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Abstract Iterative hard thresholding (IHT) and compressive sampling matching pursuit (CoSaMP) are
two mainstream compressed sensing algorithms using the hard thresholding operator. The guaranteed
performance of the two algorithms for signal recovery was mainly analyzed in terms of the restricted
isometry property (RIP) of sensing matrices. At present, the best known bound using RIP of order 3k for
guaranteed performance of IHT (with unit stepsize) is δ3k < 1/

√
3 ≈ 0.5774, and the bound for CoSaMP

using RIP of order 4k is δ4k < 0.4782. A fundamental question in this area is whether such theoretical
results can be further improved. The purpose of this paper is to affirmatively answer this question and to
rigorously show that the above-mentioned RIP bound for guaranteed performance of IHT can be signifi-
cantly improved to δ3k < (

√
5−1)/2 ≈ 0.618, and the bound for CoSaMP can be improved to δ4k < 0.5102.
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1 Introduction

One of the important tasks in signal processing is to recover (reconstruct) an unknown signal from
the linear and nonadaptive measurements acquired for the signal. In many scenarios, the signal
can be sparsely represented or approximated in certain transformed domains or over redundant
bases [7, 18, 20, 21, 22, 31]. The compressed sensing theory indicates that only small number
of measurements might be needed to recover a sparse signal or the significant information of a
compressible signal [11, 12, 13, 19]. The recovery of a signal with sparsity usually amounts to
a sparse optimization problem, and the numerical methods for solving such a problem are often
called compressed sensing algorithms (see, e.g., [12, 21, 22, 24, 42]).

Let ‖z‖0 denote the ‘`0-norm’ counting the number of nonzero entries of the vector z ∈ Rn.
Let A be an m× n sensing matrix with m < n, and let y := Ax+ ν be the measurements of the
target sparse signal x ∈ Rn with measurement errors ν ∈ Rm. To recover a sparse signal, it is
essential and sufficient to find the significant information of the signal which is usually interpreted
as a few largest magnitudes of the signal. Thus a typical model for sparse signal recovery can be
formulated as the following minimization problem with a sparsity constraint:

min
z∈Rn
{‖Az − y‖22 : ‖z‖0 ≤ k}, (1)
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where k is a given integer number. The solution z∗ of the above problem is k-sparse and best fits
the linear measurements of x. The compressed sensing theory claims that the recovery z∗ = x
can be achieved under sparsity and other assumptions, and a rapid development of compressed
sensing algorithms has been achieved over the past two decades (1) (e.g., [21, 22, 24, 39, 42]).
The problem (1) is not only essential to signal recovery, but also important to related problems
such as low-rank matrix recovery [14, 17, 25], variable selections in statistics [3, 34, 35], and other
sparse optimization problems [2, 30, 42].

The iterative hard thresholding (IHT) [4, 6, 23] is a basic iterative method for the problem
(1). The IHT admits several modifications such as the hard thresholding pursuit (HTP) [26],
IHT with a fixed stepsize [27], normalized iterative hard thresholding (NIHT) [5], graded IHT
[8, 9], and the recent Newton-step-based hard thresholding [33, 47]. More sophisticated methods
with hard thresholding were also studied, including the compressive sampling matching pursuit
(CoSaMP) [28, 36] and subspace pursuit (SP) [15, 16, 29, 41]. Focused on IHT and CoSaMP,
this paper is aiming at achieving a remarkable improvement on the existing results concerning
the guaranteed success of the two algorithms for sparse signal recovery.

The guaranteed performance (as well as stability and convergence) of IHT and CoSaMP was
widely investigated under the restricted isometry property (RIP) of sensing matrices. The RIP
and the associated restricted isometry constant of order K, denoted by δK , were first introduced
by Candès and Tao [12, 13]. The first result for IHT was established by Blumensath and Davies [4]
under the RIP condition δ3k < 1/

√
32, which was improved to δ3k < 1/

√
8 in [6]. It is important

to further relax such a restrictive bound from a theoretical point of view. A remarkable progress
in this aspect was made by Foucaut [26] (see also in [24]), who showed that the RIP bound for
guaranteed performance of IHT can be improved to δ3k < 1/

√
3 ≈ 0.5774. The same bound

was also shown for the HTP which is a combination of IHT and orthogonal projection [26]. In
this paper, we show that the RIP bound for the theoretical performance of IHT remains not
tight, and it can be further improved to δ3k < (

√
5 − 1)/2 ≈ 0.618. Some evidences observed in

this paper point to the conjecture that this new bound might be optimal, i.e., the tightest one
for IHT. As for the algorithm CoSaMP, the first result for its guaranteed performance in signal
recovery was established in [36] under the condition δ4k ≤ 0.1. (Their proof actually implies
that their results are valid under the bound δ4k < 0.17157.) This initial result for CoSaMP was
significantly improved to δ4k < 0.4782 by Foucart and Rauhut in [24]. In this paper, we further
improve the RIP bound for CoSaMP to δ4k < 0.5102. Such improvements are far from being
trivial and are achieved by establishing a deep property of the hard thresholding operator. The
main contribution of the paper is summarized in the table below:

Algorithms Existing results New results

IHT δ3k < 0.5774 δ3k < 0.618

CoSaMP δ4k < 0.4782 δ4k < 0.5102

The paper is organized as follows. In Section 2, we describe the IHT and CoSaMP algorithms.
In Section 3, we establish a deep property of the hard thresholding operator and use it to show
the improved RIP bound for IHT. The improved result for CoSaMP is established in Section 4.

2 Algorithms: IHT and CoSaMP

Notation. Let us first introduce some notations used in this paper. Rn denotes the n-dimensional
Euclidean space and all vectors are understood as column vectors unless otherwise specified. A
vector x ∈ Rn is said to be k-sparse if ‖x‖0 ≤ k. Given a vector z ∈ Rn, the operator Hk(z) ∈ Rn,
called the hard thresholding operator, retains the k largest magnitudes of z and sets other entries
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to zeros. We use Lk(z) to denote the index set of the k largest absolute entries of the vector
z, and we use supp(z) = {i : zi 6= 0} to denote the support of the vector z, i.e., the index
set of nonzero entries of z. The symbols zT and AT denote the transpose of the vector z and
matrix A, respectively. For a given set S ⊆ {1, 2, . . . , n}, |S| denotes the cardinality of S, and
S = {1, 2, . . . , n}\S denotes the complement set of S. The set difference of S and U is denoted
by S\U = {i : i ∈ S, i /∈ U}. Given S ⊆ {1, . . . , n} and a vector x ∈ Rn, the vector xS ∈ Rn is
obtained by retaining the entries of x indexed by S and zeroing out other entries of x.

We now describe the algorithms IHT and CoSaMP. The IHT [4, 6, 23] is a simple iterative
scheme for the problem (1), which is stated as follows.

Algorithm 1 Iterative Hard Thresholding (IHT)

Input: measurement matrix A, measurement vector y, and sparsity level k. Perform the following
steps:

S1 Choose an initial k-sparse vector x0, typically x0 = 0;

S2 Let
xp+1 = Hk(xp +AT (y −Axp)),

and repeat until a stopping criterion is met.

Output: the k-sparse vector x̂.

More sophisticated algorithms than IHT can be obtained by integrating orthogonal projec-
tions (also called a pursuit step) (see, e.g., [24, 26]). In particular, using hard thresholding
and orthogonal projections, Needell and Tropp [36] introduced the so-called compressive sam-
pling matching pursuit (CoSaMP). The CoSaMP was closely related to an earlier greedy method
called regularized orthogonal matching pursuit proposed by Needell and Vershynin [37, 38].

Algorithm 2 Compressive Sampling Matching Pursuit (CoSaMP)

Input: measurement matrix A, measurement vector y, and sparsity level k. Perform the following
steps:

S1 Choose an initial k-sparse vector x0, typically x0 = 0;

S2 Let

Up+1 = supp(xp) ∪ L2k(A
T (y −Axp)), (CP1)

zp+1 = arg min
z∈Rn
{‖y −Az‖2 : supp(z) ⊆ Up+1}, (CP2)

xp+1 = Hk(zp+1), (CP3)

and repeat until a stopping criterion is met.

Output: the k-sparse vector x̂.

The step (CP2) in CoSaMP is an orthogonal projection which seeks a vector that best fits
the measurements over the given support. As pointed out in [43, 44], the orthogonal projection
may generally stabilize or speed up the IHT framework.

In the remaining of this paper, we establish improved RIP-based bounds for guaranteed suc-
cess of IHT and CoSaMP for sparse signal recovery. Such improvements are vital for compressed
sensing theory and applications. The RIP condition directly clarifies the scenarios in which the
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algorithms are guaranteed to recover the signal. Thus an improved RIP bound actually identifies
a broader class of signal recovery problems that can be successfully solved by the compressed
sensing algorithms. Moreover, the relaxed RIP-based bound can dramatically impact on the
number of measurements required for signal recovery. As shown in [1, 13, 32], for Gaussian ran-
dom sensing matrix A of size m×n (m� n), there is a universal constant C∗ > 0 such that the
RIC of A/

√
m satisfies δ2k ≤ δ∗ < 1 with probability at least 1− ξ provided that

m ≥ C∗(δ∗)−2(k(1 + ln(n/k)) + ln(2ξ − 1)).

From this result, it can be seen that the higher the bound δ∗, the less number of measurements
are required to ensure the measurement matrix possessing the RIP in high probability.

3 Improved RIP bound for IHT

To establish the main results of this paper, we first need to characterize a deep property of the
hard thresholding operator Hk(·). This property will eventually lead to the improved RIP-based
bounds that ensure the success of signal recovery with IHT and CoSaMP.

Lemma 3.1 For any vector z ∈ Rn and any k-sparse vector x ∈ Rn, one has

‖(x−Hk(z))S\S∗‖2 ≤ ‖(x− z)S\S∗‖2 + ‖(x− z)S∗\S‖2, (2)

where S = supp(x) and S∗ = supp(Hk(z)).

Proof. By the definition of Hk(·), we immediately see that ‖z −Hk(z)‖22 ≤ ‖z − d‖22 for any
k-sparse vector d. In particular, setting d = zS , where S = supp(x), yields

‖z −Hk(z)‖22 ≤ ‖z − zS‖22 = ‖zS‖
2
2 = ‖(z − x)S‖

2
2,

where the last equality follows from xS = 0. Note that

‖z −Hk(z)‖22 = ‖z − x‖22 + ‖x−Hk(z)‖22 − 2(x−Hk(z))T (x− z).

Therefore,
‖x−Hk(z)‖22 ≤ −‖(z − x)S‖22 + 2(x−Hk(z))T (x− z). (3)

Note that supp(x−Hk(z)) ⊆ S∪S∗ which can be decomposed into three disjoint sets S\S∗, S∗\S
and S∗ ∩ S. We also note that (Hk(z))i = zi for every i ∈ S∗, and thus (Hk(z))S∗\S = zS∗\S and
(Hk(z))S∩S∗ = zS∗∩S . The left-hand side of (3) can be written as

‖x−Hk(z)‖22 = ‖[x−Hk(z)]S\S∗‖22 + ‖[x−Hk(z)]S∗\S‖22 + ‖[x−Hk(z)]S∗∩S‖22
= ‖[x−Hk(z)]S\S∗‖22 + ‖(x− z)S∗\S‖22 + ‖(x− z)S∗∩S‖22.

The right-hand side of (3) is bounded as

−‖(z−x)S‖22 + 2(x−Hk(z))T (x− z)
=− ‖(z − x)S‖22 + 2[(x−Hk(z))S\S∗ ]T (x− z)S\S∗ + 2‖(x− z)S∗\S‖22

+ 2‖(x− z)S∗∩S‖22
≤− ‖(z − x)S\S∗‖22 + 2‖[x−Hk(z)]S\S∗‖2‖(x− z)S\S∗‖2 + 2‖(x− z)S∗\S‖22

+ ‖(x− z)S∗∩S‖22.
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Therefore, by substituting the above two relations into (3) and cancelling and rearranging terms,
we obtain

‖[x−Hk(z)]S\S∗‖22 ≤− ‖(z − x)S\S∗‖22 + 2‖(x−Hk(z))S\S∗‖2‖(x− z)S\S∗‖2
+ ‖(x− z)S∗\S‖22.

Thus ‖(x−Hk(z))S\S∗‖2 is smaller than or equal to the largest real root of the quadratic equation

Q(r) :=r2 − 2r‖(z − x)S\S∗‖2 + ‖(x− z)S\S∗‖22 − ‖(x− z)S∗\S‖22 = 0,

to which the largest real root is given by

r∗ = ‖(x− z)S\S∗‖2 + ‖(x− z)S∗\S‖2.

Thus we immediately obtain the inequality (2). �

The next useful result is key to our later analysis.

Lemma 3.2 For any vector z ∈ Rn and for any k-sparse vector x ∈ Rn, one has

‖x−Hk(z)‖2 ≤
√

5 + 1

2
‖(x− z)S∪S∗‖2, (4)

where S = supp(x) and S∗ = supp (Hk(z)).

Proof. By Lemma 3.1, ‖(x−Hk(z))S\S∗‖2 ≤ ∆1 + ∆2, where ∆1 and ∆2 are defined as

∆1 = ‖(x− z)S∗\S‖2, ∆2 = ‖(x− z)S\S∗‖2.

Thus,

‖x−Hk(z)‖22 = ‖(x−Hk(z))S∪S∗‖22
= ‖(x−Hk(z))S∗‖22 + ‖(x−Hk(z))S\S∗‖22
≤ ‖(x−Hk(z))S∗‖22 + (∆1 + ∆2)2

= ‖(x−Hk(z))S∗\S‖22 + ‖(x−Hk(z))S∗∩S‖22 + (∆1 + ∆2)2

= ‖(x− z)S∗\S‖22 + ‖(x− z)S∗∩S‖22 + (∆1 + ∆2)2 . (5)

Let C := ‖(x− z)S∗∪S‖2. We see that C2 = ‖(x− z)S∗∩S‖22 + ∆2
1 + ∆2

2, and thus

‖(x− z)S∗\S‖22 + ‖(x− z)S∗∩S‖22 = ∆2
1 + ‖(x− z)S∗∩S‖22 = C2 −∆2

2.

Substituting this relation into (5) yields

‖x−Hk(z)‖22 ≤ C2 + ∆2
1 + 2∆1∆2.

When ∆1 = 0, the above inequality immediately implies the bound (4). Thus, without loss of
generality, we assume that ∆1 6= 0. Denote by r = ∆2/∆1. Substituting ∆2 = r∆1 into the above
inequality leads to

‖x−Hk(z)‖22 ≤ (1 + 2r)∆2
1 + C2. (6)

We also note that ∆2
1 + ∆2

2 ≤ C2 which together with ∆2 = r∆1 implies that ∆2
1 ≤ C2/(1 + r2).

Thus it follows from (6) that

‖x−Hk(z)‖22 ≤
(

1 +
1 + 2r

1 + r2

)
C2 = g(r)C2, (7)
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where

g(r) := 1 +
1 + 2r

1 + r2
=

2(1 + r) + r2

1 + r2
.

Consider the maximum of g(r) over the interval [0,∞). If r = 0, then g(0) = 2. When r → ∞,
we see that g(r) → 1. Note that g(r) has a unique stationary point in [0,∞), i.e., the equation

0 = g′(r) = 2(1−r−r2)
(1+r2)2

has a unique solution given by r∗ =
√

5−1
2 ≈ 0.618 at which

g(r∗) = 1 +
1 + 2r∗

1 + (r∗)2
=

5 +
√

5

5−
√

5
=

(√
5 + 1

2

)2

.

Thus the maximum value of g(r) over the interval [0,∞) is given by

max{g(0), g(r∗), g(∞)} = g(r∗) =

(√
5 + 1

2

)2

.

Therefore it follows from (7) that ‖x−Hk(z)‖2 ≤
√
g(r∗)C = (

√
5 + 1)C/2, which is the desired

relation (4). �

It is worth mentioning that the result in Lemma 3.2 can be also established by using Theorem
1 in [40] with a different analysis. We now point out that the bound (4) is the tightest of its kind
(and hence it cannot be improved further). It is this tightness that makes it possible to establish
improved theoretical results for the performance of IHT and CoSaMP.

Example 3.3 [Tightness of (4)]. Let 0 < τ < k be two given integer numbers. Consider two
classes of vectors in Rn (n > k + τ) of the following form:

z = (

k︷ ︸︸ ︷
1, . . . , 1,

τ︷ ︸︸ ︷
ε, . . . , ε, 1/2, . . . , 1/2)T ∈ Rn, (8)

x = (

τ︷ ︸︸ ︷
0, . . . , 0,

k−τ︷ ︸︸ ︷
1, . . . , 1,

τ︷ ︸︸ ︷
α+ ε, . . . , α+ ε, 0, . . . , 0)T ∈ Rn, (9)

where α ≥ 0 and 0 < ε ≤ 1 are two parameters.

For the vectors z and x given by (8) and (9), respectively, we see that x is k-sparse and Hk(z)
is determined as

Hk(z) = (

k︷ ︸︸ ︷
1, . . . , 1,

n−k︷ ︸︸ ︷
0, . . . , 0)T ∈ Rn.

Clearly, S∗ = supp(Hk(z)) = {1, . . . , k} and S = supp(x) = {τ + 1, . . . , τ + k}. Thus

S∗ ∪ S = {1, 2, . . . , k + τ}, S∗ ∩ S = {τ + 1, . . . , k},

and hence
‖(x− z)S∗∪S‖22 = τ(1 + α2), ‖x−Hk(z)‖22 = τ

[
1 + (α+ ε)2

]
.

Consider the ratio
‖x−Hk(z)‖22
‖(x− z)S∗∪S‖22

=
1 + (α+ ε)2

1 + α2
=: g(α, ε).

We now find the maximum value of the function g(α, ε) with respect to α ∈ [0,∞). It is easy to
check that there exists a unique stationary point of g(α, ε) with respect to α ∈ [0,∞). In fact,
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let ∂g(α,ε)
∂α = 0 which yields α2 +αε− 1 = 0. Thus the unique stationary point of g(α, ε) in [0,∞)

is α∗ =
√

4+ε2−ε
2 , at which

g(α∗, ε) =
1 + (α∗ + ε)2

1 + (α∗)2
=

1 + (
√

4+ε2+ε
2 )2

1 + (
√

4+ε2−ε
2 )2

=
1 +

√
ε2

4+ε2

1−
√

ε2

4+ε2

= g1(g2(ε)),

where the functions g1 and g2 are defined as follows:

g2(ε) =

√
ε2

4 + ε2
, g1(t) =

1 + t

1− t
,

where 0 ≤ t < 1. Clearly, g1 and g2 are increasing functions and g2(ε) < 1. Thus g(α∗, ε) is an
increasing function of ε over (0, 1]. Therefore, as ε takes a value close to 1, the maximum of the

function is achieved at ε = 1. Note that g(α∗, ε) =
√

4+ε2+ε√
4+ε2−ε . Thus

lim
ε→1

g(α∗, ε) =

√
5 + 1√
5− 1

=

(√
5 + 1

2

)2

≥ 1 + ε2

for any ε ∈ (0, 1]. As g(0, ε) = 1 + ε2 and g(∞, ε) := limα→∞ g(α, ε) = 1, the maximum of g(α, ε)
in [0,∞) is determined as follows:

max
α∈[0,∞)

g(α, ε) = max{g(0, ε), g(∞, ε), g(α∗ε)} = max{1 + ε2, 1, g(α∗, ε)} = g(α∗, ε),

which tends to (
√

5+1
2 )2 as ε→ 1. This implies that the bound (4) is tight since the ratio g(α, ε)

can approach to (
√

5+1
2 )2 for any level of accuracy provided that α and ε are suitably chosen.

In particular, this ratio can achieve the exact value (
√

5+1
2 )2 by taking ε = 1 and α =

√
5−1
2 . In

other words, the equality in (4) can be achieved at the following specific vectors:

z = (

k+τ︷ ︸︸ ︷
1, . . . , 1, 1/2, . . . , 1/2)T ∈ Rn,

x = (

τ︷ ︸︸ ︷
0, . . . , 0,

k−τ︷ ︸︸ ︷
1, . . . , 1,

τ︷ ︸︸ ︷
η, . . . , η, 0, . . . , 0)T ∈ Rn,

where η = (
√

5 + 1)/2. �

In the rest of the paper, we will use the following concept of restricted isometry constant
(RIC) and its several useful properties summarized in Lemma 3.5.

Definition 3.4 [12] Let A be a given m×n matrix with m < n. The restricted isometry constant
(RIC), denoted δq := δq(A), is the smallest number δ ≥ 0 such that

(1− δ)‖x‖22 ≤ ‖Ax‖22 ≤ (1 + δ)‖x‖22

for all q-sparse vectors x ∈ Rn. If δq < 1, then A is said to satisfy the restricted isometry property
(RIP) of order q.

From the definition, we see that δq1 ≤ δq2 for q1 ≤ q2. Implied directly from the above defini-
tion are the following properties which are widely utilized in the compressed sensing literature.
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Lemma 3.5 [12, 26, 36] (i) Let u, v ∈ Rn be s-sparse and t-sparse vectors, respectively. If
supp(u) ∩ supp(v) = ∅, then

|uTATAv| ≤ δs+t‖u‖2‖v‖2.

(ii) Let v ∈ Rn be a vector and S ⊆ {1, 2, . . . , n} be an index set. If |S ∪ supp(v)| ≤ t, then

‖[(I −ATA)v]S‖2 ≤ δt‖v‖2.

(iii) Let Λ ⊆ {1, . . . , n} be an index set. If Λ ∩ supp(u) = ∅ and |Λ ∪ supp(u)| ≤ t, then

‖(ATAu)Λ‖2 ≤ δt‖u‖2.

Item (iii) follows from (ii). In fact, when Λ ∩ supp(u) = ∅ which means uΛ = 0, one has
‖(ATAu)Λ‖2 = ‖[(I −ATA)u]Λ‖2 ≤ δt‖u‖2.

It should be pointed out that a practical signal x may not necessarily be k-sparse. In this
case, the k-sparse vector xS , where S = Lk(x), is the best k-term approximation of x. Note that
the measurements of the signal x can be represented as

y = Ax+ ν = AxS + ν ′

where ν ′ = AxS +ν. This means the measurements y of x with measurement errors ν can be seen
as the measurements of xS with measurement errors ν ′. Thus when the signal is not exactly k-
sparse, the recovery by solving the model (1) is actually made for the best k-term approximation
of the signal. We are now ready to show the main result for IHT.

Theorem 3.6 Suppose that the sensing matrix A satisfies

δ3k <

√
5− 1

2
≈ 0.618. (10)

Let y = Ax + ν be the measurements of x with measurement errors ν and S = Lk(x). Then the
iterates {xp}, generated by the IHT, approximate x with error

‖xp − xS‖2 ≤ ρp‖x0 − xS‖2 +

√
5 + 1

2(1− ρ)
‖AT ν ′‖2, (11)

where ν ′ = AxS + ν, and the constant ρ is given by

ρ :=

(√
5 + 1

2

)
δ3k < 1. (12)

Proof. Denote by up := xp+AT (y−Axp). By the structure of the IHT, Sp+1 := supp(xp+1) =
supp(Hk(up)). By Lemma 3.2, one has

‖xS − xp+1‖2 = ‖xS −Hk(up)‖2 ≤
√

5 + 1

2
‖(xS − up)Sp+1∪S‖2. (13)

We now estimate the term ‖(xS − up)Sp+1∪S‖2 which can be bounded as

‖(xS − up)Sp+1∪S‖2 = ‖(xS − xp −AT (y −Axp))Sp+1∪S‖2
= ‖(xS − xp −AT (AxS + ν ′ −Axp))Sp+1∪S‖2
= ‖[(I −ATA)(xS − xp)−AT ν ′]Sp+1∪S‖2
≤ ‖[(I −ATA)(xS − xp)]Sp+1∪S‖2 + ‖AT ν ′‖2
≤ δ3k‖xS − xp‖2 + ‖AT ν ′‖2,
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where the last inequality follows from Lemma 3.5 (ii) with |supp(xS − xp) ∪ (Sp+1 ∪ S)| ≤ 3k.
Substituting this into (13) yields

‖xS − xp+1‖2 ≤
√

5 + 1

2
(δ3k‖xS − xp‖2 + ‖AT ν ′‖2)

= ρ‖xS − xp‖2 +

√
5 + 1

2
‖AT ν ′‖2, (14)

where the constant

ρ :=

(√
5 + 1

2

)
δ3k <

(√
5 + 1

2

)(√
5− 1

2

)
= 1,

where the inequality follows from the condition (10). Therefore, the error bound (11) immediately
follows from (14). �

Remark 3.7 Condition (10) is more relaxed than the best known bound δ3k < 1/
√

3 ≈ 0.5774
for IHT established by Foucart [26]. The tightness of (4), as indicated by Example 3.3, is essential
to obtain an improved result for IHT. Example 3.3 together with the argument in the proof of
Theorem 3.6 points to the conjecture that the new bound δ3k < (

√
5 − 1)/2 might be tight

for IHT. It is also worth mentioning that some researchers developed the RIP-based bounds for
guaranteed success of compressed sensing algorithms according to the geometric rate ρ ≤ 0.5
instead of ρ < 1. From the analysis above, if we require that the geometric rate ρ given in (12) be

less than 0.5, namely, ρ =
(√

5+1
2

)
δ3k ≤ 0.5, which is guaranteed by δ3k ≤ (

√
5 − 1)/4 ≈ 0.309,

then it immediately follows from (14) that

‖xp − xS‖2 ≤ 0.5p‖x0 − xS‖2 + (
√

5 + 1)‖AT ν ′‖2.

Shen and Li [40] showed that δ3k ≤ 0.22 is a sufficient condition for the guaranteed success of
IHT in terms of geometric rate 0.5. In addition, it is implied from the proof of Theorem 6.18 in
[24] that δ3k ≤ 1/(2

√
3) ≈ 0.2886 is sufficient for guaranteed success of IHT in terms of geometric

rate 0.5. Clearly, our result, i.e., δ3k < 0.309, improves these existing results for IHT in terms of
geometric rate 0.5.

We also mention that the estimation (11) can also imply the finite convergence and stability
of IHT through a standard treatment by using Lemma 6.23 in [24]. We do not state such results
here, and we only focus on the establishment of the key estimation like (11) which ensures the
convergence of an algorithm and the success of signal recovery with the algorithm.

4 Improved RIP bound for CoSaMP

As pointed out in [43, 44], the hard thresholding operator may cause numerical oscillation in some
situations due to the fact that performing such a thresholding is independent of the reduction of
the objective function ‖y −Az‖2. The orthogonal projection is one of the techniques which may
alleviate the oscillation problem. Thus it is widely used in traditional hard-thresholding-based
algorithms and in the latest algorithmic developments [33, 43, 44]. In this section, we show an
improved performance result for CoSaMP. Before doing this, we first state a few useful technical
results.

Lemma 4.1 Given three constants α1, α2, α3 ≥ 0 where α1 < 1, if t satisfies the condition
0 ≤ t− α3 ≤ α1

√
t2 + α2

2, then

t ≤

(
α1√

1− α2
1

)
α2 +

(
1

1− α1

)
α3.

9



Proof. Under the conditions of the Lemma, t satisfies the condition (t− α3)2 ≤ α2
1(t2 + α2

2),
i.e.,

φ(t) := (1− α2
1)t2 − 2tα3 + α2

3 − α2
1α

2
2 ≤ 0.

Thus t is less than or equal to the largest real root of the quadratic equation φ(t) = 0. That is,

t ≤ 2α3 +
√

4α2
3 − 4(1− α2

1)(α2
3 − α2

1α
2
2)

2(1− α2
1)

=
α3 +

√
α2

1α
2
3 + (1− α2

1)α2
1α

2
2

1− α2
1

≤ α3 + α1α3 + α1α2

√
1− α2

1

1− α2
1

=

(
α1√

1− α2
1

)
α2 +

α3

1− α1
,

as desired. �
A fundamental property of orthogonal projection is given as follows. A similar property can

be found in the literature, however, the following one is more general than the existing ones.

Lemma 4.2 Let y = Ax+ ν be the measurements of the signal x, where ν is a noisy vector. Let
S,Λ ⊆ {1, . . . , n} be two nonempty index sets and |S| ≤ τ, where τ is an integer number. Let x∗

be the solution to the orthogonal projection problem

x∗ = arg min
z∈Rn
{‖y −Az‖2 : supp(z) ⊆ Λ}. (15)

Let Γ be any given index set satisfying Λ ⊆ Γ ⊆
{
i :
[
AT (y −Ax∗)

]
i

= 0
}
. If δ|Γ|+τ < 1, then

‖(xS − x∗)Γ‖2 ≤
δ|Γ|+τ‖(xS − x∗)Γ‖2√

1− δ2
|Γ|+τ

+
‖AT ν ′‖2

1− δ|Γ|+τ
, (16)

and hence

‖xS − x∗‖2 ≤
‖(xS − x∗)Γ‖2√

1− δ2
|Γ|+τ

+
‖AT ν ′‖2

1− δ|Γ|+τ
, (17)

where ν ′ = AxS + ν.

Proof. Since x∗ is the optimal solution to the problem (15), by optimality, we immediately
see that [AT (y − Ax∗)]Λ = 0 and thus the set

{
i : [AT (y −Ax∗)]i = 0

}
is nonempty since it

contains Λ as a subset. By the definition of Γ, we have [AT (y−Ax∗)]Γ = 0 which, together with
y = AxS + ν ′ where ν ′ = AxS + ν, implies that

0 =
[
ATA(xS − x∗) +AT ν ′

]
Γ

=
[
(ATA− I)(xS − x∗)

]
Γ

+ (xS − x∗)Γ + [AT ν ′]Γ. (18)

As supp(xS − x∗) ⊆ S ∪ Λ and Λ ⊆ Γ, we see that

|supp(xS − x∗) ∪ Γ| ≤ |(S ∪ Λ) ∪ Γ| = |S ∪ Γ| ≤ |Γ|+ τ.

10



Thus it follows from (18) and Lemma 3.5 (ii) that

‖(xS − x∗)Γ‖2 ≤ ‖[(ATA− I)(xS − x∗)]Γ‖2 + ‖AT ν ′‖2
≤ δ|Γ|+τ‖xS − x∗‖2 + ‖AT ν ′‖2

= δ|Γ|+τ

√
‖(xS − x∗)Γ‖22 + ‖(xS − x∗)Γ‖22 + ‖AT ν ′‖2. (19)

If ‖(xS − x∗)Γ‖2 ≤ ‖AT ν ′‖2, the desired relations (16) and (17) hold trivially. Otherwise if
‖(xS − x∗)Γ‖2 > ‖AT ν‖2, then by setting α1 = δ|Γ|+τ < 1, α2 = ‖(xS − x∗)Γ‖2, α3 = ‖AT ν ′‖2,
and t = ‖(xS − x∗)Γ‖2, it follows from (19) and Lemma 4.1 that

‖(xS − x∗)Γ‖2 ≤
δ|Γ|+τ‖(xS − x∗)Γ‖2√

1− δ2
|Γ|+τ

+
‖AT ν ′‖2

1− δ|Γ|+τ
. (20)

Note that √
(a+ b)2 + c2 ≤

√
a2 + c2 + b (21)

for any a, b, c ≥ 0. It follows from (20) and (21) that

‖xS − x∗‖22 = ‖(xS − x∗)Γ‖22 + ‖(xS − x∗)Γ‖
2
2

≤

δ|Γ|+τ‖(xS − x∗)Γ‖2√
1− δ2

|Γ|+τ

+
‖AT ν ′‖2
1− δ|Γ|+k

2

+ ‖(xS − x∗)Γ‖
2
2

≤


√√√√δ2

|Γ|+τ‖(xS − x∗)Γ‖22
1− δ2

|Γ|+τ
+ ‖(xS − x∗)Γ‖22 +

‖AT ν ′‖2
1− δ|Γ|+τ

2

=

 1√
1− δ2

|Γ|+τ

‖(xS − x∗)Γ‖2 +
‖AT ν ′‖2

1− δ|Γ|+τ

2

,

as desired. �
We now show the next technical result which together with Lemma 4.2 eventually yields an

improved RIP-based bound for the guaranteed success of CoSaMP.

Lemma 4.3 Let y = Ax + ν be the measurements of x, where ν is a noise vector, and let
S = Lk(x). Given a k-sparse vector xp with Sp = supp(xp) and the index set

T = Lβ(AT (y −Axp)),

where β ≥ 2k is an integer number, if δ2k+β < 1, then one has

‖(xp − xS)T ‖2 ≤
√

2
(
δ2k+β‖xp − xS‖2 + ‖AT ν ′‖2

)
, (22)

where ν ′ = AxS + ν.

Proof. Let S, Sp, and T be defined as in the lemma. If S ∪ Sp ⊆ T, then T ⊆ S ∪ Sp which
implies that ‖(xp − xS)T ‖2 ≤ ‖(xp − xS)S∪Sp‖2 = 0. Thus the relation (22) holds trivially. We
only need to show (22) for the case S ∪ Sp 6⊆ T. Thus in the remaining proof, we assume that
S ∪ Sp 6⊆ T. It is convenient to define

Ω := ‖[AT (y −Axp)](S∪Sp)\T ‖2. (23)
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As the cardinality |T | = β ≥ 2k ≥ |S ∪ Sp|, we see that

|(S ∪ Sp)\T | = |S ∪ Sp| − |(S ∪ Sp) ∩ T |
≤ |T | − |(S ∪ Sp) ∩ T | = |T\(S ∪ Sp)|. (24)

This means the number of elements in (S∪Sp)\T is less than or equal to the number of elements in
T\(S∪Sp). By the definition of T, the entries of the vector AT (y−Axp) supported on (S∪Sp)\T
are not among the β largest absolute entries of the vector. This together with (24) implies that

‖[AT (y −Axp)](S∪Sp)\T ‖2 ≤ ‖[AT (y −Axp)]T\(S∪Sp)‖2. (25)

Denote by
Ω∗ = ‖[(xS − xp)−AT (y −Axp)](S∪Sp)∆T ‖2,

where ∆ denotes the symmetric difference of two sets, i.e., (S ∪Sp)∆T = ((S ∪Sp)\T )∪ (T\(S ∪
Sp)). Note that

|(S ∪ Sp) ∪ ((S ∪ Sp)∆T )| ≤ |(S ∪ Sp) ∪ T | ≤ 2k + β.

As y = AxS + ν ′, by Lemma 3.5 (iii), we have

Ω∗ = ‖[(I −ATA)(xS − xp) +AT ν ′](S∪Sp)∆T ‖2
≤ ‖[(I −ATA)(xS − xp)](S∪Sp)∆T ‖2 + ‖(AT ν ′)(S∪Sp)∆T ‖2
≤ δ2k+β‖xS − xp‖2 + ‖AT ν ′‖2. (26)

Let Ω̂ = ‖[AT (y −Axp)]T\(S∪Sp)‖2 and

W = (xS − xp)(S∪Sp)\T − [AT (y −Axp)](S∪Sp)\T .

Then by the definition of Ω∗, we see that

(Ω∗)2 = ‖[(xS − xp)−AT (y −Axp)](S∪Sp)\T ‖22
+ ‖[(xS − xp)−AT (y −Axp)]T\(S∪Sp)‖22

= ‖[(xS − xp)−AT (y −Axp)](S∪Sp)\T ‖22 + ‖[AT (y −Axp)]T\(S∪Sp)‖22
= ‖W‖22 + Ω̂2 (27)

where the second equality follows from the fact (xS − xp)T\(S∪Sp) = 0. There are only two cases.

Case 1: Ω̂ = 0. Then it follows from (25) that [AT (y−Axp)](S∪Sp)\T = 0. In this case, we see
that W = (xS − xp)(S∪Sp)\T . Since ‖(xS − xp)T ‖2 = ‖(xS − xp)(S∪Sp)\T ‖2, we immediately have
that

‖(xS − xp)T ‖2 = ‖W‖2 ≤ Ω∗ ≤ δ2k+β‖xS − xp‖2 + ‖AT ν ′‖2,

where ‖W‖2 ≤ Ω∗ follows from (27) and the last inequality above follows from (26). Thus the
bound (22) holds trivially for this case.

Case 2: Ω̂ 6= 0. Then let γ be the ratio of ‖W‖2 and Ω̂, i.e. ‖W‖2 = γΩ̂. Substituting this
into (27), we immediately obtain

Ω̂ =
Ω∗√

1 + γ2
, ‖W‖2 =

γΩ∗√
1 + γ2

. (28)
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Therefore, by the definition of Ω in (23), we have

Ω2 = ‖(xS − xp)(S∪Sp)\T −
[
(xS − xp)(S∪Sp)\T − [AT (y −Axp)](S∪Sp)\T

]
‖22

= ‖(xS − xp)(S∪Sp)\T −W‖22
= ‖(xS − xp)(S∪Sp)\T ‖22 − 2

[
(xS − xp)(S∪Sp)\T

]T
W + ‖W‖22

≥ ‖(xS − xp)(S∪Sp)\T ‖22 − 2‖(xS − xp)(S∪Sp)\T ‖2‖W‖2 + ‖W‖22. (29)

By (25) and (28), the left-hand side of the above inequality can be bounded as

Ω2 ≤ Ω̂2 =
(Ω∗)2

1 + γ2
.

Thus substituting ‖W‖2 in (28) into (29) leads to

(Ω∗)2

1 + γ2
≥ ‖(xS − xp)(S∪Sp)\T ‖22 +

γ2(Ω∗)2

1 + γ2
− 2‖(xS − xp)(S∪Sp)\T ‖2

γΩ∗√
1 + γ2

.

Simplifying the above inequality yields

‖(xS − xp)(S∪Sp)\T ‖22 −
2γΩ∗√
1 + γ2

‖(xS − xp)(S∪Sp)\T ‖2 +
(γ2 − 1)(Ω∗)2

1 + γ2
≤ 0,

which is a quadratic inequality of ‖(xS − xp)(S∪Sp)\T ‖2, and thus

‖(xS − xp)(S∪Sp)\T ‖2 ≤
1

2

(
2γΩ∗√
1 + γ2

+

√
4γ2(Ω∗)2

1 + γ2
− 4(γ2 − 1)(Ω∗)2

1 + γ2

)

=
1 + γ√
1 + γ2

Ω∗ ≤
(

max
0≤γ<∞

1 + γ√
1 + γ2

)
Ω∗ =

√
2Ω∗,

where the maximum of the univariate function of γ achieves at γ = 1. By combining (26) and
the inequality above, we immediately obtain the desired inequality in the lemma. �

The main result for CoSaMP is summarized as follows.

Theorem 4.4 If the restricted isometry constant of the sensing matrix A satisfies that

δ4k <

√
2√

13 + 4
√

5 + 3
≈ 0.5102, (30)

then the iterates {xp}, generated by the CoSaMP, satisfy that

‖xS − xp‖2 ≤ ρp‖xS − x0‖2 +
C

1− ρ
‖AT ν ′‖2,

where the constants ρ and C are given as

ρ = δ4k

√
2 + (

√
5 + 1)δ2

4k

1− δ2
4k

< 1 (31)

and

C =

√
2 + (

√
5 + 1)δ2

4k

1− δ2
4k

+

√
5 + 1

2(1− δ4k)
.
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Proof. Let Up+1, zp+1 and xp+1 are given, respectively, by (CP1)–(CP3) of CoSaMP. From
the structure of CoSaMP, we see that Sp = supp(xp) ⊆ Up+1 and Sp+1 = supp(xp+1) =
supp(Hk(zp+1)) ⊆ Up+1 (so (xp+1)Up+1 = xp+1). By Lemma 3.2, we have

‖(xS − xp+1)Up+1‖2 = ‖xS∩Up+1 − xp+1‖2 = ‖xS∩Up+1 −Hk(zp+1)‖2

≤
√

5 + 1

2
‖(xS∩Up+1 − zp+1)(S∩Up+1)∪Sp+1‖2

≤ η‖(xS∩Up+1 − zp+1)Up+1‖2
(since (S ∩ Up+1) ∪ Sp+1 ⊆ Up+1)

= η‖(xS − zp+1)Up+1‖2,

where η = (
√

5+1)/2. Also, since supp(xp+1) ⊆ Up+1, we have that (xp+1)
Up+1 = 0 = (zp+1)

Up+1 .
This together with the above relation implies that

‖xS − xp+1‖22 = ‖(xS − xp+1)
Up+1‖22 + ‖(xS − xp+1)Up+1‖22

= ‖(xS − zp+1)
Up+1‖22 + ‖(xS − xp+1)Up+1‖22

≤ ‖(xS − zp+1)
Up+1‖22 +

(
η‖(xS − zp+1)Up+1‖2

)2
. (32)

Consider the step (CP2) of the CoSaMP. Applying Lemma 4.2 with Γ = Λ = Up+1, S = Lk(x),
x∗ = zp+1, τ = k and |Γ| = |Up+1| ≤ 3k, we conclude that if δ4k < 1, one has

‖(xS − zp+1)Up+1‖2 ≤
δ4k‖(xS − zp+1)

Up+1‖2√
1− δ2

4k

+
‖AT ν ′‖2
1− δ4k

. (33)

By combining (32) and (33) and using the inequality (21), we obtain

‖xS − xp+1‖22 ≤ ‖(xS − zp+1)
Up+1‖22 +

ηδ4k‖(xS − zp+1)
Up+1‖2√

1− δ2
4k

+
η‖AT ν ′‖2

1− δ4k

2

≤

(√(
1 +

η2δ2
4k

1− δ2
4k

)
‖(xS − zp+1)

Up+1‖22 +
η‖AT ν ′‖2

1− δ4k

)2

=
(√1 + ηδ2

4k

1− δ2
4k

‖(xS − zp+1)
Up+1‖2 +

η‖AT ν ′‖2
1− δ4k

)2
, (34)

where the equality follows from the fact η2− 1 = η. In the remainder of this proof, it is sufficient
to bound the term ‖(xS − zp+1)

Up+1‖2 in terms of ‖xS − xp‖2. Note that (zp+1)
Up+1 = 0 and

Sp = supp(xp) ⊆ Up+1 which implies that (xp)
Up+1 = 0. Thus

‖(xS − zp+1)
Up+1‖2 = ‖(xS)

Up+1‖2 = ‖(xS − xp)Up+1‖2. (35)

Setting β = 2k and T = supp[Hβ(AT (y − Axp))], it follows from Lemma 4.3 that the CoSaMP
satisfies the relation

‖(xS − xp)T ‖2 ≤
√

2(δ4k‖xp − xS‖2 + ‖AT ν ′‖2). (36)

Note that T ⊆ Up+1 which implies that Up+1 ⊆ T . Thus

‖(xS − xp)Up+1‖2 ≤ ‖(xS − xp)T ‖2. (37)
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Merging the three relations (35)–(37) leads to

‖(xS − zp+1)
Up+1‖2 ≤

√
2(δ4k‖xp − xS‖2 + ‖AT ν ′‖2).

Therefore, it follows from (34) that

‖xS − xp+1‖2 ≤

√
2(1 + ηδ2

4k)

1− δ2
4k

(δ4k‖xS − xp‖2 + ‖AT ν ′‖2) +
η

1− δ4k
‖AT ν ′‖2

= ρ‖xS − xp‖2 + C‖AT ν ′‖2,

where the constants ρ and C are given by

ρ = δ4k

√
2 + (

√
5 + 1)δ2

4k

1− δ2
4k

,

C =

√
2(1 + ηδ2

4k)

1− δ2
4k

+
η

1− δ4k
=

√
2 + (

√
5 + 1)δ2

4k

1− δ2
4k

+

√
5 + 1

2(1− δ4k)
.

We now prove that if δ4k satisfies (30), then the constant ρ < 1. In fact, to ensure ρ < 1, it is
sufficient to ensure that

δ4k

√
2(1 + ηδ2

4k)

1− δ2
4k

< 1,

which, by squaring, can be written as

2ηδ4
4k + 3δ2

4k − 1 < 0.

Thus

δ2
4k <

√
9 + 4(

√
5 + 1)− 3

2(
√

5 + 1)
=

2√
9 + 4(

√
5 + 1) + 3

,

and hence

δ4k <

√
2√

13 + 4
√

5 + 3
≈ 0.5102.

The proof is complete. �

Remark 4.5 The existing bound δ4k < 0.4782 for guaranteed performance of CoSaMP was
shown by Foucart and Rauhut (see, e.g., Theorem 6.18 in [24]). Their bound was improved to
δ4k < 0.5102 in the theorem. Moveover, in terms of geometric rate 0.5, Foucart and Rauhut’s
bound is δ4k < 0.299, which was slightly improved to δ4k < 0.301 by Shen and Li [40]. Let us
find out our new bound if the geometric rate ρ ≤ 0.5 is required, where ρ is given by (31). Let

ρ = δ4k

√
2(1 + ηδ2

4k)

1− δ2
4k

≤ 0.5. (38)

It is not difficult to verify that the relation (38) is satisfied if

δ4k ≤
√√√√ 2√

81 + 16(
√

5 + 1) + 9
≈ 0.3122,
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which guarantees that
‖xp − xS‖2 ≤ 0.5p‖x0 − xS‖2 + ξ‖AT ν ′‖2, (39)

where ξ is a certain univariate constant. Thus our result for CoSaMP in terms of geometric rate
0.5 also improves the existing results in [24, 40].

Remark 4.6 Finally, we make a few remarks before closing the paper.
(i) The general IHT adopts the iterative scheme

xp+1 = Hk(xp + λpA
T (y −Axp)),

where λp is a steplength which is either fixed or updated from iteration to iteration (see [5, 24, 27]).
In this paper, we only consider the case λp ≡ 1. Although our analysis provides a possible idea
to enhance the existing results for IHT with other stepsizes, we are still not clear at the moment
whether an improved result for IHT with λp 6= 1 can be obtained by our argument method. In
fact, when a steplength is involved, several key estimations such as those in Lemma 3.5 cannot
directly apply to the analysis of the algorithms for this case. To ensure the success of IHT for
solving a sparse recovery problem, both some assumptions imposed on the measurement matrix
and the steplength are needed. The existing results indicate that the analysis in this case becomes
more complicated, and the choice of λp usually relies on the RIC.

(ii) Several modifications of IHT were proposed in [26], and the HTP is one of those modi-
fications. It was shown that δ3k < 1/

√
3 is a sufficient condition for guaranteed performance of

the HTP with unit steplength, and this bound remains the best known one for this method in
terms of the RIP of order 3k. It seems that the analysis in this paper for IHT and CoSaMP does
not help improving the result for HTP. It is also worth pointing out that although the structure
of the efficient subspace pursuit (SP) [16] is quite similar to that of CoSaMP, it remains not clear
at the moment whether the best known bound, δ4k < 0.4858, shown by Song, Xia and Liu [41]
for SP can be improved via the analysis in this paper.

(iii) The analysis of the algorithm, in theory, can be performed independently in terms of
any order K of RIC provided that K ≥ k, where k is the sparsity level of the signal. Depending
on the structure of the algorithm and the argument approach, however, some order of RIC is
particularly suited for the analysis of a specific algorithm. For instance, δ3k and δ4k are convenient
for the analysis of IHT and CoSaMP, respectively, and δ2k is convenient for `1-minimization. The
derived results with different orders are often independent in the sense that one cannot imply the
other. For instance, the IHT with steplength λp = 3/4 can guarantee to recover a k-sparse signal
if δ2k < 1/3 (see [27] or p.173 in [24]). This condition does not imply the bound δ3k < 0.618
derived in this paper and via versa. However, some implications might still be made when
comparing different recovery conditions. Taking `1-minimization as an example, it is known that
δ2k <

√
2/2 ≈ 0.707 is a sufficient condition for `1-minimization to recover the k-sparse signal [10].

Since δ2k ≤ δ3k ≤ δ4k, the sufficient conditions (in terms of δ3k and δ4k) developed in this paper for
IHT and CoSaMP must also imply that `1-minimization guarantees to recover the k-sparse signal.
Specifically, since the condition δ3k < 0.618 implies δ2k < 0.618, both IHT and `1-minimization
will succeed in recovering the k-sparse signal from a theoretical point of view. However, these
algorithms may perform very differently from a numerical point of view. In practical applications,
one must choose between algorithms by taking into account the computational complexity of an
algorithm. It is well known that `1-minimization, as a convex optimization problem, admits much
higher computational complexity than IHT and CoSaMP which are much easier to implement
and work faster than `1-minimization, especially when solving a large scaled recovery problem.

(iv) The RIC is not the only tool for the analysis of compressed sensing algorithms. The earlier
analysis was usually performed via the mutual coherence (see [21, 24] the references therein). The
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mutual coherence is easy to compute, but the derived results are often conservative. As a result,
the RIP and other analysis tools, including the null space property of measurement matrices
(e.g., [24]) and the range space property of transposed measurement matrices (e.g., [45, 46]), are
also introduced to analyze the algorithms. A common goal of these analyses is to identify the
largest class of recovery problems that are guaranteed to be solved by an algorithm. In terms
of δK , finding the tightest RIP-based bound δK < δ∗ for guaranteed success of an algorithm
is equivalent to identifying the largest family of recovery problems for which the algorithm can
successfully solve. The bound established in this paper for IHT seems tight, while it remains
unclear whether the improved bound for CoSaMP is tight or not. However, any improved bound
must be an important step moving towards the tightest one.

5 Conclusions

The deep property of hard thresholding operator in Lemma 3.2 makes it possible to improve
the performance theory for the two compressed sensing algorithms IHT and CoSaMP. The new
RIP-based bound δ3k < (

√
5−1)/2 shown for IHT in this paper remarkably improves the existing

bounds for this algorithm. While the improvement of the performance result for CoSaMP is much
more challenging, the existing RIP-based bound for this algorithm was eventually improved to
δ4k < 0.5102 in this paper.
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