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Abstract

This paper studies duality and optimality conditions in general convex
stochastic optimization problems introduced by Rockafellar and Wets in
[28]. We derive an explicit dual problem in terms of two dual variables,
one of which is the shadow price of information while the other one gives
the marginal cost of a perturbation much like in classical Lagrangian du-
ality. Existence of primal solutions and the absence of duality gap are
obtained without compactness or boundedness assumptions. In the con-
text of financial mathematics, the relaxed assumptions are satisfied un-
der the well-known no-arbitrage condition and the reasonable asymptotic
elasticity condition of the utility function. We extend classical portfolio
optimization duality theory to problems of optimal semi-static hedging.
Besides financial mathematics, we obtain several new results in stochastic
programming and stochastic optimal control.
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1 Introduction

Given a probability space (2, F, P) with a filtration (F;)7_, (an increasing se-
quence of sub-o-algebras of F), consider the problem

minimize  Ef(z,u) := /f(w(w),ﬂ(w),w)dP(w) over z € N (SP)

where A is a linear space of stochastic processes z = ()L, adapted to (F;)L,
(i.e., xy is Fy-measurable) and @ is a R™-valued random variable. We assume
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that f is a convex normal integrand on R™ x R™ x Q, ie. f(-,w) is a closed
convex function for every w € Q and w — epi f(-,w) is an F-measurable set-
valued mapping; see [3I, Chapter 14]. Here and in what follows, we define the
integral of an extended real-valued random variable as oo unless its positive
part is integrable. The integral of any extended real-valued measurable function
is then a well defined extended real number so it follows that E f is a well-defined
convex function on L°(R™ x R™).

Problems of the form were first studied in [28] where it was observed
that many more specific stochastic optimization problems can be written in
this unified format. Examples include more traditional formulations of stochas-
tic programming, convex stochastic control and various problems in financial
mathematics; see Section@below. In [28], problem was analyzed through
dynamic programming and convex duality. Soon after, [7] extended the dy-
namic programming principle by removing the convexity assumption but, like
[28], assumed the set of feasible solutions to be bounded. The boundedness
assumptions were removed in [I3] [16] 22| 2], 211, [19].

Like [28] 23] [T3], 2], the present paper studies problem with the func-
tional analytic techniques of convex duality. This will yield dual problems whose
optimum values coincide with that of and whose optimal solutions can be
used to characterize those of . We extend the classic results of [28] 29, [30]
so as to cover various duality results developed independently in stochastics and
financial mathematics e.g. in [6l 33, O] 34} [I5]. The new results allow also for
significant extensions to central models in stochastic programming, stochastic
optimal control and financial mathematics. In particular, we extend the inequal-
ity constrained models of [29] by including equality constraints and allowing for
unbounded strategies. In stochastic optimal control, we obtain a scenariowise
maximum principle. We also extend the classical duality results of financial
mathematics to optimal semistatic hedging problems where one optimizes over
dynamic trading strategies as well as statically held derivative portfolios. In
each application, we establish the existence of primal solutions and the absence
of a duality gap.

Much like in [28] 29] [13] 2], our strategy is to analyze through the gen-
eral duality framework of [27]. We deviate from the above references, however,
in that we employ two dualizing parameters: the random vector « in and
another one that perturbs the adaptedness constraint on x. This yields an ex-
plicit dual problem for in terms of two dual variables: one is the “shadow
price of information” studied e.g. in [35] 28] 23] 4 5], 18] and the other one gives
the marginal cost of changing u. As a special case, we obtain the dual problem
of [29] for stochastic optimization problems with inequality constraints. We
find new duality frameworks for many other problem classes including optimal
stoping, stochastic optimal control and portfolio optimization. Moreover, our
results apply without the compactness and boundedness assumptions made in
[29].

Without the boundedness assumptions, problem does not directly fit
the framework of [27] which assumes that the optimal solutions are sought from
a locally convex vector space. We will thus first, in Section [3] restrict the de-



cision strategies x to a locally convex space X of R"-valued random variables.
Straightforward application of the functional analytic duality theory then yields
a dual problem and optimality conditions for the restricted problem. We return
to the original problem in Section {| and find that its optimum value as
a function of the parameters (z,u) has the same lower semicontinuous hull as
that of the restricted problem. It follows that their dual problems coincide and,
by an application of Fenchel inequality and Lemma [22] we find scenariowise op-
timality conditions for . Section [p| recalls sufficient conditions for the lower
semicontinuity of the optimum value function of . Section |§| illustrates the
new results with applications to more specific problems classes.

2 Integral functionals in duality

Convex duality is based on the theory of conjugate functions on dual pairs of
locally convex topological vector spaces; see [27]. The first part of this sec-
tion reviews spaces of random variables in separating duality with each other
while the second part reviews conjugation of integral functionals on such spaces.
This forms the functional analytic setting for the duality theory of stochastic
optimization developed in the followup sections. For full generality, we make
minimal assumptions on the spaces of random variables. The classical Lebesgue
and Orlicz spaces, LP and L® are covered as special cases but also many others
that come up naturally e.g. in engineering and finance.

2.1 Dual spaces of random variables

Let U and Y be linear spaces of R"-valued random variables in separating
duality under the bilinear form

(u,y) := Efu-y].
This means that u-y € L' for allu € U and y € YV and that for every nonzero u €
U, there exists a y € Y such that (u,y) # 0 and vice versa. As usual, we identify
random variables that coincide almost surely so the elements of &/ and ) are
actually equivalence classes of random variables that coincide almost surely. We
will also assume that the spaces are decomposable and solid. Decomposability
means that

lau+ 1Q\Au/ ceu
for every u € U and v’ € L> while solidity means that if @ € &/ and v € L° are
such that |u?| < |@?| almost surely for every i = 1,...,m, then u € U; similarly
for ). Solidity implies that

U=U % XUy and Y= X X Vm,

where U; and ); are solid decomposable spaces of real-valued random variables
in separating duality under the bilinear form (u;,y;) — E[u;y;]. In particular,

wiy; € LY and  (u,y) = ZE[uZyZ] Yuel,y €. (1)
i=1



Given a solid space of real-valued random variables Uy, the space {u € L°(R™) |
|u| € Up} is solid and it can be written as U[", the m-fold Cartesian product
of Uy. A solid space containing all constant functions is decomposable. The
following shows that the converse does not hold.

Counterexample 1. Let x > 1 be an unbounded real-valued random variable
and X := L>® + Lin(zxls | A € F). Then X is decomposable, by construction,
but not solid, since it does not contain /x.

Decomposable solid spaces of random variables in separating duality in-
clude Lebesgue spaces, Orlicz spaces, Marcinkiewich spaces paired with Lorentz
spaces, spaces of finite moments ||u||z» for all p € (1,00) as well as the general
class of Banach Function Spaces or, even more generally, locally convex function
spaces; see [20] and its references. The spaces of continuous functions or various
Sobolev spaces of functions on IR™ fail to be decomposable or solid. The space
LY of all random variables is decomposable and solid but if (2, F, P) is atom-
less, it cannot be paired with a nontrivial space of random variables. Indeed,
if y € LY is nonzero, then there exists ¢ > 0 and A € F such that |y|14 > €
and P(A). Since the space is atomless, there exists 7 < 0 with E[lan] = —oo.
Choosing u = 14yn, we get Efu - y] = —o0.

Given a topology on U, the corresponding topological dual of I/ is the linear
space of all continuous linear functionals on U. A topology is compatible with
the bilinear form on U x Y if every continuous linear functional can be expressed
in the form

w i (u,y)

for some y € Y. Such topologies can be characterized in terms of the “weak”
and “Mackey” topologies associated with the bilinear form. The weak topology
o(U,Y) on U is the topology generated by linear functionals v — (u,y) where
y € Y. Similarly for V. The Mackey topology is the topology generated by the
sublinear functionals

op(u) := sup(u,y),
yeD

where D C Y is o(Y,U)-compact. Similarly for Y. Given a topology on U,
the corresponding topological dual can be identified with ) if and only if the
topology is between o(U,)) and 7(U,Y). If U is Fréchet (e.g. Banach) and Y
is its topological dual, then the o(),U)-compact sets are the bounded sets in
Y, so 7(U,D) is the strong topology; see [10].

The following is from [16].

Lemma 2. We have L® CU C L' and L® CY C L' and

(L' L®)u CoU,Y), oU,Y)|L= Co(L>®,L"),
(LY L)y € TU,Y), 7(U,V)|L= C (L=, LY).

The L°-topology on U is weaker than 7(U,Y).



Given a decomposable space U, its Kothe dual is the linear space
{yeLl’|u-ye L' Yucu}.

This is the largest space of random variables that can be paired with ¢/ with
the bilinear form (u,y) — Efu - y]. Clearly, the Kothe dual of a solid space is
solid. The following is well-known, e.g., in Lebesgue and Orlicz spaces.

Lemma 3. Let U and Y be solid and G C F a o-algebra such that EU c U.
The mapping E9 : U — U is weakly continuous if and only if E9Y C Y and in
this case,
(E9u,y) = (u, %) Yuecl, ye.
If Y is the Kothe dual of U, then ESY c Y.
Proof. If u', 4, (E9u)'y' and u’(E9y)" are integrable, Lemmagives
E[E% - y) = E[(E9u) - E9] = E[u- E%]. (2)

Thus, if E9U C U and E9Y C Y, then, by , the function u — EY9u is weakly
continuous. On the other hand, if EY : U — U is weakly continuous, then
u +— E[E%u - y] is o(U,Y)-continuous for y € V. Thus, there exists a y’ € Y
such that E[E%u - y] = E[u -] for all u € U. Since y € L, () gives

E[E%-y) = E[u- E9%] Yu e L™.

Thus, v’ = EYy almost surely.

Assume now that ) is the Kothe dual of U and let y € Y. It suffices
to show E9%y € Y. By solidity and linearity, we may assume that at most
one component y° of y is nonzero and that it is nonnegative. Then E9¢° is
nonnegative. Since ) is the Kéthe dual, it suffices to show that E[u’(E9y)] < oo
for every nonnegative u € Y. By Lemma E[ui(E9y")] = E[EY (u')y'], where
the right side is finite, since E9U C U. O

Let X and V be decomposable solid spaces of IR"-valued random variables
in separating duality under the bilinear form

(z,v) — Elz - v].

A linear mapping A : X — U is weakly continuous if it is continuous with respect
to the weak topologies. This means that z — (Az,y) is o(X,V)-continuous for
all y € Y, or equivalently, there exists a linear mapping A* : J — V such that

(Az,y) = (2, A"y) Vre X, ye).
The mapping A* is known as the adjoint of A.

Lemma 4. Let A € L°(R™*") be a random matriz such that Az € U for all
x € X. The linear mapping A : X — U defined pointwise by

Ax = Az a.s.



is weakly continuous if and only if A*y € V for all y € Y, and in this case its
adjoint is given pointwise by

A*y = A%y a.s.
IfV is the Kothe dual of X, then A*y €V for ally €Y,

Proof. For any x € X and y € ),
(Az,y) = E[(Az) - y| = Elz - A%y,

which proves the equivalence and the adjoint formula. The above equation
implies that - A*y € L', so A*y € V when V is the Kéthe dual of X. O

2.2 Conjugates of integral functionals

This section studies convex integral functionals on paired decomposable spaces
U and Y of random variables. More precisely, we take a normal integrand h and
study the integral functionals Fh : U — R and Eh* : Y — R defined by

Eh(u) := A h(u(w),w)dP(w)
and

Eh*(y) = /Q W (y(w), w)dP(w).

The following two theorems are essentially reformulations of the main results
in [25]. We give the simple proofs for completeness.

Theorem 5. If h is a convex normal integrand with dom Eh # 0, then

(Eh)* = Eh™.
Moreover, y € OFh(u) if and only if Eh(u) is finite and y € Oh(u) almost
surely.

Proof. The first claim follows by applying [31, Theorem 14.60] to the normal
integrand hy(u,w) = h(u,w) — u - y(w), where y € Y. As to the second, we
have y € 0FEh(u) if and only if Eh(u) is finite and Eh(u) + (Eh)*(y) = (u,y).
Since (Eh)* = Eh* by the first part, the equality holds, by Fenchel’s inequality,
if and only if

h(u) +h*(y) =u-y

almost surely. This means that y € Oh(u) almost surely. O
Corollary 6. Let h be a convex normal integrand. The following are equivalent

1. dom Eh # 0 and dom Eh* # (),

2. Eh is proper and closed,



3. dom Eh # () and there exists y € Y and o € L such that
hu,w) > u - ylw) — a(w)

and imply that Eh and Eh* are conjugates of each other and that y € OEh(u)
if and only if y € Oh(u) almost surely.

Proof. By Theorem|[5] 1 implies 2. Assuming 2, there exists u € dom Eh, y € Y
and a € R such that
Eh(u) > {u,y) —a Yueld
Thus, by Theorem
a > (Eh)"(y) = Eh*(y).
By Fenchel’s inequality
h(uvw) + h*(yaw) >u- Y,

so 3 holds with a(w) = h*(y(w),w). If 3 holds, Eh*(y) < Ea, so 1 holds.
By Theorem [5| Eh and Eh* are conjugates of each other and y € JFh(u)
implies y € Oh(u) almost surely. If y € Oh(u), then h(u) + h*(y) = u - y almost
surely, where each summand is integrable, since Eh and Eh* are proper, so
Eh(u) + Eh*(y) = (u,y), which means that y € OFh(u). O

Corollary 7. Given a closed convex valued measurable mapping S : @ = R™,
the set
S={uel|ues as}

is closed and convez.

Proof. This follows by applying Theorem [5| to the conjugate of h(u,w) :=
ds(u,w). m

By symmetry, one can add obvious dual versions of 2 and 3 in the list of
equivalent conditions in Corollary [} The following gives a general form of the
classical Jensen’s inequality for conditional expectations.

Theorem 8 (Jensen’s inequality). Assume thatU and Y are solid with E9U C
U and E9Y C Y and let h be a G-measurable conver normal integrand such that
Eh* is proper on Y. Then

Eh(E%u) < Eh(u)
for every u e U.
Proof. Assume first that Eh* is proper on Y N L°(G). Corollary |§| then gives

BR(ESw = _sup {BI(E%) ) - B ()

= sup  Efu-y—h*(y)]
yeEYNLO(G)

<E sup {u-y—h"(y)}
ye]Rnl

= FEh(u)



for any uw € Y. If Eh* is proper merely on ), then E(h*)T is proper on ) as
well. The function E[(h*)"]* is finite at the origin so, by the first part of the
proof, E(h*)*(E%) < E(h*)*(y), so ERh* is finite on Y N L°(G). O

3 Duality for integrable strategies

We will develop a duality theory for (SP) by applying the general conjugate
duality framework of Rockafellar [27] first to the parametric optimization prob-
lem

minimize Ef(x,u) = /f(x(w),ﬂ(w),w)dP(w) over = € A, (SPy)

where X C L°(2, F, P;IR") is a solid decomposable space of random paths and
X, =XNN.

We will assume that the parameter @ belongs to another solid decomposable
space U C L°(Q, F, P;R™) of random variables. The general theory of convex
duality will give a dual problem and optimality conditions for . Section
will then extend these results to the original problem where we optimize
over general adapted strategies in LY.

We embed into the conjugate duality framework by introducing an
additional parameter z € X and the extended real-valued convex function F' on
X x X x U defined by

F(z,z,u) == Ef(z,u) + dn(x — 2).
We denote the associated optimum value function by

o(z,u) == inf {Ef(z,u)|x— 2 € N}.

zeX

We assume that X is in separating duality with a solid decomposable space V C
L°(Q, F, P;R™) and that U is in separating duality with a solid decomposable
space Y C LY(Q, F, P;IR™). The bilinear forms are the usual ones, i.e.

(z,v) == E[z-v] and (u,y):=Efu-y].
Solidity implies that
X=X x---xXpr and V=Vyx---XVp,

where X; and V, are solid decomposable spaces of R™t-valued random variables
in separating duality under the bilinear form (z;,v;) — E[z;-v:]. It follows that

T
(x,v) :ZE[:L't'Ut] Vee X, veV
t=0



and
X, = Xo(]:o) X o X XT(IT)~

According to the general conjugate duality framework of [27], the dual prob-
lem is the concave maximization problem

maximize (u,y) — F*(0,p,y) over (p,y) €V x Y. (D)

More explicit forms will be given below. By definition, *(p,y) = F*(0,p,y),
so the dual problem can be written as

maximize (a,y) —¢"(p,y) over (p,y) €V x ).
By Fenchel’s inequality,
F(z,0,u) > (u,y) — F*(0,p,y) Vee X, ucld,peV,ye).

Denoting the optimal values of primal and dual problem, respectively, as inf (S Px|)
and sup(]z[)7 we thus have

inf (SPx) > sup (D)

A duality gap is said to exist if the inequality is strict. Conversely, we say that
there is no duality gap if the above holds as an equality.

The associated Lagrangian is the convex-concave function L on X x V x Y
given by

L(z,p,y) = . ui)g}xz,{{F(x’ z,u) — (z,p) — (u,y)}.

By definition, the conjugate of F' can be expressed as

F*(v,p,y) = :gg{@,w — L(z,p,y)}-

The associated minimax problem is to find a saddle-value and/or a saddle-point
of the concave-convex function

Lﬂ(xap, y) = L(l’,p, y) + <ﬁa y>7
when minimizing over x and maximizing over (p,y). If

inf sup Lg(z, p,y) = supinf Lz (z, p,y),
T py py T

the common value is called the minimaz or the saddle-value, and (x,p,y) is
called a saddle-point if

Lﬁ('rap/ay/) < Lﬂ(x7p7 y) < Lﬁ(x/?pa y) vxl7pl7yl'

Existence of a saddle-point implies the existence of a saddle-value.
Since N is closed in probability, Lemma [] gives the following.



Lemma 9. X, is o(X,V)-closed.

The following three theorems are restatements of the main duality results
in [27] in the present setting. They all involve the assumption that the integral
functional Ef be closed in u. This means that E f(x,-) is closed in U for each
z € X. Combined with Lemma 9 this implies that the function F is closed in

(z,u).
The following characterizes the absence of duality gap.

Theorem 10. The following are equivalent,
1. inf = sup @,
2. ¢ is closed at (0,a).

If Ef is closed in u, the above are equivalent to
8. The function Ly has a saddle-value.

The next one characterizes situations where there is no duality gap and,
furthermore, the dual admits solutions.

Theorem 11. If p(0,u) < oo, the following are equivalent
1. (p,y) solves @ and inf = sup @
2. either p(0,a) = —oc0 or (p,y) € dp(0,a),

If Ef is closed in u, the above are equivalent to

3. infsupLa(x,p,y) = lnfLﬂ(m7pvy)
T py T

The following characterizes the situations where both primal and dual solu-
tions exist and there is no duality gap.

Theorem 12. The following are equivalent,
1. x solves , (p,y) solves @ and inf = sup@ eR,
2. (0,p,y) € OF (x,0,u).

If Ef is closed in u, the above are equivalent to
8. 0€ 0, L(x,p,y) and (0,0) € O ) [—L|(z,p, y).

In order to write the dual problem and the optimality conditions more ex-
plicitly in terms of the problem data, we will first derive explicit expressions
for F* and ¢*. The rest of the section will then focus on the Lagrangian, the
associated minimax problem and optimality conditions. We will denote the
orthogonal complement of X, by

X ={veV|{x,v) =0 Vrel,}.

10



Lemma 13. Ifdom Ef N (X xU) # 0, then

F*(v,p,y) = Ef*(v+p,y) +0x:(p),

and, in particular,
©*(p,y) = Ef*(p,y) + 6x2(p)-
If, in addition, dom Ef* N (V x V) # 0, then F is proper and closed.

Proof. By the interchange rule [3T, Theorem 14.60],

F(v,p,y) = sup  {(z,0) +(2,p) + (w,y) — Ef(z,u) |z — 2 € Ao}
rzeX zeX uceld

= sup  {E[z-(v+p)tu-y— flz,u) -2 pl|z € X}
zeX,z’ e X ,ucl

=Ef*(v+p,y) +6x1(p).

When dom E f* # 0, Ef is proper and closed, by Corollary @ so F' is closed as
a sum of proper and closed functions. Clearly, F' is proper. O

As an immediate corollary, we get the following.

Theorem 14. If dom Ef N (X x U) # 0, the dual problem (D)) can be written
as

maximize (@,y) — Ef*(p,y) over (p,y) € X x . (D)

Much as in [28, Section 4] and [23, Proposition 1], the orthogonal complement
of X, can be expressed in terms of the set

Nt ={vel'|(z,0)=0 VeeNnL®}L
Lemma 15. The set X, is o(X,V)-closed and
XF=NtnVv={veV|Ev=0 t=0,...,T}.

Proof. Since N’ N is closed in LY, Lemma implies that X, is closed in 7(X, V)
and thus, by convexity, also in o(X, V). Since

Xa = Xo(]:o) X X XT(.FT),

we have v € X;- if and only if E[z; - v] = 0 for every z; € X;(F;). Here,
Elz - vy] = E[z; - (Eyvy)], by Lemma [63] O

Note that the dual objective can be written also as

<’aay> - Ef*(pv y) = E(z,u)é§£XR7’l[f($7u) —T-p+ (ﬂ - U) : y]

This is the optimum value in a relaxed version of the primal problem (SP)
where we are now allowed to optimize over both x and u and the information
constraint x € A has been removed so the minimization can be done. The

11



constraints have been replaced by linear penalties given by the dual variables p
and y. The optimum value of (@ is less than or equal to that of . If the
value function ¢ is closed at (0, @), then, by Theorem the optimum values can
be made arbitrarily close by an appropriate choice of (p,y). If (p,y) € dp(0, u),
then, by Theorem there is no duality gap and (p,y) solves the dual. This
implies, in particular, that p is a subgradient of ¢ with respect to the first
argument at (0, a), i.e.,

Ef(z+za)—(z,p) > p(0,a) VrelX,,zeX.

In other words, one cannot improve the optimum value of by adding a
nonadapted perturbation z to the strategy = when one has to pay (z,p). Such
an element p € X" is known as a shadow price of information of . In the
deterministic setting, X;- = {0} so the dual problem becomes

maximize -y — f*(0,y) over yeR™

and we recover the classical duality framework in finite-dimensional spaces.
Theorem [I4] can be used to restate Theorems [I0] [IT], and [I2] more explicitly.
In particular, the first two equivalences in Theorem[12]can be restated as follows.

Theorem 16. If (SPy| and (@ are feasible, then the following are equivalent

1. z solves (SPx]), (p,y) solves (D)) and inf (SPx]) = sup (D)),
2. x€X,, (py) € X xY and

(p,y) € Of(z,a) a.s.

Proof. By Theorem is equivalent to (0,p,y) € OF(x,0,4) which means
that F(z,0,a) + F*(0,p,y) = (4,y). By Lemma this means that z € A,
p € X and

Ef(z,u)+ Ef*(p,y) = Elz - p] + E[u - y]. (3)

Given (z/,u') € X xU and (p/,y') € V x Y, we have
fE )+ 0 y) =z ey (4)

by Fenchel’s inequality, so the feasibility assumptions imply that the negative
parts of f(z/,u) and f*(p/,y’) are integrable and thus, by Lemma [62]

Ef@@' )+ Ef*(p',y") = Blf @ u) + [0, 0)]-

Thus, (3) means that (x,a) and (p,y) satisfy as an equality, i.e., (p,y) €
of(x,u). O

Note that the dual is feasible e.g. if F' is bounded from below since then
F*(0,0) is finite. If dp(0,@) is nonempty, then by Theorem there is no
duality gap and a dual has a solution. Theorem [16| thus implies the following.

12



Corollary 17. If 9p(0,u) # 0, then inf (SPx)) = sup (D)) and the following are
equivalent for an © € X,,

1. = solves (SPxl),

2. there exists (p,y) € X;- x Y with

(p,y) € Of(x,u) a.s.

The rest of the section focuses on the Lagrangian L and the associated mini-
max problem. The Lagrangian L itself has a somewhat cumbersome expression
but it turns out that it is “equivalent” to a simpler function that has the same
saddle-value and saddle-points. The expressions derived below, involve the La-
grangian integrand | : R™ x R™ x  — R defined by

l(xa va) = uier]lpfm{f(x7u7w) —Uu- y}

For any (z,y,w), the function I(-, y,w) is convex and [(x, -,w) is upper semicon-
tinuous and concave. Clearly,

f*(vayaw) = sup {J} i l(x,y,w)}
zeR™

so, by the biconjugate theorem,

(CILE l)(x7va) = Sup {.’1? i f*(v,y,w)}.
veR™

Given z € X and y € Y, the functions

(%w%+—de%%w)=£$%w-y—ﬂwW%%wﬂ

and

(#,w) = (cla Dz, y(w),w) = sup {z-v = f(v,y(w), )}

are normal integrands, by Proposition 14.45 and Theorem 14.50 of [31]. In
particular, the functions

w l(z(w),y(w),w) and w— (clyl)(z(w), y(w),w)

are measurable, by [31 Proposition 14.28],
We will denote the projection of dom FEf to the x component by

domy Ef :={x € X |Juecld: Ef(x,u) < oo}
and the projection of dom E f* to the y component by

domy Ef*:={yeY|Iveld: Ef(v,y) < oo}
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Lemma 18. We have

+00 if x ¢ dom, Ef,
L(z,p,y) = { El(z,y) — (v,p) ifx €dom, Ef and p € X,
—00 otherwise.

Ifdom Ef # 0, then

E(cl, ) (x,y) — (x,p) ify € dom, Ef* and p € X,
—00 otherwise.

(cle L) (2, p,y) = {

Ifdom Ef # () and dom E f* # 0, then all convex-concave functions between L
and cl, L have the same saddle-value, saddle-points and subdifferentials. In this
case,

S a:cL(xvpa y)7 (Z,’LL) S 8p,y[7L](‘Tap7 y)
if and only if v — 2 € X,, p € X;- and

p+uv € dl(z,y), wedy[-l(z,y) as.

Proof. By definition,

L —  inf {F - -
(z,p,y) <z,u§2mu{ (z,2,u) = (2,p) — (u,y)}
— inf {E —rp—u- —LCA,
(w;gxw{ [f(z,u) —2-p—u-y]|z—2 € X}
—  inf {E (=) p—u-yl|Z € XY,
(z’,ul)léXXZ/{{ f(z,u) —(x—2") p—u-y]|z € Xo}

so the expression for L follows from [3I, Theorem 14.60]. By Lemma

(cle L)(z,p,y) = 3gg{<z,v> - F*(v,p,y)}

_ Jsuppep{(m,v) — Ef*(v+p,y)} ifp e XL,
—00 otherwise

so the expression for cl, L follows from [3I, Theorem 14.60] again. When
dom Ef # () and dom Ef* # (), the function F is proper and closed by Lemmal[L3]
so the saddle-values, saddle-points and subdifferentials of L and cl, L coincide,
by [32, Theorem 2 and 7].

When dom Ef # () and dom Ef* # (), F is closed, by Corollary [6} and then,
(v,z,u) € OL(z,p,y) if and only if (v,p,y) € OF(z,z,u). By Lemma [13] this
means that  — z € X,, p € X and

Ef(z,u)+ Ef*(v+p,y) = Elx-v]+ Elz - p| + Elu - y]
or, equivalently,

Ef(z,u) + Ef*(v+p,y) = Elz - (v+p)] + Elu-y]
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Since, by Fenchel’s inequality,
f(a:,u,w) +f*(v+p7yaw) >x- (U+p) +u-y,

this means that (v + p,y) € df(x,u) almost surely. Since f is closed, this is
equivalent to v + p € 0;l(z,y) and u € 9y[—I](z,y). O

Corollary 19. If (SPx) and @ are feasible, the following are equivalent with
the conditions in Theorem [16),

1. (z,p,y) is a saddle-point of
(xvpa y) = El(.ﬁ,y) - <Jf,p> + <ﬂ7y>7
when minimizing over x € X and mazimizing over (p,y) € Xt x ),
2. 2 € X, (p,y) € X xY and

p € 0yl(x,y), uwed[-l(z,y) as

Proof. The claim follows from Theorem [12] and Lemma since the convex-
concave function in the first condition lies between L and cl, L. O

Similarly, we can augment Corollary [17] as follows.
Corollary 20. If 9p(0,u) # (), then the following are equivalent,
1. = solves (SPxl),

2. x € X, and there ezists (p,y) € X;- x Y with
(p,y) €0f(w,u) a.s.
3. x € X, and there exists (p,y) € Xt x Y with

p € 0yl(x,y), uedy[-l(z,y) as.

In the deterministic setting, X;- = {0} so condition 3 in Corollary [20| be-
comes the Karush-Kuhn-Tucker (KKT) condition in finite-dimensional convex
optimization. In the stochastic setting, the shadow price of information p € X;-
allows us to write the KKT-conditions scenariowise.

4 Duality for (SP)

While problem (SPy]) in Section [3| allows for a convenient dualization within
the purely functional analytic conjugate duality framework, there are interesting

applications where inf (S Py|) > inf (SP) or the infimum in (SP) is attained in

L° but not in X; see Counterexample [28| for a simple illustration. It may even
happen that (SPy]) is infeasible while (SP) is not; see Counterexample[29] This
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section shows that many of the duality relations between (SPx)) and (D)) derived
in Section [3| also hold between (SP) and (D).

The function
@(z,u) := inf {Ef(z,u) |z —2€ N}
z€LO

on X x U gives the optimum value of when we perturb the strategies x
by z € X and vary the parameter @ in the space Y. In particular, ¢(0,a) =
inf . Clearly, ¢ > ¢ since the latter is defined by optimizing over a larger
class of strategies. However, under a mild condition, their conjugates coincide.

Lemma 21. Ifdom Ef N (X x U) # 0, then o* = o*.

Proof. Since ¢ > @, we have ¢* < @*. To prove the converse, let (p,y) €
dom ¢*. By Lemma [T3]

" (p,y) = Ef*(p,y) +dx+(p),
so p € X;-. By Fenchel’s inequality,
Ef(z,u)+dnx(z —2) + Ef*(p,y) = El(x —2) - p| + E[z - p] + E[u -y
for all (z,z,u) € L x X x U, so Lemmabelow implies
Ef(z,u) +oyx(x—2)+ Ef*(p,y) 2 Elz-p| + Elu - y].

Thus @(z,u) + ¢*(p,y) > (z,p) + (u,y) for all (z,u) € X xU, which means that
¢ (p,y) < " (py)- O

The above proof used the following from [22]; see also [19].
Lemma 22. Letz € N and v € Nt. If E[x -v]* € L1, then E[x -v] = 0.

Note that, if dom Ef N (X x U) # 0 and ¢* is proper, then Ef is proper on
X xU.

Corollary 23. We have 0p(z,u) = 0¢(z, u) whenever the left side is nonempty.
In particular, if 0p(0,a) # 0, then

inf:inf:sup@

and the dual optimum is attained.

Proof. 1f ¢ (z,u) # 0, we have (z,u) € dom ¢ and thus, dom Ef N (X xU) # 0.
By the biconjugate theorem and Lemma[2I] clp = cl@. In particular, ¢ > @ >
clyo. When 9¢(z,u) # 0, we have p(z,u) = cly(z,u) so ¢(z,u) = ¢(z,u) and
thus, (2, u)+@"(p,y) = (z,p) + (u, y) if and only if p(z, u) +¢*(p,y) = (z,p) +
(u,y). In other words, (p,y) € d¢(z,u) if and only if (p,y) € dp(z,u). The
second claim follows from Theorem [11| and Lemma [21] since subdifferentiability
implies closedness. U
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By Lemma 2]

@(0,u) > (u,y) —¢"(p,y) V(p,y) €V XY,

where the right side is the dual objective from Section[3] Thus, the optimal value
of is always bounded from below by the dual objective so the duality gap
between and @ is nonnegative. The duality gap is zero if and only if
@**(0,a) = @(0,u). Thus, we have the following, which gives the analogue of
the first equivalence in Theorem [T0]

Theorem 24. If dom Ef N (X x U) # 0, then the following are equivalent,
1. inf = sup @,
2. @ is closed at (0,a).
The following gives the analogue of the first equivalence in Theorem

Theorem 25. If dom Ef N (X x U) # 0 and @(0,u) < oo, then the following
are equivalent

1. (p,y) solves @ and inf (SP)) = sup @,
2. either $(0,4) = —o0 or (p,y) € 95(0, 1),

Proof. Condition 2 means that either ¢(0,a) = —oo or (0, 2)+¢*(p, y) = (4, y),
where, by Lemma [2I] ¢* = ¢*. Thus the claim follows from Lemma [T3] O

Theorem 26. If dom Ef N (X xU) # 0 and (SP) and (D) are feasible, then
following are equivalent

1. x solves ((SP)), (p,y) solves @ and inf (SP)) = sup @,
2. x is feasible in (SP)), (p,y) is feasible in @ and
(p,y) € 0f(z,u) P-as. (5)

3. x is feasible in (SP)), (p,y) is feasible in @ and
p € O l(x,y), u€dy—ll(x,y) P-a.s.
Proof. The assumptions imply that f is proper so the equivalence of 2 and 3

follows from [26, Theorem 37.5]. Let z € N and (p,y) € V x Y be feasible. By
Fenchel’s inequality,

flz,u)+ f*(py) —u-y>a-p P-as.
SO
Ef(x,u) + E[f*(p,y) —u-y] > Elz - p]

and one holds as an equality if and only if the other one does. Equality in the
former means that 2 holds. By Lemma E[z - p] = 0, so equality in the latter
means that 1 holds. O
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If 05(0,@) # 0, then, by Theorem inf (SP) = sup (D) and the dual has
a solution. Theorem [26| thus gives the following.

Corollary 27. Ifdom Ef N (X xU) # 0 and dp(0,u) # 0, then inf (SP) =
sup @, the optimum is attained in the dual and the following are equivalent,

1. = solves ((SP),

2. x is feasible and there exists a dual feasible (p,y) with (p,y) € Of(x, @)
almost surely.

If (SP) has a solution, (p,y) is dual optimal and inf (SP)) = sup @, then,
by Theorem solutions of (SP) are scenariowise minimizers of the function

z=l(z,y)—x-p

and, in particular, if the scenariowise minimizer is unique, then it is necessarily

adapted and solves (SP).

Counterexample 28. It is possible that inf (SP)) = sup @ while inf (S Py|) >
sup @ Indeed, let

f(@,u,w) = (20 — 1) + 610y (w0 (w) — 1),

Fo be trivial and & € L°(Fy) with € ¢ X. Since f is nonnegative, (1,£) is
optimal for (SP|) and the optimal value is zero. Here Ef is proper on X X U,
and, by a direct verification, f*(0,0) = 0, so the origin is a dual solution and

inf (SP) = sup (D) = 0. On the other hand, the only feasible solution of (SPx]
is the origin, so inf (SPx|) = 1.

Counterexample 29. It may happen that (SPx|) is infeasible, but nevertheless,
(SP) is feasible and inf (SP) = sup (D). Indeed, let

[z, u,w) = g0y (7 — uf(w)).

If¢ ¢ X and uw = 1, then (SP)| is feasible while (SPx|) is not. Clearly Ef is
proper on X x U and f*(0,0) =0, so inf (SP)) = sup (D) = 0.

The optimum value of the dual problem
maximize {(u,y) — ©*(p,y) over (p,y) €V xY (D)
clearly coincides with that of
maximize (u,y) — g(y) over (p,y) €V x), (rD)

where
= inf ©* .
9(y) ;Ielvtp (P, y)

Problem (rD)) is called the reduced dual problem. A pair (p,y) solves @ if and
only if y solves (rD) and p attains the infimum in the definition of g. In many
applications, the infimum and the minimizing p can be found analytically.
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5 Absence of a duality gap

This section recalls the main result of [22] on the lower semicontinuity of the
optimum value function of . As we have seen, the lower semicontinuity im-
plies the absence of a duality gap. Besides the lower semicontinuity, Theorem [31]
below establishes the existence of optimal solutions to .

Assumption 30. (SP) is feasible,
{x e N'| f*(x,0) <0}
is a linear space and there exists p € X;- and € > 0 such that

inf Ef*(Ap,y) <
inf f*(Apy) < oo

for \e[l—e€1+¢€.

The linearity condition in Assumption holds trivially if f(-,0) is inf-
compact since then, its recession function is strictly positive except at the origin;
see [26, Theorem 8.6]. If f is bounded from below by an integrable random vari-
able, then Ef*(0,0) < oo so the second condition in Assumption [30] holds. The
second condition holds also e.g. if dom E f*N(V x ) is a nonempty cone. In cer-
tain models of financial mathematics, it is implied by the well-known asymptotic
elasticity conditions on the utility function; see [19], Section 5.5].

Theorem 31. Under Assumption[30} the function
@(Z7u) = IHEO{E,]C(ZII,U) | rT—z€ N}
xTE

1s lower semicontinuous on X X U,

?>(z,u) = ieanO E{f*(z,u) | z — z € N'},

and the infimums are attained for every (z,u) € X x U.

Proof. We have
p(z,u) = f Ef(z+zu) = nf Ef(z, 2 u),

where f(z,2,u,w) = f(x+ 2,u,w). The claim thus follows from the main result
of [22] as soon as

{x e N'| f*(x,0,0) <0}

is linear and there exists p € XX and € > 0

inf  Ef*(\p,p,y) < .
o [ (.0, y)

Since f*(z,z,u,w) = f(z + 2z,u,w), the former is clear from the linearity
condition in Assumption We have

f*(’l},p,y,W) = f*(U,y,OJ) +5{0}(p_v)

so the latter follows from Assumption [30] as well. O
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Combining the above with Theorem [24] gives the following.
Corollary 32. Under Assumption inf (SP) = sup @, and (SP) has a

solution.

6 Applications

This section applies the general duality result to specific instances of . In
the following applications, we give more explicit expressions for the involved
functions and conditions but only give selected statements as examples of how
the general theory can be applied.

6.1 Mathematical programming

Consider the problem

minimize Efo(x) over we N,
subject to file)<0 j=1,...,las., (MP)
file)=0 j=1+1,...,ma.s.

where f; are convex normal integrands with f; affine for j > [. This fits the
general duality framework with @ = 0 and

folz,w) fzedomH, H(zx)+ueK,
400 otherwise,

fla,u,w) = {
where K = RY. x {0} and H is the K-convex random function defined by

dom H (-,w) = ﬂ dom f;(-,w) and H(z,w)=(fi(z,w))];.

The Lagrangian integrand becomes

Z(I7yaw) = 1nf{f(x, u7w) —u- y}

+0o0 if x ¢ dom H (-,w),
=1 folz,w)+y-H(x,w) ifze€domH(-,w)andye K*,
—00 otherwise

and the conjugate of f

[ (p,y) = sup {z-p—I(z,y)}

zeR™
_)supgegn{z-p—fo(z) —y - H(z) | v € dom H(,w)} ifye K¥,
T ) 400 ify & K*.
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If dom Ef N (X xU) # (b, Lemma [13] says that the dual problem can be written
as
maximize E inf {fo(z) +y- H(z) —x-p} over (p,y) € Xl xy
z€R (Darp)
subject to y€e K" a.s.

To get more explicit expressions for f* and the dual problem, additional struc-
ture is needed; see Example [36| below.
Recall that the normal cone of a convex set C' at at point z is given by

Ne(z) ={veR"| (2 —z)-v<0 Va'eC}.
When C is a convex cone, then
veNcg(z) & zeX, velC* z-v=0, (6)

where C* := {v € R" | z-v < 0 Vz € C} is the polar cone of C; see the end of
[26, Section 23]. Theorem [26| gives the following.

Theorem 33. If domEf N (X xU) # 0 and (MP) and (Dup) are feasible,

then the following are equivalent
1. @ solves (MP), (p,y) solves (Darg)) and inf (MP) = sup (Darz),
2. x is feasible in (MP), (p,y) is feasible in (Dyrp) and

p € &lfo+y- Hl(z),
H(z)e K, yeK*, y-H(z)=0

almost surely.
Proof. Tt suffices to note that, when (z,y) € dom!, we have
0 € 9y[-ll(z,y) = —H(z) + N~(y)

if and only if H(x) € Nk~(y). This is equivalent with the given complementarity
condition by @ O

Assumption 34.
1. (M P)) is feasible,
2. dom Ef N (X xU) # 0,

3 H{r e N | f*(x) <04 =0,...1,f°(x) =0 j =1+1,...,m} is a linear
space,

4. there exists a p € X and an € > 0 such that for all A € (1 —¢, 1+¢) there
exist a y € Y and 3 € L' such that y € K* and

fo(z,w) +y(w) - H(z,w) > Az - p(w) — B(w) Vz e R™
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Theorems [31] and [33] give the following.

Theorem 35. Under Assumption [34] inf (MP)) = sup (Dasp) and (MP) has
a solution. In this case, a dual feasible (p,y) solves (Dprp|) if and only if there
exists a primal feasible x with

p € Oulfo +y- Hl(x),
H(z)e K, yeK*, y-H(x)=0

almost surely.

In case of linear stochastic programming, the dual can be written down
explicitly in terms of the problem data.

Example 36 (Linear stochastic programming). Consider the problem

minimize Elz-c|] over x € N
subject to  Ax—be K a.s.

and assume that there exists (x,u) € X XU such that E[z-c] < 0o and Ax+u—b €
K almost surely. The dual problem becomes

minimize ~ E[b-y] over pc Xl ye,
subject to c+A*y=p, ye K* a.s.

and the scenariowise KKT-conditions

A'y+c=p,
Az —-be K, yeK*, (Axz—-b)-y=0,
where A* is the scenariowise transpose of A.
Indeed, this is a special case of (MP) with fo(z,w) = c(w)-z and fj(z,w) =
a;(w)-x—bj(w) forj=1,...,m. We get
Wz, y,w) =z - c(w) +y- Alw)z —y - bw) = dx-(y)

and

f*(pvyaw) = Sup {33 U= l(xvy’w)}

zER™
Jy-bw) ifye K and c(w) + A*(w)y = p,
400 otherwise.

This gives the dual problem while the KKT conditions follow directly from The-
orem 33l

We will denote the adapted projection of an integrable process u by

Yy = (Etut)z;o.
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Example 37 (Linear stochastic programming, reduced dual). In the setting of
Ezample assume that ¢ € V and A*y € V for ally € Y. Then, a pair (p,y)
solves the dual if and only if y solves the reduced dual problem

minimize E[b-y] over ye,
subject to  “(c+A*y) =0, y€ K* a.s.
and p = ¢+ A*y — “(c + A*y). If the elements of c; and the columns Ay of A
corresponding to xy are Fy-measurable, then the reduced dual can be written as
minimize Eb-y] over ye,
subject to «+A; -Ey=0t=0,...,T, ye K* a.s.

Proof. The first claim is clear and the second claim is a straightforward appli-
cation of Lemma [63 O

6.2 Optimal stopping

Let R be a real-valued adapted stochastic process and consider the optimal
stopping problem
maximize ER, over 71 €T, (0S)

where T is the set of stopping times, i.e. measurable functions 7 : Q — {0,..., T+
1} such that {w € Q| 7(w) <t} € F; foreach ¢t =0,...,T. Choosing 7 =T +1
is interpreted as not stopping at all. The problem

T
maximize E Z Rixy over x €N,
t=0
" (ROS)
subject to z >0, Zwt <1 a.s.
t=0

is a convex relaxation of in sense that their optimal values coincide and
the extreme points of the feasible set of can be identified with 7 see
[19, Section 5.2].

Problem fits the general duality framework with n, =1, m =1,

- z:Ri(w) if £ >0 and b T +u <0,
t=0 t=0

400 otherwise

f(m7u’w) :{
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and u = —1. We get

l(xava) = inf {f(:r,u,w) - uy}

ueR™
T T
= inf {—thRt(w) —uy |z >0, th +u <0}
ueR™ i t=0
)= Z?:o e Re(w) + yZ?:O Ty + (531 () ify>0,
[ S otherwise

X omly — Riw)) +ory (@) ify >0,
—00 otherwise,

and

[ (py,w) = sgp{x p—Il(z,y,w)}

T
= sup Z Tt [pt ) + Rt(w)] + 5]R+ (y)

e€RY =0

_{0 ify>0and p + Re(w) <y, t=0,...,T,

+o0o  otherwise.

Since dom Ef N (X x U) # B, Lemma [13| says that the dual of (ROS) can be

written as
minimize Ey over (p,y) € X x Y,

subject to p+ R <y t=0,...,T as.

It is clear that (ROS) is feasible, and (Dog|) is feasible when the pathwise
maximum max; R; belongs ). Theorem [26] thus gives the following.

(Dos)

Theorem 38. If max; Ry € Y, then the following are equivalent,

1. z solves (ROS)), (p,y) solves (Dosl|) and there is no duality gap.
2. 2 € X, and (p,y) € X x Y and

thO,pt'f‘RtSya l‘t(pt‘FRt_y):O t:07"'7T7
T T
y >0, thélv y(zmt_l)zo
t=0 t=0

almost surely.

In particular, a stopping time 7 € T solves (OS), (p,y) € X x Y solves (Dos))
and there is no duality gap if and only if py + Ry <y for allt and p; + R =y
almost surely.
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Proof. The scenariowise KKT-condition in Theorem [26| can be written as
pt+Rt_y€N]R+(xt) tZO,...,T,

T
th—l € Nr_ (),

t=0

This is equivalent to the conditions given in the statement by @ The second
claim thus follows from Theorem [I6] and Corollary The last claim follows
from the fact that a 7 € T solves the optimal stopping problem if and
only if the process z € &, given by

1 ift=r,
Ty =
0 ift#r
is optimal in (ROS)); [19, Section 5.2]. O

Example 39 (Reduced dual). Assume that max; Ry € Y and E;Y C Y C
for all t. The optimum value of (Dog|) equals that of the reduced dual

minimize Fyy over y € Mﬁ

rD
subject to R; <y, t=0,...,T a.s., (rDos)

where ./\/l{ is the cone of nonnegative martingales y with yr € Y. A pair
(p,y) € VXY solves (Dogl) if and only if pr = y— Evy and the process y; := Euy
solves (rDogl). The following are equivalent

1. x € X, solves (ROS)), y € Y solves (rDogl) and there is no duality gap
2. x€X,, ye MY and
x>0, R <y, ve(Re —y) =0 t=0,...,T,

T T
yr >0, > <1, yr(d a—1) =0
t=0 t=0

almost surely.

In particular, a stopping time T € T solves (OS]), y € M{ solves (rDogl) and
there is no duality gap if and only if Ry < y; for allt and R, = y. almost surely.

Proof. Let y € Y. The first two claims follow from the identity
{yeY|IpeXl: p+R <yVt}={ycV|R, <Ey] vt}
The last claim follows from the second one and Theorem B8 O

We end this section by applying the results of Section [5} Assumption [30]
holds with p = 0 and y = max; R;. Theorems [31] and [38] thus give the following.

Theorem 40. If max; R; € Y, then sup (OS] = sup (ROS) = inf (Dosl), and

0S)) and (ROS) have a solution. In this case, a dual feasible (p,y) solves
Dogs)) if and only if there exists a stopping time T € T with pr + R =y almost

surely.
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6.3 Optimal control

Consider the optimal control problem

T
> L(X,Uy)
t=0
subject to AXt = AtXt—l + BtUt—l + Wt t= 1, e ,T

minimize E over (X,U) eN,

(0C)

where the state X and the control U are processes with values in RY and
RM | respectively, A; and B, are F;-measurable random matrices, W, is an F;-
measurable random vector and the functions L; are convex normal integrands.
The linear constrains in are called the system equations.

The problem fits the general duality framework with z = (X,U), @ =
(Wi){Zy and

T T
f(x,u,w) = Z Lt(Xt, UuUJ) + Z 5{0}(AX75 — At(W)Xt,1 — Bt(w)Ut,1 — Ut).
t=0

t=1

We thus assume that X and U/ are solid decomposable spaces of R(T+D(N+M)_
and RTM_valued random variables, respectively, and that (Wi,...,Wr) € U.
By solidity,

Z/l:U1><~~><Z/lT, u:y1X"'XyT,

where U; and Y; are solid decomposable spaces of R -valued random variables
in separating duality under the bilinear form (u, y:) — E[us-y:]. It follows that

T

(u,y) = ZE[ut Y]

t=1

For simplicity, we assume further that, for all ¢,
X = S x C, Uy = S
V, =8 xC, V=8

where S and C are solid decomposable spaces in separating duality with 8’ and
C’, respectively.
The Lagrangian integrand becomes

lz,y,w) = inf {f(z,u,w)—u-y}

uweR™
T
:ZLt X, Up,w Z AXt Xt 1*Bt( )Ut—l)'yt
t=0 t=1
T
Z Li( Xy, Up,w) + Xt - (Ayer + Af 1 (W)Yes1) + Up - By g (w)yega]-
=0
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The conjugate integrand can be written as
f*(vayaw) = Ssup {1’ U= Z(ZC, y,W)}
zeR™
T
=) Li(ve = (Aysgr + A (W)ys1, Bl (W)yes),w),
t=0
where yry1 :=0, Ary1 := 0 and Br41 :=0.

As soon as dom Ef N (X x U) # 0, Lemma [13| says that the dual problem
can be written as

T T

maximize £ Z Wiy — Z Li(pe — (Ayesr + Al ye1, Bl yer)
t=1 t=0

over (p,y) € X x V.

(Doc)
Theorem [I6] and Corollary [I9] give the following.

Theorem 41. If domEf N (X xU) # O and (OC)) and (Docl|) are feasible,

then the following are equivalent
1. (X,U) solves (OC)), (p,y) solves (Docl|) and there is no duality gap,
2. (X,U) is feasible in (OC)), (p,y) is feasible in (Docl) and, for all ¢,

Pt — (Ayes1 + Aj 1 Yer1, Bipayes1) € OL(Xy, Up),
AXy = A Xy 1+ BU + W,

almost surely.

The optimality conditions in Theorem [41| can be formulated also in the form
of a stochastic maximum principle.

Remark 42 (Maximum principle). The scenariowise KK T-conditions in The-
orem mean that (X,U) satisfies the system equations and that

—(AYt41,0) € Ocx,,u) He(Xe, Us, ys41) — ps, (7)
where
Hy(Xt, Uty yer1) = Lie(Xe, Up) + Yerr - (Aep1 Xy + BeaUp).

This can be written equivalently as

Uy € argmin{Hy( Xy, Uy, yp41) — (Xo, Up) - De s
U,eRM

—Ayiy1 € Ox, Hy( Xy, pt, Yit1),

where

Hy(X¢,pt, Ypy1) = UienﬂgM{Ht(Xt, Ut, Y1) — (X1, Ut) - pi )
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If, for all (X;,Up, 1) € RY x RM x RV,

Ocx, unHe(Xt,Up, yiv1) = Ox, Hy (X, Ug, ypy1) X Ou, He(Xe, Up, ye41),  (8)

this can be written as

Up € argmin{Hy (X, Uy, ye41) — (Xe, Ur) - pe },
UteRJ\/I

—Ayiy1 € Ox, {Hi(Xe, Up,yeg1) — (X4, Up) - pi}
almost surely. Condition holds, in particular, if Ly is of the form
Li(X,U) = LY(X,U) + L; (X) + L} (U),
where LY is differentiable.

Proof. The optimality conditions in Theorem [41| mean that
7(Ayt+170) € aft(Xt’Ut)a (9)

where fi(Xy,Up) := He(Xe, Ug, yi41) — (X, Up) - pr. The first claim thus follows
from [26, Theorem 37.5]. Under (8), condition (9 can be written as

—Ayiy1 € Ox, [e(Xe, Uy),
0 S aUtft(XtaUt)a

which is the second condition. O

Assumption 43. The spaces S’ and C’' are the Kothe duals of S and C,
respectively, and, for all ¢,

A E,S CS and E.C CC,
B AtSQSand BngS

Except for condition B, Assumption 43 holds automatically e.g. in Lebesgue
and Orlicz spaces. Part B holds e.g. if columns of A; and B; belong to L™ or,
alternatively, if C and S are Cartesian products of spaces of finite moments (see
[20, Section 6.1]) and the columns of A; and B; belong to S. By Lemmas
and [4, Assumption [43]implies that, for all ¢,

A" B, S C S8 and EC' CC/,

B A8 CS8 and B,S' CC'.
Moreover, Assumption 43| implies the following.
Lemma 44. Under Assumption

EiAjy] = A{Evwyy  and  Ey[Bfy:| = B; Evyy

forally, € §'.
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Proof. B implies that 1; - A; X;_1 is integrable for all X;_; € S and y; € S'.
Solidity of & implies that if we take X;_ 1 € S and set all but one of its com-
ponents to zero, the resulting vector is still in S. Similarly for &’. Condition
B thus implies that (A}); ;y; € L' for all i,j. The claim now follows from
Lemma O

Remark 45 (Reduced dual). Assume that each Ly is Fi-measurable, each EL;
is proper on S x C and that Assumption [3] holds. Then the optimum value of
the dual problem (Docl) equals that of the reduced dual problem

T T
maximize |y Wiy — > [Li(=Ei(Ayir + Ay, BBl yir))]
t=1

t=0

(TDoc)
A pair (p,y) € X+ x Y solves (Docl), if and only if ®y solves the reduced dual
and

Pt = (Aysr1 + Af 1yt Bipayeet) — Ee(Ayerr + Af Y1, BiaYert)-
The following are equivalent

1. (X,U) solves , y solves (rDocl|) and there is no duality gap,

2. (X,U) is feasible in , y 1s feasible in and, for all t,

EAyi1 + Al Y1, Bl iyes] € 0L(Xy, Uy),
AXt == AtXt71 + BtUtfl + Wt

almost surely.
Proof. Given y € ), the Jensen’s inequality in Theorem [8| gives
T

piEI;(fL E Z Li(ps — (Ayeg1 + Af 1 yev1, Biyer1))
i —t

T
=F Z L:(_Et(AytJrl + A:+1yt+1a Bf+1yt+1))7
t=0

where the infimum is attained by the p given in the statement. The properties
A’ and B’ stated after Assumption [43|imply that the p given in the statement
belongs to X so it attains the infimum above. By Lemma

—Ei(Ayey1 + AjYes1s Biyier) = —Ei(A%Yer + Afy “Yerr, By “Yer),

so y can be chosen adapted without worsening the dual objective. The last
claim follows from the second and Theorem 41l O

The optimality conditions Remark 45| are closely related to (5.20a)—(5.20e)
in [3]. It should be noted however, that in [3], the functions L; depend on Wy 1.
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Remark 46 (Maximum principle in reduced form). The scenariowise optimality
condition in Remark[E5] can be written as

—(EtAyi41,0) € O x,vyHe(Xe, Up, yry1),
where
Hy(Xt, Uy yr1) := Le(Xe, Ut) + E[A{ Y] - Xo + B[ By yesa] - Ut
As in Remark[d2}, this can be written also as

Up € argmin Hy(Xy, Up, Y1),
UtERZM

—Ei Ay € Ox Hy (X4, Y1),

where

Hy(Xt, 1) = UtiélIP{M Hy(Xe,Up, yey1)-
We end this section by an application of Theorem [3I} In optimal control,
Assumption [30] holds under the following.
Assumption 47.
1. is feasible,
2. dom Ef N (X xU) # 0,

3. {(AXV7 U) S N | Ltoo(Xt,Ut) < OAXt = AtXt—l + BtUt—l t= 0, .. T} is a
linear space,

4. there exists a p € X" and an € > 0 such that for all A € (1 —¢,1+¢) there
exist a y € ) such that (Ap,y) is feasible in (Doc)).

Theorems [31] and [A1] give the following.

Theorem 48. Under Assumption [A7] inf (OC)) = sup (Doc)) and (OC) has a
solution. In this case, a dual feasible (p,y) solves (Docl) if and only if there

exists a primal feasible x such that, for all t,

Pt — (Ayer1 + Al 1yer1, Bigiyer1) € OLo( Xy, Uy),
AX; = A X 1+ BUi_1 + W,

almost surely.
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6.4 Problems of Lagrange
Consider the problem

T
minimize EZ Ki(x, Axy) over x € N, (L)
t=0

where x is a process of fixed dimension d, K; are convex normal integrands
and z_; := 0. Problem can be thought of as a discrete-time version of
a problem studied in calculus of variations. Other problem formulations have
Ki(x—1, Axy) instead of Ky(z, Axy) in the objective, or an additional term of
the form Ek(xo,z7), all of which fit the general format of stochastic optimiza-
tion.

This fits the general duality framework with @ = 0 and

T
flz,u,w) = ZKt<$t, Axy + ug,w).
t=0

We thus assume that both X and U are solid decomposable spaces of R(ZT+1d.
valued random variables. For simplicity, we assume that

Xt:Sa Vt:S/a u:X7 y:V7

where S and &’ are solid decomposable spaces in separating duality.
The Lagrangian integrand becomes

lz,y,w) = [Azy -y + Hy(2g, 94, w))]

M 114

[~z - Ay + Hi(xe, yr,w)]

~
Il
=)

where y7ry1 := 0 and
Hy(z,yp,w) = inf {Ki(wp, up,w) —ug - ye}
uERA
is the associated Hamiltonian. The conjugate integrand can be written as

[ (v,y,w) = sup{z - v —I(z,y,w)}
T

= Z K (vt + Aygr, e, w).
t=0

If is feasible, Lemma says that the dual problem can be written as

T

maximize E[- Z K (pi + Ayey1,y;)] over yeV,pe Xt (Dr)
t=0

where yp4q := 0. Theorem [I6] and Corollary [I9] now give the following.
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Theorem 49. If dom Ef N (X xU) # 0 and and (Dr)) are feasible, then
the following are equivalent

1. z solves (L)), (p,y) solves (D) and there is no duality gap,

2. x is feasible in , (p,y) is feasible in (D) and

Pt + Ayt+1 S 8;5Ht(1:t7yt)a
A$t S ay[_Ht](xtayt)a

almost surely.

Note that, by [26] Theorem 37.5], the scenariowise KKT-conditions can be
written equivalently as the discrete-time stochastic Euler—-Lagrange equations

(pt + Ayit1,yr) € OKy(zy, Ay) (10)
or
(¢, Amy) € OKT (pe + Ayegr, )
Assumption 50. The space S’ is the Koéthe dual of S and E;S C S for all ¢.
By Lemma [3] Assumption [50] implies that E;S’ C S’ for all ¢.

Remark 51 (Reduced dual). Consider Theorem[49] and assume that, for all t,
K is Fi-measurable and EKy is proper on S xS and that Assumption[50] holds.
Then the optimum value of the dual problem equals that of the reduced
dual problem

T
maximize E[- Z K[ (EAyiy1,y.)] over y € V,. (rDp)
t=0

A pair (p,y) solves (Dy) if and only if *y solves (rDyr)) and py = E;Ayi1 —
Ayiy1. The following are equivalent

1. x solves , y solves and there is no duality gap,
2. x is feasible in , y 1s feasible in and
EiAyii1 € 0. Hy (24, yr),
Az € Oy[—Hi|(z¢, Y1),
almost surely.

Proof. Given y € Y, the Jensen’s inequality in Theorem [§] gives

T T

ieg(f; E[Z Ki (pe + Ayrv1, )] = E[Z K (EtAyii1, Eyyr)],
PESa 4= =0

where the infimum is attained by p; = FtAyir1 — Ayiq1. This proves the first
two claims. The last one follows from the second and Theorem O
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Remark 52. Anyy € Y, has the Doob decomposition
Yt = my + ay,
where m is a martingale and a; is Fy_1-measurable. Indeed, let Aa; := Ey_ 1Ay,

ag =0, Amy := Ay, — Aay and mg := yo. The reduced dual problem in (rDp)
can be written as

T

maximize E[- ZK;‘(AaHl,mt +ay)] over (m,a) € MY x Y,
t=0

subject to a € Fy_1,t=1,...,T,a0 =0,

where MY is the set of martingales and Y, the predictable processes in ).
Example 53 (Optimal stopping). The relazed optimal stopping problem
T

maxij\r}lize EZRtAxt subject to Az >0, zr <1 a.s. (ROS)

TN+ t=0
from Section[6.9 can be written as a problem of Lagrange with d =1 and

Ky(zy,uy) = —Ryuy + 0r_ (2 — 1) + Or, (ur)-

We get
K{(vi,y0) = sup {wy v +up -y — Ki(ze,ug) }
T, u €ER
= sup {x¢ v+ us-yr + Reue |2 <1, up >0}
T, ur €R

) ifvy >0 and Ry + 1y, <0,
| +oo  otherwise

so the reduced dual becomes

maximize FEyg over y € Y,
subject to  E:[Ayiy1] > 0,
Ry +y: <0,

or with the change of variables S := —y,

minimize ESy over Se),
subject to E\[AS;441] <0,
R; < S;.

Thus, feasible dual solutions are supermartingales that dominate the reward pro-
cess R.
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The Hamiltonian can be written as
Hy(z,y) = sup{uy — Ki¢(z,us) }
ueR
400 if xy > 0,
0 ifxy <1 and Ry +1y; <0,

—o0  otherwise

so the optimality conditions become

EtAyt—i-l S NR_ (;Et — 1)
Azy € Nr_(Ri +yq)-

This implies that is Az, nonzero only when Ry = —y; and EyAyyq1 is nonzero
only when x; = 1.

We end this section by an application of Theorem
Assumption 54.

1. (L) is feasible,

2. dom Ef N (X xU) # 0,

3. {zeN| ZtT:O K (z¢, Azy) < 0} is a linear space,

4. there exists a p € X" and an € > 0 such that for all A € (1 —¢,1+¢) there
exist a y € ) such that (Ap,y) is feasible in (Dp)).

Assumption [54] implies Assumption [30] so Theorems [31] and [9] give the fol-
lowing.

Theorem 55. Under Assumption inf (Z) = sup (D) and (OC) has a
solution. In this case, a dual feasible (p,y) solves (Dr) if and only if there
exists a primal feasible x such that, for all t,

Pt + Ayip1 € 0o He(xe,44),
Amt S ay[_Ht](mhyt)?

almost surely.

6.5 Financial mathematics

Let s = (s¢)_, be an adapted R”-valued stochastic process describing the unit
prices of a finite set J of perfectly liquid tradeable assets. Assume also that
there is a finite set K of derivative assets that can be bought or sold at time
t = 0 and that provide random payments C? € L°, j € K at time t = T.
We denote C' = (C79)cx. The cost of buying a derivative portfolio x_; € R¥
at the best available market prices is denoted by Sp(z_1). Such a function is
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convex and lsc with Sp(0) = 0. For example, if the buying and selling prices
of the derivative assets are given by vectors s®* € R¥ and s* € RX of bid-
and ask-prices, respectively, and if we assume that one can buy and sell infinite
quantities at these prices, then

So(r_1)= sup z_p-s,
s€[sb,s9]

where [s, %] denotes the K-dimensional box defined by s® and s®. If the bid and
ask prices come with finite quantities given by vectors ¢ € RX and ¢* € RX,
respectively, then

So(x_1)= sup x_1-5+0_g ga)(T_1)-

s€[sb,sa]

Similarly, one can express trading costs given by general limit order books by
convex functions; see e.g. [12] [14].

Consider the problem of finding a dynamic trading strategy x = (z4)L, in
the liquid assets J and a static portfolio x_1 in the derivatives K so that their
combined revenue provides the “best hedge” against the financial liability of
delivering a random amount ¢ € L° of cash at time 7. If we assume that cash
(or another numeraire asset) is a perfectly liquid asset that can be lent and
borrowed at zero interest rate, the problem can be written as

T-1

minimize EV <c — Z Tt Asgr1 —C-x_1 + So(x_1)> over =€ N,z_; € RX,

t=0
subject to zweDy t=0,....,T—1a.s.,

(SSH)
where V' is a random “loss function” on R and D; is a random F;-measurable
set describing possible portfolio constraints. More precisely, the function V is a
convex normal integrand such that V(-,w) nondecreasing and nonconstant for
all w. We will assume Dy = {0}, which means that all positions have to be
closed at the terminal date. Note that nondecreasing convex loss functions V'
are in one-to-one correspondence with nondecreasing concave utility functions
U via V(c) = =U(—c); see e.g. [8 Section 8.2].

The special case where there are no statically held derivative assets, i.e. K =
(), has been extensively studied in the literature of financial mathematics; see
e.g. [24] its references. In the literature on “model-independent” mathematical
finance, problems of finding both the dynamically updated portfolio = and the
static part x_; are often referred to as “semi-static hedging”; see e.g. [I]. One
should note, however, that problem is based on the assumption that one
can buy and sell arbitrary quantities of the assets J at prices given by s. It
also assumes that one can lend and borrow arbitrary amounts of cash at zero
interest rate. Under these assumptions, the random variable ¢ can be thought
of as the difference of the claim to be hedged and the initial wealth and the
sum in the objective can be interpreted as the proceeds from trading the assets
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J over the period [0,T]. More realistic models for dynamic trading have been
analyzed in [12], 14} [17].

As soon as ¢ € U, problem fits the general duality framework with
the time index running from —1 to T — 1, F_1 = {Q,0}, @ = c and f is given
by

T-1 T—1
flz,u,w) =V <u - Z 2t - Aspyr(w) — Clw) - z—1 + So(acl),w> +Z Op, (w) (2t,w)
t=0 t=0

if z_; € dom Sy and f(z,u,w) := oo otherwise. By [I7, Lemma 16], f is a
normal integrand since our assumptions on V imply V*°(¢,w) > 0 for ¢ > 0.
The Lagrangian integrand becomes

l(x,y,w) = ulIgl]%{f(l‘,’U,,u)) - uQ}

T-1 T
=y l50($_1) — C(w) cXr_q — Z Tt - Ast+1(w) — V*(y,w) -+ ZéDt(w)(xt).
t=0 t=0

Here and in what follows, we define Sy := dc1dom s, if ¥ = 0. The conjugate of
f becomes

f*(vava) = Sup {x U= l(mvyv("J)}

zcR"
T—-1
=V (y,w) + Y 0p,w) (v + yAse1(w) + sup {z1 - (v1 +yC(w)) — ySo(z—1)}
t=0 z-1€RK
T-1
=V*(4,w) + Y 00, w) (Ve + yAse1(w)) + (¥S0) " (v-1 + yC(w)).
t=0

It is natural to assume that Sp(0) = 0 and 0 € D; almost surely for all ¢. If
EV is proper on U, Lemma [13| then says that the dual problem can be written
as

T—1

maximize cy —V*(y) ;0 op,(pr + yAsii1) — (¥So0)"(p-1 +yC)
(BSSH)

Theorem 56. If (SSH|) and (Dssul|) are feasible, then the following are equiv-

alent

1. z solves (SSH)), (p,y) solves (Dssnl) and there is no duality gap.
2. x is feasible in (SSH)), (p,y) is feasible in (Dssul) and

T-1
y €OV (u— Z 2tAsgr1 — C 21+ So(x_1)),
t=0

pt+yASt+leNDt<xt) t:07"'7T7
p—1+yC € (ySo)(r_1)

almost surely.
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Proof. By Theorem [I6]and Corollary [19]it suffices to show that the scenariowise
optimality conditions

p € O l(z,y), uedy[-l(zx,y) as.

can be written as the scenariowise conditions given above. By the sum-rule of
subdifferentiation [26], Theorem 23.8], the first condition gives the last two in
the statement while the second condition becomes

T-1

So(x—1) — C(w) -x_1 — Z xt - Aspy1(w) € V™ (y).

t=0

By [26, Corollary 23.5.1], (9V*)~! = 9V so this becomes the first condition
above. O

Under the following assumption, the dual problem (Dggspl) can be written
in a reduced form where the shadow price of information p has been optimized
for a each given y.

Assumption 57. X = L>®, V = L', Y is the Kothe dual of ¢/ and, for all ¢,
A B UCU,
B A8t+1 eu.

If part B holds, Assumption [57] holds, e.g., in Lebesgue and Orlicz spaces;
see the examples in Section 2.I] By Lemmas [3] and [, Assumption implies
that, for all ¢,

A/ Ety g y7
B’ yAs;y, € Lt for all y € Y.

Remark 58 (Reduced dual). Under Assumption the optimum value of
(Dssu|) equals that of the reduced dual problem

ma;{érjrjlize E|lcy—V*(y) — z_: op, (E[yAsii1]) — (Ely]So)" (E[yC]) | -
t=0

(rDssu)
A pair (p,y) solves (Dssnl) if and only if y solves (rDssnl) and

ElyC]
Ely]

po1 = y—yC and p; = Ei[yAsi1] —yAsiy t=0,...,T—1,

where the fraction is interpreted as 0 if E[y] = 0. The following are equivalent

1. = solves (SSH)), y solves (rDgssul|) and there is no duality gap,
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2. x is feasible in (SSH)|), y is feasible in (rDssgl) and

T—1
y €IV (u— Z 2¢Aspy1 — C 21 + Sp(x_1)),
t=0
Et[yASt+1] < NDt(.’IJt) t= 0,...,,1—‘7

’j;“fj]y € O(ySo) (1)

almost surely. Again, the fraction is interpreted as 0 if E[y] =0

Proof. Given y € Y, the Jensen’s inequality in Theorem [§ gives

T-1 T-1
inf F o +yAs + (ySo)*(p_1 +yC)| = F
k) tz:; D, (Pt + yAsey1) + (¥S0)* (p-1 +yC) 2

where the infimum is attained by the p given in the statement. Indeed, if
Ely] # 0, this choice gives, by sublinearity,

(150)" (p-1 +yC) = (¥50)"(

(Y "y
Y

- m(E[y}So)*(E[yCD-

If Ely] = 0 then y = 0 almost surely and (p,y) = (0,0) is feasible in (Dsgnl
and gives the same objective value. This proves the first two claims. The third

follows from the second and Theorem [56 O

If the optimality conditions were satisfied with y = 0, the first condition
would imply

T—1
u— Z 24 ASi1 — C a2y + Sp(x_1) € argminV  a.s.,
=0

which would mean that x achieves a perfect hedge in terms of the loss function
V. This is impossible e.g. if V' is strictly increasing. In this case y > 0 almost
surely and the scenariowise optimality conditions above can be written as

dQ T-1
)\ﬁ €0V (u— ; 24 ASi1 — C 21 + Sp(x_1)),

EP[As;1] € Np,(z,) t=0,...,T,
EQ[C] € 850(':6—1)7
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where A = E[y] and @Q is the probability measure defined by dQ/dP = y/E]y].
If Sy is sublinear, the reduced dual can be written as

T—1

ma;%r)r}ize E|lcy—V*(y) — Z op, (Et[yAsii1])
t=0

subject to E[yC] € Ely]dom S,

where the set E[y]domS§ is interpreted as the recession cone of domSj if
Ely] = 0. If E[y] # 0, the constraint means that

E9C € dom S.

The constraint in the dual thus requires that the measure Q be “calibrated” to
the observed market prices of the claims C. For example, if infinite quantities
are available to buy and sell at prices s* € RX and s® € RX, respectively, then

So(r_1)= sup w_i-s
s€[sb,s4]

and the constraint becomes EQC € [s°, s%].
It turns out that, in the absence of portfolio constraints, the linearity con-
dition in Assumption [30] becomes the classical no-arbitrage condition

T—1 T—1
zeN, Z Ty - Asppq1 >0 a.s. = Z - Aspp1 =0 a.s; (NA)
t=0 t=0

see [I9] Section 5.5]. The second condition in Assumptionholds, in particular,
if there exists a martingale measure Q < P such that

dQ/dP € Y Ndom EV*,

V is deterministic such that either

) V'(u) .. uV(w)
1 1 1 f
ot V) T B VW)

> 1;

)

see [19, Remark 53]. More generally, Assurnptionis implied by the following.
Assumption 59. There are no portfolio constraints and

1. the set

T-1
L={zeN|SF@a_1)—2_1-C— Z T Asip1 <0, zp € DP° Vi)

t=0
is a linear space,

2. there exists y feasible in the reduced dual (rDgsgl) and € such that Ay €
dom EV* for all A € (1 —¢,1 +¢).
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Theorem 60. Under Assumption @ is closed and the infimum in its defini-
tion is attained for every (z,u) € X xU. In particular, inf (SSHJ|) = sup (Dss )
and (SSH) has a solution. In this case, a dual feasible (p,y) solves (Dssn|) if

and only if there is a primal feasible x such that
T—1
y € IV (u— Z 2¢Aspp1 — C 21 + So(x-1)),
t=0
pt+yASt+1ENDt(.’IIt) tZO,...,T,
p-1+yC € 9(ySo)(z-1)

almost surely.

Proof. By [26], Theorem 9.3] and [I1, Theorem 7.3],

T-1 T—1
foo(x’uvw) =V= <u - Z Tt - ASH‘l(w) - C(w) TT_1+ Sgo(x—l)’w>+z 5Dt°°(w)(1't,w).
t=0 t=0

Since V is nonconstant and nondecreasing,
{ceR|V™®() <0} =R_

so the linearity condition in Assumption [59] implies the one in Assumption [30]
For y from Assumption [59] p defined by

E[yC
p-1:= lgy[y]]y —yC and py = EyfyAspp1] —yAsgr t=0,...,T -1,

satisfies Assumption Thus the claims follow from Theorems [31| and O
Given a convex function g on R", the set
ling = {zeR"|g>™(x) = —g>(-2)}
is called the lineality space of g.

Example 61 (Robust no-arbitrage condition). Assume that there are no port-
folio constraints and that there exists a cost function Sy such that

So(z,w) < S°(x,w) Yz e RE,
So(z,w) < S§°(x,w) Va ¢ lin Sp(-,w)

and the market model described by Sy and s satisfies the no-arbitrage condition

cn LY ={o}, (11)
where
T—1
C:={ceU|3x)eN: Z zr-Asgyr+x1-c—So(z_1) > ¢ as.}).
t=0

Then the linearity condition in Assumption holds. A wviolation of would
mean that there is a trading strategy x that superhedges a nonzero nonnegative
claim c.
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Proof. If the linearity condition fails, there is a € £ such that

T—1
S (—z—1)+x_1-C+ Z xiAsirq >0
=0

on aset A € F with P(A) > 0. It suffices to show that z is an arbitrage strategy
for Sp. Since z € £, and Sy < S§°, we have

T-1

30(33_1) —X_1 - C - Z .Z‘tASt_;,_l S 0.
t=0

If z_1 ¢ linSp, then Sy(z) < S§°(x) and the inequality is strict so = is an
arbitrage strategy. If x_; € lin Sy, then Sp(x_1) < S§°(z_1) = =S§°(—x_1) so

T-1 T-1

So(zx—1) —x_1-C — Z A1 < =S5 (—x_1) —x_1 - C — Z TtASi1 <0
t=0 t=0

on A so z is an arbitrage strategy in this case too. O

7 Appendix

Given extended real-valued random variables & and &3, their pointwise sum
&5+ &5 is well-defined by the usual algebraic operations of the extended real-line
R except when one of them takes the value +oo and the other one —oco. In this
exceptional case, we define the sum as +oc.

The proofs of the following two lemmas can be found in [19].

Lemma 62. Given extended real-valued random variables &1 and &, we have
E[61 + & = El&] + El&]
under any of the following:
1. &6 e LY or 7,65 € LY.
2. & €LY or& e LY,
3. & or &y is {0, +o0}-valued.
Lemma 63. Let & and & be extended real-valued random variables.

1. If & and & are quasi-integrable and satisfy any of the conditions in
Lemma[6, then & + & is quasi-integrable and

E96 + &) = EY[6] + ET[%).
2. If & and (£1&2) are quasi-integrable, and & is G-measurable, then
E961&] = GBI,
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