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Abstract

This paper presents a fusion of Stochastic Decomposition and the Majorization-Minimization al-
gorithm (SD-MM) to solve a class of non-convex stochastic programs. The objective function is an
expectation of a smooth concave function and a second-stage linear recourse function, which is common
in stochastic programming (SP). This extension not only allows new stochastic difference-of-convex (dc)
functions but allows new applications in which these two crucial paradigms (SP and dc) can be integrated
to provide a more powerful setting for modern applications. This combination also provides an opportu-
nity to study convergence results in a more general setting. Furthermore, with the predictive capability
of k nearest neighbors estimation, the proposed algorithm is also extended to solve nonconvex predictive
stochastic programming, where the data are present as covariates, and the underlying conditional dis-
tribution is unknown. Finally, the computational results of various instances prove the efficiency of the

methodology.

1 Introduction

In this paper, we aim to study a fusion of the concepts underlying Stochastic Decomposition with Majorization-
Minimization algorithm to solve a class of nonconvex two-stage stochastic programs which can be written as

follows:

min ((2) 2 B¢ [F(w,€) + H(x,£) (1)
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where F' : S x YV — R is a L-smooth/differentiable concave function, S C R™ is an open superset of the
convex set X, and H(z,&) is the minimum cost of the second-stage linear programming problem given the

first-stage decision variable, x and, the realization of the random variable, &:

H(x,&) = myin d'y
st. Dy =e(&) — C(&)x, (2)

y >0, yeR"™.

Problem not only includes the classical two-stage stochastic linear program (SLP) as a special case but
also two-stage stochastic linear programs with a deterministic nonconvex first-stage objective function. Two-
stage stochastic programming has been applied in many areas such as network capacity planning (Sen et al.
[42]), water management (Huang and Loucks [21]), logistics (Barbarosoglu and Arda [3]), power transmission
(Phan and Gosh [39]), and others. On the other hand, formulation (1)) allows a model in which the first-stage
cost function exhibits decreasing returns to scale. For instance, Cafaro and Grossmann [8] use a concave cost
function for the economy of scale and model the pipeline installation cost as a concave function of pipeline
diameter. Konno and Wijayanayake [24] model the transaction cost as a non-decreasing concave function of
the amount of investments.

In addition to the challenge of nonconvexity, we shall also tackle the so-called Predictive Stochastic Pro-
gramming (PSP) model in which data are available as covariates, (w, £), although the underlying conditional
distribution of §~ given @ = w is unknown. One example of using covariates information is the hedonic
pricing model for housing research (see Owusu-Ansah [37] for an overview). In particular, housing price is
often modeled (Kumbhakar and Parmeter [25], Martins-Filho and Bin [35], Witte et al. [49]) as a regression
function of dwelling attributes (e.g., land area, number of bedrooms, and so on) and location attributes (e.g.,
distance central business district, distance to the nearest commercial zone, and so on). It is worth mention-
ing that researchers often use the terms “predictive”, “contextual”, and “data-driven” to distinguish the SP
problems with covariates and unknown conditional distribution from the classic SP problems. Such data are
common in non-parametric statistical models, and when combined with decision optimization models, they
give rise to a PSP of the following form.

min ¢, (z) 2 E F(z,6) + H(z, &)@ = w} , (3)
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where 1 denotes the conditional distribution of é given @ = w. We observe that in this case, the objective
function is parametrized by w. To clarify the setup, we note that the optimization is taken only over the
decision variable, x, instead of the parameter, w, we will treat w as the “subscript” of the objective function.
Another reason for making w as the subscript of the objective function is that w is fixed throughout the
entire optimization process.

Recently, the majorization-minimization (MM) method has attracted considerable attention in the ma-
chine learning (ML) and SP communities. One core step of the MM method can be described as follows: a
(usually convex) upper-bounding function of the (often nonconvex) original objective is created at the cur-
rent iterate, and then the upper-bounding function is minimized over the feasible region to obtain the next
iterate. Such method has been widely used in difference-of-convex (dc) programs (Le and Pham [26], Pang
et al. [38], Tao and An [47]). Mairal [32] proposes a Minimization by Incremental Surrogate Optimization
(MISO) method to solve a large sum of continuous functions (possibly with composition and usually related
to the loss function or log-likelihood function in machine learning) where he uses a sequence of previously
generated surrogate functions to create an upper bound of the objective function. Razaviyayn et al. [4]
design a Stochastic Successive Upper-bound Minimization (SSUM) method to solve more general SP models
which go beyond finite-sum problems. Similar to the MISO from Mairal [32], SSUM successively uses a
sequence of previously generated surrogate functions to construct an upper bound of sample approximation
functions. It is worth noting that, in the SSUM algorithm, sample approximation functions are iteratively
updated by generating i.i.d. samples, while the upper-bound surrogate functions are updated accordingly.
Mairal [31] proposes Stochastic MM (SMM) to solve single-stage nonconvex SP, and Liu et al. [28] extend
SMM algorithm for compound SP, in which the isotone outer objective function is nested with the expec-
tations of continuous random functions. More recently, An et al. [I] propose the Stochastic dc algorithm
(SDCA) to solve the SP problems where the objective function is de. All in all, those methods can be
regarded as a family of sampled surrogation algorithms. For the readers who are interested in sampled
surrogation algorithm, we recommend the monograph by Cui and Pang [10]. As for the two-stage SP with
a nonconvex second-stage recouse, Liu et al. [29] propose Regularization-Convexification-Sampling (RCS)
approach to solve two-stage SP with bi-parameterized quadratic recourse, and Li and Cui [27] propose a
decomposition algorithm which uses an upper approximating function of the partial Moreau envelope of the
recourse function for each scenario to construct the surrogate function of the objective function. Note that
the RCS approach generates a batch of samples that are independent of the past and only uses the currently

generated samples to construct an upper bound of the sample approximation objective function. The novelty



of the RCS is that it introduces a quadratic regularizer to make the second-stage objective function strongly
convex so that obtaining the dc decomposition of the recourse function by its dual becomes viable.

The Stochastic Decomposition (SD, Higle and Sen [I7, 18], and Sen and Liu [43]) algorithm is a suc-
cessive approximation-decomposition algorithm for solving two-stage stochastic linear programming models.
SD successively constructs a local outer (lower-bounding) approximation of the sampled approximation of
the second-stage cost-to-go functions by using previously calculated stochastic subgradients at the candi-
date/incumbent solutions. It is worth noting that SD assumes that the objective function consists of a
deterministic linear or convex quadratic first-stage component (see Liu and Sen [30] for the quadratic case)
and an expectation of the stochastic second-stage cost-to-go function. The value of the second-stage cost-to-
go function at a given feasible first-stage decision is the minimum value of a linear or quadratic programming
problem.

One of the main factors motivating this paper is that while the SD algorithm and the MM algorithm
share some similarities, they also provide complement strengths within their focal points: SD uses convex
lower-bound function (i.e., piecewise linear function) to approximate the sample average approximation of
the objective function from below, while the MM algorithm uses a convex upper-bound function to approx-
imate the nonconvex objective function from above. Inspired by these complementary strengths, we aim to
design a fusion of SD and MM (SD-MM) to approximate the convex component of the objective function
from below and approximate the rest of the nonconvex objective from above in each iteration. It is worth
noting that the constructed surrogate function is no longer a global upper bound of the sample average
approximation of the objective function.

The use of the feature information to assist decision making has gained increasing attention in the op-
timization community. Bertsimas and Kallus [6] make a fusion of optimization and machine learning to
propose a new type of SAA-based models with predictive power and then apply the model in the inventory

management problem. In particular, they propose a non-parametric approximation of as follows,

min 3 owi(w) [Fe,§) + Hz ) (4)

where vy ;(w) is calculated by some non-parametric estimation method (e.g., in the case of kNN estimation,
v (w) = ﬁ]l(wi € S(kn,w; {w;}Y)) and S(kn,w; {w;}V) denotes the kNN set of w from the set {w;} V).
Additionally, Bertsimas and McCord [7] further extends the framework to multistage SP. Ban and Rudin

[2] propose a feature-based newsvendor problem. Elmachtoub and Grigas [14] propose a Smart “Predict,



then Optimize” framework to solve contextual stochastic optimization. Kanna et al. [23] analyze various
versions of empirical residuals-based sample average approximation under assumption of the homoscedas-
ticity and then analyze the heteroscedastic case in [22]. Hu et al. [20] study noise dependent/independent
rate of regret bound of the estimate-and-then-optimization model and induced empirical-risk-minimization
(i.e., simultaneous estimation and optimization) model for solving contextual linear optimization. In all,
they generally focus on the SAA-based modelling approaches, which is generally “static”. On the other
hand, Diao and Sen [12] design an online first-order method by simultaneously refining subgradient estima-
tion and estimated solutions, which they refer to as Learning Enabled Optimization with Non-parametric
Approximation (LEON). In this paper, we focus on extending LEON to nonconvex SP. Indeed, we shall
design an online SP algorithms with “predictive” power and study an efficient way to reuse the previous
non-parametric estimations for enhancing future estimations in a more “dynamic” way. Therefore, we refer

to this type of methodology as PSP in this paper.

In this paper, we shall answer the following questions:(i) How should one ensure that locally lower-
bounding function of the second-stage cost-to-go function is “good” enough per iteration so that the algorithm
converges? (ii) Does any accumulation point of the estimated solutions generated by SD-MM converge to
a d-stationary point of problem (I)? (iii) How to synthesize the SD-MM algorithm with kNN estimation
(NSD-MM) to solve two-stage nonconvex PSP problems in and how to efficiently reuse previous kNN
estimations for future estimations by simply doing some re-scaling?

As suggested in the preceding paragraph, the contributions of this paper are three-fold: (1) We propose
a mix of SD and MM to solve nonconvex SP. (2) We extend the boundary of SD and provide a more general
methodology and proof by identifying an associated supermartingale of the iterates. It is worth noting that
such techniques are relatively uncommon in the SP literature, and are likely to open up a new approach
for designing algorithms by exploiting the potential we present. (3) We propose a stochastic MM method
based on non-parametric estimation for solving a nonconvex predictive SP and also equip SD-MM with kNN
estimation to solve nonconvex predictive SP problems.

The paper is organized as follows. In section [2] we propose a design of a fusion of the SD algorithm
and the MM algorithm to solve unparametrized version of problem in . In section |3] we design a kNN
extension of SD-MM algorithm to solve the PSP problem in . Finally, we apply our proposed algorithm
and its non-parametric extension to numerically solve a class of two-stage stochastic program and two-stage

predictive stochastic program in section



1.1 Technical Preliminaries and Notations

Without further specification, we shall let || - || denote the Euclidean norm of the vector and spectral norm of
the matrix. Let §~ : Q= Y C R™2 be a random vector built upon the probability space (2, Xq,P). We let g
denote the distribution of the random vector é and let £ denote a realization of é . When we say “for almost

every £ € Y7, it means for Ig almost every & € ). Throughout, we assume that X is a compact convex set.

Definition 1. A function F' : R™ — R is a L-smooth function if it is differentiable and its gradient is

L-Lipschitz continuous on R™ (i.e., |[VF(x) — VF(y)|| < L||z — y||, for all z,y € R™).
We define a class of surrogate function of F(x, &) near ' below.

Definition 2. Let F : S x )Y — R be a L-smooth/differentiable concave function on X, where S is a
superset of X. G(x,&;2") is a convex surrogate function of F(x,&) near ' € X which satisfies the following

conditions:
M1 G2/, & 2") = F(2,€).
M2 Gz, &) > F(x,8), Vo e X.
M3 GOzt + (1 = N2?,&2) < NGz, &) + (1= NG(22, & a7), V ot 2?2 € X,V A € [0,1].

Definition 3. Let ( : S — R, where S is a conver set of R™. Suppose that the directional derivative of f at

x € X in the direction of d € R™ exists and it is defined below:

1/ .. T C(l‘ + Td) - C(CL‘)
{(x;d) = lTlﬂ)l . .

Definition 4. = € X is a d(irectional)-stationary point of if
((Zyx—2) >0, VoeX.

In the PSP, Let X be a Borel subset of R™ and let ) be a Borel subset of R™2. Let (2, Xq,P) be the
probability space of the correlated continuous random vectors @ and é taking the values in the measurable
spaces, (X,Xx) and (Y, Xy), respectively. In particular, the tuple (a;,é) : Q— X x )Y is a random vector
taking values in the product space (X x Y, %y ® Xy). Let the joint distribution of (@,£) be Iy g Let pg
and He denote the marginal distribution functions of @ and 5, respectively. Let Hée denote the conditional

distribution of € given & = w. We refer to Cinlar [9] and Durrett [I3] for readers who are interested in joint



distributions and conditional distributions. As a result, for the problem parametrized by w, we shall define

the directional derivative of the first argument, x, as follows.

Definition 5. Let (,(z) : S x S, — R, where S is a convex set of R™ and S,, is a subset of R™. For a
given w € S,,, suppose that the directional derivative of (,(-) at x € X in the direction of d € R™ exists and

it is defined below:
(a3 d) = lim 2T = Co(@)
Wi 710 T '

Definition 6. Z is a d(irectional)-stationary point of (@ if

C(zz—12)>0,VreX,

2 SD-MM for SP

In this section, we consider the following (nonconvex) SP problem:

min B¢ [F(x,g) + H(x,é)} (5)

where F' : S x Y — R is a L-smooth/differentiable concave function on X, where S is a superset of X, and
H(z,€) is the minimum cost of the second-stage linear programming problem as defined in . We shall

make the following assumptions:
A1l X is a convex compact (possibly polyhedron) set.

A2 For almost every £ € Y, F(-,§) is differentiable on S and there exists a finite k7 > 0 such that

|VF(z,8)| < ky for all z € X.
A3 There exists f € (0,00) such that |F(x,£)| < f on X for almost every & € ).

A4 For almost every € € Y, the set {y : Dy = e(§) — C(&)z,y > 0} # 0 for all z € X. Furthermore,

H(z,&) >0 for all z € X and almost every £ € V.

A5 The subdifferential of H with respect to z is nonempty on X for almost every £ € Y (i.e.,
0, H(w,€) # 0).

A6 There exists k., ko € (0,00) such that ||e(§)|| < k. and ||C(§)|| < k¢ for almost all £ € Y. The

dual feasible region of the second-stage problem, {7 : 7' D < d} is bounded.



Assumptions Al - A3 are necessary when we apply the convergence rate of the sample average approximation
of the objective function. Assumptions A4 - A6 are common in two-stage stochastic linear program literature,
in which Assumption A4 corresponds to the relative complete recourse assumption, Assumptions A5 and A6
altogether ensures that the subdifferential of the recourse function exists and is bounded for all x € X. For

the reminder of this section, we introduce the following notations:

£ : iteration number of the outer loop, v : iteration number of the inner loop
vp : number of inner loops in the outer iteration £
{z'} : sequence of incumbents generated by the outer loop

1
{z2 ’Z} : sequence of candidates generated by the inner loops

L
EZF;UQ hela %Z (2,), G(a) = fola) + he(a)

C(z) = f(z) + h(z), [[€—Celloo = sup ¢(z) = Ce()]

he,(x) : piecewise linear approximation of hy(z) in the v*" inner iteration of the /" outer loop

L
ZZ € gla

—_

We further define that fo =0, hg =0, {; = 0.

2.1 Algorithm Design

The SD-MM algorithm consists of inner loops for successively refining the lower-bound approximation of the
sample average of ]EE[H (z, f)] and outer loops for finding a sequence of incumbent solutions. Note that the
dual of the linear program in is max{7 " (e(¢) — C(&)z) : a7 D < d}. We shall iteratively compute the
dual extreme points of the sampled second-stage problem to construct the piecewise linear approximation
of Eé[H(x,g)} The design of inner of loop is inspired by Higle and Sen [I7, [I8] and Philpott and Guan [40]
since the sample average of the Eé[H (z, 5 )] in iteration ¢ can be regarded as a finite sum of piecewise linear
function of z each with finitely many pieces. Therefore, this allows us to iteratively sample the active pieces
of the sample approximation of Eé[H (x,g)] and include it in the lower-bound approximation function of
Eg [H(x, 3 )]. The stopping criterion of the inner loop ensures that the difference between the lower bounding

approximation function and the sample average of the second-stage recourse function in the next incumbent



solution is bounded by a certain portion of the proximal term. Therefore, it ensures a relative descent (based

on the value of the sample approximation of the objective function).
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Figure 1: Mustration of the SD-MM methodology. The first figure (starting from the left hand side) illustrates
that SD-MM approximates the concave function f(z) from above. The second figure illustrates that SD-MM
approximates the convex function h(x) from below. The last figure shows that the sum of the two function
approximations becomes a local approximation of f(x) + h(x).

Remark 1: In the candidate update step, the optimization problem can be reformulated as

. c
min g (z; acé) +n+ §||x — av€||2
st.af + (BT <n, teT, (6)

reX

Remark 2: Since hy is the outer approximation of hy, we have hy(z) < hy(x) for all z € X, which will be
formally shown in the next subsection. Since hy is a piecewise linear function of x with finitely many pieces,
the number of iterations in the inner loop is finite for each £. In the worst case, the inner loop in the £ outer
loop will recover all pieces of hy. Piecewise Linear Approximation Update I adds a minorant of hy at
2’ and update the previous minorants so that the updated approximation function is an outer approximation
of hy.

Remark 3: The minorant pruning is necessary since it limits the number of pieces in the approximation of

h(zx) at the beginning of each outer iteration. As a result, it ensures the efficiency of the local approximation

of h(x).



Algorithm 1 SD-MM

(Initialization) Pick z' € X, ¢ > 0, and L > 0 (number of iterations). Let v = 0, and 1y = 0. Set
h071(1‘) =1.
for /=1,2,...,L do Outer Loop
Generate & ~ s which is independent from the past samples.
Compute ¢ € argmax{r ' (e(&) — C(&)xt) 7D <d} fori=1,2,... L.
‘
Compute ug(zf) = >, C(&)
if /> 1 then R
Perform Minorant Pruning I/II for hy_1,, ,+1(2)
end if )

. /1.
Set hy1(x) max{Thg_lwhl_s_l(x), hg(arg) + ug(xz)T(x - Jje)}.

Piecewise Linear Approximation Update I

Set v < 0.
do Inner Loop
Set v v +1. )
Candidate Update: 2zt = arg ming e x go(; 2°) 4 he o () + e — 2f||%
1 1
Compute W,f’;eﬂ € argmax{r ' (e(&) — C(&)x2 ’ZH) D <d}fori=1,2,....¢
1 1
Compute ug(z2 ’“_1) =1 Zle C(fi)—rw”“l.

v,

Set he1(2)  max{he, (@), he(wd ) + ue(wd ™)@ - 22},

Piecewise Linear Approximation Update II

. 1041 ~ 141 141
while hy(z2"" ) — he (2 * ) > §llws AR z¢||? End Inner Loop
Loo4+1
Set z*1 « 22 and Vp +— V.
end for End Outer Loop

Algorithm 2 Minorant Pruning I

Input: Eg,l’w_lﬂ(gc)
if number of minorants in hy_1 ,41(x) is greater than N then

Remove the earliest minorants so that the number of minorants in lAu,L,,H(ac) equal to N
end if
Output: hy_1,., ,+1(z)

Algorithm 3 Minorant Pruning IT

IDPUt: Jf'£7 hf—l(xé)v h[—1($£_1)7 uf—l(-re)a ué—l(x8_1)7 }Alf—l,llg,l(x)
1

Remove the minorants from }Au_lmfl () that are not active at mg,fl (i.e., This can be achieved by solving
the Candidate Update in its alternative formulation in @ and recording the Lagrange multipliers of
minorants of ]Al[717,/£71+1($) after processing the Candidate Update and then deleting the minornats
whose Lagrange multipliers are 0).
Set ) )

he—t0,y+1(@) = max{he,u, (), he1(2°) + up (2°) T (2 - 2)

Minorant at z*
,hg_l(afzil) + U@_1(J3£71)T(1‘ _ xéfl)}

-1

Minorant at x

Output: ﬁg_l,yg,1+1($)

10



2.2 Convergence Analysis

First, we show that hy is an outer approximation of hy on X (i.e., hy(z) < he(z) for all z € X) for all
¢ > 1. Tt is worth noting that the similar result (without inner-loop updates) is first shown by Higle and Sen
[17]. Second, we show that {||z‘*! — 2*||},; converges to 0 with probability one. Finally, we show that any

accumulation of {z°}, generated by Algorithm [1|is a d-stationary point of .

Proposition 1. Suppose that Assumptions Al - A6 hold. With probability one, hy,(z) < h(x) for all

r € X and for all £ > 1 and v > 1.

Proof. By the lower bound of H(z,&) in Assumption A4 and the direct use of subgradients to construct the

minorants, the results follow. |

It is worth noting that g,(z; %) +ilg7,,(17) constructed by the SD-MM is neither an upper bound nor lower
bound of the function (y(x), which is vastly different from the most of the MM literature. With the design of

{41

the inner loop, the descent in terms of the function values of ¢, at ' and z is ensured, which is formally

stated in the following proposition.
Proposition 2. Suppose Assumptions A1 - A6 hold. Let {x*}, be the sequence generated by Algorithm .

Then the following holds:

C

Fel@™*h) + (@) + S

24 = 2 < fola) + he(a). 7)
Proof. By the candidate update of Algorithm |1, we have
~ c ~
Ge( ) e () 4 S I < g5 a) 4 e () = Sue) + hale) ®)

The equality in holds because of the property of the majorant function (M1) and Piecewise Linear
Approximation I in Step 2 of Algorithm [}

On the other hand, by the property of the majorant function (M2), we have
ge(z5at) > fo(a™). (9)

According to Algorithm [1} after the inner loop is terminated, we have

Rean (@%1) 2 ho(@!*h) = L2t — ') (10)

11



Thus, the final result follows from the combination of , @D, and . |

The next proposition establishes the key convergence of the SD-MM algorithm.

Proposition 3. Suppose Assumptions A1 - A6 hold, then with probability one, {fo_1(x*) 4+ he_1(z%)}e

converges and Yo, |2ttt — 2¢||? < oco.

Proof. Note that x! is given in the initialization of the algorithm, fo(z!) + ho(z') = 0, and [|z? — 2!|]? <
oo w.p.1, by the definition of fy, hg, and boundedness of X. So it is equivalent to show {f,_i(z) +

he—1(z%) }eso and 3,2, |21 — 2¢]|2 < 0o w.p.1. To the end of this proof, we consider that ¢ > 2.

Fe(@™) + he(@™Y) = [fro1(2°) + by (aF)] (11a)
_ fe(xZJrl) Jrhz(xZJrl) o [fz(fz) Jrhz(xé)]

+ [fo(z®) + he(z")] = [fo—1(2") + he_1(29)]

< — 22 = 2|2+ [fo(a”) + he(@")] = [femr (@) + heor (2] (11b)
—1

= — 2l 2|2 + g([_l 1) ;[m%) +H@' &)

+ %[F(ze,&z) + H(a", &)

— et —at|? + _71@_1(#) + %[F(x&@) + H (2", &) (11c)

Inequality in (11b) holds by Proposition 1. Let F, = o(x!, 22, ... 2% &1,&,...,& 1) denote the natural
history (filtration) before the outer iteration ¢. By taking the conditional expectation of (11a) and (11d))

with respect to Fy, we have

Elfe(z"*1) + he(z")|F
< foo1(ah) + b1 (a*) — E]E[Hﬂcprl —|* | Fo] + _T}Céfl(l”é) + %C(xe) (12)

c — Gl—-1]loco
< foae)  hea (@) = SB[t — o) | £ 4 1Sl

The first inequality of holds because E[F(x*,&)|F] = EE[F(xe,E)] = f(z%) and E[H(z% &)|F)] =

EE[H(a:é,é)} = h(z"). The second inequality of holds because C(xg)f%’l(we) < “GQ[IH"".

By Donsker Theorem (see Lemma 7 in [33]), there exists K € (0, 00) such that

E[I¢ = Ce-1lloc] < Jfor £ > 2

(¢—1)2

12



Hence,

- ||<_CK—1||00 Sl K
gE[g ]Sz(gl)g < 00 (13)

(=2
which implies that Y7, w < oo w.p.1. We substract by f on both sides of , then fo_(z%) +
he_1(z%)— f > 0 for all £ > 2. Hence, by Supermartingale Convergence Theorem (Proposition 2 in Bertsekas
[5]), since Y, w < oo w.p.1, we have {fo_1(2*)+he_1(2°) — f}e>2 converges and hence {f;_1(z%)+
hg_l(xe)}gZQ converges with probability one. Furthermore, Supermartingale Convergence Theorem implies
that Y ,o, E[||2“T! — 2%||? | 7] < oo w.p.1 which further implies that >_,2, E[[|z**! — 2||?] < oo and hence

Z;.;Z ||5EEJr1 - ZCZH2 < 0o w.p.1. -

Remark 1: Identifying the “descent” relation in of Proposition |3| is inspired by proof of Lemma 1
in [I]. It is worth noting that the analysis of almost all the sampled surrogation algorithms with incre-
mental sampling involves using the supermartingale convergence theorem (or its variation) and the rate of
convergence of the sampled objective function. The novel part of the SD-MM algorithm is that it designs a
double-loop structure to incorporate the decomposition-based methods into this unifying framework.
Remark 2: The proof of Proposition [3| is straightforward to be extended to prove the convergence of the
mini-batch version of the SD-MM algorithm. For the rest of this section, we stick with the base version of the
SD-MM algorithm (i.e., the batch size is 1), but it is straightforward to extend the proof to the mini-batch
version of the SD-MM algorithm.

The proof of the following proposition is inspired by the proof of Lemma 4 in Higle and Sen [I8] but the

conclusion is stronger (i.e., the argument on the entire sequence versus the argument on a subsequence).

Proposition 4. Suppose Assumptions A1 - A6 hold. Then with probability one, any accumulation point of

{2}y (i.e., lim  af = 2) satisfies the following relations:
L(eL)—o0
lim 2= lim 2f=2% € X, (14)
L(eL)—o00 L(eL)—o0
and
limsup 5, L, (@ — 2 < B (23— 2%), Vo e X. (15)
LeL)—soo

Proof. Since X is compact and {z°}, C X, the accumulation point of {z}, exists, say " 1[1:1)11 2t =z> e X.
€L)—o0

By Proposition we have Y ;2 [z — 2| < oo w.p.1, which implies that th |zt — 2% = 0 and thus
—00

lim zf'= lim zf==z
L(eL)—o0 L(eL)—o0
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Pick z € X. Let {(af, 55)}%67’@” denote the collection of minorant coefficients of hy,,, (x) at the end of the

¢t outer loop. That is, hy,, (z) = Jax {af 4+ (BY) Tz} Let

tvy

(g, B,) € argmax{(8)) (& — 271) | af + (B)) Ta™" = hew, (&), t € Ton, ).

By Danskin’s theorem, hj , (z*+1;2 — 2+1) = (8f,)7 (z — 2**1). By Assumption A4, {8, }sec is bounded.

Hence, limsup il%,w (x*1; 2 — 21) < 0o and there exists a further subsequence of £, say Lo, such that

L(eL)—o0
Ii £ ly oo Qoo
f(Eﬁlglﬁoo(an’BtZ) (a 7ﬂ )?
limsup £, (e hz -2 = lim  (8)" (@ —a) = (8°)T (z — 2™).
Hel)—soo 0(ELy)—00

By Proposition [I| and the terminating criterion of the inner loop, we have

Cc

he(xé-&-l) _ 1

21 = 21 < b (21) = of, + (36 2 1 < (@) (16)

It is easy to verify that {h}, is eqicontinuous on X and hence by the Strong Law of Large Numbers, {h¢},

converges to h uniformly on X. Hence, it follows from that

_ . 0+1 Co o+l 202 . Vi ONT, 6+1
M) =, D k(@) = Zlat =2 P < i af, + (8)Tat < ha). (17)

Equation 1' implies that  lim af@ + (ﬁfe)'rx@rl = h(z*°). Since Ly C L, we have
L(eL)—o0
h(z®)= lim of, + (8f,) 2" = a™ + (8>)T2™. (18)
Z(Eﬁg)%oo

On the other hand, for any = € X, of, + (8{,) @ < he(z) < he(z), which implies that

li 4 ENT . 00 oo\ T < ) 1
jlm ol (6)Te = 0% 4 (3%) T < hia) (19)
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Thus, it follows from the combination of equation 7 , and that > € Oh(x*°). Therefore,

limsup hy(z*™h oz — o) = (%) (z — ™)
L(eL)—o0

< max{u' (z —2>) | u € Oh(z™)} (20)

= h'(z%; 2 — 2™).

The following theorem shows that the directional derivative operator and the expectation operator can

be swapped under mild assumptions.

Theorem 1. If Assumptions Al - Aj hold, then for any & € X, f(x) is directionally differentiable & and
fl(#0 — 3) = Be[Fi(#s0 - 3)), Vo e X

Furthermore, if Assumption A4 is replaced by “F(~,£) is differentiable on X for almost every €7, then the

following alternative conclusion holds: For any & € X, f(x) is differentiable at & and

V(@) = BV F(#,8)].

Proof. Proof. See Theorem 7.44 (b) and (c) of Shapiro et al. [44]. |
Theorem 2. Suppose Assumptions A1 - A6 hold. Suppose either of the following two conditions holds:
A7 F(-,§) is differentiable and concave on X for almost every &.
A8 F(-,€) is L-smooth on X for almost every &.
Then, with probability one, any accumulation point of {x*}, is a d-stationary point of (@

Proof. Case 1: Assumption A7 holds.

In this case, the surrogate function of F(z,£) near 2’ € X is written as: G(z,&;0") = F(2/,&)+V . F(2',€) T (z—

2') for z € X. Since X is compact and {z°}, C X, the accumulation point of {2}, exists, say lim 2=

L(eL)—o0

z* € X. By Proposition we also have " lﬁign 1 = 2. By the update rule in Algorithm we have
€L)—o0

15



the optimality condition in the ¢t" iteration as follows: V z € X,

¢
0< (= Z Vo F(zf e (x — 2N + k), (a2 — 2 + e(2 — 29 T (x — 2. (21)

IR
=1

By Assumption A3 and Strong Law of Large Number (theorem 2.5.6 in Durrett [13]), lim Zle V. F (2% &)

L(eL)—o0

m 3 VeF (@, 6) = VEF(a™,§)] =

= Eé[VzF(xl, €)]. By Theorem [1} it further implies that  li
LeL)—

V f(z*°). By Proposition {4} it follows from that

L

o 1 .

0< é(l.g?)lggo{(z ;:1 Vo F(2% &) (z — 21) + hz’w(xwrl; z — 't
_’_c(xé-ﬁ—l _ Z'Z)T(l' _ xé+1)}

< V(™) (z —2) + limsup fz}w (" — 2th
L(eL)—o0

<VF(@®) " (x —2°) + W (20 — ), V€ X.

Case 2: Assumption A8 holds. In this case, the surrogate function of F(x,&) near 2’ € X is written as
(by the descent lemma in []): G(z,&2') = F(2,8)+V,F(z,8) " (z—2')+ %||z —2'||*>. Again, the optimality

condition in the ¢! iteration is as follows: V z € X,

L

1 .
0=(3 D OVeF(@' &) (@ — a2t + by, (2 — 2 + e+ D)@ —2f) T (@ — 2. (23)
i=1
By following the same procedure sa in Case 1, we can conclude that in holds. ]

3 Nonconvex Predictive Stochastic Programming

Recall in PSP, we consider the random vector appears as a tuple (@,é) :Q — X x )Y, where w correlates
with the previously introduced response, £~ . This section first introduces a base MM algorithm for solving
nonconvex PSP problems and then combines it with the SD-MM algorithm in the previous section to design

its non-parametric extension. We shall refer to the base MM algorithm as N-LEON.

3.1 N-LEON

Before we introduce the problem, we make the following assumption of the relation of objective function

(F: X x Y — R) and the tuple (@, £). We do not assume that F(-,&) is differentiable on feasible region X

16



in this subsection.
B1 X is a compact convex set.

B2 |F(z,€)| is uniformly bounded with probability one (i.e., there exists M such that |F(z, )| <
M<ooVzeX wpl).

B3 For almost every &, F(x,€) is Lipschitz continuous on X with a common Lipschitz modulus,

Lipp.
B4 F(., 3 ) is directionally differentiable on X for almost every 3

B5 (@, 5) follows a joint distribution p é The regular conditional distribution of §~ given w exists,

which is denoted by [ -

Here, we consider solving a PSP as follows:

.
mip fu(r) = Bge,

Given a dataset, S, 2 {(wi, &)}, where {(w;, &)}, are n realizations of the i.i.d. copies of (@, &) ~

I ¢ We define the k-nearest neighbors estimate of f,(z) as

ko (1) = ki 3 1w € Sl ws fr B F(,) (25)

First introduced by Fix and Hodges in [15], kNN method has been widely used in hedonic housing pricing
(Oladunni and Sharma [36]), traffic flow prediction (Smith and Demetsky [45]), battery capacity prediction
(Hu et al. [19]), wind power forecast (Mangalova and Agafonov [34]) and so on. On the other hand, the
asymptotic properties of kNN method has been extensively studied by Stone [46], Devroye et al. [I1], Gyorfi
et al.[I6], Walk [48] and so on. Now we introduce the pointwise convergence of the kNN estimator below,

which is fundamental to the convergence of the following proposed algorithms for PSP.

Theorem 3. Suppose that assumptions B1 - B5 are satisfied. Further suppose {(w;, &)}, b Iy g Let

kn be monotonically increasing with n, k¢ — oo, %" — 0 (as t — o0) and (k) varies regularly with exponent

17



B € (0,1] (e.g., kn = [n?], B € (0,1)). Then the following holds:

nlggo k‘i ZI[ ((;jz € S(kn,w; {@j}?:l)) F(z, gl) = é . [F(l’7£)|@ =w], w.p.l.

" i=1
Proof. See theorem 1 of Walk [4§]. |

One key benefit of using kNN is that é Yo Hw; € S(kp,w; {wi};)) = 1and é]l(wi € S(kn,w; {wi ) >
0 for all ¢ € {1,2,...,n}, which implies that many results hold for the sample averaging can also be
transferred to the algorithm powered by kNN. Note that f= () is the biased estimate of f,(z) and it
is unclear whether IESn[HfoL’jj;L(x) — V. fu(2)]|?] can be bounded by some function that depends on the
sample size n. Although Gyorfi et al. [I6] in Theorem 6.2 derives the rate of convergence of kNN esti-
mation in terms of [ |fkn (x) — Eeo,. . [F(z,8)|@ = w]|pe(dy) for a given x, the rate of convergence of
| [l (2) — Eeo, o [F(z,€)|@ = w]| is still unknown. To overcome this challenge, we use the incumbent selec-

tion rule based on the regularized SD in Higle and Sen [I8] to recover a sequence of convergent incumbents.

Algorithm 4 N-LEON-kNN
(Initialization) Pick 2! € X, ¢ > 0, r € (0,1), and 8 € (0,1). Let £ = 1. Let k; = [¢?]|. Generate

(wl,ﬁl) ~ g g
(Step 1: Candidate Selection)

_ c _
= arggrél)r(l—ez}l wi € S(ke,w; {wi}_ )Gz, &) + §||x -z 2.

(Step 2) Generate (wyy1,&e+1) ~ g ¢ which is independent from the past samples.
(Step 3: Incumbent Selection)
k k _ _
i S5 () = L @) < v [fE @t — gh(at)] then
Set z¢*! = ptt!
else
Set z*! = 7
end if
(Step 4) Set £ < ¢ + 1 and go to Step 1.

Proposition 5. {z'}, and {Z'}, generated by Algorithm satisfies the following relation:

B B

Fhaa™h) = gl (@) < =5t - 2P, (26)
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Proof. By the optimality of Candidate Selection in Algorithm [ we have

E |xl+1 _ £€||2

L(w; € S(ke,w; {wi}i1))G(x, &5 2°) + 2|

&~
-

=, (27)
1 _ _
FZ Wi ES ké?w {w’t}l 1))G($£,€i;$£).

The final result follow from the definition of the surrogate function in Definition ]

Proposition 6. Suppose Assumption B1 - B5 hold. Then lim,,_, ffn(x) = fu(x) uniformly on X with

probability one.

Proof. Assumption B3 implies that { ff"n(z)}n is Lipschitz continuous with a common modulus, Lipp,
which further implies the equicontinuity of {fkn (z)},. By Theorem 3} {fA% (z)}, converges pointwise

to Eg [F(z,€)|® = w] on X with probability one. Finally, the equicontinuity and pointwise convergence

ENN Elw

of {fFn ()} implies the uniform convergence. [ |

Inspired by Lemma 6 in [I7], we show a key limiting property of the estimated function value at the

candidates and incumbents.

Proposition 7. Suppose Assumption B1 - B5 hold. Then

lim sup £~ (@ Gy fhe (7Y = 0 wap. . (28)

{— 00 ’
Proof. Proof. Case 1: {z‘} changes finitely often. Then there exists £ > 0 and Z € X, such that z‘ = Z for
all £ > L. Then the incumbent selection step implies that

FEaty = fre@) > el ) - @) Y > L+ 1 (29)

)

Since X is compact, the accumulation point of {2} exists. Let {z‘}sc, be a subsequence whose ac-
cumulation point is #. By Proposition |6, we have lim  f*,(zf) = 1lim f*, (2) = f.(2) and
(eL) o0’ ((eL) =00’

E(e%grim U’jf[jl(i') = z(elalgn fkf "(Z) = fu(Z). Let £(€ L) — oo, equation implies that

fo(@) = fo(@) = r[fu(@) = fu(@)]- (30)

Since fwyg_l(xe) — fue—1(Z) < 0 by Proposition we have limsup[fwj_l(:c[) — fu—1(Z)] < 0, which

l— 00
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implies that f,,(Z) — fu(Z) = “ lﬁlgn [fwi—1(2%) = fue—1(Z)] < 0. Thus, combined equation , we have
€eL)—0

fw(@) = fu(Z) = 0 which completes the proof in Case 1.

Case 2: {7} changes infinitely often. Let {£,} denote the subsequence of iterations so that {Z‘»} changes.

By the incumbent selection, we have
k ey (-0, — ke, - Koy (b, —
Pt ) = fit @ < v [ et — 1 2 ] <o, (31)

Let 0 = [0,y (a'") =[5, 4(a* ). Then for m >0

w w

1 m k - k B B ,,, m
3l @)~ £ @ < et <. (32)
n=1 n=1

Also note that

n=1
-1

_ 1 N Ko (~ln ke (e, Kep (=l key (b
= = | DUk @) = Ll @) + i @) = £, @)

mt 1 (33)

k _ kln 1 (=hn Ker, (=l T
DI (RO B G ERE S G C o B AR CAD)
n=1

1 e ke, oy 2M

>3 (A ) = L @) = S

k
The last inequality holds by Assumption B2. By Proposition|§|, lim (f:fz; (ztn) — fwe’”r1 (")) = 0 with
n—00 s

Lnt1

w,ln w,ln

probability one. Thus, let m — oo, it follows from that li_I>n %Zle[f’”g (zt) — f’”” (1) =
0 w.p.1. Thus, (32)) implies that

_ s 1« ke, (6, Koy (~ln—1 . T 00
0= ngnooazl[fw,m )= fo @] < ,,}Enooazlf’ <0 wpl (34)
n= n=

Equation implies that 0 = limsup,,,_, % Z?ﬂ 6t < limsup,, .. 0 <0 w.p.1, which completes the

proof. |

Analogous to Theorem [If (also can be seen in Theorem 7.44 in [44]), we shall get the kNN version of the

results by using the “strong law of large numbers” of kNN estimators (Theorem .

Theorem 4. If Assumptions B1 - B5 hold, then for any & € X, f(x,w) is directionally differentiable at &
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and

(&2 —3)=E

e, [Fé(;%, r—3)|w=w], VeeX (35)

Furthermore, if Assumption A4 is replaced by “F(-,é) is differentiable on X for almost every é”, then the

following alternative conclusion holds: For any & € X, f(x) is differentiable at & and

Vo ful@) =B, [V.F(#,8)o = w] (36)

Proof. The proof is similar to the proof of Theorem 7.44 (b) and (c) of [44]. The only difference is that we use

regular conditional distribution to take the integral when performing Dominated Convergence Theorem. B

With the Propositions [§] and [7] providing a subsequence so that distance between the incumbents reduce
to zero, we can show convergence of N-LEON-kNN in the following two propositions by providing different
structural assumptions on the objective function.

The use of the difference between surrogate function and the objective function in the proposition below

is inspired by [32].

Proposition 8. Let H(x, & a') 2 G(x,&;2') — F(x,€). Suppose Assumptions Al - A4 hold. Suppose that
H(z,& 2% is L-smooth and V H(x',&2') = 0 for all ' € X and € € Z. Then, with probability one,

41 _

AlgOTithmpmduces a subsequence of {z'} so that " lclgn ||z zt|| = 0 and any accumulation point of
€L)—00

such subsequence is a d-stationary point of .

Proof. Throughout this proof, we let G/g;,»,;/ (x;d) denote the directional derivative of G(-,&;2’) at = in the
direction of d. By Proposition |7} there exists £ such that limez)— o0 |2/ — Z¢]| = 0.

On the other hand, by the optimality condition of , for any z € X, we have

| —

¢
0< ZH(%‘ € S(ke,w; {wi}le))[Géi;ig (" — 2]+ e(2 = 2H) T (2 — 2. (37)
i=1

>

0

By using

Féi(mﬁ-i-l;x o xf—i—l) _ G/ 72(x€+1;x o .’£€+1) o VIH(xé—&-l’gi;iﬁ)(mﬁﬁ-l;x _ xf—i—l)

§isT

and L-smoothness of H, we get

4
1 ,
% D Mwi € S(he,wi {wi} i) [Fe, (@ w — 2] = (e + D)l|2 = 2|z — 21| (38)

i=1
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For £’ C L such that “ lﬁu)n 7t =7 let (€ L") — oo, by the pointwise convergence of kNN estimator
€L) =00

(Theorem [3), we have

. / é+1 £+1
3T € SO a5 5

=K

Eonie [Fé(a’:oo; r—T%)|0 = wl.

By Theoreml 1t follows that E; [FLz;2 —T%°)|0w = w] = f/(Z°°, 2 — Z°°). Hence, it follows from

&~ Péjw ' €
that
Lz, — %) = eg;)n%o e Z]I w; € S(ke,w; {wi o)) [FE (2T — 2]
> lim —(e+ LYot — 7|l — 2" (39)
L(eL)—o0
= 0.
|

In the following proposition, we consider the case when F' is a dc function.

Proposition 9. Suppose F(xz,£) = ¥y (2,£) —ha(x,€), where 1h1 : SXY = R and s : SxY — R are convex
on a open set S C R™ and S is a superset of X. Further assume that Assumptions B1 - B5 hold. Further

suppose that ¥o(-, &) is differentiable on S for almost every § € Y.Then, with probability one, Algorithm

L(eL)—o0
subsequence is a d-stationary point of ,

produces a subsequence of {z°} so that lim ||z**! — z%|| = 0 and any accumulation point of such a

Proof. The surrogate function is

G(z,& ') = ¢u(2,€) — [¥a(a’,€) + Varpa(a', ) T (z — 2')]. (40)

Let ¢, 1(z) = E5~ug| [1h1(x, €)@ = w] and ¢y, 0(z) = ]Eé’\’ué‘ [1ho(x,€)|& = w]. Similar to the argument in
Proposition there exists £ such that l( lﬂlgn |zT1 —Z*|| = 0. In the ¢! iteration, the optimality condition
€L)—oo

of Candidate Selection in the Algorithm [4] implies that for any = € X, we have

0 < C(zé+1 _ a‘:l)T(x _ x[+1)

L (41)
?Z wi € S(ke,wi{wi}izy) [V, 1 (252 — 21) = Vo (2, 6) T (2 — 2)
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For £’ C L such that “ lﬁu)n 7t =7 let (€ L") — oo, by the pointwise convergence of kNN estimator
/(€L')—00

(Theorem [3), we have

ZH (w1 € Sk, w3 {witiy)) [ (@2 — )]

lim
l(eL')—o0 kg

- EENH&\w {wé,lf (%50 —2%)|w = w} ’

and Timy(e ) soo 1 Soimy Lw; € Slhe,wi {witoy))Vatha(, &) = 5N%[vgﬂ¢2(@°@,g)|@ = w]. Tt follows
from that

0<E.,, |der(@e—a)o= w] B, [Vata(5%, )0 = w]. (42)
By Theorem [4] we have

Bio, [Ven @50 —7°)0 = w] = ¢, 1 (5732 - 5%), (13a)

E§~Mélw[vzw2(*fooag)] = vm(bw,Q(:EOO) (43b)

Thus, the combination of equations and implies that

0 < ¢y, 1 (3% 2 —3%°) — V0w 2(22) T (x — 7%). (44)
Thus, this shows that °° is the d-stationary point of . |

3.2 NSD-MM

In this subsection, we aim to solve the predictive version of in section

min Be, [F(@,8) + H(w, o = u] (45)

Same as the objective function setup in section [2 we let F' : S x Y — R be a L-smooth/differentiable
concave function, where S is a superset of X, and let H(z,£) be a pointwise maximum of finitely many
linear functions of x. To the end of this subsection, we shall assume that Assumptions A1 - A6 and B5 hold.

Additionally, we assume that

B6 There exists M), € (0,00) such that H(x,&) < M, for all z € X and almost every £ € ).
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Assumption B6 is important in updating the piecewise linear approximation function of the convex compo-

nent when kNN being used. Throughout this subsection, we make the following notations:

¢ : iteration number of the outer loop, v : iteration number of the inner loop
w : observed predictor, Ny : sample size in the ¢ outer loop

vp : number of inner loops in the outer iteration /¢

{z'} : sequence of incumbents generated by the outer loop

{xé’g} . sequence of candidates generated by the inner loops

{z%} : sequence of candidates generated by the outer loops

Ny

fjfz(x) = ]; ZH(M € S(ke,w; {w; }N4))F (2, &)
S =1
1 &

W) = g 2T € Slkayws fun} Za) H &)

CEya) = £ () + 2, (@)
fol@) = Bg,. [F(z, 06 = wl, ho(z) =g, [H(,80=0]

Col@) = ful@) + ho(2)

ﬁff w(z) : piecewise linear approximation of hff , in the v inner iteration of the ¢** outer loop
1L
k
9o o(a;2’) = % > w; € S(ke,w; {witiy))Gla, &3 2')
i=1

Foralli € {1,..., Ny1}, compute 7¢ € argmax{r " (e(&)—C(&)3%) : 7" D < d} and 7¢ € argmax{n " (e(&;)—
C(&)x™) 7" D <d} fori=1,2,..., N,. The new minorants for the (£+ 1)*! iteration are constructed by

using the following formula.

Ny
_ 1 _
ull ity (@) = e > Tw; € Skt ws {wik iy ))CE) 7L,
i=1

k ¢ k —O\T p4
C&:,Z+1(x) = hwf;{i_l(x )+ “wﬁﬁ-l(w ) (z—2%)

., (46)
1
WS = o 3 T € Slhenn, s {wik )06 T
i=1

ke 14 k ¢ ¢
Clepa (@) = hgi () + g (@) T (@ — 2™
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The algorithm design can be regarded as a mix of SD-MM and N-LEON-kNN. In the inner loop, we still

. . . . . 1041 A 11
require the lower-bounding approximation must be accurate enough (i.e., hy* (22 * W) — hit (22 * yw) <

%Hxé’eﬂ — z*||?). We also introduce an incumbent selection similar to the one in Algorithm |4| to ensure it
produces a subsequence of incumbents so that any accumulation point on the subsequence is a d-stationary
point of . It is also worth noting the convergence result of Algorithm [5|is weaker than the one of Algorithm
due to the unknown conditional distribution and the unknown rate of convergence of the non-parametric

estimation.

Algorithm 5 NSD-MM

(Initialization) Pick z' € X, Ny > 0, ¢ > 0, 8 € (0,1), and L > 0 (number of iterations). Set v = 0, and k1 = [N/ |.
Generate iid. (w;,&) ~ pg g for all i € {1,2,...,N1}. Calculate §;(&;) for some j € M(z*, &) and for all i €
{1,..., N1} and calculate ul, , (') = ﬁ Zivzll I(w; € S(ket1,w; {wz}ivz’l))ﬁj(fl) Set ﬁﬁlll(x) =ub (") (x—7").
for ¢ =1,2,...,L do Outer Loop

do Inner Loop

Set v+ v+ 1.
. 3041 .k 6y | ike
(Candidate Update) z2 = arg min 9. (@ Z°) + Ry,
vex Jo, 2

(@) + §llz — 2.

1

1 1
Compute 7r3f+1 € argmax{r ' (e(&) — C(&)x2 o Y:r'D<d}fori=1,2,...,N,

1 1
Compute e e(z: ) = 2 SN Lwi € S(he,w; {wi}))CE) Tm2)
A A 141 141 EWANY
Set b, 1y (x) ¢ max{hl, , (@), hoe(@d ") +ue(@ ) (@ — a2 ")}

Piecewise Linear Approximation Update III

( 2.0+1 141

1 ~
while h*, (22" ") = 1, (22 > ¢ la

" —z? End Inner Loop
o1 3,041
Set x — x2 , Neg1 <~ No+1

Generate (Wi, ;&N ) ~ K ¢> which is independent from the past samples.
Perform Minorant Pruning I/II for fzf}’;z,yﬂ(m).

Calculate k¢41 = LNfHJ and C}, 41 (2) and C2 4,4 (z) using .
if ko1 = ke then

5 . M,
Set ALtL, () ¢+ max{h¥’, . (z) - =2,C}

?7 Cw,f+1 ("B), Cz,l+1(x)}
14

Piecewise Linear Approximation Update I
else

k ko -
Set A5 11 () = max{ Rl 2 (0), €l (@), €2 e ()

Piecewise Linear Approximation Update II

end if

if (jff[jl(m”l) - {iiﬁl(#) <r [(jﬁfe(:rHl) - Cff[(iz)} then Incumbent Selection
Set FH1  pttl

else
Set ! + z*

end if

Set vy «+ v and v < 0.

end for End Outer Loop

The proposition below shows that the combination of Piecewise Linear Approximation Update I

and Piecewise Linear Approximation Update II will provide lower bounding approximation of hff o for
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all 4.

Proposition 10. Suppose that Assumptions A1 - A6 and B5 - B6 hold. Tie-breaking by indices is used.
With probability one, ﬁf}f&u(:ﬂ) < hi’e(x) VeeX forallt>1, v>1.

Proof. Let wfk ] be the k; nearest neighbor of w from the set {w; }j\f:zl and let ffke] be the associated response

w1, denote the updated piecewise linear approximation function after performing the pth

of w[k We let h*1
Piecewise Linear Approximation Update III in the ¢** outer loop.
By the initilization of Algomthm l hw (@) =CLi(z) < hf}l(w), VaoelX.

Case I: £ =1 and the inner loop is terminated. By the convexity of hfo() and , hfo (z) > CL o(x) and
hiZa(z) > C2 5 (x) forall w € X. I ko = k1 and [Jwi, | —w|| < [lwn, —w||, then I(wy, € S(ka,w; {w;}}2,)) =0
and I(wfy € S(ka,w;{w;}2,)) = 1 for i = 1,2,..., k1. Hence, by the definition of hy*, hi2(z) = hi? (@),
which is obvious that hff'z(:c) > hffl(:c)—%h V2 € X. On other hand, if ks = k and ||w[1k ]—wH > |lwn, —wll,
then I(wy, € S(ka,w; {wj}év:zl)) =1, H(w[lkl] € S(ka,w; {wj}j-vﬁl)) =0, and ]I( | € S(ka,w; {wj} ) =1
fori =1,2,...,k; — 1. By Assumptions A5 and B6,

B2y (@) — B () = H(x, €x,) —

My,
H ! >0——V X. 47
kg (xag[kyl]) = kl ) YIS ( )

L
k1
Hence, it follows from that hfz"’Q(x) > iLf}l( ) — % , V o € X, which further implies that
hk2 7 ko Mh 1
w,2($) > max{hw,l,u+1(x) - ?1760.;,2(‘%) ( )= h’w .2, () Ve X
Finally, let us consider the case when ko > k1. Let
Sy ={1<i<Ny:w; ¢ S(k,w; {wj}jy:ll),wi € S(kz, w; {wj};-vil)}

denote the set of indices of covariates so that they are not in the first kNN set, S(k1, w; {wj}j-v:ll) but in the
second kNN set, S(kg,w;{wj};yil). Ny = Np + 1 implies ]I(w[li] € S(kg,w;{wj}évil))) =1,i=12,..k.

which further implies that

hE2, () Zngz Zng

1652 (48)

1Ak
> 0+ EE ;H 5[1 = Zhwz,l,u+1(x)'
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Hence, this shows that hiﬁ(m) > max{%ﬁﬁflwﬂ(aﬁC&,’Q(m),Cf)’Q(x)} = ﬁﬁfz)l(x), VoelX.

2

1
Case II: ¢ = 1 and the inner loop is not terminated. By the convexity of hf}l(x), we have hffl(fo) +
1

1 . .
uw’l(acf’Q)T(x - me) < hi{l(x), V 2 € X. Hence, it is obvious that hfjfl’z(ac) = max{hﬁl’l’l(ac)7 hea(

)+

1 1 .
uw’l(xf’Q)T(:r - acfQ)} < hf;fl(x), V € X. Then one can mimic the same procedure to show hfh,u(ff)

IN

hf}l(x) for all ¥ > 1 until the inner loop is terminated.
Case III: ¢ > 1 and the inner loop is terminated. By induction, suppose that iLff@ sy () < hffz(x) after
the inner loop. The proof in this case is similar to Case 1.

Case IV: ¢ > 1 and the inner loop is not terminated. The proof is similar to Case II. ]
Proposition 11. Suppose Assumptions A1 - A6 and B5 - B6 hold. {z*}, and {z*}, generated by Algorithm

[3 satisfies the following relation:

¢l = chey(@h) < =S lla" =& (49)

5 w

Proof. The proof is similar to Proposition |

Proposition 12. Suppose Assumptions A1 - A6 and B5 - B6 hold. Then

lim sup ¢, (2T) — ¢4, (%) = 0 w.p.1. (50)
£— 00
Proof. The proving strategy is the same as the proof of Proposition [7} |

Proposition 13. Suppose Assumptions A1 - A6 hold and B5 - B6 hold. Then with probability one, NSD-MM

(Algorithm@ produces a subsequence, {Z'}ocr, such that any accumulation point of {x*}ser (i.e., L' C L,

lim = 2>) satisfies the following relation:

UL )00
lim z'=  lim 2'=2%eX, (51)
L(eL)—o0 L(eL)—o0
and
lim sup (izife,w)'(mﬂl; xr— 2z < hl (2% —2®), Ve X. (52)

L(eL)—o0
Proof. The proving strategy is similar to the proof of Proposition [4f The only differences are (1) we apply

Propositionand Propositionto get that there exists a subsequence, {Z}¢c ., such that o ILII’)II (-
eL)—=o0
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7%|| = 0 w.p.1 and (2) we utilize pointwise convergence of kNN estimator (Theorem and the equicontinuity

of {h}*}¢ to derive the uniform convergence of {h}*}, on X. ]

Theorem 5. Suppose Assumptions A1 - A6 and B5 - B6 hold. Further assume either Assumption A7 or
A8 holds. Then, with probability one, NSD-MM (Algom'thm@ produces a subsequence, {Z'}scr, such that

any accumulation point of {x*}icr is a d-stationary point of .

Proof. Case 1: Assumption About 7 holds. By Proposition [[2] and Proposition there exists a

subsequence, {Z*}sc ., such that limg(err)—oo |zt — z¢| = 0 w.p.1. Since {#‘}ser C X and X is compact,

the accumulation point of {Z¢},c, exists, say £/ C £, lim 2= lim 2! =0. By the Candidate
L(eL)—o0 L(eL)—o0

Update of Algorithm [5] we have the optimality as follows: for any x € X,

Ny
1
0< =) HwieSkew; {whiE)) Vo F (@, &) T (@ — 2]
¢
=1 (53)
+ (iLZQ,W)’(meH; z— ) et — 25 T (2 — 2.

Let £(€ L") — o0, by the pointwise convergence of kNN estimator (Theorem [3]) and Theorem 4} we

lim ZH wi € S(ke,w; {wi}N)VE@EE, &) (¢ — %)

L(eL)—oo ky
=B, [VF@,8l0=u (@ -2%)
= VE.,, [F&= 06 = w7 - a%)

= Vi, (x®)T (x —2).

On the other hand, by Proposition we have

lim sup (hkf ) (& — 2 <L (2% — 2®), Ve X.

w,l,vy
L(eL)—o0

Thus, it follows from that

< J— . . NI{ =L X T _ 0
0< liminf ezl w; € S(ke, wi{wi};21)) Vo F(27,&) (2 — 2%)

+ liminf (hkz

e(eL’) w,l u;) (xé-&-l; T — -7/'£+1) + liminf C(;I;é'i'l — iﬁ)—l—(x _ .,L,Z-l-l)
€ —00

l(eL)— o0

< V(@) (@ = 2%) + (a2 - 2),

28



which shows that x°° is a d-stationary point of with probability one.

Case 2: Assumption A8 holds. In this case, the surrogate function of F(z,£) near 2’ € X is written
as: G(z,&2) = F(z,€) + Vo F(2,8) " (z — 2') + £|lz — 2/||>. The optimality condition of the Candidate

Update of Algorithm [5]is

Ny
1
0< 2 Mwi € Slhe,w; {wiHe Ve F (&) (w — 2]
ti= (54)
(g, ) (@ a7 + e+ L)@ = 2T (@ — 2.
Then the rest of the proof follows the same procedure of the case 1. ]

4 Numerical Experiment

In this section, we apply SD-MM and NSD-MM algorithms to solve a class of two-stage shipment problems
with linear or concave first-stage cost. The algorithms are implemented in the C++ environment, and
CPLEX v12.8.0, as a base solver, is used to solve convex quadratic programming problems and obtain the
second-stage dual multipliers. All the programs are run on the Macbook Pro 2017 with 3.1 GHz Dual-
Core Intel Core i5. The following results show that the SD-MM algorithm solves the two-stage stochastic
linear programming problems near the optimum and maintains a stable descent in the objective value, and
converges in the nonconvex case. As for the NSD-MM solver, the numerical results show that it maintains
stable descent in the objective value but has large solution quality oscillation in a more complicated instance,

which agrees with the weaker convergence result shown in Theorem

4.1 Two-Stage SLP

The problem formulation of the two-stage stochastic linear programming problem is formulated as grcrél}r(l clz+
E¢[H (z, £)], where 2 denotes the decision of the amount of production in each factory, and H (z, £) denotes the
second-stage recourse function. We apply the SD-MM algorithm to solve eight different instances. LandS,
LandS2 and PGP2 are power generation problems, BK19 and RETAIL are shipment planning problems,
4ANODE and 20TERM are freight fleet scheduling problems, and SSN is a network expansion problem. The

cost coefficients and the transportation network of BK19 are due to the two-stage shipment planning example

in Bertsimas and Kallus [6], while the data generation process is different. The demands random variables
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Instance 15 stage 279 stage Number of Magnitude of
name variables/constraints | variables/constraints | random variables | random variables
LandS 4/2 12/7 1 3

LandS2 4/2 12/7 3 64
PGP2 4/2 16/7 3 576
BK19 4/0 52/16 12 00

RETAIL 7/0 70/22 7 107

4NODE 52/14 186/74 12 32768

20TERM 63/3 764/124 40 1012

SSN 89/1 706,/175 86 107

Table 1: Problem Complexity of Two-Stage SLPs

follow the truncated normal (i.e, truncating the non-negative realization of the random variable) with means
(5,6,7,8,5,6,7,8,5,6,7,8), standard deviations all equal to 1, lower bounds all equal 0, and upper bounds
equal to (10,12, 14,16,10,12,14,16,10,12,14,16). The model parameters and data generation process of

the other instances can be seen from Sen and Liu [43]. Table 2| summarizes the computational results of the

Instance Outer Average inner | Avg(Obj) | Std(Obj) | Avg(95%CI Time
name iterations iterations half margin) | elapse (secs)
LandS 200 369.3 382.12 0.01 1.33 6.77

LandS2 200 317.7 226.95 0.32 1.54 7.12
PGP2 200 573.1 447.89 0.66 1.34 9.90
BK19 100 246.1 729.29 1.32 0.77 2.68

RETAIL 500 671.9 154.14 0.16 0.73 45.29

4ANODE 200 1741.3 447.07 0.32 0.05 54.95

20TERM 300 2279 254491.10 | 112.43 156.25 296.19

SSN 1100 2253.9 10.21 0.11 0.12 961.70

Table 2: Computational Results of Two-Stage SLPs

SD-MM algorithm for solving eight Two-Stage SLP instances. Each instance is replicated ten times. The
column of “average inner iterations” shows the average total number iterations of the SD-MM algorithm for
solving each instance. 4ANODE requires more than eight inner loops per outer iteration, which is the highest.
The column “Avg(Obj)” summarizes the average solution qualities in terms of the out-of-sample validated
costs. To ensure the sufficient size of the out-of-sample validation set, we output the average of the 95%
CI half margin in the column “Avg(95%CI half margin)”. The column “Std(Obj)” shows the oscillation of
the estimated solutions in terms of the standard deviation of out-of-sample validated costs. According to
Table 5 from Sen and Liu [43], we conclude that SD-MM can efficiently solve all of the eight instances near

optimum.
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4.2 Two-Stage SP with Concave First-Stage Cost

In the second class of problems, we apply the SD-MM algorithm to solve 2 instances of two-stage SP with

concave first-stage cost. The mathematical formulation of the first instance is mi)r(l Eg[Z?:l ki (€) log(bs (&) s+
T€
1) + H(z,€)], which is the modification of BK19, which is referred to as BK19(sto klogbx). The second

w0 BK19 (stp klovgbx)v ‘ ‘ ‘ ‘ 4NOI?E (det hogbx) ‘
—SD-MM| ——SD-MM|

900

1000 (—

480

800°
460

700
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600

500

Out-of-sample Validated Cost
Out-of-sample Validated Cost

400

10 20 30 40 50 60 70 80 90 100 20 40 60 80 100 120 140 160 180 200

Sample Size Sample Size

Figure 2: Computational results of SDMM in BK19(sto klogbx) and 4NODE(det klogbx)

instance is based on the 4NODE, where the second-stage subproblem remains the same and the objective
function becomes glgl;{l Yo kilog(biw; + 1) + ]EE[H(x,g)] We shall refer to this instance as 4NODE(det
klogbx). For each instance, we replicate the entire process ten times. In both graphs of Figure |2 the solid
black line and the shadow area show the average performance and the distribution of the ten replications of
the SD-MM algorithm, respectively. In 4ANODE(det klogbx), the solution quality stabilizes when the sample
size increases to 40. Since the dimension of the dual in the second-stage problem of 4NODE(det kloghx) is
74 while the one of BK19(sto klogbx) is only 16 and the dimension of the first-stage decision is much larger,
this explains why the shadow area of 4ANODE(det klogbx) does not diminish to 0 while the shadow area of

BK19(sto klogbx) can.

4.3 Two-Stage PSP

We reuse the model parameters in PBK19(sto klogbx) and 4NODE(det klogbx) and design new data gen-
eration process of the tuple, ((11,5) to showcase the computational performance of the NSD-MM algoror-
ithm. The mathematical formulation of the first instance, which we refer to as PBK19(sto kloghx), is:

S0 ki(€) log(bi(€)xs+1) + H(x, €)|& = w]. To the end of this section, we let v(;) denote the ™

min E; ie1

E~pg
zeX §lw
component of the vector v. As for the data generation process, wi) follows Uniform(0.5,1.5) for i = 1,2, 3,
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and the i*" component of the demand is:
ei(€) = max{0, A] (w + 6;/4) + (Bf w)e;} i=1,2,...,12,

where §; and ¢; are white noises, and A;, B; are constant vectors. k(&) follows k(;)(¢) = Clw + 71 + k,
where 7 is truncated standard normal random variable with (lower bound,upper bound)=(-0.5,0.5) and C;
is a constant vector, for i = 1,2,3,4. b(¢) follows b(¢) = wi + 72 + b, i = 1,2,3,4, where 7, is a truncated

standard normal random variable with (Ib,ub) = (-0.1,0.1) and b is a constant. We feed the NSD-MM solver

PBK19 (s@o klogl?x) ‘ ‘ ‘ P4NODE (det lglogpx) o
—NSD-MM|

800,

—~—NSD-MM|

O 650

g 8 8
8 g 8

Out-of-sample Validated Cost

Out-of-sample Validate:

8

350

. ! ! 350 . . . . . . . . 1
50 100 150 200 250 300 50 100 150 200 250 300 350 400 450 500 550 600

Sample Size Sample Size

300

Figure 3: Computational results of NSD-MM in PBK19(sto klogbx) and PANODE(det kloghx)

with dataset {(wi,ei(€),ki(€)),b:(€)}Y, and the observation of the predictor w = (1,1,1). We replicate
the data generation and solving processes 10 times and output the average and distribution of the solution
qualities evaluated by the out-of-sample validation set in left sub graph of the Figure 3| It shows that the
estimated solution of NSD-MM manage to converge in this case.

The mathematical formulation of the second instance, which we refer to as PANODE(det klogbx), is
min Y, k;log(biz; + 1) + E; [H (z,€)|® = w]. w; follows uniform(0,1), the vector e in the right hand

zeX Ergy
side of the second-stage problem follows the following data generation process:

i) =Z w+e +e, i=1,2,...,12,

where ¢; is truncated standard normal random variable with (lower bound,upper bound)=(-0.5,0.5), Z; is a
constant vector, and &; is a constant scalar. Then we feed the NSD-MM solver with dataset {(w;, e;(€))}Y,
and the observation of the predictor w = (0.4,0.6). Again, we replicate the data generation and solving
processes ten times and then plot the average solution qualities of ten replications in the right subgraph of

the Figure|3| Its large shadow area in the case of PANODE(det klogbx) is possibly due to the higher problem
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complexity and the weak convergence result of NSD-MM as shown in Theorem

5 Conclusions

In this paper, we have designed a fusion of the SD algorithm and MM algorithm to solve a class of non-smooth
nonconvex stochastic program. The proposed SD-MM algorithm has a unique property that successively
approximates the second-stage cost-to-go function (convex component) from below and approximates the
concave or L-smooth first-stage component from above. This technique exploits the historic approximations
of the sample-based convex component to estimate the current sample-based convex component. As a result,
the SD-MM algorithm can store the memory of the functional estimates in the previous iterations and thus
use the memory to attain the next iterate. Moreover, we further equip the SD-MM algorithm with kNN
estimation to solve nonconvex predictive stochastic programming problems.

We are aware that the objective function in the problems discussed can also be expressed as an expectation
of a smooth concave function and a convex piecewise linear function (i.e., H(z, ) = lgljaSXJ{ﬁj ) Tz+a;()}),
which may open up future applications of the SD-MM algorithm in the machine learning problems. In
the future, one interesting direction is to derive the convergence rate of the SD-MM algorithm. Another
interesting direction of the research is to study the finite-sample performance of the SD-MM algorithm.
The third direction is to merge the methodology of the SD-MM with multistage Benders decomposition
to solve multistage stochastic linear program with infinite trials. We hope our methodology provides a
new viewpoint on the inexact local approximation of the objective (i.e., neitherThey upper bound nor lower
bound) for efficiently looking for d-stationary solutions to the nonconvex non-smooth stochastic programming

problems.
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