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Abstract

Projecting a vector onto a simplex is a well-studied problem that arises
in a wide range of optimization problems. Numerous algorithms have been
proposed for determining the projection; however, all but one of these al-
gorithms are serial. We address this gap by developing a method that
preprocesses the input vector by decomposing and distributing it across
multiple processors for local projection. Our method is especially effec-
tive when the projection is highly sparse; which is the case, for instance,
in large-scale problems with i.i.d. entries. Moreover, the method can be
adapted to work with a broad range of serial algorithms from the litera-
ture. We fill in theoretical gaps in serial algorithm analysis, and develop
similar results for our parallel analogues. Numerical experiments con-
ducted on a wide range of large-scale instances demonstrate the practical
effectiveness of the method.

1 Introduction

Given a vector d ∈ Rn, we consider the following projection of d:

proj∆b
(d) := argminv∈∆b

‖v − d‖2, (1)

where ∆b is a scaled standard simplex parameterized by some scaling factor
b > 0,

∆b := {v ∈ Rn |
n∑
i=1

vi = b, v ≥ 0}.

1.1 Applications

Projection onto a simplex can be leveraged as a subroutine to determine pro-
jections onto more complex polyhedra. Such projections arise in numerous set-
tings such as: image processing, e.g. labeling [27], or multispectral unmixing [6];
portfolio optimization [10]; and machine learning [7]. As a particular example,
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projection onto a simplex can be used to project onto the parity polytope (see
e.g. Wasson et al. [36]):

projPPn(d) := argminv∈PPn‖v − d‖2, (2)

where PPn is a n-dimensional parity polytope:

PPn := conv({v ∈ {0, 1}n |
n∑
i=1

vi = 0 (mod2)}).

Projection onto the parity polytope arises in linear programming (LP) de-
coding [2, 28,37–39], which is used for signal processing.

Another example is projection onto a `1 ball:

Bb := {v ∈ Rn |
n∑
i=1

|vi| ≤ b}. (3)

Duchi et al. [19] demonstrate that the solution to this problem can be eas-
ily recovered from projection onto a simplex (see Section 4 for details). Fur-
thermore, projection onto a `1 ball can, in turn, be used as a subroutine in
gradient-projection methods (see e.g. van den Berg [4]) for a variety of machine
learning problems that use `1 penalty, such as: Lasso [34]; basis-pursuit denois-
ing [4, 5, 14]; sparse representation in dictionaries [18]; variable selection [35];
and classification [1].

Finally, we note that methods for projection onto the scaled standard sim-
plex and `1 ball can be extended to projection onto the weighted simplex and
weighted `1 ball [31] (see Section 4.3). Projection onto the weighted simplex
can, in turn, be used to solve the continuous quadratic knapsack problem [33].
Moreover, `p regularization can be handled by iteratively solving weighted `1
projections [11,12,15].

1.2 Contributions

Most of the algorithms for projection onto a simplex are serial. Indeed, to
our knowledge, there is only one published parallel method for the projection
problem (1), proposed by Wasson et al. [36], which parallelizes a basic sort and
scan (specifically prefix sum) approach. In this paper we propose a way to de-
compose the projection problem across processors in order to determine (some)
zero-valued entries in the original projection. The key insight to our approach
is captured by Proposition 3.4: the projection of any subvector of d onto a
simplex (in the corresponding space with scale factor b) will have zero-valued
entries only if the full-dimension projection has corresponding zero-valued en-
tries. Our method can be interpreted as a sparsity-exploiting distributed pre-
processing method, and thus it can be adapted to parallelize a broad range
serial projection algorithms. Furthermore, we develop a modest but practically
significant enhancement to the parallel approach of Wasson et al. We provide
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thorough theoretical analyses of all aforementioned algorithms, and also conduct
computational experiments. Our computational results demonstrate significant
speedups with our distributed method on a standard multicore CPU over a
wide range of large-scale problems. The remainder of the paper is organized
as follows. Section 2 describes serial algorithms from the literature and devel-
ops new complexity results to fill in gaps in the literature. Section 3 develops
parallel analogues of the aforementioned algorithms using our novel distributed
method. Section 4 extends these parallelized algorithms to various applications
of projection onto a simplex. Section 5 describes computational experiments.
Section 6 concludes.

2 Background and Serial Algorithms

This section begins with a presentation of some fundamental results regarding
projection onto a simplex, followed by analysis of serial algorithms for the prob-
lem, filling in various gaps in the literature. The final subsection, Section 2.6,
provides a summary. Note that, for the purposes of average case analysis, we
assume uniformly distributed inputs: d1, . . . , dn are i.i.d ∼ U [l, u].

2.1 Properties of Simplex Projection

KKT conditions yield a useful characterization of the unique optimal solution
v∗ to problem (1):

Proposition 2.1 (Held, Wolfe, and Crowder [22]). For a vector d ∈ Rn and a
scaled standard simplex ∆b ∈ Rn, there exists a unique τ ∈ R such that

v∗i = max{di − τ, 0}, ∀i = 1, · · · , n, (4)

where v∗ := proj∆b
(d) ∈ Rn.

Hence, problem (1) can be reduced to a univariate search problem for the
optimal pivot τ . Note that the nonzero (positive) entries of v∗ correspond to
entries where di > τ . So for a given value t ∈ R and the index set I := {1, ..., n},
we denote the active index set It ⊆ I as the set containing all indices of active
elements where di > t. Now consider the following function, which will be used
to provide an alternate characterization of τ :

f(t) :=

{∑
i∈It

di−b
|It| − t, t < maxi{di}

−b, t ≥ maxi{di}
(5)

Corollary 2.2. For any t1, t2 ∈ R such that t1 < τ < t2, we have

f(t1) > f(τ) = 0 > f(t2).

Proof. By definition,

f(t) =

∑
i∈It di − b
|It|

− t,

3



=

∑
i∈It(di − t)− b

|It|
,

=

∑n
i=1 max{di − t, 0} − b

|It|
.

Observe that g(t) :=
∑n
i=1 max{di− t, 0}−b is a strictly decreasing function for

t ≤ maxi{di}, and g(t) = −b for t ≥ maxi{di}. Furthermore, from Proposition
2.1, we have that τ is the unique value such that g(τ) = 0; moreover, since
b > 0 then τ < maxi{di}. Thus g(t1) > g(τ) = 0 > g(t2), which implies
f(t1) > 0, f(τ) = 0, and f(t2) < 0.

Thus the sign of f only changes once, and τ is its unique root. These results
can be leveraged to develop search algorithms for τ , which are presented next.
This corollary and the use of f is our own contribution, as we have found it a
convenient organizing principle for various simplex projection algorithms from
the literature.

2.2 Sort and Scan

Observe that only the greatest |Iτ | terms of d are indexed in Iτ . Now suppose
we sort d in decreasing order:

dπ1
≥ dπ2

≥ ... ≥ dπn .

We can sequentially test these values in descending order, f(dπ1
), f(dπ2

), etc.
to determine |Iτ |. In particular, from Corollary 2.2 we know there exists some
κ := |Iτ | such that f(dπκ) < 0 ≤ f(dπκ+1). Thus the projection must have

κ active elements, and since f(τ) = 0, we have τ =
∑κ
i=1 dπi−b

κ . We also note
that, rather than recalculating f at each iteration, one can keep a running
cumulative/prefix sum or scan of

∑j
i=1 dπi as j increments.

Algorithm 1: Sort and Scan (Held, Wolfe, and Crowder [22])

Input: vector d = (d1, · · · , dn), scaling factor b.
Output: projection v∗.

1 Sort d as dπ1 ≥ · · · ≥ dπn ;

2 Set κ := max1≤j≤n{j :
∑j
i=1 dπi−b

j < dπj};
3 Set τ :=

∑κ
i=1 dπi−b

κ ;
4 Set v∗i := max{di − τ, 0} for all 1 ≤ i ≤ n;
5 return v∗ = (v∗1 , · · · , v∗n).

The bottleneck is sorting, as all other operations are linear time; for instance,
QuickSort executes the sort with average complexity O(n log n) and worst-case
O(n2), while MergeSort has worst-case O(n log n) (see, e.g. [3]). Moreover, non-
comparison sorting methods can achieve O(n) (see, e.g. [29]), albeit typically
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with a high constant factor as well as dependence on the bit-size of d. Indeed,
the use of buckets in radix sort is shared by the linear-time Bucket Method [32]
for simplex projection, described in Section 2.5.

2.3 Pivot and Partition

Sort and Scan begins by sorting all elements of d, yet only the greatest |Iτ | terms
are needed to calculate τ . Pivot and Partition, proposed by Duchi et al. [19],
can be interpreted as a hybrid sort-and-scan that attempts to avoid sorting all
elements. We present as Algorithm 2 a variant of this method approach given
by Condat [16].

Algorithm 2: Pivot and Partition

Input: vector d = (d1, · · · , dn), scaling factor b.
Output: projection v∗.

1 Set I := {1, ..., n}, Iτ := ∅, Ip := ∅;
2 while I 6= ∅ do
3 Select a pivot p ∈ [mini∈I{di},maxi∈I{di}];
4 Set Ip := {i | di > p, i ∈ I};
5 if (

∑
i∈Ip∪Iτ di − b)/(|Ip|+ |Iτ |) > p then

6 Set I := Ip;
7 else
8 Set Iτ := Iτ ∪ Ip, I := I \ Ip;
9 end

10 end

11 Set τ :=
∑
i∈Iτ di−b
|Iτ | ;

12 Set v∗i := max{di − τ, 0} for all 1 ≤ i ≤ n;
13 return v∗ := (v∗1 , · · · , v∗n).

We select a pivot p ∈ [mini{di},maxi{di}], which is intended as a candidate
value for τ , and calculate f(p). From Corollary 2.2, if f(p) > 0, then p < τ
and so Ip ⊃ Iτ ; consequently, a new pivot is chosen in the (tighter) interval
[mini∈Ip{di},maxi∈Ip{di}], which is known to contain τ . Otherwise, if f(p) ≤ 0,
then p ≥ τ , and so we can find a new pivot p ∈ [mini∈Īp{di},maxi∈Īp{di}],
where Īp := {1, ..., n}\Ip is the complement set. Repeatedly selecting new pivots
and creating partitions in this manner results in a binary search to determine
the correct active set Iτ , and consequently τ .

Several strategies have been proposed for selecting a pivot within a given
interval. Duchi et al. [19] choose a random value in the interval, while Kiwiel [23]
uses the median value. The classical approach of Michelot [30] can be interpreted
as a special case that sets the initial pivot as p(1) = (

∑
i∈I di − b)/|I|, and

subsequently p(i+1) = f(p(i)) + p(i). This ensures that p(i) ≤ τ which avoids
extraneous re-evaluation of sums in the if condition. Michelot’s algorithm is
presented separately as Algorithm 3.
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Algorithm 3: Michelot’s method

Input: vector d = (d1, · · · , dn), scaling factor b.
Output: projection v∗.

1 Set Ip := {1, ..., n}, I := ∅;
2 do
3 Set I := Ip;
4 Set p := (

∑
i∈I di − b)/|I|;

5 Set Ip := {i ∈ I | di > p};
6 while |I| > |Ip|;
7 Set v∗i := max{di − p, 0} for all 1 ≤ i ≤ n;
8 return v∗ := (v∗1 , · · · , v∗n).

Condat [16] provided worst-case runtimes for each of the pivot rules, as well
as average case complexity (over the uniform distribution) for the random pivot
rule (see Table 2). We fill in the gaps here and establish O(n) runtimes for
the median rule as well as Michelot’s method. We note that the median pivot
method is a linear-time algorithm, but relies on a median-of-medians subroutine
[8], which has a high constant factor.

Lemma 2.3.

E[

∑n
i=1 di − b
n

]→ l + u

2
as n→∞

with a sublinear convergence rate.

Proof. Observe that E[di] = l+u
2 . Since d1, ...dn are i.i.d, then we have

E[

∑n
i=1 di − b
n

] =
l + u

2
− b

n
.

Thus E[
∑n
i=1 di−b
n ] converges to l+u

2 at the rate of O( 1
n ) as n approaches infinity.

Proposition 2.4. Michelot’s method has an average runtime of O(n).

Proof. Let δi be the number of elements that Algorithm 3 removes from the
(candidate) active set Iip in iteration i, and let T be the total number of itera-
tions. Then

T∑
i=1

δi = n− |Iτ |.

From Lemma 2.3 and Proposition A.3, the algorithm will (recursively) remove
half the entries in expectation from Ip in each iteration as n approaches infin-
ity, so (asymptotically) E[δi] = n/2i. Furthermore, in a given iteration j the

algorithm scans |I(j)
p | terms. So

E[|I(j)
p |] = E[n−

j−1∑
i=1

δi]
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= n−
j−1∑
i=1

n

2i

=
n

2j−1

= 2E[δj ];

thus, E[
∑T
j=1 |I

(j)
p |] = 2E[

∑T
j=1 δj ] = 2(n − E[|Iτ |]); and so O(n) operations

are used for scanning. All other operations, i.e. assigning I and Ip, are within
a constant factor of the scanning operations.

The same argument holds for the median pivot rule, as half the terms are
guaranteed to be removed each iteration, and the operations per loop are within
a constant factor of Michelot’s; we omit a formal proof of its O(n) average
runtime for brevity.

2.4 Condat’s Method

Condat’s method [16], presented as Algorithm 5, can be seen as a modification
of Michelot’s method in two ways. First, Condat replaces the initial scan with a
Filter to find an initial pivot, presented as Algorithm 4. Lemma 2.5 shows that
the Filter provides a greater (or equal) initial starting pivot compared to a scan;
since Michelot approaches τ from below, this results in fewer iterations (see proof
of Proposition 2.9). Second, Condat’s method dynamically updates the pivot
value whenever an inactive entry is removed from Ip; in contrast, Michelot’s
method updates the pivot every iteration by summing over all entries.

Condat [16] supplies a worst-case complexity of O(n2). We supplement this
with average-case analysis. The following technical lemmas are needed to de-
velop the final result.

Lemma 2.5. Filter provides a pivot p such that τ ≥ p ≥
∑
i∈I di−b
|I| .

Proof. The upper bound p ≤ τ is given by construction of p (see Condat [16,
Section 3, Paragraph 2]).

We can establish the lower bound on p by considering the sequence p(1) ≤
... ≤ p(n) ∈ R, which represents the initial as well as subsequent (intermediate)
values of p from the first outer for-loop on line 2 of presented as Algorithm 4,

and their corresponding index sets I(1)
p ⊆ ... ⊆ I(n)

p . Filter initializes with

p(1) := d1 − b and I(1)
p := {1}. For i = 2, ..., n, if di > p(i−1),

p(i) := p(i−1) + (di − p(i−1))/(|I(i−1)
p |+ 1), I(i)

p := I(i−1)
p ∪ {i};

otherwise p(i) := p(i−1), and I(i)
p := I(i−1)

p . Then it can be shown that p(i) =

(
∑
j∈I(i)p

dj − b)/|I(i)
p | (see Condat [16, Section 4, Paragraph 2]), and p ≥ p(n)
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Algorithm 4: Filter

Input: vector d = (d1, · · · , dn), scaling factor b.
Output: It.

1 Set Ip := {1}, Iw := ∅, p := d1 − b;
2 for i = 2 : n do
3 if di > p then

4 Set p := p+ di−p
|Ip|+1 ;

5 if p > di − b then
6 Set Ip := Ip ∪ {i};
7 else
8 Set Iw := Iw ∪ Ip, Ip := {i}, p := di − b;
9 end

10 end

11 end
12 for i ∈ Iw do
13 if di > p then

14 Set Ip := Ip ∪ {i}, p := p+ di−p
|Ip| ;

15 end

16 end
17 return Ip.

(see Condat [16, Section 3, Paragraph 5]). Now in terms of p(n) we may write∑
i∈I di − b
|I|

=

∑
i∈I(n)

p
di − b+

∑
i∈I\I(n)

p
di

|I|

=
(
∑
i∈I(n)

p
di − b)|I(n)

p |

|I||I(n)
p |

+

∑
i∈I\I(n)

p
di

|I|

=
|I(n)
p |
|I|

p(n) +

∑
i∈I\I(n)

p
di

|I|

=p(n) +

∑
i∈I\I(n)

p
di − (|I| − |I(n)

p |)p(n)

|I|

=p(n) +

∑
i∈I\I(n)

p
(di − p(n))

|I|
.

For any i ∈ I\I(n)
p , since I(i)

p ⊆ I(n)
p then i 6∈ I(i)

p . By construction of p(i−1)

and I(i)
p , we have di ≤ p(i−1) ≤ p(n). Thus,

∑
i∈I\I(n)

p
(di − p(n)) ≤ 0, and

p(n) ≥ (
∑
i∈I di − b)/|I|. So p ≥ p(n) ≥ (

∑
i∈I di − b)/|I|.

As (
∑
i∈I di − b)/|I| is the initial pivot value used by Michelot’s method

(see Algorithm 3 line 4), Lemma 2.5 implies that Filter provides a (weakly)
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Algorithm 5: Condat’s method

Input: vector d = (d1, · · · , dn), scaling factor b.
Output: projection v∗.

1 Set Ip := Filter(d, b), p :=

∑
i∈Ip di−b
|Ip| , I := ∅;

2 do
3 Set I := Ip;
4 for i ∈ I : di ≤ p do
5 Set Ip := Ip\{i};
6 Set p := p+ p−di

|Ip| ;

7 end

8 while |I| > |Ip|;
9 Set v∗i := max{di − p, 0} for all 1 ≤ i ≤ n;

10 return v∗ = (v∗1 , · · · , v∗n).

better starting pivot. Now we introduce some notation in order to compare
subsequent iterations of Condat’s method with iterations of Michelot’s method.
Let tC ≤ n and tM ≤ n be the total number of iterations taken by Condat’s
method and Michelot’s method (respectively) on a given instance. Let IC0 , ..., ICn
be the active index sets per iteration for Condat’s method with corresponding
pivots pC0 , ..., p

C
n . Likewise, we denote the index sets and pivots of Michelot’s

method as IM0 , ..., IMn and pM0 , ..., pMn , respectively. If tC < n then we set
pCtC = pCtC+1 = ... = pCn = τ and ICtC = ICtC+1 = ... = ICn = Iτ ; likewise for
Michelot’s algorithm.

Lemma 2.6. ICi ⊆ IMi , and pCi ≥ pMi for i = 0, ..., n.

Proof. We will prove this by induction. For the base case, IC0 is obtained by
Filter. So IC0 ⊆ I = IM0 . Moreover, from Lemma 2.5, pC0 ≥ pM0 .

Now for any iteration i ≥ 1, suppose ICi ⊆ IMi , and pCi ≥ pMi . From line
5 in Algorithm 3, IMi+1 := {j ∈ IMi : dj > pMi }. From Condat [16, Section
3, Paragraph 3], Condat’s method uses a dynamic pivot between pCi to pCi+1

to remove inactive entries that would otherwise remain in Michelot’s method.
Therefore, ICi+1 ⊆ {j ∈ ICi : dj > pCi } ⊆ IMi+1, and moreover for any j ∈
IMi+1\ICi+1, we have that dj ≤ pCi+1. Now observe that

pCi+1 − pMi+1

=

∑
j∈ICi+1

dj − b

|ICi+1|
−

∑
j∈IMi+1

dj − b

|IMi+1|

=

∑
j∈ICi+1

dj − b

|ICi+1|
−

∑
j∈ICi+1

dj +
∑
j∈IMi+1\ICi+1

dj − b

|ICi+1|+ |IMi+1\ICi+1|

=

∑
j∈IMi+1\ICi+1

(pCi+1 − dj)

|ICi+1|+ |IMi+1\ICi+1|
≥ 0,
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and so pCi+1 ≥ pMi+1.

Corollary 2.7.
∑tC
i=1 |ICi | ≤

∑tM
i=1 |IMi |.

Proof. Observe that both algorithms remove elements (without replacement)
from their candidate active sets ICi , IMi at every iteration; moreover, they ter-
minate with the pivot value τ and so ICtC = IMtM = Iτ . So, together with
Lemma 2.6, we have for i = 0, ..., n that Iτ ⊆ ICi ⊆ IMi . So IMtM = Iτ implies

ICtM = Iτ , and so tC ≤ tM . Therefore
∑tC
i=1 |ICi | ≤

∑tM
i=1 |IMi |.

Lemma 2.8. The worst-case runtime of Filter is O(n).

Proof. Since Iw ⊆ I at any iteration, Filter will scan at most 2|I| entries;
including O(1) operations to update p.

Proposition 2.9. Condat’s method has an average runtime of O(n).

Proof. Filter takes O(n) operations from Lemma 2.8. From Corollary 2.7, the
total operations spent on scanning in Condat’s method is less than (or equal
to) the average O(n) operations for Michelot’s method (established in Proposi-
tion 2.4); hence Condat’s average runtime is O(n).

2.5 Bucket Method

Pivot and Partition selects one pivot in each iteration to partition d and applies
this recursively in order to create sub-partitions in the manner of a binary
search. The Bucket Method, developed by Perez et al. [32], can be interpreted
as a modification that uses multiple pivots and partitions (buckets) per iteration.

The algorithm, presented as Algorithm 6 is initialized with tuning parame-
ters T , the maximum number of iterations, and c, the number of buckets with
which to subdivide the data. In each iteration the algorithm partitions the prob-
lem into the buckets Ij with the inner for loop of line 4, and then calculates
corresponding pivot values in the inner for loop of line 10.

The tuning parameters can be determined as follows. Suppose we want the
algorithm to find a (final) pivot τ̄ within some absolute numerical tolerance D
of the true pivot τ , i.e. such that |τ̄ − τ | ≤ D. This can be ensured (see [32])
by setting

T = logc
R

D
,

where R := maxi∈I{di} −mini∈I{di} denotes the range of d. Perez et al. [32]
prove the worst-case complexity is O((n+ c) logc(R/D)).

Proposition 2.10. The Bucket method has an average runtime of O(cn).

Proof. Let I(t) denote the index set I at the start of iteration t in the outer for

loop (line 2), and I(t)
j denote the index set of the jth bucket, Ij , at the end of

the first inner for loop (line 4).
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Algorithm 6: Bucket method

Input: vector d = (d1, · · · , dn), scaling factor b, bucket number c,
maximum number of iterations T .

Output: projection v∗.
1 Set I = {1, ..., n}, Iτ = ∅;
2 for t = 1 : T do
3 Set I1, ..., Ic := ∅;
4 for j = 1 : c do
5 Set pj := (maxi∈I{di} −mini∈I{di}) · (c− j)/c+ mini∈I{di};
6 for i ∈ I : di ≥ pj do
7 Set Ij := Ij ∪ {i}, I := I\{i}
8 end

9 end
10 for j = 1 : c do

11 Set p =

∑
i∈Iτ di+

∑
i∈Ij

di−b
|Iτ |+|Ij | ;

12 if p ≥ pj then
13 Set I := Ij ;
14 Break the inner loop;

15 else if j < c & p > maxi∈Ij+1
{di} then

16 Set Iτ := Iτ ∪ Ij ;
17 Break the outer loop;

18 else
19 Iτ := Iτ ∪ Ij ;
20 end

21 end

22 end

23 Set τ :=
∑
i∈Iτ di−b
|Iτ | ;

24 Set v∗i := max{di − τ, 0} for all 1 ≤ i ≤ n;
25 return v∗ := (v∗1 , · · · , v∗n).

For a given outer for loop iteration t (line 2), the first inner for loop (line 4)
uses O(c|I(t)|) operations. Note that the max and min on line 5 can be reused
in each iteration, and the nested for loop on line 6 has |I(t)| iterations. The
second inner for loop (line 10) also uses O(c|I(t)|) operations. In line 11, the
first sum

∑
i∈Iτ di can be updated dynamically (in the manner of a scan) as

a cumulative sum as τ is updated in line 16 or 19, thus requiring a constant
number of operations per iteration j. The second sum

∑
i∈Ij di is bounded

above by O(|I(t)|) since Ij ⊆ I(t). Thus each iteration j of the outer for loop
uses O(c|I(t)|) operations.

Since d1, ..., dn are i.i.d ∼ U [l, u], then from Proposition A.3, the terms
from each sub-partition are also i.i.d uniform. So for any t = 1, ..., T and

j = 1, ..., c, E[|I(t)
j |] = E[|I(t)|]/c. From line 13, E[|I(t+1)|] = E[|I(t)|]/c. Since
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E[|I(1)|] = n then E[|I(t)|] = n/ct−1; thus

E[

T∑
t=1

|I(t)|] =

logc(R/D)∑
t=1

n

ct−1
=

c

c− 1
n(1− D

R
).

Therefore, E[
∑T
t=1 c · |I(t)|] ∈ O(cn).

2.6 Summary of Results

Pivot Rule Worst Case Average Case
(Quick)Sort and Scan O(n2) O(n)
Michelot’s method O(n2) O(n)
Pivot and Partition (Median) O(n) O(n)
Pivot and Partition (Random) O(n2) O(n)
Condat’s method O(n2) O(n)
Bucket method O(cn) O(cn)

Table 1: Complexity results for serial algorithms for projection onto a simplex.
New results are bolded.

Table 1 shows that all presented algorithms attain O(n) performance on
average given uniformly i.i.d. inputs. The methods are ordered by publica-
tion date, starting from the oldest result. As described in Section 2.2, Sort
and Scan can be implemented with non-comparison sorting to achieve O(n)
worst-case performance. However, as with the linear-time median pivot rule,
and the Bucket Method, there are tradeoffs: increased memory, overhead, de-
pendence on factors such as input bit-size, etc. Both sorting and scanning are
(separately) well-studied in parallel algorithm design, so the Sort and Scan idea
lends itself to a natural decomposition for parallelism (discussed in Section 3.1).
The other methods integrate sorting and scanning in each iterate, and it is no
longer clear how best to exploit parallelism. We develop in the next section a
distributed preprocessing scheme that can greatly reduce candidate index set if
the projection is sparse.

3 Parallel Algorithms

In Section 3.1 we consider the parallel method proposed by Wasson et al. [36]
and propose a modification. In Section 3.2 we develop a novel distributed scheme
that can be used to preprocess the input vector d and remove some elements
of the projection v∗ that should have the value of zero. The remainder of this
section analyzes how our method can be used to enhance Pivot and Partition,
as well as Condat’s method via parallelization of the Filter method. Results are
summarized in Section 3.5.
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3.1 Parallel Sort and Parallel Scan

Wasson et al. [36] parallelize Sort and Scan in a natural way: first applying a
parallel merge sort (see e.g. [17, p. 797]) and then a parallel scan [25] on the input

vector. However, their scan calculates
∑j
i=1 dπi for all j ∈ I, but only

∑κ
i=1 dπκ

is needed to calculate τ . We modify the algorithm accordingly, presented as
Algorithm 7: checks are added (lines 7 and 14) in the for-loops to allow for
possible early termination of scans. As we are adding constant operations per
loop, Algorithm 7 has the same complexity as the original Parallel Sort and
Scan. We combine this with parallel mergesort in Algorithm 8 and empirically
benchmark this method with the original (parallel) version in Section 5.

Algorithm 7: Parallel Partial Scan

Input: sorted vector dπ1
, · · · , dπn , scaling factor b

Output: τ
1 Set T := dlog2 ne, s[1], ..., s[n] = dπ1 , ..., dπn ;
2 for j = 1 : T do
3 for i = 2j : 2j : min(n, 2T ) do Parallel
4 Set s[i] := s[i] + s[i− 2j−1];
5 end
6 Set κ := min(n, 2j);

7 if s[κ]−a
κ ≥ dπκ then

8 break loop;
9 end

10 end
11 Set p := 2j−1;
12 for i = j − 1 : −1 : 1 do
13 Set κ := min(p+ 2i−1, n), s[κ] := s[κ] + s[p];

14 if s[κ]−a
κ < dπκ then

15 break loop;
16 end

17 end

18 Set τ := s[κ]−b
κ ;

19 return τ .

Algorithm 8: Parallel Mergesort and Partial Scan

Input: vector d = (d1, · · · , dn), scaling factor b.
Output: projection v∗.

1 Parallel mergesort d so that dπ1 ≥ · · · ≥ dπn ;
2 Set τ = PPScan({dπi}1≤i≤n, b);
3 Parallel set v∗i := max{di − τ, 0} for all 1 ≤ i ≤ n;
4 return v∗ = (v∗1 , · · · , v∗n).

13



3.2 Sparsity-Exploiting Distributed Projections

Our main idea is motivated by the following two theorems that establish that
projections with i.i.d. inputs become increasingly sparse as the problem size n
increases. The first theorem considers i.i.d. uniform inputs.

Theorem 3.1. E[|Iτ |] <
√

2b(n+1)
u−l + 1

4 + 1
2 .

Proof. Sort d such that dπ1 ≥ dπ2 ≥ ... ≥ dπn . Thus for a given order statistic,
(see e.g. [21, p. 63]),

E[dπi ] = u− i

n+ 1
(u− l).

Define N := |Iτ | for ease of presentation. From Corollary 2.2,∑N
i=1 dπi − b
N

= τ ;

and, together with τ < dπN (by definition of It), we have

N∑
i=1

dπi − b < N · dπN ,

=⇒ E[

N∑
i=1

dπi − b] < E[N · dπN ]. (6)

Furthermore, from the Law of Total Expectation,

E[N · dπN ] = uE[N ]− E[N2]
u− l
n+ 1

,

E[

N∑
i=1

dπi − b] = uE[N ]− E[N(N + 1)]
u− l

2(n+ 1)
− b.

Substituting into (6) yields

E[N2]− E[N ] <
2b(n+ 1)

n− l
,

and since E2[N ] ≤ E[N2], then

E2[N ]− E[N ] ≤ E[N2]− E[N ] <
2b(n+ 1)

n− l
,

=⇒ E[|Iτ |] = E[N ] <

√
2b(n+ 1)

u− l
+

1

4
+

1

2
, (7)

which is in O(
√
n).

The second theorem considers arbitrary input distributions. The following
lemma is needed to prove it.
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Lemma 3.2. Suppose d1, ..., dn are i.i.d. from an arbitrary distribution X, with
PDF fX and CDF FX . Let ε > 0 be some positive number, and t ∈ R be such

that 1−FX(t) = ε. Then i) |It| → ∞ as n→∞ and ii) P ( |It|n ≤ ε) = 1 as n→
∞.

Proof. For i = 1, ..., n, define the indicator variable

δi :=

{
1, if di > t

0, otherwise

and let Sn :=
∑n
i=1 δi. So Sn = |It|, and we can show that it is binomially

distributed.

Claim. Sn ∼ B(n, ε).

Proof: Observe that P (δi = 1) = P (di > t) = ε, and P (δi = 0) = P (di ≤
t) = 1− ε; thus δi ∼ Bernoulli(ε). Moreover, d1, ..., dn are independent, and so
δ1, ..., δn are i.i.d. Bernoulli(ε); consequently, Sn :=

∑n
i=1 δi ∼ B(n, ε). �

So, as n→∞, we can apply the Central Limit Theorem (see e.g. [20]):

S∗n :=
Sn − nε√
nε(1− ε)

∼ N(0, 1). (8)

Denote Φ(q) =
∫ q
−∞

1√
2π
e−

x2

2 dx to be the CDF of the standard normal distri-

bution. Consider (for any q ∈ R) the right-tail probability

P (
Sn − nε√
nε(1− ε)

≥ −q) = 1− Φ(−q) = Φ(q), (9)

P (Sn ≥ nε− q
√
nε(1− ε)) = Φ(q),

=⇒ P (|It| ≥ b−q
√
nε(1− ε) + nεc) ≥ Φ(q), (10)

where b.c is the floor function.
Setting q =

√
2 log n yields

P (|It| ≥ b−
√

2(n log n)ε(1− ε) + nεc) ≥ Φ(
√

2 log n).

Consider the right-hand side, limn→∞Φ(
√

2 log n). Since Φ is a CDF, it is mono-
tonically increasing, continuous, and converges to 1; thus limn→∞ Φ(

√
2 log n) =

1. So as n approaches infinity,

P (|It| ≥ b−
√

2(n log n)ε(1− ε) + nεc) = 1,

which establishes condition (i).
Now consider the left-tail probability,

P (
Sn − nε√
nε(1− ε)

≤ q) = Φ(q)
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=⇒ P (|It| ≤ dq
√
nε(1− ε) + nεe) ≥ Φ(q).

Again setting q =
√

2 log n, we have that limn→∞dq
√
nε(1− ε) +nεe/n = ε. So

as n approaches infinity,

P (
|It|
n
≤ ε) = 1,

which establishes condition (ii).

Theorem 3.3. Suppose d1, ..., dn are i.i.d. from an arbitrary distribution X,

with PDF fX and CDF FX . Then, for any ε > 0, P ( |Iτ |n ≤ ε) = 1 as n→∞.

Proof. Let t ∈ R be such that 1 − FX(t) = ε. We shall first establish that
P (τ > t) = 1 as n→∞.

From Corollary 2.2, τ > t ⇐⇒ f(t) > 0, and so

P (τ > t) =P (f(t) > 0)

=P (

∑
i∈It di − b
|It|

> t)

=1− P (
∑
i∈It

di ≤ |It| · t+ b)

=1− P (
∑
i∈It

di − E[
∑
i∈It

di] ≤ |It| · t+ b− E[
∑
i∈It

di]). (11)

Now observe that, for any i ∈ It, di can be treated as a conditional variable:
di|di>t. Since all such di are i.i.d, we may denote the (shared) expected value
µ := E[di|di > t] and variance as σ2 := Var[di|di > t]. moreover, by definition
of It we have

E[di|i ∈ It] = µ > t. (12)

Together with condition (i) of Lemma 3.2, this implies that the right-hand
side of the probability in (11) is negative as n→∞:

|It| · t+ b− E[
∑
i∈It

di] = |It| · (t− µ) + b < 0.

It follows, continuing from Equation (11), that

P (f(t) > 0) ≥ 1− P (|
∑
i∈It

di − E[
∑
i∈It

di]| ≥ E[
∑
i∈It

di]− |It| · t− b)

≥ 1−
Var(

∑
i∈It di)

(E[
∑
i∈It di]− |It| · t− b)

2
(Chebyshev’s inequality)

= 1− σ2|It|
(µ|It| − t|It| − b)2

.

Thus we have the desired result:

P (τ > t) ≥ 1− σ2|It|
(µ|It| − t|It| − b)2

→ 1 as n→∞. (13)
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Now observe that τ > t implies Iτ ⊆ It, and subsequently |Iτ | ≤ It. To-
gether with condition (ii) from Lemma 3.2 we have

P (
|Iτ |
n
≤ ε) ≥ P (

|It|
n
≤ ε) = 1, as n→∞.

We apply Theorem (3.3) to example distributions in Appendix B, and test
it empirically in Section 5.1.

Proposition 3.4. Let d̂ be a subvector of d with m ≤ n entries; moreover,
without loss of generality suppose the subvector contains the first m entries. Let
v̂∗ be the projection of d̂ onto the simplex ∆̂ := {v ∈ Rm |

∑m
i=1 vi = b, v ≥ 0},

and τ̂ be the corresponding pivot value. Then, τ ≥ τ̂ . Consequently, for 1 ≤ i ≤
m we have that v̂∗i = 0 =⇒ v∗i = 0.

Proof. Define two index sets,

Iτ̂ := {i = 1, ..., n | di > τ̂, di ∈ d};

Îτ̂ := {i = 1, ...,m | di > τ̂, di ∈ d̂}.

As d̂ is a subvector of d, we have Îτ̂ ⊆ Iτ̂ ; thus,∑
i∈Iτ̂

(di − τ̂) ≥
∑
i∈Îτ̂

(di − τ̂) = b,

=⇒
∑
i∈Iτ̂ di − b
|Iτ̂ |

≥ τ̂ .

From Corollary 2.2, τ ≥ τ̂ ; from Proposition 2.1 it thus follows that Iτ̂ ⊃
Iτ .

Theorem 3.1 establishes that, for i.i.d. uniformly distributed inputs, the
projection has O(

√
n) active entries in expectation and thus has considerable

sparsity as n grows; we also show this in the computational experiments of
Section 5. Theorem 3.3 establishes arbitrarily sparse projections over arbitrary
i.i.d. distributions. Proposition 3.4 tells us that if we project a subvector of
some length m ≤ n onto the same b-scaled simplex in the corresponding Rm
space, the zero entries in the projected subvector must also be zero entries in
the projected full vector.

Our idea is to partition and distribute the vector d across cores (broadcast);
have each core find the projection of its subvector (local projection); and com-
bine the nonzero entries from all local projections to form a vector v̂ (reduce),
and apply a final (global) projection to v̂. The method is outlined in Figure 1.
Provided the projection v∗ is sufficiently sparse, which (for instance) we have
established is the case for i.i.d. distributed large-scale problems, we can ex-
pect v̂ to have << n entries. We demonstrate the practical advantages of this
procedure with various computational experiments in Section 5.
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Partition 𝑑 and distribute
across 𝑘 cores

Find the projection
of each subvector

Reduce the subvector
projections to a single
vector and apply a
(serial) projection

Stage 1:
Broadcast 
and distribute
local projections

Stage 2:
Reduce and
globally project

Figure 1: Distributed Projection Algorithm

3.3 Parallel Pivot and Partition

The distributed method outlined in Figure 1 can be applied directly to Pivot
and Partition, as described in Algorithm 9. Note that, as presented, v∗ is a
sparse vector: entries not processed in the final Pivot and Project call are set
to zero (recall Proposition 3.4.

Algorithm 9: Parallel Pivot and Partition

Input: vector d = (d1, · · · , dn), scaling factor b, cores number k.
Output: projection v∗.

1 Partition d into subvectors d1, ..., dk of dimension ≤ n
k ;

2 Set vi := Pivot Project(di, b) (distributed across cores i = 1, ..., k);

3 Set v̂ := ∪ki=1{vij | vij > 0};
4 Set v∗ := Pivot Project(v̂, b);
5 return v∗.

Proposition 3.5. Parallel Pivot and Partition with either the median, random,
or Michelot’s pivot rule, has an average runtime of O(nk +

√
kn).

Proof. The algorithm starts by distributing projections. Pivot and Partition
has linear runtime on average with any of the stated pivot rules, and so for the
ith core with input di, whose size is O(nk ), we have an average runtime of O(nk ).

Now from Theorem 3.1, each core returns in expectation at most O(
√

n
k ) active

terms. So the reduced input v̂ (line 3 of Algorithm 9) will have at most O(
√
kn)
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entries on average; thus the final projection will incur an expected number of
operations in O(

√
kn).

In the worst case we may assume the distributed projections are ineffective,
dim(v̂) ∈ O(n), and so the final projection is bounded above by O(n2) with
random pivots and Michelot’s method, and O(n) with the median pivot rule.

3.4 Parallel Condat’s Method

We could apply the distributed sparsity idea as a preprocessing step for Con-
dat’s method. However, due to Proposition 3.6 (and confirmed via computa-
tional experiments) we have found that Filter tends to discard many non-active
elements. Therefore, we propose instead to apply our distributed method to
parallelize the Filter itself. Our Distributed Filter is presented in Algorithm 10:
we partition d and broadcast it to the cores, and in each core we apply (serial)
Filter on its subvector. Condat’s method with the distributed Filter is presented
as Algorithm 11.

Algorithm 10: Distributed Filter (Dfilter)

Input: vector d = (d1, · · · , dn), scaling factor b, k cores.
Output: Index set I of Stage 1.

1 Partition I into index sets {I1, · · · , Ik} such that Ii ≤ n
k , i = 1, , , .k;

2 for i = 1 : k do parallel
3 Update Ii with (serial) Filter(dIi , b);

4 Set pi :=
∑
j∈Ii

dj−b
|Ii| ;

5 for j ∈ Ii do
6 if dj ≤ pi then
7 Set pi := pi +

pi−dj
|Ii|−1 , Ii := Ii\{j}

8 end

9 end

10 end

11 return I := ∪ki=1Ii.

Proposition 3.6. Let Ip be the output of Filter(d, b). Then E[|Ip|] ∈ O(n
2
3 ).

Proof. We assume that the if in line 5 from Algorithm 4 does not trigger; this is
a conservative assumption as otherwise more elements would be removed from
Ip, reducing the number of iterations.

Let p(j) be the jth pivot with p(1) := d1 − b (from line 1), and subsequent
pivots corresponding to the for-loop iterations of line 2. Whenever Filter finds
di > p(j), it updates p as follows:

p(j+1) := p(j) +
di − p(j)

j + 1
. (14)
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Algorithm 11: Parallel Condat’s method

Input: vector d = (d1, · · · , dn), scaling factor b, k cores.
Output: projection v∗.

1 Set Ip := Dfilter(d, b, k), I := ∅, p :=

∑
i∈Ip di−b
|Ip| ;

2 do
3 Set I := Ip;
4 for i ∈ I : di ≤ p do

5 Set Ip := Ip\{i}, p := p+ p−di
|Ip| ;

6 end

7 while |I| > |Ip|;
8 Set v∗i = max{di − p, 0} for all 1 ≤ i ≤ n;
9 return v∗ = (v∗1 , · · · , v∗n).

Moreover, when di > p(j) is found, di ∼ U [p(j), u]; thus, from the Law of Total
Expectation, E[di] = E[E[di|p(j)]] = (u+ E[p(j)])/2. Together with (14),

E[p(j+1)] =E[p(j) +
di − p(j)

j + 1
]

=E[p(j)] +
E[di]− E[p(j)]

j + 1

=E[p(j)] +
(u+ E[p(j)])/2− E[p(j)]

j + 1

=
(2j + 1)E[p(j)] + u

2j + 2
;

=⇒ E[p(j+1)]− u =(E[p(j)]− u)
2j + 1

2j + 2
.

Using the initial value E[p(1)] = E[E[p(1)|d1]] = E[d1]− b = u+l
2 − b, we can

obtain a closed-form representation for the recursive formula:

E[p(j)]− u = −2(b+
u− l

2
)

j−1∏
i=0

2i+ 1

2i+ 2
. (15)

Now let Lj denote the number of terms Filter scans after calculating p(j)

and before finding some di > p(j). Since Filter scans n terms in total (from
initialize and n− 1 calls to line 4), then

|Ip|−1∑
j=1

Lj ≤ n− 1 <

|Ip|∑
j=1

Lj ;

=⇒ 1 +

|Ip|−1∑
j=1

E[Lj ] ≤ n < 1 +

|Ip|∑
j=1

E[Lj ]. (16)
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We can show Lj has a geometric distribution as follows.

Claim. Lj ∼ Geo(u−p
(j)

u−l ).

Proof: For each term di ∼ U [l, u], we have

P (di > p(j)) = 1− (p(j) − l)/(u− l) = (u− p(j))/(u− l).

So di > p(j) can be interpreted as a Bernoulli trial. Hence Lj is distributed with

Geo(u−p
(j)

u−l ). �
Now, applying Jensen’s Inequality to E[Lj ],

E[Lj ] = E[
u− l
u− p(j)

] ≤ u− l
u− E[p(j)]

,

=⇒ ln(E[Lj ]) ≤ E[ln(Lj)] = ln(u− l)− ln(u− E[p(j)]),

and together with (15) we have

ln(E[Lj ]) ≤ ln(
u− l

2b+ u− l
) +

j−1∑
i=0

ln(
2i+ 2

2i+ 1
)

= ln(
u− l

2b+ u− l
) +

j∑
i=1

ln(
2i

2i− 1
)

(17)

Now observe that

lim
i→∞

ln( 2i
2i−1 )
1
i

= lim
i→∞

2i−1
2i

4i−2−4i
(2i−1)2

− 1
i2

= lim
i→∞

2i2

(2i− 1)(2i)
=

1

2
,

where the first equality is from L’Hôpital’s rule. Thus E[Lj ] ∈ Θ(exp(
∑j
i=1

1
2i )).

Furthermore, we have the classical bound on the harmonic series:

j∑
i=1

1

i
= ln(j) + γ +

1

2j
≤ ln(j) + 1,

where γ is the Euler-Mascheroni constant, see e.g. [26]; thus,

e
∑j
i=1

1
2i =

√
j + e

γ
2 + 1

4j ,

which implies E[Lj ] ∈ O(
√
j). Moreover (see e.g. [24, Section 1.2.7]),

|Ip|∑
j=1

√
j =

2

3
|Ip|

√
|Ip|+

3

2
+ o(

√
|Ip|),

which implies 1 +
∑|Ip|−1
j=1 E[Lj ] ∈ O(|Ip|

3
2 ). From (16) it follows that |Ip| ∈

O(n
2
3 ).
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Proposition 3.7. Parallel Condat’s method has an average complexity O(nk +
3
√
kn2).

Proof. In Distributed Filter (Algorithm 10), each core is given input Ii with
|Ii| ∈ O(nk ). (serial) Filter has linear runtime from Lemma 2.8, and the for
loop in line 5 of Algorithm 10 will scan at most |Ii| terms. Thus distributed
Filter runtime is in O(nk ).

From Proposition 3.6, E[|Ii|] ∈ O((n/k)
2
3 ). Since the output of Distributed

Filter is Ip = ∪ki=1Ii, we have that (given d is i.i.d.) E[|Ip|] ∈ O(
3
√
kn2).

Paralle Condat’s method takes the input from Distributed Filter and applies
serial Condat’s method (Algorithm 11, lines 2-7), excluding the serial Filter.
From Proposition 2.9, Condat’s method has average linear runtime, so this
application of serial Condat’s method has average complexity O(

3
√
kn2).

In the worst-case we can assume Distributed Filter is ineffective (|Ip| ∈
O(n)), and so the complexity of Parallel Condat’s method is O(n2), same as the
serial method.

3.5 Summary of Results

Table 2: Computational time complexity of serial vs parallel algorithms with
problem dimension n and k cores

Method Worst case complexity Average complexity
Quicksort + Scan O(n2) O(n log n)
(P)Mergesort + Scan O(nk log n) O(nk log n)
(P)Mergesort + Partial Scan O(nk log n) O(nk log n)
Michelot O(n2) O(n)

(P)Michelot O(n2) O(nk +
√
kn)

Condat O(n2) O(n)

(P)Condat O(n2) O(nk +
3
√
kn2)

Complexity results for parallel algorithms developed throughout this sec-
tion, as well as their serial counterparts, are presented in Table 2. Parallelized
Sort and Scan has dependence on 1

k ; indeed, sorting (and scanning) are very
well-studied problems from the perspective of parallel computing. However,
Michelot’s and Condat’s methods are observed to have favorable practical per-
formance in our computational experiments; this is expected as these more
modern approaches were explicitly developed to gain practical advantages in
e.g. the constant runtime factor. Conversely, our distributed method does not
improve upon the worst-case complexity of Michelot’s and Condat’s methods,
but is able to attain a 1

k factor for average complexity for n >> k, which is the
case on large-scale instances, i.e. for all practical purposes. Our computational
experiments confirm favorable practical speedups from our parallel algorithms.
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We note that the Bucket method was excluded in Section 3 for brevity:
although our distributed Filter can be applied in principle, we were neither able
to develop an effective practical implementation of the serial method nor was it
straightforward to establish the resultant expected runtime.

4 Parallelization for Extensions of Projection onto
a Simplex

This section develops extensions involving projection onto a simplex, to be used
for experiments in Section 5.

4.1 Projection onto the `1 Ball

Consider projection onto an `1 ball:

ProjBb(d) := arg min
v∈Bb

‖v − d‖2, (18)

where Bb is given by Equation (3). Duchi et al. [19] show Problem (18) is linearly
reducible to projection onto simplex in the following proposition:

Proposition 4.1 (Duchi et al. [19]).

projBb(d) =

{
(d1, · · · , dn), if

∑n
i=1 |di| ≤ b,

(sgn(d1)v∗1 , · · · , sgn(dn)v∗n), otherwise,
(19)

where v∗ = proj∆b
(|d|), |d| = (|d1|, · · · , |dn|), and

sgn(t) :=


1, t > 0

0, t = 0

−1, t < 0

.

Hence, any parallel method for projection onto a simplex can be applied
to Problem (18). Algorithm 12 incorporates this paralellization (for a generic
parallel simplex projection algorithm), and also paralellizes post-processing of
v∗.

As mentioned in Section 1, Problem (18) can itself be used as a subroutine
in solving the Lasso problem, via (e.g.) Projected Gradient Descent (PGD) (see
e.g. [9, Exercise 10.2]), which we present as Algorithm 13.

4.2 Centered Parity Polytope Projection

Leveraging the solution to Problem (1), Wasson et al. [36, Algorithm 2] develop
a method to project a vector onto the centered parity polytope, PPn − 1

2 (re-
call Problem 2); we present a slightly modified version as Algorithm 14. The
modification is on line 11, where we determine whether a simplex projection is
required to avoid unnecessary operations; the original method executes line 14
before line 11.
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Algorithm 12: Parallel `1 Ball Projection

Input: vector d = (d1, · · · , dn), scaling factor b, k cores.
Output: projection v∗.

1 if
∑n
i=1 di ≤ b then

2 return v∗ := d;
3 end
4 Set v∗ := Parallel Simplex Projection(|d|, b);
5 for i = 1 : n do Parallel
6 if di < 0 then
7 Set v∗i = −v∗i ;
8 end

9 end
10 return v∗.

Algorithm 13: Projected Gradient Descent (PGD)

Input: Objective function f , scaling factor b, initial point x0, constant
stepsize α, tolerance ε, maximum iteration number T .

Output: Optimum x∗.
1 for t=0,...,T do
2 Set g := ∇f(xt);
3 Set xt+1 := Proj∆b

(xt − α · g);
4 if ‖xt+1 − xt‖22 ≤ ε then
5 Set xT = xt+1;
6 Break Loop;

7 end

8 end

9 return xT .

4.3 Projection onto a Weighted Simplex and a Weighted
`1 Ball

The weighted simplex problem is

∆w,b := {v ∈ Rn |
n∑
i=1

wivi = b, v ≥ 0},

and the weighted `1 ball is

Bw,b := {v ∈ Rn |
n∑
i=1

wi|vi| ≤ b},

where w > 0 is a weight vector, and b > 0 is a scaling factor.
Perez et al. [31] show there is a unique τ ∈ R such that

v∗ = max{di − wiτ, 0}, ∀i = 1, · · · , n,

24



Algorithm 14: Centered Parity Polytope Projection

Input: vector d = (d1, · · · , dn)
Output: projection v∗.

1 for i = 1 : n do

2 fi =

{
1, if di ≥ 0

0, otherwise
;

3 end

4 if 1T f is even then
5 Set i∗ = argmini∈1:n|di|;
6 Update fi∗ = 1− fi∗ ;
7 end
8 for i = 1 : n do
9 Set vi = di(−1)fi ;

10 end

11 if 1Tproj[− 1
2 ,

1
2 ]n(v) ≥ 1− n

2 then

12 return v∗ = proj[− 1
2 ,

1
2 ]n(d)

13 else
14 Set v∗ = proj∆− 1

2
(d);

15 for i = 1 : n do
16 Update v∗i = v∗i (−1)fi ;
17 end
18 return v∗

19 end

where v∗ = proj∆w,b
(d) ∈ Rn. Thus pivot-based methods for the unweighted

simplex extend to the weighted simplex in a straightforward manner. We
present weighted Michelot’s method as Algorithm 15, and weighted Filter as
Algorithm 16.

Our parallelization depends on the exact method adapted from projection
onto simplex, since projection onto the weighted simplex requires direct modi-
fication rather than oracle calls to methods for the unweighted case. Sort and
Scan for weighted simplex projection can be implemented with a parallel merge
sort algorithm in Algorithm 17. Our distributed structure can be applied to
Michelot and Condat methods in a similar manner as with the unweighted case;
these are presented respectively as Algorithms 18 and 19.

Projection onto Bw,b is linearly reducible to projection onto ∆w,b via the
following proposition:

Proposition 4.2 (see Perez et al. [31]).

projBw,b(d) =

{
(d1, · · · , dn), if

∑n
i=1 wi|di| ≤ b,

(sgn(d1)v∗1 , · · · , sgn(dn)v∗n), otherwise,
(20)

where v∗ = proj∆w,b
(|d|), |d| = (|d1|, · · · , |dn|).
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Algorithm 15: Weighted Michelot’s method

Input: vector d = (d1, · · · , dn), scaling factor b, weight
w = {w1, ..., wn}.

Output: projection v∗.
1 Set Ip := {1, ..., n}, I := ∅;
2 do
3 Set I := |Ip|;

4 Set p :=

∑
i∈Ip widi−b∑
i∈Ip w

2
i

;

5 Set It = {i ∈ Ip | diwi > p};
6 while |I| > |Ip|;
7 Set v∗i := max{di − wip, 0} for all 1 ≤ i ≤ n;
8 return v∗ := (v∗1 , · · · , v∗n).

Note that sgn is as defined in Proposition 4.1.

5 Numerical Experiments

All algorithms were implemented in Julia and run on a laptop with Intel Core
i7 CPU (6 cores and 2.6GHz). The computer has 16 GB of memory and runs
64-bit macOS Big Sur 11.4. Run times were captured using the @benchmark
package in Julia, BenchmarkTools.jl [13]. Our implementations were fairly well-
optimized, and they will be made publicly available (together with data sets)
once our manuscript has been accepted for publication: Github 1.

5.1 Testing Theoretical Bounds

For Theorem 3.1, we calculate the average number of active elements in project-
ing a vector d, drawn i.i.d. from U [0, 1], onto the simplex ∆1, with n between
106 and 107 and 10 trials per size. This empirical result is compared against
the corresponding asymptotic bound of

√
2n given by Theorem 3.1. Results

are shown in Figure 2, and demonstrate that our asymptotic bound is rather
accurate for small n.

Similarly, for Proposition 3.6, we conduct the same experiments and com-
pare the results against the function (2.2n)

2
3 , where the constant was found

empirically. Results are shown in Figure 3.
For Lemma 2.3, we run Algorithm 3 on U [0, 1] i.i.d. distributed inputs di

with scaling factor b = 1, size n = 106, and 100 trials. We compare the (aver-
age) remaining number of elements after each iteration of Michelot’s method and
against the geometric series with a ratio as 1

2 . We find the average number of re-
maining terms after each loop of Michelot’s method is close to the corresponding
value of the geometric series with a ratio as 1

2 from 106. So, the conclusion from

1https://github.com/foreverdyz/Parallel Projection
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Algorithm 16: Weighted Filter [31]

Input: vector d = (d1, · · · , dn), scaling factor b, weight w.
Output: Index set Ip.

1 Set Ip := {1}, Iw := ∅, p =: w1d1−b
w2

1
;

2 for i = 2 : n do

3 if di
wi
> p then

4 Set p :=
widi+

∑
j∈Ipwjdj

−b
w2
i+

∑
j∈Ipw2

j

;

5 if p > widi−b
w2
i

then

6 Set Ip := I ∪ {i};
7 else
8 Set Iw := Iw ∪ Ip;
9 Set Ip = {i}, p := widi−b

w2
i

;

10 end

11 end

12 end
13 if |Iw| 6= 0 then

14 for i ∈ Iw : di
wi
> p do

15 Set Ip := Ip ∪ {i};

16 Set p :=
widi+

∑
j∈Ipwjdj

−b
w2
i+

∑
j∈Ipw2

j

;

17 end

18 end
19 return Ip.

Lemma 2.3, which claims that the Michelot method approximately discards half
of the vector in each loop when the size is big, is accurate.

5.2 Testing Algorithms

This subsection describes and presents results for experiments conducted on the
algorithms presented in Table 2. We consider the projection onto simplex prob-
lem as well as all the extensions described in Section 4. Trials were determined
by @benchmark, up to a maximum of 100 per setting.

We present experimental setup and results first, and provide discussion at
the end of this subsection.

5.2.1 Projection onto Simplex

Inputs di are drawn i.i.d. from U [0, 1], N(0, 1) and N(0, 10−3) and b = 1; these
are commonly used benchmark distributions, e.g. [16,19,32]. Our problem sizes
range up to n = 108. Results are shown in Table 3.
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Algorithm 17: Weighted Parallel Sort and Parallel Scan

Input: vector d = (d1, · · · , dn), scaling factor b, weight w.
Output: projection v∗.

1 Set z := { diwi };
2 Parallel sort z as z(1) ≥ · · · ≥ z(n), and apply this order to d and w ;

3 Find κ := maxk=1,··· ,n{
∑k
i=1 widi−b∑k
i=1 w

2
i

≤ zk};

4 Set τ =
∑κ
i=1 widi−b∑κ
i=1 w

2
i

;

5 Parallel set v∗i := max{di − wiτ, 0} for all 1 ≤ i ≤ n;
6 return v∗ = (v∗1 , · · · , v∗n).

Algorithm 18: Distributed Weighted Pivot and Project

Input: vector d = (d1, · · · , dn), scaling factor b, weight w, k cores.
Output: projection v∗.

1 Partition d into subvectors d1, ..., dk of dimension ≤ n
k ;

2 Set vi := Weighted Pivot Project(vi, w, b)
(distributed across cores i = 1, ..., k);

3 Set v̂ := ∪ki=1{vij | vij > 0};
4 Set v∗ := Weighted Pivot Project(v̂, w, b);
5 return v∗.

We also created more extreme examples, choosing input distributions that
might result in pathological instances. In particular, we consider: setting d as
a unit vector; drawing di ∼ N(0, 1) with a high scaling factorb = 8; setting
one entry of di = 1 (an outlier) and the rest are drawn i.i.d. from N(0, 10−3).
Results are given in Table 4.

5.2.2 `1 ball

di are drawn i.i.d. from U [0, 1], N(0, 1), and N(0, 10−3); n = 106, 107, and 108;
and b = 1. Algorithms were implemented as described in Section 4.1. Results
are presented in Table 5.

5.2.3 Parity Polytope

Instances were generated with di ∼ U [1, 2]; sizes n = 105−1, 106−1, 107−1, and
108 − 1; and b = 1. Algorithms were implemented as described in Section 4.2.
Total runtimes are given in Table 6, with time spent on projection onto simplex
in brackets.
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Algorithm 19: Distributed Weighted Condat

Input: vector d = (d1, · · · , dn), scaling factor b, weight w, k cores.
Output: projection v∗.

1 Partition d into subvectors d1, ..., dk of dimension ≤ n
k ;

2 Set vi := Weighted Condat Project(vi, w, b)
(distributed across cores i=1,...,k);

3 Set Ip := ∪ki=1{j | vij > 0};

4 Set p :=

∑
i∈Ip widi−b∑
i∈Ip w

2
i

, I := ∅;

5 do
6 Set I = Ip;
7 for i ∈ I do

8 if di
wi
≤ p then

9 Set I := Ip\{i}, p :=
∑
i∈I widi−b∑
i∈I w

2
i

;

10 end

11 end

12 while |I| > |Ip|;
13 Set v∗i = max{di − wip, 0} for all 1 ≤ i ≤ n;
14 return v∗ = (v∗1 , · · · , v∗n).

5.2.4 Weighted simplex, weighted `1 ball

The input vector was generated with i.i.d. elements from N(0, 1) and weights
were drawn i.i.d. from U [0, 1]. Total runtimes are reported in Table 7, with
time spent on projection onto simplex in brackets.

5.2.5 Lasso

We implemented PGD, described in Section 4.1, to solve Lasso problems. We
set b = 1 and α = 0.01. The A matrix has entries drawn i.i.d. from N(0, 1) and
b ∈ R10 is drawn i.i.d. from U [0, 1]. The initialization point is also drawn i.i.d.
from U [0, 1]. Total runtimes are given in Table 8.

5.2.6 Discussion

Across a wide range of applications and instances, we observe rather consistent
patterns. In terms of serial algorithms, Condat’s method tended to be the
fastest, with Michelot second, and the Sort and Scan approach significantly
slower. This ranking held true for the parallel versions as well: our parallel
Condat’s method is fairly consistently the fastest algorithm, and considerably
faster than the benchmark parallel Sort and Scan approach.

In terms of serial vs parallel implementations of the ‘same’ algorithm, par-
allelization of Michelot’s method achieved ∼3x speedups and parallelization of
Condat’s method achieved ∼2x speedups consistently across instances. These
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Figure 2: Compare number of active terms and value of
√

2n

speedups were (surprisingly) within the same range as that of Sort and Scan par-
allelization. Parallel sort and parallel scan are well-studied problems in parallel
computing, so we expected a priori for such speedups to be a strict upper bound
on what our method could achieve. Thus our method is not simply benefiting
from its compatibility with more advanced serial projection algorithms—the
distributed method itself appears to be highly effective on various large-scale
instances.

We also note that our Partial Scan variant achieved modest but noticeable
improvements in runtimes compared to the original parallel Sort and Scan.

6 Conclusion

We proposed a distributed preprocessing method for projection onto a simplex.
Our method distributes subvector projection problems across processors in order
to reduce the candidate index set on large-scale instances. The effectiveness
depends on the sparsity of the projection; in the case of large-scale problems
with i.i.d. inputs we can expect high levels of sparsity. A wide range of large-
scale computational experiments demonstrates the consistent benefits of our
method, which can be combined with various serial projection algorithms. For
future work we would like to test our code on massively parallel architectures
such as GPUs.
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Figure 3: Compare number of remaining terms after applying Filter and value
of (2.2n)

2
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class image labeling by simplex-constrained total variation. In: Scale Space
and Variational Methods in Computer Vision, pp. 150–162. Springer Berlin
Heidelberg (2009)

[28] Liu, X., Draper, S.C.: The admm penalized decoder for ldpc codes. IEEE
Transactions on Information Theory 62(6), 2966–2984 (2016)

[29] Mahmoud, H.M.: Sorting: A distribution theory, vol. 54. John Wiley &
Sons (2000)

[30] Michelot, C.: A finite algorithm for finding the projection of a point onto
the canonical simplex of Rn. Journal of Optimization Theory and Appli-
cations 50, 195–200 (1986)

[31] Perez, G., Ament, S., Gomes, C.P., Barlaud, M.: Efficient projection algo-
rithms onto the weighted `1 ball. CoRR abs/2009.02980 (2020)

34



Table 5: Average runtime (s) for projection onto an `1 ball

N(0, 1) 105 106 107

Sort + Scan 7.5e− 3 (6.8e− 3) 7.6e− 2 (7.1e− 2) 7.7e− 1 (7.5e− 1)
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Michelot 4.1e− 3 (3.5e− 3) 4.1e− 2 (3.5e− 2) 3.7e− 1 (3.2e− 1)
(P)Michelot 3.3e− 3 (2.8e− 3) 1.3e− 2 (1.1e− 2) 1.2e− 1 (9.5e− 2)
Condat 1.9e− 3 (1.4e− 3) 1.3e− 2 (6.0e− 3) 9.9e− 2 (4.0e− 2)
(P)Condat 6.8e− 4 (3.6e− 4) 4.7e− 3 (2.1e− 3) 4.4e− 2 (2.0e− 2)

Table 6: Average runtime (s) for projection onto the Parity Polytope
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Sort + Scan 8.3e− 2 (5.1e− 2) 1.4e0 (8.8e− 1) 1.9e + 1 (1.3e + 1)
(P)Sort + Scan 2.6e− 2 (1.5e− 2) 4.6e− 1 (2.5e− 1) 6.7e0 (3.7e0)
(P)Sort + Partial Scan 2.3e− 2 (1.3e− 2) 5.1e− 1 (2.4e− 1) 4.9e0 (3.0e0)
Michelot 5.3e− 2 (1.6e− 2) 9.3e− 1 (2.1e− 1) 1.0e + 1 (2.3)
(P)Michelot 1.2e− 2 (3.7e− 3) 1.3e− 1 (5.1e− 2) 2.6 (6.4e− 1)
Condat 4.1e− 2 (5.4e− 3) 6.4e− 1 (5.1e− 2) 5.6 (4.2e− 1)
(P)Condat 1.0e− 2 (2.0e− 3) 9.4e− 2 (1.6e− 2) 1.2 (1.8e− 1)
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Table 7: Average runtime (s) of projection onto a weighted simplex and a
weighted `1 ball

Weighted Simplex n = 105 n = 5× 105 n = 106 n = 5× 106 n = 107

Sort + Scan 7.0e− 2 5.3e− 1 1.1e0 7.3e0 1.6e + 1
(P)Sort + Scan 3.2e− 2 2.4e− 1 5.1e− 1 3.0e0 5.1e0
Michelot 8.1e− 3 3.9e− 2 7.7e− 3 3.5e− 1 7.9e− 1
(P)Michelot 5.4e− 3 1.9e− 2 3.6e− 2 1.4e− 1 2.6e− 1
Condat 1.1e− 3 4.9e− 3 8.9e− 3 3.8e− 2 6.9e− 2
(P)Condat 1.2e− 3 3.8e− 3 6.3e− 3 2.4e− 2 4.2e− 2

Weighted `1 Ball n = 105 n = 5× 105 n = 106 n = 5× 106 n = 107

Sort + Scan 7.1e− 2 5.1e− 1 1.1e0 7.4e0 1.7e + 1
(P)Sort + Scan 3.3− 2 2.0e− 1 4.3e− 1 3.0e0 6.9e0
Michelot 9.7e− 3 4.7e− 2 9.0e− 2 4.2e− 1 9.1e− 1
(P)Michelot 7.1e− 3 2.4e− 2 4.4e− 2 1.8e− 1 3.3e− 1
Condat 2.3e− 3 9.5e− 3 1.8e− 2 7.6e− 2 1.4e− 1
(P)Condat 2.0e− 3 8.0e− 3 1.3e− 2 5.7e− 2 9.6e− 2

Table 8: Average runtime (s) of PGD for solving Lasso problems

A ∼ N(0, 1) & b ∼ U [0, 1] A ∈ R10×105

A ∈ R10×106

A ∈ R10×107

Sort + Scan 1.9e− 2 2.1e− 1 2.2e0
(P)Sort + Scan 1.3e− 2 1.5e− 1 1.3e0
(P)Sort + Partial Scan 1.1e− 2 1.4e− 1 1.3e0
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(P)Michelot 9.4e− 3 7.6e− 2 7.3e− 1
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(P)Condat 3.5e− 3 5.1e− 2 5.4e− 1
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A Supplementary Proofs

Let X|t denote the conditional variable such that PX|t(x) = P (X = x|X > t).

Lemma A.1. If X ∼ U [l, u] and l < t < u, then X|t ∼ U [t, u].

Proof. The CDF of X is FX(x) = P (X ≤ x) = (x− l)/(u− l). Then,

FX|t(x) = P (X ≤ x|X > t) =
P (X ≤ x,X > t)

P (X > t)
= (

x− t
u− l

)/(
u− t
u− l

) =
x− t
u− t

,

which implies X|t ∼ U [t, u].

Lemma A.2. If X,Y are independent random variables, then X|t, Y |t are in-
dependent.

Proof. X,Y are independent and so P (X ≤ x, Y ≤ y) = P (X ≤ x)P (Y ≤ y)
for any x, y ∈ R. So considering the joint conditional probability,

P (X ≤ x, Y ≤ y|X > t, Y > t)

=
P (X ≤ x, Y ≤ y,X > t, Y > t)

P (X > t, Y > t)

=
P (X ≤ x,X > t)

P (X > t)

P (Y ≤ y, Y > t)

P (Y > t)

= P (X ≤ x|X > t)P (Y ≤ y|y > t).

Proposition A.3. If d1, ..., dn i.i.d. ∼ U [l, u] and l < t < u, then {di | i ∈ It}
i.i.d. ∼ U [t, l].

Proof. From Lemma A.1, for any i ∈ It, di ∼ U [t, l]. From Lemma A.2, for
any i, j ∈ It, i 6= j, di, dj are conditionally independent. So, {di | i ∈ It} i.i.d.
∼ U [t, l].

B Examples

Here we apply Theorem 3.3 to three examples:
(A) Let di ∼ U [0, 1], n1 = 105, n2 = 106, t = 0.95.
(B) Let di ∼ N [0, 1], n1 = 105, n2 = 106, t = 1.65.

(C) Let di ∼ N [0, 10−3], n1 = 105, n2 = 106, t = 1.65×
√

10−3 = 0.05218.
Observe that

P (τ > t) ≥P (τ > t, |Ip| ≥ b−
√

2(n log n)p(1− p) + npc) (21a)

=P (τ > t | |Ip| ≥ b−
√

2(n log n)p(1− p) + npc) (21b)

×P (|Ip| ≥ b−
√

2(n log n)p(1− p) + npc)) (21c)
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(21b) can be calculated by (13), and (21c) can be calculated by (10).
For (A), p = 1− Fd(t) = 0.05. From n1p = 5000 and n2p = 50000, we have√
n1p(1− p) = 217.9 and

√
n2p(1− p) = 68.9. So,

P (|I1
t | ∈ [4793, 5207]) = P (|I2

t | ∈ [49347, 50654]) = 0.9973.

Now, since f∗d (x) = 1
0.05 = 20, for x ∈ [0.95, 1], we have E = 0.975 and

V = 1
4800 . Applying Theorem 3.3 yields:

P (τ1 > t) ≥ 0.99723, ∀ |I1
t | ∈ [4793, 5207],

P (τ2 > t) ≥ 0.99729, ∀ |I2
t | ∈ [49347, 50654],

which implies the number of active elements in the projection should be less
than 5% of n1 or n2 with high probability.

For (B), p = 1− Fd(t) = 0.05; similar to the first example,

P (|I1
t | ∈ [4793, 5207]) = P (|I2

t | ∈ [49347, 50654]) = 0.9973.

Together with

f∗d =
1

0.05

1√
2π
e−

x2

2 =
20√
2π
e−

x2

2 , for x ∈ [1.65,+∞),

we can calculate E and V :

E =
20√
2π

∫ ∞
1.65

xe−
x2

2 dx =
20√
2π
e−

1.652

2 = 2.045,

E(x2) =
20√
2π

∫ ∞
1.65

x2e−
x2

2 dx = 4.375,

=⇒ V = E(x2)− E2 = 0.192.

Applying Theorem 3.3,

P (τ1 > t) ≥ 0.99704, ∀ |I1
t | ∈ [4793, 5207],

P2(τ > t) ≥ 0.99728, ∀ |I2
t | ∈ [49347, 50654],

which imply 5% of terms are active after projection with probability > 99%.
For (C), p = 1− Fd(t) = 0.05. Similar to the previous examples,

P (|I1
t | ∈ [4793, 5207]) = P (|I2

t | ∈ [49347, 50654]) = 0.9973.

Together with

f∗d =
20√

2π10−3
e
− x2

2×10−3 , ∀ x ∈ [0.05218,+∞),

we can calculate E and V as follows,

E =
20√

2π10−3

∫ ∞
1.65×

√
10−3

xe
− x2

2×10−3 dx = 0.03234,
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E(x2) =
20√

2π10−3

∫ ∞
1.65×

√
10−3

x2e
− x2

2×10−3 dx = 0.002187,

=⇒ V = E(x2)− E2 = 0.001142.

Applying Theorem 3.3,

P (τ1 > t) ≥ 0.99671, ∀ |I1
t | ∈ [4793, 5207],

P (τ2 > t) ≥ 0.99724, ∀ |I2
t | ∈ [49347, 50654],

and so 5% of terms are active after projection with probability > 99%.
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