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Abstract. The null space property (NSP), which relies merely on the null space of the sensing matrix
column space, has drawn numerous interests in sparse signal recovery. This article studies NSP of the weighted
¢, — ¢1 minimization. Several versions of NSP of the weighted ¢, — ¢; minimization including the weighted
¢, — {1 NSP, the weighted ¢, — ¢, stable NSP, the weighted ¢, — ¢; robust NSP, and the ¢, weighted ¢, — ¢,
NSP for 1 < g < 2, are proposed, as well as the associating considerable results are derived. Under these NSP,
sufficient conditions for the recovery of (sparse) signals with the weighted ¢, — ¢; minimization are established.
Furthermore, we show that to some extent, the weighted ¢, — ¢; stable NSP is weaker than the restricted

isometric property (RIP). And the RIP condition we obtained is better than that of Zhou Z. (2022).

Key words. Compressed sensing; null space property; the weighted ¢, — ¢; minimization; sparse signal

recovery.

1 Introduction
Recovery of an unknown (nearly) sparse signal € R™ from the linear measurements corrupted by noise
b= dx +e, (1.1)

where b,e € R™, ® € R™*"(m < n), has been attracting broad and hot attention, see [1, 16].

Recently, the weighted ¢, — ¢; minimization approach is proposed in [2] to reconstruct z. This method
promotes sparsity, betters the recovery performance, and has virtues for sparse signal reconstruction through
experiments compared to the state-of-art algorithms. The constrained weighted ¢, — ¢; minimization approach

is defined by [2]

min |77 = afl &} subject to 25— bl < e, (1.2)
TeR™
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where |||, = (31, |z:|")Y/", r € (0,1], @ € [0,1], and € € (0,00). All over the paper, suppose that a # 1 in
the case of r = 1. It is obvious that (1.2) returns to the usual ¢, minimization approach in the case of o = 0,
which permits accurate reconstruction from fewer number of samples than that using ¢; minimization method,
for more details, see [3-8, 18].

In [2,10, 11, 13], based on the r-restricted isometry property (RIP) [8], researchers have performed theoretical

and experimental analysis of the reconfigurability properties of (1.2).

Definition 1.1. (/8]) For integer k € (0,00) and r € (0,1], we define the k-th r-restricted isometry constant
(RIC) 6k of a matriz & € R™*"™ as the smallest 0 € [0,00) satisfying the following inequality

(1 =0)[lzlly < [[ @[]y < (1 + 8)[|ll3 (1.3)
for all k-sparse vectors x € R™ (i.e., the number of nonzero elements of x is smaller than k).

The theoretical reconstruction results for the weighted ¢, — ¢; minimization approach (1.2) based on RIP
and g¢-ratio constrained minimal singular values [9] are presented in [2]. Recently, Cai [10] extended the model
(1.2) to the recovery of block structure signal and low-rank matrix. For more related work, we refer readers to
see [11] for involving poior support information, [12] for the mutual coherence based sufficient condition, [13]
for the based-RIP and higher-order RIP analysis results.

Another extensively utilizing framework in compressive sensing is the null space property (NSP). For instance,
the NSP of ¢; minimization and ¢, minimization was introduced by [14-17] and employing these properties,
authors provided the characterizations of sufficient conditions for the accurate reconstruction of sparse signal
with ¢; minimization method and ¢, minimization method. In addition, [19] and [18] separately exploited NSP
of /1 minimization and ¢, minimization to give the proof of sufficient conditions based on RIP for the accurate
reconstruction of sparse vectors using ¢; minimization method and ¢, minimization method. For more related
studies concerning NSP, see e.g. [20, 21].

In this paper, we discuss the different versions of NSP regarding the weighted ¢, — £; minimization approach
(1.2). Sufficient conditions for stability and robustness of the solutions to the model (1.2) are established under
these NSP conditions. Our purpose here is only to give a theoretical analysis regarding the model (1.2).

The remainder of this article is constructed as follows. In Section 2, we firstly provide the weighted ¢, — ¢;
NSP, and based on it, we depict the exact recovery of k-sparse sinal with (1.2). Afterward, we present the
weighted ¢, — ¢; stable NSP and establish its equivalent modus, then we show that it is not stronger than the
RIP to a certain degree. In Section 3, we separately consider the weighted ¢, — ¢; robust NSP and the ¢,
weighted ¢, — ¢1 robust NSP. We give the efficient description of stable and robust recovery of signal via the
weighted ¢, — ¢; minimization (1.2) under these null space properties. The important lemmas that will be used
in the proofs of main results are deferred in the appendix.

Notations: Set [n] = {1,2,--- ,n}. For the index set T" C [n], xr stands for the vector that is equal to z
on T and 0 on T° = [n|\T as well as zp[i] indicates the i-th element of zp, where ¢ € [n]. Denote by |T'| the

number of entries of the set T. supp(z) = {7 : x; # 0} represents the support of x.



2 Weighted /¢, — /1 Stable Null Space Property

In this section, we begin with proposing NSP of order k of the weighted ¢,, — {1 minimization to resolve the

reconstruction of sparse signals using (1.2).

Definition 2.1. For any set T C [n] with |T| < k, the matriz © is said to fulfill the weighted ¢, — {1 null space

property of order k if
lwrlly + allwlly < [lwr|]; (2.4)
for all w € N(®)\{0} (N(®) is the null space of ©).

Definition 2.1 reduces to the ¢, null space property [17] [16] when « = 0.
We now show that the connection between the weighted ¢,. — ¢ null space property and accurate reconstruc-

tion of sparse signals by (1.2).

Theorem 2.2. Let x be a known signal with |supp(z)| < k. Suppose that the matriz @ fulfills the weighted
L. — L1 null space property, then x is the unique solution to (1.2) with b = ®x and € = 0.

Proof. Assume that the matrix ® satisfies the weighted ¢, — ¢ null space property. We suppose that z is a
k-sparse signal. Set T' = supp(z), then |T| < k. Set further u # x be satisfying ®u = ®x. Then w =u —z €
N(®)\{0} and
z[l7 = allzllt <[[(z — w)rll; + lurll; — ellullf + allz —ul}

=llwr |} + allwl]f + [Jur|l; — allu|}

(a) T I T

<llwrelly. + llurll; — alluly

=lully = ellull,

where (a) is from the inequality (2.4). The desired result is established.
O

In more practical context, the signals to be recovered are close to sparse signals but no totally sparse ones. In
this situation, we introduce the concept of the weighted ¢, — ¢; stable null space property to study the recovery

of signals.
Definition 2.3. For any set T C [n] with |T| < k, the matriz ® is said to fulfill the weighted £, — £y stable null
space property of order k with constant u € (0,1) if

[wrll; + aflwlt < pllwre|; (2.5)
for all w € N(®).

Remark 2.4. For w € N(®) with w # 0, suppose that the weighted £, — 1 stable NSP of order k with constant
., which deduces that the weighted £, — {1 NSP of order k

rs

holds, the converse doesn’t hold. Namely, Definition 2.1 is weaker than Definition 2.3 when w € N (®)\{0}.

p holds, then |[wr|; + allwlli < pllwrell; < [lwre



Definition 2.3 provides the key assumption for proving our main result. Before that, we deduce a proposition

which will be used in the proof of the main theorem.

Proposition 2.5. Set T C [n] with |T| < k. Assume that the matriz ® fulfills the weighted {, — {1 stable NSP
of order k with constant p € (0,1). Then, for any vector u,v € R™ satisfying Pu = v,

1+u

lo = ull; + allv —ull] < (lolly = edlolly = (lully = edlullt) + 2fluzell7) (2.6)

holds.
Conversely, in case (2.6) holds, we have ® fulfills the below inequality

T 1 T T T T
lwrll; + Sal(l = wllwlt + T+ p)lwrelly = 1+ p)wrlli] < pllwre]l;. (2.7)

2

Proof. Assume that @ fulfills the weighted £, — £ stable NSP of order k with constant u € (0,1). For u,v € R™
with ®u = ®v, note that w = v — u € N(®), then the weighted ¢, — ¢; stable NSP implies

lwr[l; +eflwlt < pllwre|;. (2.8)
By exploiting Lemma 3.7 and (2.8), we have

lwre |l <[lolly = allvlly = (el = allull) + wrll; + allwlly + 2fjur-|);

r + 2 uze]7. (2.9)

<|lvllz = edlvllt = (lull: = ellully) + pljwre
Due to p € (0,1), we get
T 1 T T T T T
[[wrell; S (lollz = edlollt = (lully = ellullt) + 2fuze]l7) - (2.10)

By (2.10) and again utilizing (2.8), we have

[wllr + efwlly <llwre |7 + alwll] + [lwr|ly < (1 + p)llwre ||
14 p
S~ m (loll7 = elloll = (lullr — aflullt) + 2[lurell7) -

Conversely, suppose that the matrix ® meets (2.6) for any vector u,v € R™ with ®u = dv. For a given

w € N(®), because Pwr = ®(—wre), put v = wre and u = —wr, so ure = 0. By (2.6), we get

) N ) )
wll; + allwlly = [lwre + wrl; + allwre + wr|] < e (lwre 7 = allwrelly = (Jwr |l — allwr1))-

The above inequality could be rephrased as

(1= @) ([lwre [l + lwrl[7) + el = wllwlly < (1 + p) (lwre [} — aflwre[[y = (Jwr[l; = allwr(})) .

Therefore,

(07

5 (A= @llwlly + A+ wwrell; = A+ plwrl] < plwre]l;.

lwrl: +

We complete the proof. O



With Proposition 2.5, we are in the position to show our main theorem which presents the characterization

of stable recovery of the signal using (1.2) with b = ®z and ¢ = 0.

Theorem 2.6. Let x be the real-world signal in b = ®x, T be the solution to the problem (1.2). Suppose that
the matriz © fulfills the weighted ¢, — €1 stable NSP of order k with constant € (0,1). We have

201 v
|z — |, < ((1+:)) i () r, (2.11)
where
ok (z), = inf{||lz — y|lr, v € R" and |supp(y)| < k} (2.12)

represents the {,.-error of best k-term approzimation of x.

Proof. Let T be the index set of k largest absolute coefficients of z, then oy (x), = ||xr<||,. Since Z is a solution
of (1.2) with b = ®x and € = 0, then ®x = ®Z and ||Z||7 — o||Z||]] < ||z||F — a||z||]. Take v = Z and u = z in the

inequality (2.6), then

~r 1+/’L ~r ~r r r r
[l — |7 S (zl7 = alzlf = (=l — allzl) + 2[zze[l7)
2(1
A0, o (2.13)
The proof is complete. O

On the basis of Theorem 2.6, the following corollary follows.

Corollary 2.7. Assume that the matriz © fulfills the weighted ¢, — {1 stable NSP of order k with constant
w € (0,1), then every k-sparse signal © can be accurately estimated by the weighted £, — {1 minimization with

b= dx.

Corollary 2.7 gives a exact recovery guarantee for method (1.2) when the signal z is strictly k-sparse.
Moreover, it is important to propose the weighted ¢, — ¢1 stable NSP since it is weaker than the RIP. We will
observe that somehow, the RIP is able to deduce the weighted ¢, — ¢; stable NSP.

Theorem 2.8. For any k-sparse signal x, if the matriz ® fulfills the RIP of order k with constant dax, where

1

2 (i22) . (2.14)
(1 +v2+2(32) )

then ® meets the weighted £, — £1 stable NSP of order k with constant pu, where

_ (1 +a)1+v2)7sy,
= (1= bor)" + a. (2.15)

52k <

Proof. See the appendix. O

Corollary 2.9. If the matriz ® satisfies the restricted isometry property with constant 0oy satisfying (2.14),

then every k-sparse signal x is the unique solution of (1.2) with b = dx.



Remark 2.10. Recently, Zhou [13] showed that an exact reconstruction can be ensured for any k-sparse vector

N\ L/ 2/r—2
by (1.2) with € = 0, when the RIP condition dop < T/+/72 + with 7 = (k*"‘k ) and v = 2 ! (14 a-—

k+ak™ k
a2")"2/"(k 4+ 1) + 1] for k > 2 is satisfied. We compared the condition (2.14) obtained in this paper with that of

Zhou [18], looking at Fig. 2.1 (a) and (b). Here, fir k = 2. The red dashed line indicates that we get the upper
bound, and the blue dashed line indicates the result of Zhou. From Fig. 2.1 (a), we can see that the upper bound
of b2, we obtained is better than that of Zhou [13]. Observing Fig. 2.1 (b), we can see that the upper bound
given in this paper is also better than that of Zhou, except that o € [0,0.16).

1
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Fig. 2.1: Comparisons of bounds between (2.14) and Zhou [13]. (a) Upper bound of o, verses r for given a = 0.5; (b) Upper

bound of do verses a for given r = 0.95.

3 Weighted ¢, — /1 Robust Null Space Property

We will consider the model (1.2) with the linear measurements interfered by noise. In order to describe the
solution of (1.2), we propose the notion of weighted £, — ¢; robust null space property for the recovery formula

in terms of measurement noise.

Definition 3.1. For any set T C [n] with |T'| < k, the matriz ® is said to fulfill the weighted ¢, — {1 Tobust null

space property of order k with constants p € (0,1) and p € (0,4+00) if
lwrly + allwllf < pllwre|l; + pl|@w]l2 (3.16)
for all w € R™.

Clearly, Definition 3.1 is more general than Definition 2.3 because it does not have the w € N(®) restriction.
The weighted ¢, — £1 robust NSP signifies the weighted ¢, — ¢; stable NSP in the case of w € N (®). From

Definition 3.1 we obtain the following important result.

Proposition 3.2. Set T C [n] with |T| < k. Assume that the matriz ® fulfills the weighted £, — {1 robust NSP



of order k with constants p € (0,1) and p € (0,400). Then, for any vector u,v € R™ satisfying Pu = dv,

r T 1 +,U, r r r r r 2P
o = ully + allv —ullf < T, (lvlly = allvllt = (lull; = allullt) + 2[luz- ;) + ﬂ\l@vllz (3.17)

holds.

Proof. Assume that @ fulfills the weighted £, — ¢; robust NSP of order k with constants p € (0,1) and p €
(0, 4+00). For u,v € R™ with ®u = dv, putting w = v — u, then the weighted ¢, — ¢; robust NSP and Lemma
3.7 deduces

[wr[l; +allwlt < pllwre |l + pl|Pwll2. (3.18)

[wre |7 <[lvllz = allvllt = (lulls = allully) + [lwrll; + allwlly + 2[luzell; (3.19)
A combination of (3.18) and (3.19), we get

1
- (ol = allvlly = (el = allully) + 2{ur-

[wre )+ Lﬂnrbwuz. (3.20)

1-—

By utilizing (3.18) and combining with (3.20), we get

[wll; + eljwlly <[lwre |l + allwl + lwrll; < 0+ pllwre |} + pl|Pwlls
Lt

T T T T I 2p
(lell = elfvlly = (el = effuly) + 2urelln) + —7l12w]..

The proof is finished. O

Now we give the characterization of robust reconstruction for the signal employing the method (1.2) based

on the weighted ¢, — 1 robust NSP.

Theorem 3.3. Let x be the real-world signal in b = ®x + € with ||e|l2 < n, T be the solution to b = Pz + € with
lellz < &. Suppose that the matriz ® fulfills the weighted £, — €1 robust NSP of order k with constants u € (0, 1)
and p € (0,+00). We have

2(1+p)
1—

2p

|z — 2 < or(@); + j(ﬁ +¢). (3.21)

1
Remark 3.4. The conclusion shows that the upper bound of the reconstruction error is controlled by the optimal

k-term approzimation error and the noise level.

Proof. Observing that ||®(z — Z)||2 < 1+ &, the remainder of proof is parallel to that of Theorem 2.6. O

In what follows, we concentrate on another weighted ¢, — ¢; robust NSP, that is, the ¢, weighted ¢, — ¢,
robust NSP for 1 < ¢ < 2.

Definition 3.5. For any set T C [n] with |T| < k, the matriz ® is said to fulfill the £, weighted £, — {1 robust

null space property of order k with constants p € (0,1) and p € (0,+00) if

I
wrlly + aflwl < T
T q

fwrell, + pll@wll: (3.22)

for all w € R™.



Now we provide the description of the robust recovery of the signal with (1.2) under the ¢, weighted ¢, — ¢;
robust NSP.

Theorem 3.6. Let x be the real-world signal in b = ®x + € with |le|ls < n, T be the solution to b = Pz + ¢
with ||e||l2 < €. Suppose that the matriz @ fulfills the ¢, weighted £, — {1 robust NSP of order k with constants
0<pu<((1=a)/A+a)" and p € (0,400). We have

o = &l < —Fou(a), + Dln+ ), (3:29
where

27 1p(1 + p)
T-a-(1+au)?

MWt
(T—a-(1+au)F

D= (3.24)

)

Proof. Set w = x — . We decompose w into w = wr + wre with |T| < k. Rearrange the indices such that

jwr[1]] = Jwr2]| = -+ = |wr[K]] > [wre[1]] = |wre[2]| = ---. Then,

lwrellg = lwre [{]|7" fwre [{]]" < fwrlk]|47 D Jwre[i]]"

i>1 i>1
q—r

1 A\ T - 1
< (Flhorll) ™ ozl < g il

That is,
Jwrelly < k%_%uwur. (3.25)
Observing that
lwrll, < & [lwrllg,
combining with (3.22), we get
lwrlly < pllwre]l, + pk= =5 [ @wla,
which implies
lwrll < p" wre |7+ p k"5 || w]|5. (3.26)

By Lemma 3.7 and (3.26), it leads to

[wrell; <wrll; + eflwlly + 2|jzrel;

<" lwrelly + p"k' 4 | Bw]5 + aflwllf + 2l ],
which deduces that

fwrell; < 7=

(0 k'~ | Qwll; + af|w]] + 2|l

o) (3.27)



Combining with (3.26) and (3.27), we get

lolly =llwrelly + lwrly < (14 ") lwre |7+ p" k' 75 Qw3

20 +p7), o 20K (L
STMTH%TC rt Tw”‘bw\\z + ﬁl\wlll-
Noting that p < ((1 —a)/(1 4 )" and ||wr|} < |lwr||Z, then
2(1+ ") 20"k 4
T < e T (b i
||w||r “1—a-— (1_’_(1)#7«”1":’1 ||1‘+ 1—a-— (1+Q)MT” wHQ?
which implies
1 27 (14 p")" 27 pk™
o), < 2" e em— e ) (3.25)
(I—a—(1+au)} (I—a—(1+au)

For 1 < ¢ <2, by (3.22) and (3.25), we obtain

[wllg <llwrellq + llwrllg

<l + rlwre s + ol @l
<l + ploul (3.29)
By the feasibility of =, we get
[Pwlly =[x — |y < [[®x —bl|2 + [[®F — bll2 <+ (3.30)
Plugging the equalities (3.28) and (3.30) into (3.29), the desired result is derived. O
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Appendix A. Appendices

Lemma 3.7. For all vectors u,v € R™ and T C [n], we have

1w = v)zellz < flolly = ellolly = (Jully = allullt) + I(w = v)ll; + allu = ollT + 2jur- . (3.31)



Proof. By applying the r-triangular inequality, we get
[(u = v)zel[i < fuzell5 + lore |7 (3.32)
and
lully = lluzells + llurlly < luzells + [[(w = o)z ll7 + vzl (3.33)
By using the inequality (a +b)" < a” 4+b" for a,b>0and 0 < r < 1, we get
[olly = llully < flu—=olly + fJully = [lellt < flu=olf3. (3.34)
Combining with (3.32)-(3.34), we obtain the desired result. O
Lemma 3.8. [22] For all vectors u,v € R™ supported on disjoint sets T, S C [n] with |T| < k,|S| < s,
(Pu, D) < Sppslull2]lull2 (3.35)
holds.

Proof of Theorem 2.8. For any w € N (@), we think about the decomposition of w: w = wr + wre with
IT| < k. Set T¢ = Ty T2+, where T7 is the index set of k largest absolute elements of w in T¢, Ty is
the index set of k largest absolute elements of w in (T'JT4)¢ and so forth. Set Top = T'|JT1. It is easy to

check that |supp(wr,)

(Pwr,, Pwr, ) < x|

+ [supp(wr,)| < 2k and (wr,,wr;) = 0 for i # j. By applying Lemma 3.8, we gain

wr, ||2||lwry [|2. Observing that ®w = 0, we get ®(wr +wr,) = — 3,5, Pwr,, and

|®(wr +wr,)ll3 = <‘I’(wT +wr), Y ‘I’WTJ>

Jj=2

<Y dallwrlallw,llz + ) daxllwr, 2llwr, |2

i>2 >z
= Oar(wrl2 + lwr, [l2) Y lwr, |2- (3.36)
i>2

By using the RIP of order k of ® and (3.36), it leads to

lwr 3 + llwr, |13 =llwr + w13 < [@wryr, |3

1=

Do,
<15 (lwrllz + lwz 12) Y llwr, |2
— 02k s

Setting ¢ = %6’“% > j>o llwry|l2, it implies
1 1 1
(lwrll = 59)* + (lenll2 — 59)* < 5¥7,

which results in

wrllz <

(3.37)

1+v2 (14 v2)d
> V7 3 o) ;Hwnﬂz.

10



By the definition of T}, we get

1
||wTj ||2 < k;i_% ||wTj—1 ”T

T

for 7 > 2, it brings

1 1 L
D llwrlla <O lwr I15)7 < (it > M, l17)

Jj=2 Jj=2 Jj=1
1 1
-

1 T
< (= lwrell7) :kli_%”w'rc”’r" (3.38)

-t
Plugging (3.38) into (3.37), combining with Holder inequality, we get

r 1-% r (1 + \/Q)T(sgk r
lwr|ll < k2w < WHU)TCHT. (3.39)

One can easily verify that
olwli < o Jwrell] + o [lwr |y (3.40)

with 0 < o/ < 1. Combining with (3.39) and (3.40), we derive

of 1 (Ve
.t — 1< ellr. 3.41
ozl + -2l < 1 ( o) el (3.41)
Set 13‘—;, = o, under the condition of (2.14), the above equation (3.41) deduces that ® meets the weighted £, — ¢4

stable NSP of order k with constant p, where

A+ )1+ V2o
QT(]. — (Sgk)r
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