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Abstract

In this paper, we study the sparse integer least squares problem (SILS), an NP-hard
variant of least squares with sparse {0, +1}-vectors. We propose an ¢;-based SDP relax-
ation, and a randomized algorithm for SILS, which computes feasible solutions with high
probability with an asymptotic approximation ratio 1/72 as long as the sparsity constant
o < T. Our algorithm handles large-scale problems, delivering high-quality approximate
solutions for dimensions up to d = 10,000. The proposed randomized algorithm applies
broadly to binary quadratic programs with a cardinality constraint, even for non-convex ob-
jectives. For fixed sparsity, we provide sufficient conditions for our SDP relaxation to solve
SILS, meaning that any optimal solution to the SDP relaxation yields an optimal solution
to SILS. The class of data input which guarantees that SDP solves SILS is broad enough
to cover many cases in real-world applications, such as privacy preserving identification and
multiuser detection. We validate these conditions in two application-specific cases: the fea-
ture extraction problem, where our relaxation solves the problem for sub-Gaussian data with
weak covariance conditions, and the integer sparse recovery problem, where our relaxation
solves the problem in both high and low coherence settings under certain conditions.

Key words: Semidefinite relaxation, Sparsity, Integer least square problem

1 Introduction

In numerous applications, one is interested in solving the sparse integer least squares (SILS)
problem. SILS is a special class of linear regressions where the solution vectors are both sparse
and consist of discrete values, typically in {0,+1}. Applications can be found in multiuser
detection, where only a subset of user terminals transmit binary symbols in a code-division
multiple access (CDMA) system [59], in sensor networks, where sensors with low duty cycles are
either silent (transmit 0) or active (transmit £1) [47], and in privacy preserving identification,
where a sparse vector in {0,+1} is employed to approximate the “content” of feature data [42].

Formally, in SILS, an instance consists of an n x d matrix M, a vector b € R™, and a positive
integer o < d. Our task is to find a vector x with (at most) o non-zero entries which solves the
optimization problem [SILS| or its variant [SILS’]} defined as follows:

1 1
min — ||Mz — b3 min —||Mz— b3
ze{0,£1}2 ™ (SILS) = € {0,+£1}¢ ™ (SILS’)
s.t. lz]l, < o, s.t. |lz]l, = 0.

Here, ||z||, := [{7 € [d] : @; # 0}|. One can interpret [SILS’| as [SILS| with extra information

or belief on the optimal choice of sparsity of the optimal solution. These problems are closely
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related to a class of sparse regression problems, where the goal is to find a sparse solution with
continuous variables satisfying a box constraint [6]. In our case, the variables are restricted to
discrete values in {0,+1}, which introduces additional computational challenges.

Our approach. We propose our semidefinite programming (SDP) relaxations of the prob-
lems [SILS| and [SILS’] SDP problems, under certain assumptions, can be solved in polynomial
time up to an arbitrary accuracy, by means of the ellipsoid algorithm and the interior point
methods [50], 32]. Specifically, if there exists a rational point X and positive rational numbers
r and R such that Xy + B(Xo,r) C F C Xy + B(Xo, R), where F denotes the feasible region of
the SDP problem, then an e-optimal solution to the SDP can be computed in time polynomial
in log(R/r), log(1/e), and the encoding size of Xy and the input data [14, 27]. Define the
n x (14 d) matrix A := (—=b M), our relaxations are as follows:

1 1
min  — tr(ATAW) min  — tr(ATAW)
W>=0 n W=0 n
s.t. Wi =1, s.t. Wi =1,
a(W,) <o (SILSSDP) w(W,) — o (SILS-SDP)
1g [We| 14 < 0?, 1 [We| 14 < 02,
diag(Wm) < 1d‘ diag(Wa:) < 1d'

In these problems, the decision variables are both (1 + d) x (1 + d) matrices W. The matrix
W, is the sub-matrix of W obtained by dropping its first row and column. The constraints
1) [We1g < 0% and tr(W,) < o (or tr(W,) = o) are relaxations of the original sparsity
constraint. Using the almost identical analysis introduced in [I3], one can show that
is indeed a relaxation of

Proposition 1. Problem[SILS-SDH is an SDP relazation of problem [SILS. Specifically,
(i) Let x be a feasible solution to let w be obtained from x by adding a new first
component equal to one, i.e., w = <;), and let W := ww'. Then, W is feasible to
and has the same cost as x.

(i) Let W be a feasible solution to|SILS-SDP, and let x be obtained from the first column of
W by dropping the first entry. If rank(W) = 1 and x € {0,£1}¢, then x is feasible to
SILY and has the same cost as W.

Note that one can also show that [SILS’-SDP]is a relaxation of [SILS] in a similar way.

Hardness and existing approaches. One can show that [SILS| and [SILS] are NP-hard in
their full generality, via a polynomial reduction from Ezact Cover by 3-sets (X3C). See [22] for
details of X3C. To the best of our knowledge, existing algorithms for solving [SILS] or [SILS] fall
into the following categories:

(i) Ezact algorithms: this category includes Sparse Sphere Decoding Algorithm [4], Sparsity-
Exploiting Sphere Decoding-based MUD and Sparsity-Exploiting Decision-Directed MUD [59],
and integer quadratic optimization algorithms (see, e.g., [6] and references therein). These
algorithms generally require non-polynomial running time. Interestingly, it was shown in [4]
that Sparse Sphere Decoding Algorithm has an expected running time polynomial in d in the
case where M has i.i.d. standard Gaussian entries and there exists a sparse integer vector
z* € {0,41}? such that the residual vector b — Mz* is comprised of i.i.d. Gaussian entries.
However, this algorithm may result in an exponential running time for general input, such as a
non-sparse z*.




(ii) Convex relaxation methods: this category includes techniques such as Lasso [49] [59] and
Basis Pursuit [11] relax the integer constraints by allowing z to take continuous values and pro-
moting sparsity through ¢1-norm regularization. Although these methods are computationally
efficient and have approximation guarantees under certain conditions (e.g. restricted isometry
property (RIP) [9]), they yield solutions that are not integer-valued in general.

(iii) Other practical algorithms: this catrgory includes algorithms such as Adaptive Compres-
sive Sampling Matching Pursuit (Adaptive CoSaMP) [47], Soft-Feedback Orthogonal Matching
Pursuit (SF-OMP) [48], and discrete valued sparse ADMM algorithm [46]. These methods do
not have approximation guarantees.

Connection to feature extraction and integer sparse recovery. Our work is particularly
motivated by two important real-world applications, in which the underlyding data inputs both
satisfy the following linear model assumption:

b=Mz"+e, (LM)

for some ground truth vector z* € R? and for some small noise vector € € R™. Note that in this
setting, z* and € are unknown, that is, they are not part of the input of the problem. These
two applications are:

(a) Feature extraction: In privacy-preserving data analysis and machine learning, one ob-
jective is to extract a subset of features that best represent the data [42, [54]. The integer
constraint in SILS are essential for interpretability and compliance with privacy requirements.
In this paper, we formally define the feature extraction problem as the problem [SILS] where
holds (for possibly a general vector z*).

(b) Integer sparse recovery: In sensor network [47], digital fingerprints [34], array signal
processing [55], compressed sensing [30], and multiuser detection [59) [45], recovering a sparse
integer signal from noisy measurements is crucial. The challenge lies in accurately reconstructing
the original integer signal z* from observations b contaminated by noise. In this paper, we
formally define the integer sparse recovery problem, the input satisfies for some z* €
{0,4+1}? with known cardinality o, and the goal is to recover z* correctly.

We note that the integer sparse recovery problem is a special case of the broader sparse re-
covery problem, a fundamental topic across compressed sensing [9, [I8], high-dimensional statis-
tics [8, 53], and wavelet denoising [I1]. In the sparse recovery problem, the input satisfies
for some (possibly continuous) z* € R% with support size ¢, and our goal is to recover the signed
support of z*. For details on the sparse recovery problem, we refer interested readers to the
excellent review by [12]. Observe that, under the assumptions of the integer sparse recovery
problem, i.e., z* € {0, il}d, determining the signed support of z* is equivalent to determining
2* itself.

While existing methods provide valuable tools, they have limitations in handling the these
two problems effectively. For the feature extraction problem, methods applicable to [4,
0, [47, 59] can also be applied to solve the feature extraction problem, as previously discussed.
However, some of these methods do not have polynomial running time in general, while others
offer no approximation guarantees of the solution.

For the integer sparse recovery problem, the approaches above can still be applied, but
the same limitations persist. Another way to solve the integer sparse recovery problem is
to solve the more general sparse recovery problem, where a large number of algorithms are
developed [49, B, 12, 20, 21]. [21] studies a problem similar to with = € {0,1}¢ and
z* € {0,1}% in , where M and € have i.i.d. Gaussian entries. They demonstrate an “all-
or-nothing” phenomenon: if n > n* for some value n*, the solution z* closely approximates z*;
otherwise, it does not. Besides, Lasso [49] and Dantzig Selector [8] are among the most popular
and the most useful approaches in solving sparse recovery problem. Theoretical guarantees



for these methods, including conditions such as mutual incoherence [53] and irrepresentable
criteria [57], are well-studied. Define the coherence of a positive semidefinite matrix ¥ to be
Wi
V) := max ———— 1

() = o — 1)
where we assume 0/0 = 0 if necessary. In this paper, we say that an input model has a high coher-
ence if we have u(M T M) = w(1/0), while it has a low coherence if we have u(M M) = O(1/0).
It is shown that Lasso and Dantzig Selector converges to z* when the coherence of M "M is
low [33, B5]. However, high coherence models often violate these assumptions, leading to sub-
optimal performance of convex relaxation techniques [2, 44], 23]. Although other assumptions
are studied, such as the restricted isometry property (RIP) and null space property (NSP), they
are oftentimes violated in many real-world applications [42]. For detailed discussions on various
assumptions, we refer the interested readers to [58] and references therein.

Our contributions. In this paper, we further the understanding of the limits of computations
for [SILS| and [SILS’, and we make the following key contributions:

1. Randomized Algorithm for[SILS with Approzimation Guarantees. We develop a random-
ized approximation algorithm for [SILS] In fact, the algorithm not only works for [SILS] but
for any {0,+1} quadratic programs with a cardinality constraint, provided that the coefficient
matrix of the quadratic function has non-negative diagonal entries. The input of the algorithm
consists of an approximate optimal solution to [SILS-SDP}, and two threshold constants 7' and
C; the output is a feasible solution to [SILS] with high probability. We show that on average,
the expected objective value of such solution is a 1/7? multiple of the optimal value to
after subtracting an additional term that depends on 7,C and the input data (M,b,0). It
can be shown that when o < T, the additional term will diminish as (¢,7T) — oo, and hence
Algorithm (1] is an asymptotic 1/72?-approximation algorithm. To the best of our knowledge,
Algorithm [I]is the first known randomized algorithm for [SILS| that has an approximation guar-
antee. We also conduct extensive numerical tests, showing that our algorithm is highly practical,
as Algorithm [I] requires only an approximate solution to [SILS-SDP] It can deliver high-quality
solutions to [SILS| for d = 2000 in less than a minute, and for d = 10000 in approximately ten
minutes.

2. Sufficient Conditions for Solving[SILS] We also provide sufficient conditions under which
any optimal solution to is of rank one and in {0,£1}, and thus yields an optimal
solution to [SILS] To the best of our knowledge, our results are the first ones that study the
polynomial solvability of in its full generality. We then give both theoretical and com-
putational evidence, aiming to explain the flexibility of [SILS’-SDP] To be more specific, we
tailor our sufficient conditions to the special cases where holds, and show that (i)
[SDP)| can solve the feature extraction problem with high probability in the case where rows of
M are i.i.d. standard Gaussian vectors, and where z* satisfies some mild assumptions; (ii) We
show that can accurately recover the sparse integer vector z* in the integer sparse
recovery problem under certain assumptions. Notably, the assumptions in (ii) do not depend
on the coherence of M "M, indicating that our method is robust even when the data matrix M
exhibits high coherence. We demonstrate this both theoretically and computationally by ana-
lyzing a high-coherence data model where traditional #;-based methods like Lasso and Dantzig
Selector often fail, yet our SDP relaxation successfully recovers z* with high probability. For
low coherence scenarios, we specialize our general results to provide conditions under which
[SILS-SDP| also guarantees exact recovery of z*. We validate these conditions in a well-studied
low-coherence data model with i.i.d. standard Gaussian entries, showing that our method consis-
tently recovers z* with high probability in this setting as well. This highlights the effectiveness
and broad applicability of our approach across different coherence regimes compared to existing
sparse recovery techniques.




Related work. A substantial body of literature addresses quadratic programs with sparsity
and/or integer constraints, but these problems either differ fundamentally from our focus, both
in their problems of interest and in their methodologies, or they do not provide approximation
guarantees. For instance, [40] considered quadratic programs with cardinality constraints on
continuous variables, instead of discrete variables. Their approach relies on an SDP relaxation
derived from the conjugate dual and incorporates a penalty term involving the ¢-norm of the
solution, which is absent in our problem. This method is extended to a more general class of
penalty functions by [I7]. An equivalent SDP relaxation is also proposed by [29] in the setting
where the fo-norm penalty is absent. [38] introduced a “Suggest-and-Improve” framework for
solving non-convex quadratically constrained quadratic programming problems, later applied
to integer least squares problems using an SDP relaxation in [39]. Their framework addresses
integer constraints by random sampling from the SDP solution to find a vector z satisfying
xi(x; — 1) > 0 in expectation, followed by solution rounding, and heuristics to improve quality,
but does not provide a known approximation guarantee. In contrast, our approach leverages the
structure of the lifted solution to construct a high-probability feasible solution in the original
discrete space other than simple rounding, and thus provides a known approximation guarantee.

Organization of this paper. In Section[2] we introduce our randomized algorithm for [SILS]
and develop an approximation gap of this algorithm. In Section [3] we provide our general suffi-
cient conditions for [SILS’-SDP] to solve [SILS] In Section @ we apply these sufficient conditions
to the scenarios where holds, and discuss the implications for the feature extraction prob-
lem and the integer sparse recovery problem. In Section [5 we present the numerical results. To
streamline the presentation, we defer some proofs to Appendices [A] to [F] and we leave detailed
and additional empirical results in Appendix [G]

Notation. Sets, vectors, and matrices. For any positive integer d, we define [d] :=
{1,2,...,d}. 04 denotes the d-vector of zeros, and 14 denotes the d-vector of ones. Let = be a
d-vector. The support of x is the set Supp(x) := {i € [d] : x; # 0}. For an index set Z C [d], we
denote by x7 the subvector of x whose entries are indexed by Z. For 1 < p < 0o, we denote the
p-norm of x by ||z||,. We say that x is a unit vector if ||z||2 = 1. Given two index sets Z C [m)],
J C [n], we denote by Mz 7 the sub-matrix of M consisting of the entries in rows Z and columns
J. We denote by |M| the matrix obtained from M by taking the absolute values of the entries.
We denote by 8™ the set of all n X n symmetric matrices. If M, N € 8™, we use M = N to
denote that M — N is a positive semidefinite matrix. We denote by M the Moore-Penrose
generalized inverse of M. The p-to-g norm of a matrix P, where 1 < p, ¢ < 00, is defined
as ||Pllp—q = minj,,—1 [[Pz]lq- The 2-norm of a matrix P is defined by [|P|2 = [|P[2-2.
The infinity norm, also known as Chebyshev norm, of P is defined by || P||,, := max;;|F;;|.
Optimality gap. Denote w* to be the optimal solution to a optimization problem P with
objective function f and input D. We say a randomized algorithm A is an r-approximation
algorithm (or with an approximation ratio r) to the optimization problem, if A can output a
random vector w with input D such that Ef(w) > 1/r - f(w*) if P is a maximization problem,
and Ef(w) <r- f(w*) if P is a minimization problem.

2 A randomized algorithm for [STLS|

In this section, we present a novel randomized algorithm for the following binary quadratic
optimization problem with sparsity constraint:

min ; z"Pr—2c"x
z € {0, 1} (SBQP)
s.t. |z, < o,



where we assume that the input matrix P € R?*? satisfies P; > 0, Vi € [d], i.e., all its diagonal
entries are non-negative, thus the objective function is not necessarily convex. Note that the
optimal value of [SBQP]is non-positive, due to the feasibility of 04. Moreover, if one takes P =
MTMandc= MTb, thenis equivalent toby ignoring a constant b' b. To the best of
our knowledge, this is the first randomized algorithm for solving a binary quadratic optimization
problem with cardinality constraint. Our proposed randomized algorithm is inspired by [10],
where the authors presented a O(log d)-approximation algorithm for maximizing a quadratic
function = " Px over {£1}%. In their setting, the authors assume that P;; = 0, as 22 must be one.
However, in [SBQP] such assumption is not reasonable due to the cardinality constraint. This
issue also prevents one from applying their algorithm directly, as one cannot obtain a sparse
vector. In fact, [10] introduced a specific random variable that decides whether a chosen entry
is £1, similar to the ideas presented in [24]. The idea depends on the fact that the w;’s, column
vectors in the square root of the (approximated) optimal solution, are unit vectors, which is not
true in Algorithm |1 Moreover, we have an additional linear term —2¢'z. In this section, we
show that, all these problems can all be solved by choosing a distribution that carefully handles
sparsity, at a cost of an additional additTive term in the approximation gap.

Let the matrix Q(c, P) := <—Oc _;
by replacing the objective function 1/n - tr(AT AW) by tr(Q(c, P)W) in SILS-SDPL Following
the proof idea of Proposition |1} it is clear that SDP(c, P) is indeed a relaxation of @ We
define a threshold function h(x) which takes value 1if z > 1,z if —1 <z < 1, and —1 if x < —1.
Now, we present the detailed randomized algorithm in Algorithm

). Denote SDP(c, P) to be the optimization problem

Algorithm 1 Randomized Algorithm for [SBQP,

Input: An e-approximated optimal solution W* € R@+1*x(d+1) t5 SDP(¢, P), threshold
constants 0 < C <1 and T > 0.
Output: A vector 7 in {0, +1}¢

1: U:= (uo,ul, e ,’U,d) S R+ > (d+1) o \/I/I7

2: Generate a random vector g ~ N (0gy1, [441)

3: 20 < Uy g, Yo + h(20/T)

4: Sample xo = 1 with probability (1 + yo)/2, zo = —1 with probability (1 — yy)/2

5. for k=1,2,....,d do

6:  pr < 2/3- |luill3 if ||uglly > C, and py - 0 if otherwise

7:  Sample €, = 1 with probability pi and €, = 0 with probability 1 — pg, independent of &k
and g

8 Ug < € - ux/pr (where we assume 0/0 = 0), zj ﬂ;—g, Yk < h(zi/T)

9:  Sample x, = sign(yy) with probability |yx|, and xx = 0 with probability 1 — |yy|
10: end for

11: return 7 := sign(zo) - (z1,...,24)"

In this paper, we abbreviate ‘with high probability’ with ‘w.h.p.”, meaning with probability
at least 1 — O(1/d) — O(exp(—co)) for some absolute constant ¢ > 0. An approximation gap of
Algorithm [I] is stated as follows, and the proof is left in Appendix [A]

Theorem 1. Assume P is a d x d symmetric matriz with non-negative diagonal entries, and c
is a d-vector. Denote W* to be an e-optimal solution to SDP(c, P), x* to be the optimal solution
to[SBQPB, Let T be the output of Algorithm/[1], with input W* and threshold constants 0 < C <1
and T > 0. Define B := ||Q(c, P) Then, we have

TP 92075 B. 1 R
E(z' Pt —2c'z)— B f(T,C,a,d)+T2(3U+U)+\/§Tm1n{d,02}




tr(Q(e, PYW*) < — - [(m*)TPm* —2¢T " + 6}

where f(T,C,0,d) := 0(06_02T2 [min{d, 0/02}/(C’T)—|—T/C]) , and we omit possibly a constant
scaling of T in the Big-O notation. Furthermore, w.h.p., T is feasible to[SBQD.

Note that, in the case where 0 < T and B,C > 0 are fixed, the term ¢(B,T,C,0,d) =

B- [f(T, C,0,d) + 75 (30 + 02) + % min {d, %}} in Theorem [1|is diminishing as (o, T") — oo,
and thus we can obtain a solution z with an expected objective value that is an asymptotically

1/T? multiple of (z*)" Px* — 2¢"x* + e. Formally, we obtain the following corollary:

Corollary 2. Assume P is a d x d symmetric matriz with non-negative diagonal entries, c
is a d-vector, and assume that ||Q(c, P)|, < 1. Denote W* to be an e-optimal solution to
SDP(c, P), and T to be the output of Algorithm . Suppose that there exists a threshold value
T, where T is a function value of the input P and ¢, such that o/T — 0 as (o,T) — oo, then
Algorithm 1] with input W*, a fized constant 0 < C < 1, and T, is an asymptotic (1/T?)-
approzimation algorithm for [SBQP, in expectation. Furthermore, with high probability, T is
feasible to [SBQR,

In particular, suppose o/+/logd — 0, then Algorithm 1| with input tuple (W* C,T) is an
asymptotic (1/log d)-approzimation algorithm for[SBQH in expectation.

Remark. In [I0], the authors take T' = 44/log(d) and obtain a O(log(d))-approximation algo-
rithm for maximization binary quadratic problems. In Theorem [I} we show that we can obtain
a similar result by taking the same value for such T, and if we further fix 0 < C' < 1, at the cost
of an additional term g(B,T,C,o,d). If we further assume that o < /log(d) and B is fixed,
then we obtain an asymptotic O(1/log(d))-approximation algorithm by Theorem 2| Finally, as
suggested by Theorem 1} for different input Q(c, P) and o, one can accordingly choose different
values for 7" and C to obtain a acceptable trade-off between the term ¢(B,T,C,o,d) and the
multiplicative factor 1/72.

In Section [5.1, we will demonstrate some numerical results of Algorithm [I] We note that,
although SDPs can be solved up to an arbitrary accuracy in polynomial time, applying existing
SDP solvers to solve [SILS-SDP| becomes more and more challenging as the dimension of the
input increases. However, it is possible to solve [SILS-SDP| approximately via an approximation
algorithm that leverages the unique structures inherent in [SILS-SDP] thereby enhancing com-
putational efficiency. Further details regarding the implementation and effectiveness of these
approximation methods are discussed in Section and Appendix

3 Sufficient conditions for recovery

In this section, we study [SILS’} Note that one can interpret solving [SILS as solving [SILS| given
an optimal choice of . For the ease of illustration, starting from this section, we say that

SILS’-SDH recovers x*, if x* € {0,+1}¢, and [SILS’-SDP| admits a unique rank-one optimal

solution W* := ( ! > ( ! > . Due to Proposition the vector z* is then optimal to|SILS’| and

x* *

hence we also say that |SILS’-SDH solves |SILSif there exists a vector z* € {0, £1}* such that
[SILS™-SDP| recovers x*. We remark that, if [SILS-SDP] solves [SILS’], then [SILS]| can be indeed
solved in polynomial time by solving because we can obtain z* by checking the first

column of W*.

We present Theorems [3| and [4] which are two of the main results of this section. In both
theorems, we provide sufficient conditions for [SILS-SDP)] to solve [SILS], which are primarily
focused on the input A = (M, —b) and 0. The statements require the existence of two parameters
15 and 6, and in Theoremwe additionally require the existence of a decomposition of a specific

7



matrix ©. Therefore, both theorems below can help us identify specific classes of problem [SILS]|
that can be solved by [SILS’-SDP} As a corollary to Theorem [4 we then obtain Theorem
where we show that in a low coherence model, [SILS can be solved by under certain
conditions.

It is worth to note that, although the linear model assumption is often present in
the literature in integer least square problems (see, e.g., [4]), in this section we consider the
general setting where we do not make this assumption. To help readers understand better the
complicated geometry, we will split the section into two parts. In the first part, we discuss KKT
conditions, and state Lemma [1| based on KKT conditions, along with a stronger assumption
that two specific parameters p5 and § exist. In the second part, we leave the statements of the
two theorems, and discuss the conditions semantically. The proofs can be found in Appendix [B]

3.1 KKT conditions

In this section, we study the Karush-Kuhn-Tucker (KKT) conditions [31]. We start by studying
the dual of[SILS’-SDP}, and provide KKT conditions when[SILS’-SDP|admits an optimal solution
W*. Based on KKT conditions, we then provide a cleaner sufficient conditions for recovering a
sparse vector z* € {0,41}% in Lemma .

The dual problem of [SILS’-SDP]| is

2 T
max — 1 —opu2—opu3—p lg
Y =0, mm€eR, up >0, puz3 >0
(SILS’-SDP-dual)

H AT A
s.t.

7+RM17/~L27 ) YH §M37

o0

where R(u1,p2,p) = (Ml Denote a convex function f : RA+dx(+d) o R py

paly +p>'
f(2):=(0,1))|Z| (10d>. For Z € RUHx(1+d) " denote by df(Z) the sub-differential of f at Z,
ie., 0f(Z) := {G e RUADxU+d) . (V) > £(Z) +tr(G(Y — Z)), VY € RUFDx(+d)1 Note that
0, if at least one of 4,5 <1,

0f(2) = U e RUHDXA+d) . 110 — L sign(Z;;), if both of 4,5 > 2 and Zi; #0, p.  (2)

€ [-1,1], otherwise.

*

.
Then, KKT conditions state that W* = (xl ) <xl*> is optimal to [SILS’-SDP| if and only if

* *\ T
there exist dual variables Y* = <1;1*1 (yyz ), wi,p*, us, and pf feasible to |[SILS’-SDP-dual

xT

such that:

1 T * MT % %
(p") " (diag(W) — 1a) = 0, (KKT-3)

where we apply Minkowski sum in (KK'T-1f). If we focus our attention on the block matrix that
contains 1/n - (M " M)gs in (KKT-1)), we obtain that

k ok * 1 * : >k *
—psas(as) " = EMTM =Y, + diag(p* + M21d)] : (3)
5.8



Moreover, insert (Y,/)g,s in into (KKT-2|), we have that

. * * 1 * * * * * *
diag(ps)xrs = _E(MTM)S,SxS — Ou3xTg — Yg — HoTyg- (4)

Note that uniquely determines the vector pg if other dual variables are determined. The
constraint pg > 0, is then implied by the following two stronger conditions:

b < i (- (M M)s ) +6, o)
= %{Amm(%(MTM)S,S) — 3+ min [— Y — %(MTM)SW;;L/@}. (6)

Here, the minimum eigenvalue of the matrix 1/n - (M T M)g,s introduced in and (6) helps
guarantee that, a block matrix Hg g defined in the statement of Lemma |1}, is positive semidefi-
nite, which is a necessary condition for Y* > 0. The details will be made clear in the proof of
Lemma [I] in Appendix

Together with all these intuitions, we are ready to state Lemma |1} about block structures
of dual variables that guarantee recovery of z*:

Lemma 1. Let z* € {0,+1}¢, define S := Supp(z*), and assume |S| = o. Define y* =
—MTb/n, Yy = —(y5) "%, and assume Y7y > 0. Let 6 > 0, p} satisfy (B), pj be defined by
@, p* € R be a vector with Pse = 0g—o and pg satisfying . Let Y} € R¥™? be a matriz
that satisfies (3), and let H := Y} — Y}l y*(y*)T. Then we have p* > 04, A2(Hg,s) > 6, and
Hss = 0.

Assume, in addition, that the following conditions are satisfied:

1A. HSC,SC = HSC,SH;SH;’FC7S;
1B. Hgesvg = 04-0;
1C. [|(EMTM = Y)se s, < 15

1D. |[(AMTM = Y})sese + p3la o, < i

Then W* = w*(w*)T, where w* = <:Cl*>, 1 an optimal solution to|SILS’-SDP. Furthermore, if
we also assume that \o(H) > 0, then W* is the unique optimal solution to [SILS™-SDP,

Remark. In this remark, we draw attention to the fact that the assumption Y7 > 0 in LemmalI]
is actually natural, given that o > 1 is the optimal support size of [SILS] Indeed, for any optimal
solution z* to one must have |[Mz* — b5 = (z*)" M T Maz* — 26" Mz* + ||b]|5 < [|b]3,
since otherwise we choose * = 0g. This implies 0 < ||[Mz*||5 < 26" Maz* = n - Y};. Finally, we
point out that the optimality of o in [SILS|is not necessarily required in Lemma [I] - all that is
required are the assumptions made there.

3.2 Main theorems for recovery

In this section, we state the main theorems for recovery. In a nutshell, we take different candi-
dates for (Y;")ge g in Lemma and present the corresponding sufficient conditions for recovery.
Note that in Lemma [1} our choice of (Y;")g,s is fixed (which is implied by (3)). Thus, it would
be well-motivated if we further fixed (Y,")ge s to be a specific determined matrix, and then con-
struct (Y,")ge se accordingly. Particularly, in Theorem |3} we assign (Y,")se s to be the optimal
solution to the optimization problem

min s.t. (Yz)se, 525 = —ys, (7)

1
;MTM — (Ya)ses
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where we relax the max norm of the matrix in [IC| by its Frobenius norm, and enforce [IB]in the
constraint set. In fact, [7] admits a closed-form optimal solution. In Theorem [ we we assign
(Y;)se,s to be a even simpler matrix - a rank-one matrix —y%.(z%) " /0.

We note here, although these candidates for (Y)ge s might not make perfect sense for
general data inputs (M,b,0), we found that they fit well in (sub-)Gaussian data matrix M
and the linear model assumption . We leave these theorems here as they might still be
of interest for some other specific data inputs. Further discussion on (sub-)Gaussianity, (LM)),
and interpretation of the sufficient conditions tailored in are presented in Section

We state the first theorem in this section:

Theorem 3. Let 2* € {0,41}¢, define S := Supp(z*), and assume |S| = o. Define y* =
—MTb/n, Y} = —(y%) "2, and assume Y75 > 0. Then, |SILS-SDP recovers z*, if there exists

a constant 6 > 0 such that the following conditions are satisfied:
o < p3, where p is defined by @

A2. There exists i satisfying such that the matriz © := %(MTM)SC,SC + pily—y —
%ygvc (yie) " —R3 (Lo — 123 (2%) )R can be written as the sum of two matrices ©1+ O,

with ©1 = 0, [|O2l < uj or ©1 = 0, ||©2]], < pj, where R := %(MTM)SC,S —
1, % *\ T
ﬁysc(ys) .

Al || 2 (MTM)ge sz + Lyt

Remark. We first remark that condition would not be a very restricted assumption, as we
are optimizing the relaxed problem @, and one can choose § > 0 in @ wisely according to
the optimal value of . Plus, condition in Theorem |3| is not as strong as it might seem.
This condition asks for a decomposition of © into the sum of a positive definite @ and another
matrix ©9 with infinity norm upper bounded by p5. To construct ©1, the following informal
idea may be helpful. By Lemma 4| (which can be found in Appendix , MM > 0 implies

(MTM)ge e = (MTM)SC,SM;S(MTM);S.

Therefore, if (M " M)ge ge is large enough and § is chosen wisely, the matrix

%(MTM)SC,SC - %(MTM)SC,S%(L, — %x’g(x’g)T)%(MTM)&SC
is positive semidefinite and can be used to construct the positive semidefinite matrix ©.
Numerically, we found that such decomposition © = 0O+ 05 often exists for several different
instances; however, it can be challenging to write it down explicitly. A specific instance is given
in the proof of Theorem [9] in Appendix [E] In particular, it is an interesting open problem to
obtain a simple sufficient condition which guarantees the existence of such decomposition.

In the next theorem, the sufficient conditions are easier to check than those in Theorem
This is because the main idea of Theorem {4 depends on a simpler structure of (Y;")ge g, and
hence the theorem statement only requires the existence of two parameters p35 and 4.

Theorem 4. Let 2* € {0,41}¢, define S := Supp(z*), and assume |S| = o. Define y* =

*\ T %
—MTb/n, Y = —(y5) 2%, and assume Y7y > 0. Denote 0 := arccos (\%SLQES) Then,
2

S

recovers x*, if there exists a constant 6 > 0 such that the following conditions are
satisfied:

B1. H%(MTM)SSC + %ygc(x*S)THOO <y, where 3 is defined by (6));

B2. There exists i satisfying (5) such that ||5(MTM)ge se + p3la—o|| + ”%ygc(ygc)T” N
o0
1—cos?(0) * (12 "
e 1Yl < i3
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Next, we give a corollary to Theorem [} which shows that the assumptions of Theorem [4]
can be fulfilled in models with a low coherence.

Corollary 5. Let 2* € {0,£1}¢, define S := Supp(z*), and assume |S| = o. Define y* :=

*\ T %
—~MTb/n, Y = —(y%) "%, and assume Y7y > 0. Denote 0 := arccos m) Let Ay :=
a||us ||,
: * * : * x |12 * 1—cos®(6 x |12
mlniES(_y;/xi) - HySc”OO; Ay = mlnz‘eS(—yi /x;‘) - UHyscHoo /YT + #82(59)) HySC”oo’ and

assume that the columns of M are normalized such that maxciq || M|y < 1. Then, |SILS™-SDP
recovers x*, if there exists a constant § > 0 such that the following conditions are satisfied:

C1. )\min(%(MTM)Syg) i H%(MTM)SSJUEHOO +minj—12A; > A > 0 for some constant

)

C2. There exists ps5 satisfying such that Hdiag (MTM/n + M;Id)Sc

o <Afo;
C3. w(M ™M) < AJo, where u(-) is defined in (T).

Proof. We define 4 as in (). From we obtain that max;; [(M "M /n);;| < u(MTM/n) =
w(MTM) < %. Then, we observe that ui > %{)\mm(%(MTM)&S) — 0 + minges(—y) /xi) —

|2 TM)ssag)l., }oand 2T M)sse + 2yge@d) e < BT M)ssell, + 2 vl
Combining these facts with we see that holds. If, in addition, holds, we obtain
B2l O

Remark. Theorem [5| shows that, if the data matrix M T M has a low coherence,
can solve [SILS] well under conditions and In this remark, we informally illustrate
how these two conditions can be easily fulfilled in certain scenarios. Observe that and
hold if min;—; 2 A; is sufficiently large, and it is indeed possible to obtain a large minj—q 2 Aj.
Intuitively, a large A; can be obtained if, for example, there is a set .S with cardinality o such
that minies |y;]| — ||y5e ||, is large, and 2% = sign(ys). In addition, the requirement that As is
large is not as restrictive as it might seem. In particular, if cos(#) is close to one, we easily obtain
alarge Ay if we secure a large Ay. Indeed, since o ||y, Hio /Y =0 ||y:§C||iO /(=2 iesYiwi), each
term in the summation on the denominator is always greater than ||yg. || if Ay is large. Thus,
this term is in fact upper bounded by |y%.||. . As another term [1 — cos?(6)]/ cos*(f) - Hychio
vanishes given that cos(#) is close to one, we thus obtain that As ~ A1, and so Ay is also large.

While the above ideas on how and can be satisfied are not very precise, they can be
further formalized and used in proofs for some concrete data models, including those given in
the next section.

4 Consequences for linear data models

In this section, we showcase the power of Theorems [3] and [l by presenting some of their
implications for the feature extraction problem and the integer sparse recovery problem, as
defined in Section[I]} First, note that we can directly employ these two theorems and Theorem
in the specific settings of the two problems, in order to obtain corresponding sufficient conditions
for [SILS-SDP)] to solve these problems. To avoid repetition, we do not present these specialized
sufficient conditions, and we leave their derivation to the interested reader. Instead, we focus
on the consequences of Theorems [3| and 4| for these two problems, that we believe are the most
significant. In Section [£.I] we consider the feature extraction problem, where M and € have sub-
Gaussian entries. We specialize Theorem [4]to this setting, and thereby obtain Theorem [6] where
we give user-friendly sufficient conditions based on second moment information. In Section[f.1.1]
we then give a concrete data model for the feature extraction problem. In particular, the feature
extraction problem under this data model can be solved by [SILS’-SDP]due to Theorem [6] Next,

11



in Section [4.2] we consider the integer sparse recovery problem. We present Theorem [8 which is
obtained by specializing Theorem [3]to this problem. We then consider two concrete data models
for the integer sparse recovery problem, which can be solved by [SILS-SDP} The first model,
presented in Section has a high coherence, while the second model, in Section has
a low coherence.

We note that, we will prove that [SILS-SDP| works well for several probabilistic models, by
showing that if the number of data points n is large enough, [SILS-SDP)| recovers a specific «*
with high probability. However, discussion on sample complexity is not the main focus of this
paper. All these illustrations are intended to showcase the power and flexibility of [SILS’-SDP]
solving [SILS

Before introducing the results, we first give notation of probability that we will use in the
remainder of the paper. A random vector X € R? is centered if E(X) = 04. We denote the
Gaussian distribution with mean 6 and covariance ¥ by N (6,%). We say a random variable
X € R is sub-Gaussian with parameter L if Eexp{t(X —EX)} < exp (t*L*/2), for every ¢ € R,
and we write X ~ SG(L?). We say a centered random vector X € R? is sub-Gaussian with
parameter L if Eexp (tX ' z) < exp (t2L?/2), for every t € R and for every z such that ||z|, = 1.
With a little abuse of notation, we also write X ~ SG(L?). For more details, and for properties
of sub-Gaussian random variables (or vectors), we refer readers to [52].

4.1 Feature extraction problem with sub-Gaussian data

In this section, we consider the feature extraction problem, and we assume that M and e have
sub-Gaussian entries. Recall that the feature extraction problem is Problem where
holds (for a general vector z*).

We now present our sufficient conditions for solving the feature extraction problem with
sub-Gaussian data. We note that, to the best of our knowledge, Theorem [0] provides the first
known sample complexity bound for solving feature extraction problem in polynomial time.

Theorem 6. Let z* € {0,£1}¢, define S := Supp(z*), and assume |S| = o. Assume (LM)

holds. In addition, suppose that M consists of centered row vectors m; i SG(L?) for some
L > 0 and i € [n], and we denote the covariance matriz of m; by ¥. Assume the noise vector

€ is a centered sub-Gaussian random vector independent of M, with each €; ok SG(0?) for

i € [n]. Let the constants ¢1, B, By, By be the same as in Lemma @ Define g* = —Xz*,

A ~ sk \ Tk ~ A

Y = —(g95) Ta%, 0 := arccos (W), and assume Y7, > 0 and 1Y = Q(1). Suppose
Sll2

there exist 6 > 0 such that the following conditions are satisfied:

2
D1. The function fp(z) = (xlfgllf)Q — % 18 \E/%—Lipschitz continuous at the point 9§ for some
S

constant £y,;

Dz\m&y+¢@g@gﬂﬂw+3L%Aq4@hH%Angmywm&wmmAn:JﬁL¢@2+Lﬂpw§kguyn
and fi5 = %{)\min(ES,S) — 0 + min;eg w —An — BlLQ\/ alng(d) — clL\/g};

D3. There exists i € (—00, —)\mm(E&S)—clL\/%—i—é] such that the inequality |Sse se + fi51q—o|| o+

2
BL? k§@+<”;HM 4ﬂwwgg§mm&wmmvn:am@®+&gm%ﬂ%mm+
11 n
2
An> /6.
Then, there exists a constant C = C(3, 2*,*, o) such that when n > CL*(0® + L*||2*|]3 +
o)log(d), [SILS’-SDP recovers z* w.h.p. as (n,o,d) — oo.
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2
Remark. Condltlon guarantees that, the function LS’Q((@)) 1n1n Theoreml is sufficiently
smooth, and it is not a very restrictive assumption. In fact, in some cases, it can be easily
fulfilled. For example, in the case where % = sign(y§), the assumption %Yl*l =L1(—g5)Tay =

(1) in Theorem |§| guarantees condition Indeed, we see

* * 2

G oL mlaTey = gl as] el il Tad] — i ol
WA= 2 [x Tt ]4 N > ’
9 llzll5 1 S [QZT ] lzlls 1

[xTz%]?2 o Lg [tT2%]2 o

and hence HV @)y = Vel Using Taylor’s expansion, there exists some 1 € [0, 1] such that

[2T2g]?
[Fald5) — Fa(@3)] < [V £uld5 + (3% — ys))!b 195 — y5lly- Aslong as [jyg — 95/ is sufficiently
small such that sign(y%) = sign(9%) and L[9% + (9% — y)] 2% = Q(1), we have

/s 54005 =)l _ o L
195 + (05 — v 25l o5 + 05 — )], ’

IV fn (s + 1(0s — ys))llo = 7

and hence we obtain [D1]
In the opposite case, where z§ # sign(ys), some additional but realistic conditions can

be assumed to guarantee A possible case is that the function g(x) := |”TH3<| is upper
bounded by some absolute constant ¢ > 0 at z = gg, and mineg 9] = Q(1). Intuitively,

the first assumption is equivalent to saying that the unit direction vector of g is not nearly
orthogonal to zg, and the second assumption is equivalent to saying that the vector Xg q2"
is bounded away from zero. Since mineg || = Q(1), when ||y§ — 7%|| is sufficiently small,
then [ + n(3% — y5) 2% > 1(55) w5l and |35 + (55 — y&)l, < 21155];, hold. Combining

the assumption UY11 = Q(1), we obtain from the fact

\/E ~ % ~ % *
— A — 905 +n(Us —ys))
5% + 00 — y5)] Tk
2\/o 4 19511, o 8
@ Tyl @) Tey| T (Vo)

IV fa(ds + (05 — ys)ll2 =

4.1.1 A data model for the feature extraction problem.

In this section, we study a concrete data model for the feature extraction problem and we show
that it can be solved by [SILS’-SDP] with high probability, due to Theorem [f] We now define

our first data model, in which the m;’s are standard Gaussian vectors.

Model 1. Assume that (LM]) holds, where the input matrix M consists of i.i.d. centered random
entries drawn from SG(1), and where the noise vector € is centered and is sub-Gaussian inde-

pendent of M, with ¢; Y SG(0%). We assume the ground truth vector 2* satisfies ||2*||, < u
for some absolute constant u > 0. We additionally assume |z}| > |25 > --- > |z}, and that
|z5| > 14 g, and |z} ;| < 1 for some absolute constants g > 0. Finally, we assume 2* satisfies

o 2 o 2
72l < <2<gg+1> “) (2’ ‘) )

Model [I] can be viewed as follows: M is a normalized real-world sub-Gaussian data matrix
(for each entry of the real-world data matrix, we subtract the column mean and then divide by
the column standard deviation) with independent columns, and z* is a feature vector, with the
o most significant features having “feature significance” that is at least g > 0 more than those
d — o less significant features. Lastly, can be seen as a reversed Cauchy-Schwarz inequality,
which guarantees that the most significant ¢ components do not “spread” too far away from
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each other. One can see that holds if g is sufficiently large. In computer vision, we can view
a Gaussian M as an image, which is a simplified yet natural assumption [41], and we view the
vector z* as the relationship among the center pixel and the pixels around [54]. It is worthy
pointing out that, existing algorithms generally take an exponential running time [4, [59] due to
the fact that z* is not sparse.

Note that, in Model |1}, it is not realistic to assume that the largest components of z* are
all in the first o components. Rather, we should consider the more general model where the
components of z* are arbitrarily permuted. However, this assumption on z* in the model can be
made without loss of generality. In fact, [SILS’-SDP] can solve Model [T]if and only if it can solve
the more general model. This is because both [SILS’-SDP| and the model are invariant under
permutation of variables. A similar note applies to Models [2| and [3| that will be considered later.
In addition, the assumption that all less significant features are less than or equal to one can is
true, if one scale properly the input (M, b), at the cost of a scaling of noise variance p.

In our next theorem, we present that solves with high probability pro-
vided that n is sufficiently large. The numerical performance of [SILS-SDP| under Model
will be demonstrated and discussed in Appendix and the proof of Theorem [7] is left in

Appendix [D}
Theorem 7. Consider the feature extraction problem under Model [1. Then, there exists an

absolute constant C' such that when n > 0(02 +d+ 92) log(d), |SILS’—SDP| solves|SILS1 w.h.p. as
(n,d) — oo.

In the proof of Theorem |7, we actually showed that, if n > 0(02 +d+ 92) log(d), then

SILS’-SDP]| solves [SILS’| by recovering a special x*, which is supported on [o]. As we will
see in Appendix we observe from numerical tests that [SILS-SDP] solves [SILS] even for
smaller values of n, and the recovered sparse integer vector is not necessarily supported on

[c]. A possible explanation of this phenomenon is that, the upper bounds used in the proof
for random variables can be large when n is not sufficiently large. The terms related to n in
conditions - in Theorem [6] will no longer vanish and may become the dominating terms,
causing the support set S of the optimal solution to possibly change.

4.2 Integer sparse recovery problem

In the realm of communications and signal processing, reconstruction of sparse signals has
become a prominent and essential subject of study. In this section, we aim to solve the integer
sparse recovery problem. Recall that, in this problem, our input M,b, o satisfies , for
some z* € {0, +1}? with cardinality o, and our goal is to recover z* correctly. As mentioned in
Section [1} assuming z* € {0, £1}¢, solving the integer sparse recovery problem is equivalent to
solving the well-known sparse recovery problem.

We first give sufficient conditions for [SILS’-SDP| to recover z*. For brevity, we denote by
HO:=1, — 25(2%)" /o and define

(MTe)se(ys)"
onYp
25(y%) "
Yy

1 (% T 1 1 1 1
@ — E(MTM)SC,SC o HO(IO_ + yS(S))n(MTM)S,SC — (*MTG)SC(EMTG)gc

Y n
* TANT
ys(M E)SC 1 T *\T 770, % TNT
HO ” — —5 (M €)se(ys) H ys(M €)ge

1
_ g(MTM)Sc’S(IU +

11
Yy (ﬁ

11 1 T
— M Te)ge(—(M " M)ge g2%) ' —
Yﬂ(n €)s (n( )se,525)

1
n2

w1
(MTM)SC,SZS)(EMTE);

1, .1
(M7 M)se,s (1o + 25(5) T3 HOlLy +
11

1
Yy

25(25) "

.
ys(zs) |+ =57
Yy

(M TM)s s + 3o o

(9)
In light of Theorem and the linear model assumption (LM)]), we are able to derive the following
sufficient conditions for recovering z*.
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Theorem 8. Consider the integer sparse recovery problem. We denote S := Supp(z*), y* =
—MTb/n, Y}, = —(y%) " 2%, and assume Y7y > 0. Then|SILS’-SDP recovers z*, if there exists
a constant 6 > 0 such that the following conditions are satisfied:

o Sy = %{)\min(%(MTM)S,S) — 0+ minieg(%MTe)i/z;k};

E2. There ezists p € (—00, —Amin (= (M " M)s,s) + 6] such that the matriz © defined in (9)
can be written as the sum of two matrices ©1 4 Oz, with ©1 > 0, ||O2||,, < pu3 or ©1 = 0,
1Ozl < 13-

E1. L|[(MTe)se

Proof. We intend to use Theorem [3| with * = 2*, hence we need to prove that conditions -
[E2]imply[A1]-[A2] Recall that we have b = Mz*+e, and |S| = | Supp(z*)| = 0. To show|A1] w

only need to observe that —y* — (M T M)g sz = 1M T (Mag+e) — 2 (MTM)g g% = fMT
so[AT] coincides with [E1]in thls setting. Then, a direct calculation shows that © in this theorern
coincides with the one in Theorem |3| by expanding y.. O

We observe that the assumptions in T heoremldo not imply that M " M has a low coherence,
the RIP, the NSP, or any other property which guarantees that Lasso or Dantzig Selector solve
the sparse recovery problem. On the contrary, our proposed SDP relaxation [SILS-SDP] is
capable of solving instances with high coherence, whereas not possible via Lasso or Dantzig
Selector. This will be evident from our computational results in Section

Remark. The assumptions of Theorem [§] can be easily fulfilled in some scenarios. We start by
claiming that is essentially weak and natural. It is met in the case where € is a random noise
vector independent of M when n is large, and Amin((M "M /n)g,s) is lower bounded by some
positive constant. In addition, is quite similar to the constraint in the definition of Dantzig
Selector but here we only require this type of constraint for the S¢ block of M "e/n. Next,
Condition asks to construct ©; in a way such that ||©;]|, is small. Note that, although
is complicated and sometimes it can be challenging to give such decomposition of ©, this
assumption holds in an ideal scenario, where (M " M) ge s is large enough such that Ay, (©) > 0.

4.2.1 A data model with a high coherence for the integer sparse recovery problem

In this section, we introduce a data model for the integer sparse recovery problem that admits
high coherence. The reason why we look into data models with high coherence is straightforward:
by Theorem [5] and Section [3.2] [SILS™-SDP)] is not expected to misidentify a certain active user
with a silent user in the case where they both have low correlation, i.e., in the low coherence
case. Hence, one may ask whether tend to make mistake when data coherence
becomes higher. We will present that our SDP relaxation [SILS-SDP] can solve the integer sparse
recovery problem under a simple yet fundamental high coherence model with high probability,
as a consequence of Theorem 8, To be concrete, we study the following data model.

Model 2. Assume that (LM)) holds, where the rows my,ma,- - ,m, of the input matrix M are
random vectors drawn from i.i.d. N'(04, X), with

(o, 1,1 O, -
Xi= (1d_g1j doly 01T > + < Iyo) Xt 2

forc > 1, ¢ > 1 and ¢’ > 0. The ground truth vector is z* = <Oa ), with a € {£1}?, and
d—o

the noise vector € is centered and is sub-Gaussian independent of M, with ¢; e sg (0?).

We can interpret Model [2] as follows: the first o independent variables (active users) send
out signal a, while the remaining variables (silent users) do nothing. Those d — o silent users
have high correlations with the active ones, and even higher correlations among themselves.

15



The part explained by X, states that the silent users are not the same, so the model does not
reduce to a trivial model in which repeated users are involved in the data set.

Though it might be a bit simplified and restrictive, Model [2] is in fact a baseline model
for us to understand how algorithms perform under a data model with a high coherence. A
perceptual reasoning is that, one can always split a set of variables into two groups having the
following property: group 1 has variables with a covariance matrix that admits a low coherence;
and once any one of variables in group 2 is added to group 1, the corresponding covariance
matrix of group 1 will admit a high coherence. In Model [2] we can assign the first o active
users to group 1, and assign the remaining (d — o) highly correlated silent users to group 2.
In particular, we study the simplest case, where correlations among two different users in the
same group are exactly the same, and where correlations among two users in different groups
are also exactly the same. We further limit our focus to the case when users in group 1 are
independent, i.e., two different users in group 1 have correlation zero, in order to quickly verify
that the proposed model is valid, i.e., the covariance matrix X is positive semidefinite. Indeed,
Lemma (4| in Appendix |B| and the fact that Xge ge > (c;'/c)lglt—i[(7 together imply that X > 0.

As Model [2] is a model with highly correlated users, and pu(M M) = Q(1) when n is
sufficiently large, we see that Model [2] does not have a low coherence. Moreover, Model [2| does
not satisfy the mutual incoherence property, since (M TM)ge g(MTM)gk|lcomsoo = Q(0) > 1
when n is sufficiently large. The above two facts follow from [6A] and @ in Lemma [6] The
aforementioned properties are known to be crucial for ¢1-based convex relaxation algorithms
like Dantzig Selector and Lasso to recover z*. Though the intuition behind Model [2| may seem
naive, we find that numerically, these two algorithms indeed give a high prediction error in
this model, as we will discuss in Section [5.2] However, the following theorem shows that our
semidefinite relaxation [SILS’-SDP| can recover z* with high probability.

Theorem 9. Consider the integer sparse recovery problem under Model [ Then, there exists
a constant C = C(c,c, ") such that when n > Co?o?log(d), |SILS-SDP, recovers z* w.h.p. as
(n,o,d) — oo.

The proof of Theorem [Jis given in Appendix[E|and the numerical performance of [SILS-SDP]
under Model [2]is presented in Section [5.2]

To the best of our knowledge, the optimal sample complexity for solving the integer sparse
recovery problem under Model [2| in polynomial time remains unexplored, and we introduce
the first bound. The only known theoretical results on sparse recovery problem with models
with a high coherence are presented in [I6]. The authors proposed an algorithm known as
Structured Iterative Hard Thresholding (IHT) algorithm for general sparse recovery problems
where additional structures of sparsity are recognized. This includes a division of the index
set [d] into partitions S, S2,...,5, and a corresponding partition of the sparsity level o into
p positive integers o1,09,...,0p, such that ¢ = > ¥, ;. Their results demonstrate that if
“(M[Z], 5, Mia)5;) < 1/(307), the Structured IHT Algorithm achieves linear convergence. Addi-
tionally, the solution approximates z*, apart from some residual additive error, as detailed in
Theorem 3.3 and Corollary 3.6 in their paper.

It should be noted that even when one assumes that the addictive error is small in Model
exact recovery of z* through this algorithm remains theoretically unknown unless specific as-
signments are made, such as setting some S; to be [o] and 0; = o, as having an index j > o in
S; immediately results in p(M, VIL s, Mg, s,) = Q(1). This implies that their algorithm obtains a
recovery of z* only under the very strong assumption that one has the information of Supp(z*).
We also note that [I] proposes a similar approach for compressed sensing, and the setups of
problems are not the same. To be more specific, users are allowed to obtain samples as any
linear measurements on Uz* given a basis matrix V', where U and V are all orthogonal bases of
C, requiring extra structural properties on inputs M and b that are not satisfied by Model
For further details, we refer the interested readers to the paper.
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4.2.2 A data model with a low coherence for the integer sparse recovery problem

In this section, we show that [SILS-SDP] can solve the integer sparse recovery problem also
under some low coherence data models. Here, we focus on the following data model, which is a
generalized version of the model studied in [43].

Model 3. Assume that (LM]) holds, where the input matrix M consist of i.i.d. random entries
drawn from SG(1), the ground truth vector is z* = (0 “ >, with @ € {£1}?, and the noise
d—o

vector € is centered and is sub-Gaussian independent of M, with ¢; s (0?).

From and in Lemma @, we can see that when n = Q(o?log(d)), the mutual in-
coherence property holds in Model |3} i.e., H(MTM)SQS(MTM);}SVHOOHOO < 1. At the same
time, Model |3| admits a low coherence, so it is known that algorithms like Lasso and Dantzig
Selector can recover z* efficiently [53, B3]. As a similar result, we show in the next theorem that
can recover z* when n = Q((0? + ¢%)log(d)). The proof of the theorem is left in
Appendix [F] While this result can be proven using Theorem [5]or Theorem|[g] in our proof we use
Theorem [0] instead. This is because, although Theorem [f is tailored to the feature extraction
problem, it leads to a cleaner proof. In Appendix [G.2.3] we will demonstrate the numerical

performance of [SILS’-SDP] under Model [3] and we will compare it with and [DS]

Theorem 10. Consider the integer sparse recovery problem under Model [3. There exists an

absolute constant C' such that when n > C(02 + gz) log(d), [SILS’-SDP, recovers z* w.h.p. as
(n,d) — oo.

To the best of our knowledge, the best sample complexity for recovering z* in polynomial
time is proposed by [37]. The authors show that it is possible to recover z* efficiently when
the entries of M are i.i.d. standard Gaussian random variables with sample complexity n =
Q(olog(ed/o) + 0*log(d)). In Theorem |10, we show that we need n = Q((0? + 0?) log(d)) many
samples. The differences between these results are that: (1) we recover the integer vector z*
exactly, while [37] recovers an estimator of z*; (2) our method is more general, since theirs
may not extend to the sub-Gaussian setting. We view the difference in sample complexity as a
trade-off to obtain integrality in a more general setting.

5 Numerical tests

In this section, we discuss the numerical performance of our SDP relaxations [SILS-SDP| and
We first report the algorithmic performance of Algorithm (I} given an (approxi-
mate) optimal solution to under some synthetic datasets including Models |2| and
and some large real-world datasets introduced in [I5, 19]. We compare the performance of
Algorithm |1| with and the MIO formulation (defined in in [6].

Then, we report the statistical performance of [SILS-SDP| under Model [, and we defer
detailed statistical performance under Models[T] and [3] to Appendix For comparisons made
in these statistical models, we do not include comparisons with [SBQP]and [MIO|for two principal
reasons: First,[SILS-SDP)is a relaxation specifically designed for both[SBQP|and [MIO] and they
all obtain the same solution in our instances since [SILS’-SDP|admits an integer optimal solution.
This makes a comparison with methods that yield identical outcomes redundant. Second, our
focus is to assess the statistical performance of other existing polynomial time algorithms that
incorporate ¢1 constraints, exploring the class of inputs that lead to significant differences.
This approach addresses key questions in the fields of sparse recovery and compressed sensing.
Therefore, we report the numerical performance of SILS-SDP|under the data models which are
studied in Section [4, and compare the statistical performance of [SILS-SDP| with other known
convex relaxation algorithms.
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Unless specified, solutions to convex programs are obtained via CVX v2.2, a package for
solving convex optimization problems [26] implemented in Matlab, with Mosek 9.2 [3] as its
solver. All Mixed Integer quadratic programs are solved via Gurobi 10.0 [28] with its Matlab
interface. We conducted all tests on a computing cluster equipped with 36 Cores (2x 3.1G Xeon
Gold 6254 CPUs) and 768 GB of memory. We leave the computational details and additional
empirical results in Appendix [G]

5.1 Algorithmic performance

In this section, we present the algorithmic performance of SILS-SDP| by summarizing the numer-
ical test results under various datasets of Algorithm [I]- our proposed randomized algorithm in
Section [2| Since Mosek faces scalability issue with these datasets, we instead obtain an approx-
imate optimal solution to [SILS-SDP] with the Conditional Gradient Augmented Lagrangian
(CGAL) framework, as proposed by [56]. Additionally, we evaluate against and the
Mixed-Integer Optimization (MIO) formulation from [6]. MIO has demonstrated empirical suc-
cess in general least squares problems with sparsity constraints. We solve [SBQP| and MIO by
the following quadratic integer programs:

. TasT T
min z' MMz —2b" Mz min z' M Mz -2 Mz

s.t. |zi| < zi, i€ [d], s.t. lzi| < 21, 1€ ld],
d
d
Y zuc<o, (SBQP) Y zc<o, (MIO)
=1 =1
d
z € {0,£1}% z € RY,
ze{0,1}¢ z e {0,1}4.

Note that is equivalent to equations (2.4) and (2.5) in [6].

We employ Algorithm 1 from [6] with a N(0, ;) vector as a warm-start for and
randomly generate a {0,41}? with support size o as a warm-start of

We generate the data input as follows: for a data matrix M € R™*? we randomly generate
a sparse vector z* € {0, +1}¢ with ||2*||, = k, and set b := M 2* + ¢ for some noise vector € € R™.
We leave the detailed specifications for the datasets in Appendix

We report the relative gaps of each method, with [SBQP]serving as the baseline. Specifically,
let obj,. := (") "M T Mz* —2b" Mz*, and define the relative gap of an algorithm as

ObjAlg — Osz* =+ 1

relative gap := .
B b smop — bl + 1

Here, objpj, 1= o' MT Mz — 2b" Mz, where x is a solution obtained by a specific algorithm.
We use obj,. as a reference, since in practice we observe that these three algorithms often fail
to find solutions with objective values strictly less than obj,.. Therefore, objaj, — 0bj,. serves
as a lower bound for the optimality gap across all three algorithms. Finally, we add one to both
the enumerator and the denominator to avoid division by zero.

In Table [1] we summarize the computational results by providing the average relative gap
and runtime across various datasets. We run Algorithmwith T = /logd and C = 0.05 for 1000
iterations, followed by a simple greedy algorithm to improve the performance of Algorithm
This greedy algorithm first finds the set of indices S C [d] corresponding to the indices of
the largest o p;’s in Algorithm [1, and then finds a solution z by assigning x; = sign((w,);)
if i € S, and 0 otherwise. The motivation behind the greedy algorithm is to find a feasible
heuristic solution with cardinality ¢ such that it maximizes the probabilistic “likelihood” that
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Algorithm [T] would pick. We report the best relative gap obtained by these 1001 solutions in
the column “CGAL + Algorithm [I]’. It is clear that CGAL + Algorithm [T] oftentimes obtains
better solutions in less computational time, showcasing its efficacy not only in statistical models
but also in real-world datasets.

Table 1: Average Relative Gaps and Running Times. Time limits for SIQP and MIO are set to
1000 seconds.

SIQP MIO CGAL + Algorithm 1]

Dataset - . :

Rel. Gap | Time (s) | Rel. Gap | Time (s) | Rel. Gap | Time (s)
Fgfample Lin 1 658.8 | 04508 | 649.9 | 0.4288 348.7
Model [2 1 904.1 1.9664 | 1003.7 | 0.3021 378.7
Model [3 1 878.6 0.4107 983.8 | 0.2549 293.1
Diabete 1 0.0733 1 0.0957 1 0.1467
Leukemia 1 379.75 | 0.6411 387.0 | 0.5513 111.75
Prostate 1 1002.75 | 11.7628 | 1002.0 | 0.5791 318.75

We leave the computational details in Appendix [G.1] and performance of Algorithm [1] for
non-convex objectives in Appendix [G.3

5.2 Statistical performance

In this part, we show how [SILS-SDP)| performs numerically in the integer sparse recovery prob-
lem under Model [2] as studied in Section We compare the statistical performance of
[SILS-SDP| with Lasso and Dantzig selector, which are defined by

1 DS ._ .
Lasso . - 2 277 = arg min z DS)
z = arg min Mz—b Allzll1,  (Lasso g 12l (
gmin 5| Mz = + Alz]1, (Lasso) e
where A and 7 are user-specified parameters.
In Model [2| we take ¢ = 1.2, ¢ = 1.05, and ¢ = 1 in the covariance matrix ¥, and we

lo

take € ~ N (04, 0°1;). We restrict ourselves to the setting where z* = (O
d—o

the performance of [SILS-SDP] [Lasso] and [DS] We are particularly interested in this setting as
it is explicitly shown in [53] that Lasso is not guaranteed to perform well. This is still a high
coherence model and no guarantee on the performance of Dantzig Selector is known for this
model. The parameters A in and 7 in [DS] are determined via a 10-fold cross-validation
on a held out validation set, as suggested in [6]. We report three significant quantities for
sparse recovery problems, which evaluate the quality of the solution vector z returned by the
algorithm. For the vector z that we evaluate is the vector w* obtained from the
first column of the optimal solution W* to [SILS-SDP] by deleting its first entry equal to one.
The first quantity that we report is the number of nonzeros, which is | Supp(z)| and measures
how sparse a solution is. The second quantity that we report is the true positive rate, defined
as

>, and we compare

true positive rate(z) := | SUPIF(SZ ) m(s*l;lrp(zﬂ
upp(z

This quantity measures how well z recovers the ground truth sparse vector z* by evaluating how
much their support sets overlap. The last quantity that we report, which is suggested in [0], is
known as prediction error, which is defined as

MGz =)

prediction error(z) : 5
[M2]3
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Figure 1: Performance of |[SILS’-SDP} [Lasso, under Model 2, with d = 40, 0 = 2, n =
[20%log(d)] = 30 in the first row, and with d = 100, ¢ = 5, n = [20%log(d)] = 231 in the
second row. 100 instances are considered with ¢ € {0.5,1,1.5}. The average is reported in the
histogram, and the minimum and maximum in the box plot.

As discussed in [6], the prediction error takes into account the correlation of features and is a
meaningful measure of error for algorithms that do not have performance guarantee. We report
these three quantities under different signal-to-noise ratios, i.e.,

1 2

ZE Z*

. . : Var(m, z*) [d],5*S
signal-to-noise ratio := 5 = 5
0 0

In Figure |1, we study two sets of (d,o), namely, (d,o) € {(100,5),(40,2)}, with o €
{0.5,1,1.5}, and we fix our choice of n to be [202log(d)].

In an underdetermined system (d > n), plotted in the first row of Figure |1}, we conclude that
the probability that Lasso and Dantzig Selector recover the true support [o] of z* is low, while
[SILS-SDP|nearly always recovers the true support, even when signal-to-noise ratio is low. In an
overdetermined system (d < n), plotted in the second row of Figure the true positive rates of
Lasso and Dantzig Selector dramatically improve, however they are still inferior to [SILS’-SDP]
in terms of number of nonzeros and prediction error.

We remark that, Model [2| is just one example of a high coherence model for the sparse
recovery problem under which [SILS-SDP| works better than and [DS] For instance, we
observe the same behavior in a model introduced in [6] (see Example 1 therein for details). For
this model, several methods including Lasso, tend to give a solution with an excessively large
support set, and cannot provide a satisfactory prediction error (see Fig. 4. therein for details).
On the other hand, for as n grows, the empirical probability of recovery of z* tends
to one, and the conditions in Theorem [8| can be satisfied. We omit the discussion on statistical
performance in this model as it shares similar observations as these already made in [6].

We leave the discussions of support recovery of z*, and detailed computational results in
other statistical models in Appendix [G.2]
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Appendices

A Proof of Theorem [1I

In this section, we prove Theorem[I] To keep aligned with the notations in Section 2] throughout
this section, we will keep using the same notations introduced in Algorithm [If and Theorem

: : 0 —c"\. .. L
Moreover, we will assume the matrix Q(c, P) = ; > is 0-indexed, and denote its (i, j)-
th entry by ¢;;, 0 < 4,5 < d. As we will see later in the proofs, g is in fact a special vector,
so it is worthy to distinguish it from w1, ue, ..., ug, with index zero. In other sections, we will

continue to assume all matrices are 1-indexed.

Recall that the problem SDP(c, P) is defined by replacing the objective function 1/n -
tr(AT AW) by tr(Q(c, P)W) in We first show a nice property about the first column
of any feasible solution to SDP(c, P):

Proposition 2. Consider any feasible solution W to SDP(c, P). Let the first column of W be
(L,w]) ", where wy, € RY. Then, ||w,||, < o.

Proof. Denote F to be the feasible region of SDP (¢, P), we show that the optimal value of the
optimization problem maxyycr ||wy||; is exactly o. By symmetry of F, the problem is equivalent
to maxyyer 1] w,. It is clear that by taking W* := uu' withu := (1,0/d,0/d, -+ ,0/d) € R1*4,
we attain a cost of ¢ in this problem.

We conclude the proof by showing that o can be attained by its dual. Denote Py :=

0 1;/2
(1:{ /2 Oy
lem is

> , the primal problem is then equivalent to maxyycr tr(FPy W), and the dual prob-

. 2 T
min 1+ous+0o°us+p 14
V0,01 €Roptn =050 a H3T P 2d;

| Po—R(p1,12,0)+Y || oo i3

where R(u1,po,p) := <M1 I > It can be checked that the set of dual variables puj :=
p2dg +p

0/2, Wy =0, ui = 1/(20), p* := 04, and Y* := vv| with v := /0 /2(1,1/0,1/0,--- ,1/0)" €
R is indeed feasible to the dual problem with cost o. O

The following lemma states some properties regarding some random variables that we in-
troduce in Algorithm

Lemma 2. Consider Algorithm[1] and the variables therein. Denote py := 1, then:
2A. Ezz; = u;ruj for those 0 < i < j < d such that p;,p; > 0.

2B. Ez? = |ul|3 /pi for those 1 <i < d such that p; > 0.

2C. Ez? = Ely;| for 1 <i <d.

2D. Ex;z; = Ey;y;, for any 0 <7 < j <d.

2E. Define P := {i € [d] : p; > 0}, then |P| < min{d,o/C?}.

2F. For those i,j € P, we have that E HylyJ — zizj/TQH s upper bounded by
_207!2)7“2 2||ul||§+2“uj‘|§ + H H H H 4 2T + 3 + 4
e willo Nl | —— [ 2 2 =
V21CT 2R e \3 T 20T) T r
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2G. For those j € P, we have that E Hyoyj — zozj/T2H 1 upper bounded by

2’ 2 |ujl3 ] [ 2 <2T+ 3 )+2]

. Bl L PRI D R (R B

V2rCT W2 lver 3 20T) n
_r? 2 1

re{ il | = (T4 2) + 2]}

Proof. and follow from direct calculation. We start with We first consider the
case i = 0. We observe that the conditional probability E[zox;|yo,y;] is exactly yoy;. Indeed,

1+ 9o . 1 —yo )
Elzox;|yo, y;] = (1 : 2) -sign(y;)|y;| + (—1 e -sign(y;) |yl = voy;,

and then by law of total expectation we are done. Then, we assume that ¢ > 1, and we see that
Eliz;lyi, y;] = (sign(ys) - |vil) - (sign(y;) - [y;]) = wiy;. By law of total expectation, we again
obtain the desired result.
To show , one only need to observe that o > 2?21 ugll3 > Yicp ui||3 > C?|P|.
Finally, and follow similarly from the proof of Lemma 2 in [I0], and hence we

skip the proof here. For a high level i — 2iZ;j /TQ‘
conditioned on @;’s similar to [I0], and use the facts that p; = 2/3 - ||lui|l3, ||luill, > C, and
f;roo e 2dy < 1/t- e~*/2 in the upper bounds. ]

We are now ready to prove Theorem

Proof of Theorem[1 We first show the approximation gap. The second inequality is due to re-
laxation and e-optimality, and we only need to show the first. We denote U := (ug, u1, ..., uq)
VW*, as in Algorithm We observe that ' Pz —2¢'z = Z‘ijo ¢ijT;%j, and tr(Q(c, PYW*) =

ZZ]‘:O giju] uj. We will split the proof into two parts:

(i) (Non-diagonal entries, i.e., i < j) We first assume p;,p; > 0, where p;’s are defined in
Algorithm [I] By and the fact that z differs = only by possibly flipping a sign in
Algorithm [T, we observe that

1 T
T2 Gt v = 4 Byiy; + ij T2 EZZZJ Eyiy,
1

YilVj = %% 7

> qiEz;7j — |gi5] - E [

For the case where, WLOG, p; = 0. By the definition of p; in Algorithm [I], it must be the
case |luil| < C. Therefore, we obtain a trivial bound (note that Ez;z; = 0)
1

T2 Giui uj > GEET; — o - laig| - [ ).

1
T2
(ii) (Diagonal entries, i.e., i = ) We first study the case p; > 0 (i > 1). By 2B} [2C] and the
facts that ¢; > 0, ||ul||2 > C, and p; = 2/3 - ||us||3, we see that

oS [ q V34ii
qii & 5U = QZ2E|yl| < Gii E’sz < Gii T2|Z’L|2 u || ’L”2 \[;-,Z

i T \/g '
T2 u; Ui + G E - ﬁuz U;
For the case p; = 0, we again use the trivial inequality

1
73 " di

’Lu U’Z > qZZEm
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Denote the set P := {i € [d] : p; > 0} the same as in H 2E| and define ¢(C,T) := 1//27 -

(2T/3 +3/(2T)) + 1/m. Putting (i), (ii), [2F} and 2G} - together, we see that tr(Q(c, P)YW*)/T?
is lower bounded by

d
S guEre — Y lagle {”“Z‘ﬁiz 512 | 4o, 7 s HujH2}
320 Z?éj 2rCT
2 ]
—2Z|qoj{ {J2 29(C, T) ||uy]l,
jeP CT

LS {\/%;, + Il - [\/227 <T+ ;> " H } }

Y el - Y

(i,§)ZPx P, i€P
0<4,5<d,(%,5)#(0,0)

T

\fT T“Z

d .
_ _2¢?7? (4o min{d,o/C?} 4o
> BT, x; — B -e 9 +
- ]z::o R { V2rCT V2rCT

- B TQ{j';‘TJrZ,-[\%T(TJr;)JrH}—TQB(%Jr %) - :;IT%P\,

where we use Holder’s inequality with (oo, 1)-norm, together with the following facts:

+4g9(C,T) (0 + 1)}

d 2 2
i Zi:l Huznz =tr(W;) <o, ”UOHQ =Wy =1,
2
i Ziep ”Usz < ZiGP Huz\lz /C<0o/C,
o Socijcaltilly il < g lluill3 < o+ 1,

d d
° Zogi,jgd,(z‘,j);é(o,o) \u]—u]| <2> |u8—ul\ +Zi7j:1 |u;ruj| < 20 + 02, where we use Propo-
sition [2 and 1] |[W7|14 < 02 in the last inequality.

Lastly, by we obtain our desired inequality.

To conclude the proof, we remains to show that Z is feasible to [SBQP| with high probability.
we only need to show that ||Z||, < ¢ holds with probability at least 1 — exp{—co} for some
(absolute) constant ¢ > 0. Since E ||z, < Zgzl pi < 2/3- 0, by multiplicative Chernoff bound
equipped with an upper bound for the expectation (see, e.g., Theorem 4.4 and the remark after
Corollary 4.6 in [36]), we have

1 2 o
Plely > o) <E (Il = (143 50) < .

B Proofs of Theorems [3 and (4

In this section, we first prove Lemma [I} and then we use it to prove prove Theorem [3| in
Appendix and Theorem [] in Appendix To show Lemma [1], we need two lemmas.

Lemma 3 ([25], Section 5). Let D = diag(d;) be a diagonal matriz of order n, and let C' =
D + auu' with a < 0 and u being an n-vector. Denote the eigenvalues of C' by A1, Mg, -+ , Ay
and assume \; < X\it1, d; < djyr1. We have di +a ||u||§ <\ <di, and d;_1 < \; < d; fori> 2.
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Lemma 4 ([7], Appendix A.5.5). Let P be a symmetric matriz written as a 2 x 2 block matrix

p_ (PlTl P12>, The following are equivalent:
Py Py

(1) P> 0.
(2) Piy =0, (I — PyuPf)Pia = O, and Py = PP Pps.
We are now ready to prove Lemma

Proof of Lemma [l We divide the proof into three steps. In Step A, we show p* > 04, A2(Hg ) >
§, and Hgs > 0. In Step B, we show that if in addition, - hold, then W* is optimal
to [SILS’-SDP| In Step C, we show that if furthermore Ao(H) > 0 holds, then W* is the unique

optimal solution to [SILS-SDP]

Step A. By , , and @, we can show that min;cgp; = —)\min(%(MTM)S,S) +6—p5 > 0.
Combining the fact pg. = 04—,, we conclude that p* > 0q4.
Next, we show A2(Hg g) > d. To see this, gives

1
n

Hss=—(M"M)gs+ psas(xs)" + diag(ph + p3l,) — ijs(ys)T-
11

By , xg is an eigenvector of Hg g corresponding to the zero eigenvalue. Therefore, to show
Ao(Hg,g) > 6, it is sufficient to show that for any unit vector a € Span({z%})t, we have
aTHS,Sa > 6. We obtain

a'Hggsa=a" (ﬁ(MTM>S,S + diag(ps + psls) — Wys(ys)T>a-
11

We then define the following two auxiliary matrices:

R:= —(M"M)s;s+ p3l, + diag(p§) — v5(ws) ', P =R+ =usys)'
n Yi Y

To prove aTHS7Sa > 0, it is sufficient to show Apin (P) > §. Indeed, by Lemma we see Aa(R) >
Amin(P) > 6. From , x5 is an eigenvector of R corresponding to eigenvalue —opu3 < 0, so it
is an eigenvector corresponding to the smallest eigenvalue of R, which then implies a " H. 5,50 =
a' Ra > §. We now check Apin(P) > 0. Recall again min;eg p; = —/\min(%(MTM)&S) +0— .
We have
1 1
P=—(M"M)ss + p3ls + diag(ps) = (Amin(ﬁ(MTM)S,S) + 43 + min p;) I, =61,
(3
This concludes the proof that Amin(P) > 0, and therefore A\a(Hg g) > 0.

Finally, Hg s > 0 follows easily if one observes that Amin(Hg,s) = 0. Indeed, direct calcula-
tion and gives Hg gx’g = 0,, which gives our desired property.

Step B. In this part, we show W* is optimal by checking (KKT-1]) - (KKT-3). We first show
that H = 0. From Lemma 4] it suffices to show the following three facts: (i) Hsg > 0, (ii)
(I, — Hs,sHY g)Hs.sc = O (a0, and (iii) Hse se = Hge sHY gH{. g Note that (i) holds by
part (a) and (iii) holds by so it remains to show (ii). By we see that Hge x5 = 0g_,-
Since A\2(Hg,s) > 6 > 0, we conclude that that (ii) indeed holds.
* *\ T
We define Y* := };1*1 (yyl > and pf := Yy — 1/n-b"b. Observe that Y* = 0 again by

xT

Lemma {4} due to the facts H > 0 and Y7 > 0.
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Step C. Finally, we show that W* is the unique optimal solution if we additionally assume
A2(H) > 0. First, note that A\o(H) > 0 implies Ao(Y*) > 0 due to the fact that Y* =

T
1 % * 1 o, x\T 1 % .
vy L Yy = y2v (") v=y" a

We define the Lagrangian function £ : R+ >*(0+d) _ R as follows: £(W) := 1 tr(ATAW)
(VW) + (W — 1)+ 3(6r(7,) — 0) + p3(1] [Wel La — o) + tr(ding(p") (W — 1)). Then,
for any optimal solution Wy to [SILS-SDP| we show W* = Wj. It is clear

1 1
- tr(ATAW,) > L(Wp) > L(W™) = - tr(ATAW™),

where the second inequality is due to , which states that O, 4 lies in the sub-differential
of L(W™*). By the optimality of Wy, it is clear that, from the second term — tr(Y*Wj) to the
last term tr(diag(p*)((Wo)e — I)) in L£L(W)y), are all zero, as they are always non-positive. In
particular, 0 = tr(Y*W™*) = tr(Y*Wy) holds. This implies that Wy must be a scaling of W*
since A2(Y™*) > 0. Again by optimality of Wy, we see Wy = W*. O

In the remainder of the section we prove Theorems [3]and [ We start with a useful lemma,
which introduces the Schur complement of a positive semidefinite matrix. This result follows
from Lemma [4]

Lemma 5. For a positive semidefinite matriz H € R¥?, and a set of indices S C [d]. Denote

Iy
P = T , we have
(HS,SCH;,S li—g

[ Hss pT
Hgese — HI g HY gHg e ) 1

B.1 Proof of Theorem [3l

In this proof we intend to use Lemma [T thus we check that all assumptions in Lemma []]
are satisfied. In particular, we take (Y;')ss as per , P as per , and pge = 04—y, as
in the statement of Lemma Note that since Y;® is not completely determined, we also
need to define its missing parts, i.e., its (5¢,5) and (S¢,S°) blocks. For brevity, we denote
HO:=1I, —a2%(x%) " Jo and P:= (M"M)gge/n — y&(ys) " /Y7 We take

. 1 1 1, N
(Y )se,s := E(MTM)S%S — [M(MTM)SC,SHC*S - @%c(ygfﬂﬂg (z%) ", (10)
(Y )ge.50 = O1 + vlg_o + Y—l*lysc (yie) " + SPTHOP, (11)

where we set v := uj — [|©2]|,, > 0. As in Lemmawe define H := Y} — y*(y*) "/ Y}y,
Next, we show that [TA] - [ID] are implied due to our choice of p* and Y, and conditions

-
I l This will show that W* := < ) (1*> is optimal to [SILS’-SDP| After that, we

show that - automatically implies A\o(H) > 0, which additionally guarantees the uniqueness
of W*, and we conclude that [SILS-SDP)| recovers z*.
We now check that holds. By direct calculation,

1
Hge g = SPTHOP = Hge sHY gHie g,

where the last inequality is due to the facts that P = HOHgC’S, (H%)? = HY, and Hgg =
§(I, — x%(x%) " /o). The last fact is due to Aa(Hg,s) > § and Hg gz} = 0.
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Next, we prove that is satisfied. From , we obtain

Hge grg = [*(MTM)SC,S - ﬁysc(ys)T][Ia - *xs(ﬂﬁs)T]xs = 0d—o-
n Y7 o

is automatically true due to and and is directly implied by , triangle
inequality, and

Finally, we will show implies A\a(H) > 0. Lemma [5 shows that A2(H) > 0 is equivalent
to Hge ge —H;:SCH; gHg sc =0, due to the facts Ayin(Hs,5) = 0 and A2(Hg,5) > § > 0. Finally,
we observe that Hge ge — H;:SCH;S_HS’SC = Hge ge — Hgsc(l/é) . (IU — l‘g(Ig)T/U)HS’Sc =
©1 +vilj_, = 0 as desired. O

B.2 Proof of Theorem {4

In this proof we use Lemma [I] thus we check that all assumptions in Lemma [I] are satisfied.
We fix (Y;")s s as per , pg as per , and pg. = 04—,. Note that we still need to define the
missing parts of Y, namely, its (5¢,5) and (5, S¢) blocks. We take

* 1 * *
(Y7 )se,s = —;?JSC(%*)T’ (12)
* 1 *
(Yz )SC,SC = V.Id—o' + Wych (ysc)T + HSC,SHE',SH;C,S' (13)
11

With a little abuse of notation, we denote by v > 0 the slack in the inequality introduced in
As in Lemma [l| we define H := Y — y*(y*) " /Y7,

Next, we check - and A2(H) > 0. Similarly to the proof of Theorem |3, we show that
- are implied by our choice of p* and Y;*, and conditions -[B2] This will show that

T
which additionally guarantees the uniqueness of W*, and we conclude that [SILS’-SDP)| recovers

x*

W .= < 1*> <:Cl*> is optimal to [SILS’-SDP| After that, we show that [B2|implies A\o(H) > 0,

It is clear that holds by (13). Next, we prove that is satisfied. From and the
definition Y7 = —(yg)Txfg, we obtain that Hge g2 = 04—, is true due to and For
by , and triangle inequality, ! (%MTM — Y )se 5e + M’Q‘Id_gHoo is then upper bounded
by

1
‘nmﬁﬂﬁyy+ggﬁ

sty
o

1 * * \ T
T Yse(Yse) H +v
Yil [e'e)
2

2
1Y5ell5
2

vt s
vz
5

1 — cos?(6) Iy ”2 B2 .
do cos?(0) Yselloo = Hs)

IN

1 *
‘n(MTM)sc,SC + nali-—o )"

1, n 1,
— -
o S Yl*l yS

v YsellYge
Yll [e'e)

1 1 * * \ T

oo

(M M)se se + psly_o

where we used the fact that HH; SH2 < 1/6 in the first inequality, and the fact that

1, 1

*
Tt
H o Y1*1ys

2_1—(:052 0)

Sl 29Ty _ (
o ocos?(f)

*
2 Yo

1,

Lo
Ys
Y

Ys
Y

=——+
2 g

2 1 ‘

il

in the penultimate equality.

Finally, we show that implies Xo(H) > 0. From Lemma it suffices to show Amin (Hge gc—
H;ScH;SHS,SC) is positive. By definition of Hge gc, we obtain that Hge gc — H;SCH;SHS’SC =
vig_, > 0. O
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C Proof of Theorem

In this section, we prove Theorem [6] We first give a technical lemma, which gives high-
probability upper bounds for metrics between some random variables and their means. This
lemma is due to known results in probability and statistics.

Lemma 6. Suppose that M consists of centered row vectors my; ok SG(L?) for some L > 0
and i € [n], and denote the covariance matriz of m; by X. Assume the noise vector € is a

centered sub-Gaussian random vector independent of M, with ¢; s SG(0?) fori € [n]. Then,

the following statements hold:

6A. Supposec/n — 0. Then, there exists an absolute constant ¢y > 0 such that H%(MTM)S,S — ES,SHQ <
c1Ly/o/n holds w.h.p. as (n,o) — o0;

6B. Suppose log(d)/n — 0 and let F := LM "M — . Then, there exists an absolute constant
B such that |F|,, < BL?\/log(d)/n holds w.h.p. as (n,d) — oo;

6C. Supposelog(d)/n — 0 and let F := %MTM—E. Let z* € {0,+1}%, define S := Supp(z*),
and assume |S| = o. Then, there exists an absolute constant By such that |Fz*| =
|Fs,sz%l., < BiL?\/olog(d)/n holds w.h.p. as (n,d) — oo;

6D. Suppose log(d)/n — 0 and let F := LMTM — . Let 2* € R%. Then, there ezists an
absolute constant By such that ||Fz* + %MTEHOO < BgL\/(g2 + L? ||z*\|§) log(d)/n holds

w.h.p. as (n,d) — co.

Proof. follows from Proposition 2.1 in [51]. and follow from Berstein inequality
(see, e.g., Theorem 2.8.1 in [52]), and an argument of union bound. O

Then, we prove Theorem [0] by utilizing Theorem [4 In order to maintain the conditions in
Theorem [4, we use the concentration bounds introduced in Lemma [6] substitute the random
variables in Theorem [] by their means, and then add or subtract upper bounds of metrics
between the random variables and their means, as proposed in Lemma [6] ]

D Proof of Theorem [T

) ) sign(z}), i < o, )
In this section, we prove Theorem 7| Let 2} = . and S := [o]. In this proof,
0, otherwise,
we employ Theorem [6] to prove that [SILS|recovers x* when n is large enough, by checking all the
assumptions therein. We observe that L = 1 when ¥ = I;. We also have §§ = —z¢ and Y} /o =
(z5) T 125 /0 > g +1 = Q(1). Throughout the proof, we take n > C(||z*||5 + 2 + ¢?) log(d)
for some absolute constant C' > 0. For brevity, we say that n is sufficiently large if we take
a sufficiently large C. For we first show that [, = O(1/y/0) if n is large enough. By

Section we see that for some 7 € [0, 1],

- o s +n(@5 = ys)ll,
n = ~ ~ % * * ~ ~ % * :
|[ys+77(yg _ys)]—rxs’ Hys+?7(yg _ys)Hl

For ease of notation, we denote \,, := Bo \/(Q2 + ||2*|12) log(d) /n. From

~ % ~ % *\1 T % A\ T % % *\ T % ~ % *
195 + 095 —ys)] 25| = [(95) 25| — |(I5 —ys) 25| =21+ g9)o — 0 [|§5 — yslle = 0 (21 +9) — M)
Using [6D] again, we have

195 + 0G5 —ys)l, _ 195lls + 195 —3ll, o vV2uo+vollds —ysle _ 1 V2u+dn
195 + (s =yl ~ 195l = 195 —wsll, ~ 20 +9)0 —o g5 —vsll. ~ Vo 20+9) =
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Combining the above two inequalities, we see I, = O(1/4/0) when n is sufficiently large.
For we set § = g/2. We obtain that

1 log(d 1
5> (19 g - By T, [T 5 L (14 9)
o 2 n n o 4

if n is sufficiently large. Since we have |J5.| < 14 and Xggc = Oy (4—o), We see that is
true for a sufficiently large n.
To show we set 15 = —1 and we see that 5 = —1 < -1+ — ¢14/0/n holds for large

2

n. Therefore, Xge sc + 15145 = O(4—o)x (i—s)- Moreover, implies f,(§%)% = % —% <

g2
2o (gF1) and hence
g9’ 2 g

o ~ % 2 ~ 2 - ] = —
Yo = (fn(¥5) + lnAn) (HySCHoo +An)” 5 < 20(g+1) 1 g olg+ 1)’

for sufficiently large n, where we absorb the diminishing term brought by I, A, into the term

2
(N19sell o + An ) ; as |Uselloe = |25ell, < 1. It remains to check B\/log(d + (”yf,c*” U—:)\") +
11~
% < [i5. By absorbing the diminishing term brought by A, into ||gsc||,, < 1, we obtain

that

—_

log(d) 1 g log(d) 1 1 g
n +c;'(g—|—1)+cr(g—|—1) n +0 <5 +4 <K

for a sufficiently large n. Finally, we observe that ||2*H§ < d + ou?, which concludes the
proof. O

E Proof of Theorem

Before proving Theorem [0, we need some detailed analysis of our covariance matrix 3 and some
useful probabilistic inequalities. We will use them to evaluate norms of some matrices, which
are used for the construction of the decomposition ® = ©1 + O3 in Theorem

Throughout the section, we use the same definitions as in the statement of Theorem
ie., S = Supp(z*), y* == —M"b/n, Y7} = —(y5) " 2%, and pj = 1/0 - {min (M "M /n)s,s) —
§ + min;es[M "e];/(nx})}. Furthermore, we use the notation introduced in Model [2 and we
introduce some additional notation that is specific for it. Let y, y{’ RS (Od, 1;). We observe
that m; has the same dlstrlbutlon as another random Vector El Yl + 222 y/. For the ease of

notation, we write M, := Ef (1, ,9h) and M, = 222 (yY,--+ ,yl). Hence we assume M =
1 (@)
M + Ms. Observe that ¥5 = ( 7 — >, so My is an n X d matrix with the first o
V'l o

columns being zero.

1
In Lemma 7| below, we show that >{ has a simple structure. The proof can be easily done
via an analysis of singular value decomposition of ¥, and we omit it here.

1 A 101T
Lemma 7. In Model% we have X3 = <a1 HlT biL cll?f
d—O' o d—o’ d*O’

and a,b € R.

) for some matrix Ay; € R7*?
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By Lemma |7, we observe that (MlTMl)Sc’S, (MlTMQ)SC,Sc, and (Ml—er)Sc’Sc are rank-
one matrices. In fact, there exist vectors u € R, v € R? 7 and a scalar ¢; such that
(M;M1)5c7s/n = 1d Uu (MlTMQ)Sc Sc/n = 1d_UUT, and (M;Ml)SC,SC/n = Clld—olglr_g-
In the next lemma, we pr0V1de some probabilistic upper bounds. The proofs can be obtained by

applying Bernstein inequalities to different sub-exponential variables introduced in the lemma
below.

Lemma 8. Consider Model[9 and suppose log(d)/n — 0 and (n,d,o) — co. Let u,v,c; be as
defined above. Then, the following properties hold with probability at least 1 — O(1/d):

8A. 3 constant C1 = Cy(c, ") such that H(MQTMl/n)sc,sHoo < Chy/log(d)/n;
8B. 3 constant Cy = Cs(c, ") such that H(M2TM1)[d],Sz§/”HOO < Cyv/olog(d)/n;

8C. 3 constant C3 = Cs(c,c, ") such that ||(M"e/n)ge

o < O34/ 00 log(d)/n;
8D. 3 constant Cy = Cy(c) such that H(MTe/n)gHoo < Cyv/ 0% log(d)/n;

8E. 3 constant Cs = C5(c, ") such that ||v]|,, < Cs+/olog(d)/n

8G. 3 constant C7 = Cy

3 Cs(

8F. 3 constant Cg = Cg(c, ") such that ||(My M1/n)se s|l2—00 < Cs(1/log(d) + +/a)/v/n;
3 (¢, ) such that ||u — 14|, < Cry/olog(d)/n;
3

8H. 3 constant Cs = Cg(c) such that |c1 — do| < Cgoy/log(d)/n.

In the following, we define some matrices that will be used in the proof of Theorem [J] for
the construction of ©; and ©9 in Theorem (8, Recall that HY = I, — z%(2%) " /o. For simplicity,
we denote B := [I, + 25(ys) " /Y] (1/0) HO I, + ys(25) T /Y1h] + 25(25) T /Y7y, and we define

1

1
A._ T LT AT
0y = v ( M ' €)se (nM €)ge,

T % T %
1 u e 1 T
o8 .= (\@1 o TS (2T )(\@1 —o + S(=M"e ) ;
1 d—o Y*ﬁ(n )S d—o le*l\@(n )S

1 1 . 1 1
OF =~ (M Te)se (- (MI Mi)se 528) = o (- (M7 My)se s28) (M)
Y7 n Yitn
(UTZE)Q 1T T AT
— e (=M )sa( M €)ge,
(Y11)20 5
1 Z*(y*)T
¢ T sYs 0 % (2T AT
= — M M c IO' H M (&
T «\T 770 yg(zj%)T T
— (M €)se(ys) H (Lﬁriy* J(M " M)g,se |,
11
1
D . _ T #\T 770 * TANT
@2 = 5(nY1*1)2(M G)Sc(yS) H yS(M E)Sca

. 1 1
0F =ty _olg_v — E(M{'—Ml)gc,gBﬁ(MlTMl)&sc

11 11 T
n (\@ o — — (M) M) ge Bu) (\@ o= — (M) M) Bu) :
d—o \[En( o Mi)se s d \fén( 2 Mi)se s
E L1 T Lo Tl Lo
Oy = —E;(Mz Ml)SC,SAU(E(M2 MI)SC,SBU> - E(MQ MI)SC,SBE(MQ My)s,se,
1 1 14T
or .= (EMITMl) (et it O)laol)  + é(ld_a + gv> <1d_a + gv> ,

se,8¢
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1 1
of .= ——wT <—MTM ) T,
5 évv + M M2 SC’SC+M2 d—o

for some proper positive constants ¢, ¢, & and ¢ such that ©F, ©F and ©1 are positive semidefi-
nite matrices. The high-level idea in the proof of Theorem |§| is to take ©; = OF +0F 4 61 and
Oy = @A + 05+ @C + 0P +6F + 6l and to directly check that such ©; and ©2 add up to
© in Theorem [§ Before proving Theorem [9, we need two lemmas: Lemma [9] gives some useful
results that will be used repeatedly in the proofs of Lemma [I0] and Theorem [0} and Lemma
gives upper bounds on the infinity norms of the matrices defined above that contribute to ©s.

Lemma 9. There exists a constant C = C(c,c, ") > 0 such that when n > Co?c?log(d), the
following properties hold w.h.p. as (n,o,d) — oco:

9A. Y > 0/2;

9B. ||-ys — z5lly <1/2;

9C. ||u" (I +y5(25) " /Y1D)|, < 6V0;
9D. ||Hz||, < 1/2.

Proof. For brevity, in this proof, we say that n is sufficiently large if we take a sufficiently large

C.

For[9A] observe Y}, = —(25) % :( %) (MTM/n)SSzS (25)T(M Te/n)g, and hence from
.and Y > o0—cioy/o/n—(z%) (MTe/n)g > o —cl\/a/n Cu1v/0*log(d)/n) > 0 /2,
for sufficiently large n.

For [9B] observe that

l=v5 = 25llo = | (M T M)ss/m = L)+ (M Te/m)s |, < |[(MTDM)sis/m — L

JN5lH| (0 Te/m)s |

Fromand we see that this quantity is upper bounded by c¢1+/02/n++/0Cy+/ 02 log(d) /n,
which is less than 1/2, for sufficiently large n.

For [9C] we have that
, < 58) /Y1

and hence by and we obtain that it is upper bounded by [1+2-(1/241/(2/0))]-
Vo(1+ Cry/olog(d)/n) < 64/c for sufficiently large n.

Finally, for @ we observe that H'z% = (I, — z5(25)" o)zt = 0,, thus HHOng2 =
| HO (v — zg)HQ < ’HOHQ llys — 25|ly < 1/2 by the fact that HHOH2 =1 and O

|07 +y35) /v

Mully = (4125l sl /Y13) llulls

Lemma 10. There exists a constant C = C(c,c, ") > 0 such that when n > Co?*a?log(d), the
following properties hold w.h.p. as (n,o,d) — oco:

10A. H@’QL‘HOO = O(g2 log(d)/n) ;

10B. ||05|, = 0 (oo loa(d)/n + P log(d)/(en) )

10. |||, = O(\/*oald)/n/6 + \/Folos(d)/(5n));
10D. [|0F]|, = O(e?log(a) naé));

10E. Heguoo:o( olog(d )2/(652n)+010g(d)/(5n)>.
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Proof. For brevity, in this proof, we say that n is sufficiently large if we take a sufficiently
large C. In the proof, we will repeatedly use the fact that for a rank-one matrix P = ab',
1Plloe = llalloo 10l

(LOA)). The statement simply follows from and

(L0B)). observe that, among the three terms in ©F, the first term is the transpose of the
second term, so it is sufficient to upper bound the infinity norm of the first term, since the same
bound holds for the second. From and [9A] we have that

Hl/Yﬂ (M Te/n)se((My Ml/n>scyszi€*>THoo

is upper bounded by 2C2C500 log(d)/n. Then, from and we conclude to the fact
that ||(u'2%)?/[(Y11)%d - (M Te/n)se(MTe/n)ke . < 4C30%0log(d)/(cn).

m. Note that the first term in the definition of ©F is the transpose of the second term,
thus it is sufficient to upper bound the infinity norm of the first term. We write

(M "M /n)se,s(Is + 25(ys) " /YT H ys (M " e/n) g

=la—ou' (I + 25(y%) /YT H ys(M "e/n) ge + (Mg My)se,s(Io + 25(ye) T /Y1) HOys (M Te/n) g
= P+ Py,

since (M, My)ge,s = (My Ma)se,s = O(g—s)xo- 1t is clear that

1Pl = lu" (L + y5(25) T /YT HOys| ||(M T e/n)se||
by and we see || Py, < 3Cs4/0?0?log(d)/n.
Next, |P2llo = [[(My Mi)se.s(Is —|—zs(y5 )T /Y H % H |(MTe/n)se +» thus from

and we obtain that

|Pellc < CCisr/ e og(d)/n(+/1og(d) + Vo) /v - || (I + 25(u8) T /¥iD) HOy3
By [9D] 9B} and [9A] we obtain that

o + 25T /v HOys| < I1HOws 1, + Nl sl | 093], /Y55 < 2

Hence, we see || P < 2C5Cs+/ 020 log(d)/n(y/log(d) + \/7)/+/n.

Finally, from we obtain H®2CHOO = (’)(\/92 log(d)/n/é + ﬁglog(d)/(dn)).

10D). Since Hz}% = 0,, we obtain that (y5)" H%% = (i — z%) " HO(y% — 2%). By and
HH O[ ﬁ[ =1, we see (yE)TH Oyfq < 1/4. We are done by combining the above conclusion,
and

(LOE). We start by estimating the infinity norm of the first term in the definition of ©F.
To do so, we first provide an upper bound on || B||,. Write

B = [H°/5+25(25) " /Y11+(y5) " HOYs25(25) " /(Y1) 1+ (26 (y5) T HO+HOy5(a8) T1/ (7)) := Bi+Be,

and we will upper bound || B, and HB2H2 For By, recall that H? = I, — zs( %) /o, thus

= (1)L + 1/ Y71+ () OGS/ (V71)° — 1/ (00)lr(a5) . From H' = (H')?, DA} and D}
we see (yS)THOy (Y}1)? <1/0?, and thus ||By]l, <1/6+2+1/0+1/§ < 3+2/5 For By, we
only need to upper bound zS(yS)TH 0/(5Y7y), since the other term is symmetric. From [9A|and
. |25 (%) "H/(6Y1)||, < 2lla%lly || HO%]|, /(60) < 1/68. Thus, || B, < 3+ 3/5. Combining

this and 8G/ we obtain |[|( MQTMl/n)Sc,SBuHOO = (( olog(d) + )/(5f)>
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For the second term in the definition of ©F, we write B := H°/§ + B3, and we give upper
bounds on the infinity norms of (M, My /n)ge s H?(My My /n)s s and (My M /n)se s Bs(My My /n)s,ge.
We know that the diagonal entries of H? are 1 — 1/0, and the off-diagonal entries have an
absolute value of 1/0, thus, along with we see H(M;—Ml/n)gc,sHO(MQTMl/n)S,SC o <
H(Mg—er/n)scsto [0-(1—1/0)+0(c—1)-1/c] = O(clog(d)/n). Next, by and each
entry in Bj is upper bounded by O(1/0 4+ 1/(d0)). Together with we obtain that

2
| (0 2y fm)se s Ba(My M fm)sse|| < 0|0 2y fm)ses||_-O(1/0+1/(50)) = O(o log(a)/ (3m)).

Using the triangle inequality, the second term in ©F has infinity norm upper bounded by
O(olog(d)/(dn)). O

We are now ready to prove Theorem [9] using Theorem

Proof of Theorem[9 We use Theorem [§] to prove this proposition. In the proof, We take n >
Co*0?log(d) for some constant C = C(c,c,¢") > 0. For brevity, we say n is sufficiently
large if we take a sufficiently large C. Recall that we take pf = 1/0 - {Amin (M "M/n)gs) —
§ + min;es[M "€];/(nzf)}. We now check the remaining conditions required in Theorem |8
Note that the assumption Y}, > 0 is automatically true by @ Next, we take § := 1 +
max{Amin (M M/n)gs)—1—c",0} > 1. p} is indeed nonnegative due to andwith L? =
¢, because pi > (¢ —1)/(20) > 0 (if 6 = 1) or p > ¢’ /(20) > 0 (if § > 1) for sufficiently large n.
From is true for sufficiently large n. Next, we focus on We first take b := —¢”, and
now we show that it is a valid choice by checking 113 € (—00, —Amin (M " M/n)s,)+6]. Note that
if § = 1, we have )\mm((MTM/n)S’S)—l—C” < 0, and therefore —)\min((MTM/n)svs)+(5 >’
on the contrary, if § > 1, we have —)\min((MTM/n)&S) + 6 = —c”. This implies that we can
take p3 = —c” in both cases.

Next, we construct ©; and © as required in We take ©1 = ©F + ©F + ©f and
Oy = 04+ 08 +05 + 0L +06F + 6l Tt still remains to (a) give valid choices for the constants
¢, ¢, ¢, and ¢ in (9)19 , @{3 and 6{ such that these three matrices are positive semidefinite; (b)
show that © = ©1 + O9; and (c) prove that ||©a]|, < u3.

For (a), it suffices to show that we can take ¢, ¢, ¢, and ¢ in a way such that the first
two terms in the definition of ©F sum up to a positive semidefinite matrix, and the first two
terms in the definition of ©f sum up to a positive semidefinite matrix. From we obtain
(M My /n)ge s = (o — Cgo/log(d)/n)la—s1]_,, so it suffices to give some choices of these
constants such that éld_gld_g—ld_UuTBulji—_U = 0and do—Cgo/log(d)/n—(¢+é+c+¢) > 0.
We first take ¢ = u' Bu, where the definition of B can be found after the proof of Lemma
We then validate the choice by showing u' Bu = o 4+ O(y/0). Indeed, since ¢ > 1, this
shows u' Bu < o for some moderately large o, making it possible to attain a nonnegative
do — Bdoy/log(d)/n — (¢ + ¢+ é+ ¢), for sufficiently large n. Observe that

T T( 170 Lo T “Txg \T 170 (UT$*S)2 *\T 770, *
u' Bu=u (H + —-w5(xs) >u+2 o (ys) Hou+ —25-(ys) H'yg.
Yi Y (Y79)

Byand we have Y| > a(l—c“/a/n—C’m / 0? log(d)/n). Thus, when n is large enough,

we obtain 1/Y7,- < 1/0(1 + 2c14/0/n + 2C4+/ 02 1log(d) /n). Recall that H® = I, — w*s(wg)TQ/U.
We then see that by u’ <H0 + Yl*l xi‘g(azi‘g)T>u is upper bounded by 0(1 + Cry ) 228 los(d)) +
1
o- <2c1\/§+ 2Cy/ c%) =0+ O(y/o), when n is sufficiently large. Implied by we see
T ,..%
that ‘uylfls (yE)THou’ is upper bounded by O'(l +Cr Lg(d)) . %(1 +2¢14/Z+2Cy M) :

n n
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HHOy§H2 |ully. The term can be further upper bounded by O(y/o) by and For last
T, .% 2
term %(y@)THOyZ in u' Bu, it can be upper bounded by (1—1—07\/ UIOTg(d)) . <1+201 \/g—i—

2
20y @) -1 < 0(1) as a result of @ and Finally, we take 0 < ¢,¢ < 1 small

enough, and ¢ = /o —¢—Cgo+/log(d) /n—é—¢, to enforce o —Cgo/log(d) /n—(¢c+é+é+¢) > 0.
We can verify that ¢ > 0 if n and o are sufficiently large and ¢, ¢ are chosen to be sufficiently
small.

Checking the validity of (b) is straightforward by direct calculation. For (c), we first show

H@g”oo = (’)(Ulog(d)/n + log(d)/n), which is indeed true because H@gHOO < ovT /e o T

H(M;MQ/TL)SC7SC - C//Id*UHoo = (’)(U log(d)/n + +/log(d)/n ), where the last equality is due to
and with L? = ¢”. Combing this fact and Lemma

18211, < [|€5]|.c + [|€F]|. + |5 ]| + 182 ]| + [|©%]| . + |87 ]|
2 2 2
< C)<Q log(d)> +O(Qalog(d)_+@ Ulog(d)> +_O< 0 log(d)_+,»ﬂ70i?g(d)>

n n n n

+O(Q21;Z§(d)) —i—(’)(( Ulogfbd)—i-a)

we obtain that

2

+7

N alog(d)) n O(Ulog(d) log(d))

1 1
< e min{c —1,"} < % min{c — 1,"} < pj.

w.h.p. when n > Cp?0%log(d), for some large constant C = C(c,c,c”) > 0. O

F Proof of Theorem [10

In this section we prove Theorem [I0] using Theorem [6] The proof idea is very similar to the one
in the proof of Theorem [7] and hence we will skip some of the detailed calculation. Note that
L = O(1) when ¥ = I;. We first see 5 = —z¢ and then Yo = (2%) " I4z% /o = 1. Throughout
the proof, we take n > 0(02 + 92) log(d) for some absolute constant C. For brevity, we say that
n is sufficiently large if we take a sufficiently large C.

For condition we can show that [, = O(1/4/0) if n is large enough, in a similar way
to the proof of Theorem (7| For we set 6 = 1/2, and obtain that 45 > 1(1lo) when n is
sufficiently large. Since gg. = 04—, and Xg sc = Ogy(d—g)s indeed holds for n sufficiently
large. To Show we first set 15 = —1. Observe that i3 < —1/2—c¢1+/0/n indeed holds when
n is sufficiently large. Therefore, we see Ygc gc + fi513_ s = O4—o. Furthermore, since xg = 25,

M 4920\ < % which
Y1*1*‘7)\n n’‘n — 3

is indeed true for a sufficiently large n. O

we have cos(d) = 1, and it remains to check whether B logn(d) +

G Extended empirical results

In this section, we provide detailed and additional empirical results deferred in Section In
Appendix we provide detailed discussion for the tests conducted in Section In Ap-
pendix we provide detailed discussion on performance of [SILS-SDP| under other statisti-
cal models, and provide empirical results regarding empirical probability of recovery. In Ap-
pendix we provide numerical results for applying Algorithm [I] to problems with non-convex
objective functions.

G.1 Detailed algorithmic results

In this section, we provide comprehensive computational results summarized in Section We
start by introducing the use of the Conditional Gradient Augmented Lagrangian framework
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(CGAL) in Section provide detailed description of datasets involved in Appendix
and then provide extended computational results in Appendix

G.1.1 Introduction to CGAL.

In this section, we introduce CGAL, an iterative method designed for approximating solutions
to the optimization problem:

¥ :=argmin f(z) st. xze X, Cxek,

where f is a convex and L-smooth function, C is a matrix, X a convex compact set, and K
a convex set. By the m-th iteration, CGAL yields a vector z,, such that |f(zm,) — f(z*)| <
O(m~?) and dist(Cz,,, ) < O(m~'/2). It is noteworthy that the most computationally
intensive step in each iteration involves finding the minimum eigenvector of a (1 +d) x (1 +d)
matrix, which can be efficiently executed using the Lanczos method.

In the context of SDP(c, P), we define the function f(W) = tr(Q(c, P)W), set X as the
compact convex set {W € RUFDx(+d) - tr(W) < ¢ +1,W = 0}, set C = I, 4, and specify K
as the convex set {W € RUFDxU+d) -y, = 1 17|W, |14 < 02, diag(W,) < 14}. We initiate

1
CGAL with parameter A\g = 0.01 and start from the solution < . From a practical view-

Ou
point, we oftentimes limit CGAL to 20 iterations, observing that this suffices for Algorithm
to produce high-quality solutions, even though the SDP objective value may not be precisely
accurate due to the limited iterations. Further iterations of CGAL enhance the SDP objective
value but do not significantly improve the performance of Algorithm [I leading us to report
only the results from 20 iterations.

G.1.2 Description of datasets.

Below are the detailed specifications for the datasets involved in Section [5.1

1. (Synthetic dataset) We take o = 20, d ranging from 1000 to 10000, ¢ = 0.6, and n =
[201ogd/(1 — ¢)?] in Example 1 in [6], i.e., the inputs satisfies (LM), the rows of M are
drawn from i.i.d. N'(04, %), with 3;; = =il 2* e {0,+1}? by assigning a random subset
of cardinality o to be nonzero, and € ~ N (0g, ).

2. (Synthetic dataset) We take o = 20, d ranging from 1000 to 10000, n = [4ologd], and
o =1 in Model

3. (Synthetic dataset) We take o = 20, d ranging from 1000 to 10000, n = [4ologd], and
0 =1 in Model

4. (Diabete dataset in [19]) In this dataset, a matrix M can be obtained with n = 442 and
d = 10, where we drop the column for the response vector y. We randomly generate
z* € {0,41}% by assigning a random subset of cardinality o to be nonzero, and then we
obtain a semisynthetic input (M, b) by assigning b = Mz* + ¢, with € ~ N (0g4, I4). This
dataset can be downloaded from https://www4.stat.ncsu.edu/%7Eboos/var.select /.

5. (Leukemia dataset in [I5]) In this dataset, a matrix M can be obtained with n = 72
and d = 3571. We randomly generate z* € {0,41}? by assigning a random subset
of cardinality o to be nonzero, and then we obtain a semisynthetic input (M,b) by
assigning b = Mz* + ¢, with € ~ N(0g4,1;). This dataset can be downloaded from
https:/ /stat.ethz.ch/Manuscripts/dettling /leukemia.rda.

6. (Prostate dataset in [I5]) In this dataset, a matrix M can be obtained with n = 102
and d = 6033. We randomly generate z* € {0,41}? by assigning a random subset
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of cardinality ¢ to be nonzero, and then we obtain a semisynthetic input (M,b) by
assigning b = Mz* + ¢, with € ~ N(04,1;). This dataset can be downloaded from
https://stat.ethz.ch/Manuscripts/dettling /prostate.rda.

The random seed is set to 42 for all tests to ensure reproducibility. The goal of employing
these diverse datasets is to assess the scalability and robustness of CGAL + Algorithm [1] across
different data complexities and sizes. It is important to note that in the first and second
synthetic datasets, we consciously avoid biasing towards [SILS-SDP)| by using excessively large
sample sizes n. Instead, we cap n at [4ologd], a threshold that is insufficient for recovery,
as it requires Q(o?logd) samples according to Theorems |§| and We set the sample size
to O(ologd) to explore the performance of Algorithm [I| under suboptimal conditions, with a
deliberate focus on scenarios featuring an inadequate number of samples.

G.1.3 Extended algorithmic results.

In this section, we run CGAL for m = 20 iterations (specific deviations will be noted), and
provide detailed numerical results that are used to obtain Table|[l|in Section We summarize
the results in Tables 2] to [7] Recall that obj,. stands for the objective value for the feasible
solution z* we used to generate the dataset, as discussed in Section In the column “CGAL
+ Algorithm [I', we report the average objective value among the 1001 we obtained from
Algorithm [I] in the sub-column “mean val”; we report the objective value of the best feasible
solution obtained among the 1001 solutions in the sub-column “best val”. We also report the
run time of these algorithms, and MIP gaps obtained by Gurobi.

From Tables 2 to[7, CGAL + Algorithm [I] outperforms both [SBQP|and [MIO]in 32 out of 41
instances (78%), with a distinct advantage in 18 instances (44%). In the nine instances where
CGAL + Algorithm [1] is less effective, seven showed improvement when CGAL iterations were
increased; these adjustments are reflected in dual-row entries for CGAL 4 Algorithm [I] in the
tables. For the remaining two instances o = 10,20 in leukemia dataset shown in Table [6] we
found that increasing m to 100 would not enhance the performance of CGAL + Algorithm
leading us to also include the best solutions to [SBQP] and [MIO| within similar operational
timeframes. We can see that within the same time constraint, CGAL + Algorithm [1] can indeed
produce solution of similar quality compared to these two other algorithms.

The tables also illustrate that CGAL + Algorithm [I] excels at handling large-scale instances,
with d up to 10000, a scale challenging for [SBQP| and [MIO] Although performs well in
Table [2| which is owing to the fact that Gurobi finds a high quality heuristic solution efficiently
in this model (about 30s for d = 1000 and about 10 minutes for d = 10000), it is generally
outperformed by CGAL + Algorithm [I] for large instances with d > 5000. Notably, in Ta-
ble [7] [MIQ] yields only positive objective values, contradicting the expectation of non-positive
objectives for SDP(P, ¢). Similarly, in Table fails to surpass a trivial zero solution for
d > 3000, resulting in significant objective discrepancies compared to the other methods.

Finally, we comment on the fact that the performance of CGAL + Algorithm [I] does not
match well with the column obj,. in Tables[6] and [7]for large o. This may stem from insufficient
data to obtain recovery or even to obtain an approximate recovery with SDP(P, c), as n is
significantly lower than d. Consequently, the optimal solution W* does not approximate the

=
ideal (21*> (zl*> , limiting the effectiveness of Algorithmand the associated greedy algorithm

in approximating z*.

G.2 Detailed statistical results

In this section, we provide extended statistical results on [SILS’-SDP| We first report the perfor-
mance of feature extraction problem in Appendix[G.2.1] by discussing statistical performance of
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|SBQP| |MIO| CGAL + Algorithm

obj obj time | mipgap obj time | mipgap | mean val | best val | time
d = 1000 -19.25 | -19.25 9 0 -19.06 7 0 -0.75 -19.25 13
n = 1727
d = 2000 -19.01 | -19.01 46 0 -19.01 45 0 -0.28 -19.01 40
n = 1901
d = 3000 -0.32 -14.87 79
n = 2002 -18.38 | -18.38 | 175 0 -18.38 | 117 0 o071 18.38 | 335
d = 4000

-20.23 | -20.23 | 339 0 -20.23 | 316 0 -0.16 -20.23 | 132
n = 2074
n = 2130 -19.99 | -0.08 | 1003 | > 10 -19.33 | 1001 | > 10 -0.24 -19.99 | 197
d = 6000 4 -0.07 -17.34 266
n— 9175 -19.27 0 1001 - -19.27 | 1003 | >10 0.32 19.27 | 559
d = 7000 4

-19.95 0 1002 - -19.95 | 1001 | > 10 -0.08 -19.95 | 367
n = 2214
d = 8000 -18.91 0 1002 - -18.93 | 1001 | > 10* 0.12 -18.91 | 452
n = 2247
d = 9000 -19.96 0 1005 - -19.96 | 1006 | > 10* 0.09 -19.96 | 602
n = 2277
d = 10000 -21.32 0 1006 - -21.32 | 1002 | >10% -0.11 -21.32 | 790
n = 2303

Table 2: Performance under Example 1 in [6] via CGAL (o0 = 20). Time limit is set to
1000s. Two rows for each of the instances d = 3000 and d = 6000 are reported, detailing
the performance of CGAL + Algorithm [I| for varying iteration of CGAL (m). Specifically, for
d = 3000, m is set to 20 in the first row and 100 in the second. For d = 6000, m is set to 20
and 40 in the first and second rows, respectively.

[SILS’-SDP|under Model[I} Then, we report the performance of integer sparse recovery problem.
We provide numerical results on recovery under Model [2] in Appendix and then report
statistical performance under Model [3] in Appendix

G.2.1 Statistical performance under Model

In this section, we report numerical performance of [SILS’-SDP|in the feature extraction problem
under Model [T}, as studied in Section We assume that the entries of M in Model [I] are
i.i.d. standard Gaussian, and € ~ N(0g, 0*I;). For simplicity, we take the first o entries of z*
to be +2, and the remaining entries to be £1, and note that indeed holds in this case.

In Figure 2] we first validate Theorem [7] numerically, by plotting the empirical probability
of recovery, i.e., the percentage of times [SILS-SDP)] solves [SILS’| over 100 instances, for each
n = [edlog(d)], with control parameter ¢ ranging from 0.25 to 4. Note that, here, dlog(d) is
the dominating term in the lower bound on n in Theorem [7} As discussed after Theorem
for small values of n, the recovered sparse integer vector is not necessarily the vector x* in the
proof of Theorem |7} In Figure |3, we then plot the empirical probability of recovery of x*, i.e.,
the percentage of times recovers z* over 100 instances. The instances considered in
Figure [3] are identical to those considered in Figure 2] As shown in Figures [2| and [3| both the
empirical probability of recovery and the empirical probability of recovery of x* go to 1 as ¢
grows larger. However, the empirical probability of recovery is much closer to one also for small

values of c.
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SBQP| |MIO| CGAL + Algorithm
obj - obj time | mipgap obj time | mipgap | mean val | best val | time
iz_lg?é)?? -107.53 | -107.53 | 24 0 -107.54 | 22 0 164.94 -107.53 11
d = 2000 4 4 1.83 0 35
n — 609 -1484.19 | -1447.82 | 1000 > 10 -1145.19 | 1000 > 10 949 -1462.65 74
6512_3601)10 -358.96 | -318.26 | 1000 | > 10° -337.34 | 1000 | >10° 19.60 -358.96 71
d = 4000 5 6 3.25 0 112
n — 664 -741.44 | -704.32 | 1001 | > 10 -713.93 | 1001 | >10 86.4 720.72 | 957
d = 5000 7 6 -0.91 -309.09 185
n = 682 -499.82 | -468.24 | 1001 | > 10 -479.61 | 1001 | > 10 96.92 _488.73 | 395
izﬁggg -360.82 | -325.53 | 1002 | > 106 -341.06 | 1001 | >10° 21.15 -360.81 273
d = 7000 7 7
" — 709 -99.73 -55.46 | 1002 | >10 -79.32 | 1001 | >10 129.5 -99.73 362
d = 8000 7 7
n—719 -106.54 -67.03 | 1002 | >10 -84.66 | 1002 | > 10 137.58 -106.54 | 461
d = 9000 6 6 1.57 0 597
" — 799 -1198.25 | -1159.03 | 1002 | > 10 -1173.33 | 1003 | > 10 6.84 1194.22 | 1158
d = 10000 3 9
n = 739 -21.08 -18.13 | 1009 | > 10 -0.83 1004 | >10 147.63 -21.08 725

Table 3: Performance under Model [2| via CGAL (o = 20). Time limit is set to 1000s, except
for one instance for d = 9000. Two rows for each of the instances d = 3000, 4000, 5000, 9000
are reported, detailing the performance of CGAL + Algorithm [1] for varying iteration of CGAL
(m). Specifically, for d = 4000, 5000, 9000, m is set to 20 in the first row and 40 in the second.
For d = 2000, m is set to 20 and 50 in the first and second rows, respectively.

G.2.2 Performance of recovery under Model

In this section, we provide numerical results on the ability of [SILS’-SDP)| recovering z* under
Model [2] by plotting the empirical probability of recovery of z*.

In Figure |4) we study the setting where z* = (0 @ > with @ uniformly drawn in {£1}°.
d—o

We plot the empirical probability of recovery of z* for each n = [co?0?log(d)], with control
parameter ¢ ranging from 1 to 15. As predicted in Theorem [0 when ¢ is large enough, the
empirical probability of recovery of z* goes to 1 as the control parameter c increases. Empirically,
we also observe there is a transition to failure of recovery when the control parameter c is
sufficiently small.

G.2.3 Statistical performance under Model

In this section, we report the numerical performance of [SILS’-SDP|in the integer sparse recovery
problem under Model |3] as studied in Section Note that Model 3] has a low coherence when
n > o?log(d). We restrict ourselves to the scenario where each entry of M is i.i.d. standard

Gaussian, z* = ) with @ uniformly drawn in {+1}7, and € ~ N(04, 0*I3).

Od—a
In Figure [5, we plot the empirical probability of recovery of z*, for each n = [c(0? +
0?)log(d)] with control parameter ¢ ranging from 1/8 to 2. As predicted in Proposition
when ¢ grows, the probability that [SILS-SDP]|recovers z* goes to 1. Empirically, we also observe
that there is a transition to failure of recovery when the control parameter c is sufficiently small.
In Figure[6] we compare the numerical performance of [SILS-SDP} [Lasso| and From [53]
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[SBQP] IMIO| CGAL + Algorithm

obj, - obj time | mipgap obj time | mipgap | mean val | best val | time
d=1000} 156 | -18.86 | 89 0 -18.87 | 82 0 -0.09 -18.86 | 13
n =553
i:—?oo; -22.43 | -22.43 | 689 0 -22.43 | 746 0 0.11 -22.43 | 39
iz—ggff 2011 |0 1001 | - 1356 | 1000 | >10* | 122 | -20.11 | 79
ii46()6()f -20.68 0 1001 - -13.80 | 1001 | >10° 0.91 -18.54 | 132
1:2528020 _19.88 0 1001 - -19.89 | 1001 | >10° 0.91 -19.88 | 197
izﬁggg -19.72 0 1001 - -17.25 | 1001 | > 10* 0.74 -18.04 | 276
T [ 2004 0 1000 | - | 1488|1000 | =100 | 057 | -20.94 | 369
d = 8000 6 5
W — 7l | 2227 | 049 | 1001 | >10° | -12.18 | 1001 | >10 0.25 -22.27 | 482
11:97020; 2032 0 |1001| - | -1715 | 1002 | >10° | 029 | -20.32 | 610
dnz_u;ggo -21.08 0 1001 - -17.73 | 1002 | >10° 0.23 -21.08 | 734

Table 4: Performance under Model 3| via CGAL (o = 20). Time limit is set to 1000s.

ISBQP| IMIO| CGAL + Algorithm
obj,« | obj | time | mipgap | obj time | mipgap | mean val | best val | time
c=21-246 | -2.46 | 0.09 0 -2.46 | 0.077 0 0.86 -2.46 | 0.17
2.66 -7.01 0.11
c=51-722|-7.22 | 0.08 0 -7.22 | 0.10 0 347 7922 | 012
o= -6.76 | -6.76 | 0.05 0 -6.76 | 0.11 0 3.57 -6.76 | 0.15

Table 5: Performance under diabete dataset (d = 10,n = 442). Objectives are scaled by 10°.
Two rows for the instance o = 5 are reported, detailing the performance of CGAL + Algorithm /]|
for varying iteration of CGAL (m). m is set to 20 in the first row and 50 in the second.

and [33], we know that and converge to z*, provided that we set A = 24/log(d)/n in
and n = 20(5/4 + /log(d)) in Hence, we set the parameters A and 7 to these values
without performing cross-validation. In Figure [6], we report three significant quantities: the
first two are the number of nonzeros and the true positive rate, as defined in Section The
third one is the successful recovery rate, defined as

S )N Se
successful recovery rate(z) := | UPI‘)(SZ ) ( *r;i’ax('z”
upp(z

)

where S7,.(z) is the set indices corresponding to the top o entries of z having largest absolute
values. The reason we consider here the successful recovery rate instead of the prediction error,
considered for Model |2} is that in all three algorithms z converges to z* in Model |3} Hence, for
n large enough, [2;| is close to 0 when 2] = 0, and [z;] is close to one if 27 = 1. Hence, we can
recover z* by simply looking at the o largest entries of |z|. We conclude from Figure @] that all
three algorithms obtain great results in Model [3| and this is mainly due to the low coherence

of the model. Since all three algorithms perform well, and [DS| should be preferred since
they run significantly faster than [SILS’-SDP] In particular, [SILS-SDP]| can be solved in about
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|SBQP| MIO| CGAL + Algorithm

obj - obj time | mipgap obj time | mipgap | mean val | best val | time
oc=2 | -18.00 12.44 600 > 107 9.55 600 > 107 141.189 0 119
oc=5 |-13833 | -71.17 | 602 174% -74.78 603 161% 361.38 -78.98 | 114

-829.27 | 604 5.84% -839.96 | 600 4.5%

o =10 -800.06 1 431 01| 196 | 104% | -630.68 | 209 | 104%

372.58 -716.17 | 107

-999.89 | 602 | -6.23% | -1023.31 | 601 3.79%%

=20 | -986.59 -282.92 | 121 275% -812.17 136 | 30.8%

727.31 -645.22 | 107

Table 6: Performance under leukemia dataset (d = 3571, n = 72). Time limit is set to 600s. For
the instances o = 10 and o = 20, the results for[SBQP] and [MIO| are presented in two rows. The
first row details the optimal solution obtained upon time limit, while the second row captures
the best solution at approximately the termination time of CGAL + Algorithm

[SBQP| [MIO| CGAL + Algorithm [1|
obj,« obj time | mipgap obj time | mipgap | mean val | best val | time
o= -70.08 -6.23 | 1002 | > 10® 52.84 | 1002 | > 107 64.26 -38.34 | 323

oc=5 |-398.16 | -287.61 | 1003 | > 10° [ 4021.42 | 1002 | > 10° 179.96 -315.16 | 325

o =10 | -261.57 | 51.51 [ 1003 [ > 107 369.63 | 1002 | > 10° 523.69 | -131.13 | 313

o=20 | -792.74 | -232.24 | 1003 | > 10° 1170.91 | 1002 | > 10° 883.52 -434.35 | 314

Table 7: Performance under prostate dataset (d = 6033,n = 102). Time limit is set to 1000s.
The number of iterations of CGAL is set to m = 50.

one second with d = 40 and in about one minute with d = 100, while the other two can be
solved in less than 0.1 second in both cases.

G.3 Additional results for non-convex objectives

In this section, we report additional numerical results on the performance of applying Algo-

rithm [1] to [SBQP| with indefinite matrix P. In Appendix we solve SDP(c, P) using
general SDP solver Mosek and evaluate the performance of the algorithm on datasets with

indefinite P. In Appendix we employ CGAL, as proposed by [56], to find approximate
solutions to SDP(c, P). We compare the outcomes of CGAL + Algorithmon the same datasets

SDP relaxation ,,  SDPrelaxation = = _
1 T T o0 B39 1 T — O %% 8 &
o d =10, k=2, 0 =05 —o—d=10 ) =05
la - T d=40, k=2, 0 =1 ————d =100, Lo=1
0.95 F ¥ —%—d =40, k =2, ¢ =1.5| 09 —%—d =100, k =5, 0 =15 | |
5] 9]
g 09 g
o + 008
S k]
>085[ =
e 807
Qo Q
o 08 o
o S
8 A Sos
5075 £
£ +
o &
0.7 0.5
+
065 L L L L L L 04 L L L L L L L
o 05 ! 52 25 3 35 4 0 05 1 15 2 25 3 35 4
Control parameter Control parameter

Figure 2: Performance of [SILS’-SDP|under Model |1} empirical probability of recovery.
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Figure 3: Performance of [SILS’-SDP|under Model |1} empirical probability of recovery of x*.
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Figure 4: Performance of |SILS’-SDP|under Model |2 empirical probability of recovery of z*.

used in Appendix and demonstrate that CGAL + Algorithm [I] not only accelerates the
computation but also maintains excellent solution quality relative to exact solutions followed
by Algorithm

G.3.1 Solving SDP(c, P) via Mosek.

In this section, we test the performance of Algorithm [I|under a Binary Quadratic Programming
(BQP) benchmark maintained by J E Beasley [5]. We need to clarify that the benchmark
is not initially intended for [SILS| or [SBQP], but we believe using the data therein will provide
interested readers a sense of how Algorithm [T] performs under real-world datasets with indefinite
matrix input. We utilize the symmetric matrices provided therein as P in [SBQP} and zero out
all negative entries on diagonal to keep aligned with the assumptions in Theorem [I} Note that
the matrix P is not necessarily positive semidefinite, and hence [SBQP] can be a non-convex
problem. Since the vector c¢ is not provided by the benchmark data set, we generate it as a
random vector ¢ ~ N (04, I;). Due to the large number of testing problems, we only report the
performance on the first two benchmark data sets, for different sets of o.

We summarize the results in Tables |§] to where we take T' = /logd and C = 0.1 as
input threshold constants in Algorithm (1} After finding an (approximate) optimal solution to
[SILS-SDP] via Mosek, we run Algorithm [I] for a thousand times, and report the mean value
of objective value for z in (mean val), and also report the best z that is feasible to
and that achieves the minimum objective value (best val). Since we need to find out the
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Figure 5: Performance of [SILS’-SDP|under Model |3t empirical probability of recovery of z*.

Control parameter

optimal value of and SDP(c, P), we also report the running time of these two programs
for interested readers. The time limit for is 45000 seconds (12.5 hours), and we report the
MIP gap generated by Gurobi as well. It should be pointed out that running time comparison
is not the main focus of this paper, as the main focus of this paper is the approximability and
even the solvability of [SILS| and [SILS]in polynomial time. It can be seen from the tables that
the approximation gap indeed holds as proposed in Theorem [l Moreover, we are surprised
to see that best value obtained by Algorithm [I| seems to differ from the true optimal value by
a constant multiple, which suggests that Algorithm [I] is more practical than what Theorem [I]
states.

SBQP) SDP(c, P) Algorithm 1]

optval | time | mipgap | optval | time | mean val | best val

=9 -197.26 | 0.35 0 -201.42 | 2.14 -1.59 -185.09
-200.73 | 0.13 0 -213.89 | 2.19 -2.89 -186.04

o—5 -830.42 | 0.17 0 -936.11 | 2.41 -13.25 -778.68
-935.56 | 0.17 0 -1002.38 | 3.30 -14.04 -661.71

o — 10 -1743.66 | 1.12 0 -2112.93 | 3.98 -21.15 -1113.5
-2327.86 | 0.21 0 -2509.01 | 3.57 -30.78 | -1362.18

o — 20 -3692.45 | 4.64 0 -4324.59 | 3.15 -58.67 | -2576.74
-4902.50 | 0.30 0 -5356.67 | 3.06 -77.17 | -3530.11

Table 8: Performance under BQP50 (d = 50)

However, from a practical standpoint, Algorithm [l| encounters two significant challenges:
(a) While SDPs can theoretically be solved in polynomial time up to an arbitrary accuracy,
existing solvers such as Mosek exhibit limited scalability. This limitation becomes evident when
addressing instances such as SDP (¢, P) for d > 250 in practice, resulting in a computational time
of approximately one hour as shown in Table (b) The algorithm also exhibits a substantial
optimality gap. For instance, in Table [J] for o = 20, the optimal value is —5446, but the best
result achieved through Algorithm [} is only —2308. Despite predictions from Theorem [2] that
Algorithm (1] could achieve a (1/logd)-approximation, further investigation into the class of
inputs that enhance the performance of Algorithm [I]is essential for improving solution quality
and algorithmic practicality.

To address issue (a), we find that employing CGAL not only accelerates computation com-
pared to traditional SDP solvers like Mosek but also maintains the quality of inputs for Al-
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Figure 6: Performance of [SILS’-SDP} [Lasso, and under Model |3, with d = 40, ¢ = 2,
n = [0%log(d)] = 15 in the first row, and with d = 100, 0 = 5, n = [0%log(d)] = 116 in the
second row. 100 instances are considered with ¢ € {0.5,1,1.5}. The average is reported in the

histogram, and the minimum and maximum in the box plot.

ISBQP| SDP(c, P) Algorithm

optval time mipgap | optval | time | mean val | best val

o—9 -202.11 1.33 0 -253.88 | 31.27 -3.19 -198.54
-205.17 1.00 0 -218.26 | 38.59 -1.49 -196.10

o—5 -1062.05 5.41 0 -1225.52 | 52.14 | -15.63 -588.83
-944.07 12.36 0 -1052.31 | 56.01 -9.17 -584.16

o—10 -2470.12 | 255.83 0 -2897.89 | 74.83 | -32.09 | -1535.83
-2254.50 | 472.24 0 -2647.47 | 53.38 | -18.81 -905.34

o =920 -5445.56 | 44254.76 0 -6457.71 | 54.35 | -56.92 | -2308.37
-5146.21 | 40999.62 0 -6175.32 | 42.63 | -54.23 | -1899.83

Table 9: Performance under BQP100 (d = 100)

gorithm |1} as we will see in Appendix Regarding issue (b), we have not yet developed
a method to improve the performance of Algorithm [I] on [SBQP| with non-convex objective
functions. However, as shown in Appendix Algorithm [I] performs significantly better on
[SBQP]| with a convex objective function, which is the primary focus of this paper. Enhancing
its performance in the non-convex setting remains an interesting direction for future research.

G.3.2 Solving SDP(c, P) via CGAL.

In this section, we illustrate the capabilities of CGAL by applying it to the BQP instances
examined previously. The objective here is to demonstrate that employing CGAL to solve
SDP(c, P) does improve the efficacy of Algorithm

Similar to Appendix we limit CGAL to 20 iterations. Additionally, considering that
optimal solutions to [SBQP| have already been reported in Tables 8| to [I0 and given the interest
in comparing the solution of Gurobi with that of [SILS|combined with Algorithm [I] with the same
time limit, we only present results from Gurobi under a 2-second time limit for all instances,
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ISBQP| SDP(c, P) Algorithm [1]

optval time mipgap | optval time mean val | best val

o—9 -205.73 16.60 0 -261.00 | 2772.25 -3.72 -200.41
-207.92 8.54 0 -245.64 | 2877.39 -4.75 -197.25

o—5 -1250.38 | 2866.28 0 -1353.48 | 3335.86 | -15.15 -728.86
-1202.20 | 4366.75 0 -1287.54 | 4854.88 | -13.02 -980.39

o =10 -3037.26 | 45000 46.9% | -3599.40 | 4891.06 | -17.82 -1333.36
-2919.55 | 45000 55.3% | -3741.36 | 4285.94 | -23.92 -1051.18

o — 20 -7363.80 | 45000 48.3% | -8970.73 | 4368.48 | -41.21 -2717.95
-6871.36 | 45000 56.9% | -8648.22 | 3615.02 -37.63 -2258.16

as the runtime for CGAL + Algorithm [I] consistently remains below this limit. The results are

Table 10: Performance under BQP250 (d = 250)

summarized in Tables [11] to 13l

SBQP| SDP(c, P) via CGAL Algorithm [1]

optval | time | mipgap | optval time mean val | best val

o—9 -197.26 | 0.31 0 -673.86 0.61 -29.53 -195.10
-200.73 | 0.29 0 -868.30 0.03 -50.56 -199.51

o—5 -830.42 | 0.31 0 -1306.67 0.03 -98.61 -770.08
-935.56 | 0.54 0 -1636.98 0.08 -141.63 -827.18

o — 10 -1743.66 2 7.90% | -2453.15 0.04 -314.82 | -1675.73
-2327.86 | 0.46 0 -3044.46 0.02 -377.37 | -2013.09

o — 20 -3692.45 2 10.89% | -4647.30 0.04 -635.05 | -3188.06
-4902.50 | 0.80 0 -5807.56 0.03 -962.42 | -4028.02

Table 11: Performance under BQP50 using CGAL (d = 50)

Compared to the results detailed in Tables 8| to we note the following observations: (i)
the use of CGAL + Algorithm [I]is effective and maintains the quality of the obtained solutions
compared to Mosek + Algorithm [I} Remarkably, in approximately 75% of the instances, the
best value increases, though this could be attributed to the stochastic nature of Algorithm
(ii) CGAL accelerates the resolution of SDP(c, P), albeit at the expense of a less accurate SDP
objective value. It is important to note that the SDP objective values presented in Tables
to might be misleading for those solely focused on solving SDP(c¢, P) with the specified
inputs; (iii) Although CGAL significantly accelerates the solving process for SDP(c, P), the
objective gap between solving [SBQP| with Gurobi and the accelerated method is still big with
larger d and 0. We identify the indefinite nature of the input matrix P as one of the primary
factors contributing to this issue. In contrast, as demonstrated in Appendix if P is positive
semidefinite, the objective gap between CGAL + Algorithm [T and significantly narrows.
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SBQP| SDP(c, P) via CGAL Algorithm

optval | time | mipgap | optval time mean val | best val
P -202.11 2 29.2% | -1133.54 0.06 -54.59 -200.44
-205.17 2 143% -997.86 0.06 -14.47 -186.96
P -1061.94 2 5.84% | -2183.13 0.06 -132.32 | -876.35
-881.63 2 92.98% | -1970.00 0.05 -51.66 -603.85
o =10 -2111.97 2 109% | -3961.33 0.06 -245.01 | -1322.19
-2162.17 2 86.68% | -3601.32 0.06 -188.29 | -1203.96
o =920 -5278.27 2 5% -7290.32 0.06 -699.96 | -3806.45
-5023.71 2 57.1% | -6909.99 0.06 -585.03 | -2834.50

Table 12: Performance under BQP100 using CGAL (d = 100)

SBQP| SDP(c, P) via CGAL Algorithm [1]

optval | time | mipgap optval time mean val | best val
9 -205.73 2 605% -1740.68 0.26 -13.55 -194.51
-203.98 2 589% -1669.47 0.26 -5.22 -198.13
o5 -1105.80 2 241% -3475.37 0.26 -60.34 -906.50
-1110.26 2 224% -3313.33 0.26 -31.89 -548.65
o =10 -2600.77 2 175% -6259.85 0.27 -147.82 | -1310.93
-2398.98 2 197% -5971.82 0.29 -101.60 | -1275.57
o = 20 -6024.32 2 139% | -11853.28 0.26 -534.21 | -3464.31
-6043.13 2 138% | -11200.42 0.26 -345.32 | -2451.18

Table 13: Performance under BQP250 using CGAL (d = 250)
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