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The p-hub center problem is a fundamental model for the strategic design of hub location. It aims at
constructing p fully interconnected hubs and links from nodes to hubs so that the longest path between any
two nodes is minimized. Existing literature on the p-hub center problem under uncertainty often assumes
a joint distribution of travel times, which is difficult (if not impossible) to elicit precisely. In this paper,
we bridge the gap by investigating two distributionally robust chance constrained models, which cover the
existing stochastic one with independent normal distribution and the sample average approximation approach
as a special case, respectively. We derive deterministic reformulations as a mixed-integer program wherein
a large number of constraints can be dynamically added via a constraint generation approach to accelerate
computation. Extensive numerical experiments demonstrate the encouraging out-of-sample performance of

our proposed models as well as the effectiveness of the constraint generation approach.
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1. Introduction

The hub-and-spoke network is a centralized delivery system that identifies a set of fully intercon-
nected hubs and allocates non-hub nodes to hubs. In this network, commodities between any pair
of origin and destination (O-D) are shipped through one or multiple hubs that might be sorting
centers or local warehouses. Its configuration balances the building cost, operation cost, and service
level, making it a fundamental logistic model in real-world transportation systems.

In this paper, we focus on the stochastic p-hub center problem originated from Campbell (1996),
where the choice of p hubs and the allocation of other nodes to the hubs are simultaneously
determined in order to minimize the maximal travel time among all O-D pairs. The stochastic
version of this problem is usually addressed by the chance constrained program (Hult et al. 2014,
Sim et al. 2009), where the maximal travel time among all O-D pairs is guaranteed by a chance

constraint that could also be interpreted as the service-level commitment. For example, if the risk
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threshold of the chance constraint is 0.95 and the maximal travel time is one day, then the resulting
hub-and-spoke network based on the p-hub center model could promise one-day delivery with a
probability of 0.95. Such a service-level commitment is particularly important in the booming e-
commerce as there is a massive amount of packages through the delivery network and the delivery
speed is considered as one of the core competitiveness of e-commerce companies (e.g., Amazon
offers the options of 2-Hour Delivery, Same-Day Delivery, and etc. to its Prime membership?).

The service-level commitment is largely affected by the uncertain travel times, which, however,
is not yet fully addressed in the existing literature. The chance constrained p-hub center problem
usually comes with (7) an assumption that the random travel times between nodes are independent
and jointly follow a known multivariate normal distribution and (i7) individual chance constraints
on the travel time of each O-D pair; see, e.g., Hult et al. (2014), Sim et al. (2009). Such an approach
to handling uncertainty may raise several issues. First, the normal distribution assumption remains
questionable. Since transportation systems are typically affected by many factors such as weather
conditions (Hao et al. 2020), normality assumption may not be able to help hedge against risks
under real-world scenarios. Second, parameters of the normal distribution such as the mean and
variance are assumed to be known or given for granted. In the era of big data, decision-makers
could estimate such distributional information directly from data, or even seamlessly incorporate
the data into the optimization models. The so-called data-driven methods are shown to have more
advantages over conventional paradigms in terms of optimization methodology, statistical property,
and numerical test (Mohajerin Esfahani and Kuhn 2018, Zhu et al. 2022). Finally, random travel
times between nodes in the same network are not necessarily independent (or more precisely, they
are more likely to be correlated) while it is hard to capture stochastic dependencies by individual
chance constraints. Ignoring correlation (or stochastic dependency) in the hub-and-spoke network
may profoundly change the hub location decision and result in a huge loss. For example, Shen et al.
(2021) utilize data from the Storm Prediction Center of the National Oceanic and Atmospheric
Administration to estimate the correlation of disruptions among 25 airports, and they demonstrate
that it is important to consider the disruption correlation among hubs in order to minimize the
cost in a hub-and-spoke network.

Motivated by the above points, we propose distributionally robust chance constrained models to
mitigate the potential issues. To capture the correlations among travel times of all O-D pairs in
the network, we introduce to the p-hub center problem the joint chance constraint. We then show
that the nominal p-hub center problem from Hult et al. (2014) can be generalized to the elliptical

distribution while the joint chance constrained p-hub center problem can be reformulated under
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the empirical distribution. Although the generalization captures a wider variety of distributions,
it still assumes a specific form of the underlying distribution, limiting its modeling power and
potentially jeopardizing the performance under the out-of-sample test (Smith and Winkler 2006).
To address this concern, we introduce the Wasserstein ambiguity set that captures a family of
distributions within a spherical neighbourhood of a central reference distribution, thus optimizing
over the worst-case distribution in such a set could better hedge against the uncertainty. Together
with the Wasserstein ambiguity set, we proposed the distributionally robust p-hub center problem
with both individual and joint chance constraints under the data-driven setting, and we derive
reformulations as a mixed-integer program. To speed up the solution procedure, we propose a
constraint generation approach to dynamically add the chance constraints as lazy cuts—a strategy
that can accelerate the computation up to hundreds of times as shown in our numerical experiments.
We further extend our framework to multiple allocations, where each node can be assigned to
multiple hubs. The numerical experiments illustrate the merits of our proposed models over the

current benchmark, in many aspects.

Related Literature

A fundamental problem in facility location concerns a hub-and-spoke network configuration that
locates a set of fully interconnected hubs, to one of which each origin/destination is allocated. This
problem, known as the hub location problem, has a long history that may be traced back to the
1960s (Hakimi 1964, 1965), and its widespread applications have been found in transportation,
logistics, and telecommunication systems. Since the 1980s (O’Kelly 1986, 1987), many variants with
their own emphases on different features and objectives have been developed in the literature; we
refer interested readers to Snyder (2006), Campbell and O’Kelly (2012), and Correia and da Gama
(2015) for comprehensive reviews. One main challenge of the hub location problem is the inevitable
uncertainty arising from several sources, including setup costs (e.g., the price for land acquisition),
customer demands, and travel times (which directly impact transportation service and costs).
Hence, ignoring uncertainty would lead to a hub-and-spoke network that is far from optimal. For a
review on models and methodologies of hub location under uncertainty, we refer to Alumur et al.
(2012) and Wang et al. (2020).

Among the rich variants of the hub location problem, the p-hub center problem is perhaps the
most frequently studied one. It aims at constructing p fully interconnected hubs and allocating non-
hub nodes to hubs so that the longest path between any two nodes is minimized. The deterministic
formulation of the single-allocation p-hub center problem is first proposed in Campbell (1994)
and is proved to be NP-hard by Kara and Tansel (2000). Ernst et al. (2009) extend from single

allocation to multiple allocations and establish the NP-hardness. Sim et al. (2009) investigate
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the p-hub center problem under travel time uncertainty by modeling with chance constraints and
by assuming an independent multivariate normal distribution, which is solved by a deterministic
mixed-integer reformulation. Hult et al. (2014) further improve the reformulation and propose
valid cuts as well as an efficient separation algorithm. Minimizing the maximal travel time of the
hub-and-spoke network under the chance constraint, the p-hub center problem provides a natural
interpretation of service-level commitment for delivery companies (Sim et al. 2009). Nevertheless,
the independent normal assumption in the aforementioned papers may be strong. This calls for
modeling paradigms, such as stochastic programming and distributionally robust optimization, to
deal with modeling and optimization under travel time uncertainty—our focus in this paper.

Our work is also closely related to the literature of distributionally robust chance constrained
programs. The true distribution in many real-world applications is hard to be obtained, if not pos-
sible. A remedy for this difficulty is to adopt the distributionally robust optimization framework,
where the true distribution is ambiguous and can be taken most severely from an ambiguity set. It
is early observed that for several kinds of ambiguity sets, distributionally robust individual chance
constraints can be reformulated tractably if the random variable is assumed independent, symmet-
ric, and bounded by utilizing concentration inequalities (Ben-Tal and Nemirovski 2000, Bertsimas
and Sim 2004). Other works based on statistical results that either reformulate or approximate the
distributionally robust individual chance constraints can be found, e.g., in Bertsimas et al. (2018),
Calafiore and Ghaoui (2006), Xu et al. (2012). Joint chance constraints, where multiple conditions
are considered simultaneous, are much more involved than individual ones (Nemirovski and Shapiro
2007). We refer interested readers to Hanasusanto et al. (2015, 2017) for comprehensive studies on
distributionally robust chance constrained programs.

Recently, distributionally robust chance constraints based on the Wasserstein distance have
emerged, given the nice statistical properties and attractive modeling flexibility of the Wasserstein
ambiguity set (Mohajerin Esfahani and Kuhn 2018). Chen et al. (2018) and Xie (2021) discover that
distributionally robust individual and joint chance constrained programs under the Wasserstein
ambiguity set can be reformulated as a mixed-integer problem, based on which Ho-Nguyen et al.
(2021) strengthen the reformulation and provide valid inequalities. Our paper, built upon recent
advances in these works, further deals with the bilinear terms of decision variables that appear in
the chance constraint. To the best of our knowledge, we are the first to adopt a constraint generation
approach to handle the large number of constraints in the reformulation as we observe that many
of them are indeed redundant. This insight may be of independent interest for developing efficient

algorithms to solve distributionally robust chance constrained programs.
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Contributions
Our contributions may be summarized as follows.

1. We consider the stochastic p-hub center problem with joint chance constraint to capture
possible correlations among O-D pairs. To better hedge against travel time uncertainty, we
propose the distributionally robust p-hub center problem with both individual and joint chance
constraints under the Wasserstein ambiguity set.

2. We derive tractable reformulations of the proposed models by exploring the structure of p-hub
center problem and leveraging recent advances in distributionally robust chance constrained
programs. We show that the distributionally robust individual chance constraint is equivalent
to the nominal individual chance constraint with a larger risk threshold that could be efficiently
found by the bisection search while the distributionally robust joint chance constraint is mixed-
integer representable.

3. We propose a constraint generation approach to dynamically add those constraints (of a
large number) introduced in the reformulation. As shown in our numerical experiments, the
potential speedup could be up to hundreds of times and such an acceleration tends to be more
significant as the number of nodes grows. This technique supports the possibility of applying
our models to the real-world network of a relatively large size.

4. Numerical experiments showcase encouraging performances of the proposed distributionally
robust chance constrained models, which outperform existing models in out-of-sample tests.
In particular, the ability to fulfill the service-level commitment of a distributionally robust
model is significantly better than that of existing models, leading to plenty of managerial

insights for the decision-makers.

Organization and Notation

The remainder of the paper proceeds as follows. In Section 2 we introduce the chance constrained p-
hub center problems under known distributions. We then propose distributionally robust individual
and joint chance constrained models based on the Wasserstein distance in Section 3. To accelerate
the solution procedure, we propose in Section 4 a constraint generation approach. Extensions to
p-hub center problems under multiple allocations are discussed in Section 5. Numerical experiments
are presented in Section 6, where we analyze the service-level commitment, compare the out-of-
sample performance, and show the effectiveness as well as scalability of the proposed constraint
generation approach.

Throughout this paper, a random variable is associated with a tilde sign. Boldface lowercase
and uppercase letters represent vectors and matrices, respectively. For any positive integer N, [N]
denotes the set {1,---,N}. We use || - || to denote a general norm, whose dual norm is || - ||.. The
indicator function is 1[£], which takes a value of 1 if the logical expression £ is true and 0 otherwise.

The vector of all ones of a proper size is denoted by 1.
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2. p-Hub Center Problem under Uncertainty

In this section, we first introduce the deterministic p-hub center problem from Campbell (1994)
and the nominal p-hub center problem under uncertainty from Hult et al. (2014) and Sim et al.
(2009). We also consider the joint chance constrained program in order to include stochastic depen-
dencies of travel times among all O-D pairs and present the nominal models under two widely used

distributions—the elliptical distribution and empirical distribution.

2.1. Nominal p-Hub Center Problem

Consider a set of V' nodes, denoted by [V]={1,2,...,V}, the decision-makers aim to construct p
fully interconnected hubs identified in [V] and the links from each of the other nodes to ezactly
one hub so that the longest path between any pair of nodes is minimized. This problem is known
as the single allocation p-hub center problem. Define binary variable xy, with x;, =1 if and only
if k is selected as a hub and binary variable x;; taking x;, =1 if and only if £ is a hub and node

is assigned to k. Then the feasible set of decisions is given by

Z Tk =D

ke[V]

X=qxec{0,1}V | Y z,=1 Vie[V] ;

ke[V]
T < Thp Vi, ke [V]
where the first constraint selects exactly p hubs, the second collection of constraints specifies that
each node is assigned to exactly one hub, and the third collection of constraints describes that
nodes can only be assigned to selected hubs. If nodes ¢ and j are allocated to two hubs k and m
respectively, then the transportation path from node i to node j is i — k — m — j. Here, hubs k
and m can be identical, meaning that one hub is involved in the path.
We now present the deterministic p-hub center problem. Let u;; be the travel time between
nodes 4,7 and « € (0,1) be the discount factor for the inter-hub transportation that reflects the
transportation economies of scale. The total travel time along the path ¢ — &k — m — j is then

given by Vigjm = Uik + QUgm + Ujm. The deterministic formulation of p-hub center problem is

miﬁn I3
st B> (Wik + QU + Uj ) T j Vi, 5, k,m € [V] (DETERMINISTIC)
reX, feR,,

where the objective function 3 is the maximal travel time among all possible pairs of nodes in the
network. The objective is to design a high-quality network by minimizing the maximal travel time
among all paths.

The p-hub center problem is important in many applications (e.g., emergency medical services)

that are sensitive to the worst-case scenarios. However, the DETERMINISTIC model assumes
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away the uncertainty of travel times, which might lead to inferior solutions. To address this issue,

the stochastic formulation based on the chance constraint is considered as follows.

migl 15}
s.t. ]P’[ﬁ > (Uig, + Qg +ﬂjm)mikxjm} >~ Vi, j,k,me|[V] (NOMINAL)
rxeX, feR,,

where v € (0,1) is a given risk threshold, @;; is the random travel time between nodes ¢ and j, and
P is the underlying joint distribution of travel times between nodes. The NOMINAL model can be
reformulated as a mixed-integer program under the assumption of independent normal distribution

(which we will refer to as the normal NOMINAL model).

LEMMA 1 (proposition 1 in Hult et al. 2014). Suppose that for any two nodes i,j € [V], the
travel time U;; between them (i) follows a normal distribution with mean 1;; and standard deviation
oij, and (i) is independent of the travel time iy, for any (k,l) # (i,j), then the normal NOMINAL

model is equivalent to the following mixed-integer program

miﬁn I3
st. B> Z (Mikjm‘i'q)_l(’y) Oijm) (i + Tjm — 1) Vi, j,m e [V] (1)
ke[V]
reX, eR,,

where [igjm = Wik + Cfkm + fjm and Cipjm = \/Ufk +a?0},, 4+ 03, are the mean and standard devi-
ation of travel time in the path i — k — m — j, respectively, and ®~*(v) is the y-quantile of the

standard normal distribution.

Proof of Lemma 1. With the independent normal distribution, for any ¢, j, k,m € [V] the random
travel time ;, + Oty + Ujp, follows a normal distribution of mean i, and standard deviation

Oikjm- Hence, its y-quantile amounts to fiixjm + @ (7y) - Oigjm. It then holds that
P[ﬁ > (Uig + Qg +ﬂjm)l’ik$jm] > = B> (fikjm +PT(Y)  Cikjm)TikTim-
Because 8 € R, and z;, ., are both binary decisions, we have
B> (firjm + P () Cikjm)TirTjm == B> (Hirjm + P (V) - Oitjm) (@it + T — 1).

Given i,j,m € [V] and z € X', we observe that

B> Z (Mijm + ¢>*1(7) Oikjm) (Tik + Tjm — 1)
keV]

= B> (pikjm + 27 (V) - Oikjm) (@i + i — 1) Ve € [V],
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concluding the proof. O

Compared to the DETERMINISTIC model, the normal NOMINAL model under uncertainty has
advantages from both modeling and application perspectives. First of all, the chance constrained
formulation takes the uncertainty of travel times into consideration and is flexible in handling
the worst-case scenarios by adjusting the risk threshold . In addition, the risk threshold v has
an intuitive interpretation as the service-level commitment: with a probability of at least ~, it
guarantees that the travel time between any O-D pair does not exceed . In real-world scenarios,
the service-level commitment has a wide range of implications. For example, the ambulance needs
to show up within 15 minutes or the package is promised to be delivered within 2 days with a
high probability. However, the assumption of independent normal distribution limits the modeling
power of the normal NOMINAL model. We will mitigate the issue by generalizing the result to
elliptical distributions and by handling the stochastic dependency with joint chance constraints in

the following two sections, respectively.

2.2. Extension to Elliptical Distribution
We extend the normal NOMINAL model to the elliptical distribution—a generalization of the
multivariate normal distribution—that has been widely studied and adopted in risk management
(Embrechts et al. 2002, Landsman and Valdez 2003, Pérignon and Smith 2010).

DEFINITION 1 (ELLIPTICAL DISTRIBUTION). The probability density function of an elliptical
distribution is given by

byfu)=r g (5= )T (0 p)).

where p is a location parameter, 3 is a positive definite matrix, xk is a positive normalization
scalar, and ¢ is a generator function. We denote the random vector u follows such an elliptical
distribution by w ~ P, 5 4. &

The elliptical distribution has a notable preservation property under linear transformation. That

is, for a random vector @ and matrices A, B of proper sizes,
U~ ]P)(mzhg) = Au+ B~ ]P)(Au+B,A2AT,9)'

By this property, we could use the elliptical random vector é ~ P(o,1,4) to represent any random
vector u ~ P, 5 4 by u=p+ Y 25 . In particular, when the random variable is a scalar, we have
the standard elliptical distribution P ) generated by g. The cumulative distribution function of

the standard elliptical distribution is
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whose inverse (i.e., the quantile function) we denote by @;1. A commonly used example would be
the standard normal distribution where the generator function is g(z) = exp(—=z) and the normal-
ization scalar is Kk = l/m

EXAMPLE 1 (ELLIPTICAL TRAVEL TIMES BETWEEN O-D PAIRS). Suppose that the random
travel times of all paths in the network jointly follow an elliptical distribution P, s 4. We denote

the random travel time from ¢ to j through their hubs k& and m by

Vikjm ‘= Uik + QU + Ujpm,

T

which can be written as a;;,,

u for some vector a;;n,. Then the random scalar ¥;;;,, follows an

elliptical distribution P(,v ) with the same generator function g, a;;jmu = Wi +

zkjm ’ zk:jmzaikjm’g

Qllm + ,ujmv and a’ikjmzazk]m - Elk,ik + OéQka,km + ij,jm + 221'Ic,jm + 2a(2ik,km + Ejm,lﬂn) Wlth
Yk, jm being the covariance between i, and @,,,. Moreover, it is not hard to see that (T;jm —

aimtt)/ Z,ﬂmﬁazkjm follows the standard elliptical distribution P, 4). Hence, its y-quantile of

TR SR CORRVL SN TR

which is a desirable closed-form expression. &

Vikjm amounts to

As shown in Example 1, the travel time between any O-D pair also follows an elliptical dis-
tribution. Therefore, the mixed-integer reformulation (1) of the normal NOMINAL model can be
naturally extended to the elliptical distribution (which we call the elliptical NOMINAL model).

LEMMA 2. Suppose that the underlying distribution in the NOMINAL model is an elliptical dis-
tribution P, 5 4, then the corresponding elliptical NOMINAL model is equivalent to the following

mixed-integer program

migl 15}
s.t. ﬁ > Z 1k]mu + (b ( ) \/ zk]mzalk]m) (mik +$Jm - ]') Vi,j,m € [V]
ke[V]
rxeX, peR,,

where alkjmu = Ui, + Qg + Wiy, -

Proof of Lemma 2. As discussed in Example 1, the random travel time ;;, + iy, + Ujp, still

follows an elliptical distribution and its y-quantile can be written as

az—'l;cjml'l’ + (I);l(’)/) ’ \/ zkjmza’lkjm

Thus for any i,j,k,m € [V], we have

]P)[B 2 (azk + aakm + ajm)xik:xjm] 2 ,Y — B Z (a;;cjnzu’ + ‘I);l(v) * \/ ijmzazkjm) xzk:v]m

The remaining proof is similar to that of Lemma 1. U



Zhao, Chen, and Zhang: Distributionally Robust Chance Constrained p-Hub Center Problem

10

2.3. Extension to Joint Chance Constraint

One fundamental issue of the NOMINAL model is the assumption of stochastic independence that
ignores correlation (or stochastic dependency) among different O-D pairs. However, recent works
show that taking the correlation of uncertainty into consideration is of vital importance under the
hub-and-spoke structure. For example, Shen et al. (2021) study a reliable hub location problem
with random node disruptions, and they find that the disruption correlation among hub nodes is
critical to control the total cost. Likewise, in our model, the travel times among O-D pairs could
be correlated and severely affect the network performance.

To capture the correlation, we can consider the following joint chance constrained problem:

miﬁn I}
st PVi,j,k,m € [V]: B> (G + 0l + Qi) TinZjm]| > (2)
reX, BeR,.

Although the problem could explicitly model the stochastic dependency, it is more difficult to solve
than the NOMINAL model that consists of individual chance constraints. Even if we assume the
travel time follows a multivariate normal distribution, it remains challenging to derive an exact

deterministic reformulation. To see this, we rewrite the joint chance constraint as
]P)[B Z maX{Vi,j, ka me [V] : (ﬁ'lk + aﬂkm + ﬂjm)xikxjm}} Z -

Suppressing z;,x;,, the probability still involves an order statistic of random components from
the multivariate normal distribution, and we need to calculate its cumulative distribution function
in order to solve the problem (i.e., to optimize over x). Fortunately, if we take P as the empirical

distribution from data, problem (2) then admits a mixed-integer programming reformulation.

DEFINITION 2 (EMPIRICAL DISTRIBUTION). Given data samples {@, })_,, the empirical distri-
bution is defined as N
A 1
P=— Z 511717
N n=1
where d4,, is the Dirac distribution that places a unit mass on the sample w,,. &

The empirical distribution is a discrete distribution that uniformly distributes on each sample. It
is a key ingredient of the popular sample average approximation (SAA) in stochastic programming,
wherein the underlying distribution is often assumed to be the empirical distribution; see, e.g., Birge
and Louveaux (2011), Ruszczynski and Shapiro (2003). Recently, the empirical distribution gains
popularity in distributionally robust optimization, for being a decent central reference distribution
in the data-driven Wasserstein ambiguity set that we will introduce and adopt subsequently (Chen

et al. 2018, Mohajerin Esfahani and Kuhn 2018).
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We next derive the tractable reformulation of the joint chance constrained p-hub center prob-
lem (2) under empirical distribution P, which we call the SAA model since the approach is also

referred to as the sample average approximation in stochastic programming.

LEMMA 3. Suppose that the underlying probability P is approximated by the empirical distribu-
tion P = %= ij:l da, in problem (2), then the corresponding SAA model

miﬂn I3
rxeX, BeR,.

is equivalent to the following mized-integer program

min
z,0,q p
st. 1Tg<(1—9)N

3
B+ Mg, > Z (["ln]zk +a['&n]km + [ﬁn]jm)(l‘ik + Tjm — 1) Vn € [N]a i,7,mé€ [V] ( )

ke[V]

xeX, BeR,, qe{0,1}V,
where M is a sufficiently large (but finite) number.

Proof of Lemma 3. Using the standard technique to reformulate probabilistic constraints under
discrete distribution (see, e.g., Ruszczyriski 2002), the SAA model is equivalent to

min
x,B,q9 B

st. 1Tg<(1—-v)N
B+MQn Z ([’an]zk +a[ﬁn]km + [ﬁn]jm)$ikxjm V?’L € [N]7 Z.?j’]ﬁm € [V}
rxeX, feRy, ge{0,1}7,

where ¢, =1 (resp., g, = 0) corresponds to the situation when sample @, does not (resp., does)
satisfy the chance constraint 8 > (G + Qg + Ujrm ) TikTjm Vi, 4, k,m € [V]. Then 17g < (1—~)N
guarantees that the probability of satisfying the chance constraint is not smaller than v under
the empirical distribution. Following similar arguments as in the proof of Lemma 1, we can first

linearize the term ;2 ;,, by i + x;, — 1 and then sum over k € [V] to obtain

ke[V]

The proof then completes. U
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REMARK 1. Although in Lemma 3 we have established a tractable formulation for the joint
chance constrained p-hub center problem (2) under empirical distribution, it is still hard to develop
a tractable formulation under elliptical distribution. As we have discussed that the joint chance
constraint under normal distribution is hard, it remains the same for elliptical distribution as we
need to explore the distribution of an order statistics (that is, maximum) over many elliptical dis-
tributions. Furthermore, we would like to point out that developing the tractable reformulation for
individual chance constrained p-hub center problem under empirical distribution may encounter
unnecessary computation issues. To see this, following the same spirit in Lemma 3, for each indi-
vidual chance constraint we need to introduce N binary variables. Hence, there will be in total
O(NV?) binary variables in the reformulation, leading to computational difficulties. Considering
these points, in the rest of the paper we only study the elliptical individual chance constrained

p-hub center problem and the empirical joint chance constrained p-hub center problem. &

3. Distributionally Robust p-Hub Center Models

A critical issue of the chance constrained models in the last section is the assumption of known
distribution of random travel times, which, in practice, is hard (if not impossible) to precisely specify
based on historical data. The elliptical distribution may not fit well with data, while the empirical
distribution may result in disappointing out-of-sample performance (termed as the optimizer’s
curse in stochastic programming; see, e.g., Smith and Winkler 2006). In p-hub center problem,
this issue will cause the failure of service-level commitment to the customers, as the configuration
of the network and the promised travel time (i.e., the objective ) could be over-optimistic.

To address the issue, we will adopt the distributionally robust chance constrained program that
broadly falls into the category of data-driven distributionally robust optimization (Erdogan and
Iyengar 2006, Goh and Sim 2010, Mohajerin Esfahani and Kuhn 2018, Chen et al. 2018). Instead
of assuming a known distribution, the distributionally robust chance constrained models consider
the worst-case distribution from a family of distributions. In particular, we will introduce the
distributionally robust p-hub center problem with (7) individual chance constraints that consider
individually the satisfactory probability of each path and (ii) the joint chance constraint that
considers jointly the satisfactory probability of all paths. To begin with, we introduce the family

of distributions based on the Wasserstein distance.

3.1. Wasserstein Ambiguity Set
The Wasserstein distance is widely adopted to measure the closeness between two distributions.
It could be understood as the minimal transportation cost of moving from one distribution to the

other. Formally, the Wasserstein distance between two distributions P; and P, on R’ is defined by

dw(P1,Py) = inf  Epff|ay —a.l]],
PeP(Py,P2)
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where @, ~ Py, @y ~ Py, || - || is a general norm on R” to measure the cost of moving a Dirac point
mass from @; to @y, and P(Py,P,) is the set of all distributions on R* x RY with marginals P; and

P,. The Wasserstein ambiguity set F(6) is then defined as
F(0) ={P e P(R")| dw(P,Pr) <6}, (4)

which is a ball of radius 6 > 0 in the probability space centered at a given reference distribution Pg.
The choice of central reference distribution Pr could be directly constructed from data, e.g., the
empirical distribution; or assumed to be in a certain family of parameterized distributions such
as elliptical distribution and one can estimate the moment information from data. By adjusting
the radius of the Wasserstein ball, the decision-maker can obtain different levels of robustness. In
particular, when # = 0, the Wasserstein ambiguity set shrinks to a singleton consisting of only the
central reference distribution Pg.

Because the computation of Wasserstein distance is generally hard (Villani 2009), it has long
been believed that distributionally robust optimization with Wasserstein distance would inevitably
lead to a hard global optimization problem. Recently, Mohajerin Esfahani and Kuhn (2018) find
out that in many cases the distributionally robust model under a Wasserstein ambiguity set can be
reformulated as tractable convex programs, and Chen et al. (2018) further establish, for the content
of distributionally robust chance constraints, reformulations as a mixed-integer conic program—a

technique we next leverage to reformulate our distributionally robust chance constrained models.

3.2. Distributionally Robust Individual Chance Constraint

The distributionally robust chance constrained model requires the satisfaction of the risk threshold
for the worst-case distribution in an ambiguity set. Mathematically, the distributionally robust
individual chance constrained (DR-ICC) programs for p-hub center problem with individual chance

constraints read as follows.

miﬁn I}
st. VP F(0): P[B> (@ + Qg + Wjm) Tk jm] > Vi, j,k,m e [V] (DR-ICC)
reX, BeR,,

where the F(0) is the Wasserstein ambiguity set defined in (4).

Of note, this model could be viewed as a natural extension of the NOMINAL model. One
can verify that when the radius of Wasserstein distance becomes zero and the central reference
distribution is the normal distribution, the DR-ICC model then recovers normal NOMINAL from
Hult et al. (2014). When the radius 6 increases, the feasible region of DR-ICC shrinks, thus the
model becomes more conservative. In other words, the minimum of maximal travel time over each

O-D pair j is expected to be larger, but the service-level commitment is more likely to be satisfied.
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We next derive an exact reformulation of DR-ICC under the Wasserstein ambiguity set with
P being the elliptical distribution (which we call elliptical DR-ICC model). Quite notably, the
reformulation is equivalent to an elliptical NOMINAL model at a higher risk level.

THEOREM 1. Suppose that Pr in the Wasserstein ambiguity set (4) is an elliptical distribution
Pu,.q) with a positive definite matriz X, and the Wasserstein distance is equipped with the Maha-

lanobis norm associated with 3 defined by ||&|| = /&7 X&, then the corresponding elliptical DR-ICC

model is equivalent to the following mixed-integer program

miﬁn 15}
ke[V]
reX, BeR,,

where @, b = it + bt + Hjm and Vg = Pg (M) = 7 with

2
v Oll@irjml|«

Mikjm =10f § 1> @1 (7) :9(Py(n) —7) — / rg(2)dz 2 ———eee
n (@51 ())2/2 \/ @i D ikjm
Proof of Theorem 1. We first look at the following individual robust chance constraint
VPeF(@): P[B>a'a|>~,
for some generic coefficient vector @ € R, The above chance constraint is equivalent to
sup P[ﬁ<aT'&] <1l—-v < sup P[BgaTﬁ} <1-—17.
PEF(0) PEF(0)
Here, by using proposition 3 in Gao and Kleywegt (2016), it is indifferent if we replace the strict
inequality on the left-hand side with a weak one on the right-hand side.
Now we introduce the worst-case value-at-risk (VaR) of the Wasserstein ambiguity set F(0)
(Chen and Xie 2021). For a random scalar «,
sup P-VaR,[u] := inf {v : sup Pla>v]<1-— ’y}.
PeF(0) veR PeF(0)
Exploring the definition of the worst-case VaR, we note that
sup P[ﬂ < aTﬂ] <l—5 <= sup P-VaR,[a'a— B3] <0.
PeF(6) PeF(6)
By theorem 7 of Chen and Xie (2021), it holds that

sup P-VaR,[a' @ — B8] =P, 5, VaR,«[a" @ — ],
PEF(6)
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where 7* = ®,(n*) >~y with #* being the smallest > ®_'(v) that satisfies

Ollal..
w0 [ rgladez
’ (@5 (1)?/2 a'¥a
In other words, the worst-case VaR around the elliptical distribution P, » 4 at the risk level ~ is

equal to the nominal elliptical VaR at a larger risk level v* > ~v. We thus obtain

sup P-VaR,[a'a— ] <0 <= Pz, VaR[a'a—p]<0
PEF(0)
= Pusglf<aTal<i-—y
< ]P)(y,,E,g) [ﬁ > aTﬂ'] > ’Y*?
where the last equivalence follows from P, 5 4 being a continuous distribution. Therefore, for any
i,j,k,me V], if x;, =2, =1, we have
VPeF(0): P[B> (Wi + Qg + Ujm ) TinTjm| =7
VP EF(0): P[B > i + ligm + jm] >
Pu,s.9) [5 > Ui + Qg + ﬁjm] 2 YVikjm

]P(;J,,Z,g) [6 > (azk + aakm + agm)'xzk:l:jm} > ry;kjm
p= (aiTkij‘f‘ ‘I)g_l(’ﬁkjm) A/ a;jmzaikjm)xikxjm
ﬁ > (al—'l;cjmu’_’_ (D;I(ry;kjm) : \/ a;jmzalkjm)(xzk + Ljm — ]‘)

Here, if z;;, =0 or x;,,, = 0, then both the distributionally robust chance constraint and the nominal

Tty

chance constraint at a larger risk level are redundant since 8 > 0. Finally, similar to the observation

in Lemma 1, notice that for any fixed i,j,m € [V] and @ € X', we have the below observation

B2 (@bt + P Vijm) -\ Vi B @ikjm ) (T + T — 1) V€ [V]
— B = Z (aiTkjmlJ“ + ¢g_1(71*kjm) \/ a;cjmza’ikjm)(l‘ik +xjm - 1)7
kelV]

This concludes the proof. ]

Theorem 1 helps equivalently transform the distributionally robust individual chance constraints
within the Wasserstein ball to simple chance constraints with a higher risk threshold. The proof
mainly utilizes the relationship between distributionally robust individual chance constraint and

the worst-case value-at-risk. The remaining computational issue is how to find the risk threshold
n?/2

@yt

monotonically increasing in 7, 7/, can be efficiently found by the bisection search algorithm; see

Yixjm- Indeed, based on the fact that the function f(n) =n(®,(n) —v) 2/ kg(z)dz is
more detail in Appendix B. Considering that the computational overhead of the bisection search
is quite small and can be done offline, the time complexity of solving the elliptical DR-ICC model

is approximately the same as that of the elliptical NOMINAL model.
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3.3. Distributionally Robust Joint Chance Constraint

Although being a general framework to model the uncertainty and capture the nominal p-hub

center problem as a special case, the DR-ICC model in the previous section still has a significant

drawback: it neglects the correlation among different O-D pairs. Recently, Shen et al. (2021) study

reliable hub location problems with random disruptions and they find it helpful to consider the

disruption correlation in reducing the cost, especially when the underlying correlation is strong.
Now we introduce the distributionally robust joint chance constrained (DR-JCC) program for

the p-hub center problem

mlﬁn I3
st. YPeF(8): P[Vi,j,k,m e [V]: B> (g + Qg + Gy ) TikTjm] >y (DR-JCC)
rxeX, BeR,.

Unlike the DR-ICC model, this problem requires a joint probability satisfaction among all O-D
pairs. The service-level commitment in DR-JCC is global across the whole network, whereas in
DR-ICC it only focuses on local O-D pairs.

Note that given the same ambiguity set F(6) and risk threshold v, the DR-ICC model always
has a more optimistic solution than that of the DR-JCC model. This is because that any feasible
solution (z, ) to DR-JCC is also feasible to DR-ICC, since for any ¢',j’,k’,m’ € [V] we have

P[B 2 (ﬁi’k’ + aak’m’ + am’j’)$i’k’xj’TrL’] 2 P[V’L,j, ]{7, m e [V] . ﬂ Z (azk + aﬁkm + &jm)xikxjm] .

In other words, the optimal objective 5 of DR-ICC will be equal to or smaller than that of DR-JCC.
For the DR-JCC model under the Wasserstein ambiguity set with P being the empirical dis-
tribution (which we call empirical DR-JCC model), exploring the structure of the p-hub center

problem, we can reformulate it as a mixed-integer program.

THEOREM 2. Suppose that Pg in the Wasserstein ambiguity set (4) is an empirical distribution
P= %Zi\;l 0a,, then the corresponding empirical DR-JCC model is equivalent to the following

mized-integer program

osmig
st. (1—-9)Nt—1Ts>6Na,
M(1—gq,)>t—s, Vn € [N]
T+ Mg, >t—s, Vn € [N] (6)
B=ru> 3 (italis + Alitalion + [fbn]sm) (it + 23 — 1) V0 €[N, dsjsm e [V]
ke[v]

xeX, feRy, reRY, seRY, teR, ge{0,1}",

where a, = ||(1,1,a) ||, and M is a sufficiently large (but finite) number.
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Proof of Theorem 2. We only need to reformulate in DR-JCC, the distributionally robust joint

chance constraint for a given x € X:
VPeF(0): P[Vi,j,k,m e [V]: B> (G + Qlikm + Ujm ) Tinjm | > 7. (7)
We first rewrite (7) as
inf P|Vi,j (B> (1, U U, e Lim | >
]P‘elg(G) [VZ7J7 kv me [V] /3 - (uzk + QUEm + u]m)xzkxjm] =7,
which involves O(V*) safety conditions with indices i,j,k,m € [V]. If 2 =0 or z;,, =0, then
the corresponding safety condition becomes 5 > 0, which is independent of the uncertainty and is

naturally satisfied. With this observation, we can re-express (7) as the following one with a much

less number of safety conditions:

Peigfe)P[Vi,j, kym € [V] st @ =2y = 11 B> g + Qg + Uj] >

<= sup P[Eli,j,k,m V] st. zy=xjm=1:0 < Uy, + alym —Hljm] <1-—~.
PeF(0)

Indeed, by proposition 3 of Gao and Kleywegt (2016), we can replace the strict inequalities with

weak ones and obtain the following re-expression:

sup IP[EIi,j,k:,mE [V] s.t. :L‘ik:xjmzl:Bg&ik+aﬂkm+ﬂjm] <l-v

PEF(0)

<= sup P[ﬁe U {u!ﬁéuik—i-aukm—l-ujm}] <1—7v 8)
PeF(0) i,4,k,me[V]:az;p=x;,=1

< sup P[ﬁgé N {u]ﬁ>uik+aukm+ujm}]§1—fy.
PeF(0) 0,3,k me[V]aip=xjm=1

By theorem 3 and lemma 2 of Chen et al. (2018), constraint (8) is satisfiable if and only if there

are s € RY, and ¢ € R satisfying the following constraint system:

(1—)Nt—1Ts>60N

(6 - ([ﬁ'n]zk + O‘[an]km + [ﬁn]jm))+
11,1, )]

To eliminate the maximum operator, we could introduce binary variable g € {0,1}" and continuous

>t—s, Yne[N]|, i,j,k,me[V]:zy =2, =1.

variable 7 € RV to re-write the constraint system equivalently to:

M(1—gq,)>t—s, Vn € [N]
rn+Mg, >t—s, Vn € [N]
B — ([tn]ix + o[t ]im + [Bn]jm) -
>r, Vne[N], i,j,k,me[V]:xy=12m=1,
I Lol V=

for some suitably large (but finite) positive constant M. At optimality, we have ¢, =0 if 5 —

([tn)ix + @[] km + [@n]jm) >0 Vi, j, k,m: z; = x4, = 1, and g, = 1 otherwise.
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To see that M is finite, first notice that we can set r > 0 without changing the optimality. At
optimality: (i) If ¢, =0, we have M >t —s,, and

B = ([@n]ix + @ lim + [Gn]jm)
11,1, )l

where the optimality must be obtained when the equalities hold, since otherwise we could always

ZTnZt_Sn Vz,j,k,mE[V]:Em:%m:l

reduce the value of 5 to get a better objective value if either one of the inequalities is not tight.
Therefore, we have r, = (8 — ([Wn]ir + @[] pm + [Wn]jm))/|I(1, 1, )]l > 0. (i) If ¢, =1, we have
0>r,, 0>t—s,,and r, + M >t —s,. The value of r, does not influence the optimality, so we can
set 1, = 0 in this case. Now, we can see that we just need a sufficiently large M such that M >t — s,
whenever ¢, =0 or ¢, = 1. Since (8 — ([@n]ir + a[Wp]km + [Tn)jm))T/I|(1, 1, )|« >t — s, setting

Mo 18 = ([@nir + af@n]im + [@n]im)|
BER mEIN] ||(1,1,CY)H*

i,3,k,m€[V]

will be enough. Given a Wasserstein ambiguity set F(0) with finite § > 0, it is easy to see that [
is upper bounded, thus M in the above equation is finite.
Applying the variable substitutions (7, s,t) < (r,s,t)/|/(1,1,a)||., we see that constraint (8) is
satisfiable if and only if there exist g € {0,1}", r e RY, s € RY, and ¢ € R satisfying
(1-9)Nt—1"s>0N||(1,1,0a)|.
M(l—gq,)>t—s, Vn € [N]
rn+ Mg, >t—s, Vn € [N]
B — ([Wn]ir + U] + [Un]jm) > 10 YR E[N], i,j,k,me[V]:zy =2, =1,

Further notice that given n € [N] and x € X,
B—1rn > ]k + ] km + [Un)jm Vi, J k,me[V]izy =2 =1
is equivalent to
B =10 = ([Un]ix + fnlim + [@n]jm) (it + 2jm —1) Vi, j, k,m e [V], (9)

which obviously holds when x;;, = zj,, = 1. If either x;, =0 or z;,, =0, then both 5 —r7, >0 and
B =1y > —([Wn)ix + [k + [Uy)] jm ) are redundant, because there must exist 4/, j', k', m’ such that
Tigr = Tjrr = 1 and B — 1y, > ([Un)inr + @@ g + [Un)mry7). Finally, by a similar argument as in

the proof of Lemma 1, constraint (9) is equivalent to
ke[V]

This concludes the proof. O
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In reformulation (6), there are O(NV?) constraints and O(N + V?) binary decision variables.
With similar treatments, we can also derive a tractable reformulation of DR-ICC with Pr being the
empirical distribution. However, there will be O(NV?) constraints and O(NV?) decision variables
including the binary ones in this case. This makes the problem much computationally harder to
solve, especially when the number of nodes V' grows. On the contrary, in reformulation (5) of ellip-
tical DR-ICC, there are only O(V?) constraints and O(V?) decision variables. We therefore omit

the reformulation of DR-ICC when the central reference distribution is the empirical distribution.

4. Constraint Generation Approach

In the exact reformulation (6) of empirical DR-JCC, the number of O(NV?) constraints may

make the problem computationally prohibited. In this section, we propose a constraint generation

approach to add these constraints dynamically as lazy constraints in the solution procedure. As a

result, the model size can be greatly reduced and the computational time can be largely shortened.
For notation simplicity, we define a set R := {(n,4,j,m): Vn € [N], i,j,m € [V]}. Then the fourth

collection of constraints in problem (6) is equivalent to
/B —Tn Z Z ([,an]zk + a[ﬂn]k}m + [ﬁn]]m)(mzk) + 'rjm - 1) V(n,i,j,m) € R
kelV]

The constraint generation approach iteratively solves a relaxation of problem (6) that replaces R
with its subset R’. Whenever an optimal solution of the relaxation is obtained, we check whether it
violates any constraint in the set R\ R’. If it does, we add the triple (¢’, j',m’) that corresponds to
the most violated constraint into R’ to cut off the current incumbent infeasible solution and then
repeat the process; otherwise the current solution is feasible and optimal to the original problem,

and we terminate the solution procedure. The details are formalized as follows.

Constraint Generation

Input: R/ < 0.
1. Solve Relaxed Problem
2.1. Relax the problem (6) by replacing R with R'.
2.2. Solve the relaxation to obtain a solution (x’,8’,7/,---).
2. Check Feasibility and Select Constraint
3.1. Given the solution x’, let k; and m; be hubs to which nodes ¢ and j are allocated,
respectively.
3.2. Find Apay = (0,7, 5') = argmax  [t,]i, + @ ]km, + [Unljm, — B +7),.
neN),i,je[V]
3.3. If Ayax >0, add (n',4',j',m;) into R’ and return to step 2; otherwise terminate the

procedure.
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Output: (x/,---) as the optimal solution.

The constraint generation approach can also be applied to reformulation (3) of SAA and refor-
mulation (5) of elliptical DR-ICC, respectively. In its implementation, we use the callback function
provided by the off-the-shelf solvers like CPLEX to achieve better efficiency. We will experimentally
show that the constraint generation approach could save the introduction of over 99% of the total

constraints in R and speed up the solution procedure up to hundreds of times in Section 6.

5. Extension to Multiple Allocations

So far we have been focusing on single-allocation models where each non-hub node is allocated to a
unique hub. We next discuss how our method can be extended to multiple-allocation models where
non-hub nodes can be allocated to more than one hub.

Because now one node can be allocated to multiple hubs, the path between any pair of nodes must
be explicitly specified and thus a four-index formulation is introduced for the multiple-allocation
p-hub center problem. Let y € {0,1}" be the vector of binary variables defined by y; = 1 if and only
if node k is a hub. For 4, j, k,m € [V], let z;,, be a binary variable such that z;;,, =1 if and only
if that for the O-D pair (i,7), i is allocated to hub k and j is to hub m. Here, although a non-hub
node is allowed to allocate to different hubs, only one path is explicitly specified for one O-D pair.
The feasible set that describes all potential designs of the hub-and-spoke network is given by

> Yp=Dp
ke[V]

yc {07 1}V ke[V]me[V] !
ZG{O,l}VXVXVXV Z Zikjmgyk Viaj7k€ [V]
me[V]

> Zikim < Ym Vi, j,m € [V]
keV] )

Here, the first constraint restricts to locate exactly p hubs, the second collection of constraints
ensures that there is one and only one path between any O-D pair, and the third and fourth group
of constraints guarantee that any O-D pair can only be connected through hubs. The deterministic
p-hub center problem under multiple allocations (Ernst et al. 2009) is then captured by

min
Y,2,8 B

s.t. B > Z Z (uik + augm, +ujm)zikjm VZ,] € [V]

ke[V]Ime[V]
(yaz)€y7 B€R+7

[0 1]V><V><V><V

where the binary decision z could be relaxed to z € without changing the optimality

(proposition 3.1 in Ernst et al. 2009). The reasoning is as follows. At optimality, a positive z;x;, >0
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represents a path between an O-D pair (7, j) and is associated with a travel cost w;, + ok, + Wi
Given an optimal solution with z;;, > 0, suppose there exists (k’,m’) such that k' # k, m’' #m,
and 2/ jm > 0, then we must have w;, + Uk, + Ujm = Uiy + QUR + Uy, Decause otherwise
the optimal objective value can be lower if giving more weights to the path with less travel cost.
Therefore, we could reassign the value of 24, to be 1 and others to be 0 without changing the
optimal objective value.

Similar to the previous sections, we can derive the mixed-integer reformulations for the SAA,

elliptical DR-ICC, and empirical DR-JCC models under multiple allocations.

PROPOSITION 1. Suppose that the underlying distribution P is approximated by the empirical
distribution P = %25:1 0q,, then the SAA model of the joint chance constrained p-hub center

problem under multiple allocations

min

Y,z b

s.t. I@) |:V’L,] S [V] 35 > Z Z (azk + aakm + ajm)zikjm > Y
ke[V] me[V]

(y,Z)Ey, B€R+7

is equivalent to the following mized-integer program

min
y,2,8,q9 ﬁ

st. 1Tg<(1-9)N

BAMg, > > ([@nin + fln)im + [@nljm) 2ikjm Y € [N, 1,5 € [V]

ke[V]Ime[V]
(y,2) €V, BER,, qe{0,1}",
where M is a sufficiently large (but finite) number.
PROPOSITION 2. Suppose that Pr in the Wasserstein ambiguity set (4) is an elliptical distribu-
tion P, s 4) with a positive definite matriz 3, and the Wasserstein distance is equipped with the

Mahalanobis norm associated with X defined by ||€|| = /€T XE&, then the corresponding DR-ICC

p-hub center problem under multiple allocations

i P
s.t. VPe ]:( ) |:ﬁ > Z Z ({Lm + Oéﬂkm + &jm)zikjm} > y VZ,] S [V]
ke[V]Ime[V]

(y,Z)Ey, BER-H

1 equivalent to the following mized-integer program

min f
Y,2,8
s.t. /8 > Z Z zkjvn“+(1>;l(7;kj7n) ' \/ zk]mza’lk]m)zlk]m VZ j € [V]

ke[V]me[V]

(y)z)€y7 /BER-H
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where @y, U= Ui, + Qg + Uy and Vi, = Po(Mfim) =7 with

* . 1 "2 Oll@injm |«
Mijm =106 7> 5(7) :0(Ry(n) =) = [ rg(2)dz > ———
n (@51 ()?/2 \/ @i Eikjm
PROPOSITION 3. Suppose that Pr in the Wasserstein ambiguity set (4) is an empirical P=

% 22;1 da, , then the corresponding DR-JCC p-hub center problem under multiple allocations

oy p
ke[V]Ime[V]

(y,Z)Ey, BGRJH

s equivalent to the following mized-integer linear program

min I}
y,z,8,7,8,t,q

s.t. (1-y)Nt—1"s>60Na.

M(1—gq,)>t—s, Vn € [N]
ke[V]Ime[V]

(y,2) €Y, BER,, reRY, scRY, tcR, g€{0,1}",
where a, = ||(1,1, )|, and M is a sufficiently large (but finite) number.

Proofs of Proposition 1 to Proposition 3 are similar to those in the single-allocation counterparts
and are thus omitted. The proposed constraint generation approach in Section 4 can be readily
applied to all reformulations herein, and the binary decision variables z could be relaxed to be
continuous by a similar argument as that in the deterministic case. Compared with the single-
allocation models, there are fewer constraints but more decision variables in the multiple-allocation

models. We summarize the comparison in Table 1.

6. Numerical Results

We demonstrate the numerical results of the distributionally robust chance constrained models on
the widely used Civil Aeronautic Board (CAB) data set? for hub location and travel time. The
travel distance from CAB is set to be the mean travel time for the underlying true distribution. All
numerical results were produced on an Intel Xeon 3.00GHz processor with 32GB memory using

Java Openjdk 15.0.2.

2 Available at https://www.researchgate.net/publication/269396247 _cab100_mok.
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Single Allocation Multiple Allocations
SAA DR-ICC DR-JCC SAA DR-ICC DR-JCC
constraint O(NV3) O3  O(NV?) O(NV?)  O(V?  O(NV?)
binary decision ON+V% OWV? ON+V? ON+V) OV) ON+YV)
continuous decision o(1) O(1) O(1) o) o) o)

Table 1 Numbers of constraints, binary decision variables, and continuous decision variables.

We evaluate the following four p-hub center models: the normal NOMINAL model from Hult
et al. (2014) with reformulation (1), the SAA model with reformulation (3), the elliptical DR-
ICC model with reformulation (5), and the empirical DR-JCC model with reformulation (6). The
constraint generation approach in Section 4 is applied to solve all the models. For ease of expression,
we denote these four models as Hult, SAA, ICC, and JCC, respectively. Note that Hult is a special
case of ICC when the radius of Wasserstein ball § =0, and SAA is also a special case of JCC when
0 =0. In the ICC model, the elliptical distribution is set to be the multivariate normal distribution
with parameters estimated from the training data by a standard estimation process. We use the
same risk threshold ~ for both ICC and JCC models, but their meanings are different: the former
is the individual probability and the latter is the joint probability, therefore we should expect more
optimistic solutions of ICC (i.e., smaller value of 3) compared to those of JCC.

The experiment follows the data-driven scheme. Assuming an underlying true distribution, we
first generate IV = 30 training samples to solve each model, then we evaluate its optimal solution
based on N’ =10000 testing samples for the out-of-sample performance. The procedure is repeated
in 50 trials with different random seeds in order to eliminate the random bias. Let £ denote the set
of total edges, we first set the mean value of travel time p € RI¢l as the distance in the CAB dataset,
and the standard deviation o = pp where p € {0.25,0.5} is a parameter to control the magnitude
of deviation. We then construct a multivariate normal distribution @ ~ AN (u,X) as the underlying
true distribution, where ¥ € RI€/*I€l with components 3., =02 Ve € £ and %, ,., = 0.50,,0., Ve, #

e; € €. The travel time is truncated at 0, i.e., a negative value is set to be 0.

6.1. Trade-off between Service-level Commitment Rate and Objective Value

A natural way to evaluate the performance is to compare the optimal value 8 obtained in each
model. However, as the optimizer’s curse (Smith and Winkler 2006) suggests, the performance of
a solution in the out-of-sample tests is usually inferior to that in the optimization stage, result-
ing in post-decision disappointment. Indeed, this phenomenon is also observed in our numerical
experiment that the optimal objective value of SAA is usually too optimistic. We thus propose the

service-level commitment rate below to measure the out-of-sample performance.
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Figure 1 Objective value § and SCR (p=0.25 and v=0.9).

Suppose the model solves an optimal solution x, let
E(x):={(i,5,k,m) xy, =2, =1 Vi, j,k,me[V]}

be the set of paths among all O-D pairs. We use e := (i,7,k,m) € £(x) to represent a path, the
travel time in e for sample n is then denoted by [@,]. = [U, )i + @[T ]km + [Bn] jm. The service-level
commitment rate (SCR) is the probability that the delivery is within the promised time. Suppose
the model solves to an optimal solution of « and 3, then the corresponding SCR evaluated in the

testing samples is defined by

% > 1B > [, Ve (),
]

ne[N’
where N’ is the number of testing samples. For the final comparison of SCR, we solve the model
in 50 trials with different random seeds and compute the average.

We depict the SCR and objective value 3 for ICC and JCC models with different 6’s in Figures 1
and 2. Each line in one color represents the performance of the solution with a different value of 0
(when 6 =0, ICC recovers Hult and JCC reduces to SAA). For example, a point in the left plot of
Figure 1, say the blue dot, represents a solution of ICC with 6§ =0, whose horizontal value is the
corresponding objective value 8 and vertical value is the corresponding SCR; thus its coordinate is
(8,SCR(x)). Similarly, the coordinate of a point in the right plot will be (3,SCR(x)) for a solution
of the JCC model. For better illustration, we solve each model in 50 trials with different random
seeds and choose 0.25,0.5,0.75-quantiles of both 8 and SCR to present each model.

It can be observed that the larger  is, the more conservative the model will be. In other words, if

a large 6 is chosen, the maximal travel time promised by the decision-maker will be large but SCR
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Figure 2 Objective value 8 and SCR (p=0.5 and v=0.9).

will be high, meaning that the promised delivery time will be satisfied at a higher level. Comparing
Figures 1 and 2 (the former std/mean ratio is p = 0.25 and the latter is p = 0.5), we find that
if the data has a large variance, the model should be chosen to be more robust in order to meet
the service-level commitment. We have also conducted experiments for larger risk thresholds. The
main message conveyed from the experiment remains the same, thus we omit the result.

From the above results, we have the following managerial insights for decision-makers. (i) There
is a trade-off between SCR and objective value g (e.g., this could be the promised maximal delivery
time): when the model becomes more robust (i.e., § becomes larger), the SCR will be large, which
could mean the promised delivery time to the customer is more likely to be met, but that promised
time will also be larger. () In terms of SCR, both Hult and SAA models are over-optimistic as
they are both under the line of the target SCR. This could result in failures of meeting the promised
delivery time, whereas a slightly robust ICC or JCC model could make a decent balance between
SCR and promised delivery time. (7ii) Although the ICC model is expected to be less robust than
the JCC model, it still performs quite well in terms of SCR when 6 is selected properly, e.g., choose
6 =6 in the left plot of Figure 2. (iv) From the comparison between Figure 1 where p =0.25 and
Figure 2 where p = 0.5, the larger the variance is, the larger the 6 should be, in order to meet the

promised delivery time.

6.2. Comparison of Out-of-Sample Performance
After showing the trade-off between SCR and objective value, we can see that Hult or SAA is
always over-optimistic and fails to meet the service-level commitment, whereas JCC could balance

this by choosing an appropriate 6. It is demonstrated that JCC is the most robust in terms of
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meeting SCR. In this section, we will further show the comparison of out-of-sample travel times of

different models and illustrate that JCC indeed outperforms other models in this aspect.

Out-of-sample travel time statistics

We calculate the following three quantities

1 'l 1
A, (x) = @ e;(m)[un]e Vn € [N']
Mi(x) = max [i,]. Vn e [N] (10)

Q,(x) :=~-quantile of {[u,].:ec&(x)} Vne[N'],
which are the average, maximum, and y-quantile of the out-of-sample travel times over all paths
in £(x). We then compute the frequency of one model is better or equal to another over all of the

SAA

test instances. Let ™ 2544 and z'°C, 27°C denote the optimal solution of each model. Take the

comparison between ICC model and JCC model for example, the frequencies are

A(JCC/ICC ::— Z xICC <A ( ICC)]
nE[N/]
(JCC/ICC Z JCC) SMn(:EICC)] (11)
ne[N’]
Q(JCC/ICC ::7 Z JCC <Qn( ICC)].
ne[N’]

For the final comparison of these metrics, we also consider 50 trials and compute the average of
them. If the value of A(JCC/ICC) is larger than 0.5, we then say JCC is better than ICC for
out-of-sample tests in terms of the average travel time, otherwise ICC is better than JCC.

In Table 2, we show the comparison of out-of-sample travel time statistics defined in (11). To get
a fair comparison, we fix in both ICC and JCC models 6 = 6 across different parameter settings.
The first column specifies different settings of v € {0.9,0.95} and p € {0.25,0.5}. It can be observed
that: (¢) JCC model consistently performs better than others over different combinations of (p,~)
and comparison metrics; (i) ICC is slightly better than SAA in most cases and significantly better
than Hult, especially when the std/mean ratio p increases; (#ii) SAA also performs better than
Hult; (iv) Among comparison metrics, the distributionally robust JCC and ICC models have an
outstanding performance under the maximum travel time metric, suggesting the advantage of
distributionally robust models in improving the maximum travel time of the network.?

We present the computational time of solving each model over different parameter settings in
Table 3. ICC and Hult are the most computationally efficient models which are solved in a few
seconds. Although JCC is more time-consuming than other models, its computational time is still

within an acceptable level that is less than half a minute.

8 We conduct additional experiments with other commonly used distributions (lognormal, uniform, and two-point
distributions). We relegate the results to Appendix A as we do not observe any significant qualitative difference.
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(p,7)  metric JCC/ICC JCC/SAA JCC/Hult ICC/SAA ICC/Hult SAA/Hult

(0.25, 0.9) A 0.646 0.677 0.672 0.555 0.621 0.625
(0.25, 0.9) M 0.725 0.740 0.729 0.653 0.814 0.642
(0.25, 0.9) Q 0.636 0.657 0.665 0.549 0.638 0.639
(0.25, 0.95) A 0.584 0.633 0.588 0.508 0.666 0.587
(0.25, 0.95) M 0.658 0.687 0.671 0.625 0.852 0.642
(0.25, 0.95) Q 0.583 0.623 0.603 0.524 0.708 0.606
(0.5, 0.9) A 0.665 0.720 0.676 0.573 0.794 0.602
(0.5, 0.9) M 0.644 0.736 0.648 0.616 0.875 0.596
(0.5, 0.9) Q 0.642 0.708 0.650 0.588 0.797 0.589
(0.5, 0.95) A 0.570 0.647 0.553 0.509 0.777 0.582
(0.5, 0.95) M 0.605 0.709 0.597 0.591 0.858 0.582
(0.5, 0.95) Q 0.570 0.674 0.559 0.540 0.798 0.573

Table 2 Out-of-sample performance of all models (25 nodes and 3 hubs).

(p,v) (0.25,0.9) (0.25,0.95) (0.5,0.9) (0.5, 0.95)

JCC 13.58 3.57 17.84 4.36
ICC 0.71 0.70 0.71 0.70
SAA 4.10 2.46 5.04 2.76
Hult 0.72 0.70 0.68 0.70

Table 3  Average CPU time (seconds) of solving each model over 50 random instances with the multivariate

normal distribution (25 nodes and 3 hubs).

We also evaluate the performance when the total number of nodes varies from V = 25. We set
the number of nodes in {10, 15,20, 25, 30,35}, fix (p,7) = (0.5,0.9) and consider 3 hubs. The results
are demonstrated in Table 4. We do not observe any significant qualitative change except that

when there are more nodes, SAA might slightly beat ICC.

Out-of-sample travel time density plots

In Figures 3 and 4, we present the density plot (by kernel smooth estimation) of the out-of-sample
travel time over all testing samples in all 50 trials. To compare the performance based on the
density plot, we note that if the density plot of model A is to the left of that of model B, then
with the same probability model A has a smaller travel time than model B. We could see that the
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V JCC/ICC JCC/SAA JCC/Hult ICC/SAA ICC/Hult SAA/Hult
10 0.649 0.834 0.645 0.647 0.850 0.609
15 0.627 0.754 0.634 0.586 0.861 0.613
20 0.574 0.722 0.599 0.504 0.791 0.631
25 0.642 0.708 0.650 0.588 0.797 0.589
30 0.661 0.659 0.679 0.450 0.632 0.606
35 0.626 0.627 0.643 0.418 0.661 0.613
Table 4 Comparison metrics Q for different number of nodes.
-—=- JCC -—= JCC -—= JCC
IcC Icc IcC
00020 L SAAl e SAA | e SAA
—— Hult —— Hult —— Hult
0.0015
0.0010
0.0005
0.0000 500 1000 \1500 2000 900 1800 2700 3600 700 1400 2100 2800
Average Travel Time Max Travel Time Quantile Travel Time
Figure 3 Density plot under the multivariate normal distribution (p=0.25 and y=0.9).

density plot of JCC (resp., Hult) is leftmost (resp., rightmost), while those of ICC and SAA are
quite close. Therefore, the conclusion from the density plots is similar to that from the comparison

metrics, although the difference among these models is not quite large.

6.3. Effectiveness and Scalability of Constraint Generation
In this section, we test the effectiveness and scalability of our constraint generation approach.
We further denote the model solved by the constraint generation approach as ICC-CG, SAA-CG,
and JCC-CG, and compare them with the basic ICC, SAA, and JCC models without using the
constraint generation approach. The number of constraints is V?3/2+ V?2/2 —V in the basic ICC
model, and is N(V?3/24V?/2—V) in SAA and JCC models. Since the computational time of the
Hult model is similar to that of ICC (as shown in Table 3), we only evaluate ICC in this section.
The effectiveness of the constraint generation approach is demonstrated in Table 5. We set the

maximal CPU time to 1800 seconds, (p,7) to (0.5,0.9), and the number of hubs to p = 3. The result

suggests the notable speedup of our constraint generation approach. For example, it solves the
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Figure 4 Density plot under the multivariate normal distribution (p=0.5 and v=0.9).
1CC 1CC-CG SAA SAA-CG JCC JCC-CG
V' CPU time CPU time ratio CPU time CPU time ratio CPU time CPU time ratio
10 0.13 0.12 16.49% 5.57 0.16 1.60% 7.05 0.19 1.44%
15 0.57 0.43 11.03% 31.79 0.45 0.91% 82.81 1.04 0.84%
20 1.85 1.28 9.57% 265.67 1.93 0.76%  1353.54 5.91 0.67%
25 7.47 2.50 6.95% 1516.41 5.04 0.56% 1800 17.84  0.49%
30 13.68 5.75 4.00% 1800 6.73 0.35% 1800 11.46  0.29%
35 31.82 10.83 3.43% 1800 16.21  0.31% 1800 28.00  0.28%

Table 5  Average CPU time (seconds) and the ratio between the number of constraints evaluated with/without

constraint generation approach over 50 trials.

SAA model 34 (resp., 300) times faster than the basic formulation when V =10 (resp., V = 25).
The main reason for such acceleration is that through the constraint generation approach, much
fewer constraints are introduced. In fact, more than 99% of the total constraints are redundant
for solving the optimum when V > 15 in both SAA and JCC models. The acceleration is more
significant as the number of nodes grows. Similar acceleration for the ICC model is also observed,
although not that significant because ICC has fewer constraints and variables.

We also demonstrate the scalability of our constrained generation approach for each model in
Table 6. We set the total number of nodes from {40,50,---,100} and the number of hubs from
{4,5,---,10}. We set the maximal CPU time to 1800 seconds and (p,~) to (0.5,0.9). As expected,
the ICC model has the best scalability and it could be solved to near optimality (less than 1%
relative gap) when the total numbers of nodes and hubs reach 80 and 8, respectively. Even if we

utilize the full-size CAB dataset (i.e., V =100 nodes), ICC can still be solved to solutions with a
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ICC-CG SAA-CG JCC-CG
(V, p) CPU time relative gap CPU time relative gap CPU time relative gap
(40, 4) 10.13 0.00% 285.96 0.00% 725.59 0.05%
(50, 5) 27.32 0.00% 1404.42 3.59% 1736.07 9.00%
(60, 6) 201.07 0.00% 1800 47.97% 1800 43.70%
(70, 7) 558.79 0.02% 1800 48.90% 1800 49.79%
(80, 8) 1422.41 0.71% 1800 65.13% 1800 58.53%
(90, 9) 1800 21.96% 1800 100.00% 1800 100.00%
(100, 10) 1800 17.82% 1800 100.00% 1800 100.00%

Table 6  Average CPU time (seconds) and relative gap over 50 trials.

relative gap of around 20% within 30 minutes. On the other hand, both SAA and JCC models do
not scale well. When the number of nodes reaches 60, the relative gap is already over 40%, when

there are 90 nodes or more, it cannot even narrow the relative gap to 99.99% within the time limit.

7. Conclusion
In the paper, we address the p-hub center problem under uncertainty by distributionally robust
chance constrained approaches. We first study individual chance constraints under the Wasserstein
ambiguity set around an elliptical distribution, which includes the benchmark model in Hult et al.
(2014) as a special case. We further investigate the joint chance constraint under the Wasserstein
ambiguity set around the data-driven empirical distribution. Numerical results of the proposed
models are constantly better than the existing methods under various settings. In terms of compu-
tation, we further propose a constraint generation approach that could help speed up the solution
procedure up to hundreds of times.

We believe there are many aspects to explore in the future. From the modeling perspective, one
can consider the transition waiting time or scheduling problem in the hub. From the computation
perspective, it is interesting to establish some theoretical guarantees for the constraint generation

approach, especially in the data-driven setting.
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Appendix A Additional Results for Section 6.2
We show results under the following distributions.
e Lognormal distribution: @, ~ L(u),0.?), where p, = In(u?/\/u2+02) and o, =

vIn(l+o02/pu?) Ve e &;
e Uniform distribution: @, € U(pe — V/30e, pte +V30.) Ve € E;

e Two-point distribution: @, with probability p, = ZZ:—Z: at point a. and probability 1 —p,. at

point b., where a, = p. — 0./v/3 and b, = p. + /30, Ve € £.

Note that the three distributions above share the same mean p, and variance o2.

(p, y) metric JCC/ICC JCC/SAA JCC/Hult ICC/SAA ICC/Hult SAA/Hult

(0.25, 0.9) A 0.629 0.653 0.651 0.475 0.715 0.675
(0.25, 0.9) M 0.661 0.715 0.681 0.585 0.810 0.669
(0.25, 0.9) Q 0.610 0.677 0.644 0.509 0.727 0.650
(0.25, 0.95) A 0.662 0.590 0.633 0.482 0.648 0.630
(0.25, 0.95) M 0.660 0.695 0.629 0.606 0.811 0.640
(0.25, 0.95) Q 0.636 0.623 0.608 0.538 0.693 0.597
(0.5, 0.9) A 0.511 0.581 0.497 0.581 0.771 0.559
(0.5, 0.9) M 0.569 0.643 0.550 0.627 0.855 0.585
(0.5, 0.9) Q 0.529 0.602 0.499 0.581 0.770 0.553
(0.5, 0.95) A 0.504 0.647 0.510 0.613 0.798 0.533
(0.5, 0.95) M 0.585 0.743 0.567 0.652 0.881 0.565
(0.5, 0.95) Q 0.528 0.689 0.519 0.626 0.811 0.529

Table 7 Out-of-sample performance under the lognormal distribution.
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(p,7)  metric JCC/ICC JCC/SAA JCC/Hult ICC/SAA ICC/Hult SAA/Hult
(0.25,0.9) A 0.630 0.679 0.638 0.497 0.710 0.624
(0.25,0.9) M 0.651 0.737 0.648 0.570 0.801 0.636
(0.25,09) Q 0.616 0.672 0.615 0.500 0.704 0.616
(0.25,0.95) A 0.583 0.676 0.594 0.522 0.736 0.619
(0.25,0.95) M 0.599 0.728 0.603 0.590 0.850 0.629
(0.25,0.95)  Q 0.574 0.686 0.584 0.549 0.756 0.606
(05,09 A 0.613 0.680 0.605 0.529 0.751 0.606
(05,09 M 0.636 0.709 0.616 0.580 0.841 0.609
(0.5, 0.9) Q 0.613 0.678 0.601 0.530 0.759 0.605
(0.5,0.95) A 0.540 0.629 0.574 0.485 0.772 0.574
(0.5,0.95) M 0.590 0.691 0.602 0.543 0.842 0.586
(0.5,095)  Q 0.554 0.653 0.586 0.504 0.786 0.574

Table 8  Out-of-sample performance under the uniform distributions.

(p,7)  metric JCC/ICC JCC/SAA JCC/Hult ICC/SAA ICC/Hult SAA/Hult
(0.25,0.9) A 0.640 0.674 0.617 0.449 0.746 0.666
(0.25,0.9) M 0.669 0.705 0.634 0.590 0.845 0.617
(0.25,09) Q 0.641 0.701 0.622 0.504 0.770 0.634
(0.25,0.95) A 0.603 0.572 0.571 0.499 0.755 0.652
(0.25,0.95) M 0.647 0.653 0.637 0.635 0.897 0.656
(0.25,0.95) QO 0.614 0.618 0.595 0.556 0.798 0.637

(0.5,0.9) A 0.618 0.655 0.574 0.570 0.744 0.554

(05,09 M 0.635 0.697 0.635 0.598 0.845 0.611

(0.5, 0.9) Q 0.632 0.668 0.595 0.563 0.760 0.572

(0.5,0.95) A 0.538 0.579 0.538 0.496 0.737 0.585

(0.5,0.95) M 0.570 0.634 0.566 0.594 0.844 0.611

(0.5,095)  Q 0.556 0.608 0.558 0.524 0.775 0.599
Table 9 Out-of-sample performance under the two-point distributions.
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Appendix B Bisection Search Algorithm
We provide the bisection search algorithm and show its efficiency. For ease of expression, we

suppress the subscript ikjm.

Bisection Search

Input: search precision .
1. RHS +0||al./vaXa.
2. Interval Initialization.
N7 (), N1
While f(77) < RHS do
N1, 7427
3. Bisection Search.
While 7 —n > ¢ do
N (n+1)/2
If f(7) < RHS then
n<
Else
N1
Output: 7 as the final solution for n*.

The algorithm will find a solution 7 with precision € (i.e., |7 —n*| <&) in at most

og, @nwﬂ + g, W]

iterations, reasoning as follows.

The new risk threshold introduced is v* = ®,(n*) > v with

o . Olal . _ e
v =it {12870 1002 2 where g =n@o - [ o

Note that the function f(n) is monotonically increasing in 7 on the interval 7 > ®_ (), since for
any 1> ®_*(v), we have f'(n) = ®4(n) —v+nd4(n) —nk-g(n?/2) = ®4(n) — v > 0. Therefore, there
exists one and only one zero point for the equation f(n) =6|lall./va Za on n € (@, (), 4+00),
which is 77*. Based on this, we could efficiently find n* via our bisection search algorithm. The
result then follows from the two observations: (i) step 2 will stop once 7 reaches n*, thus there are
at most [log,(n*/®,"(v))] iterations; and (i) at the beginning of step 3 we have n > ®_"'(v) and
7 <277, thus the bisection search will take at most [log,((2n* —®,'(7))/e)] iterations.
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