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Abstract

Identifiability, and the closely related idea of partial smoothness, unify
classical active set methods and more general notions of solution structure.
Diverse optimization algorithms generate iterates in discrete time that are
eventually confined to identifiable sets. We present two fresh perspectives
on identifiability. The first distills the notion to a simple metric property,
applicable not just in Euclidean settings but to optimization over manifolds
and beyond; the second reveals analogous continuous-time behavior for sub-
gradient descent curves. The Kurdya- Lojasiewicz property typically governs
convergence in both discrete and continuous time: we explore its interplay
with identifiability.
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1 Introduction

Contemporary large-scale optimization problems involve notions of structure, such
as sparsity and rank, that have prompted a re-examination of classical active-set
philosophy. Early generalizations and terminology such as [17, 19, 29, 42] motivated
the idea of an identifiable set for an objective function f over Euclidean space [26,
Definition 3.10].
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Figure 1: Subgradient curves for the objective 5|x2 − x2
1|+ x2

1.

As a simple illustration, consider the nonsmooth nonconvex function on R2 de-
fined by

(1.1) f(x) = 5|x2 − x2
1|+ x2

1.

We describe the set
M = {x : x2 = x2

1}.
as identifiable at the minimizer x̄ = 0 because, clearly, no sequence of points xk

approaching x̄ from outside M can have subgradients yk ∈ ∂f(xk) approaching
zero. In great generality, proximal-type optimization algorithms generate convergent
iterates with corresponding subgradients approaching zero, and hence identify some
associated structure. Examples include [35,36].

In the search for illuminating themes in our understanding of iterative opti-
mization algorithms, one appealing approach, pioneered in works like [3, 5], focuses
on simple continuous-time analogues. The same identification behavior illustrated
above in discrete time also manifests itself in continuous time. In the example,
locally absolutely continuous curves x : R+ → Rn satisfying

x′(t) ∈ −∂f
(
x(t)

)
for almost all times t > 0

(following standard variational-analytic terminology [41]) always converge to x̄ and
are eventually confined toM. Figure 1 plots two random examples of these subgra-
dient curves.

We pursue here three main themes around the idea of identifiability. First,
we redefine the idea in purely metric terms, highlighting both its simplicity and
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its applicability to more general settings like optimization over manifolds [1, 14].
Secondly, in the Euclidean setting, where the usual subgradient-based definition
is equivalent, and closely related to partial smoothness [32], we demonstrate quite
generally that subgradient curves are eventually confined to identifiable manifolds.
Thirdly, motivated by the crucial role of the “Kurdyka- Lojasiewicz property” in the
convergence of optimization algorithms and dynamics [4, 8, 10, 12], including those
in metric-space settings [30], we show how the KL property is controlled entirely
by the behavior of the objective restricted to any identifiable set. In generic semi-
algebraic and more general concrete optimization problems [9,25], local minimizers
lie on identifiable manifolds, on which the objective function is analytic, making the
KL property particularly transparent.

2 Identifiability in metric spaces

Our setting is a complete metric space (X, d), a function f : X → (−∞,+∞] that
we assume to be closed, or equivalently, lower semicontinuous, and a point x̄ in the
domain

dom f = {x : f(x) < +∞}.
We will primarily be interested in x̄ that are local minimizers, but we first consider
the following weaker property: for some constant δ > 0,

x̄ locally minimizes f + δd(·, x̄).

Following [22], the infimum of those δ > 0 for which the property holds is called
the slope, and denoted |∇f |(x̄). The notation is suggestive of the case of a smooth
function on a Euclidean space, when |∇f |(x) = |∇f(x)|. At points outside the
domain, the slope is +∞.

Our development relies on the following key property of the slope, which in this
form may be found in [43, Theorem 1.4.1], for example.

Theorem 2.1 (Ekeland Variational Principle [28]) If the closed function f is
bounded below, then for any value ε > 0 and point x ∈ dom f , there exists a point v
satisfying

f(v) + εd(v, x) ≤ f(x) and |∇f |(v) ≤ ε.

If the point x̄ is a local minimizer, then the slope there is zero: |∇f |(x̄) = 0.
The latter property is clearly weaker: for example, on R, the function f(x) = −x2

has slope zero at the point zero, which is not a local minimizer. Weaker still is the
property of being a critical point, which we define next.

Definition 2.2 A critical sequence for a function f is a sequence of points (xr)
converging to a point x̄ ∈ dom f such that f(xr)→ f(x̄) and |∇f |(xr)→ 0. In that
case x̄ is called the corresponding critical point.
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For example, on R2, the function f(u, v) = min{|u| − v, 0} has slope 1 at the point
(0, 0), but that point is critical, because the local minimizers (1

r
, 0) form a critical

sequence.
The structure of concrete objective functions around a critical point often re-

stricts the possible corresponding critical sequences. Many optimization algorithms
generate critical sequences, thereby “identifying” this structure. This observation
motivates our key idea and terminology.

Definition 2.3 An identifiable set for a point x̄ ∈ dom f is a closed setM contain-
ing x̄ whose complement contains no critical sequence, or equivalently, such that the
modulus of identifiability

(2.4) lim inf
x→x̄, x6∈M
f(x)→f(x̄)

|∇f |(x)

is strictly positive.

If the point x̄ is not critical, then every closed set containing x̄ is identifiable. Our
interest in identifiable sets therefore focuses on critical points. To take an example,
the function f(u, v) = |u|+ v2 has slope

|∇f |(u, v) =

{ √
1 + 4v2 (u 6= 0)

2v (u = 0).

The setM = {(u, v) : u = 0} is identifiable for the minimizer zero, and the modulus
of identifiability is 1. More generally, we have the following classical example.

Example 2.5 (Max functions) Consider smooth functions fi : Rn → R, for i =
1, 2, . . . , k, and define

f(x) = max
i
fi(x) (x ∈ Rn).

Denote byM the set of points x where the values fi(x) are all equal. Suppose that,
at some point x̄ ∈ M, the gradients ∇fi(x̄) are affine-independent, and contain
zero in the relative interior of their convex hull G. Then f has zero slope at x̄.
Furthermore, the set M is identifiable for x̄, and the modulus of identifiability is
the distance from zero to the relative boundary of G.

We can now state our central tool for using identifiability to study growth con-
ditions. Loosely speaking, near a local minimizer x̄ (or more generally a slope-
zero point), as we leave an identifiable set M, the function f grows at a linear
rate governed by the modulus of identifiability. Precursors include [32, Proposition
2.10] [21, Theorem D.2]. Striking here, however, is that this result does not rely
on manifolds, subgradients, Euclidean structure, or even nearest-point projections.
This simple metric space setting instead reveals the close connection to the Ekeland
principle. A precise statement follows.
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Theorem 2.6 (Linear growth) Suppose that a closed function f has slope zero
at a point x̄, and consider any identifiable set M and any nonnegative constant
ε strictly less than the modulus of identifiability. Then for any sequence of points
xr → x̄ satisfying f(xr) → f(x̄), there exists a sequence of points vr → x̄ in M
satisfying f(vr)→ f(x̄) and

f(vr) + εd(vr, xr) ≤ f(xr) for all large r.

Proof Denote the modulus of identifiability by σ. It suffices to prove the result
when 0 < ε < σ, since the case ε = 0 then follows.

Suppose first that x̄ is a local minimizer. By redefining f to take the value +∞
outside a closed ball centered at the local minimizer x̄, we can assume that x̄ is a
global minimizer, and so f is bounded below. Applying the Ekeland principle to
each point xr ensures the existence of points vr ∈ X satisfying |∇f |(vr) ≤ ε and

εd(vr, xr) ≤ f(xr)− f(vr) ≤ f(xr)− f(x̄) → 0.

We deduce vr → x̄ and f(vr)→ f(x̄), so our assumption about ε ensures vr ∈M for
all r larger than some r̄. Redefining vr = x̄ for all r ≤ r̄ gives the desired sequence.

Now consider the more general case where |∇f |(x̄) = 0. Fix any constant δ > 0
satisfying 2δ < σ−ε. The point x̄ is a local minimizer of the function f̃ = f+δd(., x̄),
and furthermore the following inequalities hold:

|∇f̃ |(x) ≥ |∇f |(x)− δ ≥ σ − δ
for all points x near x̄, outside the setM, and with f(x) near f(x̄), or equivalently,
with f̃(x) near f̃(x̄). Consequently, the setM is also identifiable for the function f̃ ,
with modulus σ − δ > ε+ δ.

We can now apply the result proved by the first argument, using the function f̃
in place of the function f and constant ε + δ in place of ε. We deduce that there
exists a sequence of points vr → x̄ in M satisfying f̃(vr)→ f̃(x̄) and

f̃(vr) + (ε+ δ)d(vr, xr) ≤ f̃(xr) for all large r.

Consequently f(vr)→ f(x̄), and for all large r we have

f(vr) + δd(vr, x̄) + (ε+ δ)d(vr, xr) ≤ f(xr) + δd(xr, x̄).

Our conclusion follows by the triangle inequality. 2

The generality of the metric space framework for Theorem 2.6 results only in the
existence of the “shadow” sequence vr. If X is in fact a Euclidean space andM is a
C(2)-smooth manifold on which f is C(2)-smooth, then we can be more descriptive:
according to [21, Theorem D.2], for sufficiently small ε we can take vr to be the
nearest-point projection projM(xr).

The zero slope assumption in Theorem 2.6 cannot be relaxed to criticality. For
example, the function f(x) = min{0, x} for x ∈ R has a critical point x̄ = 0 for
which the set M = R+ is identifiable, but the result fails for the sequence xr = 1

r
.
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Optimality conditions

We next derive some simple consequences of the linear growth result for optimality
conditions. In the case of Example 2.5, these reduce to classical active-set results.

Corollary 2.7 (Sufficient condition for optimality) Suppose that a closed
function f has slope zero at a point x̄, and consider any identifiable set M. Then x̄
is a local minimizer if and only if it is a local minimizer relative to M.

Proof Suppose that x̄ is not a local minimizer, so there exists a sequence xr → x̄
such that f(xr) < f(x̄). Lower semicontinuity implies f(xr) → f(x̄), so using
Theorem 2.6, we deduce the existence of a constant ε > 0 and a sequence of points
vr → x̄ in M satisfying, for all large r,

f(vr) ≤ f(vr) + εd(vr, xr) ≤ f(xr) < f(x̄),

so x̄ is not a local minimizer relative to M. The converse is trivial. 2

The next result is very similar.

Corollary 2.8 (Sufficient condition for strict optimality) Suppose that a
closed function f has slope zero at a point x̄, and consider any identifiable set M.
Then x̄ is a strict local minimizer if and only if it is a strict local minimizer relative
to M.

Proof Suppose that x̄ is not a strict local minimizer, so there exists a sequence
xr → x̄ such that xr 6= x̄ and f(xr) ≤ f(x̄). Lower semicontinuity implies f(xr)→
f(x̄), so using Theorem 2.6, we deduce the existence of a constant ε > 0 and a
sequence of points vr → x̄ in M satisfying, for all large r,

f(vr) + εd(vr, xr) ≤ f(xr) ≤ f(x̄).

For any such f , if vr = x̄, we deduce

f(x̄) + εd(x̄, xr) ≤ f(x̄),

giving the contradiction xr = x̄. The converse is trivial. 2

As a further illustration along classical lines, we show that quadratic growth
rates are determined by the growth rate on any identifiable set.

Corollary 2.9 (Quadratic growth) Suppose that a closed function f has slope
zero at a point x̄, and consider any identifiable setM. Then f has quadratic growth
around x̄ if and only if it has quadratic growth around x̄ relative to M. Indeed, the
two growth rates are identical:

lim inf
x→x̄
x 6=x̄

f(x)− f(x̄)

d(x, x̄)2
= lim inf

x→x̄, x∈M
x 6=x̄

f(x)− f(x̄)

d(x, x̄)2
.
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Proof Denote the left-hand and right-hand sides by α and β respectively. Clearly
α ≤ β. Suppose in fact α < β. Choose any value γ in the interval (α, β). Since
γ > α there is a sequence of points xr → x̄ satisfying

f(xr)− f(x̄) < γd(xr, x̄)2.

In particular, we deduce f(xr) → f(x̄). By our linear growth result, Theorem 2.6,
there exists a constant ε > 0 and a sequence of points vr → x̄ in M satisfying

f(vr) + εd(vr, xr) ≤ f(xr) for all large r.

This guarantees vr 6= x̄ for all large r, since otherwise we arrive at the contradiction

f(x̄) + εd(x̄, xr) ≤ f(x̄) + γd(xr, x̄)2.

Since γ < β, for all large r we must have

γd(vr, x̄)2 < f(vr)− f(x̄) ≤ f(xr)− εd(vr, xr)− f(x̄)

< γd(xr, x̄)2 − εd(vr, xr) ≤ γ
(
d(vr, x̄) + d(vr, xr)

)2 − εd(vr, xr).

We deduce the inequality

0 < d(vr, xr)
(
2d(vr, x̄) + d(vr, xr)− ε

)
which is impossible for r sufficiently large. 2

In Section 3, we prove an analogous result for a growth condition fundamental to
convergence analysis for optimization algorithms.

Proximal points

A canonical identification procedure is the classical proximal operator associated
with any convex (or prox-regular) function f on Rn:

x 7→ argmin{f + α| · −x|2}.

See [34, Proposition 4.5], for example. We next discuss this relationship from a
purely metric perspective.

To set the stage, given a closed function f on a metric space (X, d), we consider
a property somewhat stronger than the slope-zero condition.

For some constant ᾱ, the point x̄ minimizes the function f + ᾱd(·, x̄)2.

This property clearly holds if x̄ is a minimizer, and implies |∇f |(x̄) = 0. In fact,
when the space X is Euclidean and f is “prox-regular” (convex or C(2)-smooth,
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for example) and bounded below by a quadratic, this property is equivalent to
|∇f |(x̄) = 0. In general, however, the property is stronger than slope-zero: for

example, the real function f(x) = −|x| 32 has slope zero at the point x̄ = 0 but the
property fails there.

The following simple tool is useful.

Lemma 2.10 For a closed function f , given any point x ∈ dom f and constant
α ≥ 0, if y minimizes f + αd(·, x)2, then |∇f |(y) ≤ 2αd(y, x).

Proof There is nothing to prove if y minimizes f . Otherwise, we have

|∇f |(y) = lim sup
y 6=z→y

f(y)− f(z)

d(y, z)
≤ lim sup

y 6=z→y

αd(z, x)2 − αd(y, x)2

d(y, z)

= lim sup
y 6=z→y

α
(
d(z, x)− d(y, x)

)(
d(z, x) + d(y, x)

)
d(y, z)

≤ lim sup
y 6=z→y

α
(
d(z, x) + d(y, x)

)
= 2αd(y, x),

as required. 2

We now show how the proximal operator, when defined, allows us to construct
critical sequences in identifiable sets.

Proposition 2.11 (Proximal sequences are critical) For a closed function f
and a constant ᾱ, suppose that the point x̄ minimizes the function f + ᾱd(·, x̄)2.
Suppose that a sequence of points xr → x̄ satisfies f(xr) → f(x̄). Consider any
constant α > ᾱ. Then any sequence of points (yr) satisfying

yr minimizes f + αd(·, xr)2 for r = 1, 2, 3, . . .

is critical:

yr → x̄, f(yr)→ f(x̄), and |∇f |(yr)→ 0.

Consequently, if the set M is identifiable for x̄, then yr ∈M for all large r.

Proof We have

f(xr)− f(x̄) ≥ f(yr) + αd(yr, xr)
2 − f(x̄)

≥ αd(yr, xr)
2 − ᾱd(yr, x̄)2

≥ αd(yr, xr)
2 − ᾱ

(
d(yr, xr) + d(xr, x̄)

)2

≥ (α− ᾱ)d(yr, xr)
2 − 2ᾱd(yr, xr)d(xr, x̄)− ᾱd(xr, x̄)2.
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Rearranging gives

f(xr)− f(x̄) +
αᾱ

α− ᾱ
d(xr, x̄)2 ≥ (α− ᾱ)

(
d(yr, xr)−

ᾱ

α− ᾱ
d(xr, x̄)

)2

.

Since the left-hand side converges to zero, so does the right-hand side, so we deduce
d(yr, xr)→ 0, and hence yr → x̄.

Since the function f is closed, we know lim inf f(yr) ≥ f(x̄). But since

f(yr) + αd(yr, xr)
2 ≤ f(xr)

for each r, we also know lim sup f(yr) ≤ f(x̄), so f(yr) → f(x̄). Finally, by
Lemma 2.10,

|∇f |(yr) ≤ 2αd(yr, xr) → 0,

completing the proof. 2

We emphasize that the proximal points yr assumed in the result are not guaranteed
to exist in general, unless the metric space X is proper, meaning that closed bounded
sets are compact.

Minimal identifiable sets

Identifiable sets for a point x̄ are not usually unique: any superset of an identifiable
set is also identifiable. Identifiable sets always exist, since in particular any closed
neighborhood of x̄ is identifiable. Furthermore, finite intersections of identifiable
sets are identifiable. Consequently, identifiability at x̄ is a local property: if a set is
identifiable, so is its intersection with any closed neighborhood of x̄. Since smaller
identifiable sets are more informative tools than larger ones, most interesting are
identifiable setsM that are locally minimal, in the sense that any other identifiable
set must contain M locally.

Unfortunately, in general there may exist no locally minimal identifiable set. For
example, the continuous convex function f(u, v) =

√
u2 + v4 has slope zero at its

minimizer (0, 0), and elsewhere we have

|∇f |(u, v) =

√
u2 + 4v6

u2 + v4
for (u, v) 6= (0, 0).

Consider any constant α > 0. Close to zero and outside the set

Mα = {(u, v) : |u| ≤ αv2},

the slope is bounded below by α2

1+α2 > 0, so the sets Mα are all identifiable. These
sets shrink to the set M0 as α ↓ 0. However, M0 is not identifiable, because the
sequence (k−3, k−1) for k = 1, 2, 3, . . . approaches zero from outside M0 and yet
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the slope at these points converges to zero. Thus no locally minimal identifiable
set exists. In the Euclidean setting, X = Rn, we can guarantee the existence of a
locally minimal identifiable set using the property of partial smoothness, a topic to
which we return later. For a related discussion, see [26].

Identifiability via subgradients

More robust than the slope is the limiting slope of f at a point x ∈ X:

|∇f |(x) = lim inf
z→x

f(z)→f(x)

|∇f |(z).

With this terminology, critical points are exactly those where the limiting slope is
zero. The limiting slope also leads to an equivalent definition.

Proposition 2.12 A closed set M is identifiable for a point x̄ ∈ dom f if and only
if x̄ ∈ M and no sequence (xr) outside M can satisfy xr → x̄, f(xr) → f(x̄), and
|∇f |(xr)→ 0.

Proof If xr 6∈ M satisfies xr → x̄, f(xr) → f(x̄) and |∇f |(xr) → 0, then the
limiting slopes |∇f |(xr) ≤ |∇f |(xr) also converge to zero. Conversely, if xr 6∈ M
satisfies xr → x̄, f(xr) → f(x̄) and |∇f |(xr) → 0, then using the definition of the
limiting slope and the fact that M is closed, for each r = 1, 2, 3, . . . we can choose
x′r 6∈ M satisfying d(xr, x

′
r) <

1
r

(implying x′r → x̄), |f(xr) − f(x′r)| < 1
r

(implying

f(x′r)→ f(x̄)), and |∇f |(x′r) ≤ 2|∇f |(xr)→ 0. 2

In the Euclidean case, we deduce the equivalence of this new definition of identifia-
bility with the original version [26, Definition 3.10]. We follow standard variational-
analytic terminology [41] throughout: in particular, ∂f denotes the usual subdiffer-
ential.

Theorem 2.13 (Identifiability via subgradients) Consider a closed proper
function f : Rn → R and a point x̄ ∈ dom f . Then a closed set M containing
x̄ is identifiable there if and only if there exists no sequence (xr) outside M con-
verging to x̄ with f(xr) → f(x̄) and with subgradients yr ∈ ∂f(xr) converging to
zero.

Proof We simply apply Proposition 2.12 along with the following formula for the
limiting slope of a closed function f at any point x ∈ dom f :

|∇f |(x) = d
(
0, ∂f(x)

)
.

For a proof, see [24, Proposition 4.6]. 2
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3 The Kurdya- Lojasiewicz property

We begin this section with a discussion of sharpness. Our setting, as usual, is a
complete metric space (X, d), a closed function f : X → (−∞,+∞] , and a point
x̄ where the value f̄ = f(x̄) is finite. We call x̄ a sharp local minimizer when there
exists a constant ε > 0 such that all points x near x̄ satisfy f(x) ≥ f̄ + εd(x, x̄).
An immediate consequence of our linear growth tool, Theorem 2.6, is the following
result.

Corollary 3.1 (Sharp minimizers) If a closed function f has slope zero at a
point x̄, and the set {x̄} is identifiable, then x̄ is a sharp local minimizer.

For any value α ∈ R, we define the level set

Lα = {x ∈ X : f(x) ≤ α}.

Local minimizers x̄ that are sharp are in particular strict: the level set Lf̄ is locally
just {x̄}. A weaker property than sharpness, originating with [18], is that x̄ is a
weak sharp minimizer (locally), meaning that there exists a constant ε > 0 such
that all points x near x̄ satisfy

f(x) ≥ f̄ + εd(x,Lf̄ ).

Identifiability helps us understand this property too.

Corollary 3.2 (Weak sharp minimizers) For a closed function f and a local
minimizer x̄, if the level set Lf̄ is identifiable at x̄ for f , then x̄ is a weak sharp
minimizer.

Proof Suppose ε > 0 is strictly less than the modulus of identifiability of the
function f for the set Lf̄ at the point x̄, namely

lim inf
x→x̄

f̄<f(x)→f̄

|∇f |(x) > 0.

If the result fails, then there exists a sequence of points xr → x̄ in X satisfying

(3.3) f(xr) < f̄ + εd(xr,Lf̄ ).

Since x̄ is a local minimizer, for all large r we have f(xr) ≥ f(x̄) and so xr 6∈ Lf̄ .
The right-hand side converges to f(x̄), and hence so does f(xr). By Theorem 2.6,
there exists a sequence of points vr → x̄ in Lf̄ satisfying, for all large r,

f(vr) + εd(vr, xr) ≤ f(xr),
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or in other words
εd(vr, xr) ≤ f(xr)− f(x̄),

contradicting inequality (3.3). 2

The Kurdya- Lojasiewicz property then simply modifies the assumption of Corol-
lary 3.2 by truncation and rescaling. Define the function fx̄ : X → [0,+∞] by

fx̄(x) = max{f(x)− f̄ , 0} (x ∈ X).

Definition 3.4 A desingularizer is a function φ : [0,+∞] → [0,+∞] that is con-
tinuous on [0,+∞), satisfies φ(0) = 0 and φ(τ) → φ(+∞) as τ → +∞, and has
continuous strictly positive derivative on (0,+∞).

Typically we use desingularizers of the form φ(τ) = τ 1−α, where the KL exponent α
lies in the interval [0, 1). Such desingularizers, for example, suffice for the original
 Lojasiewicz proof of the KL property for real-analytic functions on Euclidean space
[37], and hence also for real-analytic functions on analytic manifolds.

Definition 3.5 A closed function f satisfies the KL property at a point x̄ ∈ dom f
if there exists a desingularizer φ such that the level set Lf̄ is identifiable at x̄ for the
composite function φ ◦ fx̄.

The definition amounts to the existence of a constant δ > 0 such that∣∣∇(φ(f(·)− f̄)
)∣∣(x) ≥ δ

for all points x near x̄ with value f(x) near and strictly larger than f̄ . We can
rewrite the left-hand side using a simple chain rule [6, Lemma 4.1]:∣∣∇(φ(f(·)− f̄)

)∣∣(x) = φ′
(
f(x)

)
· |∇f |(x).

Our definition of the KL property essentially coincides with that given in [11], a
relationship we discuss further at the end of Section 4.

The following observation, one of our main results, shows that, around a slope-
zero point, a function inherits the KL property from the corresponding property
restricted to any identifiable set.

Theorem 3.6 (Identifiability and the KL property) Suppose that a closed
function f has slope zero at a point x̄ and consider any identifiable set M for
x̄. Consider a desingularizer φ that is concave (or, more generally, that satisfies
lim infτ↘0 φ

′(τ) > 0.) Then the following properties are equivalent.

(a) The function f has the KL property at x̄ with desingularizer φ.
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(b) The restriction f |M has the KL property at x̄ with desingularizer φ.

(c) The function f + δM has the KL property at x̄ with desingularizer φ.

Proof Properties (b) and (c) are distinct only in notation. Observe that identifia-
bility ensures the existence of a constant ε > 0 such that |∇f |(x) > 2ε for all points
x 6∈ M near x̄ with value f(x) near f̄ . Without loss of generality assume f̄ = 0.

Suppose that property (b) holds, so there exists a constant δ > 0 such that∣∣∇(φ ◦ f |M)∣∣(x) ≥ δ

for all points x ∈ M near x̄ satisfying 0 < f(x) < δ. The definition of slope then
implies

(3.7)
∣∣∇(φ ◦ f)∣∣(x) ≥ δ,

since the left-hand side is no smaller than the previous left-hand side.
On the other hand, consider points x 6∈ M near x̄ satisfying 0 < f(x) < δ.

Shrinking δ if necessary, we can ensure φ′
(
f(x)

)
≥ δ and |∇f |(x) > 2ε. The chain

rule implies ∣∣∇(φ ◦ f)∣∣(x) ≥ δ · 2ε > 0.

Together with inequality (3.7), this proves property (a).
Conversely, suppose that property (a) holds, so there exists a constant δ > 0

such that ∣∣∇(φ ◦ f)∣∣(x) > δ and φ′
(
f(x)

)
≥ δ

for all points x satisfying d(x, x̄) < δ and 0 < f(x) < δ. Shrinking δ if necessary,
the identifiability property also ensures that all such points outside M also satisfy
|∇f |(x) > 2ε.

Now consider any such point x ∈M. There exists a sequence of points xr → x,
each satisfying

φ
(
f(x)

)
− φ
(
f(xr)

)
> δ · d(x, xr).

By Theorem 2.6, there exist corresponding points vr ∈M, satisfying

f(vr) + εd(vr, xr) ≤ f(xr)

for all large r, so

φ
(
f(x)

)
− φ
(
f(vr)

)
> δ · d(x, xr) + φ

(
f(xr)

)
− φ
(
f(vr)

)
= δ · d(x, xr) + φ′(tr)

(
f(xr)− f(vr)

)
for some value tr ∈ [f(vr), f(xr], by the mean value theorem. Hence we deduce

φ
(
f(x)

)
− φ
(
f(vr)

)
> δ · d(x, xr) + ε · δ · d(vr, xr) ≥ γ · d(x, vr),
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where γ = δ ·min{1, ε} > 0, so

|∇(φ ◦ f |M)|(x) ≥ γ.

Property (b) follows. 2

Remark 3.8 By restricting attention to desingularizers φ satisfying the condition
lim infτ↘0 φ

′(τ) > 0, we lose no essential generality. If a desingularizer φ fails this

condition, then the function defined by ϕ(t) =
∫ t

0
max{1, φ′(τ)}dτ, ∀ t ≥ 0, is another

desingularizer, and it maintains the KL property and satisfies the condition.

A particular case of interest is when the metric space (X, d) is Euclidean with
the usual distance, and the set M ⊂ X is an embedded submanifold [13]. In the
result above, we are considering M as a space whose metric is just the inherited
Euclidean distance: d(x, y) = |x−y|. More natural may be to consider the intrinsic
metric d′ for the manifold M, defined as the infimum of the length of paths in M
from x to y. However, this results in no change to the KL property, as a consequence
of the following fact [23, Proposition 3.1]:

lim
x,y→x̄
x6=y

d′(x, y)

d(x, y)
= 1.

The following consequence describes the generic situation for semi-algebraic and
more general concrete optimization problems [9,25]. However, this result applies to
functions that may not be semi-algebraic (or tame) outside the identifiable set.

Corollary 3.9 (Partly analytic functions) Suppose that f : Rn → (−∞,+∞]
is a closed function and consider a local minimizer x̄ where f(x̄) is finite. If x̄ lies
in an identifiable set M that is an analytic manifold such that the restriction f |M
is analytic, then the KL property holds at x̄.

Proof Any analytic function on an analytic manifold in Rn must satisfy the KL
property, since it can be viewed as the restriction of an analytic function on Rn.
The conclusion then follows immediately from the preceding result. 2

4 Proximal sequences in metric spaces

To illustrate the power of the KL property in convergence analysis, we briefly sum-
marize an argument from [11]. Beyond its intrinsic interest, in line with our current
theme, we emphasize its purely metric essence.

14



As usual, we consider a complete metric space (X, d), and a closed function
f : X → (−∞,+∞]. We assume that f is bounded below, with inf f = ρ̄. We
consider a proximal sequence, generated recursively from each current iterate x by
selecting the next iterate xnew to satisfy

xnew minimizes f + αd(·, x)2

for some constant α > 0.
In quite general settings, there exists a proximal sequence (xk) starting from any

initial point x0 ∈ dom f . Consider in particular the case when the metric space X
is proper, meaning that closed bounded sets are compact. For each k, the function
f + αd(·, xk)2 is closed, so has a minimizer xk+1, since the level set

{x : f(x) + αd(x, xk)
2 ≤ f(xk)}

is closed, contains xk, and is contained in the ball{
x : d(x, xk)

2 ≤ 1

α
(f(xk)− ρ̄)

}
.

Moreover, using Lemma 2.10, we have

|∇f |(xk+1) ≤ 2αd(xk+1, xk).

In fact, proximal sequences exist for certain functions, even in metric spaces that
are not proper. The classical proximal point iteration is well defined for closed con-
vex functions on infinite-dimensional Hilbert spaces, for example, and also extends
beyond Euclidean settings [7, 31].

Next, we make the further common assumption [2] that f is continuous on slope-
bounded sets, by which we mean that any sequence of points xk → x with values
f(xk) and slopes |∇f |(xk) uniformly bounded must satisfy f(xk) → f(x). Closed
convex functions on Euclidean spaces have this property, for example, as do many
more general classes of objectives.

We also assume a global KL property: there exists a value ρ > inf f and a
desingularizer φ such that

inf f < f(x) < ρ ⇒
∣∣∇(φ(f(·)− inf f)

)∣∣(x) ≥ 1.

If the set of minimizers of f is compact and lim infx→∞ f(x) > inf f , for exam-
ple, then this global property is equivalent to the KL property holding at every
minimizer.

Under these conditions, assuming f(x0) < ρ, we claim that the iterates xk must
converge to a critical point x∗. To see this, assume without loss of generality that
f(xk) > inf f for all k. For each k = 1, 2, 3, . . ., we note

d(xk, xk+1) = dist
(
xk, {y : f(y) ≤ f(xk+1)}

)
≤ Dist

(
{y : f(y) ≤ f(xk)}, {y : f(y) ≤ f(xk+1)}

)
,
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where Dist(S1, S2) denotes the Hausdorff distance between two sets S1 and S2. Hence
it follows from [11, Corollary 4] that

d(xk, xk+1) ≤ φ
(
f(xk)

)
− φ
(
f(xk+1)

)
.

Thus the length of the trajectory
∑

k d(xk, xk+1) is finite, so by completeness, xk
converges to some point x∗ and furthermore |∇f |(xk) → 0. The values f(xk)
are nonincreasing and bounded below, so continuity on slope bounded sets implies
f(xk)→ f(x∗). Hence the limit x∗ is a critical point.

Remark 4.1 In [11], the authors explore characterizations of the KL property via
the finite length of talweg curves. For a suitably isolated critical point x̄ with value
0, given any constant R > 1, they define such a curve to be a selection from the
mapping defined for small r > 0 by

r 7→
{
x ∈ D : f(x) = r, |∇f |(x) ≤ R inf

y∈D
f(y)=r

|∇f |(y)
}

where D is a closed bounded neighborhood of x̄. If M is an identifiable set for x̄,
then talweg curves x(r) lie in M for small r. This correlates with our observation
that the KL property is only determined by the behavior of f on M.

5 Subgradient curves and identification

We turn now from iterations in discrete time to the continuous-time setting. From an
optimization perspective [3, 5], the canonical such dynamical systems, for objective
functions f : Rn → (−∞,+∞], are subgradient curves : locally absolutely continuous
maps x : R+ → dom f = {z : f(z) < +∞} satisfying

x′(t) ∈ −∂f
(
x(t)

)
for almost all times t > 0.

As we shortly outline, existing literature covers a wide class of nonsmooth and
nonconvex functions f for which subgradient curves must converge.

Our goal is the existence, around some given point x∗, of a small set M (in
a suitable sense) with the property that any subgradient curve converging to x∗

must eventually remain inM. This behavior is the continuous-time analogue of the
phenomenon we observed in preceding sections, where various iterative procedures
for minimizing f identify an associated set M around x∗: sequences of iterates
converging to x∗ must eventually lie inM, thereby revealing some solution structure
like constraint activity, sparsity, or matrix rank. Our main continuous-time result,
Theorem 5.5, proves the same behavior for curves. Figure 1 illustrates this behavior
for the simple nonsmooth nonconvex example (1.1)

f(x) = 5|x2 − x2
1|+ x2

1,
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with associated identifiable setM around the minimizer x∗ = 0 defined by x2 = x2
1.

The existence and uniqueness of subgradient curves, given any initial point x(0)
in dom f , was shown for convex functions f in a well-known 1973 monograph of
Brézis [15]. In fact this result holds more generally, under the assumption that f is
primal lower nice [39].

Theorem 5.1 (Existence and uniqueness of subgradient curves [38])
If the proper closed function f : Rn → R is primal lower nice and bounded below,
then there exists a unique subgradient curve x(·) corresponding to any initial point
x(0) ∈ dom f . The curve furthermore satisfies∫ ∞

0

|x′(t)|2 dt < +∞.

We defer until the next section the formal definition of primal lower nice func-
tions. For now we simply note that they comprise a large class. For example, the
function (1.1) is primal lower nice at zero. More generally, the following versatile
example [41], composing more familiar smooth and convex ingredients, also belongs
to this class [39, Theorem 5.1]. It covers in particular the case of weakly convex
functions of the form g − ρ| · |2, for proper closed convex functions g and constant
ρ. Unless otherwise stated, the term “smooth” always means C(2)-smooth.

Example 5.2 (Strongly amenable functions) At a point x ∈ Rn, we describe
a function f as strongly amenable if it has the local representation f = g ◦ F for
some proper closed convex function g : Rm → R and smooth map F : Rn → Rm

such that F (x) lies in dom g and the normal cone to cl(dom g) there intersects the
null space of the adjoint map ∇F (x)∗ trivially. In that case both the subdifferential
∂f(x) and the regular subdifferential ∂̂f(x) are given by the chain rule formula
∇F (x)∗∂g

(
F (x)

)
.

The function (1.1) is strongly amenable at zero, because, for example, we can
represent it using the smooth map F (x) = (x2 − x2

1, x1) and the convex function
g(u, v) = 5|u| + v. All proper closed convex functions are strongly amenable, as
are indicator functions of smooth manifolds. Furthermore, the property is preserved
under addition of smooth functions [41, Example 10.24], so in particular “weakly
convex” functions (see for example [20]) are strongly amenable.

For closed convex functions with minimizers, following the Brézis result, Bruck
proved that subgradient curves converge to minimizers [16]. In fact, subgradient
curves are known to converge more generally, assuming a suitable version of the KL
property, holding in particular for closed semi-algebraic (or subanalytic) functions
on bounded domains [8, 10]. For a primal lower nice function f that is bounded
below, if the KL property holds throughout some subgradient curve, then a simple
argument using [38, Theorem 3.2] shows that the curve must have finite length and
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hence converge. We deduce, for example, that all subgradient curves for the function
(1.1) converge to the minimizer at zero. To summarize, we can reasonably focus our
current study on subgradient curves that converge.

Before presenting our main continuous-time result, we briefly review smooth
manifolds and smooth functions defined on them. We take an elementary approach
here.

A setM⊂ Rn is a manifold around a point x̄ ∈ Rn if there exists a smooth map
G : Rn → Rm, for some integer m, such that G(x̄) = 0, the derivative∇G(x̄) : Rn →
Rm is surjective, and all points x ∈ Rn near x̄ lie inM if and only if G(x) = 0. We
then say that a function h : M → R is smooth around x̄ if there exists a smooth
function h̃ : Rn → R such that h(x) = h̃(x) for all points x ∈ M near x̄. In that
case, the Riemannian gradient of h at points x ∈M near x̄ is given by the following
orthogonal projection onto the tangent space to M at x:

∇Mh(x) = ProjTM(x)

(
∇h̃(x)

)
.

An easy exercise shows that the right-hand side is independent of the choice of h̃.
For example, the set M ⊂ R2 defined by the equation x2 = x2

1 is a manifold
around the point x̄ = 0, because we can choose G(x) = x2 − x2

1, and the restriction
f |M of the function f defined by equation (1.1) is smooth on M because it agrees
with the smooth function f̃(x) = 5x2 − 4x2

1 on M. Furthermore, the Riemannian
gradient ∇M(f |M), which we abbreviate to ∇Mf , is zero at zero.

Our main continuous-time result concerns identifiable sets that are smooth man-
ifolds. Before stating it, we consider a special case.

Proposition 5.3 (Smooth restrictions) Suppose that a setM⊂ Rn is a smooth
manifoldM around the point x̄, and that the function f : Rn → R is smooth around
x̄. Then, near x̄, subgradient curves x(·) for the function f + δM are just smooth
curves in M solving the classical differential equation

(5.4) x′(t) = −∇Mf
(
x(t)

)
.

Proof By definition, at all times t for which x(t) is near x̄, we must also have
x(t) ∈M, and furthermore

x′(t) ∈ −∇f
(
x(t)

)
+NM

(
x(t)

)
almost surely.

At such times t we must have x′(t) ∈ TM
(
x(t)

)
, from which we deduce equation

(5.4). The result now follows from classical smooth initial value theory. 2

The general case asserts exactly the same eventual behavior for a much broader
class of functions.
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Theorem 5.5 (Identification for subgradient curves)
Consider a proper closed function f : Rn → R and a subgradient curve x(·) converg-
ing to a point x̄ at which f is primal lower nice and has an identifiable manifold
M. Suppose that f |M is smooth around x̄. Then, after a finite time, x(·) becomes
a smooth curve on M, satisfying

x(t) ∈M and x′(t) = −∇Mf
(
x(t)

)
.

The proof follows in the next section, until after a formal discussion of the primal
lower nice property.

6 Primal lower nice functions

A function f : Rn → R is primal lower nice at a point x̄ ∈ Rn if the following
weaker version of the standard subgradient inequality holds: there exist constants
α and β such that all points x, x′ near x̄, and subgradients y ∈ ∂f(x) satisfy

(6.1) f(x′) ≥ f(x) + 〈y, x′ − x〉 − (α + β|y|)|x′ − x|2.

If this property holds at every point x̄ ∈ dom f , then we simply call f primal lower
nice.

Readers familiar with the notion of “prox-regularity” [40] will notice a similarity.
In the definition of that property, we only require the inequality to hold under further
restrictions on x, x′ and y: the functions values f(x) and f(x′) must both be close
to f(x̄), and the subgradient y must be close to some given subgradient ȳ ∈ ∂f(x̄);
furthermore, β = 0, but α may depend on ȳ. Clearly the primal lower nice property
thus implies prox-regularity.

Conversely, as we have remarked, the primal lower nice property at a point is
implied by strong amenability there. Hence, for locally Lipschitz functions f , the
property coincides with various well-known variational analytic properties: prox reg-
ularity, strong amenability, the “lower C2” property [41, Exercise 10.36, Proposition
13.33], and weak convexity.

In general, however, even continuous prox-regular functions may not be primal
lower nice. For example, the function f(x) =

√
|x| is prox-regular at zero, but not

primal lower nice there. To see this, assume the existence of the required constants
in the definition. For any small t > 0, we can set x = t2, x′ = 4t2, y = 1

2t
, to deduce

2t ≥ t+
1

2t
3t2 −

(
α + β

1

2t

)
(3t2)2.

This gives a contradiction for t sufficiently small.
As we have seen in Theorem 5.1, the subgradient curves of functions that are

primal lower nice and bounded below have desirable properties. Next we show that
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under the same condition, the velocity vector x′(·) for a bounded subgradient curve
x(·) essentially converges to zero: in other words, for all ε > 0, there exists a time
T such that for almost all times t ≥ T we have |x′(t)| < ε.

Theorem 6.2 If a proper closed function f : Rn → R is primal lower nice and
bounded below, then any bounded subgradient curve x(·) of f satisfies that the velocity
x′(·) essentially converges to zero.

Proof Suppose x([0,∞)) ⊂ rB, where B denotes the closed unit ball in Rn. Using
a standard compactness argument, we can show there exist constants α, β and δ > 0
such that the primal lower nice inequality (6.1) holds for all points x, x′ ∈ rB with
|x− x′| < 2δ.

By assumption, there exists a full-measure subset Ω of the interval [0,+∞) such
that

x′(t) ∈ −∂f
(
x(t)

)
for all t ∈ Ω.

By [38, Lemma 2.1], the primal lower nice property ensures the existence of constants
µ, ν > 0 such that

|x′(s)| ≤ |x′(t)| exp
(
µ(s− t) + ν

∫ s

t

|x′(τ)| dτ
)

for all times t < s in Ω satisfying x([t, s]) ⊂ x(t) + δB.
By way of contradiction, suppose there is a constant ε > 0 and a sequence of

times sj → +∞ in the set Ω satisfying |x′(sj)| > ε for j = 1, 2, 3, . . .. Taking a
subsequence, we can suppose, for each j, the inequality sj+1 − sj > 1, from which
we deduce either

(6.3) |x′(sj)| ≤ |x′(t)| exp
(
µ+ ν

∫ sj

t

|x′(τ)| dτ
)

for all t ∈ [sj − 1, sj] ∩ Ω,

or there exists t ∈ [sj − 1, sj] such that

(6.4) |x(t)− x(sj)| > δ.

Assume (6.3) holds, then

|x′(t)| exp
(
ν

∫ sj

t

|x′(τ)| dτ
)
> εe−µ for all t ∈ [sj − 1, sj] ∩ Ω.

Hence either some time t satisfies

ν

∫ sj

t

|x′(τ)| dτ ≥ 1,

in which case ∫ sj

sj−1

|x′(τ)| dτ ≥ 1

ν
,
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or there is no such time t, in which case all t ∈ [sj − 1, sj]∩Ω satisfy the inequality
|x′(t)| > εe−µ−1, implying ∫ sj

sj−1

|x′(τ)| dτ ≥ εe−µ−1.

On the other hand, if (6.4) holds, we easily deduce∫ sj

sj−1

|x′(τ)| dτ ≥
∫ sj

t

|x′(τ)| dτ ≥ |x(t)− x(sj)| > δ.

We have thus shown the existence of a constant ρ > 0 such that, for each j,∫ sj

sj−1

|x′(τ)| dτ ≥ ρ

and hence, by Hölder’s inequality,∫ sj

sj−1

|x′(τ)|2dτ ≥ ρ2.

But this contradicts the conclusion of Theorem 5.1. 2

Like both the strong amenability and prox-regularity properties, the primal lower
nice property is preserved by addition of smooth functions.

Proposition 6.5 (Primal lower nice preservation) Consider a function
g : Rn → R that is smooth around the point x̄ ∈ Rn. If the proper closed function
f : Rn → R is primal lower nice at x̄, then so is the sum f + g.

Proof Using the notation above, we can assume that inequality (6.1) holds. Since
g is C(2)-smooth, its gradient is Lipschitz around x̄. (In fact this property suffices
for our proof.) Hence, for some constants γ, λ > 0, all points x and x′ near x̄ satisfy

(6.6) g(x′) ≥ g(x) + 〈∇g(x), x′ − x〉 − γ|x′ − x|2

and |∇g(x)| ≤ λ.
Now consider the sum h = f+g. For any points x and x′ near x̄ and subgradient

w ∈ ∂h(x), the sum rule [41, Corollary 10.9] ensures the existence of a subgradient
y ∈ ∂f(x) satisfying w = y + ∇g(x). Adding the inequalities (6.1) and (6.6), we
deduce

h(x′) ≥ h(x) + 〈w, x′ − x〉 −
(
γ + (α + β|y|)

)
|x′ − x|2.

Since |y| ≤ λ+ |w|, the primal lower nice property for h follows. 2

Both Theorem 5.1 and Theorem 6.2 concern functions that are both primal lower
nice and bounded below. However, in the local analysis that we pursue here, the
boundedness assumption involves no loss of generality, as we show next.
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Lemma 6.7 (Localization) If a proper closed function f : Rn → R is primal
lower nice at a point x̄ ∈ Rn, then there is another proper closed function that
is primal lower nice and bounded below, and that agrees identically with f near x̄.

Proof For simplicity, suppose x̄ = 0. From the definition, f is primal lower nice
throughout the ball 2δB for some δ > 0 (where B denotes the closed unit ball).
Since f is closed, we can shrink δ > 0 if necessary to ensure f is bounded below on
2δB. The function g : Rn → R defined by

g(x) =


0 (|x| ≤ δ)
(|x|2−δ2)3

4δ2−|x|2 (δ < |x| < 2δ)

+∞ (|x| ≥ 2δ)

is smooth on the interior of 2δB, so, by Proposition 6.5, the function f +g is primal
lower nice. But f + g is also bounded below and agrees identically with f on the
ball δB, as required. 2

We next derive a localized version of Theorem 6.2.

Theorem 6.8 (Essential convergence) If a proper closed function f : Rn → R
is primal lower nice at a point x̄ ∈ Rn, and a subgradient curve x(·) for f converges
to x̄, then x̄ is critical, the function value f

(
x(·)

)
converges to f(x̄), and the velocity

x′(·) essentially converges to zero.

Proof The first two conclusions essentially appear in [38], and the third conclusion
appears in Theorem 6.2, all under the stronger conditions that f is both bounded
below and also primal lower nice throughout its domain. Here, we lose no generality
in assuming those conditions. More precisely, we could first use Lemma 6.7 to
replace f by a function that is primal lower nice and bounded below, and that is
unchanged near the point x̄. Since the original subgradient curve converges to x̄, it
coincides eventually with a subgradient curve for the new function. 2

The proof of our main continuous-time result is now straightforward.

Proof of Theorem 5.5. Denote the critical point of interest by x̄. By Theorem 6.8
(Essential convergence), the function value f

(
x(·)

)
converges to f(x̄), and there

exists a full-measure set Ω ⊂ R+ such that

x′(t) ∈ −∂f
(
x(t)

)
for all t ∈ Ω

x′(t) → 0 as t→ +∞ in Ω.

For every point x ∈M around x̄, the primal lower nice property ensures

∂f(x) ⊆ ∂(f + δM)(x).
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Identifiability now implies

x(t) ∈M and x′(t) ∈ −∂(f + δM)
(
x(t)

)
for all large t ∈ Ω

Since the set M is locally closed around x̄, the subgradient curve x(·), being con-
tinuous, eventually lies in M, and furthermore coincides with a subgradient curve
for the function f + δM. We conclude by appealing to Proposition 5.3 (Smooth
restrictions). 2

An alternative approach to Theorem 5.5 bypasses the essential convergence re-
sult. We proceed as follows. By the square integrability of the velocity x′, there
exists a sequence of times tk → ∞ for which x(tk) ∈ −∂f(x(tk)) for all k and
x′(tk) → 0. We deduce x(tk) ∈ M for all large k, and hence, by [27, Proposition
10.12], ∇Mf(y) ∈ ∂f(y) for all points y ∈ M near x̄. Consequently, for sufficiently
large k, by the uniqueness of the subgradient curve starting at the point x(tk), we
know that the trajectory x(tk + ·) coincides with the solution x̃ : R+ →M of the
initial value problem

x̃′(t) = −∇Mf
(
x̃(t)

)
, x̃(0) = x(tk).

7 Identifiable manifolds and partial smoothness

We end by discussing briefly the relationship between identifiability and partial
smoothness, and its evolution. An earlier form of identifiability, introduced in [26,
Definition 3.10] and inspired by earlier terminology in [17, 19, 29, 42], is defined as
follows. Given a function f : Rn → R, we call a set M ⊂ Rn identifiable at a
point x in Rn for a subgradient y ∈ ∂f(x) when all sequences of points xi → x
with f(xi) → f(x) and sequences of subgradients yi ∈ ∂f(xi) with yi → y have
the property that xi must eventually lie in M. In the special case when y = 0 is a
regular subgradient at x, this coincides precisely with our previous terminology, by
Theorem 2.13.

To discuss the relationship with partial smoothness, it is easiest to focus on
the special case when y lies in the relative interior of the convex set of regular
subgradients ∂̂f(x). In that case, whenM is a manifold around x that is identifiable
there for y, and the restriction f |M is smooth around x, we call f partly smooth at
x for y relative to M.

The relative interior assumption is a type of nondegeneracy condition common
in optimization. Recall a point x is critical for a function f if zero is a subgradient
there. We call such points nondegenerate when zero in fact lies in the relative
interior of ∂̂f(x). Rephrasing our main result using partial smoothness, we have the
following theorem.
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Theorem 7.1 Consider a proper closed function f : Rn → R and a subgradient
curve x(·) converging to a nondegenerate critical point at which f is both primal
lower nice and partly smooth for zero, relative to a manifold M. Then, after a
finite time, x(·) becomes a smooth curve on M: for all large t,

x(t) ∈M and x′(t) = −∇Mf
(
x(t)

)
.

The idea of partial smoothness was introduced in [32], using a definition relying
more heavily on the variational-analytic properties of the function f . The special
case of the definition we presented here, more natural for our current focus on
identification, follows from [27, Proposition 10.12]. A third version [33, Theorem
6.5] instead emphasizes basic differential geometry: the graph of the subdifferential
operator ∂f should be a smooth manifold around the point (x, y), and for nearby
points (u, v) on this manifold, the projection (u, v) 7→ u is constant-rank.

The original variational-analytic definition of partial smoothness for a function
f relative to a manifold M at a point x is most transparent when f is closed and
convex. Along with the condition that the restriction f |M is smooth around x, it
requires two more conditions:

• The affine span of the subdifferential ∂f(x) and the normal space NM(x) are
translates of each other.

• The subdifferential mapping ∂f , restricted to M, is continuous at x.

More generally, consider a strongly amenable function f with representation g◦F
as in Example 5.2. Suppose that the convex function g is partly smooth relative
to a manifold M at the point F (x). Assuming the transversality condition that
the normal space NM

(
F (x)

)
intersects the null space of the adjoint map ∇F (x)∗

trivially, F−1(M) is a manifold around x, relative to which f is partly smooth at
x [32, Theorem 4.2]. For example, our illustration (1.1), the function 5|x2−x2

1|+x2
1,

is partly smooth at the nondegenerate critical point zero relative to the manifold
defined by x2 = x2

1.
As a variational-analytic property, partial smoothness seems rather involved.

However, it holds commonly for concrete objective functions f . In particular, it is
a generic property when f is semi-algebraic [25]. More precisely, for all vectors y in
a dense open semi-algebraic subset of Rn, the perturbed function f + 〈y, ·〉 is partly
smooth at all critical points x, each of which furthermore must be nondegenerate.
Consequently, the perturbed function has an identifiable manifold at each critical
point, for zero. Thus, for generic concrete optimization problems, we can reasonably
expect to see identifiable manifolds around the solutions.

Acknowledgement The authors thank D. Drusvyatskiy for helpful suggestions, in
particular leading to the alternative argument for Theorem 5.5.
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