the fact ∇(c ◦ A)(x) = JA(x)Jc(A(x)) that

lim
t→0

JA(x + td)∇ci(A(x + td))− JA(x)∇ci(A(x))
t

= lim
t→0

JA(x + td)∇ci(A(x + td))
t

= 0

holds for any i = 1, ..., p and d ∈ Tx, which further implies ∇2(ci ◦ A)(x)d = 0. Here ∇2(ci ◦ A)(x)
denotes the Hessian of ci(A(x)) with respect to x.

On the other hand, we notice that

∇2(ci ◦ A)(x) = JA(x)∇2ci(A(x))JA(x)> +DJA(x)[∇ci(A(x))].

Combining Definition 2.1 with the equality (2.4) and A(x) = x, we have

0 =
p

∑
i=1

λi(x)∇2(ci ◦ A)(x)d

=

(
DJA(x)[

p

∑
i=1

λi(x)∇ci(x)]

)
d +

p

∑
i=1

λi(x)JA(x)∇2ci(x)JA(x)>d

=
(
DJA(x)[∇ f (x)− grad f (x)]

)
d +

p

∑
i=1

λi(x)JA(x)∇2ci(x)JA(x)>d.

From here, the first required result follows readily. The second required equality holds because
grad f (x) = 0 when x is a stationary point of OCP.

Lemma A.2. Suppose Assumption 2.11 holds, then for any x ∈ M and d ∈ Tx, it holds that

∇2h(x)d− JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d =

(
DJA(x)[grad f (x)]

)
d.

Moreover, if x is a first-order stationary point of OCP, then for any d ∈ Tx, it holds that

∇2h(x)d = JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d.
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Proof. Firstly, it follows from Proposition 3.8 that

∇2h(x) = JA(x)∇2 f (A(x))JA(x)> +DJA(x)[∇ f (x)] + βJc(x)Jc(x)>.

Together with Lemma A.1 and the fact that Jc(x)>d = 0, we conclude that

∇2h(x)d = JA(x)∇2 f (x)JA(x)>d +DJA(x)[∇ f (x)]d

= JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d +

(
DJA(x)[grad f (x)]

)
d,

and complete the proof.

Now, we are ready to prove the main theorem.

Proof for Theorem 3.11

Proof. Firstly, if x is a second-order stationary point of CDF, then Theorem 3.10 implies that x ∈ M.
Therefore, we conclude that grad f (x) = 0 and λmin(∇2h(x)) ≥ 0. It follows from Lemma 3.5 that
JA(x)>d1 = d1 holds for any d1 ∈ Tx. Then together with Lemma A.2, we obtain that

d>1 ∇2h(x)d1 = d>1

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d1.

Together with Lemma A.2 and Proposition 2.3, we arrive at

λmin(hess f (x)) ≥ min
d∈Tx ,‖d‖=1

d>∇2h(x)d ≥ 0,

which implies that x is a second-order stationary point of OCP.
On the other hand, suppose x is a second-order stationary point of OCP, which implies that

grad f (x) = 0 and hess f (x) � 0. As a result, we have H(x) � 0, where H(x) is defined in (2.5).
Then it follows from Lemma A.2 that for any d1 ∈ Tx, we have

d>1 ∇2h(x)d1 = d>1 JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d1

= d>1

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d1

Moreover, by (3.9) in Proposition 3.8, Lemma 3.5 and Lemma A.1, we have that for d1 ∈ Tx,

d>1 ∇2g(x)d1 = d>1 JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d1

= d>1

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d1.

(A.7)

Thus,

λmax(H(x)) = sup
d1∈Tx ,‖d1‖=1

d>1

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d1

= sup
d1∈Tx ,‖d1‖=1

d>1 ∇2g(x)d1 ≤ Lx,g.
(A.8)
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As a result, for any β ≥ βx, we obtain that for any d1 ∈ Nx,

d>2 ∇2h(x)d2 = βd>2 Jc(x)Jc(x)>d2 + d>2 ∇2g(x)d2

≥ βσ2
x,c ‖d2‖2 − Lx,g ‖d2‖2 ≥ Lx,g M2

x,A ‖d2‖2

≥ λmax(H(x)) ‖JA(x)‖2 ‖d2‖2

≥ d>2 JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d2.

Note that the last inequality holds because JA(x)>d2 ∈ Tx.
Moreover, Lemma 3.5 implies that JA(x)>(d1 + d2) ∈ Tx holds for any d1 ∈ Tx and d2 ∈ Nx.

Together with Definition 2.2 and the fact that hess f (x) � 0, we arrive at

(d1 + d2)
> JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>(d1 + d2) ≥ 0.

Additionally, it follows from Lemma A.2 that

d>2 ∇2h(x)d1 =d>2 JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d1.

Finally, we can conclude that

0 ≤ (d1 + d2)
> JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>(d1 + d2)

= d>1 ∇2h(x)d1 + 2d>1 ∇2h(x)d2 + d>2 JA(x)

(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
JA(x)>d2

≤ d>1 ∇2h(x)d1 + 2d>1 ∇2h(x)d2 + d>2 ∇2h(x)d2

= (d1 + d2)
>∇2h(x)(d1 + d2).

From the arbitrariness of d1 ∈ Tx and d2 ∈ Nx, we get ∇2h(x) � 0. This complete the proof.

A.2.2 Proofs for Section 3.2.2

Proof for Proposition 3.13

Proof. It follows from Lemma 3.2 and Lemma 3.3 that

| f (A2(y))− f (A(y))| ≤ Mx, f

∥∥∥A2(y)−A(y)
∥∥∥ ≤ 2Mx, f (Mx,A + 1)

σx,c
‖c(A(y))‖

≤
8Mx, f (Mx,A + 1)Lx,b

σ3
x,c

‖c(y)‖2 .

By Lemma 3.3, we know that the inequality ‖c(A(y))‖ ≤ 1
2 ‖c(y)‖ holds for any y ∈ Ωx. As a result,

h(A(y))− h(y) ≤
∣∣∣ f (A2(y))− f (A(y))

∣∣∣+ β

2

(
‖c(A(y))‖2 − ‖c(y)‖2

)
≤ −

(
β

4
−

8Mx, f (Mx,A + 1)Lx,b

σ3
x,c

)
‖c(y)‖2 ≤ − β

8
‖c(y)‖2 .

(A.9)

Here the last inequality uses the fact that β ≥ βx.
Together with Lemma 3.4, (A.9) further implies that

h(A∞(y))− h(y) =
+∞

∑
i=0

h(Ai+1(y))− h(Ai(y)) ≤ − β

8

+∞

∑
i=0

∥∥∥c(Ai(y))
∥∥∥2
≤ − β

4
‖c(y)‖2 ,

and we complete the proof.
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Proof for Proposition 3.14

Proof. Firstly, it follows from Lemma 3.4 that A∞(y) exists and A∞(y) ∈ Ωx ∩M. Let U be a matrix
whose columns form an orthonormal basis of TA∞(y), from the definition of TA∞(y) = Null(Jc(A∞(y))>),
it holds that U> Jc(A∞(y)) = 0. Then we can conclude that∥∥∥U> Jc(y)c(y)

∥∥∥ ≤ ∥∥∥U> Jc(y)
∥∥∥ ‖c(y)‖ ≤ ∥∥∥U>

(
Jc(y)− Jc(A∞(y))

)∥∥∥ ‖c(y)‖
≤ ‖Jc(y)− Jc(A∞(y))‖ ‖c(y)‖ ≤

4Lx,c(Mx,A + 1)
σx,c

‖c(y)‖2 .
(A.10)

Here the last inequality results from Lemma 3.4.
Because U be a matrix whose columns form an orthonormal basis of the tangent space at A∞(y),

Lemma 3.5 and Proposition 2.3 imply that UU>∇g(A∞(y)) = grad f (A∞(y)). Therefore, we can
obtain

‖∇h(y)‖ ≥
∥∥∥U>∇h(y)

∥∥∥ =
∥∥∥U> (∇g(y) + βJc(y)c(y))

∥∥∥
≥
∥∥∥U>∇g(y)

∥∥∥− β
∥∥∥U> Jc(y)c(y)

∥∥∥
≥
∥∥∥U>∇g(A∞(y))

∥∥∥− Lx,g ‖A∞(y)− y‖ − β
∥∥∥U> Jc(y)c(y)

∥∥∥
(i)
≥ ‖grad f (A∞(y))‖ −

4Lx,g(Mx,A + 1)
σx,c

‖c(y)‖ −
4βLx,c(Mx,A + 1)

σx,c
‖c(y)‖2 .

Here the inequality (i) results from (A.10) and Lemma 3.4. As a result, we further have

‖∇h(y)‖ ≥ 1
2
‖∇h(y)‖+ 1

2
‖∇h(y)‖

(ii)
≥ 1

2
‖∇h(y)‖+ βσx,c

16(Mx,A + 1)
‖c(y)‖

≥1
2
‖grad f (A∞(y))‖+ βσx,c

16(Mx,A + 1)
‖c(y)‖ −

2Lx,g(Mx,A + 1)
σx,c

‖c(y)‖

− 2βLx,c(Mx,A + 1)
σx,c

‖c(y)‖2

(iii)
≥ 1

2
‖grad f (A∞(y))‖+ βσx,c

16(Mx,A + 1)
‖c(y)‖ −

2Lx,g(Mx,A + 1)
σx,c

‖c(y)‖

− 2βLx,c(Mx,A + 1)
σx,c

· Mx,cσx,cεx

4Mx,c(Mx,A + 1) + σx,c
‖c(y)‖

≥ 1
2
‖grad f (A∞(y))‖ .

Here the inequality (ii) is implied by Theorem 3.10, and the inequality (iii) follows from the definition
of Ω̄x and Lemma 3.1.

Proof for Proposition 3.15

Proof. It follows from Lemma 3.5 that JA(x)>d = d holds for any d ∈ Tx, which implies the equality

d>∇2h(x)d = d>∇2g(x)d = d>
(
∇2 f (x)−

p

∑
i=1

λi(x)∇2ci(x)

)
d + d>

(
DJA(x)[grad f (x)]

)
d.

Together with Proposition 2.3, we obtain the follow inequalities

λmin(hess f (x)) ≥ min
d∈Tx ,‖d‖=1

d>∇2h(x)d− Lx,A ‖grad f (x)‖ ≥ λmin(∇2g(x))− Lx,A ‖grad f (x)‖ ,
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λmax(hess f (x)) ≤ max
d∈Tx ,‖d‖=1

d>∇2h(x)d + Lx,A ‖grad f (x)‖ ≤ λmax(∇2g(x)) + Lx,A ‖grad f (x)‖ ,

which complete the proof.

Proof for Proposition 3.16

Proof. Firstly, it follows from Lemma 3.4 and Theorem 3.10 that

‖y−A∞(y)‖ ≤
4(Mx,A + 1)

σx,c
‖c(y)‖ ≤

32(Mx,A + 1)2

βσ2
x,c

‖∇h(y)‖ . (A.11)

Let Uy be a matrix whose columns form an orthonormal basis of TA∞(y). Lemma A.2 implies that

λmin(hess f (A∞(y))) ≥ λmin(U>y ∇2g(A∞(y))Uy)− Lx,A ‖grad f (A∞(y))‖

≥ λmin(U>y ∇2g(A∞(y))Uy)− 2Lx,A ‖∇h(A∞(y))‖

≥ λmin(U>y ∇2g(A∞(y))Uy)− 2Lx,A ‖∇h(y)‖ − 2Lx,ALx,g ‖y−A∞(y)‖

≥ λmin(U>y ∇2g(A∞(y))Uy)− 2Lx,A

(
1 +

32Lx,g(Mx,A + 1)2

βσ2
x,c

)
‖∇h(y)‖

≥ λmin(U>y ∇2g(A∞(y))Uy)−
5
2

Lx,A ‖∇h(y)‖ .

Here the last inequality follows from the fact that β ≥ βx. Then, we can obtain

λmin(U>y ∇2g(A∞(y))Uy) ≥ λmin(U>y ∇2g(y)Uy)−
∥∥∥U>y

(
∇2g(A∞(y))−∇2g(y)

)
Uy

∥∥∥
≥ λmin(U>y ∇2g(y)Uy)−

∥∥∥∇2g(A∞(y))−∇2g(y)
∥∥∥ .

Together with the equality that U>y Jc(A∞(y)) = 0 and (A.11), we arrive at∥∥∥U>y
(

Jc(y)Jc(y)> +DJc(y)[c(y)]
)

Uy

∥∥∥ ≤ 3Lx,c Mx,c ‖y−A∞(y)‖

≤ 96Lx,c Mx,c(Mx,A + 1)2

βσ2
x,c

‖∇h(y)‖ ,

which further implies the inequality

λmin(∇2h(y)) ≤ λmin(U>y ∇2h(y)Uy)

≤ λmin(U>y ∇2g(y)Uy) +
96Lx,c Mx,c(Mx,A + 1)2

σ2
x,c

‖∇h(y)‖ .

Finally, we conclude that

λmin(hess f (A∞(y))) ≥ λmin(U>y ∇2g(A∞(y))Uy)− Lx,A ‖grad f (A∞(y))‖

≥ λmin(U>y ∇2g(y)Uy)−
∥∥∥∇2g(A∞(y))−∇2g(y)

∥∥∥− Lx,A ‖grad f (A∞(y))‖

≥ λmin(∇2h(y))−
∥∥∥∇2g(A∞(y))−∇2g(y)

∥∥∥−(5
2

Lx,A +
96Lx,c Mx,c(Mx,A + 1)2

σ2
x,c

)
‖∇h(y)‖ ,

and complete the proof.
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A.2.3 Proofs for Section 3.2.3

Proof for Proposition 3.17

Proof. Since f (x) satisfies the Riemannian Łojasiewicz gradient inequality at x ∈ Mwith exponent θ,
there exists a neighborhood U ⊂ Ω̄x and a constant C > 0 such that for any y ∈ M∩ U , A∞(y) ∈ U
and ‖grad f (y)‖ ≥ C | f (y)− f (x)|1−θ .

For any z ∈ U ⊂ Ω̃r, we denote w := A∞(z) ∈ M∩ U , it then follows from Theorem 3.10 and
Proposition 3.14 that

‖∇h(z)‖ ≥ 1
2
‖grad f (w)‖+ βσx,c

16(Mx,A + 1)
‖c(z)‖

≥ C
2
| f (w)− f (x)|1−θ +

βσx,c

16(Mx,A + 1)
‖c(z)‖ ,

(A.12)

which further implies

|h(z)− h(w)|1−θ =

∣∣∣∣ f (A(z))− f (A∞(z)) +
β

2
‖c(z)‖2

∣∣∣∣1−θ

≤ | f (A(z))− f (A∞(z))|1−θ + β1−θ ‖c(z)‖2−2θ

(i)
≤
(

Mx, f ‖A(z)−A∞(z)‖
)1−θ

+ β1−θ ‖c(z)‖2−2θ

(ii)
≤

(16Mx, f (Mx,A + 1)Lx,b

σ3
x,c

)1−θ

+ β1−θ

 ‖c(z)‖2−2θ ≤ 5β1−θ

4
‖c(z)‖2−2θ .

Here, the inequality (i) results from the Lipschitz continuity of f . Meanwhile, the inequaltiy (ii) is
concluded from Lemma 3.3 and Lemma 3.4. As a result, it follows from the monotonicity of t1−θ that

|h(z)− h(x)|1−θ ≤ |h(w)− h(x)|1−θ + |h(z)− h(w)|1−θ ≤ | f (w)− f (x)|1−θ +
5β1−θ

4
‖c(z)‖2−2θ .

(A.13)
Substituting (A.13) into (A.12), we obtain

‖∇h(z)‖ ≥ C
2
| f (w)− f (x)|1−θ +

βσx,c

16(Mx,A + 1)
‖c(z)‖

≥ C
2
|h(z)− h(x)|1−θ − 5Cβ1−θ

8
‖c(z)‖2−2θ +

βσx,c

16(Mx,A + 1)
‖c(z)‖ .

Denote Ω̂x :=
{

x̃ ∈ Ω̄x : ‖c(x̃)‖1−2θ ≤
(

βθ σx,c
10(Mx,A+1)C

)}
, then Ω̂x is a neighborhood of x. Resulting

from the fact that θ ∈ (0, 1
2 ], the following inequality holds for any z ∈ Ω̂x,

βσx,c

16(Mx,A + 1)
‖c(z)‖ ≥ 5Cβ1−θ

8
‖c(z)‖2−2θ ,

which further implies the inequality

‖∇h(z)‖ ≥ C
2
|h(z)− h(x)|1−θ .

Therefore, we complete the proof.
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Proof for Theorem 3.18

Proof. Suppose x̃ is a local minimizer of OCP, then there exists a neighborhood U1 of x̃ such that
f (y) ≥ f (x̃) holds for any y ∈ M∩ U1. We denote Ũ1 :=

{
x ∈ Ω̄x̃ : A∞(x) ∈ U1

}
which is a neigh-

borhood of x̃ from Lemma 3.4. Then it follows from Proposition 3.13 that the inequality

h(y) ≥ h(A∞(y)) +
β

16
‖c(y)‖2 ≥ h(x̃),

holds for any y ∈ Ω̄x̃ ∩ Ũ1, which further implies that x̃ is a local minimizer of CDF.
On the other hand, suppose there exists x ∈ M such that x̃ ∈ Ω̄x is a local minimizer of CDF, i.e.

there exists a neighborhood U2 ⊂ Ω̄x of x̃ such that h(y) ≥ h(x̃) holds for any y ∈ U2. Firstly, we have
x̃ ∈ M from Theorem 3.10. Recalling the fact that h(y) = f (y) holds for any y ∈ M, we immediately
arrive at f (y) ≥ f (x̃), ∀y ∈ U2 ∩M. Namely, x̃ is a local minimizer of OCP.

B Supplementary Examples

Developing Riemannian solvers by the frameworks introduced in [4] requires several basic geo-
metrical materials of the manifold. Currently, the generalized Stiefel manifold, the hyperbolic mani-
fold, and the symplectic Stiefel manifold are not supported by the existing Riemannian optimization
packages programmed in Python [61, 46, 37]. On the other hand, even when the geometrical ma-
terials of the above-mentioned manifolds are available, it is still unclear whether various existing
efficient unconstrained solvers can be easily implemented and added into the existing Python-based
Riemannian optimization packages.

In this section, we present several supplementary examples to illustrate that CDF can be directly
embedded in various existing unconstrained solvers to solve OCP. All the numerical experiments in
this section are run in serial on a platform with Intel(R) Xeon(R) Gold 6242R CPU @ 3.10GHz under
Ubuntu 20.04 running Python 3.7.0 and Numpy 1.20.0 [30].

We choose the solvers from SciPy package [62], which provides various highly efficient solvers for
unconstrained optimization. The detailed descriptions of the selected solvers are presented in Table 3.
We select the symplectic manifold as an example since there is no existing symplectic manifold solver
available in any Python package. However, we can easily solve the problem by the SciPy package
with our CDF approach.

Table 3: Detailed descriptions for selected solvers from the SciPy package.

Name Descriptions Riemannian version in
Python?

CG The nonlinear conjugate gradient method by Polak and Ribiere, which is a variant of
the Fletcher-Reeves method [51]. This solver is written in Python.

Y

BFGS The quasi-Newton method proposed by Broyden, Fletcher, Goldfarb, and Shanno
(BFGS) [51] and programmed in Python.

N

L-BFGS-B The limit-memory BFGS method [12]. SciPy package provides a python wrapper for
the original FORTRAN solver developed by [76, 47].

N

TNC The truncated Newton method [51]. SciPy package provides a python wrapper for its
C implementation by [48].

N

Newton-CG The Newton-CG method [51] that uses conjugate gradient method method to the com-
pute the search direction. This solver is programmed in Python.

N

Trust-krylov The Newton GLTR trust-region method [28]. The trust-region subproblems are solved
by trilib [40], which is a C programmed Krylov solver.

N

Trust-ncg The Newton conjugate gradient trust-region method [51], programmed in Python. Y
Trust-exact The trust-region method for unconstrained minimization, where the trust-region sub-

problems are solved exactly by factorizing the Hessian matrix [16]. Therefore, it re-
quires the explicit expression of the Hessian matrix of the objective function.

N

B.1 Preliminary numerical experiments on unconstrained optimization approaches

In this subsection, we test the performance of various unconstrained optimization approaches on
solving OCP through CDF.
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Table 4: Numerical results of the nearest symplectic matrix problem (B.1) with fixed 2s = 10.

Test instance Solver Fval Iter Obj eval Grad Feas CPU time (s)

2m = 100

CG 1.59e+00 45 76 5.77e-06 1.19e-06 0.03
BFGS 1.59e+00 71 90 6.24e-06 9.47e-07 1.55

L-BFGS-B 1.59e+00 49 56 3.81e-06 6.68e-07 0.03
TNC 1.59e+00 41 489 5.38e-06 5.34e-07 0.13

Newton-CG 1.59e+00 16 24 1.10e-06 1.93e-07 0.09
Trust-krylov 1.59e+00 15 16 7.57e-06 1.32e-06 0.12

Trust-ncg 1.59e+00 19 20 5.50e-07 9.40e-08 0.12
Trust-exact 1.59e+00 37 38 6.45e-07 2.05e-07 29.10

2m = 500

CG 1.23e+00 35 64 9.41e-06 1.92e-06 0.03
BFGS 1.23e+00 51 75 9.21e-06 1.73e-06 49.18

L-BFGS-B 1.23e+00 39 45 6.48e-06 1.38e-06 0.04
TNC 1.23e+00 45 620 7.36e-07 8.79e-08 0.29

Newton-CG 1.23e+00 15 19 9.18e-07 1.63e-07 0.09
Trust-krylov 1.23e+00 13 14 9.68e-06 1.71e-06 0.13

Trust-ncg 1.23e+00 14 15 2.67e-07 4.58e-08 0.10
Trust-exact 1.23e+00 33 34 9.28e-07 2.52e-07 482.73

2m = 1000

CG 1.27e+00 27 52 9.08e-06 3.32e-06 0.05
BFGS 1.27e+00 52 72 9.27e-06 2.33e-06 258.38

L-BFGS-B 1.27e+00 35 40 9.80e-06 3.63e-06 0.06
TNC 1.27e+00 35 507 6.12e-07 6.49e-08 0.37

Newton-CG 1.27e+00 14 18 1.77e-06 3.11e-07 0.09
Trust-krylov 1.27e+00 12 13 5.45e-06 9.57e-07 0.14

Trust-ncg 1.27e+00 14 15 2.27e-07 3.93e-08 0.11
Trust-exact - - - - - > 1200

2m = 2000

CG 1.18e+00 33 61 4.51e-06 6.13e-07 0.12
BFGS - - - - - > 1200

L-BFGS-B 1.18e+00 39 47 2.28e-06 3.27e-07 0.17
TNC 1.18e+00 33 553 3.70e-07 4.54e-08 0.72

Newton-CG 1.18e+00 14 17 2.40e-07 4.31e-08 0.15
Trust-krylov 1.18e+00 12 13 1.42e-06 2.64e-07 0.20

Trust-ncg 1.18e+00 18 19 3.50e-08 6.05e-09 0.26
Trust-exact - - - - - > 1200

2m = 10000

CG 1.10e+00 30 60 8.85e-06 1.55e-06 0.42
BFGS - - - - - > 1200

L-BFGS-B 1.10e+00 33 38 5.52e-06 1.00e-06 0.66
TNC 1.10e+00 20 156 2.84e-07 3.33e-08 1.38

Newton-CG 1.10e+00 13 16 5.83e-06 6.78e-07 0.31
Trust-krylov 1.10e+00 11 12 9.26e-06 1.85e-06 0.47

Trust-ncg 1.10e+00 16 17 1.62e-07 2.79e-08 0.56
Trust-exact - - - - - > 1200

Table 5: Numerical results of the nearest symplectic matrix problem (B.1) with fixed 2m = 1000.

Test instance Solver Fval Iter Obj eval Grad Feas CPU time (s)

2s = 2

CG 2.15e-01 16 33 6.32e-06 1.65e-06 0.02
BFGS 2.15e-01 13 16 8.20e-06 8.28e-07 1.18

L-BFGS-B 2.15e-01 14 16 1.34e-06 2.09e-07 0.02
TNC 2.15e-01 35 333 2.90e-07 5.52e-08 0.12

Newton-CG 2.15e-01 10 13 5.92e-07 1.49e-07 0.04
Trust-krylov 2.15e-01 10 11 2.25e-06 5.67e-07 0.05

Trust-ncg 2.15e-01 14 15 5.56e-07 1.40e-07 0.06
Trust-exact 2.15e-01 27 28 4.42e-06 1.11e-06 124.31

2s = 10

CG 1.17e+00 33 59 2.71e-06 3.13e-07 0.04
BFGS 1.17e+00 48 72 9.34e-06 9.89e-07 234.10

L-BFGS-B 1.17e+00 43 49 1.64e-06 2.27e-07 0.13
TNC 1.17e+00 32 538 6.86e-07 8.59e-08 0.39

Newton-CG 1.17e+00 15 18 1.50e-06 2.56e-07 0.08
Trust-krylov 1.17e+00 12 13 3.03e-06 5.38e-07 0.14

Trust-ncg 1.17e+00 14 15 2.85e-07 4.87e-08 0.11
Trust-exact - - - - - > 1200

2s = 50

CG 7.19e+00 47 80 1.34e-06 1.51e-07 0.41
BFGS - - - - - > 1200

L-BFGS-B 7.19e+00 53 57 6.83e-07 1.02e-07 0.62
TNC 7.19e+00 41 748 2.64e-07 2.93e-08 4.41

Newton-CG 7.19e+00 17 20 2.05e-07 3.59e-08 0.63
Trust-krylov 7.19e+00 15 16 4.11e-06 7.06e-07 0.93

Trust-ncg 7.19e+00 17 18 1.91e-07 3.26e-08 0.86
Trust-exact - - - - - > 1200

2s = 100

CG 1.65e+01 58 100 6.64e-07 1.51e-07 0.84
BFGS - - - - - > 1200

L-BFGS-B 1.65e+01 67 73 2.39e-07 3.81e-08 1.21
TNC 1.65e+01 43 710 4.09e-07 4.27e-08 8.10

Newton-CG 1.65e+01 18 21 4.71e-06 8.52e-07 1.06
Trust-krylov 1.65e+01 19 20 2.54e-06 4.33e-07 1.85

Trust-ncg 1.65e+01 23 24 8.83e-08 1.53e-08 1.99
Trust-exact - - - - - > 1200

2s = 500

CG 1.21e+02 135 224 2.65e-07 5.28e-08 10.38
BFGS - - - - - > 1200

L-BFGS-B 1.21e+02 133 200 3.52e-07 5.78e-08 21.90
TNC 1.21e+02 67 977 5.81e-07 9.86e-08 64.28

Newton-CG 1.21e+02 31 36 1.26e-06 2.20e-07 12.96
Trust-krylov 1.21e+02 28 29 4.40e-06 7.55e-07 21.64

Trust-ncg 1.21e+02 47 37 2.09e-07 3.50e-08 54.90
Trust-exact - - - - - > 1200
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We first consider the following optimization problem over the symplectic Stiefel manifold (i.e.,
M =

{
X ∈ R2m×2s : X>QmX = Qs

}
with n = 4ms, as described in Table 1),

min
x∈M

1
2
‖x− w̃‖2 . (B.1)

Problem (B.1) is usually referred as the nearest symplectic matrix problem [25, 66], which aims to
calculate the nearest symplectic matrix on the symplectic Stiefel manifold to a target point w̃ ∈ Rn

with respect to the `2-norm. In our numerical examples, we follow the settings in [25] to randomly
generate w̃ in Rn and scale it by w̃ = w̃/norm(w̃). We set the penalty parameter β = 2 in CDF, and
initiate all the selected solvers in Table 3 at the the same initial point, which is randomly generated
over the symplectic Stiefel manifold. Moreover, we adopt the auto-differentiation packages to auto-
matically generate the gradient and Hessian from the expression of h(x). Specifically, we generate
the gradient∇h(x) and explicit expression of∇2h(x) by the autograd package [45]. Furthermore, for
the solvers “Trust-krylov” and “Trust-ncg”, the Hessian-vector product for ∇2h(x) is automatically
generated by the JAX package [11] from the expression of ∇h(x). We terminate the solvers when
‖∇h(xk)‖ ≤ 10−5, or the number of iterations exceeds 10000, while keeping all the other parameters
as the default values.

Additionally, we also consider the following optimization problem over the generalized Stiefel
manifold, (i.e.,M =

{
X ∈ Rm×s : X>BX = Is

}
with B ∈ Rm×m as a prefixed positive-definite sym-

metric matrix and n = ms),

min
X∈Rm×s

f (X) = −1
2

tr
(

X>AX
)

s.t. X>BX = Is. (B.2)

Problem (B.2) is usually referred as the generalized eigenvalue problem, which aims to compute
the largest s eigenvalues and their corresponding eigenvectors for the pair (A, B). In our numerical
examples, we follows the settings in [56] to randomly generate the sparse matrix A and B by the
scipy.sparse.random function from SciPy, where the density parameter of the generated matrix is
fixed as 0.01. Then we scale A and B by A = A/ ‖A‖ and B = B/ ‖B‖. Moreover, we set B =
1.1 ∗ Im + B to ensure that B � 0.

Similar to the settings for the nearest symplectic matrix problem (B.1), we choose the constraint
dissolving mapping A as suggested in Table 1, set the penalty parameter β = 2 in CDF, and initiate
all the selected solvers in Table 3 at the the same initial point, which is randomly generated over
the generalized Stiefel manifold. We terminate the solvers once ‖∇h(xk)‖ ≤ 10−5, or the number
of iterations exceeds 10000, or the running time exceeds 1200 seconds, while keeping all the other
parameters as the default values.

Table 4-7 illustrate the performance of all the solvers from Table 3 in solving problem (B.1) and
(B.2), under different combinations of problem parameters m and s. The terms “Fval”, “Iter”, “Obj eval”
“Grad”, “Feas”, and “CPU time” stand for the function value, the number of iterations, the number of
function value evaluations, ‖∇h(x∗)‖, ‖c(x∗)‖, and the wall-clock running time, respectively. Here
x∗ is the final solution returned by these solvers. We can learn from these tables that all the solvers
can directly minimize CDF and yield solutions with similar function values and high accuracy in
feasibility. This shows that solving OCP via our CDF formulation is not sensitive to the choice of the
unconstrained optimization solver. Of course, the running times for various solvers may differ. But
for our example, CG, L-BFGS-B, Newton-CG, Trust-krylov, Trust-ncg, and to a lesser extent TNC, can
all solve the CDF problem highly efficiently.

Finally, we remark that while fixing the penalty parameter β = 2 in the above numerical exper-
iments is sufficient for the corresponding CDF to be an exact penalty function, for other application
examples, we may need to dynamically increase the penalty parameter in order to make the cor-
responding CDF h(·) an exact penalty function, or choose the penalty parameter as suggested in
Remark 4.4. We leave the strategy to adjust β for future investigation.

B.2 Comparison with Riemannian optimization approaches

In this section, we test the numerical performance of our proposed constraint dissolving ap-
proaches and compare them with the state-of-the-art Riemannian optimization solvers from the Py-
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Table 6: Numerical results of the generalized eigenvalue problem (B.2) with fixed s = 20.

Test instance Solver Fval Iter Obj eval Grad Feas CPU time (s)

m = 100

CG -7.11e+00 375 567 9.17e-06 1.37e-07 0.15
BFGS -7.11e+00 250 272 8.02e-06 1.37e-07 30.23

L-BFGS-B -7.11e+00 264 274 1.16e-06 8.69e-08 0.11
TNC -7.11e+00 523 1119 9.89e-06 3.43e-07 0.68

Newton-CG -7.11e+00 50 65 1.08e-06 5.68e-09 0.16
Trust-krylov -7.11e+00 44 45 1.57e-06 3.41e-07 0.39

Trust-ncg -7.11e+00 59 60 2.03e-06 2.57e-07 0.11
Trust-exact -7.80e+00 66 68 1.34e-07 8.50e-08 130.74

m = 500

CG -6.32e+00 621 1115 1.74e-06 2.18e-07 0.81
BFGS - - - - - > 1200

L-BFGS-B -6.32e+00 696 725 1.84e-06 2.61e-07 1.02
TNC -6.32e+00 73 880 8.21e-06 1.15e-06 0.81

Newton-CG -6.32e+00 107 170 3.32e-06 5.82e-07 1.96
Trust-krylov -6.32e+00 94 95 3.27e-08 6.46e-09 1.70

Trust-ncg -6.32e+00 128 129 1.45e-06 1.70e-07 0.91
Trust-exact - - - - - > 1200

m = 1000

CG -4.63e+00 361 661 1.62e-06 1.63e-07 1.85
BFGS - - - - - > 1200

L-BFGS-B -4.63e+00 387 413 2.66e-06 1.27e-07 2.58
TNC -4.63e+00 64 767 8.05e-06 1.36e-06 1.83

Newton-CG -4.63e+00 85 117 7.56e-06 1.11e-06 4.36
Trust-krylov -4.63e+00 68 69 7.26e-07 1.57e-07 3.30

Trust-ncg -4.63e+00 93 94 1.95e-06 3.74e-07 2.11
Trust-exact - - - - - > 1200

m = 5000

CG -2.08e+00 1549 2910 6.79e-06 4.86e-07 158.54
BFGS - - - - - > 1200

L-BFGS-B -2.08e+00 1787 1906 6.56e-06 6.99e-07 121.96
TNC -2.08e+00 249 3269 7.43e-06 1.35e-06 184.79

Newton-CG -2.08e+00 226 373 3.72e-05 5.89e-07 500.96
Trust-krylov -2.08e+00 212 213 7.49e-07 1.68e-07 208.13

Trust-ncg -2.08e+00 282 283 9.09e-06 1.26e-06 140.87
Trust-exact - - - - - > 1200

Table 7: Numerical results of the generalized eigenvalue problem (B.2) with fixed m = 1000.

Test instance Solver Fval Iter Obj eval Grad Feas CPU time (s)

s = 10

CG -1.67e+00 1307 2342 2.38e-06 1.34e-07 12.34
BFGS - - - - - > 1200

L-BFGS-B -1.67e+00 935 989 2.92e-06 2.30e-07 6.11
TNC -1.67e+00 1337 9024 7.78e-06 1.11e-06 30.86

Newton-CG -1.67e+00 198 319 8.55e-06 3.04e-07 23.80
Trust-krylov -1.67e+00 141 142 7.82e-07 1.71e-07 8.91

Trust-ncg -1.67e+00 194 195 7.71e-06 9.66e-07 11.01
Trust-exact - - - - - > 1200

s = 20

CG -3.29e+00 709 1278 3.17e-06 2.77e-07 10.81
BFGS - - - - - > 1200

L-BFGS-B -3.29e+00 671 715 3.80e-06 2.21e-07 8.09
TNC -3.29e+00 100 1241 8.25e-06 1.50e-06 7.94

Newton-CG -3.29e+00 106 155 3.68e-08 4.29e-09 16.24
Trust-krylov -3.29e+00 105 106 8.19e-08 1.75e-08 15.32

Trust-ncg -3.29e+00 141 142 7.72e-06 1.36e-06 9.43
Trust-exact - - - - - > 1200

s = 50

CG -7.88e+00 888 1600 3.61e-06 2.50e-07 39.64
BFGS - - - - - > 1200

L-BFGS-B -7.88e+00 1034 1088 4.58e-06 5.04e-07 34.57
TNC -7.88e+00 140 1995 8.85e-06 1.59e-06 54.80

Newton-CG -7.88e+00 194 298 3.50e-05 1.19e-06 183.26
Trust-krylov -7.88e+00 138 139 4.22e-06 9.28e-07 91.45

Trust-ncg -7.88e+00 177 178 1.66e-06 1.41e-07 53.52
Trust-exact - - - - - > 1200

m = 100

CG -1.49e+01 702 1259 5.60e-06 5.32e-07 65.21
BFGS - - - - - > 1200

L-BFGS-B -1.49e+01 730 771 8.74e-06 6.26e-07 52.89
TNC -1.49e+01 106 1430 5.50e-06 1.01e-06 83.95

Newton-CG -1.49e+01 120 186 1.35e-05 1.71e-06 136.75
Trust-krylov -1.49e+01 116 117 6.22e-06 1.38e-06 131.52

Trust-ncg -1.49e+01 143 144 1.19e-07 2.52e-08 91.91
Trust-exact - - - - - > 1200
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Manopt package (version 2.0.0) [61], which is the python version of the well-recognized optimization
package Manopt [10]. Our test example is the problem of finding the nearest low-rank correlation
matrix (NCM) to a given matrix G ∈ Rm×m, which can be reformulated as the following optimization
problem over the oblique manifold,

min
X∈Rm×s

f (X) =
1
2

∥∥∥H ◦ (XX> − G)
∥∥∥2

F

s.t. Diag(XX>) = Im.
(B.3)

Here H ∈ Rm×m is a weight matrix with nonnegative entries. For all the numerical experiments in
this subsection, we generate the matrix Ĝ from the gene expression data provided in [42]. Then the
matrix G is generated from perturbing Ĝ by G = (1− θ)Ĝ + θE, where θ ≥ 0 is a prefixed parameter,
and E ∈ Rm×m is a randomly generated matrix with all of its diagonal entries equal to 1. The weight
matrix H in (B.3) is chosen as a symmetric matrix whose entries are uniformly distributed in [0, 1].

Based on the numerical experiments in Section B.1, we choose the L-BFGS-B, CG and Trust-ncg
solvers from the SciPy package. Moreover, we choose the Riemannian conjugate gradient method
(RCG) [9] and Riemannian trust-region method (RTR) [3, 4] from the PyManopt package. We stop all
the compared solvers once the norm of its Riemannian gradient is smaller than 10−5, or the maximum
number of iterations exceeds 10000. All the other parameters are fixed as their default values. All the
solvers start from the same initial point, which is randomly generated on the oblique manifold in each
test instance. Moreover, in all the test instances, the gradients and Hessians of the objective function
f are automatically computed through the automatic differentiation algorithm from PyTorch. Fur-
thermore, in our proposed constraint dissolving approaches, we choose the constraint dissolving
mapping A as suggested in Table 1, while the penalty parameter β is chosen as suggested in Remark
4.4, where we fix Nβ = 20, θβ = 2.5, δβ = 1, εβ = 10−10 and choose x̃ as the initial point of the
algorithm in each test instance.

Table 8 exhibits the numerical results for solving the nearest correlation matrix problem by our
proposed constraint dissolving approaches and the Riemannian optimization solvers from PyManopt.
From Table 8, we can conclude that the CG solver from the SciPy package achieves comparable perfor-
mance with the RCG solver provided by the PyManopt package. Moreover, when the column size s
of our test problems is relatively large, the Trust-ncg solver shows superior performance over the RTR
solver. Furthermore, benefited from the highly efficient L-BFGS-B solver that is programmed in FOR-
TRAN and wrapped by the SciPy package, our proposed constraint dissolving approach gains sig-
nificant advantages against the compared Riemannian solvers in almost all the test instances. There-
fore, we can conclude that our proposed constraint dissolving approaches can achieve comparable
efficiency as the state-of-the-art Riemannian optimization solvers. More importantly, solving OCP
through our proposed constraint dissolving approaches can benefit from the advanced features of ex-
isting unconstrained optimization solvers (e.g., the wrapper for FORTRAN/C solvers), and achieve
higher efficiency than existing Riemannian optimization solvers.
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