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Abstract
For the fast approximate solution of Mixed-Integer Non-Linear Programs (MINLPs) arising in the context of Mixed-Integer
Optimal Control Problems (MIOCPs) a decomposition algorithm exists that solves a sequence of three comparatively less hard
subproblems to determine an approximate MINLP solution. In this work, we propose a problem formulation for the second
algorithm stage that is a convex approximation of the original MINLP and relies on the Gauss-Newton approximation. We
analyze the algorithm in terms of approximation properties and establish a first-order consistency result. Then, we investigate
the proposed approach considering an illustrative numerical example of Mixed-Integer Optimal Control (MIOC) of a simple
nonlinear and unstable system and considering a more complex application that is a numerical case study of MIOC of a
renewable energy system. The investigation shows that the proposed formulation can yield an improved integer solution
regarding the objective of the original MINLP compared with the Combinatorial Integral Approximation (CIA) algorithm.
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1.1

Introduction
Background and motivation

Using Mixed-Integer Optimal Control Problems
(MIOCPs) in real-time control applications requires the
fast solution of Mixed-Integer Non-Linear Programs
(MINLPs), cf. Kirches (2011). While general MINLP
solvers are usually not suitable for this task (Sager,
2009), approximate fast solutions of such MINLPs can
be obtained using a decomposition approach which
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relies on the solution of a sequence of three comparatively less hard subproblems, cf. Sager (2009); Sager
et al. (2011, 2012). The approach has been implemented
successfully in various applications such as the control
of renewable energy systems (Bürger et al., 2019) and
hybrid electric vehicles (Robuschi et al., 2021).
In the second stage of this algorithm, an integer solution
for the discrete inputs of the controlled system is computed based on a corresponding relaxed solution determined in the first stage. This is often realized by solving a
so-called Combinatorial Integral Approximation (CIA)
problem (Sager et al., 2011), which yields an integer approximation with minimum distance to the determined
relaxed solution as measured by a dedicated norm. The
formulation of this problem, which is a Mixed-Integer
Linear Program (MILP) of a special structure, originally
relies only on the relaxed integer solution and possibly
additional combinatorial constraints for the integer so-
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and unstable system and then considering a more complex application that is a numerical case study of MIOC
of a renewable energy system.

lution (e. g. maximum permissible number of switches
(Sager and Zeile, 2021) or minium dwell times (Zeile
et al., 2021)), but does not explicitly consider further information of previous algorithm stages, e. g., the effects
of the approximated discrete inputs on the system state
development.
1.2

1.4

Outline

The remainder of this work is organized as follows: Section 2 formally introduces the class of MIOCPs considered in this work. Section 3 provides a description of the
decomposition algorithm. Section 4 introduces different
distance functions for use within the second stage of
the decomposition algorithm, and a novel Gauss-Newton
(GN)-based distance function. The proposed convex approximation is described in Section 5 and its properties
are discussed in Section 6. Sections 7 and 8 state the
potential advantages of the proposed approach considering the numerical case studies. Section 9 concludes the
study and provides suggestions for future work.

Relevant literature

With regard to the CIA decomposition, the inclusion
of combinatorial constraints for MIOCPs has been investigated via multibang or total variation regularization (Leyffer and Manns, 2021; Manns, 2021; Sager and
Zeile, 2021) and using a penalty alternating direction
method (Göttlich et al., 2021). To obtain state constraint
feasibility of the rounded solution, a forward simulation of differential states as part of the CIA integer approximation problem was proposed in Lilienthal et al.
(2020). Moreover, the steps in the CIA decomposition
can be modified and iterated similarly as in the Feasibility Pump algorithm (Fischetti et al., 2005) for MIOCPs
for which the feasibility of solutions is difficult to achieve.

2

Mixed-integer optimal control problems

This section introduces the MIOCP and the derived
MINLP formulation considered in this work. For this,
we follow the notation and presentation of Rawlings
et al. (2020). The concatenation of a number of vectors
a ∈ Rna as in

Apart from the three-step CIA decomposition, a bilevel
approach has been proposed to solve MIOCPs, where the
switching sequence and switching times are optimized
on the upper and lower level, respectively (Bemporad
et al., 2002). The idea of switching time optimization
(Axelsson et al., 2008; Gerdts, 2006) is to optimize over
the durations of the system modes, which results in a
Non-Linear Program (NLP). As part of this approach,
switching costs can be included (De Marchi, 2019).


>
a := a(1)> , . . . , a(k)> ∈ Rk·na
is in the following denoted by the expression

a := a(1), . . . , a(k) .

Approaches that approximate MINLPs with MixedInteger Quadratic Programs (MIQPs) are computationally advantageous and rely, e.g., on Sequential
Quadratic Programming (SQP)-type algorithms (Exler
et al., 2012) or quadratic outer approximation (Fletcher
and Leyffer, 1994). These approaches are closely related
to the one presented in this work.
1.3

(1)

2.1

(2)

Problem formulation

The algorithms and approaches presented in this work
are based on a careful formulation of the MIOCP into
an MINLP with a special structure. The MINLP is similar to a standard Optimal Control Problem (OCP) in
discrete time; however, the inputs comprise continuous
inputs u and integer inputs i, such that the system is
described by
x+ = f (x, u, i).
(3)
Without loss of generality, we restrict ourselves to integers i ∈ Zni inside a bounded convex polyhedron
P ⊂ Rni . The polyhedral constraint i ∈ P allows us to
exclude some combinations, e. g., if two machines cannot
be operated simultaneously. The polyhedron P can and
should be chosen as the convex hull of the admissible integer values in each time step. Also, note that an integer
program in which all integer variables are constrained so
that the possible choices for each integer variable define
a finite set, can be equivalently formulated as a binary
program using partial outer convexification, cf. Kirches
(2011).

Contribution

We present a problem formulation for the second stage of
the decomposition algorithm that relies on linearization
of the original MINLP. In particular, we derive a convex approximation of the original problem that relies on
the Gauss-Newton approximation. The solution of this
problem, which is an MIQP, can yield an improved integer solution in terms of the objective and feasibility of
the original MINLP as it allows for an explicit consideration of information from the first algorithm stage and
how the integer approximation affects the system state.
We discuss the approximation properties of the proposed
approach and demonstrate the possible advantages first
considering an illustrative numerical example of MixedInteger Optimal Control (MIOC) of a simple nonlinear
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h x(k), u(k), i(k), s(k) ≤ 0,
k = 0, . . . , N − 1,

hf x(N ), s(N ) ≤ 0,
i ∈ P,

We might have additional combinatorial constraints that
couple different time steps with each other. We express
these coupling constraints in the form of another polyhedron Pcpl in the space of integer control trajectories,
which are denoted by

i := i(0), i(1), . . . , i(N − 1) ∈ RN ·ni ,
(4)

i ∈ ZN ·ni .

(6)

2.2

(7)

z = (x, u, s) ∈ Rnz

(8)

y = i ∈ Rn y

s. t. G(y, z) = 0
H(y, z) ≤ 0
y∈P
y ∈ Zny .

(15b)
(15c)
(15d)
(15e)

F (y, z) =

The inequality constraints h and hf are assumed to be
generally nonlinear. Then, the MINLP under investigation can be formulated as


+ Vf x(N ), s(N )
s. t. x(0) = x0 ,

x(k + 1) = f x(k), u(k), i(k) ,
k = 0, . . . , N − 1,

(15a)

The objective includes the differentiable nonlinear least
2
squares term 21 kF1 (·)k2 and the differentiable nonlinear
term F2 as expressed in

1
2
kF`,1 (x, u, i, s)k2 + F`,2 (x, u, i, s), (10)
2
1
2
Vf (x, s) = kFf,1 (x, s)k2 + Ff,2 (x, s).
(11)
2

k=0

min F (y, z)
y,z

`(x, u, i, s) =

min

(14)

with ny = N ni . In these summarized variable vectors,
problem (12) can be compactly written as:

We assume that the objective terms consist of a nonlin2
ear least squares term 12 kF1 (·)k2 and a nonlinear term
F2 (·), i.e., they can be written as

x,u,i,s

(13)

with nz = (N + 1)nx + N nu + (N + 1)ns and the integer
variables in the vector

which can be utilized to preserve feasibility of an optimization problem in the case of small constraint violations, which can be relevant for practical applications
as outlined in Rawlings et al. (2020) and shown later in
this work.


` x(k), u(k), i(k), s(k)

Notational simplifications

To simplify the notation, we collect all continuous variables in the vector

Additionally, we introduce a sequence of vectors of slack
variables

s := s(0), s(1), . . . , s(N ) ∈ R(N +1)·ns ,
(9)

N
−1
X

(12g)

Without the last constraint (12g), problem (12) would be
a standard NLP with optimal control structure complicated only by additional couplings between integer controls that enter via the coupling constraints expressed
within the polyhedron P.

i. e., the intersection of P with the integers. For notational convenience, we also introduce the sequences of
predicted states x and continuous control inputs u as

x := x(0), x(1), . . . , x(N ) ∈ R(N +1)·nx ,

u := u(0), u(1), . . . , u(N − 1) ∈ RN ·nu .

(12e)
(12f)

In the following, we assume that the problem has a feasible solution for any fixed control trajectory i ∈ P, considering slack variables for inequality constraint relaxation if necessary.

where N denotes the number of discretization intervals.
The overall polyhedron describing all combinatorial constraints imposed on the integer control trajectory is denoted by
P = P N ∩ Pcpl .
(5)
Note that the set of integer feasible trajectories is
bounded and given by
P ∩ ZN ·ni ,

(12d)

1
2
kF1 (y, z)k2 + F2 (y, z).
2

(16)

The functions G and H contain differentiable nonlinear equality and inequality constraints, respectively. Although the polyhedron P is convex, the overall problem
(15) is nonconvex owing to the nonlinear least squares
term in the objective and constraint functions.

(12a)
3
(12b)

Three-step decomposition algorithm

This section provides a brief general description of the
decomposition algorithm for fast approximate solution
of MINLPs used in this work.

(12c)

3

3.1

Owing to optimality, the optimal objective values after
steps S1 and S3 equal JNLP (y ∗ ) and JNLP (y ∗∗ ), respectively. In addition, the value of step S1 equals the relaxed
minimum of JNLP , i.e., JNLP (y ∗ ) = miny∈P JNLP (y).
Thus, by construction, steps S1 and S3 provide a lower
and upper bound of the true MINLP minimum, i.e.,

Preliminaries

We assume that there exists a globally optimal solution of MINLP (15) which we denote by (y ◦ , z ◦ ). In
most practical applications, the main difficulty is to determine the optimal integer choice y ◦ . If y ◦ would be
known, one could just solve an NLP in the remaining
variables z to determine the corresponding value z ◦ . This
statement can be cleanly expressed if we define the optimal objective function for a fixed y ∈ P, which we
might call the fixed integer value function, as follows:
JNLP : P → R, y 7→ JNLP (y) with
JNLP (y) := min
F (y, z)
n
z∈R

F (y ∗ , z ∗ ) ≤ F (y ◦ , z ◦ ) ≤ F (y ∗∗ , z ∗∗∗ ).

In terms of the nonlinear function JNLP , the same fact
can be equivalently stated as
JNLP (y ∗ ) ≤ JNLP (y ◦ ) ≤ JNLP (y ∗∗ ).

(17a)
(17b)
(17c)

The choice of the distance function in step S2 affects both
solution quality and computational complexity, which
are typically conflicting objectives. In the remainder of
this work, we will discuss different choices for step S2,
while steps S1 and S3 will be identical in different variants of the algorithm.

The integer part y ◦ of the MINLP solution is the optimal
combinatorially feasible value of this function JNLP , i.e.,
y ◦ = arg min JNLP (y) s.t. y ∈ P ∩ Zny .
y

(18)

Note that the integer gap between the optimal objective
function values of (12) and its canonical relaxation, i. e.,
without (12g), was shown to vanish asymptotically for
some P with the maximal control discretization grid size
for affinely entering binary inputs in the dynamics (12c).
Thus, any problem (12) can be reformulated via partial
outer convexification (Sager, 2009). In the following, we
assume that this is the case in (12).

Note that a lower bound of the optimal MINLP solution
can be obtained by the continuous relaxation
JNLP (y ∗ ) = min JNLP (y) s.t. y ∈ P.
y

(19)

Description of the decomposition algorithm
4

The lower bound given by (19) inspires the first step
of the three-step decomposition algorithm presented in
Sager (2009); Sager et al. (2011, 2012). In the following, a general description of the three algorithm steps
S1, S2, and S3 to determine a good feasible solution of
MINLP (12) resp. (15) is provided.

4.1

y ∗∗ := arg

min

y∈P∩Zny

d(y, y ∗ ).

Distance functions

In this section, we discuss different choices for the distance function d(y, y ∗ ) in step S2 and introduce a novel
Gauss-Newton-based distance function.

S1: In a first step, a relaxed version of problem (15),
i.e., the NLP that arises if we omit the integer constraint (15e), is solved. The result is a relaxed optimal
solution (y ∗ , z ∗ ) with y ∗ ∈ P but possibly y ∗ ∈
/ Zny .
∗∗
S2: Afterward, an integer trajectory y ∈ P ∩ Zny is
heuristically obtained by minimizing some distance
function d(y, y ∗ ), i.e., we set

Exact optimal NLP distance function

The perfect choice of distance measure in step S2 would
be the suboptimality of JNLP (y) with respect to the relaxed solution JNLP (y ∗ ), which we denote by
dNLP (y, y ∗ ) := JNLP (y) − JNLP (y ∗ ).

(23)

This function is nonnegative for all y ∈ P and zero for
y = y ∗ . The minimizer

(20)

S3: Finally, the integer controls are fixed to y ∗∗ and the
restricted NLP (17) is solved to obtain a solution z ∗∗∗ .
3.3

(22)

z

s. t. G(y, z) = 0,
H(y, z) ≤ 0.

3.2

(21)

∗∗
yNLP
:= arg

Properties of the obtained solution

min

y∈P∩Zny

dNLP (y, y ∗ )

(24)

would equal the optimal integer solution y ◦ of the original MINLP. However, the minimization of this distance
function is computationally as expensive as solving the
original MINLP.

The result of the algorithm is typically a feasible but
suboptimal solution (y ∗∗ , z ∗∗∗ ) for the original MINLP.

4

4.2

4.3

Norm-based distance functions

As an intermediate approach that lies between the
aforementioned two in terms of ease of computation
and approximation accuracy of JNLP , we propose here
to use linearizations of the original MINLP founding at
(y ∗ , z ∗ ). In summary, we will define a convex approximation of JNLP that we denote by JGN (y, z; y ∗ , z ∗ ) and
which relies on the GN approximation, cf. Rawlings
et al. (2020). The resulting optimization problem is
an MIQP, for which we define a nonnegative distance
function (to be minimized in step S2) as follows:

A usually much cheaper choice is to use a norm as distance measure. For a given norm k · knrm , one would set
dnrm (y, y ∗ ) := ky − y ∗ knrm .

(25)

Particularly useful are Linear Programming (LP) representable norms such as the L1 and L∞ norm, because
the problem
∗∗
ynrm
:= arg

min

y∈P∩Zny

dnrm (y, y ∗ )

(26)

dGN (y, y ∗ ) := JGN (y; y ∗ , z ∗ ) − JNLP (y ∗ ).

would be an MILP. A particularly successful and widely
used norm from this class is the so-called Combinatorial
Integral Approximation (CIA) norm that can be defined
as
ky − y ∗ kCIA := kU (y − y ∗ )k∞
(27)
∗
for a given y , where U is a specially chosen invertible
matrix. Each row of this matrix computes an integral
over one component of the integer control trajectory
from the start to an intermediate time point. In the case
of an equidistant grid and a single integer control trajectory, i.e., if ni = 1, the matrix U is an upper triangular
matrix with all ones. The MILP to be solved in step S2
of the decomposition algorithm would be given by
min

θ∈R,y∈Zny

θ

s. t. − 1θ ≤ U (y − y ) ≤ 1θ,
y ∈ P,

5

Gauss-Newton integer approximation

To formulate the proposed approximation, we first define
the linearization of function G at (ȳ, z̄) as
GL (y, z; ȳ, z̄) := G(ȳ, z̄)
∂G
+
(ȳ, z̄) ((y, z) − (ȳ, z̄)),
∂(y, z)

(31)

i. e., its first-order Taylor series expansion. Similarly, we
denote the linearization of F and H around (ȳ, z̄) by
FL (y, z; ȳ, z̄) and HL (y, z; ȳ, z̄), respectively. We define
the quadratic approximation of F as

(28b)
(28c)

where 1 is a vector of all ones and P would contain a
one-hot encoding constraint with regard to the binary
controls (Sager et al., 2011). The specific structure of
this problem referred to as the CIA problem can be exploited in tailored solution algorithms, cf. Sager et al.
(2011), some of which are available in the open-source
tool pycombina (Bürger et al., 2020). Several surrogate
rounding algorithms have been devised instead of solving the CIA problem, e. g., Sum-Up Rounding (Sager,
2009) and SCARP (Bestehorn et al., 2020). Note that
one could define a function
JCIA (y; y ∗ ) := JNLP (y ∗ ) + γky − y ∗ kCIA

(30)

The proposed approximation is detailed in the next section.

(28a)
∗

Novel Gauss-Newton-based distance function

FQP (y, z; ȳ, z̄, B) := FL (y, z; ȳ, z̄)
(32)
"
#> "
#
y − ȳ
1 y − ȳ
+
B
,
2 z − z̄
z − z̄
where B is a positive semidefinite Hessian approximation. An interesting and favorable positive semidefinite
Hessian approximation is given by the squared Jacobian
of the function F1 in the objective, which we call the
Gauss-Newton Hessian approximation. This special case
of B is given by

(29)
∂F1
(ȳ, z̄)
BGN (ȳ, z̄) :=
∂(y, z)

with arbitrary γ > 0, which one could interpret as the
CIA-approximation of JNLP .



∂F1
(ȳ, z̄)
∂(y, z)

>
.

(33)

We define FGN as a special case of FQP , in which we
set B = BGN . For a given linearization point (ȳ, z̄), and
matrix B we define the following MIQP approximation
of the original MINLP problem that is given by

Norm-based distance functions can be advantageous in
terms of computational efficiency as the corresponding
optimization problems can be solved comparatively fast.
However, integer approximations are usually computed
based only on y ∗ as found in step S1 (and possibly additional combinatorial constraints), with limited possibility to consider further information from step S1 or the
effects of the integer approximation on the system state.

min FQP (y, z; ȳ, z̄, B)

(34a)

s. t. GL (y, z; ȳ, z̄) = 0
HL (y, z; ȳ, z̄) ≤ 0

(34b)
(34c)

y,z

5

y∈P
(y ∈ Zny ).

constraints and 0 otherwise. The theory in Bonnans
and Shapiro (2013) is based on a related LP which
we denote as (PL). We define (PL) as (LP) but with
FL (y, z; y ∗ , z ∗ ) − F (y ∗ , z ∗ ) as the objective function.
Hence, for the corresponding value function holds:

(34d)
(34e)

This MIQP is solved in step S2 of the decomposition
algorithm, with the linearization point chosen to equal
the relaxed NLP solution, i.e., with (ȳ, z̄) = (y ∗ , z ∗ ).

JPL (y − y ∗ ) := JLP (y; y ∗ , z ∗ ) − F (y ∗ , z ∗ ).

The MIQP (34) can be relaxed to a convex Quadratic
Program (QP) if we drop the integer constraint (34e).
This relaxed QP is an approximation of the relaxed NLP,
which comes along with a QP approximation of the function JNLP that we denote by JQP and which is defined
by JQP : P × Rny × Rnz × R(ny +nz )×(ny +nz ) → R, y 7→
JQP (y; ȳ, z̄, B) with

Let L(y, λ, z) be the Lagrangian function associated with
NLP (17) at y and let Λ(y, z) be the set of feasible Lagrange multipliers. Then, the dual of the linearized problem (PL) can be written as
max
∗

λ∈Λ(y

JQP (y; ȳ, z̄, B) := min
FQP (y, z; ȳ, z̄, B)
n
z∈R

sup
λ∈S(DL)

(1) the unperturbed NLP with y = y ∗ has a unique
optimal solution z ∗ ,
(2) the Mangasarian-Fromovitz constraint qualification holds at the point z ∗ ,
(3) the set of feasible Lagrange multipliers Λ(y ∗ , z ∗ ) is
nonempty,
(4) the second-order sufficient condition (40) is satisfied,
(5) for all ky − y ∗ k sufficiently small, the feasible set of
NLP (17) at y is nonempty and uniformly bounded.

Results from parametric optimization

Then, for any optimal solution z of NLP (17) at y holds:

We reconsider the parametric NLP (17) at y, with y
being the parameter vector. We consider the linearization of the parametric problem at the optimal solution
(y ∗ , z ∗ ) in the direction y − y ∗ and define this problem
as (LP):
JLP (y; y ∗ , z ∗ ) := min
FL (y, z; y ∗ , z ∗ )
n

kz − z ∗ k = O(ky − y ∗ k),
JNLP (y) = JLP (y; y ∗ , z ∗ ) + O(ky − y ∗ k2 ).

(37a)

(41)
(42)

Proof. The results follow from Theorem 5.53, (a) and
(b), in Bonnans and Shapiro (2013). In comparison with
Bonnans and Shapiro (2013), we replaced Gollan’s condition with the Mangasarian-Fromovitz condition, which
is a stronger condition based on Theorem 5.50, (v), in
Bonnans and Shapiro (2013). Moreover, we dropped parameterization with t ≥ 0 of y(t) and z(t) by considering
the directions y − y ∗ and z − z ∗ in the optimal solution
y ∗ and z ∗ . Finally, we express (42) with JLP instead of

z

∗

(40)

Theorem 1. (Bonnans and Shapiro, 2013). Let k · k
denote a vector norm. Suppose that

In this section, we illustrate the approximation properties of the proposed approach. For this, we first review
classical results of parametric optimization of Chapter 5.2 in Bonnans and Shapiro (2013), which will be
utilized afterward.

z∈R

∂2L ∗
(y , λ, z ∗ )(z − z ∗ , z − z ∗ ) > 0,
∂2z

(36)

Finite-dimensional approximation properties

6.1

(39)

where C(z ∗ ) is the critical cone associated with z ∗ . With
these definitions, we can state the key result from Bonnans and Shapiro (2013), that we need for this paper.

In step S2, we require y ∈ P ∩ Zny .
6

∂L ∗
(y , λ, z ∗ )(y − y ∗ )
∂y

and we use S(DL) as the set of its optimal solutions.
Finally, we need a strong form of a second-order sufficient optimality condition (in the direction y−y ∗ ), which
states that for all z − z ∗ ∈ C(z ∗ ) \ {0} holds

(35b)
(35c)

Given the convexity of the relaxed problem (34) in its
variables (y, z), the function JQP is convex in y. In fact,
being the optimal value function of a parametric QP,
it is a continuous and piecewise quadratic function, cf.
Bank et al. (1983); Borrelli et al. (2017). As a particular outcome of the QP, we define the Gauss-Newton
approximation as
JGN (y; ȳ, z̄) := JQP (y; ȳ, z̄, BGN (ȳ, z̄)).

,z ∗ )

(35a)

z

s. t. GL (y, z; ȳ, z̄) = 0
HL (y, z; ȳ, z̄) ≤ 0.

(38)

∗

s. t. GL (y, z; y , z ) = 0
(37b)
∗ ∗
∗
∗
SA(y ,z ) HL (y, z; y , z ) ≤ 0,
(37c)
where A(y ∗ , z ∗ ) is the set of active inequality constraints
at (y ∗ , z ∗ ) and SA(y∗ ,z∗ ) selects the active inequality
constraints of HL with entries equal to 1 for active

6

that the constructed solution y ∗∗ is correct up to firstorder terms with regard to the size of the deviation of
the integer controls.

JPL , which are equivalent up to the term F (y ∗ , z ∗ ). Note
that we define (PL) here with the constant constraint
terms G(y ∗ , z ∗ ) and H(y ∗ , z ∗ ) in contrast to Bonnans
and Shapiro (2013). As these terms are zero in the optimum (y ∗ , z ∗ ), the constraints of (PL) reduce to the first
derivative parts and, thus, are equivalent to the constraints of the linear problem described in Bonnans and
Shapiro (2013).
6.2

Theorem 2. Let the assumptions of Theorem 1 hold
for the parametric NLP (17), with the optimal solution
(y ∗ , z ∗ ) of the relaxed NLP. Consider the constant C1
from Corollary 1 for the set P1 . Let y ∗∗ , y ◦ ∈ P1 be
the optimal solutions for y of the MIQP (34), with ȳ =
y ∗ , z̄ = z ∗ , and the MINLP (15), respectively. Then, we
have

Implications for the proposed algorithm

The following corollary applies the results of Theorem 1
to the QP (35) and the NLP (17).

|JNLP (y ∗∗ ) − JNLP (y ◦ )|

≤ C1 ky ∗ − y ∗∗ k2 + ky ∗ − y ◦ k2 .

Corollary 1. Let the assumptions of Theorem 1 hold
for the parametric NLP (17) at y = y ∗ and assume that
the parametric QP (35) at y = ȳ = y ∗ has a unique
solution and satisfies the second order condition (40).
Then, it holds that

Proof. We abbreviate in the following JQP (y) :=
JQP (y; y ∗ , z ∗ , B). First, note that owing to optimality of y ∗∗ and y ◦ in the MIQP (34) and MINLP (15),
respectively, it holds that

JQP (y; y ∗ , z ∗ , B) = JLP (y; y ∗ , z ∗ ) + O(ky − y ∗ k2 ). (43)

JQP (y ∗∗ ) − JQP (y ◦ ) ≤ 0.
JNLP (y ∗∗ ) − JNLP (y ◦ ) ≥ 0.

Furthermore, there is a C1 > 0 and a small 1 > 0 so
that for all y ∈ P1 := {y : ky − y ∗ k < 1 } holds

(45)

(46)
(47)

We use this to derive the result:
(47)

∗

∗

∗

2

|JNLP (y) − JQP (y; y , z , B)| ≤ C1 ky − yk .

|JNLP (y ∗∗ ) − JNLP (y ◦ )| = JNLP (y ∗∗ ) − JNLP (y ◦ )

(44)

= JNLP (y ∗∗ ) − JNLP (y ◦ ) + JQP (y ∗∗ )
− JQP (y ∗∗ ) + JQP (y ◦ ) − JQP (y ◦ )

Proof. While Theorem 1 was so far formulated for the
original NLP (17), denoted by NLP(y), at the point
y = y ∗ , we can also apply Theorem 1 to the QP (35),
denoted by QP(y; ȳ, z̄), which depends on two sets of parameters, on y and on (ȳ, z̄), but where we assume (ȳ, z̄)
as fixed to (y ∗ , z ∗ ). Thus, QP(y; y ∗ , z ∗ ) is a parametric
problem of the same form as NLP(y) if we only regard its
parametric dependence on y. We regard this parametric
QP problem again at the point y = y ∗ . To apply Theorem 1 to the QP(y; y ∗ , z ∗ ), we use the fact that all first
order terms of the NLP(y ∗ ) and of the QP(y ∗ ; y ∗ , z ∗ )
coincide, so assumptions (2), (3), and (5) in Theorem 1
hold because they hold for the original NLP, and by
the explicit assumptions also (1) and (4) hold. Also, the
corresponding LPs (37) are identical. Thus, (43) follows
from the application of Theorem 1 to the QP(y; y ∗ , z ∗ )
at y = y ∗ .

(46)

≤ JNLP (y ∗∗ ) − JQP (y ∗∗ ) + JNLP (y ◦ ) − JQP (y ◦ )
≤ |JNLP (y ∗∗ ) − JQP (y ∗∗ )| + |JNLP (y ◦ ) − JQP (y ◦ )|

≤ C1 ky ∗ − y ∗∗ k2 + ky ∗ − y ◦ k2 ,

where we apply in the last inequality Corollary 1 twice
for y ∗∗ and y ◦ .
The above result holds for any positive semidefinite matrix B and in particular for the GN-MIQP. Using a suitable vector norm, we may have consistency of order one
in the control grid size. By iteratively refining the control
grid size, one could possibly establish an asymptotic convergence to the optimal solution, similar to the CIA decomposition (Jung et al., 2015) but here with quadratic
convergence in the grid size. In fact, numerical experiments confirm that the difference from inequality (44)
with y ∗∗ used for y becomes quadratically smaller with
finer control discretization, as illustrated in Appendix C.
The asymptotic convergence theory can be considered
for future studies.

The inequality (44) follows from the first claim (43) and
Theorem 1, (42), by combining these results and expressing the O-notation with the constant C1 .
We remark that the O notation in the context of integers
can be considered as conflicting as the integers y might
not be arbitrarily close to y ∗ . However, we conjecture this
could be achieved by applying a finer discretization grid.
Based on the aforementioned corollary, we can state the
main theoretical result for our algorithm, which states

6.3

On the choice of the Hessian approximation

The theoretical results mentioned in the previous section
hold regardless of the choice of the Hessian approxima-

7

Table 1
Objective values of (50) for different solution approaches.
Solution approach
Objective value
Relaxed MINLP
Φ(x∗ ) = 8.97 · 10−3
Exact integer solution
Φ(x◦ ) = 2.07 · 10−2
−1
CIA
Φ(x∗∗∗
CIA ) = 1.32 · 10
∗∗∗
−2
GN-MIQP
Φ(xGN ) = 2.07 · 10

tion B, as long as it is chosen to be positive semidefinite.
However, in practice, the choice is quite relevant. The
exact Hessian matrix of the Lagrangian would possibly
ensure second-order consistency, however, at the price of
expensive computation and possibly indefiniteness. This
is in contrast to the pure linearization with B = 0, which
is inexpensive, but often leads to unfavorably large steps
as numerical experiments show. The choice of the GNapproximation appears as a good compromise solution,
which is computationally relatively cheap and represents
a good approximation of the Hessian matrix.
7

constraints in the MIOCP context can be found in Zeile
et al. (2021).
Then, the described problem is solved by applying the
decomposition algorithm once using the CIA-MILP and
once using the GN-MIQP. For this, the MINLP is implemented using CasADi (Andersson et al., 2019), which
provides the possibility for the simplified generation of
the derivatives of the MINLP components required for
solving the NLP and setting up the GN-MIQP. The
NLP stage in step S1 of the decomposition algorithm
is solved using Ipopt (Wächter and Biegler, 2006). Like
in Bürger et al. (2021), we neglect combinatorial constraints in step S1. The CIA problem is solved using
a tailored branch-and-bound algorithm available in pycombina (Bürger et al., 2020), the GN-MIQP is solved
using Gurobi (Gurobi Optimization, LLC, 2021). Owing
to the absence of continuous controls, step S3 for this example just amounts to a system simulation. Moreover,
the problem is solved for comparison using a branchand-bound style simulation procedure described in Appendix A which has been implemented in Python and
allows to determine the globally optimal solution.

MIOC of a nonlinear unstable system

In the following, potential advantages of the proposed
approach are illustrated within a numerical case study of
MIOC of a simple nonlinear and unstable system (Rawlings et al., 2020).
7.1

Setup and implementation

We consider a simple MIOCP of the form (12) for a
nonlinear unstable system with one state x ∈ R and one
binary control b ∈ {0, 1}. The continuous time system is
described by
ẋ = x3 − b
(48)
and transformed to a discrete time system
x+ = f (x, b)

(49)

7.2

using one Runge-Kutta (RK)-4 step of step length h =
0.05. The aim is to track a reference xref = 0.7 starting
from the initial value x0 = 0.8 on a horizon of length
N = 30, resulting in the following MINLP:

Table 1 lists the objective values for (50) obtained using the described solution approaches and the objective value of the relaxed problem after step S1. It shows
that for this setup, the GN-MIQP approach was able to
achieve an improved solution compared with the CIA
approach in terms of the MINLP objective. The solution obtained by the GN-MIQP approach here even is a
globally optimal solution as the obtained objective value
corresponds to the exact integer solution obtained by
the branch-and-bound style simulation.

N

min Φ(x) =
x,b

1X
(x(k) − xref )2
2

(50a)

k=0

s. t. x(0) = x0 ,
x(k + 1) = f (x(k), b(k)),
k = 0, . . . , N − 1,
b ∈ B ∩ ZN .

(50b)
(50c)
(50d)

The optimized state and control obtained by the GNMIQP and CIA approach are given in Fig. 1. The reference value xref of the state is indicated by a dashed
grey line, the (identical) relaxed solution (x∗ , b∗ ) after
step S1 by a blue solid line, and the integer solutions
∗∗
∗∗∗
∗∗
(x∗∗∗
GN , bGN ) and (xCIA , bCIA ) after step S3 by dashed
green lines and dash-dotted orange lines, respectively.
For the relaxed solution, it can be observed that higher
control effort is applied at the beginning of the control
horizon to drive the system state towards the reference
value, and afterward the state reference value is perfectly tracked by constantly applying a control input of
b∗k ≈ 0.34, k = 4, . . . , N − 1.

The combinatorial constraint set B imposes a minimum
uptime constraint that requires that b remains active for
at least three consecutive time steps, i.e., we have
B = {b ∈ [0, 1]N |
b(k) ≥ b(k − 1) − b(k − 2),
b(k) ≥ b(k − 1) − b(k − 3),
k = 0, . . . , N − 1}.

Numerical results

(51)

The required previous values b(−1), b(−2), b(−3) are
all set to zero. Further details on minimum dwell time
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Fig. 1. Relaxed and binary feasible solution for the
GN-MIQP and the CIA approach.

CIA

0.020

0.6

0.4

0.2

0.0

0.0

0.2

CIA))

CIA); b * , x * , BGN)
CIA); b * , x * , 0)
CIA); b * )

0.4

1.0
0.6 0.8
GN

JQP(b( GN, 0); b * , x * , BGN)
JQP(b( GN, 0); b * , x * , 0)
JNLP(b( GN, 0))

0.015

CIA))

0.010
0.0
0.10

J(b(0,

J(b(

GN, 0))

By comparing the state and control trajectories shown
in Fig. 1, the influence of the obtained integer approximation on the state trajectory development can be observed. While the integer solution obtained using the
CIA approach is a globally optimal solution of the approximation problem in terms of the objective function
(28a), an application of b∗∗
CIA for control of the unstable
system causes the system state to diverge from its reference xref . In contrast, the integer solution obtained using the GN-MIQP approach can maintain the state in a
region around the reference value.

Fig. 2 shows the values of J
NLP b̄(αGN , αCIA ) ,

of JQP b̄(αGN , αCIA ); b∗ , z ∗ , BGN which uses the
GN Hessian, of JQP b̄(αGN , αCIA ); b∗ , z ∗ , 0) which
uses an all-zero Hessian,
as well as the values of

JCIA b̄(αGN , αCIA ); b∗ for (50), with
∗
b̄(αGN , αCIA ) = b∗ + αGN (b∗∗
GN − b )
∗∗
∗
+ αCIA (bCIA − b )

JNLP(b( GN,
JQP(b( GN,
JQP(b( GN,
JCIA(b( GN,

0.12
0.10
0.08
0.06
0.04
0.02

0.05
0.0

0.2
JQP(b(0,
JQP(b(0,
JNLP(b(0,
0.2

0.4

GN

0.6

0.8

1.0

0.6

0.8

1.0

CIA); b * , x * , BGN)
CIA); b * , x * , 0)
CIA))

0.4

CIA

Fig.
2.
Evaluation
of
the
functions


JNLP b̄(αGN , αCIA ) ,
JQP b̄(αGN , αCIA ); b∗ , x∗ , BGN ,


JQP b̄(αGN , αCIA ); b∗ , x∗ , 0 , and JCIA b̄(αGN , αCIA ); b∗ .
∗∗
The value of JNLP (bGN ) is indicated by the symbol •, the
value of JNLP (b∗∗
CIA ) by the symbol ◦.

(52)

evaluated for (αGN ∈ [0, 1], αCIA = 0), (αGN =
0, αCIA ∈ [0, 1]), and αGN + αCIA = 1. The plot illustrates the piecewise linear approximation yielded by the
CIA approach and the piecewise quadratic approximation yielded by the GN-MIQP approach.

instances. Although one would expect the deviation to
decrease for the CIA approach when the grid is refined,
cf. Sager (2009); Sager et al. (2011), note that the optimal solution of a CIA problem might not be unique, so
that different solutions that yield the same optimal CIA
objective might results in different objective values for
the original MINLP. This is especially important in the
presence of constraints that limit the switching possibilities of the optimal solution, such as minimum uptime
constraints, which can play a significant role regarding
the optimal objective value of a CIA problem.

Fig. 3 compares the runtimes and relative deviation of
JNLP (b∗∗ ) and JNLP (b∗ ) achieved by the CIA and GNMIQP approach for a varying number of discretization
intervals N (as annotated next to the data points) with
minimum uptime constraints and step length adjusted
to the corresponding number of discrete time steps. For
comparability, the objective function is for all scenarios evaluated at the original N + 1 = 31 discrete time
points. It can be observed that the runtime of the GNMIQP approach is always higher than the CIA runtime
and increases faster. However, the graph also shows that
for this case, the optimality of the results achieved using the CIA approach is of higher variability than the
results obtained using the GN-MIQP approach, which
also exhibits less deviation for the considered problem

8

MIOC of a renewable energy system

In this section, the proposed approach is applied to a
more complex application that is a numerical case study
of MIOC of a renewable energy system.

9

(JNLP(b * * ) JNLP(b * )) /JNLP(b * )

N = 30

CIA
GN

101


dx(t)
= f0 x(t), u(t), c(t)
dt
nb
X

+
bi · fi x(t), u(t), c(t)
i=1

240
100
10

60
3

120
10

2

480

with differential states x(t) ∈ Rnx , continuous controls
u(t) ∈ Rnu , binary controls b(t) ∈ {0, 1}nb , and timevarying parameters c(t) ∈ Rnc , with nx = 20, nu = 5,
nb = 2, and nc = 4. A schematic is depicted in Fig. 4.
For simplicity, the building part of the model in Bürger
et al. (2021) is replaced by a simplified load model that
facilitates the application of a specific cooling load profile
Q̇lc to the system. In particular, the temperature Tlc
of the medium returning from the fan coil units and
corresponding water mass flow ṁlc are calculated as

960

N = 30 60
10 1
100
Runtime (s)

120
101

240
102

Fig. 3. Runtime and relative deviation between JNLP (b∗∗ )
and JNLP (b∗ ) for the CIA and GN-MIQP approaches for a
varying number of discrete intervals N , as annotated at the
corresponding data points. The values of N = 30 (annotated
by the symbol ?) correspond to the values displayed in Fig. 2.

8.1

Setup of the case study

Tlc (t) =Tlts,nlts (t) − ∆Tlc ,

(54)

Q̇lc (t)
,
cw ∆Tlc

(55)

ṁlc (t) =

The system considered in this study is a solar thermal climate system located at Karlsruhe University of Applied
Sciences. It comprises an Adsorption Cooling Machine
(ACM) which can produce cooling energy to cover heat
loads of a university building in two different operation
modes: in Adsorption Cooling (AC) mode (bac = 1), solar thermal heat can be used to drive the ACM; in Free
Cooling (FC) mode (bfc = 1), the recooler of the ACM
can be used to directly cool down the medium at the ambient in times of low ambient temperature. Heating and
cooling energy can be stored in dedicated stratified storages. A detailed system description is given in Bürger
et al. (2021).

with cw being the medium’s specific heat capacity and
∆Tlc being an assumed constant temperature difference
for the medium returning from the fan coil units.

8.3

Operational constraints

The system is subject to different operational constraints
such as state and control boundaries, minimum activations times of the machinery, and others, summarized in
the inequality constraints vector h as

h x(t), u(t), b(·), c(t), s(t) ≤ 0

An experimental operation of the system using MIOC
and CIA was carried out in previous studies (Bürger,
2020; Bürger et al., 2021). It showed that insufficient
quality of approximated binary controls can lead to
less efficient system operation, e. g., through activation
of ACM operation modes at unsuitable time periods
(Bürger, 2020). In this case study, the GN-MIQP approach is applied to solve an optimal control problem
for the system to achieve efficient system operation in
accordance with defined constraints regarding the system’s temperature states. The results are compared to
those obtained using the CIA approach with regard to
solution quality and runtime. For this, we use a variant of the existing model and associated constraints
presented in Bürger et al. (2021) as outlined in the
following section.
8.2

(53)

(56)

where we write b(·) to indicate that the constraints for
the binary controls can be coupled over time, cf. Bürger
et al. (2020). The vector s ∈ Rns , ns ∈ N contains slack
variables that can be used to relax certain conditions in
h, e. g., soft constraints for the system states, to preserve
the feasibility of an optimization problem if necessary.
With regard to the introduction of (54) and (55) in the
model, the upper and lower limits of the temperature
states of the Low-Temperature Storage (LTS) are set to
Tlts,max = 18 ◦ C and Tlts,min = 8 ◦ C, respectively.

8.4

System modeling

Optimal control problem formulation

The aim of the optimal control problem for the system
is to compensate the cooling load of the building while
keeping the system states (e. g. the storage temperatures) within suitable bounds and reduce the electrical
energy consumption of the system. Formulated in con-

The model used in this study is described by a set of
Ordinary Differential Equations (ODEs) as a switched
nonlinear system
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Fig. 4. Schematic of the system subject to this study.

tinuous time, the utilized MIOCP reads as

x(·),u(·),
b(·),s(·)

tf

Z

L1 (x(t), u(t), b(t), s(t)) dt
t0

Z

The implementation of the MINLPs is carried out using
CasADi. For generation of the initial guess via simulation and for setting up the multiple shooting discretization, CVODES (Hindmarsh et al., 2005) is used as the
numerical integrator. The NLPs are solved using Ipopt
with linear solver MA57 (HSL, 2019). Again, we neglect
the combinatorial constraints in step S1. The MIQP is
solved using Gurobi and the CIA problem is solved using
the tailored branch-and-bound algorithm implemented
in pycombina.

(57a)
tf

+

L2 (x(t), u(t), b(t), s(t)) dt
t0

s. t. for t ∈ [t0 , tf ] :

dx(t)
= f0 x(t), u(t), c(t)
dt
nb
X

+
bi · fi x(t), u(t), c(t) ,
i=1

h x(t), u(t), b(·), c(t), s(t) ≤ 0,
nb
X
bi ≤ 1,

(57b)

(57c)
In contrast to the problem discussed in Section 7, where
we were able to compute the globally optimal solution
of (50) for comparison using a dedicated simulation procedure, herein, we cannot compute the globally optimal
solution of (57).

(57d)

i=1

x(t0 ) = x̂.

(57e)

Temp. (°C)

8.5

Irrad. (kW/m²)

The objective (57a) consists of two Lagrangian terms L1
and L2 , where L1 contains the nonlinear least squares
terms and L2 the linear terms of the objective function.
The system model and constraints are contained in (57b)
and (57c), respectively. Eq. (57d) ensures that at most
one operation mode of the ACM is active at a time and
(57e) is the initial state constraint.
Discretization and implementation

The MIOCP is formulated as an MINLP using first discretize, then optimize approaches. For steps S1 and S3 of
the decomposition approach, an MINLP is derived using
direct collocation (Tsang et al., 1975). For generating
the components of the GN-MIQP, an MINLP is derived
using direct multiple shooting (Bock and Plitt, 1984) to

1.0

Ifpsc
Ivtsc

0.5
0.0
30

Qlc

20
10

Tamb
0

5

10
15
Time (h)

20

Load (kW)

min

1
2

obtain a matrix GL that is comparatively smaller than
a corresponding matrix derived using direct collocation,
with the idea to facilitate a faster solution of the MIQP.

5
0

Fig. 5. Depiction of the time-varying parameters entering the
MIOCP (57): solar irradiation on the collector arrays Ifpsc
and Ivtsc , ambient temperature Tamb , and cooling load Q̇lc .
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Fig. 6. Results of the CIA (left) and GN-MIQP (right) approaches after step S3 of the decomposition algorithm.

8.6

Numerical results

The LTS temperatures are directly influenced by the bi∗∗
nary approximation b∗∗
ac and bfc obtained in step S2 and
at the same time widely operated at their upper boundaries in the solution of step S1. Therefore, an application
of the CIA approach which does not consider the development of the system states but only the relaxed binary
solution within step S2, can easily violate those temperature boundaries. In contrast, it can be observed that
violations of LTS temperature constraints occur less frequent and to a lesser extent while using the GN-MIQP
approach. Different from the LTS temperatures, the solar collector temperatures are additionally influenced by
continuous controls, e. g., the speed of the pumps Ppsc
and Pssc and the positions of the valves Mpsc and Mssc ,
so that their operation can still be adjusted to a certain
extent in step S3 according to the binary approximation
obtained in step S2. The HTS temperatures are, in addition to the collector operation, influenced by the ACM
operation, and with this, by the quality of the obtained
binary approximation. However, the HTS is not operated at its upper temperature boundary in this scenario;
thus, violations are less likely to occur when an approximated binary solution is applied.

The CIA and GN-MIQP approaches are used to solve
the MIOCP (57) for an exemplary operation scenario.
The values of the time-varying parameters c are depicted in Fig. 5. Solar irradiation and ambient temperature are taken from an exemplary Test Reference Year
(TRY) dataset (Deutscher Wetterdienst, 2014) and depict a summer day in August. The solar irradiation on
the oriented FPSC arrays was calculated using pvlibpython (Holmgren et al., 2018), the cooling load is a
generic load profile. Fig. 6 depicts the results obtained
using the CIA approach in the left plots and the solution obtained using the GN-MIQP approach in the right
plots. The (identical) solution after step S1 is denoted
by dotted lines and the solution after step S3 is denoted
by solid lines. The state boundaries considered in the
form of soft constraints are indicated using dashed grey
lines. It can be observed that the state boundaries of
the solar collector temperatures Tfpsc and Tvtsc as well
as the High-Temperature Storage (HTS) temperatures
Thts,{1...4} are widely met (only the collector temperature limits are slightly violated using the CIA approach).
However, this is not the case for the LTS temperatures
Tlts,1 and Tlts,2 depicted in the center plots.

Analogously to Fig. 2, Fig. 7 displays the values
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Fig. 7. Evaluation of the functions JNLP b̄(αGN , αCIA ) ,

JGN b̄(αGN , αCIA ); b∗ , (x∗ , u∗ , s∗ ) ,
and

JCIA b̄(αGN , αCIA ); b∗ . The value of JNLP (b∗∗
GN ) is indicated
by the symbol •, the value of JNLP (b∗∗
CIA ) by the symbol ◦.



Conclusion and future work

Future work could examine techniques to achieve GNMIQP solutions faster, e. g., if warm-starting based on
solutions obtained using the CIA approach can have a
beneficial effect on the runtime. Moreover, it could be investigated if suboptimal solutions of the GN-MIQP can
already yield an improved control performance, especially in the context of gradually improving an existing
CIA result.

CIA))

0.2

(57).
Runtime GN (s)
2.46 · 101
3.30 · 102
2.26 · 101

We presented a novel MIQP problem formulation for
the second stage of an existing decomposition algorithm
for fast solution of MIOCPs. First, we established a
first-order consistency approximation result for the proposed algorithm. Then, we achieved improved solutions
in terms of the original MINLP objective functions and
overall control performance for a simple case and a more
complex application but at the cost of increased solution
times.

250
200
0.0

the solution steps for
Runtime CIA (s)
2.46 · 101
1.91 · 10−2
1.22 · 101

practical applications, can be exactly represented in
the GN-MIQP. A study in which some constraints of
(56) are represented as linear reformulations for the
solution of MIOCP (57), resulting in additional control
performance improvements, is given in Appendix B.
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Runtime of
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∗ ∗
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A comparison of the runtimes of each solution step for
both methods is listed in Table 2. The solution times in
step S1 are identical since the same problem is solved
here. For step S2, the solution of the CIA problem,
which was computed using a dedicated solution algorithm (Sager et al., 2011; Bürger et al., 2020), is obtained
several orders of magnitude faster compared with the
solution of the GN-MIQP (to full optimality). The total solution time of 330.2 s for the GN-MIQP in Table 2
includes the time for setting up the matrix GL (21.8 s)
and solve the problem (308.4 s).

A

Branch-and-bound style simulation procedure for globally optimal solution of (50)

To obtain a globally optimal solution of the MINLP (50),
we can consider the fact that there exists only one binary control b per discrete time interval but no other

An additional advantage of our new GN-MIQP approach is that linear constraints, which arise from many
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when evaluated up to a discrete time point j as in

Algorithm 1: Branch-and-bound style simulation
procedure
Initialize an empty queue Q ;
Initialize best node n∗ ← ∅ and upper bound
Φ∗ ← ∞ ;
Initialize i ← 0, j ← 0, n◦ ← ∅, j ◦ ← 0, b◦ ← 0,
x◦ ← x0 , Φ◦ ← (x0 − xref )2 ;
foreach b ∈ {0, 1} do
j ← j ◦ ; i ← Nmut − 1 ;
if (b◦ 6= b) ∧ (b = 1) then
// Consider minimum uptimes
i←0;
while i < Nmut do
x◦ ← f (x◦ , b) ;
Φ◦ ← Φ◦ + (x◦ − xref )2 ;
i ← i + 1; j ← j + 1 ;
n ← [n◦ , j, b, x◦ , Φ◦ ] ;
Add n to Q ;
while Q is not empty do
n◦ ← next node selected from Q with the
highest depth j; if multiple nodes with the
same depth j exist, select the one with the
highest objective value Φ◦ ;
Unpack [n◦p , j ◦ , b◦ , x◦ , Φ◦ ] ← n◦ ;
if j ◦ = N then
if Φ◦ < Φ∗ then
// Solution update
n ∗ ← n ◦ ; Φ ∗ ← Φ◦ ;

j

Φj (x) =

1X
(x(k) − xref )2
2

(A.1)

k=0

with j ∈ {0, . . . , N } yields a lower bound for all objective
values Φl (x) with l > j, so that
Φj (x) ≤ Φl (x).

(A.2)

These insights motivate the simulation procedure depicted in Algorithm 1. This procedure, which has been
used in Rawlings et al. (2020), allows us to compute
the globally optimal solution of MINLP (50) and obtain the optimal trajectories of binary controls b∗ and
states x∗ and the optimal objective value Φ∗ . Each
node n = [n◦p , j, b◦ , x◦ , Φ◦ ] used within this branch-andbound style procedure contains information on the parent node n◦p (while root nodes reference empty nodes as
parent nodes, as denoted by ∅), corresponding discrete
time point j, applied binary control b◦ , state x◦ , and
objective value Φ◦ at the discrete time point. Parameter Nmut is the number of consecutive time steps that a
binary control must remain active after activation, with
regard to the minimum uptime constraints (51).

B
else
foreach b ∈ {0, 1} do
j ← j ◦ ; i ← Nmut − 1 ;
if (b◦ 6= b) ∧ (b = 1) then
i←0;
while i < Nmut do
x◦ ← f (x◦ , b) ;
Φ◦ ← Φ◦ + (x◦ − xref )2 ;
i ← i + 1; j ← j + 1 ;
n ← [n◦ , j, b, x◦ , Φ◦ ] ;
Add n to Q ;

Solution of MIOCP (57) using partially linearized constraint formulations

With regard to the GN-MIQP, constraints that are
present in the original MIOCP formulation can be explicitly considered within the binary approximation
step. Linear constraints can even be exactly represented
in the GN-MIQP and not only in an approximate form
as it is the case for nonlinear constraints. Therefore, we
solve a variant of MIOCP (57) where the nonlinear and
nonconvex constraints


Reconstruct b∗ , x∗ starting from n∗ by recursively
following the parent node references until a root
node is reached ;
return b∗ , x∗ , Φ∗

Tac,ht,min − Thts,1 (t)











bac (t) 
 Tac,lt,min − Tlts,1 (t)  − sac,lb (t) (B.1a)
Tac,amb,min − Tamb (t)
≤ ac,lb ,
bac (t)

Thts,1 (t) − Tac,ht,max
Tamb (t) − Tac,amb,max

!

!
− sac,ub (t)

(B.1b)

≤ ac,ub ,
optimization variables, e. g., continuous controls or slack
variables. As the only decision that can be made per discrete time interval is whether the binary control b is either 0 or 1, the state trajectory resulting from a given
sequence of binary controls b can be obtained via forward simulation. Moreover, the objective function (50a)

from Bürger et al. (2021), which are introduced to
achieve that the ACM is only operated under suitable
conditions with regard to HTS, LTS, and ambient temperature, are replaced by the following linear reformulations:
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Fig. B.1. Results of the CIA (left) and GN-MIQP (right) approaches after step S3 of the decomposition algorithm using the
linearized reformulation (B.2) instead of the original constraint formulation (B.1) of Bürger et al. (2021).





As an additional remark, it can be observed in Fig. B.1
that the solution obtained using the CIA approach contains a short activation of the free cooling mode bfc at
the beginning of the control horizon, whereas bfc occurs
in the solution of step S1 only to a negligible extent.
Similar to the effects described in Bürger (2020), this
can be explained by the circumstance that the optimal
solution of a CIA problem might not be unique. In the
case presented here, the short activation of bfc is not the
dominating term of the CIA objective function, which is
formulated to minimize the maximum accumulated difference between the relaxed and binary solution of all
binary controls from the beginning of the control horizon up to all time points. Although the optimal solution
of the CIA problem (28) for this example yields an objective value of θ∗ = 1935.6, the activation of bfc only
yields an accumulated difference of 900.0, which is not
the maximum accumulated difference. In the solution
obtained using the GN-MIQP approach, such activation
does not occur.



Tac,lt,min






bac (t) Tac,ht,min 
 − Tmin 
Tamb,min


Tlts,1 (t)



+ Tmin − sac,lb (t) ≤ 
Thts,1 (t) ,
Tamb (t)
!
!
Tac,ht,max
− Tmax
bac (t)
Tamb,max
!
Thts,1 (t)
+ Tmax + sac,ub (t) ≥
.
Tamb (t)

(B.2a)

(B.2b)

Fig. B.1 shows the solution of this variant of MINLP
(57), which has been achieved using the GN-MIQP and
CIA approaches. It can be observed that although the
LTS storage temperature constraint violations have been
reduced for both approaches, they occur less frequently
and to a much lesser extent for the GN-MIQP approach.
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D. Beschütz, A. Altmann-Dieses, M. Braun, and
M. Diehl. Experimental operation of a solar-driven
climate system with thermal energy storages using
mixed-integer nonlinear model predictive control. Optimal Control Applications and Methods, 42(5):1293–
1319, 2021.
A. De Marchi. On the mixed-integer linear-quadratic
optimal control with switching cost. IEEE Control
Systems Letters, 3(4):990–995, 2019.
Deutscher Wetterdienst. Testreferenzjahre von Deutschland für mittlere, extreme und zukünftige Witterungsverhältnisse. Deutscher Wetterdienst, Offenbach, 2014.
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Quadratic convergence for finer control discretization

To illustrate the conjectured quadratically shrinking
difference between JNLP (y ∗∗ ) and JQP (y ∗∗ ; y ∗ , z ∗ , B) in
(43) with an increase in the number of control intervals
mentioned in Section 6.2, we solve the MINLP (50) with
combinatorial constraints B dropped for an increase
in the number of intervals N ∈ {30, 60, 120, 240, 480}
using the GN-MIQP and CIA approaches. The binary
solutions b∗∗
N obtained this way are used to evalu∗
∗∗ ∗
ate JNLP (b∗∗
N ) and JQP (bN ; b480 , x480 , BGN,480 ) for the
finest discretization N = 480. The results are shown
in Figure C.1 with the difference of b∗∗ and b∗ in the
CIA-norm used as reference for the x-axis, along with
a quadratic function βkb∗∗ − b∗ k2CIA with β = 0.15071
fitted to the data points using nonlinear least squares
parameter estimation. The numerical results confirm
the Inequality (44) with y ∗∗ used for y, i.e., that the
difference between JNLP and JQP is bounded by the
quadratically normed difference of y ∗∗ and y ∗ , which
can be decreased by refining the control grid size.
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Birkhäuser Verlag, 1983.

16

ematical Programming (Series A), 133:1–23, 2012.
T. H. Tsang, D. M. Himmelblau, and T. F. Edgar. Optimal control via collocation and non-linear programming. International Journal of Control, 21(5):763–
768, 1975.
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