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Abstract

In this paper, we study several classes of set-valued maps, which can be
used in set-valued optimization and its applications, and their respective maxi-
mum and minimum value functions. The definitions of these maps are based on
scalar-valued, vector-valued, and cone-valued maps. Moreover, we consider those
extremal value functions which are obtained when optimizing linear functionals
over the image sets of the set-valued maps. Such extremal value functions play an
important role for instance for derivative concepts for set-valued maps or for al-
gorithmic approaches in set-valued optimization. We formulate conditions under
which the set-valued maps and their extremal value functions inherit properties
like (Lipschitz-)continuity and convexity.
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1 Introduction

Set-valued mappings arise in a vast variety in optimization theory and applications.
Such maps are of interest, for example, in parametric and semi-infinite optimization
[31], in bilevel optimization [8], and in robust optimization [12]. Important applications
of set-valued maps can be found in the areas of socio economics [28], welfare economics
[4], and finance [17].

In this paper we examine set-valued maps with special structures defined by scalar-
valued, vector-valued, and cone-valued maps. Moreover, we study for these set-valued
maps special types of extremal value functions obtained pointwise by minimizing or
maximizing certain linear functionals over the image sets (see the forthcoming Defi-
nition 2.2). The extremal value functions defined in this way play an important role
in the field of set-valued optimization, i.e., optimization problems with a set-valued
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objective function and where the image space is partially ordered by a given ordering
cone. For a detailed introduction to set-valued optimization we refer to the book by
Khan, Tammer and Z&linescu [24].

In the context of set-valued optimization there exist at least two approaches for opti-
mality concepts. In the so called vector approach one is interested in nondominated
points of the union of all image sets. In contrast to that, by using the so called set
approach one defines optimal elements by binary relations which compare image sets
as a whole. Note that the latter approach is considered to be more realistic in many
situations (cf. [21]). Such binary relations have been introduced in the literature in a
wide variety. For an overview we refer to [11, 23]. Most prominent are the lower less
relation, the upper less relation, and the set-less relation which is the combination of
both.

According to [22], these binary relations can be characterized under certain convexity
assumptions by infinitely many inequalities which make use of the above mentioned
extremal value functions. Based on these characterizations, optimal solutions of set-
valued optimization problems can be obtained by optimizing these extremal value func-
tions. Additional investigations in this regard can be found in [13] and [20]. In addition
to that, the extremal value functions can be used for the definition of set differences
and based on this for directional derivatives of set-valued maps in the case of strictly
convex and compact image sets [21] or, more general, in the case of convex and compact
image sets [2]. These approaches allow numerical calculations and the formulation of
necessary optimality conditions for set-valued optimization problems.

In the field of optimization in general (Lipschitz-)continuity and (quasi-)convexity of
mathematical functions and mappings are of high relevance. Due to the reasons men-
tioned above we investigate in this paper under which assumptions on the scalar-valued,
vector-valued, and cone-valued maps the respective set-valued maps and their extremal
value functions fulfill these properties. Several of these results can be derived as special
cases from results in the literature on parametric optimization, where they have been
provided in a very general setting (cf. [3]). Others have already been examined in [18].
By using the specific structure and shifting to pre-image space R" and image space R™
we simplify the results.

Additionally, we provide new results concerning the (Lipschitz-)continuity and u-type
C-convexity of some of the above mentioned types of set-valued maps. By introducing
a new concept of quasiconvexity that generalizes natural K-quasiconvexity in the sense
of Tanaka [32], we are able to generalize a result that provides a sufficient condition
for (-type C-convexity for one of the considered set-valued maps.

Moreover, by the structure of the paper we aim at providing a suitable overview for
researches who want to apply optimization methods to the given set-valued maps.
Therefore, we are interested in a condensed overview of relationships between the
characterizing functions in the definitions of the set-valued maps, the set-valued maps
themselves, and their respective extremal value functions.

The paper is organized as follows. In Section 2 we give the basic notations and defi-
nitions that we use throughout the paper. Section 3 contains the main results. First,
we investigate continuity properties of the set-valued maps and their extremal value
functions. Afterwards, we investigate Lipschitzianity and finally we study convexity
properties. In Section 4 we give a short summary.



2 Preliminaries

We start this section by introducing the notation we use in this paper. By N we denote
the natural numbers not including zero, by R we denote the real numbers, and by R,
we denote the nonnegative real numbers. Based on this we define R := RU{—o00, +-00}.
As usual, elements v of R™ are considered as column vectors, and by v’ we denote
the transposed of v. The zero vector of a real linear space is denoted as 0. In case
it is not obvious to which space the 0 refers to, we denote the respective space in the
index of the 0. For a set A C R™ we denote its interior, closure, cardinality and convex
hull by int(A), cl(A), |A| and conv(A), respectively. Moreover, we denote by || - || the
Euclidean norm in R™. According to this we define for an element y° € R™ and ¢ > 0
the sets

B(y’e) :={y e R™ | |y° —yll <e} and B(y°,e) :={y e R™ | |ly’ —y|| < e}.

If ¥ = 0 and £ = 1, we just write B and B instead of B(0, 1) and B(0, 1), respectively.
Furthermore, for A C R™ and a point y° € R™ we denote the distance of y° to A as

d(y’, A) = inf [ly* = ]|

Note that here and in the whole paper we use the convention infy := oo and supy :=
—o0. Finally, for £ € N the set [k] is defined as [k] ;= {i € N | i < k}.

Now, we recall the main concepts that are used throughout this paper. First, recall
that a nonempty set C' C R™ is a cone if Ak € C holds for all £k € C' and all A > 0. A
cone C is called pointed if C'N (—C) = {0} and solid if int(C') # 0. Moreover, a cone
C is convex if and only if C'4+ C' = C and by C* we denote the dual cone of C' defined
as

C*:={{eR™|{Tk>0forall kcC}.

A cone C is called polyhedral if there exists B € R¥™ such that C = {y € R™ |
By SRi 0}. For elements y*,y?> € R™ and a cone C' C R™ we define the following
binary relation

y' <cy?: = y-y' el
and for a solid cone C' we define
y' <cy’: = y*—y' emt(C).
The binary relations defined above can be generalized for sets A, B C R™. We define
AjéB: < BCA+C and A=X(B: <= ACB-C.

Obviously, for y!,y?> € R™ we have y' < y? if and only if {y'} <5 {32} if and only
if {y'} <% {y?}. The relation <% is the so called lower less relation and <Y is the so
called upper less relation. These two binary relations can be used when comparing sets
in the context of set-valued optimization. See [23] for an overview on these and other
set relations. In case C' = RY' we may omit the subscript C'. For a given set-valued
map F: R" = R™ we define its domain and its graph by

dom(F) :={x € R" | F(x) # 0}

and
gph(F) := {(z,y) € dom(F) x R™ | y € F(z)},
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respectively. Furthermore, the epigraph of F' with respect to a cone C' C R™ is defined
as
epi(F, C) :={(z,y) € dom(F) x R™ | 3z € F(x) : z <¢ y}.

Unless stated otherwise, we work with the following setup throughout the rest of this
paper.

Assumption 2.1 Let C C R™ be a closed, pointed, solid and convex cone, let ¢ € R™,
let g,g', g?: R" — R™ be vector-valued functions with g*(x) <¢ ¢*(z) for all z € R,
let r: R" — R, be a nonnegative scalar-valued function, let L: R™ — R™ be a linear
map, let A C R™ be a nonempty set, let P: R = R™ be a set-valued map such that
P(z) is a closed convex cone for all x € R™ and let h: R" x R™ — R¥ be a vector-valued
function. Then, we define the set-valued maps F;: R = R™ for j € [6] by

[9(x), g(2) +q] == {Ag(w) + (1= N(g(x) +q) | A € [0,1]} (interval-type)
9'(2), *(0)]o == ({g' (1)} + ) N ({g*(2)} — C) (boz-type)

o Fi(z):=
) =
2) = {g(x)} + r(z)B (tubular-type)
) =
) =
) =

o [h(x

{L(x)} + A (affinelike-type)
{9(z)} + P(z) (cone-valued-type)

T

2
F(
o Fy(x
F5(
(

o Fy(x {y e R"™ | h(z,y) <k 0} (constraint-type)

for all x € R™. Additionally, we assume that dom(Fg) # 0.

By definition, dom(F;) = R™ for i € [5]. The set-valued maps Fj, j € [5] have been
studied in [18]. There, certain continuity properties and ¢-type C-convexity (see the
forthcoming Definition 3.23) have already been examined. Here, we want to further
investigate properties of these set-valued mappings and also study set-valued maps of
the type Fis. Thereby, we have a special interest in the relationship between properties
of the function g, g, g%, r, L, P, h and the set-valued maps F}, j € [6]. Note that
under additional assumptions it is possible to rewrite F; for all j € [5] in the form
of Fs. However, by maintaining the structure given by the respective definitions it is
possible to drop some assumptions and hence, obtain stronger results as it would be
possible when using said reformulations.

As we mentioned in the introduction, in set-valued optimization it is often helpful to
study the following minimum and maximum value functions of the according opti-
mization problem, see [13, 20, 22]. This is particularly the case if the image sets of the
set-valued mappings are convex. Hence, we investigate the convexity of these sets in
the forthcoming Lemma 3.5.

Definition 2.2 Let { € C*. Then the minimum value function gpmm R™ — R and the
mazimum value function et - R™ — R of a set-valued map F: R* = R™ are defined
by
ol (2) .= inf Ty for all z € R,
yEF ()

Soiﬁx(x) ‘= sup ny for all z € R™.
yEF(z)

Note that these are special cases of extreme value functions, cf. [3].
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3 Main Results

First, we investigate some basic properties of the image sets Fj(x), j € [6]. Therefore,
we need the following concepts of continuity for scalar-valued functions (cf. [3, Chapter

2]).

Definition 3.1 A scalar-valued function f: R* — R is called

(i) lower semicontinuous (l.s.c.) at x° € R™ if for every sequence (x*)reny C R™ with
ak — 29 it holds

inf{a € R | f(2*) < « for almost all k € N} > f(a°).
(ii) upper semicontinuous (u.s.c.) at 2° € R™ if for every sequence (2%)peny C R™ with
x* — 20 4t holds

sup{a € R | f(2*) > a for almost all k € N} < f(a).

(iii) continuous at x° € R™ if it is l.s.c. and u.s.c. at 2°.

If a scalar-valued function f is l.s.c., u.s.c. or continuous at every point x € R", then
f s called l.s.c., u.s.c. or continuous, respectively.

This allows us to formulate the following lemma investigating closedness and compact-
ness of the image sets Fj(x). The statements (i) to (iv) are given in [18, Proposition
3.1]. The proof of statement (v) is easy and hence omitted.

Lemma 3.2 The following statements hold:

(i) The set F;(x) is closed for all x € R™ and j € [5] \ {4}.

(ii) If A is closed, then the set Fy(z) is closed for all x € R™.
(iii) The set F;(z) is compact for all x € R™ and j € [3].

(iv) If A is compact, then the set Fy(x) is compact for all x € R™.

(v) If hi(z, ) : R™ — R is l.s.c. for an x € R"™ and all i € [k], then the set Fs(x) is
closed. Hence, if Fg(x) is additionally bounded, then Fg(x) is a compact set.

Due to the structure provided by the set-valued maps F}, j € [4] we can explicitly
calculate their respective extremal value functions. This will be very useful for our

investigations later on. For 5 = 5 we can do this only under additional assumptions
and for 7 = 6 we can only formulate a sufficient condition such that gpfﬁf (x) and

g@gfaﬁ(x) are attained for x € dom(Fg).

Lemma 3.3 Let ¢ € C* and x € R™. Then, the infima gpfﬁf(w) and suprema gpffaﬁ(x)
for j € [5] are attained and the following statements hold:

(i) ohii(x) = €T g(z) + min{0, "¢} and pILt(z) = 7 g(z) + max{0, ¢ q}.
(ii) o (x) = (g (x) and pI2t(x) = (T g*(z).
(i) s () = €T g(x) — |||r(z) and OI3L(x) = (Tg(x) + ||€||r ().

b}



() If A is compact, it holds ¢"%'(x) = (T L(x) + Iyrgl (Ty and oEvi(x) = (T L(z) +

max

max (' y.
yeA

(v) If P(x) C C or P(x) € =C, then pyii(z) = (Tg(x) or pfii(x) = (Tg(x),
respectively.

(vi) If v € dom(Fy), Fy(x) is bounded and hi(x,-) is l.s.c. for alli € [k], then oE3 (x)
and oL (z) are attained.

max

Proof. Note that ¢ € C* implies Ty > 0 for all y € C and £T2 < 0 for all z € —C.
Based on that, the proofs of (i), (i7), (iv) and (v) are easy and hence omitted. For the
proof of (iii) we refer to [10, Lemma 10.3.17]. Statement (vi) follows by Lemma 3.2
and the Weierstrass theorem. O

For examining convexity of the image sets F;(z), j € [6] we need the well-known and
important concept of K-convexity of a vector-valued function w.r.t. a convex cone K.

Definition 3.4 Let f: R™ — R™ be a vector-valued function and K C R™ be a convex
cone. Then f is called K-convez if for all x', 2% € R™ and all X € [0,1] it holds

FOxt 4+ (1= N)a?) < Mf(ah) + (1 — N f(?). (3.1)

If M CR" is a convex set and (3.1) holds for all z*,2?> € M and all X € [0,1], then f
is called K-convexr on M.

Note that f(z) = (fi(z),..., fm(z))": R* — R™ is R7-convex (on a convex set
M CR") if and only if f; is convex (on M) for all i € [m].

The following lemma examines convexity of the image sets Fj;(z), j € [6]. The state-
ments (i) and (i) are given in [18, Proposition 3.1]. The proof of statement (ii7) is
easy and hence omitted.

Lemma 3.5 The following statements hold for all x € R™:
(i) The set Fj(x) is convex for all j € [5] \ {4}.
(ii) If A is convex, then the set Fy(x) is convex.

(iii) If h(z,-): R™ — R* is RE -convex, then Fg(x) is convex.

3.1 Continuity

In this section we examine continuity properties of the set-valued maps Fj, j € [6] and
their respective extremal value functions according to Definition 2.2. Thereby, we use
the following concepts (cf. [3, Section 2.2], [27, Chapter 1] and [29, Definition 5.14]).

Definition 3.6 A set-valued map F: R™ = R™ is called
(i) closed at z° € R™ if for all sequences (z*)reny € R™ and (y*)ren € R™ with
z* — 20, Y — P, y" € F(z*) for allk € N

it holds y° € F(z°).



(ii) locally bounded at z° € R™ if there exist §,& > 0 such that for all x € B(2°,4) it
holds
F(z) C eB. (3.2)

(iii) locally compact at x° € R™ if there exists § > 0 and a compact set K C R™ such
that for all x € B(x°,d) it holds

F(x) C K.

(iv) lower semicontinuous (Ls.c.) at z° € R" if for each open set Q with QNF(x°) # ()
there exists a § > 0 such that QN F(x) # 0 holds for all x € B(x°,9).

(v) upper semicontinuous (u.s.c.) at x° € R™ if for each open set Q with F(2") C Q
there exists a § > 0 such that F(x) C Q holds for all x € B(2,6).

(vi) continuous at x° € R™ if it is l.s.c. and u.s.c. at 2°.

If a set-valued map F is closed, locally bounded, locally compact, l.s.c., u.s.c. or contin-
uous at every point z° € R™, then F is called closed, locally bounded, locally compact,
l.s.c., u.s.c. or continuous, respectively. Moreover, if there ezists € > 0 such that (3.2)
holds for every x € R™, then F' is called globally bounded.

Remark 3.7 Obviously, a set-valued map F: R™ = R™ is locally bounded at 2° € R"
if and only if F is locally compact at 2°. Still, we use both notions in order to maintain
consistency with the results we cite.

Note that different continuity concepts for F};, j € [5] have been studied for instance
in [18, Proposition 3.4]. Here, we focus on l.s.c. and u.s.c. as these concepts allow us
to make statements concerning the continuity of the extremal value functions.

The following proposition investigates continuity properties of the sum of set-valued
maps that will be useful in later proofs.

Proposition 3.8 Let F,G: R" = R™ be set-valued maps and let F'+ G: R" = R™ be
defined by
(F+ G)(z) = F(z) + G(x).

Then, the following statements hold:

(i) If F and G are w.s.c. at x° € R™ and the image sets F(2°) and G(x°) are compact,
then F + G is u.s.c. at x°.

(ii) [16, Proposition 2.5.13] If F and G are Ls.c. at 2° € R", then F + G is Ls.c. at
0
z’.

Proof. For the proof of (i) let F and G be us.c. at 2° € R" and the image sets
F(2") and G(2°) be compact. Furthermore, let @ C R™ be an open set such that
F(2°) +G(2°) C Q holds. Then, there exists € > 0 such that F(z°) + G(2°) +2eB C Q
holds, since F(2°) + G(z°) is compact and ( is open. Moreover, there exists § > 0
such that F(z) C F(2") +eB and G(x) C G(2°) + B holds for all z € B(z°, ), since
F and G are us.c. at 2° and F(2°) + B and G(2°) + B are open sets. Then, for all
r € B(z%,0) it holds F(z) + G(x) C F(2°) + G(2°) + 2¢eB C Q and we are done. [



For results considering the continuity of Fi we make use of additional concepts. Based
on the definition of Fg we define the set-valued map Fy: R" = R™ by

FO(z) == {y e R™ | h(z,y) <gk 0} for all z € dom(Fp)
6 ? for all 7 € R™\ dom(Fy)

Additionally, we need the concept of strict quasiconvexity for scalar-valued functions.
Recall that f: R® — R is called strictly quasiconvex if for all 2!, 22 € R" with
flz') < f(z?) and all A € (0,1) the inequality f(Az! + (1 — N)2?) < f(2?) holds.
Note that convex functions are in particular strictly quasiconvex. The following the-
orem establishes relationships between the continuity of h and the continuity of Fj.
The results are a consequence from [3, Theorem 3.1.1], [3, Theorem 3.1.2], [3, Theorem
3.1.5] and [3, Theorem 3.1.6] for our specific setting.

Theorem 3.9 Let 2° € dom(Fg). Then the following statements hold:
(i) If the functions h; are L.s.c. on {x°} x R™ for all i € [k], then Fy is closed at x°.

(ii) If the functions h; are l.s.c. on {2°} x R™ for alli € [k] and Fg is locally compact
at 2%, then Fy is u.s.c. at 2°.

(iii) If the functions h; are u.s.c. on {x°} xR™ for alli € [k] and Fg(2°) C cl(FQ(2Y)),
then Fy is l.s.c. at aV.

(iv) If the functions h; are u.s.c. on {z°} x R™ for all i € [k], the functions h;(z",-)
are strictly quasiconvez for all i € [k] and FQ(x°) # 0, then Fg is Ls.c. at 2°.

Note that the requirement of local compactness in statement (ii) is equivalent to the
fact that Fj is locally bounded at x° according to Remark 3.7. Also note that (iv)
needs stronger assumptions on the h; than (iii) to derive the same conclusion, but in
practice the condition F2(x°) # ) is easier to check than Fg(z°) C cl(FQ(2")). The
following theorem gives sufficient conditions for the continuity of F}, j € [6] \ {5} and
ls.c. of F5. Note that u.s.c. of F5 cannot be guaranteed by Proposition 3.8 (i) due to
the noncompactness of the image sets of P.

Theorem 3.10 Let 2° € R™. Then the following statements hold:
(i) If g is continuous at x°, then Fy is continuous at z°.

(ii) If g* and g* are continuous at z°, g*(z°) <¢ ¢*(2°) and C is polyhedral with
int(C) ={y € R™ | By <gd 0} for some B € R&>™  then Fy is continuous at 2°.

(iii) If g and r are continuous at z°, then Fy is continuous at x°.

w) If A is compact, then Fy is continuous at z°.

(iv) pact,

(v) If g is continuous at z° and P is l.s.c. at 2°, then Fy is Ls.c. at x°.

(vi) If h; is continuous on {x°} x R™ and h;(x°,-) is strictly quasiconvex for alli € [k],
Fs is locally bounded at x° and FQ(2°) # 0, then Fy is continuous at z°.



Proof. First, recall that for a given vector-valued function f: R™ — R™ the set-valued
map F: R" = R™ defined by F(z) := {f(x)} for all z € R" is continuous at z° € R"
if and only if f is continuous at z°. Furthermore, constant set-valued maps F, i.e.,
maps F: R" = R™ with F(z) = M C R™ for all x € R" are continuous at every
r € R™. Finally, the sum of set-valued maps that are continuous at z° € R" and
have compact image sets is also continuous at 2° due to Proposition 3.8. This proves
statement (iv). Statement (v) follows directly from Proposition 3.8 (ii). For the proof
of (i) we make the additional observation that Fi(z°) = {g(2°)} + [0,¢] and observe
that [0, ¢] is compact. Statement (vi) is a direct consequence of Theorem 3.9.

For the proof of (ii) we can now apply (vi) and consider therefore the set-valued map
F; with the special setting h: R® x R™ — R?? defined by

) = (5] )

for all (z,y) € R® x R™. Then it holds Fy(z) = Fg(x) for all z € R™. Moreover, we
observe that h; is continuous on {a:o} x R™ and h;(2°,-) is Strictly quasiconvex for all
i € [2d]. Furthermore, by using ¢*(2") <¢ ¢*(z°) we obtain (g"'(z°)+¢*(2°)) € FO( )
and thus FP(z°) # (. Hence, it remains to show that F6 is locally bounded at z°. In
doing so we obtain by the continuity of ¢* and ¢* at 2° that there exists a § > 0 such
that for all z € B(«?, ) it holds

Fe(x) = Fy() {g' (@)} + )N ({g*(x)} - C)

C ({ga®)} + B+ )N ({20} + B C).

Let M := ({g ()} +B+C)N ({g° (=)} + B — C) and assume that there exists a
sequence (y )1€N C M such that ||y’|] — oco. Then there exists a subsequence (y);en

such that ” ]” — v # 0 and y # 0 for all j € N. However, since y € M \ {0} for all
j € N there exist &, € B such that

gl(x°)+bj<c y'i 092(I0)+5]
il = lyal| — (7l

for all j € N.

By the closedness of C' it follows 0 <o v < 0 and by the pointedness of C' this implies
v = 0, which is a contradiction. Hence, our assumption is false and the defined set M
is bounded and thus Fy is locally bounded at z°.

Finally, for the proof of statement (iiz), note that the compactness of the image sets of
the set-valued map Fy: R" = R™ defined by Fy(z) := r(z)B for all 2 € R is obvious.
Hence, 1n view of the above and Proposition 3.8, it suffices to show the continuity of
Fy at 2°. To verify the upper semicontinuity of Fy at 2° let © C R™ be an open set
with F3( 0) C Q. By compactness of F3(2°) and openness of Q there exists & > 0 such
that £} (2°) +eB C Q. Due to the continuity of the nonnegative scalar-valued function
r at z° there exists § > 0 such that r(z) € {r(2°)} + [—¢,¢] for all z € B(2°,4). By
[7(2°) — e] < r(2%) + € we conclude

Fy(z) = r(z)B C (r(z°) + &)B = r(2°)B + eB = F3(2°) + B C Q

for all z € B(2Y,9). )
To prove the lower semicontinuity of Fs at 20 let Q C R™ be an open set with {2 N
F3(2°) # 0. Hence, there exist y° = r(z°)0° € F3(2°) with ° € B and there exists ¢ > 0
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such that {3°} +eB C Q. Again, due to the continuity of r at z°, there exists § > 0
such that r(x) € {r(z")} + [—¢,¢] for all x € B(2°,6) and by [r(z°) —¢| < r(2°) + & we
conclude

r(z)0° € ({r(z)} + [—¢,e])b° C {r(@”)p°} +eB = {3°} + B C Q

for all € B(z°,8). Together with r(2)b° € Fy(z) we obtain QN Fy(z) # 0 for all
r € B(z2,0). O

Since we have to impose several assumptions on A in order to derive sufficient conditions
for properties of Fg, we introduce the following example. With this we show that the
assumptions we make on h are not too restrictive.

Example 3.11 Let n = 1, m = 2, C = R2 and let f: R — R? be an arbitrary
continuously differentiable function. We define M := conv({(0,0)",(1,2)7,(2,1)"})
and set

(1,1)2—3
Fs(z) = {f(x)} + M = f(z) + 2z € R? (=2,1)z | <gz 0
(1,-2)z
(1, )y — f(z)) =3
=JyeR || (=2, 1)(y— f(z)) | <ps O
(1, =2)(y — f(x))

for all x € R. Hence, for obtaining a representation of Fg with the help of a function
h, we set h: R x R? — R3 with

(1, 1)(y — f(»—
(L—@@—f@ﬂ

for all (z,y) € R x R%. Then for every i € [3] and every z° € R, the function h; is
continuous on {x°} xR? and h;(2°, -) is strictly quasiconvex. Moreover, by construction,
Fs is locally bounded at 2° and F2(x°) # 0. By Theorem 5.10 (vi) the set-valued map
Fy is continuous.

Next, we investigate the continuity of the extremal value functions. Therefore, we need
the followmg lemma (cf. [3, Theorem 4.2.2], [3, Theorem 4.2.3]).

Lemma 3.12 Let ¢ € C*. Then the following statements hold:
(i) If Fy is Ls.c. at 2° € dom(Fy), then the functions or%f and oot are w.s.c. at x°.

(ii) If Fs(z°) is a closed set for 2 € dom(Fy) and Fg is u.s.c. at 2°, then the functions
OF and pFol are ls.c. at 2°.

The following theorem gives sufficient conditions for the continuity of gpgfnf and goffg{ﬁ,
j € [6]. The proof of statements (i) to (v) follows from Lemma 3.3. The proof of
statement (vi) follows directly from Lemma 3.2 (v), Theorem 3.10 (vi) and Lemma
3.12.
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Theorem 3.13 Let 2° € R” and ¢ € C*. Then the following statements hold:

F .
(i) If g is continuous at x°, then gpmll;l and @Vt are continuous at x°.

(ii) If g or g* are continuous at z°, then goml;l or gofﬁa’x are continuous at z°, respec-

tively.

F37

; 0
e are continuous at .

iii) If g and v are continuous at x°, then £ and
g gpmln 90

F47

: 0
e are continuous at .

() If A is compact, then ©f% and ¢

(v) If g is continuous at x° and there exists 6 > 0 such that P(x) C C holds for
all v € B(2°,9), then @fﬁ;l is continuous at x°. If g is continuous at x° and
there exists 6 > 0 such that P(z) C —C holds for all x € B(2°,0), then ¢3! is
continuous at x°.

(vi) If h; is continuous on {x°} x R™ and h;(x°,-) is stmctly quasiconvex for alli € [k],
Fs is locally bounded at 2° and FQ(2") # 0, then oret and Bl are continuous
at °.

According to [9, Lemma 3.4] the cone-valued map P is u.s.c. at z° if and only if there is
a neighbourhood U of z° such that P(x) C P(z°) for all z € U. Hence, for P u.s.c. at
2%, the condition P(x°) C C' already guarantees that there exists ¢ > 0 with P(z) C C
for all z € B(2",9).

3.2 Lipschitz-continuity

In this section we investigate Lipschitzian properties of the set-valued maps F}, j € [6]
and their impact on the respective minimum and maximum value functions. We start
with some basic concepts and definitions (cf. [27, Definition 1.40]).

Definition 3.14 Let F: R" = R™ be a set-valued map and (2°,y°) € gph(F). Then
F s called

(i) Lipschitz-like at (2°,4°) if there exist L,d,e > 0 such that for all ', 2* € B(2°,0)
it holds -
F(x')NnB(y’,e) C F(z®) + L |2* — 2*||B.

(ii) Lipschitzian at x° if there exist L,6 > 0 such that for all z*,x* € B(x°, ) it holds
F(z') C F(2?) + L||2* — 2'|| B.
Furthermore, a vector-valued function f: R™ — R™ is called Lipschitz-continuous at
2% € R" if the set-valued map x — {f(x)} is Lipschitzian at x°.

Please note that a set-valued map F that is Lipschitzian at 2° € dom(F) is also
Lipschitz-like at every (2°,9°) € gph(F). For the proof of Lipschitzianity of Fg we will
need some additional concepts (cf. [5, Section 2]).

Definition 3.15 Let (2°,1y°) € gph(Fs). We define the set of indices of active inequal-
ity constraints at (z°,1°) as

(2% ") == {i € [K] | hi(a”,y") = O}.

Furthermore, if h; is continuous and V h;: R" x R™ — R™ ezists and is continuous
for all i € [k], then the set-valued map Fyg

11



(i) satisfies the Mangasarian-Fromovitz constraint qualification (MFCQ) at y° w.r.t.
Fs(2°) if there exists no \ > 017(20,40), A # 0 such that

Z )\ivyhi(aso,yo) = 0.

i€l(z%,y0)

(ii) satisfies the Relazed Constant Rank Constraint Qualification (RCRCQ) at (x°,y°)
if for any J C I(2°,9°) there exist 6, > 0 such that for all (z,y) € B(z",0) x
B(y°, €) it holds

rank{V, h;(z,y) | i € J} = rank{V, h;(2",4°) | i € J}.
(iii) is called R-reqular at (x°,9°) if there exist M, 0, > 0 such that for all (z,y) €
B(z°,0) x B(y°, ) it holds

d(y, Fe(x)) < M max({0} U {hi(x,y) | i € [K]})-

For relations between the constraint qualifications given above and to other constraint
qualifications we refer the reader to [26].

The following Lemma from [5] establishes sufficient conditions for Fy being Lipschitz-
like and the minimum and maximum value functions being Lipschitz continuous.

Lemma 3.16 Let (2°,9y°) € gph(Fg) and £ € C*. Then the following statements hold:

(i) [5, Theorem 4.2] If Fy is l.s.c. at x° and satisfies (RCRCQ) at (z°,4°), then Fs
is R-reqular at (x°,4°).

(ii) [5, Theorem 5.1] If Fy is R-reqular at (z°,y°), then Fy is Lipschitz-like at (z°,y°).

(1ii) [5, Theorem 5.4] If h; is Lipschitz-continuous for alli € [k], Fg is locally bounded
and Fy is R-reqular at (2°,4°), then oret and oEl are Lipschitz-continuous at

min
0

T .

The following lemma allows us to derive Lipschitzianity of Fy from Fg being Lipschitz-
like (cf. [27, Theorem 1.42]).

Lemma 3.17 Let 2° € dom(Fy) and Fy be locally compact and closed at 2°. Then, Fg
is Lipschitzian at x° if and only if Fy is Lipschitz-like at (z°,y°) for every 3° € F(x°).

The following theorem gives sufficient conditions for the Lipschitzianity of Fj, j € [6].
Theorem 3.18 Let 2° € R™. Then the following statements hold:
(i) If g is Lipschitz-continuous at x°, then Fy is Lipschitzian at x°.

(ii) If g* and g* are continuously differentiable, g'(x) <c g*(z) for all x € R™ and C
is polyhedral with int(C) = {y € R™ | By <gd 0} for some B € R™>™  then Fy is

Lipschitzian at x°.
10 and r are Lipschitz-continuous at x°, then F3 is Lipschitzian at x°.
i) If g and Lipschit ti t 2°, then Fy is Lipschitzian at x°

(iv) The set-valued map Fy is Lipschitzian at °.

12



v 18 pschitz-continuous at r~ an 1S pschitzian at xr-, en r's 1S 1ps-
If g is Lipschit ti t 2° and P is Lipschitzian at 2°, then Fs is Li
chitzian at x°.

(vi) Let 2° € dom(F) and let at least one of the following conditions be fulfilled:

o Fy satisfies (RCRCQ) at (z°,4°) for all y° € Fg(2), FQ(z°) # 0 and the

functions h;(2°,-) are strictly quasiconvex for alli € [k].
o [y satisfies (MFCQ) at y° w.r.t. Fg(z°) for all y° € Fy(x).

If additionally h; is continuously differentiable for all i € [k] and Fy is locally
bounded at z°, then Fy is Lipschitzian at x°.

Proof. First, we observe that the sum of two set-valued maps that are Lipschitzian at
20 is also Lipschitzian at 2° and that a set-valued map F that is constant is Lipschitzian
at every x € R™. This proves (i), (iv) and (v).

For the proof of (vi) we have that Fy is locally bounded at z° by assumption, due
to Remark 3.7 also locally compact at 2°, and closed at 2° from Theorem 3.9. Now,
assume that the first condition is fulfilled. Then, Fy is Ls.c. at 2° due to Theorem 3.9.
According to Lemma 3.16 the map Fj is Lipschitz-like at (2°,¢") for all 3° € Fg(x?).
From Lemma 3.17 we obtain that Fy is Lipschitzian at z°.

If the second condition is fulfilled, then the assumptions of [27, Corollary 4.39] are
fulfilled for every y° € F(z") and, as a consequence, we obtain that Fy is Lipschitz-like
at (29, 4°) for every 4° € Fs(2°). With Lemma 3.17 we conclude that Fg is Lipschitzian
at 2Y.

For the proof of (ii) we apply (vi). Therefore, and analogously to the proof of Theorem
3.10, we define h: R™ x R™ — R?? by

_ (By—g'(x))
M, y) = <B<g2<x> - y>>

for all (z,y) € R" x R™ and have Fy(z) = Fi(x) for all x € R™. From our assumptions
it follows that h; is continuously differentiable and that h;(x?, -) is strictly quasiconvex
for all ¢ € [2d]. Analogously to the proof of Theorem 3.10 one can show that Fg is
locally bounded at ° and that FQ(z°) # (). Finally, it is easy to see that (RCRCQ) is
fulfilled at (2%, y°) for all y* € Fy(a?).

For the proof of statement (iii) it remains to show that the set-valued map £ defined
analogously to the proof of Theorem 3.10 is Lipschitzian at 2°. Therefore we observe
that due to the Lipschitz-continuity of r at 2% there exist L,J > 0 such that for all
z', 2 € B(2Y,§) it holds

Fg(atl) = T(xl)E C (r(xQ)—l—Lsz—le)B = r(xQ)EjLLHmZ—leI@ = 13’3(1'2)+L\|x2—x1|]@
and we are done. O]

Remark 3.19 (i) The assumption of Theorem 3.18 (v) concerning P is very strong.
Assume the map P is Lipschitzian at 2°. Then, by [9, Theorem 3.8/, there exist
some § > 0 such that P is constant on B(z°, ).

(ii) If, on the other hand, Fy is Lipschitzian at 2° and g is Lipschitz-continuous at
20, then P(z) = Fy(z) + {—g(x)} for all x € R™. Hence, P is Lipschitzian at
20, since it is the sum of set-valued maps that are Lipschitzian at 2°. Again, this

would imply that P is constant on B(z°,0) for some § > 0.
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We investigate the assumptions of Theorem 3.18 concerning A in the following example.

Example 3.20 (Continuation of Example 3.11) For all (z,y) € R x R? we obtain the
pairwise linearly independent vectors

Vhi(z,y) = (1,1)", Vyho(z,y) = (=2,1)" and V,hs(z,y) = (1,-2)".

Let now (2°,9y°) € gph(Fs) be arbitrarily chosen. Then by |I(z°,y°)| < 2 we conclude
that Fg satisfies (MFCQ) at y° w.r.t. Fg5(z°). Moreover, since the vectors YV, hi(x,y),
i € [3] are constant for all (x,y) € R x R?, it is also easy to see that Fg satisfies the
(RCRCQ) at (x°,9°). Thus, by Theorem 5.18 (vi) Fg is Lipschitzian at xz°.

0

The next lemma shows that if a set-valued map F' is Lipschitzian at x”, so are its

respective extremal value functions for every ¢ € C*.

Lemma 3.21 Let F: R™ = R™ be a set-valued map, 2° € dom(F) and ¢ € C*. If F
s Lipschitzian at xq, then gpf{fn and ot are Lipschitz-continuous at z°.

max

Proof. Let L,§ > 0 such that F(z') C F(2?) + L||2®> — 2'||B holds for all z!,2? €
B(z°,d). Then, for every z', 2 € B(x?, §) we obtain

Fe /2 Fel o 1 . T . T
woin (7)) — o (e7) < inf 0y — inf 4
Pnin(@7) = Pmin () yEF(22) Y yEF(22)+L||z2—x1|B 4

= —L|ja® —a'|| inf £y = L||||[|2* — 2.
yeB

Analogously, we get o=t (z1) — 5t (22) < L||¢|||«* — 22| and the respective statements
for ot O]

max*

Hence, the sufficient conditions for the Lipschitzianity of the F}, j € [6] from Theorem
3.18 are also sufficient for the Lipschitz-continuity of their respective extremal value
functions.

Remark 3.22 For Fy it suffices that ¢g' and ¢ are Lipschitz-continuous at 2° € R™ in

order for 22" and o2t to be Lipschitz-continuous at 2°. This follows from Lemma

3.3.

3.3 Convexity

In this section we investigate convexity properties of Fj. The following concepts for
convexity of set-valued maps can be found in [25]. The notion of (-type C-convexity is
also known as (C-)convexity in the literature, see, for instance, [6] and [1, Section 2.1].

Definition 3.23 A set-valued map F: R = R™ is called
(i) L-type C-conver, if for all ', x? € dom(F) and all X € (0,1) it holds
FOa' + (1= Na2?) 5 F(ah) + (1 — N F(2?).
(i) u-type C-convez, if for all x',x* € dom(F) and all X € (0,1) it holds

Fa' + (1= Na?) K AF(xh) + (1 — N F(2?).

14



Based on this and according to [30] we denote by C,(R™, R™, C) and C,(R™,R™, C)
the classes of all /-type C-convex set-valued maps and all u-type C-convex set-valued
maps, respectively. Note that the (-type C-convexity of a set-valued map F' implies
the convexity of dom(F'). In contrast to this the u-type C-convexity of a set-valued
map F' does not necessarily imply the convexity of dom(F").

In the following we derive sufficient conditions such that F} is (-type C-convex. For
j € [5] we can rely on known results from the literature. For j = 6 we will use the

following lemma which gives a characterization for the (-type C-convexity of F' (cf.
[19, Lemma 14.8])

Lemma 3.24 [t holds F' € Co(R™,R™,C) if and only if epi(F,C) is a convex set.

We use the Gerstewitz’s functional, see for instance [24, Section 5.2], in order to derive
a sufficient condition for the convexity of epi(Fs, C). For an element k° € int(C') and
M C R™ the Gerstewitz’s functional pps 0 : R™ — R is defined as

parpo(z) :=inf{t e R | z € th® + M}

for all z € R™. Since we are only interested in the case M = —C, we set pyo := p_c 0.
In the following definition we introduce the well-known concept of generalized mono-
tonicity.

Definition 3.25 A functional ¢: R™ — R is called C-monotone, if y*,y*> € R™ and
y't <cy?® imply o(y') < o(y?).

The following proposition (cf. [24, Section 5.2]) states some useful properties of the
Gerstewitz’s functional which we use in later proofs.

Proposition 3.26 Let k° € int(C). Then the following statements hold:
(i) The functional pyo is finite-valued and continuous.
(7i) The functional pyo is convex.

(iii) The functional pyo is C'-monotone.

Based on the Gerstewitz’s functional we define the lower inner function, see [7, Defi-
nition 3.4], ¢pc: dom(Fg) x R™ — R by

¢c(z,y) == min pp(z —y)
z€Fg(x)
for all (x,y) € dom(Fg) x R™. In order to assure well definedness of ¢¢(z,y) for all
(x,y) € dom(Fg)xR™ a sufficient condition would be compactness of Fs(x). Also, since
we want to investigate convexity properties of Fg, it makes sense to assume convexity
of dom(Fg). Therefore, we introduce the following additional assumption.

Assumption 3.27 Let k° € int(C'), let dom(Fs) be a convex set, let hi(x,-), i € [k] be
l.s.c. at all x € dom(Fg), and let Fg be locally bounded.

Under this additional assumption the minimum in the definition of ¢¢ is attained since
Fs(x) is nonempty by Assumption 2.1 and bounded by Assumption 3.27 and closed by
Lemma 3.2 for every x € dom(Fs) and pyo is continuous due to Proposition 3.26.

We obtain a sufficient condition for the ¢-type C-convexity of Fg in the following lemma.
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Lemma 3.28 Let Assumption 5.27 be fulfilled. Furthermore, let ¢ be quasiconver,
i.e.,

(>‘ 1 ) (1 - )\)($2,y2)) < maX{¢C(x17y1)7¢C<x2ay2)}
for all (x',y1), (22, 9y?) € dom(Fs) x R™ and all X € [0,1], then Fg € Co(R™, R™, C).

Proof. For the epigraph epi(Fg, C') of Fy it holds

epi(Fg,C) = {(z,y) € dom(Fg) x R™ | y € Fg(x) + C}
= {(z,y) € dom(Fs) x R™ | dz € Fg(x)Ik € C: y=2+k}
x, R™| 3z € Fg(x): y—2z€ C}
"

(
(
dz € Fy(z): z—ye —C}
(@) : pro(z —y) <0}
€ dom(Fg) x R™ | min,ep ) pro(z —y) < 0}
€ dom(Fs) x R™ | ¢c(x,y) < 0}.

(
)
)
) € dom(Fg) x
)
)
)
)

|
Y e N e e T
/'\/'\/\/Q/’\/’\/’\
LT ceeceeee

Now, let (21, y1), (22, 42) € epi(Fs,C) and A € [0,1]. Then it holds ¢¢(z!, y') < 0 and
dc(2?,y?) <0 and we obtam

dc(Ma',y') + (1= N y*) < max{oe(a’,y'), de(a,y*)} <0

by the quasiconvexity of ¢¢. Thus epi(Fs, C) is a convex set and Fg € Co(R™,R™, C)
follows by Lemma 3.24. O

Lemma 3.28 motivates the formulation of a sufficient condition for A such that the
function ¢¢ is quasiconvex. Therefore, we introduce the following convexity concept,
which is inspired by and generalizes the concept of natural K-quasiconvexity by Tanaka
introduced in [32].

Definition 3.29 Let M C R® be a convez set, let D C R® and K C RF be convex cones
and let f: M — R* be a function. Then f is called (D, K)-quasiconvez-like on M if

Vo', v? € Mo € (0,130 € M3t € [0,1]: (v <p W' + (1= A?)
A(f(0) <k tF (0N + (1= 1) f(0)).

First, we would like to establish a relation of this convexity concept to the well-known
concepts of K-convexity and quasiconvexity concepts.

Definition 3.30 Let M C R® be a conver set, K C RF be a conver cone and let
f: M — R* be a function. Then f is called

o properly K -quasiconvex on M (in the sense of Ferro [1/]) if
Vol v? € MoA €[0,1] : fOW+(1-Mv?) <g FHV IO +(1-M)v?) <g f(v?).
e natural K-quasiconvex on M (in the sense of Tanaka [32]) if
vol,v? € M, X €[0,1]3t € [0,1] - fOw! + (1 = Mv?) <k tf(v') + (1 =) f(v?).
We observe that the above definitions generalize the standard concept of quasiconvex-

ity in the case of scalar-valued functions f: R® — R with K = R,. Moreover, the
statements of the following lemma follow directly from the definitions.
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Lemma 3.31 Let M C R® be a convex set, let K C R be a convex cone and let
f: M — R* be a function. Then the following statements hold:

(i) If f is K-convex on M or properly K-quasiconvex on M, then f is natural K-
qUasicConver.

(i) If [ is natural K -quasiconver on M, then f is (D, K)-quasiconvez-like on M for
every cone D C R?.

(iii) The function f is natural K-quasiconvexr on M if and only if f is ({0}, K)-
quasiconvez-like on M.

The following example investigates (D, K)-quasiconvex-like functions with preimage
space R.

Example 3.32 Let f: R — R* be an arbitrary function. Then, f is (D, K)-quasiconve-
like on R for all cones D C R with D # {0} and all cones K C R*. To verify this

we note that D € {R,,—R, , R}. Now, let v',v? € R and ) € [0,1]. Without loss of
generality we may assume that vt <g, v2. If D € {R;,R}, then we set v := v' and

t := 1. Otherwise, we set v :=v? and t := 0. In both cases we get v <p M’ + (1 —\)v?

and f(v) <g tf(0') + (1 —t)f(v?) since 0 € K.

Now, using the concept of (D, K)-quasiconvex-like functions we establish a connection
between h and the (-type C-convexity of Fiz. We also state results investigating the
(-type C-convexity of Fj, j € [5], which are taken from [18, Proposition 3.5].

Theorem 3.33 The following statements hold:
(i) If g is C-conver, then Fy € Co(R™,R™, C).
(ii) If g* is C-conver, then Fy € Co(R™,R™, ().
(iii) If g is C-convex and r is concave, then F3 € C,(R",R™, C).
(iv) If A+ C is converz, then Fy € Co(R™, R™, ().
(v) If g is C-convex and P € C,(R",R™, C), then F5 € Co(R",R™, C).

(vi) If Assumption 5.27 is fulfilled and h is (D, K)-quasiconvez-like on dom(Fg) x R™
for D :={0pn} x C and K =R%, then Fs € C,(R",R™,C).

Proof. For the proof of (vi) it suffices by Lemma 3.28 to show that ¢¢ is quasiconvex.
Therefore, let (2, y'), (z%,y?) € dom(Fg) X R™ and A\ € [0,1] be given. It holds that
do(xt,yl) = pro(2t — y') for some 2! € Fy(z!) and ¢o(2?,y?) = pro(2? — y?) for
some 2?2 € Fg(2?). Now, we set v! := (z',2') and v? := (27, 2%). Since h is (D,R")-
quasiconvex-like on dom(Fg) x R™ for D = {Ogn} x C, there exist v = (z,2) and
t € [0,1] with v <p M' + (1 — A)v? and h(v) <mk th(v') + (1 — t)h(v?). Hence,
=M+ (1-MN22 z <g Az + (1 = )N)2? and

h(Ax! + (1= N)a?,2) = h(z,2) = h(v) <gr th(v') + (1 = t)A(v*) <gx 0.
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This implies z € Fg(Az! + (1 — A)z?). Since ppo is C-monotone and convex (see
Proposition 3.26) and hence quasiconvex, we have

pro(Z2 = Ay' + (1= Ny?)) <pro(Az' + (1= 2)2% = (W' + (1 = N)y?))
=p(Az' =)+ (1 =N (2 —y?)
<max{pp(z' —y'), pro(z* — y*)}
=max{¢c(z',y'), dc(2?, y°)}.

Since z € Fg(Az! + (1 — \)x?), we have

de(Ma'yh) + (1= N, y%)) = min pro(z = (Ay' + (1= Ny?))

zEFs(Azt+(1-N)22)
<pro(Z — (W' + (1 — Ny?))
<max{oc(z",y"), pc(2?,y*)}.

This shows the quasiconvexity of ¢ and concludes the proof of (vi).
[

Remark 3.34 The assumption of Theorem 5.33 (v) concerning P is rather strong.
According to [9, Lemma 2.3] the condition P € Co(R™,R™, C) implies P(x) + C =
P(R™) + C for all x € R™.

The following example provides a setting for which the assumptions of Theorem 3.33
(vi) concerning h are satisfied.

Example 3.35 (Continuation of Example 3.11) First, we recall that Fy fulfills all
the conditions to satisfy Assumption 5.27. Under the additional assumption that f is
of the type f(x) = Bz + b for some B € R**! b € R?, the functions h;, i € [3],
are affine-linear. Hence, h is R? -convex and, by Lemma 5.31, h is ({0} x R3,RY)-
quasiconvez-like on R x R%. By Theorem 3.33 we obtain Fy € Co(R™,R™, C').

It is easy to see that in order to achieve (-type C-convexity for the set-valued map Fg it
is also sufficient that h; is quasiconvex for all ¢ € [k]. However, this assumption turns
out to be much stronger than needed. Because in the mentioned case the function
h: R" x R™ — R defined by h(z,y) := max;e[x) hi(z,y) would also be quasiconvex. As
a consequence h would be natural K-quasiconvex for K = R, and thus h would be
(D, Ry )-quasiconvex-like for every cone D C R" x R™ (see Lemma 3.31). In particular,
for every cone C' C R™ the function h is ({O0gn } x O R, )- quasmonvex—hke So we can
apply Theorem 3.33 with h = h and C = C and obtain F; € Co(R™ R™ C’) Since
C was arbitrarily chosen the function Fy is (-type C-convex for every cone C' C R™
in case of quasiconvex h;, which is a much stronger statement than we intended to
obtain. This promotes the usage of a weaker convexity concept for h, which we gave
by (D, K)-quasiconvex-likeness.

Note that the results from Theorem 3.33 instantly yield sufficient conditions for the
convexity of gofflf , J € [6]. The reason is a strong relationship between /(-type C-
convexity of a set-valued map F' and the convexity of gomm Similar interdependencies
also hold for the u-type C-convexity of F' and the convexity of ¢ .

Proposition 3.36 The following statements hold:
(i) [0, Theorem 2.1] If F(x)+ C is closed and convex for all x € dom(F), then
F € Cy(R*,R™, C) if and only if @=L is convex for all ¢ € C*.
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(it) [15, Theorem 3.2] If dom(F) is convex and F(x)— C is closed and convex for all
x € dom(F), then F € C,(R*,R™, C) if and only if Lt is convex for all ¢ € C*.

Note that (-type C-convexity of a set-valued map F': R™ == R™ implies the convexity of
F(z)+C for all z € R" (]9, Lemma 2.2]), while for F' € C,(R™,R™, C) the set F(z)—C
is not necessarily convex. Also, in [15, Example 3.1] it is shown that for Theorem 3.36
(1) the additional assumption that dom(F’) is convex cannot be omitted. Thus, u-type
C-convexity seems to be a more difficult property to deal with. This is also underlined
by the following example. There, we show that for the u-type C-convexity of Fg even
strong assumptions on the functions h; are not sufficient. Even if all functions h; are
affine, Fg might not be u-type C-convex.

Example 3.37 Let n =1, m =2, k =8, C = R% and h: R x R? — R®, h(z,y) =
Q'z + Q*y + ¢ for all (z,y) € R x R%, where

1/ et 1 =10 0 1 —-10 0\
1+ 2 _ _ 8
Q_2<—e4>’ Q_<O 0 1 -10 0 1-1)’ e

Thereby, eP for p € N denotes the all-one-vector of dimension p, i.e., e? € RP with
e’ =1 for alli € [p].
Now, we set ' =1, 2* = —1 and A = §. Then, it is easy to check that

Fs(Ar' + (1 = \)2?) = F5(0) = [-1
Fo(1) = Fy(z') = Fs(a?) = Fo(-1) = [-3, 5)*
Therefore, we have

Fs(\z' + (1= X)2?) = [-1, 1] € [, 1) — C = AFs(2") + (1 = N Fy(2?) — C.
Hence, Fy is not u-type C-convew.

This example suggests that it may be difficult to even find a function h such that Fj
is u-type C-convex. However, since Fg has such a general structure, we can set, for
example, h(z,y) := |lg(z) — y|| — r(z) for all (z,y) € R* x R™. That way it holds
Fs = F3 and we obtain a u-type C-convex map Fg if we choose g and r in a way
such that Fj is u-type C-convex. That the latter is possible is stated in the following
theorem, which formulates sufficient conditions in order to achieve u-type C-convexity
for F;, j € [5].

Theorem 3.38 The following statements hold:
(i) If g is C-convez, then Fy € C,(R™,R™, C).
(ii) If g* is C-convez, then Fy € C,(R",R™ ().
(iii) If g is C-convex and r is convez, then F3 € C,(R",R™, C).
(iv) Fy € C,(R",R™ {0}) and thus F, € C,(R",R™, C).
(v) If g is C-convex and P € C,(R",R™, C), then F5 € C,(R",R™, C).
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Proof. (i) Let 2!, 22 € R", A € [0,1] and y € Fy(Az' + (1 — A\)z?). Then, there exists
€ [0, 1] such that

y =tg(Azt + (1= Na2?) + (1 —t)(gOhz' + (1 — N)a?) + q).
Since g is C-convex, it holds that

y <c t(Ag(z') + (1= N)g(a?) + (1 = )(Ag(z") + (1 = N)g(2?) +q)
= Atg(=") + (1 = )(g(z") + @) + (1 = N)(tg(2*) + (1 = t)(g(z*) + q))
€ APy (') + (1= A)Fy(2%).

) 1(2?) — C. As y was chosen arbitrarily, we

This implies y € MFy(2!) + (1 —
CAF(z') + (1 = N Fy(a?) - C.

have Fy(Ax! + (1 — \)z?)

(i) Let a',2? € R™ and X\ € [0,1]. Since g'(z) <¢ ¢*(z) for all z € R" and C' is
pointed and convex, we have

ABy(z) + (1= N Fy(2?) — C
=({Ag' (")} + O)n ({Ag*(2")} = C)

+ {1 =Ng' @)} +O) N ({1 = Ng*(z*)} - CO) - C
O(({Ag*(zN)} + C) N ({Ag?(a)} = O)

+ {1 =N} +O0) N ({1 =N (=%} - 0) - C

=({Ag* (@)} + {1 = N)g*(@*)}) - C
:{/\92(1’1) + (1 _ /\)92(1,2)} —C.

Since ¢? is C-convex, it holds Ag?(z!) + (1 — N)g?(2?) — ¢ = g*(Az' + (1 — N)z?)
for some ¢ € C. Using the convexity of C, this implies

AP (2h) + (1= N} - C
={ A" + (1 = Ng*(2*)} - C = C
DA () + (1= Ng*(2*)} = {c} = C
{2 + (1 =Nz} - C
D({g° (At + (1= N2} = C)n({g' Aa! + (1 = N)a®)} + O)
=F(Ar' + (1 — \)2?

and thus Fo(Ax! + (1 — N)a?) C AFy(2h) + (1 — \) Fy(2?) — C.
(iii) Let ', 2% € R™ and X € [0, 1]. Moreover, let

y € F(Ax!+(1-N)a?) B
= {gAzt+ (1= N2} +r(Az! + (1 — N)z?)B.

By the C-convexity of g and by the convexity of r it holds

{9 + (1= N)a*)} € Mg(ah)} + (1 = M{g(a?)} -
and

r(Az 4 (1 = N)z?)B C (Ar(z!) + (1 = Nr(@?)B = Ar(z))B + (1 — \)r(2?)B,
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respectively. Hence, we obtain

y € Myl )}+(1— Mog(a®)} + Ar(z )@+(1—A)_7“($2)@—C
= A{g(@")} +r(=")B) + (1 - )({9( )} +r(@*)B) - C
= ABy(ah) + (1= M) Fs(2?) —

and thus Fy(Ax' + (1 — N)a?) C AF3(zt) + (1 — \) Fy(2?) — C.
(iv) Let z',2? € R" and A € [0,1]. It holds

Faxr + (1 =Nz ={LO2' + (1 =Nz} + A

}
L

)
= ML)} + (1= ML)} + A
CMLEH}+ (1 =N{LE))}+ X A+ (1-NA
= M{L(=")} + A) + (1 = N({ L")} + 4)
= AFy(a') + (1 = N Fy(2?)
= AFy(z!) + (1 = N Ey(2?) — {0}
C Ay (z") + (1 = N\ Fy(2?) - C.

(v) Asan immediate consequence of the definition of a u-type C-convex map, the sum
of two u-type C-convex maps is again u-type C-convex. As g is a C-convex func-
tion, the set-valued map = +— {g(z)} is u-type C-convex and, as a consequence,
Fy is u-type C-convex.

O

Remark 3.39 The assumption P € C,(R™,R™, C) of Theorem 35.38 (v) is, as the map
P is cone-valued, equivalent to

POz + (1= XN)2?) CAP(z') + (1 = N P(2*) — C = P(z') + P(z*) - C

for all ' ,2*> € R™ and all X € [0,1]. This condition is fulfilled in case one of the
following statements holds:

e Forall x € R" it holds P(x) C —C.
o C—C =R" and for all x € R"™ it holds C C P(x).

To see the first statement note that 0 € P(x) for all x € R™. For the second note that
the assumption already implies P(x') + P(z?) — C = R™.

We conclude this section by investigating the convexity of gpgfme , 7 € [6] and gpgféi,
J € [5] in the following theorem.

Theorem 3.40 Let ¢ € C*. Then the following statements hold:
(i) If g is C-convez, then gpﬁ;f is conver.
(ii) If g* is C-conver, then @fﬁf is conver.

(iii) If g is C-convex and r is concave, then goi?;f is convez.

(iv) If A is compact and A+ C is convez, then gpfﬁ’f is convex.
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(v) If g is C-convex, P € Co(R",R™,C) and P(x) + C is closed for all x € R", then

o0
Omin 1S convet.
(vi) If Assumption 3.27 is fulfilled and h is (D, K)-quasiconvez-like on dom(Fg) x R™
for D :={0gn} x C' and K =R%, then gofﬁf is convex.

FPurthermore, it holds:
(1) If g is C-convez, then oF.! is convex.

(1) If g% is C-convex, then pE.t is conver.

F3

max 1S convez.

(I1I) If g is C-convex and r is convex, then ¢

(1V) If A is compact and A — C' is convez, then g0F4’l is convex.

max

(V) If g is C-convex, P € C,(R",R™ C) and P(x) — C is closed for all x € R™, then
goﬁz)i 18 convez.
Proof. According to our assumptions dom(F}) is convex for all j € [6]. Together with
Lemma 3.2, the set Fj(x) is compact for all j € [6] \ {5} and all z € R™.
For the proof of statements (i) to (vi) we observe that Fj(z) + C is closed for all
j € [6]\ {5} and all x € R™, since C is closed. By assumption we obtain that F5(x)+ C
is closed for all x € R™. Due to Theorem 3.33 we have F; € C,(R",R™, () for all
J € [6]. This implies, by [9, Lemma 2.2], the convexity of Fj(z) + C for all j € [6] and
all x € R™. Applying Proposition 3.36 (i) concludes the proofs of (i) to (vi).
For the proof of statements (/) to (V') we analogously obtain that Fj(z) — C is closed
for all j € [5] and all x € R™. According to Lemma 3.5 (i), we have that the set
F;(z) is convex for all j € [5] \ {4} and all x € R". Therefore, Fj(z) — C is convex
for all j € [5]\ {4} and all z € R™. Additionally, we have Fy(z) — C is convex for all
x € R" since A — C' is convex by assumption. Furthermore, by Theorem 3.38 we have
F; € C,(R™,R™,C) for all j € [5]. Applying Proposition 3.36 (i) concludes the proofs
of (I) to (V).
[

4 Conclusion

In this paper we have studied set-valued maps of certain structures. We have given an
overview over sufficient conditions that guarantee properties like (Lipschitz-)continuity
and convexity for these set-valued maps. Furthermore, we have investigated the re-
spective relationships to (Lipschitz-)continuity and convexity of their extremal value
functions.
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