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Abstract

This paper studies the dynamic programming principle for general con-
vex stochastic optimization problems introduced by Rockafellar and Wets
in [30]. We extend the applicability of the theory by relaxing compactness
and boundedness assumptions. In the context of financial mathematics,
the relaxed assumptions are satisfied under the well-known no-arbitrage
condition and the reasonable asymptotic elasticity condition of the utility
function. Besides financial mathematics, we obtain several new results
in linear and nonlinear stochastic programming and stochastic optimal
control.
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1 Introduction

Given a probability space (2, F, P) with a filtration (F3);>0 (an increasing se-
quence of sub-c-algebras of F), consider the convex stochastic optimization
problem

minimize FEh(z) overx € N, (SP)

where N is a linear space of stochastic processes z = ()7, adapted to (F3)i>0
(i-e., z¢ is Fy-measurable). We assume that x; takes values in a Euclidean space
R™ so the process z = (), takes values in R” where n := ng+---+np. The
objective is defined on the space L°(Q,F, P;R") of F-measurable R"-valued
functions x by

Eh(z) = /Q h(@(w),w)dPw),
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where h is a convex normal integrand, i.e. an extended real-valued function on
R™ x Q such that w — epih(-,w) is a closed convex-valued measurable map-
ping; see e.g. [33] Chapter 14]. By [33] Proposition 14.28], w — h(z(w),w) is
measurable for all x € LY(Q2, F, P;R™). Here and in what follows, we define the
integral of an extended real-valued random variable as 4+oc unless its positive
part is integrable. The integral functional Eh is thus a well-defined extended
real-valued convex function on L°(§, F, P;R").

Problems of the form were first studied in [30, I3] where it was ob-
served that many more specific stochastic optimization problems can be written
in this unified format. These include more traditional formulations of stochas-
tic programming, convex stochastic control and various problems in financial
mathematics; see Section [5| below.

The articles [30} 13] gave formulations of the dynamic programming principle
general enough to apply to the abstract stochastic optimization format .
They extend many earlier formulations of the stochastic dynamic programming
principle such as those in [10, [ 2, [I1]. Like the present article, [30] studied the
convex case where decisions are described by finite dimensional vectors. The
article [I3] extended the results to nonconvex problems where decisions are de-
scribed by elements of Polish spaces. Both assumed that the objective is lower
bounded and that the decisions are taken from a compact set, uniformly com-
pact in [30]. The compactness assumptions were relaxed in [21] in the convex
case and in [25] in the nonconvex case. This paper relaxes the lower bound-
edness assumption of the objective. This is interesting in many applications in
financial mathematics as well as in mathematical programming such as linear
stochastic optimization. In portfolio optimization problems, the relaxed condi-
tions holds if the utility function satisfies the reasonable asymptotic elasticity
condition that is extensively studied in financial mathematics; see e.g. [18] 2§].
These problems are often set in a stochastic control format, which motivates the
study of stochastic control beyond lower bounded objectives as well. We also
provide new results on the theory of normal integrands concerning conditional
independence. This allows us to derive many well-known results on Markov
decision processes using the theory of normal integrands; see Section

Like [30, 03], our approach builds on the notion of conditional expectation
of a normal integrand, introduced in [7]. This allows for significant extensions
to many better known formulations of stochastic dynamic programming while
greatly simplifying the measurability questions that may come up in the dy-
namic programming recursion. More traditional formulations will be obtained
as special cases in Section [p| below. A good illustration of potential measura-
bility complications can be found in [5] which follows a different line of analysis
not building on the theory of normal integrands; see [B, Section 1.2.II] and
Section [5.3] below for a further comparison.

An extended real-valued random variable X is said to be quasi-integrable
if either X or X~ is integrable. Given a quasi-integrable X and a o-algebra
G C F, there exists an extended real-valued G-measurable random variable



E9X, almost surely unique, such that
E[a(EX)| = ElaX] VYae LT(Q,6,P).

The random variable E9 X is known as the G-conditional expectation of X. The
following extends the operation of conditional expectation to normal integrands.
Sufficient conditions for its existence will be given in Section

Definition 1. We say that a normal integrand E9h is the G-conditional ex-
pectation of a normal integrand h if it is the almost surely everywhere unique
G-measurable normal integrand such that

(E9h)(z) = E9h(z)] as.
for all x € L°(G) for which h(x) is quasi-integrable.

We will use the notations #* = (xg,...,2¢), n* = ng+---+n; and E; = B¢,
We say that an adapted sequence (h;)]_, of normal integrands h; : R" xQ —» R
solves the generalized Bellman equations for h if

hT = ETh7
ht:Et inf ht+1 t:T—17,O (BE)
Tt41

More precisely, this means that there exists another sequence (ﬁt)z":_ol of normal
integrands such that

hr = Erh,
7ot _ . t
he(x",w) = Imlenkfm+1 hip1(z', 2eq1,w), (BE)
ht = Etilt
fort =T —1,...,0. This paper gives sufficient conditions for the existence of

the solutions of ; see Theorems |16 and [22| below. We also show that, when
solutions exist, they provide useful characterizations of the optimum values
and solutions of ; see Theorems and below. In the literature of
stochastic control, results such as Theorems [I7] and 23] relating the solutions of
the Bellman equations to the solutions of the optimization problem are often
called “verification theorems”; see e.g., [I4]. Theorems [17]and [23|are illustrated
by deriving several new results, e.g., in linear stochastic programming, stochastic
control and financial mathematics.

2 Conditional expectations of normal integrands

The general theory of dynamic programming studied in this paper builds on
conditional expectations of normal integrands. This section reviews the theory
that will be used in the analysis in the subsequent sections. Most of the results
below can be found in the literature but we include the simple proofs because
that allows us to make some extensions to the existing theory.



2.1 Existence

Conditional expectations of convex normal integrands were introduced in [7].
The article [I2] extended the definition to general B ® F-measurable lower
bounded integrands. More general conditions for the existence of a conditional
expectation of a normal integrand have been given in [35] [36,[9]. Our arguments
and conditions for existence in Section [2.1] are largely from [7].

We say that a normal integrand h is L-bounded if there exist p,m € L' with

h(z) > —plz| —m Vz e R™

Condition 3 in the following lemma was used for the existence of a conditional
expectation in [7, Theorem 2].

Lemma 1. For a convex normal integrand h, the following are equivalent:
1. h is L-bounded,

2. there exist v € L'(R™) and m € L' such that

hz,w) > z-v(w) — mw),

3. dom ER* N LY # 0.

Proof. Let v € L' such that Eh*(v) < oo is finite. By Fenchel’s inequality,
hz,w) > x-v—h"(v,w) > —|v|jz| = h*(v,w),

so we may choose p = |v| and m = h*(v)". On the other hand, h > —p|-| —m
can be written as (h + p| - |)*(0) < m. By [29, Theorem 16.4], this means that

inf (°(0) + 05(0/p)} < m.
where the infimum is attained. By [33, Theorem 14.37], there is a v € LY with
[v] < pand h*(v) < m. O

If a normal integrand h is L-bounded, then h(x) is quasi-integrable and
E9[h(z)] is well-defined for every x € L>(G). The following lemma shows that,
for L-bounded normal integrands, it suffices to test with x € L*°(G) in the
definition of conditional expectation.

Lemma 2. Given an L-bounded normal integrand h, a G-normal integrand h
18 the G-conditional expectation of h if and only if

h(z) = E9h(z)] a.s.

for all x € L*=(G). In particular, if h(x) is G-measurable for every x € L*=(G),
then E9h = h.



Proof. It is clear that the condition holds if h = EY9h. On the other hand, if
h # E9h, then there exists an 2 € L°(G) such that h(z) is quasi-integrable and
h(z) # E9[h(z)]. For v large enough,

1{jej<iy (@) # Lyjei <o B9 [h(2)].
The left side equals ]]'{\x|§u}ﬁ(]].{‘x‘§y}x) while the right side equals
Ljal <oy B T(@)] = 1yjai<0y B Lo <oy ()]

= Ljoi<oy B [Ljoi <oy ML o1 iy )]
= 1{jaj<u} B9 (L (a1 <y 2))-

Thus, h(1{,<pyz) # _Eg[h(]l{mgy}z)] so the condition fails. By [35, Lemma 6],
the condition defines h uniquely almost surely everywhere. O

Example 3. Given Q € L'(R™"), v € LY(R"), m € L', the function
1
hz,w) := 3T Qw)x + x - v(w) + m(w).

is a normal integrand, by [33, Example 14.29]. If Q is almost surely positive
definite, then h is L-bounded and

(E9h)(z,w) = %x . EQ[Q] (W +x- (Egv)(w) + (E9m)(w).

Proof. Given z € L™, Lemma [59] gives

E¢[n(z)] = %w - BO(Q(w)r + - (B9)(w) + (E9m)(w),

so the claim follows from Lemma [2 O

Theorem 4. Let h be a real-valued normal integrand such that there exist & €
R™ and p € L' with h(z) € L' and

|h(x) — h(z')| < plx —2'| Vx,2’ € R™
Then E9h exists and it is characterized by
(E9n)(z) = E9h(z)] Vze€R"

Moreover,
(E9n)(z — 2')| < (E9p)|x — 2’| Va,2’ € R™ (1)

Proof. The assumptions imply that h(z) € L' for all z € R™ and that, by
Jensen’s inequality,

|E9h(2)] - E9[h(a)]| < (E%p)|x — | a.s.



for all z,2' € R™. Let D be a countable dense set in R™ and define ﬁ(axw) =
E9[h(z)](w) for each = € D. By countability of D, there is a P-null set N € G
such that, for all w € Q\ N,

\h(z,w) — h(z',w)| < (B9p)(w)|x — 2’| Vax,2' € D.

The function & has a unique continuous extension to R” x (€\ N). Finally, we
extend the definition of h to all of R™ x Q by setting iL(-,w) =0 for w € N.
The function i thus constructed is a G-measurable Caratheodory integrand and
thus, normal. It is clear that it satisfies as well.

If 2 =) ", 2"l 4:, where 2* € D and A’ € G form a disjoint partition of €,
we have

E9h(z)] = Eg[h(z 21 a0)] = EQ[Z 14ih(z))] = Z 14ih(2%) = h(z).

Any z € L*°(G) is an almost sure limit of such simple random variables bounded
by |||/, so dominated convergence for conditional expectations (see e.g. [34]
Theorem I1.7.2]) and scenariowise continuity of 4 and & imply that E9[h(z)] =
h(x). Thus Lemma implies the claim. O

Counterexample 5. The claim of Theorem[d] fails if p is not integrable. Indeed,
let €& be uniformly distributed on (0,1), n > 1 be nonintegrable independent of &
and G be generated by &. Let h(r,w) = n(w)|x—£&(w)|. Then E9[h(x)] = +oo for
every constant x € R. On the other hand, choosing x = &, we have E9[h(z)] = 0,
so E9h is not characterized by constants even though h is Lipschitz and L-
bounded convex normal integrand.

Lemma 6. Let h' and h? be L-bounded normal integrands with ht < h2. Then
E9hY < E9h2 whenever the conditional expectations exist.

Proof. For any x € L>(G), h'(x) and h?(x) are quasi-integrable, so h! < h?
implies

(E9hY)(2) = E%hy(2)] < E%[ha(2)] = (EOh®)(x)
and the result follows from [35, Lemma 6]. O

The following result is a monotone convergence theorem for conditional ex-
pectations of integrands.

Theorem 7. Let (h¥)52, be a nondecreasing sequence of L-bounded normal
integrands and
h =suph”.
v

If each E9hY eists, then E9h exists and

E9h = sup E9hY.



Proof. For any z € L*(G) and o € L*(G;R.), monotone convergence and
Lemma [6] imply that

Elah(z)] = Ela Sl;p h*(z)] = Sl;p Elah” (z))

= sup E[aB[h" ()] = Ela sup E9 (1" (2)]).

Thus sup, E9h" = E9h. O

The following is our main result on the existence of conditional normal in-
tegrands.

Theorem 8. An L-bounded (convexr) normal integrand admits a conditional
expectation and that is L-bounded (and convex) as well.

Proof. Let h be an L-bounded normal integrand. Assume first that h < m for
some constant m > 0. By [33] Example 9.11],

hY (z,w) = ig,f{h(x/’w) +vp(w)|r — 2|}

form a nondecreasing sequence of Caratheodory functions increasing pointwise
to h. The assumed upper bound and the L-boundedness of h imply that h”
satisfy the assumptions of Theorem Thus, by Theorems |4 and E EY9h ex-
ists. To remove the assumption h < m, consider the nondecreasing sequence of
functions h™(x) := min{h(z), m} (which are normal integrands, by [33, Propo-
sition 14.44]) and apply Theorem [7|again. The preservation of convexity follows
from [36], Proposition 1.6.2]. O

The truncation argument in the above proof is adapted from [35]. It gives the
existence under slightly more general conditions than [7] who assumed the exis-
tence of a G-measurable x such that h(x) is integrable. More general existence
results in the nonconvex case have been given in [36] 9.

2.2 Conditional expectations in operations

Most results in this section can be found in [7] [I5] and [36] with the exception
of Theorem [11] and parts 2 and 3 of Theorem [13| which seem new. Theorem
extends Corollary 1 of [7, Theorem 3] by slightly relaxing the assumptions on
the domains of the integral functionals.
Recall that if £ is a quasi-integrable random variable and G’ is a sub-o-algebra
of G, then
B9 (B9 = E9'¢:

see Lemma This extends to normal integrands as follows.

Theorem 9 (Tower property). Assume that h is an L-bounded normal inte-
grand, and G’ is a sub-o-algebra of G. Then

E9 (E9h) = EY'h.



Proof. By Theorem [8] E9h exists and is L-bounded, so the result follows from
the usual tower property (see Lemma and Lemma O

Given H C F, o-algebras G and G’ are H-conditionally independent if
EM[1414] = ER[10]E™[14]

for every A € G and A’ € G’. A random variable w is H-conditionally inde-
pendent of G if o(w) and G are H-conditionally independent. Likewise, we say
that a normal integrand h is H-conditionally independent of G if o(h) and G are
‘H-conditionally independent. Here o(h) is the smallest o-algebra under which
epi h is measurable. In other words, o(h) is generated by the family

{(epih) 1 (0) | O c R™! open}.

Example 10. Let £ be a random variable with values in a measurable space
(2,A), H a A-normal integrand on R"™ and

hz,w) = H(z,§(w)).

If € is H-conditionally independent of G, then h is so too. Indeed, given an open
O C R™1 we have (epih)~H(O) = £ ((epi H)71(0)), so a(h) C o(£). To
conclude, it suffices to note that sub-c-algebras inherit conditional independence.

If an integrable random variable w is H-conditionally independent of G, then
Egv’H[w] — g [w]’
by Lemma This extends to normal integrands as follows.

Theorem 11. Let h be an L-bounded normal integrand H-conditionally inde-
pendent of G. Then
E9V"h = EMh.

In particular, if h is independent of G, then E9h is deterministic.

Proof. Assume first that h satisfies the assumptions of Theorem {4} Then E*h
is characterized by

E™(h(z)) = (E*h)(z) Yz eR"

and likewise for E9V*h. Thus E9V"h = EMh, by Lemma The first claim
now follows using Lipschitz regularizations as in the proof of Theorem [8] The
second claim follows by taking H the trivial o-algebra. O

Remark 12. Conditional expectation is a linear operator on the linear space of
normal integrands that satisfy the assumptions of Theorem [4]

Proof. If h satisfies the assumptions of Theorem then so does —h, and h(z) €
L' for every x € R™. Thus

E9[=h](x) = E[~h(x)] = —E9[h(z)] = —(E9h)(z) V& eR",
so E9[—h] = —E9h, by Theorem [l Additivity is proved similarly. O



The class of normal integrands is not a linear space, so one cannot hope for
linearity of the conditional expectation, in general.

The product of two extended real numbers is defined as zero if one of them
is zero while the nonnegative scalar multiple of a function h is defined by

ah(z) if >0,
5cldomh(x) if a =0.

(ah)(x) := {
Equivalently,
(ah)(z) = ah(z) + dctdomn(x) a > 0.
Theorem 13. Let h, h' and h? be L-bounded normal integrands.
1. h' + h? is L-bounded and E9(h' + h?) = E9h! + E9h2.

2. If « € LY, h is G-measurable and ah is L-bounded, then EY9(ah) =
EYalh.

3. If a € L%(G) and ah is L-bounded, then EY(ah) = aE9h if either a is
strictly positive or F9[cldom h] = cldom EYh.

Proof. Let x € L>(G). Since h'(z)~ and h?(x)~ are integrable, [1] follows from
Lemma [2| and the first part of Lemma In 2,

EY(ah)(z)] = EY9ah(z) + dctdomn(2)]
= EY9a]h(z) + Sctdomn (),
= (E9[a]h)(z),
by Lemma [59 so the claim follows from Lemma [2] again. In 3,
E9[(ah)(x)] = E9ah(z) + dctdomn(z)]
= aEY [h(l‘)] + EY [5cldomh($)]a

by Lemma If « is strictly positive or if F9[cldom h] = cldom EYh, we thus
get

E9[(ah)(z)] = «(Eh)(x) + Sct dom o (2)
= (aE%h) (),
which completes the proof. O

The following shows that part 3 of Theorem [I3] may fail without the extra
assumptions.

Counterexample 14. Let G be trivial, « = 0 almost surely and h(z,w) := n|z|,
where n ¢ L' is nonnegative. Then ah = 0 while E9h = d{0}, 80

E9(ah) # aE9h.



Theorem 15. Assume that h is a conver normal integrand such that there
ezists x € dom EhN L°(G) and v € dom Eh* N L' with (x -v)~ € L'. Then

E9(h>°) = (E9h)>.
Proof. The difference quotients

h(z(w) + A2’ w) — h(z(w),w)

M 2! =
(&) .

define a sequence of normal integrands (h’\)i‘;1 that, by convexity, increase
pointwise to h*°. By Fenchel’s inequality,

Mo w) > 2 o(w) + 2 v(w) — B (v(w),w)) — hz(w),w),

so the claim follows from Theorems [ and [13] O

3 Dynamic programming for lower bounded ob-
jectives

The optimality conditions in Theorem|[I7]are essentially from [21] but formulated
here more generally. The existence results for the generalized Bellman equations
for lower bounded integrands in Theorem (16| are from [21I]. They extend those
of [30, 3] in the convex case by relaxing compactness assumption on the set of
feasible strategies. Lemma 6 of [21] gives also the converse of Theoremin the
sense that Assumption [I| necessarily holds if the generalized Bellman equations
admit a solution and the sets IV; are linear for all .

This section studies dynamic programming in the case where h is lower
bounded in the sense that there exists an m € L! such that

hz,w) > m(w) VYzeR"

almost surely.

Assumption 1. Problem is feasible, h is lower bounded and
L:={zxeN|h°(z) <0}

is a linear space.

The following is from [21, Lemma 4].

Theorem 16. Under Assumption[l] (BE) has a unique solution (hi) of lower
bounded normal integrands and

Ny = {2 € R™ | h3°(2',w) <0, 2/~ =0}

are linear-valued for all t. In this case, if © € L is such that =" = 0 then
¢ € Ny almost surely.

10



Theorem below, shows that, if the Bellman equations admit a so-
lution (ht)7_p, then the optimal solutions € N of are characterized by
scenariowise minimization of hy.

We will denote the projection of the set N of adapted strategies to its first
t components by

N i={a" |z e N} = {(ap)l—o | 2w € LO(Q, Fy, P;R™ )}

The lower boundedness condition in the following result will be relaxed in Sec-
tion [ below.

Theorem 17. Assume that h is lower bounded, (SP|) is feasible and that
the Bellman equations (BE) admit a solution (hi)l_,. Then each hy is lower
bounded,

inf (SP) = in/f\/ Ehy(z")
zteN?t
forallt =0,...,T and, moreover, an T € N solves (SP) if and only if

Ty € argmin by (271 2)  a.s. (OP)
i ER™t

forallt=0,...,T. If
Ni(w) := {z; € R™ | h{°(2,w) <0, 27! =0}

is linear-valued for all t = 0,...,T, then there exists an optimal x € N with
¢ L Ny almost surely.

Proof. Let x € N. By [33, Theorem 14.60],

Eﬁtil(xt_l) - Ty Eilr}]fé]:t) Eht (xt_I’ xt).

Since h;_1 is bounded from below, Ehi_1 = Ehy—1 on N*=1 and thus

inf  Eh,_1(z'7Y) = inf Eh(a?).
ztfllg’/\[t—l t 1(x ) :EtlgNt t(.’L’)

By induction, inf (SP) = infcepre Ehy(z?).
To prove the second claim, note first that

7' € argmin Ehy(z")
zteN?

if and only if

z'71 € argmin Ehi_1(x and ZI; € argmin Eht(it_l,xt),

ptTEN @ €LO(F,)

t—l)

where, by the second part of [33, Theorem 14.60], the second inclusion means
that

Ty € argmin by (271, 2;)  as.
T ER™E

11



An z € N solves if and only if Z minimizes Fhp. A backward recursion
shows that optimal solutions satisfy . The converse follows from a forward
recursion.

Applying Theorem recursively forward in time shows that has an
Fi-measurable solution Z; L N; almost surely for all ¢ = 0,...,7. The last
claim thus follows from the second one. O

4

Theorem [17] can be thought of as a discrete-time version of a “verification
theorem” which, in the context of continuous-time stochastic control gives con-
ditions under which solutions of the Hamilton-Jacobi-Bellman equation charac-
terize the optimum values and solutions of optimal control problems.

4 Dynamic programming for L-bounded objec-
tives

This section extends the results of the previous section by relaxing the lower

boundedness assumption on h. The extensions are largely based on Lemma

which first appeared in [26] where it was used to extend the main result of

[21] on the lower semicontinuity of the optimum value function of (SP). The

extension is based on the interplay of the space N of adapted strategies with

the set
Nt :={ve L' | Elz-v]=0Vz e N>},

where N> := A'N L. The following gives an alternative expression for N'*.
Lemma 18. Nt ={v e L' | E;[u;J =0 t=0,...,T}.
Proof. We have

T
Elx-v] = ZE[xtwt]

t=0

so v € Nt if and only if E[z, - v] = 0 for all 2, € L>(F;). The claim now
follows from Lemma [59l O

More interestingly, we have the following.
Lemma 19. Let v € N and v € N*. If E[z-v]t € L', then E[x -v] = 0.

Proof. Assume first that 7' = 0. Defining 2" := 1{,<,y, we have 2 € N
so E[z¥ -v] = 0 and thus, E[z” -v]”™ = E[z¥ - v]*. Since [z¥ -v] < [z -v]T € L,
Fatou’s lemma gives

E[z-v]” <liminf E[z¥ -v]” = liminf E[z" - v]" < B[z -v]"

V—00 v—00

so [x-v]” € L' as well. Since |2” - v| < |z - v|, dominated convergence theorem
gives E[x - v] = lim E[z¥ - v] = 0.

12



Assume now that the claim holds for every (T — 1)-period model. Defining
x” 1= 1{z0<1} T, We have

T
S ay ot = [ v vt < o o]+ ol ol < ool [of vl
t=1

where the right side is integrable. Thus, E[Zf:l xf - v] = 0, by the induction
hypothesis. Since xf € L, we also have E[z§ - vo] = 0 so E[z” - v] = 0. This
implies E[z - v] = 0 just like in the case T' = 0. O

The following illustrates Lemma[I9| with the stochastic integral of an adapted
process with respect to a martingale; see [10].

Example 20. Assume that ny = d for all t and let s be a d-dimensional mar-
tingale, i.e. an adapted integrable stochastic process such that Et[Asi11] = 0 for
all t. If x € N is such that

T-1
E[Z Tt + A8t+1]+ < 00,
t=0

then E[ZtT;()l 2t Asep1] = 0. This follows from Lemma with v € N+ defined
by UV = A8t+1.

The extensions of Theorem and Theorem [[7 below are based on the
following lemma that allows us to reduce a more general problem to one with a
lower bounded integrand.

Lemma 21. Assume that there exists p € N'* such that the normal integrand
k(z,w) := h(z,w) — x - p(w) is lower bounded. Then has a solution for h
if and only if has a solution for k. In this case, the solutions are unique
and related by

ke(2!,w) = hy(z', w) — ' - Eip(w). (2)

Proof. If admits a solution for h, there exist sequences ()7} and (k)7
of normal integrands that satisfy . Since k is lower bounded, there exists
m € L' such that

hz,w) > z - p(w) — m(w).

We claim that,

hi(at,w) > z' - [Ep'](w) — [Eym](w) (3)
fort=1T,...,0 and

hi(z',w) > 2" - [Bp1p'(w) — [Brpam)(w) (4)

fort =T —1,...,0. Indeed, if holds, then, since Ei;p; = 0, we get
for t — 1. If (4) holds, then follows from Lemma @ and Example Since
hr = Erh, (3]) holds for T so the claim follows by induction on ¢.

13



The lower bounds in (@) and (3] imply that the sequences (k;)7.-' and (k;)7_,
defined by

Ei(zt,w) := hy(2t, w) — 2t - [Erppt](w),
ki(z',w) := hy(zh, w) — 2' - [Byp'](w)

satisfy (BE) for k. Indeed, by Theorem [13| and Example E,k; = k, while,
since Fyp; = 0,

l;t_l(mtfl,w) = ?Lt_l(xtfl,w) — gt [Etptfl}(w),

= inf {h(2',w)—2'- [Ep'(w)}

T ER™E

_ t—1

= inf k(a7 zp,w).
zER"E

Thus, (k¢)7_, solves (BE) for k. Conversely, assume that (k;)7_, and (k)i
solve (BE]) for k. By (16]), k; are lower bounded. Similar argument as above,
then shows that the functions

hi(a',w) = k(2" w) + 2 - [Brpap)(w),
he(at,w) = k(2" w) + 2 - [Bp')(w)
satisfy (BE]) for h. This completes the proof. O

The following extends the existence result in Theorem by relaxing the
lower boundedness assumption on h.

Theorem 22. Assume that there exists p € N'* such that the normal integrand
k(z,w) := h(z,w) — x - p(w) is lower bounded and

{x e N k>(z) <0 a.s.}

is a linear space. Then (BE) has a unique solution (hy)L_o of L-bounded normal
integrands and

Ni(w) == {z; € R™ | h°(2',w) <0, 2/~ =0}
are linear-valued for all t.

Proof. By Theorem the Bellman equations associated with k have a unique
solution (k;)7_, of lower bounded normal integrands and the measurable map-
pings

Ni(w) := {zy € R™ | k¥ (2, w) <0, 271 =0}
are linear-valued for all ¢. Thus, by Lemma associated with h has a
unique solution of L-bounded normal integrands and, since E;p; = 0, we have
N, = N, almost surely. U

The following generalizes Theorem by relaxing the lower boundedness
assumption on A.

14



Theorem 23. Assume that there exists p € N* such that the normal integrand
k(z,w) = h(z,w) —z-p(w) is lower bounded and Ek(x) = Eh(z) for allz € N.
If (SP) is feasible and the Bellman equations (BE) admit a solution (h)L_,
then

inf (SP) = inf Ehy(a")
rtENt
forallt=0,...,T and, moreover, an T € N solves (SP) if and only if

T; € argmin ht(ftfl,mt) a.s. (OP)
ziER™t

forallt=0,...,T. If
Ny(w) == {z; € R™ | h°(2!,w) <0, 2!~ =0}

is linear-valued for all t = 0,...,T, then there exists an optimal x € N with
x¢ L Ny almost surely.

Proof. By Lemma (BE]) has a solution for k. Since k is lower bounded and
since Eh = Fk on N, Theorem [17] says that

inf (SP) = inj{[ Ek(x") (5)
Ite t
for all t =0,...,T and that an z € A solves (SP) if and only if

T € argmin kt(ft_l,xt) a.s.
xi ER™t

forallt=0,...,T.
By definition of (h¢)L_,, we always have inf (SP) > inf e+ Ehi(xt). By
(2), there exist m, € L' such that

he(z') > 2 - Eipt — my.

If Ehy(2t) < oo, then E[zt-(Ept)] < oo, so Lemmal[l9|gives Bk, (2!) = Ehy(a?).
Thus,
inf (SP) = in/t:/ Ehy(z"),
zteN?

which proves the first claim. Since F;p; = 0, we have

argmin k; (2" (w), 2, w) = argmin hy (2" (w), 24, w),
Tt Tt

which proves the second claim. The last claim follows from that of Theorem
since Fyp; = 0. O

We combine the assumptions of Theorems [16] and [23] into the following.
Assumption 2. Problem (SP) is feasible and there exists p € N'* such that
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1. k(z,w) = h(z,w) — = - p(w) is lower bounded,
2. Ek(z) = Eh(x) for all x € NV,
3. {x e N | k*(z) <0 as.} is a linear space.

Note that, if & is lower bounded, one can take p = 0 so Assumption[2]reduces
to Assumption [I] Sufficient conditions are given in Lemmas 25 and 26] below.
Applications in Section [5] illustrate these conditions further. In particular, in
financial mathematics, the assumption is related to the existence of a martingale
measure of the price process.

The following combines Theorems [T6] and

Theorem 24. Under Assumption (BE) has a unique solution (h¢)r,,
inf (SP) = injfv Ehy(zh)
zte t

forallt =0,...,T, (SP) has a solution and the solutions T € N of (SP) are

characterized by

T, € argminhy (21 2y) as. t=0,...,T. (OP)
xRt

The following gives sufficient conditions for Assumption
Lemma 25. Assumption 2] holds if (SP) is feasible and

1. there exists a p € N+ and m € L' and € > 0 with
h(z,w) > Az - plw) —m(w) VYA€l —¢1+¢,
2. {z e N | h*(x) <0 a.s.} is a linear space.
In this case
{zeN|h®(x)<0as}={zeN|Ek>®x) <0 as.}.
The lower bound in 1 can be written equivalently as
h(a,w) = 2 p(w) + el - p(w)] — m(w)

or as
Ap € dom ER* VA e[l —¢1+¢€.

Proof. We have

hz,w) > @ - plw) — m(w),
h(w,w) — - plw) > ez - p(w) — m(w).

Let z € N. If either Eh(z) < oo or E[h(z) — x - p] < oo, the above inequalities
and Lemma [19| give E[z - p] =0, so

Eh(z) = Elh(z) — - pl.
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The above inequalities also give

h>(z,w) = - p(w),
h*(z,w) — 2 - p(w) > ex - p(w).

If either h°°(2,0) < 0 or h*°(2,0) — 2 -p < 0 almost surely, then z-p < 0 almost
surely. Lemma [19| then implies = - p = 0 almost surely, so

{zeN|h®@x)<0as}t={zeN|h°x)—z-p<0as.}.
The given linearity condition thus implies that in Assumption O

Lemma 26. Assumption holds if (SP) is feasible and there evists p € N'*
such that

1. k(z,w) = h(z,w) — z - p(w) is lower bounded,
2. {xeN|zedomh as.} C domEh,
3. {z e N |k*(z) <0 a.s.} is a linear space.

Proof. Let z € N be such that either Ek(z) or Eh(z) is finite. Then z € dom h
almost surely, so z € dom Eh by 2. By 1, there exists m € L! such that h(x) =
k(z)+x-p>x-p—m,so Elz-p| =0 by Lemma[19 Thus Ek(z) = Eh(z). O

Counterexample 27. Without Assumption it is possible that (SP) does
not have a solution albeit (BE) has a unique solution and there is a unique x

satisfying (OP]).
Indeed, let ny = 1, a € L*(Fo) and p € N+ be such that E[apy] = oo and
consider

h(z,w) := %\xo — a(w)|* + zopo(w).

Here hy(z,w) = §|zo — a(w)[?, so x € N satisfies (OP)) if and only if zo = cv.
For such x, Eh(z) = oo.

Counterexample 28. It is possible that (BE) has a solution,
L:={xeN|h*(x) <0}

is a linear space but Ny in Theorem 23] is not linear-valued.
Indeed, let T =0, ng = 2, Fo trivial, p € N+ with p nonzero almost surely
and consider
h(z,w) = (af — 25)" + dr, (23) + 2opp (W)

Here ho(z,w) = (2§ — )t + 6r, (2§), so No = {zo | 0 < 2 < xf} while
L={x|0< 23 <z}x} p} <0 as}={0}.
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5 Applications

This section applies Theorems [17|and [23|to some well-known instances of .
Many of the existence results and optimality conditions below have previously
been known only under more restrictive compactness and boundedness condi-
tions. In the case of portfolio optimization in Section below, we extend
earlier results by allowing for portfolio constraints.

5.1 Mathematical programming
Consider the problem
minimize Efo(z) over x € N,

subject to file) <0 j=1,...,las, (MP)
file)=0 j=1+1,...,ma.s,

where f;, j = 0,...,m are convex normal integrands with f; affine for j > [.
The problem fits the general framework with

h(,w) = folz,w) if fij(z,w) <0,5=1...,1, fij(z,w)=0,j=14+1,....m
’ ]+ otherwise.

Indeed, by [33, Example 1.32 and Proposition 14.33], h is a normal integrand.
Problem is essentially from [31] where it was analyzed through convex
duality. We have extended the formulation by the inclusion of affine equality
constraints.

Assumption 3.
1. (M P) is feasible,

2. {z e N | f*(x) <04 =0,...0, f°(x) =0 j =1+ 1,...,m} is a linear
space,

3. there exists a p € N+, m € L! and an € > 0 such that
folx) >z -p+elz-pl—m as.

for all x € R™ with f;(z) < 0 for all j = 1,...,] and f;(z) = 0 for all
j=1+1,...,m almost surely.

Assumptionrelaxes the conditions imposed in [30]. The last two conditions
are sufficient for the conditions of Lemma [25| which imply Assumption 2l The
last condition in Assumption [3] holds, in particular, if fy is bounded from below
by an integrable function as one can then take p = 0. A direct application of
Theorem [24] gives the following.

Theorem 29. Under Assumption[3, (MP) has a solution.
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Example 30 (Linear programming). In the special of Example Assump-
tion Bl means that

1. (M P)) is feasible,
2. {zeN|c x<0,Ax € K} is a linear space,
3. there exists a p € N, m € L' and an € > 0 such that
c-x>x-ptelr-pl—m as.
for all x € R™ with Ax — b € K almost surely.

The above are merely examples how the results of Section [4] can be used.
In some applications, the conditions of Lemma could be more convenient.
The above only gives the existence of solutions. When the constraint matrix in
Example [30] has a block-diagonal form, one can write the dynamic programming
recursion in a more familiar form; see Example [8] below.

5.2 Optimal stopping

Let R be a real-valued adapted stochastic process and consider the optimal
stopping problem
maximize FER, overt €T, (0S)

where T is the set of stopping times, i.e. measurable functions 7 : Q — {0, ..., T+
1} such that {w € Q| 7(w) <t} € F; foreach ¢t =0,...,T. Choosing 7 =T +1
is interpreted as not stopping at all. Accordingly, we define Ry, := 0. Consider
also the problem

T T

maxij{/nize E E R;x; subject to x>0, E ry <1 a.s. (ROS)
TEN 4
t=0 t=0

This is a convex relaxation of (OS] which is obtained from (ROS)) by adding
the constraint that z; € {0,1}. Indeed, the feasible strategies x are then in
one-to-one correspondence with stopping times via

1 ift=mr,
Ty = .
0 ift#r.
The following motivates the relaxation.

Lemma 31. If R € L, then sup (OS] = sup (ROS)) and argmax (ROS)) is the

closed convex hull of strategies x that correspond to optimal solutions of (0J9)).

Proof. As in the proof of [24, Lemma 2], it can be shown that the processes
corresponding to stopping times are the extreme points of the feasible set of
(ROS). By Banach-Alaoglu theorem, the feasible set of is compact in the
weak topology that L™ has as the dual of L'. Thus, by Krein—Milman theorem,
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the feasible set of is the closed convex hull of those = corresponding to
stopping times.

If R € L', the objective is weakly continuous so the relaxation does not
affect the optimum value. It is easy to verify, by contradiction, that extreme
points of the weakly compact argmax are extreme points of the feasible
set, which, by the Krein-Milman theorem again, proves the last claim. O

Problem (RO.S)) fits the general framework with n; = 1 for all ¢ and

h(z,w) = - ZZ:O Ry(w)zy if 2 >0 and Z?:O z < 1,
T 4o otherwise,

for an adapted real-valued process R and x_; := 0.
Let S be the Snell envelope of R, i.e. the adapted stochastic process given
by
ST+1 =0
St = rnaX{Rt, EtStJ,_l}.
The Snell envelope is the smallest supermartingale that dominates the positive

part RT of the reward process R. Indeed, let S be another supermartingale
that dominates Rt. Then St > St and

Sy > max{R;, Etgt+1}
so S; > 8, for all t, by induction.

Theorem 32. Assume that R € L. The optimum value of (ROS)) coincides
for allt=0,...,T with that of

maximize E
rteN't

Y R+ BifSen](1—) xs)]
s=0 s=1

t
subject to zt >0, sz <1 a.s.
s=0

In particular, the optimum value of (ROY)) is ESy. An x € N is optimal if and
only if

Ty € argmﬂgx {(Rt — Ey[Si41])xe
T+E

t—1
Tt € [O,les]} as. t=0,...,T.
s=0

In particular, optimal values of (OS]) and (ROS) coincide, (OS]) admits optimal

solutions T € T and they are characterized by R, = S, almost surely.

Proof. The domain of h is contained in the unit simplex almost surely, so h*™® =
d10y and, since R € L', h has an integrable lower bound. Thus, by Theorem
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BE has a solution (h¢)Z_,. To prove the claims concerning (ROS)), it suffices,
by Theorem [I7] to show that

t t t

hi(z',w) =Y [~ Re(@)ws + 0p, ()] Er[Se] (@) (1= 20)+0a, (1= x4).

s=0 s=0 s=0

Since R is adapted, h is Fp-measurable so hr = h and the claim holds for ¢t =T
since St4+1 = 0. Assume that the claim holds for t. We get

Et—l(zt—h w)

— ¢
= 1ntht(x ,w)

= inf. {; [~ Rs(w)as + 0r, (5)] — Et[Sps1](w)(1 — ;xs) 0<z;<1- ;ms}
_ z_: [~ Ry(w)as + 6r, (z5)] — sup {Rt(W)xt + Ey[Sen] (@)1= w,) | 0<z <1 z_:ﬂt‘s}
— T € s=0 s=0

~ 0
= o

I
(]

[ Ru(e0)r + 02, ()] = max{ Bu(@), EfSeai| (@)1 = 3 ) + 02, (1= 3 )
s=0 s=0

~ 0
Il
- o

[—Rs(w)zs + 0r, (74)] = Sp(w)(1 — X_:xé) + g, (1 — z_:ms)
s=0 s=0

@
I
o

By Example the F;_i-conditional expectation of the second last term is
Et_l[St}(w)(Zs;é xs — 1), so the claim holds for ¢ — 1. It is clear that the
argmax over z; always contains either 0 or 1 — zz;é zg. Thus, if Zi;é s takes
values in {0, 1}, we can choose an optimal z; such that > ._ z, takes values in
{0,1}. Thus an induction gives an optimal strategy taking values in {0,1}. O

The above is classical in stochastic analysis (see e.g. [27]) but our proof via
the convex relaxation (ROS]) seems new. The process (R;)L, is Markov if, for
all t, (R¢41,...,Rr) is Ri-conditionally independent of F;.

Remark 33. If R € L' is a Markov process, then S; = (R;) for some
measurable function ;. In particular, the optimal stopping times T € T are
characterized by the condition R, = . (R;).

Proof. Clearly, Sp41 := 0is of the required form. Assume that S;11 = ¥¢11(Ret1)
so that S; = max{Ry, E¢[t)1+1(R¢y1)]}. By the conditional independence and
Doob-Dynkin lemma [I7, Lemma 1.13], E;[{s1(Rey1)] = ECE) [ 1 (Rit1)] =
1/AJt(Rt) for some measurable function v;. Defining () = max{xﬂ/;t(x)}, we
get Sy = ¥4 (R:), so the claim follows by induction.
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5.3 Optimal control
Consider the optimal control problem

over (X,U) € N,

T
minimize E Z L(X,Uy)
L—O (0C)

Subject to AXt :AtXt,1 +BtUt,1 +Wt t= 17...7T

where the state X and the control U are processes with values in R and
RM, respectively, A; and B; are F;-measurable random matrices, W is an Fy-
measurable random vector and the functions L; are convex normal integrands.
The linear constrains in are called the system equations. Problem
fits the general framework with x = (X, U) and

T T
h(z,w) =Y Li(Xe,Up,w) + Y 610y (AX; — Ay (w) Xe—1 — Bi(w)Up—1 — Wi (w).

t=0 t=1

The special structure in (OC)) allows us to express the solution (ht)g;o of the
general Bellman equations (BE]) in terms of normal integrands .J; : RN x Q — R
and I, : RY x RM x Q — R that solve the following “dynamic programming”
equations

Jry1 =10

L (X4, Up) = Jen (X + A1 Xy + B U + W) (6)
Ji(Xy) = inf Ei(L I X, Uyp).
¢ (X¢) UtlélRM (Lt + L) (Xe, Uy)

Note that J; is a function only of x; and w while the functions h; in the general
Bellman equations may depend on the whole path 2 of 2 up to time t.
The functions J; are often called the “value functions” or “cost-to-go functions”.
This terminology is well justified by Theorem [35( below. Informally, @ can be
written in the more familiar form

Jry1 =0

Ji(Xy) = UiélﬂlgM EyLi( Xy, Up) + Jop1 (Xy + A1 X + Bea Uy + Wiga)],

which are the equations studied in e.g. [4 Section 2.2], [B, Section 1.2] and [8]
Proposition 4.12] when applied to the convex case. We have introduced the
functions I; to clarify that the conditional expectations are taken here in the
sense of normal integrands. This resolves many of the measurability problems
that arise in earlier formulations. The optimality conditions and the existence
results for the convex control problems in Theorems [35| and [38] below seem new
in the presented generality.

Essentially, our formulation of in terms of normal integrands is what
[5, Section 1.2.IT] calls “semicontinuous models”. In [5], these models were,
however, interpreted quite narrowly with the exclusion of even the classical
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linear quadratic model in Example The discrepancy seems to have come
from the belief that “in the usual stochastic programming model, the controls
cannot influence the distribution of future states”; see page 12 of [B]. It is
clear in , however, that the controls do influence the distribution of future
states. What is crucial for convexity is that the state equations are affine. In
nonconvex dynamic programming recursions of [I3] [25], even this assumption
can be relaxed.

Compared to the general Bellman equations , @ provides a significant
dimension-reduction with respect to time: the optimal control does not depend
on the past states. This is often referred to as the “dynamic programming
principle”. This reduction is essentially due to the time-separable structure of
(OC|) where, conditionally on the current state, the future is “independent” of
the previous states. We will see a further dimension-reduction with respect
to scenarios when the random elements in the problem exhibit certain form
of independence; see Example [I] below. Under appropriate conditions, the
functions J; in (@ turn out to be deterministic.

When applied to 7 Theorem (17| gives the following.

Theorem 34. Assume that (OC|) is feasible, L; are lower bounded and that
(I, J)L, is a solution of @ Then the optimum value of the optimal control
problem coincides with that of

t—1

minimize E Z(EtLS)(XS,US) + Jy(X¢)|  over (X', U") e N,
s=0

subject to AX;=AXs 1+ BUs_1 +Ws, s=1,...,t

for allt =0,...,T and, moreover, an (X,U) € N solves (OC) if and only if it
satisfies the system equations and

Ut S argmin Et(Lt + It+1)(Xt, Ut)
UteRIW

forallt=0,...,T. If
Ni(w) = {(X¢,Up) € R™ | Xy =0, (E¢(Lt + I141))>(0,Up, w) < 0}

is linear-valued for all t = 0,...,T, then there exists an optimal x € N with
x: L Ny almost surely.

Rather than proving Theorem [34] directly, we will prove the following more
general result the proof of which is based on Theorem In addition to p € N,
the assumptions involve y; € L*(R™). Throughout, we set yo := yr41 := 0 and
XT+1 = 0.

Theorem 35. Assume that (OC) is feasible, (I, J;)I_, is an L-bounded so-
lution of @ and that there exists p € N+, y € L' and m; € L' such that
Afye, Biye and Wy -y are integrable for all t and
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1. B Li(X0,Up) = EX o [Le( X, Up) — (X4, Up) - pi) for all (X,U) € N
satisfying the system equations,

2. Ly( Xy, Up) 2 (X4, Up) e — Xt Ay1 — (A1 Xe +Bea U+ Wi 1) - ye g1 —my
almost surely for all t.
Then the optimum value of the optimal control problem coincides with that of
t—1
minimize E Y (BiL)(Xs,Us) + Ji(Xy) | over (X', U") € N,
s=0
subject to AX, = A X, 1+BU_1+W, s=1,...,t
for allt =0,...,T and, moreover, an (X,U) € N solves (OC) if and only if it
satisfies the system equations and

Ut S argmin Et(Lt + It+1)(Xt7 [71/)
UseRM

forallt=0,...,T. If
Nt(UJ) = {(Xt, Ut) e R™ | X; =0, (Et(Lt + It+1))oo(0, Ut,W) < O}

is linear-valued for all t = 0,...,T, then there exists an optimal x € N with
x¢ L Ny almost surely.

Proof. Let k(z,w) := h(z,w) — x - p(w). Condition 1 means that Ek = Eh on
N. For any (X,U) satisfying the system equations, the lower bound in 2 can
be written as

Li( X4, Up) > (X4, Up) - pr — Xi - Ayppr — AXpp1 - Yoy — My
Summing up, shows that k is lower bounded. All the claims follow from Theo-
rem [23| once we show that (h;)Z_, given by

t—1

hi(z',w) =Y (EBLs)(Xe, Us,w) + Ey(Le + Iiy1 ) (X, Up)

= (7)

+ Z 6{0}(_AXS + AsXsfl + BsUsfl + Ws)

s=1

is an L-bounded solution of (BE]). Indeed, by Theorem the optimum value
of (OC) can then be expressed as

zteNt zteENt

t—1
inf Ehy(a') = inf {> (BiLs)(Xs,Us,w) + Be(Ly + Li1) (X4, Uy) |
s=0

AZL’S = ASXS,1 +BSUS,1 +WS s = ].,...,t}

t—1
- ztigjfvt{;(Eth)(Xs, Us,w) + Jo(Xy) |

A$s = AsXs—l +BUs 1 +Wss=1,... 7t}a
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where the second inequality holds by [33, Theorem 14.60], Also, if holds, then
by Theorem an (X,U) € N solves if and only if (X;,U;) minimizes
(7) almost surely.

Assume that solve from ¢ onwards. Then

iLt_l(l‘t_l) = " IEnH{" ht($t_1,.%‘t)
+ t

- i(EtLS)(Xs,Us)
s=0

+ inf {E(Le + I )(Xe, Up) | X = X1 + A Xy 1 + BiUp o + Wit

(X¢,Ut
t—1
+ Z 6{0}(_AX5 +As X 1+ BUs—1 + Ws)
s=1
1
(BtLs)(Xs,Us) + Jy(Xy—1 + A Xoo1 + BU—1 + W)

-
|

o

s=

~

-1
+ 6{0}(_AXS +As X 1+ BsUs—1 + Ws)

s=1
-1

(BtLs)(Xs, Us) + Ii(X¢—1,Up—1)
s=0
t—1

+ 5{0}(—AXS + A Xy 1+ BUg_1 +WS) (8)

s=1

By Theorem [T3] again,

o~

hio1(zt7) = Br_1he_y (a¥71)

t—2
=Y (BraLo)(Xs, Us,w) + Beoa (L1 + 1)(Xy -1, U 1)
s=0
t—1
+ Sroy (—AXs + A X1 + BUs 1 + Ws).
s=1

We have hy = Erh, by Theorem [13] Thus, by induction, the normal integrands
h: given by solve (BE). O

Remark 36. The lower bounds in Theorem [35] hold if and only if
EIL; (pt — (Aye+1 + A 1Ye+1, Biiayie1)) — Wit - yeg] < oo,

for all t. Here yy := yry1 := 0, Apy1 := 0 and Bryq := 0. The assumption is
closely connected with the feasibility of a problem dual to (OC)); see [23].
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Proof. By Fenchel’s inequality, for feasible (X,U),

Li(X¢,Up) + L*(Pt — (Ayeq1 + AI+1yt+1,Bf+1yt+1)) =~ Wit1 -y

> (X4, Up) - pe — Xo - (A1 + Afpyer1) = Ur - (Biayer1) = Wit - e
= (X4, Up) - pe + Xt Yr — (Xi + A1 X + BeaUp + Wit) - Yea
= (X4, Up) - pe + X -y — (Xit1)  Yag1
= (XuUt) P — Xy - Ayt+1 AXt-H “Yt+1,

which gives the equivalence. O
Theorem (16| gives the following existence result for @

Theorem 37. Assume that L; are lower bounded and that the set

T

Z (X, Up) <0, AXy = A Xy +BtUt—1}
=0

{XUGN

s linear. Then @ has a unique solution (Jt,It)'tT:'Bl, each J; and I; is lower
bounded and

Nt(w) = {(Xt, Ut) e R™ ‘ X =0, (Et(Lt + It+1))oo(07 Ut,(.d) < O}
1s linear-valued for all t.

Rather than proving Theorem [37] directly, we will prove the following more
general result the proof of which is based on Theorem

Theorem 38. Assume that there exists p € N*, y € L' and my € L' such that

1. the set
T
{ (X,U) e N | D (L2 (X0, Up) = pr - (X1, Uh)) €0, AXy = A Xy + BtUt_l}
t=0
1s linear,

2. Li( Xy, Up) > (X4, Up) pe— X - Ayp i1 — (A1 Xe + Be 1 Ug +Woig1) - Y —my
almost surely for all t.

3. Afye, By and Wiy, are integrable and Ey[Afy) = Af Evyy, B[ B Evy) =
B} Ey and Ey[Wy - y] = Wy - Eyy, for all t.

Then @ has a unique solution (Jy, It)tTjOl, each J; and I; is L-bounded and
Nt(w) = {(Xt, Ut) € R™ ‘ Xt e 0, (Et(Lt =+ [t+1))oo(07 Ut,(.AJ) < 0}

1s linear-valued for all t.
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Proof. Summing up the lower bounds in 2 shows that k(z, w) := h(z,w)—z-p(w)
is lower bounded while 1 means that {z € N | k> (z) < 0} is a linear space. By

Theorem (BE) has a unique solution ()X, for h and

Ni(w) == {z; € R™ | h®° (2!, w) <0, z'~! =0}

is linear-valued for all ¢.
Assume that (Iy, Jt/)tT,itl 41 are normal integrands satisfying @ from time

t + 1 onwards, and that

he(a') = Z(Et-i-lLS)(XSa Us) + Li41 (X, Up)

s=0
t
+ Z 6{0} (AXS - AsXs—l + BsUs—l + Ws)a

s=1

T
Jip1(Xi41) > Xe1 - Brpryopr — Y By,
t'=t+1

Here Ep41 is defined as the identity mapping so the above hold for t = T". The
lower bound gives

I (X, Uy) = 1 (X + Ay Xy + Beyn U + W)

T
> (Xi+ Avpr Xo + BeaUs + Wiga) - By — By
v=t+1

=Xt By + X - Al Brp1ye1 + U - B Brpayea

T
+ Wit - Ep1Yes1 — Z B qymy. (9)
t—t+1

Under conditions 2 and 3, all the terms in the expression of h; above are L-
bounded, by Theorem [8] By Theorems [I3] and [9)

hi(z') = (Eihy)(2")

—

= (BeLs)(Xs,Us) + Ey(Ly + Ii1 ) (X, Up)

s=

(=)

t
+ Z 6{0} (AXS - AsXs—l + BsUs—l + Ws)

s=1
In particular,

Ny(w) = {z: € R™ | h{®(z;) <0, 271 = 0}
={(X¢,U) e R™ | Xy =0, (E¢(Ly + I141))>(0,Uy) < 0},
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which is linear by Theorem [22] Thus, by Theorem [57] the functions

Jt(Xt) = IIIJlet(Lt + It—‘,—l)(Xta Ut)

and
I(X—1,Ui—1) = Je(Xeo1 + A X1 + BU + W)

are convex normal integrands. As in ,

t—1
iltfl({[tfl) = Z(Eth)(XS, Us) —|— Jt(thl _|_ AtXt—l + BtUtfl + Wt)
s=0
t—1
+ Zé{o}(—AXs + A X 1+ BUs 1 + W)
s=1
t
= (EtLS)(XS,US)+It(Xt,1,Ut71)

S

|
—

Il
<

t—1
+ 25{0}(_AX5 + AsXsfl + BUs—1 + Ws)

s=1
By Lemma [6] and Example [3] conditions 2 and 3 give
(Bry1L)(Xt,Up) > (X4, Up) - Eyyape — X - Et+1[Ayt+1]

— X A Bi1yer1 — Us - BYy Er1yer1]
— Wi Evi1yerr — Erpimy.

Combining this with @D gives

T
(BeraLe + Iep1)(Xe, Us) > (Xo, Us) - Evpape + Xi - Eopaye — Y Brpimy.
t'=t
By Lemma [f] and Example
T
Ey(Lt + L1 )(Xe, Up) > Xy - Byye — Z Eymy .
t'=t
and thus,
T
Ji(Xy) > Xy - Eyyr — Y Evmy.
t'=t

The claim thus follows by induction on . O

Example 39. Assumptions of Theorems and hold if (OC]) is feasible,

1A{X,U) e N | S L (X4, Up) <0, AXy = A X 1+ BiU; 1} is linear.
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2. There exists p € N+ and € > 0 such that for every A € (1 +¢,1 —¢) there
exist y € L* and m € L* such that A}y, Bfy:, yi - Wy are integrable and

Lt(Xt7 Ut) > )\(Xty Ut) pe— Xo Ayer1 — AXpp1 - Yeyr — My
for all feasible (X,U) and for allt. Here Xiy1 :=yo := yr+1 := 0.

Proof. The second assumption clearly implies the lower bound in both theorems.
Summing up the lower bounds in 2, we see that Lemma [25] is applicable, which
implies the rest of the assumptions. O

Remark 40. Denoting Qi := E¢(Ls + It41), we can write @ as
Qr+1:=0,
L(X1,Up 1) = Utiél]lgM Qi( X1+ At Xy 1 + BiUp 1 + Wy, Uy),
Qi—1:=E 1(Li1 + 1)
and the optimality condition as

Ut S argmin Qt(Xt; Ut)
UteRJ\/I

If (Q)E, satisfies the above, then the functions

Jt(Xt) = UtlgﬂgM Qt(Xt7 Ut)
satisfy @ Formulation of the dynamic programming recursion in terms of the
Q-functions is often used in the context of reinforcement learning e.g. in [3).

Example 41 (Conditional independence). Assume that L, are L-bounded, that
(J1)i2q and (1;)32, are an L-bounded solution of (6) and that there is a sequence
of sigma-algebras (M)}, such that

1. L; is Hi-conditionally independent of Fy and o(Agy1, Biv1, Wiy1) @8 Heg1V
H:-conditionally independent of Fy.

2. Hiq1 is He-conditionally independent of Fy.
Then J; is Hi-measurable and
Ey(Ly + Ii1) = E*(Ly + Ii41).

In particular, if (Ht)zzgl are mutually independent and Ay, By and Wy are Hy-
measurable , then each Eili11 is deterministic. If, in addition, Ly is independent
of Fi, then Jy is deterministic.

Proof. Assume that Jy41 is H¢qr1-measurable. Then

L (X, Uy) = T (X + A Xy + Bepn Uy + W)
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is 0(A¢y1, Biv1, Wip1) V Hiqpq1-measurable. By [I7), Proposition 6.8], conditions
1 and 2 imply that I;, is H;-conditionally independent of F;. By Theorem

Ei(Li+ I141) = EM (Lt + Iit1),

so J; is H; measurable, by Theorem By Theorem condition 1 implies
that Jr is Hp-measurable, so the claim follows from induction.

Under the additional assumptions, ;41 is H¢41-measurable, so mutual in-
dependence of H; gives, by Theorem that

By =E™I
is deterministic. When, in addition, L; is independent of F;,
By 1(Li1 + 1)
is deterministic as well, and so too is J;. O

Example 42 (Linear-quadratic control). Consider (OC|) in the case
1 1
Ly( Xy, Up) = Xt QX + U RUL

where Q; € LYRN*N) and R, € LY(RM*M) are random symmetric positive
semi-definite matrices. Assume that the recursion

Kr = Er[Qr],
Ki 1 =FE_1[Qi—1+ (I +A) K.(I+ Ay)]

1
— §Et_1[(l + A K Bi|(By 1 [Ri 1 + B K By]) ' E; 1 [Bf K (I + Ay)]

1s well-defined, W; - K; Ay and W, - K, A, are integrable, W; has zero mean and
is independent of Fy_1 and of Ay, By, Qu and Ry fort' >t. Then

T
1 1
T(Xe) = 5 Xe KXo+ g S EWy - QuWy]
t'=t+1
and the optimal control is given by U, = —A; X, where
Av = (By[Re + By 1 Kor1 B ]) T BBy Kipa (1 + Apin))-

Note that if, in addition, Qt, Rt, Ary1 and Biy1 are independent of F;, then
the matrices K; and A; are deterministic with

E[QT])
=FE[Qi—1+ (I + A)" Ki(I + Ay)]

KT .
Kt—l :
1

— 5E[(I + A K By)(E[Ry_1 + B K. B;]) 'E[B; K,(I + A;))
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and
At = (E[Ry] + E[By41]* K141 E[Bia]) ' E[Bija )" Ke1 E[I + Agya].

The backward recursion for (K;)I_, are known as Riccati equations. The
matrices K; are well-defined e.g. when Q¢, Ry, Ay and By are all deterministic
and Ry are positive definite.

Proof. By Example
1 1
E Li( X, Uy) = §Xt B Q] Xy + QUt - B [Ry)Uy,

for all ¢, so
Jr(Xr) = %XT - Er[Qr]) Xr.
Assume that the expression for Jy in the claim is valid for ¢’ =¢,...,T. We get
L( X1, Uimq) = (I + A Xeoq1 + BlU—y + W)
= %Xt—l (T4 A K (I + A X1 + %Ut_l - By K;BiU;_1

1
+ §Wt KW+ Xy g - (I 4+ A)" K BeUp—q

T
1
+ W KXoy + AXoma + BUia) + 5 Y BWe - Quvil.
t'=t+1

When W, has zero mean and is independent of F;_1, Q, Ry, Ay and By for
t’ >t and W; is independent of F;_;, Example [3| gives

1
By y(Liy + 1) (X1, U 1) = EXt—l By q[Qr1 + (I + A) Ko (I+ Ag)] X1

1 *
+ §Ut—1 - By 1[Ri—1 + B KiBt]U;—1

T
1
+ Xieor B[+ A) K BUis + 5 > B [We - Q.

t'=t
Thus,

Ji—1(Xp—1) = v iDEfRM By 1(Li—1 + L) (Xe—1,Ui—1)
t—1

1 1
= §Xt71 By [Qeon + (T + A) K (I 4+ A X1 + iEtfl[Wt - Ky W]
+ . lnefRM{iUtfl By 1[Ri—1 + Bi KB Uy + Xy—1 - By 1 [(I + A)" K By)Uy 1 }
t—1

T
1 1
= X1 KXo+ 5 ST EWy - Q]

t'=t

where the infimum is attained by the U, in the statement. The claim thus
follows by induction on t. O
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5.4 Problems of Lagrange
Consider the problem

T
minimize E Z Ky(xy, Azy) overx € N, (L)
t=0
where z is a process of fixed dimension d, K; are convex normal integrands and
x_1 := 0. This fits the general format with

T
h(z,w) = ZKt(xt, Azy,w).

t=0

Problem is a special case of a stochastic problem of Bolza studied in [32]
whose objective contains an additional convex function of (g, z7). This section
analyzes the dynamic programming principle for . The results below seem
to be new.

If in the linear stochastic programming model Example the constraints
can be grouped as

TtAJ?t—f—Wt.’Et—thCt t=0,...,T (10)

for given random matrices T; and W; and cones C}, then the problem in Exam-
ple [30]is an instance of with

a(w)-xpy U Ty(w)Azy + Wi(w)ay — be(w) € Ci(w),

Ki(Azy,xp,w) =
oAz, 2, w) {Jroo otherwise.

Note also that the problem of optimal control (OC)) is a special case of with
Ty = (Xt,Ut) and

L(X.,U;) if AXy = A Xy1 +BUi_y + W4,
400 otherwise.

Kt(l’t, ALEt) = {

Other examples can be found e.g. in financial mathematics; see [0, Example 3.6].

Much like in the optimal control problem (OC), the time-separable structure
here allows us to express the solutions of the generalized Bellman equations
in terms of normal integrands V; and V; on R? x Q that solve the following
dynamic programming equations

VT:07

‘7t71($tflaw) = igﬂgd{(Eth)(wt, Axtuw) + ‘/;f(xtuw)}v (11)

Viei = Er Vi

Note that V; is a function only of x; and w while the functions h; in the general
Bellman equations (BE]) may depend on the whole path of z up to time ¢.
Theorem [16] gives the following existence result for (Z).
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Theorem 43. Assume that is feasible, K; are lower bounded and (V;)L_,
s a solution of . Then

t

inf (I) = xtigﬁ E Y (EK,)(xs, Axg) + Vi(a) | t=0,...,T,
s=0

forallt=0,...,T and, moreover, an T € N solves if and only if

xy € argmin{ (B, Ky) (e, Azy) + Vi(z)}  a.s.
. ERI

forallt=0,...,T. If
Ni(w) = {zy € R | (B, K,)™ (w4, 3, w) + V2 (4, w) < 0}

is linear-valued for all t = 0,...,T, then there exists an optimal x € N with
¢ L Ny almost surely.

Rather than proving Theorem [43] directly, we will prove the following more
general result the proof of which is based on Theorem In addition to the
“shadow price of information” p € N+, the assumptions in this section involve
other “dual variables” y; € L'(R?). Throughout, we set yr; := 0.

Theorem 44. Assume that is feasible, (V;)L_, is an L-bounded solution of
and that there exists p € N*, y € L' and m; € L' such that

1. EY. Ki(wy, Axy) = B [Ki(w4, Awy) — x4 - pi] for all x € N,
2. Ki(xe, Axy) > @t - (pr + Ayer1) + Axy -y — my almost surely for all t.
Then

t

inf (T) = inf E ;(EtKS)(:cS,AzS)Jth(xt) t=0,...,T,

for allt =0,...,T and, moreover, an T € N solves if and only if

xy € argmin{(EK;)(ze, Axy) + Vi(z)}  a.s.

i ERI
forallt=0,....,T. If
Nt(w) = {(Et S Rd | (Eth)oo(l’t,.’L't7W) + ‘/too(.’ﬂt,W) S O}

is linear-valued for all t = 0,...,T, then there exists an optimal x € N with
x; L Ny almost surely.

Proof. Summing up the lower bounds in 2 shows that k(z,w) := h(z,w)—z-p(w)
is lower bounded while 1 means that Ek = Eh on A/. Assume that (V;)I_, is

33



an L-bounded solution of . All the claims follow from Theorem once we
show that (h;)l_, given by

t

hi(z',w) =Y (B K) (s, Ag, w) + Vi(r,w)
s=0

is an L-bounded solution of (BE]). Assume that (hy )’ _, satisfies (BE) from
time ¢t onwards. We get

he_i(z' ' w) = inf he(a'™', 2, w)

z:ERI

-
|
i

(E:Ks)(zs, Az, w) + inf {(Eth)(a:t,Axt, w) + Vi(x,w)}

i ER

S~ W
[l
= o

(B K (s, Axg,w) + Vioq(z-1).

Il
=}

S

By Theorem [I3] again, .
hi—1(z',w) = Ey_1he_1.

Since Vr = 0, we have hy = Eph, by Theorem Thus, by induction, (h¢)L,
solves (BE). O

The following gives sufficient conditions for the existence of solutions to the
Bellman equations .

Theorem 45. Assume that K; are lower bounded and that
{:UENIZ (e, Axy) — ¢ - pr) < 0}
is a linear space. Then has a unique solution (V;)L,, each V; is lower
bounded and
Nt(w) = {fEt S Rd | (Eth)Oo(act,xt,w) + Vtoo(xt,w) S O} (12)

18 linear-valued for all t.

Rather than proving Theorem [45] directly, we will prove the following more
general result the proof of which is based on Theorem [22]

Theorem 46. Assume that there exists p € N*, y € L' and my € L' such that
1. {x e N| ZtTZO(Kfo(xt, Axy) —xy - pe) <0} is a linear space,
2. Ki(xy, Axy) > g - (pr + Aypr1) + Az - ye — my almost surely for all t.
Then has a unique solution (V;)I_,, each V; is L-bounded and
Ni(w) := {z; € R | (B K})>® (2, 24, w) 4+ Vi (4, w) < 0} (13)

1s linear-valued for all t.
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Proof. Summing up the lower bounds in 2 shows that k(z, w) := h(z,w)—z-p(w)
is lower bounded while 1 means that {z € N | k> (z) < 0} is a linear space. By
Theorem (BE) has a unique solution ()X, for h and

Ni(w) == {x; € R™ | h°(2!,w) <0, z'~1 =0} (14)

is linear-valued for all ¢.
Assume that (V;)Z_, are normal integrands satisfying from time ¢ on-
wards, and that

t

he(a') = Z(EtKS)(xm Azs) + Vi(a)

=0 (15)

T
Vi(zy) > =20 - (Bysr) — Be Y, m
t'=t+1

almost surely. We get

il_ t—1y _ f h t—1
e-1(270) = inf hy(2 20

t—1
=Y (BiKy)(ws, Axg) + Vioa(w11), (16)
s=0

where R
‘/},1(:5,5,1) = lgﬂgd{(Eth)CL‘t, A.’Et) + V;&(l‘t)}

The equation in and the linearity of imply that is linear. Thus,
by Theorem Vi_1 is a normal integrand.
By Lemma [f] and Example [3 condition 2 implies

(B Ky ) (w4, Axy) > x4 - EyAyiq + Az - Eyyy — Eymy

Combining with the inequality in gives

T
Vier(ze1) > —ae1 - By — By Yy my.

t'=t

By Theorem there is a unique normal integrand V;_; such that V;_; =
FE,_1V,_1. By Lemma |§| and Example 3] V;_; satisfies the inequality in (|15)).
Taking conditional expectations on both sides of and using Theorems
and [0 we get

t—1
ht—l(xtil) = Z(Et—le)(fESa Al‘s) + Vt—l(xt—l)~
s=0
Fort =T, Vi =0 so holds by Theorem The claim thus holds by
induction on ¢. O
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The following analogue of Lemma [25] gives sufficient conditions for the as-
sumptions of Theorem [44]

Example 47. Assumptions of Theorems and hold if is feasible,
1. {x e N| ZtT=o KX (xe, Azy) <0} is a linear space,
2. there exists p € Nt and € > 0 such that for every A € (1 —¢,1+¢), there
erist y € L' and m; € L' with
Ki(w, Axg) > x4 - (Aps + Ayigr) + Axg -y — my
for all t.

Proof. The second assumption clearly implies the lower bound in both theorems.
Summing up the lower bounds in 2, we see that Lemma [25]is applicable, which
implies the rest of the assumptions. O

The linearity condition in Example holds, in particular, if K* > 0 and
K (x4, x) > 0 for every t =0,...,T and x4 # 0. Indeed, in this case

T

{z eR" | > K®(x, Azy) < 0} = {0}
t=0

almost surely. The last condition in Example |47 will be discussed in [23].

Example 48 (Block-diagonal stochastic LP). Consider the stochastic linear
programming problem from Ezample[30] and assume that the constraint Az —b €
K can be written as

,thA’Itﬂ’th’t*thCt t:O,...,T.
This is an instance of with

ct(w) -z if Ty(w)Axy + Wi(w)zy — b(w) € Ci(w),

Ki(Azy, xp,w) =
Az, 21,0) {Jroo otherwise.

If Ty, Wy, by and Cy are Fy-measurable, then Ky is an Fi-measurable conver
normal integrand and the dynamic programming recursion can be written
as

Vi = 0,
Vt_l(xt_l,w) = igﬂgd{ct(w) sy + Vi(zg,w) | Ty(w)Azy + Wi(w)xy — by(w) € Cy(w)},
Vie1 = By Vi

This is the classic formulation for linear stochastic programs. Theorem [46] gives
sufficient conditions for this to be well-defined.

Ezistence of solutions to Bellman equations for linearly constrained problems
have been established also in [20)].
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Example 49 (Conditional independence). Assume that K; are L-bounded, that
(Vo)L and (V)L are an L-bounded solution of and that there is a se-
quence of sigma-algebras (H;)E_o such that H; C F; and

1. Ky is Hy-conditionally independent of Fr,
2. Hiq1 is He-conditionally independent of Fy.
Then ‘7t s Hiy1-measurable and
Vi = E* V.
In particular, if (Ht);‘rj{)l are mutually independent, then Vi are deterministic.

Proof. By definition, Vi = 0 is Hp-measurable. Assume now that V1 is Hyqq-
measurable. By Theorem condition 1 implies E; ;1 K41 is H;41-measurable.
Thus, V; is then Hi4+1-measurable as well. By Theorem |11| again, condition 2
implies V; = EMtV,, so the first two claims follow by induction. The last claim
follows from Theorem [I11 O

Remark 50. Even under the assumptions of Theorems and Ki(xy, Axy)
need not be integrable for an optimal solution x of . Indeed, defining

Ki(z, Azy,w) =zt - Ay (w) + ye(w) - Ay,

for a process y € L' with yry1 := 0, the assumptions of Example are sat-
isfied with p = 0. Since ZtT:o Ki(zy, Azy,w) = 0, any x € N is optimal, but
Ki(xt, Axy) need not be integrable.

5.5 Financial mathematics

Let s = (s¢)I_, be an adapted R”-valued stochastic process describing the
unit prices of traded assets in a perfectly liquid financial market. Consider
the problem of finding a dynamic trading strategy z = (z)_, that provides
the “best hedge” against the financial liability of delivering a random amount
¢ € LY of cash at time T. If we measure our risk preferences over random cash-
flows with the “expected shortfall” associated with a nondecreasing nonconstant
convex “loss function” V : R — R, the problem can be written as

T-1
minimize EV (c - Z Ty Ast+1> over = €N,
t=0
subject to x; € Dy t=0,...,T a.s.,

(ALM)

where D; is a random JF;-measurable set describing possible portfolio con-
straints. We will assume Dy = {0}, which means that all positions have to
be closed at the terminal date. Note that nondecreasing convex loss functions
V' are in one-to-one correspondence with nondecreasing concave utility functions
U via V(c) = —=U(—c).
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Problem is standard in financial mathematics although it is based on
quite unrealistic assumptions on the financial market. In particular, it assumes
that we can buy and sell arbitrary quantities of all assets at prices given by s.
It also assumes that one can lend and borrow arbitrary amounts of cash at zero
interest rate. Under these assumptions, the random variable ¢ can be thought
of as the difference of the claim to be hedged and the initial wealth and the
sum in the objective can be interpreted as the proceeds from trading from time
t=0tot=T.

Problem fits the general framework with

h(x,w) < Z Tt - Ast—"-l ) + Z 5Dt(w) T, W

We start by giving sufficient conditions for the main existence results in
Section 4] It turns out that, in the absence of portfolio constraints, the linearity
condition in Lemma [25| becomes the classical no-arbitrage condition

T-1 T-1
x N, Z Tt Asgry >0 a.s. = Z ¢+ Asgr1 =0 a.s.; (NA)
t=0 t=0

see Remark below. The lower bound in Lemma holds, in particular, if
there exists a martingale measure @@ < P such that

cy, V*(dQ/dP) € L*,

V' is deterministic and either

/ !’
AE_(V) := limsup V() <1l or AE((V):=liminf v (u)

1.
imsup =0 5 e Vi)

see Remark [53] The above limits are known as “asymptotic elasticies” of V.
The conditions above are satisfied by most familiar loss functions such as the
exponential, logarithmic and power functions.

The problem fits the general framework with

T-1 T-1
h(z,w) = < Z xp - Aspyr(w ) + Z 0D, (w)(Tt, w).
t=0 t=0

As before, we assume that V is a nondecreasing, nonconstant convex normal
integrand on  x R. This implies, in particular that, the recession function V'*°
of V' is nondecreasing and strictly positive on strictly positive reals.

Theorem 51 (Existence of solutions). Assume that

1. there exist y € LY and € > 0 such that

cy, yAss, op,(EilyAsiia]), V() € LY Vi, A€ [l —e,1+¢]
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2. the set L={x e N | EtT;()l 2y - Asyp1 >0, xp € DY° P-a.s.} is linear.
Then (ALM)|) admits optimal solutions.

Proof. By Theorems and it suffices to show that the two conditions in
Lemma [25| hold. By Fenchel’s inequality, V' (u) > Auy — V*(\y) and

0p, () = Azt - (Ei[yAseqa]) — Aop, (Ee[yAsiia])

S0
T-1 T-1

h(z) = Acy = V*(Ay) — A Z Ty [yAsip1 — Ey[yAsiia] — A Z op, (Et[yAsii1]).
t=0 t=0

ChOOSing Pt = Et [yA$t+1] — yASt+1 and

T-1

= * E.uA _
m= max {V (/\y)+A;0Dt( HlyAsii1]) — Aey}

gives the first condition of Lemmal[25] Indeed, by convexity of V*, the maximum
in the expression of m is attained scenariowise at A = 1 —€eor A = 1 + € so
m is integrable as the pointwise maximum of two integrable functions. By [33]
Theorem 9.3],

T-1 T—1
h®(z,w) =V (— Z Ty A3t+1(w>7W> + Z O pse (w) (T, w)
t=0 t=0
so condition 2 in Lemma [25 means that
T—1
L={zeN|V® <— Z Ty - Ast+1> <0, z; € D{° P-a.s.}
t=0

is a linear space. Since V' is not a constant function, we have V°°(u) > 0 for
u > 0 and hence

T—1 T-1
Vw(—th 'A8t+1) S 0 54 th'ASt+1 2 0.
t=0 t=0
Thus,
T-1
L={zeN| Z ¢ Aspy1 >0, xp € DY° P-as.},
t=0
so condition 2 in Lemma [25] holds. O

The above extends the existence results in Theorems 2.7 and 2.10 of [2§] by
allowing for portfolio constraints and more general utility functions.
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Remark 52. In the absence of portfolio constraints, condition 2 in Theorem[5]]
becomes (NA).

Remark 53. Condition 1 in Theorem holds, in particular, if V is lower
bounded since then, EV*(0) < 0o so one can simply take y = 0. More generally,
the condition holds if there exists a y € L' such that

cy, op,(EilyAsea]), Vi(y) € Lt Wt
and one of the following conditions hold
A There exist A € (0,1), g € dom EV* and C > 0 such that

Vi(Ay,w) < CV¥(y,w)  Vy € [0,5(w)].

B There exist A > 1, y € dom EV* and C > 0 such that

Vi (Ay,w) <CV*(y,w) Yy > g(w).

If V is deterministic, then condition A holds if AE_(V) < 1 while B holds if
AEL (V) > 1.

Proof. The first claim is obvious. As to the second, let y € dom EV*. Under A,

EV*()\y) = E]l{ygy}v*()\y) + E]l{y>g}V*()\y)
< Elgy<pp V' (W) + Elgys gy max{V*(Ay), V' (y)}
< E]l{ygg}CV* (y) + E]l{y>g} maX{CV*(y), V* (y)},

where the first inequality comes from the convexity of V*. Since g,y € dom EV*,
the last expression is integrable. Under B,

V() = Ly<gy VW) + Liys gy V(M)
< Tyy<gy max{V*(y), V:(A9)} + Ly V(M)
< Lyy<gy max{V*(y), CV*(9)} + L5y CV ™ (y),

where the first inequality comes from the convexity of V*. Thus, under both A
and B, Adom EV* C dom EV* so condition 1 in Theorem [51] holds.
We have AE_ (V) < p if and only if there exists @ < 0 such that

V'(u) <pV(u)/u Vu<a,
while AE, (V) > p if and only if there exists 4 > 0 such that
V'(u) > pV(u)/u Yu > a,

Thus, the last claim follows from [22] Lemmas 20 and 21]. O
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When applied directly to , the generalized Bellman equations (BE))
do not provide much information about the solutions. We will thus reformulate
(ALM]|) as an optimal control problem and find that the optimal investment
strategy at time ¢ depends on the past allocations only through the current
level of wealth. If s is componentwise almost surely nonzero, we can write
(ALM)) as a stochastic control problem

minimize EV (c—Xr) over (X,U)eWN,
subject to Xo=0
AXy =Ry - Uy VEt=1,...,T
UeD, Vt=0,...,T

where X; is the wealth generated by the trading strategy up to time ¢, Rg =

As]/s]_, is the rate of return on asset j, U] := s}z is the amount of cash

invested in asset j over the period (¢,t + 1] and
Di(w) ={U e R? | (U7 /s{(w))jes € De(w)}.
This formulation can be extended as follows.
Example 54. Consider the problem
minimize EV (c—Xr) over (X,U)€eN,
subject to Xo=w
AXt:Rt'Ut—l Vt:l,,T
(X,,U))eD, Vt=0,...,T—1

7

where Dy is an Fi-measurable random set in R x R7 and w € L° (Fo) is a given
initial wealth. The dependence of the portfolio constraint on the wealth X; has
practical significance. For instance,

b = {(Xt, Ut) | 1- Ut S CkXt}

describes a capital requirement where at most the proportion a of the current
wealth can be invested in the risky assets while the constraint

D={(X,U) |1 U =X}

would require the whole wealth to be invested in the risky assets. Various combi-
nations of the above e.g., with short-selling constraints, can be incorporated into
the constraints D.
The above model fits the control format with N = 1, M = |J|, Ay = 0,
Bt = Rt, Wt =0 and
LT(XT, UT) = V(C — XT)7
Lt(Xtv Ut) = 5ﬁ (Xt7 Ut)a

t

Lo(Xo,Uo) = dguwy(Xo) + 0p, (X, Ut).
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Assuming that V and ¢ are Fp-measurable, the dynamic programming equations
@ can be written as

JT(XT) = V(C — XT)
L (X, Up) = Jen Xy + R - Uy) t=T—1,...,0,
J(X,) = Uirellgl{(EtItH)(Xt, U) | (U, X)) €D}y t=T-1,...,1,

Jo(Xo) = dgwy(Xo) + Ugfelﬂfw{(th)(Xo, Uo) | (Xo,Uo) € Do}
(17)

The optimality conditions (17)) imply that the optimal portfolio Uy depends on
the past decisions only via X;.

Example 55 (Exponential utility). Consider the model of Ezample in the
case where V(u) = exp(pu)/p and Diy(w) = R x Dy(w). A simple induction
argument in (7)) gives

Jt(Xt) = OétV(—Xt),
where ap = exp(pc) and

o = iIlf~ Et[Oét+1 exp(prt_H . Ut)]
U:€D:

An adapted portfolio process U satisfies the optimality condition if and only if
U; achieves the infimum above almost surely for all t. Note that the amounts of
wealth Uy invested in the risky assets do not depend on the level of wealth X;.
Assuming further that each Ry is independent of Fi_1 and that Dy and ¢ are
deterministic, we see that oy are constants and the cost-to-go functions Jy are
deterministic. If, in addition, if R; is normally distributed with mean p; and
covariance Xy, then, by the properties of moment generating functions,

Eilavy1 exp(—pRiv1 - Up)] = appr Elexp(—pReqr - U]

2
= apq1 exp(—pUs - iy + %Ut -2 Uy),

so, when there are no portfolio constraints, it is optimal to take Uy = Et_l,ut/p.
This is a classic finding in portfolio optimization going back to [19)].
6 Appendix

The following is a reformulation of [29, Theorem 9.2].

Lemma 56. Let f: R" x R™ — R be convex and assume that

N :={x e R"| f*(x,0) <0}
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1s linear. Then
uw) = inf f(z,u,w
p(u) = inf f( )
18 a convex lsc function and

po() = it f (o)

Moreover, argmin f(-,u) N N+ # () for all u € R™.
Proof. Since N is a convex cone, the linearity condition means that
[(z,u) <0, fC(—z,—u) >0 = A(z,u) #0,

where A(z,u) = u. Thus, by [29, Theorem 9.2], p is a lIsc convex function, the
formula for p> is valid and the infimum in the definition of p is attained. That
the infimum is attained by z € N+ follows from [29, Corollary 8.6.1] O

The following was used in the proof of Theorem [I7]and some of its corollaries
in Section Bl

Theorem 57. Let f be a convex normal integrand on R™ x R™ x Q and assume
that the set-valued mapping

Nw) ={z e R"| f*(z,0,w) <0}

1s linear-valued. Then

p(u,w) := g;leann flz,u,w)

18 a normal integrand on R™ x Q and

P w) = it f ().

Moreover, given a u € LO(F), there is an x € LO(F) with x(w) L N(w) and

plu(w),w) = f(z(w), u(w),w).

Proof. By Lemma [506] the linearity condition implies for every w € €, that the
set
S(w) := N(w)* Nargmin f(x,u,w)

T

is nonempty and that p(-,w) is a lower semicontinuous convex function with

> (u,w) = aclen]Rf"f (z,u,w).

By [33] Proposition 14.47], the lower semicontinuity implies that p is a normal
integrand. By [33] Exercise 14.54, Proposition 14.33, Proposition 14.11, The-
orem 14.37 ], the set S is measurable so, by [33, Corollary 14.6], it admits a
measurable selection x. O
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The three lemmas below extend classical properties of expectations and con-
ditional expectations to general, possibly nonintegrable random variables.

Lemma 58. Given extended real-valued random variables & and &, we have

ElG + &) = ElG] + Elé]
under any of the following:
1. &5 & e Lt oréy &5 € LY.
2. & €LY or& e LY,
3. & or & is {0, +o00}-valued.

Proof. If both & and & are positive, the equation holds by monotone conver-
gence theorem. Assume now that &;,& € L' and let € = & + &. We have

Ey—E =& &+ & —& 0T+ =6+ &M +& and
E¢t + B¢ + E¢; = E¢~ + B¢ + E¢S.
Rearranging gives the equality. In general,
G +&)" <& +8&, (G+&)7 <& +&,
<G+ e, & <E+g) ¢

If &, &5 € LY, the first inequality implies (& + &)* € LY. If & ¢ L1, the
last inequality gives (& + &;)” ¢ L' so the equation holds. The sufficiency
of &,& € L! follows by an analogous argument. Assume now & € L. If
&5 € L', the equation holds by [1| while if & ¢ L', the second inequality gives
(&1 + &)T ¢ L1, so the equation holds again. Claim [3]is clear. O

Lemma 59. Let & and & be extended real-valued random variables.

1. If & and & are quasi-integrable and satisfy any of the conditions in
Lemma [58, then & + & is quasi-integrable and

E961 + &) = E9 (6] + E9[&),
2. If & and (£1€2) are quasi-integrable, and & is G-measurable, then
E9[616) = & EY[&).
Proof. Let a € LE(G). In 1, Lemma gives

Ela(é1+&)] = Ela&i]+ Ela&] = E[aE9)] + E[aE9&] = Ela(E9¢ + E9&)].
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To prove 2, note first that the claim is clear if & is bounded and either non-
positive or nonnegative. Let £} be the projection &; to the B,. Since &€ is
quasi-integrable, 1 gives

E9[E1 6] = Eg[l{qzo}&yfz] + Eg[1{§;<0}§f§2]
= 1{5520}55Eg (2] + 1{§;<o}§1uEg [€2]
= (B9[],

The last term converges almost surely to £ E9[€;]. On the other hand, by 1,
E9[E7&) = BY[(€762)" — (€762) 7] = E9[(&7&) ] + E9[—(¢7&) 7.
Since both terms on the right are monotone in v and one of them is bounded,
lim B9 [¢] 6] = lim BY[(6762) "] + lim BY[—(£1&) 7).
By conditional monotone convergence (see, e.g., [34, Theorem I11.7.2]),
lim E9[€160] = E9[(&162) "] + B9 - (6162) 7],
where, by 1, the right side equals F9[& &) O
Lemma 60. Assume that & is quasi-integrable and that G' C G C F. Then
E9¢ = E9[EY¢).

and
E¢ = E[EY¢).

Proof. The first claim follows directly from the definition. As to the second,
apply Lemma and Lemma to E =& — ¢, O

The following is essentially [I7, Proposition 6.6 and Corollary 6.7]
Lemma 61. Given o-algebras G', G and H, the following are equivalent:
1. G’ and G are H-conditionally independent,
2. EMw'w] = EM[w'|E™[w] for every w' € LY(G') and w € L>(G),
3. E9VH[w'] = E™[w'] for every w' € LY(G").
In this case, if G and H are independent, so too are G and G'.

Proof. The first implies the second by the monotone class theorem. When 2
holds, we have, for any w’ € L*(G'), A€ G and B € H,

E[E™[w'14nB] = E[E*[w'14]15] = Ew'1415] = E[EYY"[w'14n5],
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and, by the monotone class theorem, this extends from sets of the form AN B
to any set in G V H. Thus 2 implies 3. Assuming 3, we have, for A’ € G’ and
Aeg,

EM[1414] = ER[E9Y" 1414 = EM[14E9Y1 4]
= EM[14E™1 0] = EM[14]E™[14/],

so 1 holds.
Assume now in addition that G and H are independent. Given any A’ € G’
and A € G, we get

Ellala] = BE™[1a/14]] = E[E*[14/]|E*[14]]
= E[E*[14/|E[14]] = E[14/]E[14],

which implies the independence if G and G'. O
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