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Abstract

In this study, we examine the various extensions of the doubly nonnegative (DNN)
cone, frequently used in completely positive programming (CPP) to achieve a
tighter relaxation than the positive semidefinite cone. To provide tighter relax-
ation for generalized CPP (GCPP) than the positive semidefinite cone, inner-
approximation hierarchies of the generalized copositive cone are exploited to ob-
tain two generalized DNN (GDNN) cones from the DNN cone. This study con-
ducts theoretical and numerical comparisons to assess the relaxation strengths
of the two GDNN cones over the direct products of a nonnegative orthant and
second-order or positive semidefinite cones. These comparisons also include an
analysis of the existing GDNN cone proposed by Burer and Dong. The findings
from solving several GDNN programming relaxation problems for a GCPP prob-
lem demonstrate that the three GDNN cones provide significantly tighter bounds
for GCPP than the positive semidefinite cone.

Key words. Optimization, generalized doubly nonnegative cone, generalized com-
pletely positive cone, generalized completely positive programming

1 Introduction

Completely positive programming (CPP), also known as copositive (COP) program-
ming, is a class of conic programming with a completely positive (CP) cone or its dual,
a COP cone. CPP has received significant attention over the last few decades because
it can be used to reformulate many NP-hard problems, such as the standard quadratic
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program (QP) [3], the quadratic assignment problem [22], and nonconvex QP with
binary and continuous variables [5], as convex programming in a unified manner.
Recently, the concepts of CP and COP cones have been generalized in many ways.

Examples include the generalized CP (GCP) CP(K) and COP (GCOP) COP(K) cones
over a closed cone K C R”,"" which are defined as

CP(K) = {i a,-aiT

COP(K) = {A | A is a symmetric matrix and &' Az >0 for all z € K},  (1.2)

aiEKforallizl,...,m}, (1.1)

respectively. GCP and GCOP cones over a nonnegative orthant respectively reduce to
CP and COP cones. Hereafter, “over K” can be omitted when we need not specify it.
GCP programming (GCPP) is a class of conic programming with GCP or GCOP cones.
Because GCPP includes CPP, it can express not only the aforementioned problems,
but also many other NP-hard problems. For example, a rank-constrained semidefinite
programming (SDP) problem [1], which includes sensor network localization [17] and
the max-cut problem [9] as a class, can be formulated as a problem with a GCP cone
over a direct product of a nonnegative orthant and three positive semidefinite cones. To
the best of our knowledge, rank-constrained SDP is not known to be representable as
CPP. Therefore, solving GCPP but not CPP represents an important task. In addition,
under an assumption, the quadratically constrained QP (QCQP) can be equivalently
reformulated as a problem with a GCP cone over a direct product of a nonnegative
orthant and second-order or positive semidefinite cones [7]. Other NP-hard problems
that GCPP can represent include nonconvex conic QP with binary and continuous
variables [6] (e.g., a variable selection problem in linear regression [15]) and k-means
clustering [23]. However, as GCPP can represent such formidable problems equivalently,
it is also difficult to solve directly.

Some approximation hierarchies for the GCOP cone have been developed to solve
GCPP approximately [18, 28]. In a prior work, we solved approximation problems
obtained by replacing the GCOP cone with its inner-approximation hierarchies [18].
Our results showed that the optimal values of approximation problems with the hier-
archy provided by Zuluaga, Vera, and Pena [28], referred to as the Zuluaga—Vera—Pena
(ZVP)-type hierarchy, and those of problems with a hierarchy we provided, referred
to as a Nishijima—Nakata (NN)-type hierarchy, were the same and almost identical to
those of the original problems [18]. This result poses a problem, i.e., whether the ZVP-
and NN-type hierarchies are the same.

Of note, the two hierarchies are generalizations of the inner-approximation hierarchy
provided by Parrilo [20] for the COP cone, and the dual cone of the zeroth level of

“ISome prior literature [1, 6, 10] including the authors’ paper [18], do not use the term “generalized”
when referring to the sets CP(K) and COP(K). Nevertheless, we use this term to specifically highlight
the distinction: whether K represents a nonnegative orthant or otherwise.



Parrilo’s hierarchy is known to be the doubly nonnegative (DNN) cone, that is, the set
of positive semidefinite matrices with only nonnegative elements [20, Section 5.3]. The
DNN cone is frequently used because DNN programming relaxation can provide tighter
bounds for CPP than SDP relaxation [22, 27]. Thus, generalizing the DNN cone to
provide tighter bounds for GCPP than SDP relaxation is a natural approach. Hence,
we refer to the dual cone of the zeroth level of the ZVP- and NN-type hierarchies as
the ZVP- and NN-type generalized DNN (GDNN) cones, respectively. Regarding these
sets as GDNN cones is justified in Section 3.

In the present work, we provide theoretical and numerical comparisons of the
strength of relaxation by the above two GDNN cones as well as that proposed by
Burer and Dong [7] (the BD-type GDNN cone). To compare these cones, we focus on
the two specific cases in which (i) K is a direct product of a nonnegative orthant and
second-order cones, and (ii) K is a direct product of a nonnegative orthant and positive
semidefinite cones. As can be seen from the examples of rank-constrained SDP and
QCQP, these two cases naturally arise in the context of optimization. Specifically, we
investigate the inclusion relationship between the three GDNN cones because inclu-
sion is a crucial factor in the strength of relaxation. When K is a direct product of
a nonnegative orthant and second-order cones, no theoretical inclusion relationship is
obtained between ZVP- and BD-type GDNN cones (see Examples 4.10 and 4.11), and
numerically, the ZVP-type GDNN cone provides better relaxation than BD-type cone
(Section 5.1). By contrast, when K is a direct product of a nonnegative orthant and
positive semidefinite cones, the ZVP-type GDNN cone provides worse relaxation than
the BD-type cone numerically (Section 5.2). In both cases, theoretically, the NN-type
GDNN cone is strictly included in the ZVP-type cone (Theorems 4.9 and 4.17). Solu-
tions to the GDNN programming (GDNNP) relaxation of GCPP problems show that
the three GDNN cones provide much tighter relaxation for GCPP than the positive
semidefinite cone (Section 5).

In Section 2, we introduce the notation and concepts used throughout this paper.
In Section 3, we introduce two new GDNN cones and describe the BD-type cone. In
Section 4, we discuss the theoretical properties of the three GDNN cones. In Section 5,
we describe the results of numerical experiments conducted to investigate the effective-
ness of relaxation by these cones. In Section 6, we present our conclusions and suggest
potential future directions of research.

2 Preliminaries

2.1 Notation

We use N, R, and S™ to denote the set of nonnegative integers, the set of real numbers,
and the space of real n x n symmetric matrices, respectively. For n € N, let T}, :=



n(n+1)/2. We use e;, 0, and 1 to represent the vector with the ith element being 1 and
all other elements 0, the zero vector, and the vector with all elements 1, respectively.
In addition, we use O and I to represent the zero matrix and the identity matrix,
respectively. We sometimes use a subscript such as 0, and I, to specify the size.
All vectors that appear in this paper are column vectors. However, for notational
convenience, the difference between a column and a row is omitted if it is clear from
the context. Let A € S”. The (i,j)th element of A is expressed as A;;. Moreover,
for index sets Z,J C {1,...,n}, Az 7 denotes the submatrix obtained by extracting
the rows of A indexed by Z, and the columns indexed by J. We also refer to Az 7 as
the (Z, J)th element of A. The space R" is endowed with the usual transpose inner

product, and ||| denotes the induced norm (2-norm). The space S™ is endowed with
the trace inner product defined by (X,Y) = > 71", X;;Y;; for X, Y € §". We use S"

to denote the n-dimensional unit sphere in R"*!; ie., 8" = {x € R""! | ||z||= 1}. For
matrices X; € S™ (i = 1,..., k), Diag(Xy,..., X) denotes the block diagonal matrix
with the ith block X;. For a set X', we use |X|, conv(X), cl(X), and int(X) to denote
the cardinality, convex hull, closure, and interior of X, respectively.

The set IC in a finite-dimensional real vector space is called a cone if ax € K for all
a > 0 and z € K. For a cone K in a finite-dimensional real inner product space, K*
denotes its dual cone; i.e., the set of x such that the inner product between x and y is
greater than or equal to 0 for all y € K. A cone K is said to be pointed if it contains
no lines. For a closed convex cone K, Ext(K) denotes the set of elements generating
extreme rays (one-dimensional faces) of . The following properties of a cone and its
dual are established:

Theorem 2.1 ([4, Section 2.6.1)). Let K, ICy, and Ky be cones in a finite-dimensional
real inner product space. Then,

(1) K* is a closed convex cone.

(i1) If K is a pointed closed convex cone, K* has a nonempty interior.
(111) If K is a closed convex cone, (K*)* = K.

() If K1 C Ko, K5 C K7,

We use R} and S”} to denote the set of n-dimensional nonnegative vectors (nonneg-
ative orthant) and the set of n X n symmetric positive semidefinite matrices (positive
semidefinite cone), respectively. Moreover, for § € S”, let R, S = {aS | a > 0}.

We use H™™ to denote the set of homogeneous polynomials in n variables of degree
m with real coefficients. Let 1", = {a € N" | > | oy = m}. R=m and S™n denote the
[T, |-dimensional Euclidean space with elements indexed by I, and the space of real

n

=m’
[T |x |1, | symmetric matrices with columns and rows indexed by I | respectively.
S]i:m denotes the set of positive semidefinite matrices in S™m. ™2™ denotes the set
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of sums of squares (SOS) of elements in H™™;

ie., ¥™*™ = conv{f? | § € H™™}. For

y € R%2m MMM (y) € S™=m is the matrix with (c, @')th element o1 o for o, € T .
For example, in the case of n =2 and m = 3, we have

(3,00 (2,1) (1,2) (0,3)

(37 0) Ye6) Yok, Y42 Y3,3)

M2’3(y): (2,1) Ys,1) Y420 Y33 Yeus
(1, 2) Y4,2) Y33 Yeu) Yas)

(07 3) Y33 Yz Yas)  Y0,6)

Then, we define M™2™ .= {y € RI%m | M™™(y) € ST}, which is a closed convex
cone.

For a closed cone K in R”, we define the GCP cone CP(K) as (1.1) and GCOP cone
COP(K) as (1.2), respectively. By definition, CP(K) C S holds. Moreover, CP(K)
and COP(K) are mutually dual [26]. We define N™ as the set of n x n symmetric
matrices with only nonnegative elements, with the DNN cone S N A™ denoted by
DNN™. By definition, CP(R}) € DNN™ C §". In addition, DNN™ and S + N”
are mutually dual [25, Theorem 1.167]. In particular, S +N™ is a closed convex cone.

2.2 Euclidean Jordan algebra and symmetric cone

A finite-dimensional real vector space E equipped with a bilinear mapping (product)
denoted by o is called a Jordan algebra if it satisfies the following properties for all
z,y € E:

(1) zoy=your,
(J2) zo((xox)oy)=(rox)o(roy).

We assume in this paper that E has a (unique) identity element e for the product. A
Jordan algebra is called Euclidean if there exists an associative inner product e; i.e.,
(xoy)ez=uxze(yoz)forall z,y,z € E.

We define the symmetric cone E, associated with the Euclidean Jordan alge-
bra (E,o,e) as {z oz | z € E}. Symmetric cones are known to be self-dual—i.e.,
(E;)* = E;—and are therefore pointed closed convex cones with a nonempty interior.
Specifically, the identity element e of E is in int(E,) [8, Theorem III.2.1].

The following three examples represent typical Euclidean Jordan algebras that ap-
pear frequently throughout this paper.

Example 2.2 (nonnegative orthant). Let E be the space R". If we define x oy =
(T1Y1, - TulYn) and T oy == x'y for ©,y € E, then (E,o,e) is a Euclidean Jordan
algebra, and the associated symmetric cone By is R7. The identity element of the
FEuclidean Jordan algebra is 1,,.



Example 2.3 (second-order cone). Let E be the space R™ and for each € E, we
express (T, ..., Ty) aS Toy,, So that ® can be simply expressed as (x1,Xa.,,). If we
define T oy = ('Y, 21Yom + Y1T2n) and x oy = 'y for x,y € E, then (E,o,e)
is a Buclidean Jordan algebra, and the associated symmetric cone E, is the (standard)
second-order cone L™ defined as

L" = {R—F (n = 1)7

{x e R" | 21 > |||} (n>2).

The identity element of the Euclidean Jordan algebra is (1,0,_1).

Example 2.4 (positive semidefinite cone). Consider the space S™ of real n X n sym-
metric matrices. If we define X QY = (XY +YX)/2 and X ¢Y = (X,Y) for
XY €S", then (S™, 0, #) is a Euclidean Jordan algebra, and the associated symmetric
cone 1s the positive semidefinite cone STy. The identity element of the Euclidean Jordan
algebra is I,.

We focus on the vectorized positive semidefinite cone in this paper. We define the
linear mapping svec: S* — RIn qs

svec(X) = (X1,17 \/§X1,2> X2,2, S \/§X1,n7 cees \/§an1,717 Xn,n)

for each X € S"™. Then, the mapping svec(-) is an isometry between S™ and R»;
i.e., (X,Y) = svec(X)"svec(Y) holds for all X,Y € S™. Let smat(-) denote the
inverse mapping of svec(:). If we define E := R™" x oy = svec(smat(zx) ¢ smat(y)),
and z ey =x'y for ¢,y € E, then (E,o,e) is a Fuclidean Jordan algebra, and the
associated symmetric cone E, is svec(S}). We also refer to the vectorized positive
semidefinite cone svec(S'y) as the positive semidefinite cone hereafter.

3 Generalized Doubly Nonnegative Cone

For a class of closed cones K, we consider a GDNN cone DN N (K) over K. The following
requirements are natural. First, to regard DN N (K) as a generalization of the DNN
cone, we require DN N (R") = DNN™. Second, we require that DAVN(K) be a cone.
Third, we require CP(K) C DNN(K) C S to provide tighter relaxation than SDP for
GCPP as the DNN cone does.

In this section, as described in Section 1, we focus on the fact that the dual cone of
the zeroth level of Parrilo’s hierarchy is the DNN cone, thereby defining the dual cone
of the zeroth level of two inner-approximation hierarchies [18, 28] for the GCOP cone
as a GDNN cone. In addition, we introduce the GDNN cone proposed by Burer and
Dong [7].



3.1 ZVP-type generalized doubly nonnegative cone

We first introduce the inner-approximation hierarchy proposed by Zuluaga, Vera, and
Pena [28] for COP(K), where K is a (closed) pointed semialgebraic convex cone. Specif-
ically, we suppose that K is expressed as

{z R | g(x) >0 (i=1,....q)}, (3.1)

where ¢; € H™™ for i = 1,...,q, and that K is a pointed convex cone. Then, there
exists some a € R™ \ {0} such that the following holds (see [28, Section 6)):

KC{xcR"|a'z >0} (3.2)
KN{xcR"|a'z =0} ={0}.

In fact, the set of a satisfying (3.2) and (3.3) is exactly int(K*), which is nonempty
because K is a pointed closed convex cone. From (3.2), the geometric property of K
does not change even if we add the nonnegative constraint a'x > 0 with a € int(K*)
into (3.1). Thus, we may assume that there is some 4 such that ¢;(x) = a’x. Such a
redundant constraint is necessary to construct the inner-approximation hierarchy. Note
that a different choice of a may yield a different hierarchy even if the geometric property
of K does not change. Namely, the hierarchy depends on the algebraic description of
K. Therefore, we may use the notation (K;a) to emphasize the choice of a. Under the
assumption on K, the inner-approximation hierarchy presented by Zuluaga, Vera, and
Pena for COP(K) is described as follows.

Theorem 3.1 ([28, Proposition 17]). Let

k k€N, m—2§:1mij € N is even,
E"™(K) = conv ¢* [[ &1, | o € HmmEimmiy)/2, (3.4)
i=1 i;e{l,....q¢} J=1,...,k)

and Kzvp,(K) = {A € S" | (a"z)"x" Az € E™2(K)} for each r € N. The sequence
{Kzvp(K)}, then satisfies the following conditions:

(Z) ICZVP,T(K) - ]CZVP’TJ’»:[(K) - COP(K) fOT’ all r € N.
(ZZ) int COP(K) Q U:i[) ;CZVP,T(K)-

More generally, Zuluaga, Vera, and Pena proposed inner-approximation hierarchies
for the cone of copositive homogeneous polynomials or tensors over a given cone, and
we considered a similar approach [18]. However, we restrict our scope to matrices in
the present work in accordance with Burer and Dong [7].

Using this hierarchy, we define the ZVP-type GDNN cone as follows:



Definition 3.2. Let K be a pointed semialgebraic convex cone in R™. Then, we define
Kzveo(K)* as the ZVP-type GDNN cone over K, written as DN'N zyp(K).

Before checking whether the ZVP-type GDNN cone satisfies the requirements men-
tioned at the beginning of Section 3, we provide an explicit expression of DN N 7vp(K).
Note that because the polynomial 12 Hle ¢, appearing in (3.4) has a degree of m,
homogeneous polynomials of degree exceeding 2 appearing in (3.1) are ignored in the
construction of E™?(K) and therefore KCzyp o(K). Thus, assuming that the degrees of
homogeneous polynomials appearing in (3.1) are at most 2, we now express K as

{"DGR” ‘ wTszZO (7’.:17"'7QZ>7 a;rwzo (izla"wa)}? (35)

where Q; € S" fori=1,...,¢ and a; € R" for i = 1,...,¢;. Recall that Kzypo(K) =
{AeS"|z"Ax € E™*(K)}.

Lemma 3.3. Suppose that K is ezpressed as (3.5). Then,
q2 Ny
Kzveo(K) =S5+ RyQi+ Y R.AY,
i=1 1<i<j<a
where AY = (a;a] + aja;)/2.

Proof. Let A € Kzvpo(K). Note that we can replace the convex hull operator in (3.4)
with the conical hull operator because the inner set of the right-hand side of (3.4) is a
cone containing zero. Then, because =" Az € E™?(K), there exist ¢, € R", ¢y € R,
o) € {1, ..., @2}, V1w € R, and i1y, jiw) € {1,..., ¢} such that

x Ax = Z(‘f’;w)? + Z ZU%(t)(:I:TQiQ(t) + Z ¢1(t Zlm ah(t)az) (3.6)
t t
(Z vl + 3 ol al, + 30k Quy + 3 oAt )
teTy Py
(3.7)

where T} = {t | 414y = jiw} and Tp == {t | t1¢) # Jiw)}- The first summand in (3.6)
corresponds to the case of k: appearing in (3.4) equal to 0; in the second, k = 1; and in
the third, £ = 2. Since (3.7) holds for all x, it follows that

A= Z wt@bt + Z wl all ) ’1(t) + Z ¢2(t)QZ2(t + Z ¢2 All(t)ﬂl(t

teTr teTs

which belongs to 7 + 377 R.Q; + 37 ., Ry AY.
Conversely, let A € ST+>7" R.Qi+, ;. <, Ry AY. The matrix A can then be
written as P+ > 0;Q; + 37 o, i, YijAY, where P € ST, b > 0 fori=1,...,¢s,
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and ;; > 0 for 1 <14 < j < ¢p. Because P € S, there exist py,...,p, € R" such that
P=>3" pp/. Therefore,
n q2
x' Ax = Z(p:ac)2 + Z(\/E)QwTQZw + Z (Vi) (a) z)(a] ),
i=1

i=1 1<i<j<q1
which belongs to Kzyp o(K). O
Proposition 3.4. Suppose that K is expressed as (3.5). Then,

q2

DNNzvp(K) =St N[ {X €S"[(Q:, X)>0}n () {XeS"|(A7 X)>0}.
i=1 I<i<j<q1

Proof. Note that for § € S, we have (R S)* = {X € S" | (§,X) > 0}. In addition,

for any closed convex cones Ky, ..., Ki, (325, Ki)* = N, K: holds. Using these facts,
we obtain the desired result by taking the dual in Lemma 3.3. O]

It is reasonable to call DNNzyp(K) a GDNN cone. First, when K = R} =
{xreR"|e/z>0(G=1,..,n)} and a is given as 1, € int(K*), the hierarchy
{Kzver(R%;1,)}, agrees with Parrilo’s hierarchy (see [28, Remark 2] for its reason),
the rth level of which is described as

{A €S | (@'a) Y Ayjaial € 2”72“2)} : (3.8)

ij=1
This implies that DN N zyvp(R'};1,) = DNN™. Second, DN Nzyp(K) is a cone, as it
is obtained by dualizing Kzyp o(K). Third, it follows from Theorem 3.1 that CP(K) C
DN N zyp(K) and from Proposition 3.4 that DNN zyp(K) C S7.

Note that unlike S + N, which is closed, Kzyp(K) is not closed in general. See
Appendix A for an example of K such that Kzypo(K) is not closed. Therefore, the
dual cone of DN N zyp(K) is not Kzyp o(K) itself, but instead its closure. However, at
least when K is a direct product of a nonnegative orthant and second-order or positive
semidefinite cones, Kzyp o(K) is closed (see Sections 4.1 and 4.2).

3.2 NN-type generalized doubly nonnegative cone

Let (E, o, e) be a Euclidean Jordan algebra where E is the space R". As noted above,
we previously proposed an inner-approximation hierarchy for the GCOP cone over the
symmetric cone E; [18].

Theorem 3.5 ([18, Theorem 3.3]). Let
Knnr(Ey) ={AeS"| (z'z) (xoz) Az o) e 222}
for each r € N. Then, Knn,(Ey) is a closed convex cone for each r € N, and the

sequence {Knn (B4 )} satisfies the following conditions:
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(i) Knnyr(Ey) € Kanrr1(Ey) € COP(E,) for all v € N.

(i) int COP(Ey) C U2 Knnr(Eg).
Using this hierarchy, we define the NN-type GDNN cone:

Definition 3.6. Let (E, o, ) be a Euclidean Jordan algebra where E is the space R™. We
then define Knno(E1)* as the NN-type GDNN cone over E. , written as DN Nxn(Ey).

The set DN Nxn(E;) may be considered a GDNN cone. When the Euclidean
Jordan algebra is taken as in Example 2.2, the associated symmetric cone E, is the
nonnegative orthant R’ and the hierarchy {Knn,(R% )}, agrees with Parrilo’s hierar-
chy (3.8). This implies that DN Ny~ (R%) = DNN™. Moreover, DN Nxn(E;) is a
cone that includes CP(E, ) for the same reason as does the ZVP-type GDNN cone.
Finally, for any A € S", there exists U € S" such that A can be decomposed into U?.
For each @ € [E, because each element of @ o x is a quadratic homogeneous polynomial,
we can write € o as (¢1(x), ..., d,(x)), where ¢;(x) € H™ for i = 1,...,n. Then,
we have

" n 2
(o) Alwon) = [U@oa)|*= Y (Z Ui,jasj(a:)) ez,
i=1 \j=1
Therefore, S C Knno(E4), and so DNNyx(E;) C S hold.

We should note, however, that a fully explicit expression of DN AN xy(Ey) has been
unknown in the case of general symmetric cones. According to the result presented
in [18], DN Nxn(E, ) is written as the closure of a set defined by a positive semidefinite
constraint. We demonstrate that the closure operator can be removed in the case
wherein E, is a direct product of a nonnegative orthant and second-order or positive
semidefinite cones. Namely, in such cases, DN N xn(E, ) is fully captured by a positive
semidefinite constraint. Note in addition that because Knno(E4) is always closed as
mentioned in Theorem 3.5, the dual of DN N yn(E.) is precisely Knno(E4).

3.3 BD-type generalized doubly nonnegative cone

Above, we propose two GDNN cones based on the inner-approximation hierarchies for
the GCOP cone. Independently, Burer and Dong [7] proposed another GDNN cone
over a closed convex cone without exploiting inner-approximation hierarchies.

Definition 3.7 ([7, Section 4]). For a closed convex cone K in R", the BD-type GDNN
cone DN Ngp(K) over K is defined by ST N N (K), where N(K) = {X € S" | Xs €
K for all s € Ext(K*)}.

The set DN'Npp(K) can also be considered a GDNN cone based on the requirements
listed at the beginning of Section 3. In fact, by the definition of DN Npp(K), it
comprises a cone included in the positive semidefinite cone. In addition, as discussed

in [7], DN Ngp(R}) = DNN™ holds and DN Ngp(K) includes CP(K).
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4 Analysis on Three Generalized Doubly Nonnega-
tive Cones

In the previous section, we provided two GDNN cones DNN zyp(K) and DN N xn(K)
and introduced another, DA/ Ngp(K), proposed by Burer and Dong [7]. Note that for a
general closed cone K, some GDNN cones may not be defined, in which case we cannot
compare the three GDNN cones. That is, DN Nzyp(K) is defined for pointed semial-
gebraic convex cones, whereas DN N yn(K) is defined for symmetric cones. Therefore,
in this section, we consider two special cases to define all three cones. In particu-
lar, we consider the case in which K is a direct product of a nonnegative orthant and
second-order cones. In addition, as a preliminary investigation, we also consider the
case in which K is a direct product of a nonnegative orthant and positive semidefinite
cones. Recall that the sequence {Kzyp,(R";1,)}, agrees with Parrilo’s hierarchy and
the vector 1,, is the identity element of the Euclidean Jordan algebra associated with
R?, as shown in Example 2.2. Accordingly, we select the vector @ € int(K*) in the
ZVP-type GDNN cone DN N zvp(K; a) as the identity element of a Euclidean Jordan
algebra associated with K, and no longer specify it.

For the case in which K is a direct product of a nonnegative orthant and one second-
order cone, i.e., K = R} x L™, we the authors [18], previously selected a € int(K*)
as in this paper, to construct a ZVP-type hierarchy {Kzvp,(K;a)},. Upon solving the
approximation problems that resulted from substituting the GCOP cone with hierar-
chies such as ZVP- and NN-types, a numerical comparison of these hierarchies was
conducted. In this study, we consider the case in which K is a direct product of a
nonnegative orthant and multiple second-order cones and investigate the inclusion rela-
tionship between the dual cone of the zeroth level of the ZVP- and NN-type hierarchies
theoretically.

4.1 When K is a direct product of a nonnegative orthant and
second-order cones

In this subsection, we consider the case in which K is a direct product of a nonnegative

orthant and second-order cones—i.e., K = R' x HhN:2 L™ —and let n = ij:l Np.
For convenience, We reindex (1,..., ) s (11 1n1,21 5 2n9,...,N1,..., Nny);
, let hi = Zk lnk + ¢ for h = 1,. N and ¢t = 1,...,n,. Moreover, we set

Ih = {hl,...,hn,} for h = 1,...,]\77 I* = Tn \ {hl} for h = 2,...,N, and
Tso = T UUr_,{h1}. Let (E;,o01,e) be the Euclidean Jordan algebra associated
with the nonnegative orthant R’} shown in Example 2.2, and (Ej, oy, ;) be the Eu-
clidean Jordan algebra associated with the second-order cone L™ shown in Example 2.3
for h = 2,..., N. Taking the direct product of the N Euclidean Jordan algebras, we
obtain the Euclidean Jordan algebra (E, o, ) with E; = K. For each « € E, the square
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x o x is calculated as

rox = ((:L‘?)Iezl, Z 7, (29521951)[612—, e Z 7, (23;N1x1)1611§> :

1€y VISIAN:

The identity element e of the Euclidean Jordan algebra (E, o, ) is the vector with Ith
(I € T»y) elements 1 and all other elements 0.

4.1.1 Explicit expression of GDNN cones

First, we provide a simpler explicit expression of the ZVP-type GDNN cone
DN N zyp(K). Note that the cone K has the following semialgebraic representation:

GITQZ =7 Z 0 (] c IZO)7
x cR"” e'x= ZIGZZO xr >0, , (41)
a:TJha::x,Zﬂ—ZIEI;x%ZO (h=2,...,N)

where Jj, is the n x n matrix such that the (h1,h1)th element is 1, the
(h2,h2), ..., (hnp, hny)th elements are —1, and all other elements are 0 for h =
2,...,N. As mentioned in Section 3.1, remember that the redundant constraint
e'x > 0 is necessary to construct the ZVP-type hierarchy. Consequently, Lemma 3.3
and Proposition 3.4 yield explicit expressions of Kzyp o(K) and DN N zyp(K), respec-
tively. However, in this case, they can be expressed in a simpler way.

Lemma 4.1.

N
ZO (I7J€I>Oal7é‘])
Kzvpo(K) = ST + g RyJy, + {N e S” ‘ NI,J{ n - (4.2)
P =0 (otherwise)

Throughout this subsection, for simplicity, we express the last set in the right-hand
side of (4.2) as Nsg.

Proof. Let E' = (eje) + eje])/2 and E; = (eje’ + ee})/2. By Lemma 3.3, we
have

N
’CZVP,O(K) = Si + ZRJr']h + Z R+E1J -+ Z R+E[.
h=2 1<J 1€~
I,JEZZO -

Therefore, it is sufficient to show that

St+ > R.EY+ > R.E; =S} + N

I<J 1T
10T =

12



For each I,J € Isy with I < J, since E'/ is the matrix with (I, J)th and (J, I)th
elements equal to 1/2 and other elements 0, we have E'/ € N5q. In addition, for each
I € 1>, we have

E; = 616}r + Z E ¢ St —|—N20-
JEI>0
JH#T

These imply the “C” component. Conversely, let N € N5q. Then,

N= Y 2N, EYe ) R.E"

1<J 1<J
1,J€T>0 1,JET>o
which implies the “2” component, thereby completing the proof. O

Taking the dual in Lemma 4.1, we have a simpler explicit expression of DN N zyp(K).

Proposition 4.2. For K =R’ x HfLQ L™, it follows that

N
DNNzvp(K) = STN[ {X €™ | (Jy, X) > 0}n{N €S" | Ny ; > 0(I,] € Ioo, I # J)}.

h=2

Next, we provide an explicit expression of the NN-type GDNN cone. For y =
(ys)sein, € R4, let Co(y) € S™ be the matrix with the (1, J)th element:

y2(e[+8J) (Ia J € Il); (43&)
> Ysterten) (I€T, J=hl, h=2,...,N), (4.3b)
KeTy,

2y2€1+eh1+8J (IEIh JGI}L_, h:2,...,N>,

> tenreny (=gl J=hl, gh=2_. N), (4.3¢)
KeT, LeT,

Z2y23K+eh1+eJ (I=g9gl, JeI,, gh=2,...,N),

KeT,
4yeg1+61+eh1+ej (I EIg_a JEI}Z? gah: 2a7N)

If we define Cy == {Co(y) | y € M™*}, we can show that Kyno(K) = Cg by the same
argument as in [18, Proposition 3.6]. Since Cy(y) is linear with respect to y and M™*
is a convex cone, it follows that Cy is a convex cone. Therefore, DANNyn(K) = clCy.
We now demonstrate that Cy is closed, and the closure operator can be removed.

2 Although we only define the upper triangular blocks of Cy(y) in (4.3), the lower triangular blocks
are further defined so that Cy(y) is a symmetric matrix.
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Proposition 4.3. The set Cy s closed.

Proof. Let {y®}, C M™* and suppose that Cy(y®)) converges to some nC{)“ in the
limit k& — oo. It follows from the definition of M™4 that M™2(y®)) € §'*2, and in

particular, the diagonal elements of M™2?(y®*)) are nonnegative. Hence, we see that
ys) >0 for all v € I, (4.4)
Since Cy(y™) — C¢, each element of Cy(y™®) is bounded. Specifically,

(i) {yglzil+ej)}k is bounded for all I, .J € Z; (see (4.3a)).

(ii) For each h =2,..., N, {37, yék) } is bounded for all I € Z; (see (4.3b)).

(er+ey)
Therefore, we see from (4.4) that {yék) y}i is bounded for all I € 7y and J € Z,.

(ert+ey

(ili) Foreachg,h =2,.... N, {> ez > jez, yg(ciﬁe])}k is bounded (see (4.3c)). There-
fore, {yg(iﬁw)}k is bounded for all I € Z, and J € Z,,.

Because Iy, = {e;+e; | 1 < I < J < n}, it follows from (i) to (iii) that {ygfy)}k is
bounded for all v € I*,, which implies the boundedness of the diagonal elements of
M™?(y™*)). Combining boundedness with the positive semidefiniteness of M™?(y®*))
yields the boundedness of each element in M™?(y*)). Therefore, {y®™}, is also
bounded, as yf;k) is an element of M™2(y®) for each § € I",. Therefore, there ex-
ists a convergent subsequence {y*~)}, with a limit of y*. Then, because M™% is closed
and y*) € M™*, we have y* € M™*. Since Cy(y) is continuous with respect to y, we

obtain Cy(y*)) — Cy(y*) = Cg. Thus, Cy is closed. O
Corollary 4.4. For K =R"™ x [[\_, L™, it follows that DN'Nxx(K) = Co.
Proof. 1t is clear from Proposition 4.3. m

Remark 4.5. For K = R x [[1_, L™, in the same manner as [18, Proposition 3.6]
and Corollary 4.4, we can derive an explicit semidefinite representation of the dual
cone of Knn . (K) for general cases of r. The discussion can be extended to the case of
tensors.

4.1.2 Inclusion relationship between GDNN cones

The following subsubsection discusses the inclusion relationship between ZVP-; NN-,
and BD-type GDNN cones.

To begin with, we show that DN N xn(K) is strictly included in DN AN zyp(K). The
proof requires the closedness of Kzypo(K), which does not hold in the general case.

14



To prove closedness, we prepare an additional lemma that claims a sufficient condition
that the Minkowski sum of pointed closed convex cones is closed. Because it is a slight
modification of [24, Corollary 9.1.3], the proof is omitted.

Lemma 4.6. Let ; C S™ (i = 1,...,m) be pointed closed convex cones. Then, > " K;
is closed if the following condition holds: for any X; € KK; (i=1,...,m), if )" X; =
O, then X; =0 foralli=1,...,m

Lemma 4.7. For K =R}" x Hévzz L™, the convex cone Kzypo(K) is closed.

Proof. Let P € §%, ty,...,ty >0, and N € N>, and suppose that

N
A=P+)> tJ,+N=0.
h=2
For every h = 2,..., N, because Ap1 p1 = Prip1 + 1, = 0 and each term is nonnegative,

we have P11 = t, = 0. Given that ¢, = 0 for all h = 2,..., N, for each I €
T, U ngg Z, , we have A;; = Pr; = 0. Therefore, the diagonal elements of P are all 0
and P = O, as P € S7}. Finally, we obtain A = N = O. Obviously, S} and R} J}, (h =
2,..., N) are pointed closed convex cones. In addition, because Nso C N, N5 is also
a pointed closed convex cone. Kzyvpo(K) is therefore closed by Lemma 4.6. [

Lemma 4.8. For K = R™ x [['_, L™, Kzvpo(K) C Kano(K) holds. Moreover, the
inclusion holds strictly if ny > 1 and ny > 2.

Proof. Let

N
A=P+ Ztth + N € ICZVP,()(K), (45)

where P € S%, ty,...,ty > 0, and N € N5o. First, let U be a real n x n symmetric
matrix such that P = U?; then, (xox)' P(zxox) = |[U(x o x)||>€ ¥™*. Second, for
each h=2,..., N,

2

(xox) (thJy)(xox) =t | 2}, — Z 3| exmih

Iez;

Finally,

(iBO(L‘)TNZBOCL‘ ZN[J?L’]IEJ —f—QZZZN[hlZL‘[l'J

1,Je1y h=2 I€l; JEI},

+ Z Z Z g1,h1 .CL‘[iL’J En’4.

g,h=2I€T, JET;
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Therefore, (x o x)" A(x o x) € X", which means that A € Kyno(K).

The following example shows that the inclusion holds strictly. Suppose that ny > 1
and ny > 2. Let A € S" be a matrix with the (11,21)th, (11,22)th, (21, 11)th, and
(22,11)th elements 1 and all other elements 0. Since

(.’,E o) .’,E)TA(w @) 1}) = 2I%1 Z ZC? + 4I%1I21$22
I€Zs

= 21‘%1 (fEQl -+ .1'22)2 + Z I’? € En’4,
IeZ; \{22}

it follows that A € Knno(K).

On the other hand, we assume that A € Kzypo(K) and express A as (4.5). Then,
we have 0 = A11711 = P11711. Combining P11’11 = (0 with P € S:L_ y161dS P11722 =
0. Therefore, A;122 must be 0, which contradicts the definition of A. Hence, A ¢
Kzve o(K). u

Theorem 4.9. For K = R x [[_, L™, DN'Nxx(K) € DNN zyp(K) holds. More-
over, the inclusion holds strictly if ny > 1 and ny > 2.

Proof. By taking the dual in Lemma 4.8, we have DN NN (K) € DN N zyp(K). We
next show by contradiction that the strict inclusion DN NN (K) € DN N zvp(K) holds
under the assumption of n; > 1 and ny > 2. Assume that DN Ny~ (K) = DN N zvp(K)
holds. By taking its dual, we have DN'N zyp(K)* = DN Nxn(K)*. Remember that
the double dual of a closed convex cone agrees with itself (see Theorem 2.1.iii). Since
Kzvp o(K) and Knn o(K) are both closed convex cones (see Lemma 4.7 and Theorem 3.5,
respectively), it follows from the definition of the ZVP- and NN-type GDNN cones that
Kzvpo(K) = Knno(K). This contradicts the assumption and Lemma 4.8. O

We will demonstrate that, in general, there is no inclusion relationship between
DN N zyvp(K) and DN Npp(K). Before presenting such examples, we provide a more
concise expression of N (K) appearing in DN Np(K) for the case where K is a direct
product of a nonnegative orthant and second-order cones. It can be easily seen that
the set J, defined as

N
= J{(er,0n,, ..., 0,)} U J{(04,, 00, .., 1/2,0/2,...,0,,) | 0 € S™ 72,
h=2

IEIl

satisfies Ext(K) = {as | a > 0,s € J}. Since the vector Xs is linear with respect
to s and K is self-dual, we can equivalently represent N (K) as {X € S" | Xs €
K for all s € J}.
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Example 4.10 (a matrix that is in DN Nzyvp(K) but not in DN Ngp(K)). Suppose
that ny > 1 and ny > 2. Let

0 1, . 0

Diag(ny — 1,0,,-1) 0,1 Opmy—1)x(no—1)

- D 1,1, 0)
1n2—1 O(n2 1) (n1—1) lag(n2 2 1)
(0] o o

We use Proposition 4.2 to show that A € DN'Nzyp(K). We can easily check that

N
Ac (X eS| (J,X)=0}N{N €S" | N;y >0 (I,J €Lz, 1 #J)}.

h=2
Therefore, it is sufficient to show that A € S%,. A € ST if and only if
-1 1,

)] est (16)

no—1 Ing 1

Diag [Ozﬁlnh—nz—l’ ng — 1, (1

which is obtained by rearranging some rows and columns of A. Moreover, (4.6) is
equivalent to
n2 - 1 1 50— 1 n
" e S,
( 1n2—1 ITL2 1 +

which is true because (ny — 1) — 1) I, 11,,1 = 0. (Here, we apply the Schur
complement lemma [2, Lemma 4.2.1].) Therefore, we have A € DNN zyvp(K).
Next, we let

0 [ €3
s = niy o) :
2 2\/712
Then, since (As); = —v/ng — 1/2 < 0, we see that As ¢ K. (The first component of
an element in K must be nonnegative.) Thus, A & DN Npp(K).

Example 4.11 (a matrix that is in DNV Npp(K) but not in DN Nzyp(K)). Suppose
that ny > 3. Let

. I,
A= Dlag <On1, 1, \/%7 O) .

On the one hand, A € DN Npp(K). Indeed, let s €
some v € S™72, then

If s = (0,,,1/2,v/2,0) for

J.
As=(0,,=
s ( 2 2\/ Nog — )

2
1 1
=—(1- >0
4( 77,2—1)_ ’
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(3, 2\/7%) € L™, and therefore we get As € K. Otherwise, As =0 € K.

On the other hand, A & DN'N zyvp(K) because (Jy, A) =1 — /ny —1 < 0.

We consider the special case of K = L"”. As a consequence of the dual of the
S-lemma [21] (see also [26, Theorem 1]), it follows that

CP(L") =S} N{X €§" | (Diag(l,~L,1), X) > 0}.

Therefore, CP(IL") itself is semidefinite representable. Surprisingly, from Proposi-
tion 4.2 and Theorem 4.9, we see that DN N zyp(L") and DN Nyx(L™) agree with
CP(L"™). However, Example 4.11 implies that DN N gp (L") includes CP(L") strictly if
n > 3. Including the case of n < 2, we derive the necessary and sufficient condition
that CP(L") agrees with each GDNN cone over L.

PI‘OpOSitiOIl 4.12. C'])(]Ln) = DNNNN<Ln> = DNNZ\/p(Ln) - 'DNNBD(}LR) holds.
Furthermore, the above inclusion of “C7 holds strictly if and only if n > 3.

Proof. Tt is sufficient to show that DN Ngp(L™) C CP(L") in the case of n < 2. The
equality holds when n = 1 because CP(L') = SL and DNANpp(L') is sandwiched
between CP(L') and S..

Let us consider the case of n = 2. For X € DN Np(LL?), X is positive semidefinite
by the definition of DN Npp(LL?). In addition, since the vector (1,1)" generates an
extreme ray of L%, it follows that X (1,1)T = (X1 + X9, X120+ Xo2)" € L% ie., Xy 1+
X192 > | X124 Xop|. This implies that X3 ; — X5, which is equal to (Diag(1, —1I;), X),
is greater than or equal to 0. Thus, we have X € CP(L?). O

Finally, we discuss the inclusion relationship between DN AN xx (K) and DN N pp(K).
Because DNNn(K) € DNNzvp(K) (Theorem 4.9), the matrix presented in Exam-
ple 4.11 is also in DN Ngp(K), but not in DN N xn(K). Therefore, we are interested
in whether there exists a matrix that is in DN Nyx(K) but not in DN Npp(K). If
no such matrix exists, DN Ny (K) is included in DN N gp(K). Although we were not
able to determine this theoretically, the results of our numerical experiment imply that
DN Nxn(K) is included in DN Npp(K). For details, see Section 5.1.

4.2 When K is a direct product of a nonnegative orthant and
positive semidefinite cones

In this subsection, we consider the case where K is a direct product of a nonnegative

orthant and positive semidefinite cones; i.e., K = R} x [[,_,svec(S}"), and let n =
N . .

n1+ Y »_o In,. For convenience, we reindex (1,...,n) as

(11,...,1n4,211,212,222, ..., 210y, ...,2n909,...,N11,..., Nnyny),
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ie., li:==ifori=1,...,nq, and hij ::n1+zz;§Tnk+j(j—1)/2+iforh:2,...,N
and 1 <i<j < np For h=2,...,N and 1 < j <1 < ny, let hij = hji. Moreover,
we set Zp, == {h11,h12,h22,... hnyn,} for h=2,... N and

Too = {11,...,1ny,211,222,233, ..., 2nony, ..., N11,. .., Nnyny}.

Let (Eq, 01, 1) be the Euclidean Jordan algebra associated with the nonnegative orthant
R?' shown in Example 2.2, and (Ej, o5, ®,) be the Euclidean Jordan algebra associated
with the positive semidefinite cone svec(S}") shown in Example 2.4 for h =2,... N.
Taking the direct product of the N Euclidean Jordan algebras, we obtain the Euclidean
Jordan algebra (E, o, ) with E, = K. For each € E, the square @ o x is calculated as

(22 (I=11,...,1ny),

1
Bs Y ahe (U=hi =2 N i1, m),
(m o w)[ _ k:k#i
Thii® + T1Thj;

1 = hij, h=2,... <i<ij<ny).
+Ez$hikxhﬂ€ (I =hij, h=2,...,N, 1 <i<j<ny)

L k:k#i,5

The identity element e of the Euclidean Jordan algebra (E, o, ®) is the vector with /th
(I € fzg) elements 1 and all other elements 0.

As mentioned in Section 2.2, the positive semidefinite cone svec(ST) is a symmetric
cone. In addition, svec(ST) is semialgebraic, as

det t >0forallZ C{1,...
SVeC(ST):{(BERTm‘ ETJSIna (x)zz > 0 for a C {1, ,m},}‘

4.
e w:ZIeiZ()xIZO (4.7)

Therefore, we can define all three GDNN cones properly in this case.

Here, we investigate the inclusion relationship between the ZVP- and NN-type
GDNN cones. As in Section 4.1, we provide a simpler explicit expression of Kzyp o(K)
and DNNZVP (K)

Lemma 4.13. Let JJ be the n x n matriz with (hii, hjj)th and (hjj, hii)th elements
1, (hij, hij)th element —1, and all other elements 0. Then,

{zo (I, J € Iso, I#J)}
NI,J B .

=0 (otherwise)

N
Kzveo(K) =ST+> > RyJ7 + {N cs"

h=2 1<i<j<np

(4.8)

For simplicity, we write the last set in the right-hand side of (4.8) as ./\~/'20. Because
Lemma 4.13 can be proven in the same way as Lemma 4.1, the proof is omitted. We
can also show that ICzyp o(K) is closed using Lemma 4.6. Moreover, taking the dual in
Lemma 4.13, we obtain a simpler explicit expression of DNN zyvp(K).
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Proposition 4.14. For K =R"™ x [, svec(S7"), it follows that

N
DNNzve(K)=S1n () (] {Xes"[({J!,X)>0}
h=21<i<j<n,
N{N €S"| Ny >01,J el I+J)}
Remark 4.15. Similarly to Corollary 4.4, we can obtain an explicit expression of

DN N~ (K) without the closure operator. In addition, this can be extended to the case
of tensors.

We show that the NN-type GDNN cone is strictly included in the ZVP-type cone
as in the case that K involves second-order cones.

Lemma 4.16. For K = R™ x [],_,svec(S™), Kzvpo(K) C Knno(K) holds. Moreover,
the inclusion holds strictly if ny > 1 and ny > 2.

Proof. Let
N
A=P+> > t/J7+N, (4.9)
h=2 1<i<j<n,

where P € S, tﬁlj >0,and N € Kfzo. First, as the proof of Lemma 4.8, (zox)" P(xo
x) € ¥ Second, for h =2,...,N and 1 <i < j < ny, because

2xox) J(xox)

1 1
=4 (ﬁm + 5 Z mikm) <xi21jj + 5 Z x%bk’])

k:k#£i k:k#£j

2
1
-2 (%iil’hm + ZnijThg; + 7 E xhz‘kmhjk)

oy
= (iU;QW — 2Tpzn ) + Z (ThijThik — \/irhz’ixhjk)Z

ik,
\/_ 2 2

+ Z (ThijThjr — V2TnjTnik)” + Z (ZhikThjt — ThiThjk)",

ik, Whst
we have (z ox)TJY(x o x) € ©™*. Finally,
(xox) N(xox)
N

ni ny  nNp
= Z Nh"ljxixfj + 2 Z Z Z Nli,hjjx%i <I%ij + % Z xikg)

ij=1 h=2 i=1 j=1 kikj

N ng np
Y33 N (:c Py > ( Py ) o)

g,h=2 i=1 j=1 k:k#i k:k#£j
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As all variables that appear in (4.10) are squared and each element of N is nonnegative,
we see that (xox)" N(zox) € X", Therefore, (xox)' A(xox) € X™* which implies
that A € ’CNN,O(K)-

The following example shows that the inclusion holds strictly. Suppose that ny > 1
and ny > 2. Let € be a sufficiently small positive value, @ = (a;j)1<i<j<n, € R be the

vector such that
1 (e
Q5 = { (Z 3)7
e (i<3j),

and A € S" be the matrix with (11,Z,)th and (Zs,11)th clements a and all other
elements 0. Then, some calculations yield the following:

(xox) A(xox) =12

Z{ x2“+x2w + (@2ij +w255) e — Z Z $21k+x2]k

1<J ’L<] k:k#1,5

ng
+{2— (2 — 1)} > ad + 2= {2+ V2(na — 2)}e) ) a3,
=1

1<J

Thus, (x ox)" A(x o x) can be represented as an SOS polynomial if

2 2
€ < min , .
- {n2—1 2+\/§(n2—2)}

Such a positive e certainly exists. Consequently, on the one hand, we have A €
Ko (K).

On the other hand, assume that A can be expressed as (4.9). Then, we have
0= A11711 = P11711. Combining P11711 = 0 with P € SZ_ y1€ldS PlLQZ‘j =0 for all 1 < ]
Therefore, for a pair (i,j) with ¢ < j, Ay 9;; must be 0. However, by the definition of
A, Ai12;; = € > 0, which is a contradiction. O

Taking the dual in Lemma 4.16, we obtain the following desired result:

Theorem 4.17. For K = R” x [[r_,svec(S™), DNNxn(K) € DNNzyp(K) holds.
Moreover, the inclusion holds strictly if n, > 1 and ny > 2.

The theoretical inclusion relationship between ZVP- and BD-type GDNN cones and
between NN- and BD-type GDNN cones remains unknown. See also Section 5.2 for the
numerical comparison of the strength of relaxation by the three GDNN cones.

5 Numerical Experiments

We conducted a series of numerical experiments to investigate the strength of relaxation
by the three GDNN cones. We consider in Section 5.1, the case where K is a direct
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product of a nonnegative orthant and second-order cones, and in Section 5.2, the case
where K is a direct product of a nonnegative orthant and positive semidefinite cones.
We conducted all of the experiments with MATLAB (R2021b in Section 5.1 and R2022a
in Section 5.2) on a computer with an Intel Core i5-8279U 2.40 GHz CPU and 16 GB
of memory. The versions of the YALMIP modeling language [14] and the MOSEK
solver [16] we used in the following two experiments are 20210331 and 9.3.3, respectively.

5.1 Mixed 0—-1 second-order cone programming

We considered the following mixed 0-1 second-order cone programming problem with
a linear objective function.

minimize e¢'x

xr

subject to 0 < x; < 2,

0<z;<1(i=2,....n), (5.1)
v, €{0,1} (ie BC{2,...,n}),
xecl”.

As a consequence of Burer’s findings, the second constraint of problem (5.1) ensures
that we can equivalently transform problem (5.1) into a GCPP problem [6]. Specifically,
by introducing 2n nonnegative slack variables, we can convert problem (5.1) into the
primal standard form of GCPP

minimize (C, X)
X

subject to (A, X)=0b; (i=1,...,m), (5.2)

X € CP(K)
with m = 4n + |B| + 1 and K = R?"™ x IL" for some symmetric matrices A, ..., A,,,
C and scalars by, . .., b,,. In this section, we solve the problem obtained by relaxing the

GCPP problem with each GDNN cone and compare the results.

Reformulating problem (5.1) as a GCPP problem would be impractical because
problem (5.1) can be solved directly and quickly with an existing mixed-integer second-
order cone programming solver. However, we decided to solve a mixed 0-1 second-order
cone programming problem with a linear objective function rather than a nonlinear or
nonconvex objective because we were able to obtain the exact optimal value of the
problem with the solver and calculate the difference between the optimal value of the
original problem and that of its relaxation problem with each GDNN cone.

We created instances of problem (5.1) as follows. The number n of variables was
changed between 5, 10, 30, and 50. The set B of indices to determine binary variables
was generated by selecting 0.4n elements from {2,...,n} randomly. All elements of ¢
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Table 1: Optimal values of problem (5.1) and its associated GDNNP and SDP relaxation
problems

Optimal value

n No. MISOCP NN ZVP BD SDP

5 1 —401 —-4.01 —-4.01 —-4.01 —-30.56
2 -3.18 —-3.18 —-3.18 —3.18 —4.93

3 -0.28 -0.28 —-031 —-0.28 —16.86

4 0.00  0.00 0.00 0.00 —106.50

5 —147 —-147 147 —-147 —-163.54

10 1 —4.73 OOM  —474 —477 —42.56
2 —-543 OOM —-543 —5.43 —140.18

3 -199 OOM -199 —-199 —-13.20

4 0.00 OOM  —0.86 0.00 —186.66

) —423 OOM —423 —4.23 —53.90

30 1 -9.17 OOM —-9.17 -9.62 —328.08
2 —-942 OOM —-942 —-995 —340.17

3 -591 OOM -591 —6.00 —120.07

4 -3.05 OOM  —-3.07 —3.25 —444.75

) —-9.58 OOM —-9.58 -10.14 —362.77

50 1 -934 OOM —-934 -10.93 —489.81
2 -9.70 OOM —-9.71 —-10.25 —324.13

3 —6.68 OOM —6.69 —7.16 —293.58

4 -3.30 OOM —-3.30 —3.78 —560.80

) —-12.07 OOM -12.10 -—-13.29 —-750.69

were independent and identically distributed, and each followed the standard normal
distribution. For each n, we generated five instances varying the randomness of B and
c. For each instance, the optimal value of the relaxation problem with DN N yx(K)
(written as NN in Table 1), DNN zyp(K) (ZVP), and DN Npp(K) (BD) was measured.
For reference, we also solved the problem (5.1) itself (MISOCP), as well as the relaxation
problem with the positive semidefinite cone (SDP). To improve numerical stability,
0.005I was added to the coefficient matrix C in the standard form (5.2) when we
solved the SDP relaxation problems. We solved a BD-type GDNNP problem as a semi-
infinite conic programming problem by adopting an algorithm based on the explicit
exchange method [19]. See Appendix B for the algorithm. We used the YALMIP
modeling language and the MOSEK solver to solve the optimization problems.

Table 1 lists the optimal values of the problem (5.1) and its GDNNP and SDP
relaxation problems, where “OOM” means that we could not solve the problem because
of insufficient memory.

It may be observed from Table 1 that the optimal values of the GDNNP relaxation
problems were much better than those of the SDP relaxation problems and were close
to those of the original problems. This implies that GDNNP relaxation for GCPP
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Figure 1: Inclusion relationship between ZVP-, NN-, and BD-type generalized doubly
nonnegative cones (including Conjecture 5.1)

provides much tighter bounds than SDP relaxation. In particular, the NN- and ZVP-
type GDNNP relaxations provided nearly optimal values for the original problems.
These results are consistent with those of our previous study mentioned in Section 1, in
which we approximated the GCOP cone with the dual cone of the NN- and ZVP-type
GDNN cones, i.e., Knno(K) and Kzyp o(K).

ZVP-type GDNNP relaxation exhibited better numerical properties than BD-type
GDNNP relaxation. As illustrated in Examples 4.10 and 4.11, the inclusion relationship
between ZVP- and BD-type GDNN cones does not hold. However, the optimal values
of the ZVP-type GDNNP relaxation problems are better than those of the BD-type
problems in most cases, especially when n > 30.

Given the theoretical inclusion relationship between NN- and ZVP-type GDNN
cones shown in Theorem 4.9 and the superior numerical performance of the ZVP-type
GDNN cone compared to the BD-type cone, it is reasonable to conjecture that the NN-
type cone provides numerically tighter relaxation than the BD-type. It may be observed
from Table 1 that the optimal values of the NN-type GDNNP relaxation problems were
always not worse than those of the BD-type problems. Of note, the theoretical inclusion
relationship between NN- and BD-type GDNN cones remains unknown. We therefore
presume that the NN-type GDNN cone is included in the BD-type GDNN cone.

Conjecture 5.1. If K is a direct product of a nonnegative orthant and second-order

cones, DN'Nxx(K) C DN Npp(K) holds.

Note that this conjecture is true where K is a second-order cone by Proposition 4.12.
Thus far, we have demonstrated the inclusion relationship between the three GDNN
cones in Theorem 4.9, Examples 4.10, 4.11, and Conjecture 5.1. These results are
illustrated in Figure 1.

We have observed that the NN-type GDNN cone provided the tightest relaxation
of the three GDNN cones from both theoretical and numerical perspectives. However,
we could not compute the NN-type GDNNP relaxation problems in the case of n > 10
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due to insufficient memory. " We suspect that one of the reasons is that the NN-
type GDNN cone is described by the positive semidefiniteness of the moment matrix.
The NN-type GDNNP relaxation problem of problem (5.2) includes a positive semidef-
inite constraint of size O(n?), whereas the ZVP-type GDNNP relaxation problem only
includes a positive semidefinite constraint of size O(n).

5.2 Max-cut problem

Let G = (V,E) be an undirected graph with nonnegative weights (wj;);jep, where
V = {1,...,n} is a set of vertices, and £ C {{i,5} | 1 < i < 7 < n} is a set
of edges. We write ij for {i,j} € E. The max-cut problem, a well-known NP-hard
problem [13], aims to find a subset S C V' that maximizes the sum of weights on edges
connecting S and V'\ S. For notational convenience, for 1 <1i < j <n with ij ¢ E, we
define w;; := 0. Then, the max-cut problem can be formulated as the following binary
quadratic programming problem:

maxumze E wij (1 — zx5)
i,j=1
subject to 27 =1 (i=1,...,n).

(5.3)

Introducing a matrix variable X = xx ', up to a constant term and the sign of the opti-
mal value, (5.3) is equivalent to an SDP problem with the rank constraint rank(X) < 1.
Furthermore, by [1, Theorem 5|, we can equivalently transform the rank-constrained
SDP problem into a GCPP problem in the form of (5.2) with m = n? + 3n + 4 and
K = Ry X svec(S?)?. As in Section 5.1, to solve the problem obtained, we relax the
GCPP problem with each GDNN cone and compare the results.

Instances of problem (5.3) were created as follows. The number n of vertices was
changed between 3 and 5. ™ For each 1 < i < j < n, we independently generated an
edge ij with probability 1/2. All elements of (w;;);jer were independent and identically
distributed, and each followed the uniform distribution on the interval (0,1). For each
n, we generated five instances by varying the randomness of E and (w;;)ijep. For
each instance, the optimal value of the relaxation problem with DN N yn(K) (written
as NN in Table 2), DN'Nzvp(K) (ZVP), and DN Ngp(K) (BD) was measured. For
reference, we also solved problem (5.3) (MC) and the associated relaxation problems
with the positive semidefinite cone S¥"*! (SDP). To improve numerical stability, 0.0051
was added to the coefficient matrix C' in the standard form (5.2) when solving SDP

*3We tried to solve the NN-type GDNNP relaxation problems on another computer with 64 GB of
memory, but the same issue persisted.

**Comparing the three GDNN cones for larger n generated numerical issues. For n = 10, the
computational time for solving BD-type GDNNP relaxation problems exceeded 14400 s, and due to
insufficient memory, we were unable to solve NN-type GDNNP relaxation problems.
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Table 2: Optimal values of problem (5.3) and its associated GDNNP and SDP relaxation
problems

Optimal value
MC NN ZVvP BD SDP
0.81 0.81 0.81 0.81 13.58
0.33 033 0.33 033 2.89
1.00 1.00 1.00 1.00 15.14
1.19  1.19 1.19 1.19 2541
0.87 0.87 0.87 0.87 19.38
2.10 OOM 2.10 2.10 36.55
1.81 OOM 224 1.81 26.67
3.04 OOM 3.32 3.04 45.36
4.0 OOM 4.30 4.05 91.34
1.94 OOM 2.13 1.94 35.26

3
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relaxation problems. As in Section 5.1, the BD-type GDNNP problem was solved by
the algorithm shown in Appendix B. To solve NN-; ZVP-, and BD-type GDNNP and
SDP relaxation problems, we used the YALMIP modeling language and the MOSEK
solver. To solve (5.3), we used the Gurobi solver [11] (version 10.0.3).

Table 2 lists the optimal values of problem (5.3) and the accompanying GDNNP and
SDP relaxation problems, where “OOM” means that we could not solve the problem
because of insufficient memory.

GDNNP relaxation for GCPP provided significantly tighter bounds than SDP relax-
ation, a finding that aligns with the results presented in Section 5.1. However, unlike
Section 5.1, the ZVP-type GDNN cone provided worse relaxation than the BD-type
cone. This might be because the semialgebraic representation (4.7) of svec(S'}) involves
polynomials of degree exceeding 2 when n > 3; whereas the semialgebraic representa-
tion (4.1) of the direct product of a nonnegative orthant and second-order cones only
involves polynomials of degree at most 2. As mentioned in Section 3.1, polynomials of
degree exceeding 2 appearing in a semialgebraic representation of K do not contribute
to the construction of DN Nzyp(K). Therefore, we can assume that the more the
polynomials of degree exceeding 2, the looser is the ZVP-type GDNNP relaxation.

6 Conclusion

In this study, we theoretically and numerically compared the strength of the relaxation
of ZVP-, NN-, and BD-type GDNN cones over cones K. In particular, we considered
two types of cones K: a direct product of a nonnegative orthant and second-order cones
and a direct product of a nonnegative orthant and positive semidefinite cones. When
K is a direct product of a nonnegative orthant and second-order cones, no theoretical
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inclusion relationship is obtained between ZVP- and BD-type GDNN cones, and the
ZVP-type GDNN cone provides better relaxation numerically than BD-type cone. By
contrast, when K is a direct product of a nonnegative orthant and positive semidefinite
cones, the ZVP-type GDNN cone numerically provides worse relaxation than BD-type
cone. In both cases, the NN-type GDNN cone is theoretically strictly included in the
ZVP-type cone. The results of our numerical experiments show that the three GDNN
cones yield much tighter bounds for GCPP than the positive semidefinite cone, which
suggests a promising avenue for further study.

As noted in Section 1, we aimed to explore whether the ZVP-type {Kzvp,(K)}.
and NN-type hierarchies {Knn,(K)}, are the same. Lemmas 4.8 and 4.16 address
this problem specifically for the case where K is a direct product of a nonnegative
orthant and second-order or positive semidefinite cones. These lemmas establish the
strict inclusion relationship between the zeroth level of the two hierarchies. However,
whether the inclusion relationship between them also holds for a general r remains an
open question.

The theoretical inclusion relationship between the BD-type and other GDNN cones
is of interest when the underlying cone K involves positive semidefinite cones. In addi-
tion, the case of K being neither the direct product of a nonnegative orthant and second-
order cones nor the direct product of a nonnegative orthant and positive semidefinite
cones is also intriguing. Seemingly, these are more challenging tasks than the cases we
treat in this paper. First, for a general cone K, the set Kzypo(K) is not necessarily
closed, which would preclude us from investigating the strict inclusion relationship be-
tween ZVP- and NN-type GDNN cones in the same way as in this paper. Second, a
characterization of the NN-type GDNN cone DN N yn(K) exists theoretically for a gen-
eral symmetric cone, as shown in (4.3), which needs a closure operator in general [18,
Proposition 3.6]. Third, when K involves a matrix cone such as a positive semidefinite
cone, the vectorization of a matrix and matrization of a vector are required to deal
with the BD-type GDNN cone DN Npp(K). Consider the case where K is the positive
semidefinite cone svec(S). In this scenario, a symmetric matrix X € S™ belongs to
DN Npp(svec(S7)) only if smat(X svec(vv')) € ST for all v € S"~!. (Note that any
extreme ray of S7 is generated by the matrix vv' for some v € S"1.) This condition
appears to be much more difficult to verify theoretically than the discussion conducted
in Section 4.1.
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Appendix A Example of K Such That Kzypo(K) Is
Not Closed

Let a = (1,0)" and Q = (8 _01) Then,

K={xcR®|2'Qx=—25>0, a' x=2, >0}
is a pointed semialgebraic convex cone (the nonnegative x;-axis) and the vector a
satisfies @ € int(K*). It follows from Lemma 3.3 that Kzyp o(K) = ST + R, Q. For each

k, we define P, = 141{; ]1 € $% and Xy, = Py + kQ € Kzyp(K). Then, we have

1/k 1 . (01
xi= () x= (1 5)
To see that X* & Kzyp o(K), we assume that there exist P* € S3 and ¢t* > 0 such
that X* = P* +{*Q. This equation implies that Pf; = 0 and Py, = 1. However, by
Py, = 0 and the positive semidefiniteness of P*, Py, must be 0, which is a contradiction.

Therefore, Kzyvp o(K) is not closed.

Appendix B Explicit Exchange Method for BD-
Type Generalized Doubly Nonnega-
tive Programming

For a symmetric cone K, the algorithm used to solve a BD-type GDNNP problem
obtained by replacing CP(K) in problem (5.2) with DN Npp(K) is presented in Algo-
rithm 1. Although we preliminarily set vy, to 0.5%, in the branch of Step 1-2, if case (b)
with » = 0 occurred five times in a row, 7,11 was set to 7 at the end of Step 2 and
returned to Step 1 to accelerate convergence. The threshold value 7 in Algorithm 1 was
set to 1075 and subset 39 was set to . We tried to identify sy using the following
method. Before starting the algorithm, we fixed a finite subset Jg, of a compact set J
satisfying "

Ext(K) ={as|a >0, s € J}. (B.1)
In Section 5.1, because

I={(e;,0,) |i=1,....2n + 1} U{(02p11,1/2,v/2) |v € S"?}

satisfies (B.1), we took

Joe = {(€,0,) | i=1,....2n+ 1} U{(0Og41,1/2,0;/2) | i =1,...,1000},

*5SFor example, the set of primitive idempotents in a Euclidean Jordan algebra associated with K is
a compact set satisfying (B.1) (see [8, Exercise IV.5] and [12, Corollary 12]).
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where each v; was generated from S"~2 randomly. In Section 5.2, because

J=1{(1,051)} U {(0,svec(vv'),0sp,) | v € S"'}
U{(0,0g,,svec(vv'),07,) | v € S"71} U {(0, 0s7, svec(vv')) v € S"71}

satisfies (B.1), we took

Jax = {(1,057,)} U {(0, svec(v;v;),007,) | =1,...,1000}
U {(0,0q,,svec(v;v; ),0r,) | i = 1001, ...,2000}
U {(0, 097, svec(vsv] ) | i = 2001, ...,3000},

where each v; was generated from S™~! randomly. In Step 1-2, we first checked whether
there exists Spew € Jx stuch that A (X*#Msuew + me) < 0 where A\pin(-) is the
minimum eigenvalue in the sense of Euclidean Jordan algebras [8, Theorem III.1.1]. If
such s, exists, we let sI(fZ’VC) = Snew. Otherwise, we next checked whether the optimal
value of the optimization problem mingey Apin (X *7) s 4-v,€) is less than 0. In addition,

o™ was regarded as 0 if ol V||< 10712,
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