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Abstract

Complexity analysis has become an important tool in the convergence
analysis of optimization algorithms. For derivative-free optimization al-
gorithms, it is not different. Interestingly, several constants that appear
when developing complexity results hide the dimensions of the problem.
This work organizes several results in literature about bounds that appear
in derivative-free trust-region algorithms based on linear and quadratic
models. All the constants are given explicitly by the quality of the sample
set, dimension of the problem and number of sample points. We extend
some results to allow “inexact” interpolation sets. We also provide a
clearer proof than those already existing in literature for the underdeter-
mined case.

Keywords: Polynomial interpolation, Derivative-free trust-region algorithms,
Minimum Frobenius norm, Error bounds

1 Introduction

Polynomial interpolation is one of the main aspects of model-based derivative-
free algorithms. Given a function f: R™ — R and a set of interpolation points
Y ={y° ... ,yP}, the interpolating polynomial m € P¢(R) is such that

m(y') = f(y"), i=0,....p, (1)

where P2 (R) is the space of polynomials of degree at most a in n variables. It
is well understood that quadratic polynomials (a = 2) provides a good approx-
imation, being able to capture the curvature of f using a reasonable amount of
interpolation points [B, p.35].

More recently, the wort-case complexity analysis of optimization algorithms
became popular. Although most of the bounds obtained are very pessimistic,
the analysis provide further insights into the parameters and the dependence on
the problems’ dimensions.
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When studying worst-case complexity of derivative-free trust-region algo-
rithms using linear or quadratic polynomials, one has to deal with bounds re-
lated to the geometric quality of ) and to the Hessian of the model (in the
quadratic case). In [5], several bounds were provided, which explicitly show the
dependence on the problems’ dimensions. Such bounds were used, for example,
in the excellent complexity analysis of [2] [6]. The complexity bounds generated
the desire of performing derivative-free optimization in smaller subspaces, to
further decrease the impact of dimensionality in the construction of models [3].

In [9], some error bounds were obtained for a relaxed version of

m(y") — f(y")| < k6%, (2)

where £ is a constant and ¢ can be viewed as the precision of the model [8], @]
or just as the trust-region radius [5]. Condition is related to linear and
quadratic models build from support vector regression strategies. Unfortu-
nately, only the determined case is analyzed in [9], that is, the case where
p = dim(P2(R)) — 1. In the case of quadratic models, that would require O(n?)
interpolation points in ). This work intends to extend the bounds obtained
in [9] to the underdetermined case, which is known to have better performance
in practical implementations.
The main contributions of the present work are

e the bounds associated with linear and quadratic polynomial models are
organized, making clear their dependence on the dimension and quality of
the interpolation set;

e the bounds from [9] are extended to the underdetermined case.

This work is organized as follows.

Section [2]is concerned with bounds to linear and quadratic polynomial mod-
els which are uniquely determined by the sample set. Section [3]is the main con-
tribution of this work and discusses error bounds for underdetermined quadratic
models, since they are the most efficient models in practice [7]. Finally, in Sec-
tion [4] we state and organize all the bounds and discuss possible open questions.

Throughout this work, we will refer to the interpolating polynomial m as
the one satisfying the relaxed condition , B(x,6) is the closed ball centered
at x with radius ¢, ||-|| is the Euclidean vector norm or its respective induced
norm for matrices, J = {y°,...,yP} is the set of p+ 1 sample points, for which
f is assumed to be known, PZ(R) is the space of polynomials of degree at most
a in n variables, and ¢ = dim(P2(R)) — 1.

2 Determined models

Let us assume that Y C B(y°,§). Determined interpolation models need that
the number of sample points in ) equals the dimension of P%(R), that is, p = ¢
in our notation. In the linear case, we assume that p = n = ¢ and define
matrices

(y' —y")7" yvi—u) oy =)
L= : S E (3)
(y" —y")T yr =) o yn—h



and 1
Lp=5L;. (4)

In the quadratic case, we assume p = (n? + 3n)/2 = ¢ and define the matrix

(@t — )"

Lo = : ; (5)
(@ly? — )"

T

=) 1.2 1,2 1,2
where p(x) = |21,Z2,...,Tn, 57, L1702, T123, . . ., T1Tpy, 5T5, -+, T 1T, 5 L0

is the vector whose elements form the natural basis of monomials in PZ(R), as
defined in [5, Section 3.1]. We also consider the matrix

. D' o
LQ:LQ[ 0 DQ%}

where Dy, = 0I,x, e Dg = 62I(q7n)><(q7n)- Matrices Lz, and Lg are related
with the construction of determined interpolation models, while and @ are
their respective scaled versions, mainly used for theoretical purposes.

We will assume that the following assumptions are valid.

(6)

Assumption 2.1. Vf is Lipschitz continuous with constant L in a sufficiently
large open bounded domain X C R™.

Assumption 2.2. f is bounded below.

Assumption 2.3. If the model to be built is linear, then the matriz Ly, is non-
singular and there is a constant Ky, > 0 such that HI:ZIH < kr. If the model
is quadratic, then the matriz Lg is nonsingular and there is a constant kg > 0
such that HI;Z?IH < KQ.

The next assumption is related to the relaxed concept of interpolation models
considered in this work.

Assumption 2.4. There is a constant k > 0 such that for every y7 € Y C
B(y",9) A
im(y’) — f(y")] < K>,
Note that Assumption includes the creation of “exact” interpolation
models and also models under uncertainty [9], under numerical errors or even
when we can control the precision in which f is calculated [I]. The next the-

orem provides the error bounds for determined polynomial interpolation under
Assumption Its proof is provided in [9].

Theorem 2.5. Suppose that Assumptions and[2]] hold. Then, for
allx € X N B(y°,0), if the model is linear

[V2m(2)|| = 0,
I94(z) - V()] < <L+ (;uzn) m/ﬁ) 5

f(z) —m()]| < (;L . (;L N 25) ,wa) 5,



and, if the model is quadratic,

|V2m(a)|| < 2n0/24(k + L),
IV£(2) - Vm(@)| < (2xqva (14 V2) (s+ L)) 6,

£ (@) — m(x)] < (;L b r+ wgyE (24 3VE) (n+ L>) 5.

In order to ensure Assumption we need to make additional hypotheses

about the geometry of the sample set. The existence and uniqueness of model
m, also known as poisedness, is not enough. In linear interpolation, for example,
this can be achieved by assuming that the points in ) are affinely linear inde-
pendent [I0]. Here, we assume that the set ) is A-poised on the ball B(y",§),
for some A > 0. This definition is taken from [5] and will be better discussed
in Section [3| for underdetermined polynomials. The following lemma, adapted
from [0], shows that Assumption is valid when the models to be built are
linear or quadratic and ) is A-poised.
Lemma 2.6. Let A > 0. If Y = {3°¢%,...,y"} is A-poised in B(y°,5) with
respect to the basis ¢ of P}, then Hflzlu < Ay IfY = {0yt .yl s
a A-poised set in B(y°,d) with respect to the basis ¢ in P2, then, ‘ILE;H <
4N/ (g +1)3.

3 Underdetermined models

The main drawback of determined polynomials is the high number of interpo-
lation points needed in the quadratic case. One could use only linear poly-
nomials, but quadratic polynomials are known to better explore the curva-
ture of f. Therefore, we are interested in building quadratic polynomials us-
ing less than ¢ interpolation points. Now we assume that n < p < ¢ and
q = dim(P2(R)) — 1 = (n? + 3n)/2.

When dealing with classical interpolation theory, in the sense of , building
an underdetermined interpolation quadratic model m € P2(R) can be viewed
as finding o € R4t such that

q
S a0,y = f(y'), for i =0,....p,
j=0

or, equivalently,

M(6, V)a = F(V), (7)
where ¢ = {o(x), é1(x), ..., ()} is a basis for P2(R),
¢o(y(l)) ¢>1(y‘1)) cbq(y(l)) f(y?)
M(6,9) = ¢o(:y) ¢1(:y) ¢q(:y) and F() = f(%/) L ®
Boy?) G15?) - dy?) 7?)

Under the above conditions, the number of interpolation points is less than the
dimension of the space of the polynomials P2(R), that is, |Y|=p+1<q+1=



dim(P2(R)). Therefore, the interpolation polynomials defined by are no
longer unique.

In this section, our goal is to build an underdetermined quadratic model,
which approximately interpolates the function f over Y C B(y,6), in the sense
of Assumption [2:4] First, let us consider matrices

(y' —y")7T i —o) oyl
LS = . - E "_ E ) (9)
(y? —yO)7T T SO Vg Vi
and 1
L, = sL. (10)

In order to obtain the main error bounds for the underdetermined case, we
need to assume some geometric conditions. In other words, we need the sample
set )V to be poised for linear regression and the Hessian of the model to be
bounded. Such properties are given by assumptions [3.1] and [3:2]

Assumption 3.1. The matriz Ly € RP*™ has full column rank, that is, rank(Lg) =

n, and there is a constant kg > 0 such that HIAJZH < ks, where il denotes the

Moore-Penrose pseudo-inverse of the matriz L,.
Assumption 3.2. There is a constant kg > 0 such that |H| < kp.

The following theorem establishes error bounds for the underdetermined
model and its derivatives in X N B(y", d).

Theorem 3.3. Suppose that Assumptions and[3.4 hold. Then, for
allz € X N B(y°,6),
1 3 2
|f(z) — m(z)] < §(L+/£H)+/{+2ns\/ﬁ L+H+ZI€H 0, (11)

IVf(z) — Vm(z)| < ZKS\/ﬁ(L + K+ il‘iH)(S. (12)

Proof. The proof is strongly based in the ideas of [B, Theorem 5.4] and [9]
Theorem 2]. In addition ||H|| and Hﬁl were replaced by their respective bounds

in equations and . O

3.1 Minimum Frobenius norm models

To establish a bound for the norm of the Hessian of the model, we must specify
its construction. In this sense, we will reduce the degree of freedom in choosing
the model, assuming that it is the minimum Frobenius norm model. We will
also need to define what is a relaxed minimum Frobenius norm model.

Let ¢ be the natural basis of P2(R) and consider its split into the sets
¢, = {l,21,...,7,} and aQ = {%$%7£L’1(E2, ce %x%} Then we can write the
underdetermined interpolation model as

m(z) = a6, (w) + ahdg(x),



where oy and ag are appropriate parts of the vector of coefficients . As in
[5, p. 80-81], we can define the minimum Frobenius norm solution o™ as the
solution of the optimization problem,

min B 1 lagll?
s.t. M(¢Lay)aL +1\/-[(¢Qa~y)aQ = f(y)v
in the variables oy, and g, where Y is the set of interpolation points and the

matrices M(¢;,)) and M(@Q,y) are submatrices of M(,)), given in ,

whose columns correspond to the elements of ¢;, and ¢, respectively.
It is important to point out that the condition of existence and uniqueness
of the minimum Frobenius norm model is that the matrix defined by

M(any)M(aQay)T M(alny) :|

(13)

FON = " N, 07 0

is nonsingular. Note that F(¢,)) is nonsingular if and only if M(¢;,)) has a
full column rank and M(¢g, Y)M(¢g, V)" is positive definite on the nullspace
of M(¢,,Y)", this last condition being guaranteed if M(¢g,Y) has full row
rank [B, p. 81].

We say that ) is poised in the minimum Frobenius norm sense if the matrix
F(¢,)) is nonsingular. Note that poisedness in the minimum Frobenius norm
sense implies poisedness in the linear interpolation or regression senses and, as a
result, poisedness for underdetermined quadratic interpolation in the minimum
norm sense [5, p. 81].

Remark 3.4. As we saw earlier, if Y is poised in the minimum Frobenius norm
sense, then F(¢p,Y) is nonsingular and hence M(¢p;, V) has a full column rank.

So, as
_ 1 0 oT N oT

where e = [1,1,...,1]7 € RP, and Id € RPXP is the identity matriz. Since
E is an elementary nonsingular matriz and M(¢p;,Y) has full column rank, it
follows that Ly has full column rank, which partially satisfies Assumption [3.1].

Therefore, we will assume that the following hypothesis holds.

Assumption 3.5. The set of sample points Y = {y°,y",...,yP} C R™ is poised
in the minimum Frobenius norm sense on B(y,6).

Consider the following auxiliary lemma.

Lemma 3.6. There is a number oo, > 0 such that for any choice of v satisfying
[v]|o =1, thereis z € B(0,1) such that [vT¢(2)| > 0o. If, in addition, vT ¢(x)
is a quadratic polynomial and ¢ is the natural basis in P>(R), then

max |v"¢(z)| >
z€B(0,1)

B~ =

If ¢ is the natural basis of P}(R), then,

max UT$(17)| > 1.
z€B(0,1)



Proof. See lemmas 3.10, 3.11, and 6.7 in [5]. O

Remark 3.7. Let ¢ be the natural basis of PL(R). Given v € R™ 1 with
ol = 1, there are B € (0,v/n+1) and v € R™! such that ||v|, = 1 and
v = pBv. Thus, by Lemma[3.6, we have that

_ 1, 1 - 1
_T T T
max |v )| = max —|v x)| > max |v x)| > .
©€B(0,1) [7" o) «€B(0,1) B [t o) 2 vn+1 «eB(0,1) [t ()] 2 vn+1

Equation is strongly related with the exact interpolation condition .
In order to relax such condition we will first define minimum Frobenius norm
Lagrange polynomials.

Definition 3.8. Given a set Y of p + 1 interpolation points, the set of p + 1
polynomials {;(x) = oijqb(x), j=0,...,p, is called set of minimum Frobenius
norm Lagrange polynomials for ¢, if a; = (o)1, (aj)q) is the solution of

. 2
min 3 [lag|

s. t. M((bL,y)OéL + M(aQ,y)OtQ = €j+1,
where e; is the j-th canonical vector in RPHL,

By comparing the KKT conditions of Definition and equation it is
possible to show that the minimum Frobenius norm polynomial that interpolates

fin Y can be defined as m(x) = E?Z} i () f(y?). So, in order to relax (L3)), we

will say that our relaxed minimum Frobenius norm polynomials are given by

p+1

m(z) =Y L)y (14)
j=1

where v;, j = 1,...,p + 1, are chosen such that Assumption holds. One
can think that m was obtained by solving with f(y7) replaced by ~y; for all
7=0,....p.

The theorems that follow are the main contribution of this work. Their
establish bounds for ||V?m(z)|| and HﬁlH under the hypothesis of well poised
interpolation sets and, therefore, assumptions [3.1] and [3:2| can be removed from
Theorem Using a partial definition from [5], we first define what we mean
as well poised interpolation sets for minimum Frobenius norm quadratic models.

Definition 3.9. Let A > 0 and B C R™ be given. Let ¢ be the natural basis of
monomials of P2(R). A poised set Y is said to be A-poised in B in the minimum
Frobenius norm sense if and only if for any x € B, the solution \(z) € RPTL of
. — — 2
min 5 [|M(6q,Y)"A(x) = bg()]|
st M(¢p, V)" Ma) = ¢p(x)

is such that ||A(z)] < A.

Note that Definition does not need to be relaxed. We are now ready to
provide the necessary bounds in terms of the quality of the interpolation set,
the Lipschitz constant and the dimensions of the problem.



Theorem 3. 10 Suppose that Assumptions[2.1] and [3.5] hold. Assume that the
set Y = {y°, yt, ... yP} is A-poised in B(y° 5) in the minimum Frobenius norm
sense and dmax > 0 is an upper bound for 6. Then,

dA(p+1)\/2(qg+ 1)
H ( ) C(6maX)2 ’

IV m(

where ¢(Omax) = min{1,1/0max, 1/03,4,}-

Proof. This proof follows the proof of [5, Theorem 5.7]. Assume, without loss
of generality, that 4° = 0. By Lemma the definition of A-poisedness and
arguments very similar to [5, Theorem 5.7] we have that

4A .
||V2 || \/ q+1 m, ]207...,p, (15)

where dpmax and ¢(dmax) were defined by the theorem.
Now, let us consider the function

f@) = fl) = f(°) = V") (2 — y°).

Note that f(y°) = 0, Vf(y°) = 0 and the Hessian remains unchanged. In
addition, if m(x) is a relaxed minimum Frobenius norm model for f over the
set ), then it is easy to see that

i(z) = m(z) — f(4°) = VF°) (z —y°)

also satisfies Assumptionfor f and the points in )). Therefore, we can assume
without loss of generality that f(y°) = 0 and Vf(y°) = 0. Thus, we have that

(@) = [f(x) = F(&°) = V") (x —y°)| < (L/2)8%, for all z € B(y°,8) and,
by , we can prove that

il < (5 +L/2)8%, j=0,....p. (16)

By using the definition of m(z) in and bounds and , we finally
get that

P P
18] = [[V2m(@)]| = | > V2| < Dbl [V @)]|
j=0 j=0
L\ 4A(p+1)y/2(q+1)
< (e+3) GG
and the proof is complete. O

Theorem 3.11. If Y = {y°,y',..., 4P} is a A-poised set in B(y°,8) in the
sense of the minimum Frobenius norm, then

Lt < Avet+ Do+ 1), (17)

Proof. Tt is known that A-poisedness does not depend on the scale of the sample
set and it is invariant with respect to shifts [5]. Therefore, let us consider the

set 1 0 0
8 y -y yP —y
=<0
y {? (S ) b) (5 }7




which is A-poised in B(0,1), and the matrices given by

: o [10 1 0] ua_[1 0
MLM(¢L,3/)[€ L]E[ Id]’E 1{6 Id],and

—€

- 1 0
Q - EML - |: 0 f—‘s :| )
where M, € RPHUx(n+l) g ¢ RE+Dx@e+) E-1 ¢ REHDxE+H) Q e
RPHDx(+1) o = [1,1,...,1]7 € RP, Id € RP*P is the identity matrix and
L, was defined in 1) Note that the Moore-Penrose pseudoinverse of Q is
given by

1 0
T = A
@[y i)
where Qf € R+ X+ Thys,
Q! = max {1

Lijl. (18)

vl =]

) C R™ there exists A\(x) € RPTL, with

By Deﬁnition for every z € B(0, 1
= ¢, (). Since E is a non-singular matrix,

[IAN(z)]|,, < A, such that l\EgA(x)
we have that for each x € B(0,1),
M7A(z) = ¢, (2) <= ML (ETE"")A(z) = 6, ()
= (M:LFET) (E-"A(2)) (x)
— (EM)" (E"TA(2)) = ¢ (x) (19)
= Q(E""\(x)) = ,(x)
= E\z) = Q" 4, (x).

= ¢
=dr

T

Note that ||[A(z)||,, < A and E"T\(z) = [ P _oA\(@)]j, M(x)T| . Thus, from

G=
, we get

< \l (Z I[A(w)b> +> @)1 (20)

j=0 j=1
< \/((p + 1)A)2 +pA2 < \/2(p+ 1)2A2
=AV2(p+1)

Let 7 € R™*! be a singular right unit vector of QTT associated with the
largest singular value oy, and T € R™ the maximizer of [v7¢,(z)| in B(0,1).
Using the SVD decomposition and the fact that ||QT|| = o7 it is not hard to
show (see [5, Lemma 3.13]) that

|Q"6.@| = e.@i||t|. (21)




Then, from Lemmam Remark-, ., and .,

MW2p+1) = [Q7 6@ = [70.@)] @
- @I = e [, |]

e U 1

Thus, from the previous inequality and from , it follows that

|E1] <t < Avet T D@ +1

and we complete the proof. O

4 Conclusions

In this article, we organized several results from the literature about error
bounds for linear and quadratic models related to derivative-free trust-region
algorithms. We also extended the results relaxed results of [9] to underdeter-

mined models and provided a clearer proof than [5] for the bound on H

in the minimum Frobenius norm case. Table [I] provides a compilation of the
results presented here and is useful for future works in worst case complexity.

Future work may include the estimation of bounds for the Hessian of min-
imum norm underdetermined quadratic models. In [4], the authors obtain
bounds for the projection of errors onto a specific linear subspace, which is not
very useful in practical terms. On the other hand, [5, p. 79], suggests that by
using an overall poisedness constant for the sample set, it is possible to establish
bounds for the model’s Hessian. Another interesting question is whether models
constructed by support vector regression [9] using underdetermined quadratic
polynomials are able to satisfy Assumption[2.4)and their practical benefits under
noisy blackbox functions.

10
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