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We propose a new robust actionable prescriptive analytics framework that leverages past data and side
information to minimize a risk-based objective function under distributional ambiguity. Our framework aims
to find a policy that directly transforms the side information into implementable decisions. Specifically, we
focus on developing actionable response policies that offer the benefits of interpretability and implementabil-
ity. To address the potential issue of overfitting to empirical data, we adopt a data-driven robust satisficing
approach that effectively handles uncertainty. We tackle the computational challenge for linear optimization
models with recourse by developing a new tractable safe approximation for robust constraints, accommo-
dating bilinear uncertainty and general norm-based uncertainty sets. Additionally, we introduce a biaffine
recourse adaptation to enhance the quality of the approximation. Furthermore, we present a localized robust
satisficing model that efficiently solves combinatorial optimization problems with tree-based static policies.
Finally, we demonstrate the practical application of our framework through a simulation case study on risk-
minimizing portfolio optimization using past returns as side information. We also provide a simulation case
study on how the framework can be applied to obtain an interpretable policy for allocating taxis to different

demand regions in response to weather information.
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1. Introduction
A business-inspired problem typically involves a decision model that incorporates relevant data
from past realizations of uncertain parameters that influence the decision model, as well as side

information that possesses predictive capabilities regarding those uncertainties. Predictive analyt-
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ics, which focuses on determining the statistical aspects of uncertain outcomes based on the side
information, is complemented by prescriptive analytics, which directly translates the side informa-
tion into actionable decisions.

There has been a significant surge in research on prescriptive analytics models in recent years.
Many of these models adopt a two-step approach known as “predict, then optimize,” as exemplified
by Ferreira et al. (2016) and Glaeser et al. (2019). In these models, decision-makers first predict the
statistical properties of uncertain outcomes using the side information and subsequently employ
these predictions as inputs to an optimization problem, thereby obtaining the optimal decision.
However, the two-step approach could lead to inferior decisions, as elucidated by Liyanage and
Shanthikumar (2005). Tulabandhula and Rudin (2013), Elmachtoub and Grigas (2022), Loke et al.
(2021), among others, have proposed adjustments to the “predict, then optimize” approach by
incorporating aspects of the decision process to the prediction models. Side information is also
used to approximate the conditional distribution of outcome variables, which is then passed on
to the stochastic optimization problem (see, e.g., Hannah et al. 2010, Bertsimas and Kallus 2020,
Srivastava et al. 2021, Esteban-Pérez and Morales 2021). For example, Bertsimas and Kallus (2020)
employ side information to reweigh historical samples through pre-trained machine learning models,
enabling the calibration of stochastic optimization problems when new observations are obtained.
Kallus and Mao (2023) introduce novel approximate splitting criteria to adapt the conditional
distribution for downstream decision problems by training a stochastic optimization forest.

In addition to the “predict, then optimize” approach, some prescriptive analytics models bypass
the prediction step altogether and directly determine the optimal response policy based on side
information. For instance, Ban and Rudin (2019) consider a newsvendor problem with an affine
ordering policy that is obtained by solving an empirical optimization model. Notz and Pibernik
(2022), Bertsimas and Koduri (2022) propose models that enable the search for optimal policies
within a reproducing kernel Hilbert space. Bertsimas et al. (2019a) formulate an optimal prescrip-
tive tree that accommodates discrete decision policies.

Despite the availability of historical data, the decision-maker lacks knowledge of the underlying
probability distribution that generates the data. Several approaches have been proposed in the
literature to mitigate the risk of overfitting when using the empirical distribution to evaluate the
risk-based objective function. Notably, Esfahani and Kuhn (2018) introduce a foundational frame-
work for data-driven distributionally robust optimization, employing an ambiguity set based on the
Wasserstein metric. This framework has gained popularity and found applications in prediction and
optimization models. Interestingly, Gao et al. (2022), Shafieezadeh-Abadeh et al. (2019a), Blanchet
et al. (2019a) show that regularization techniques commonly used in regression and classification

models can also be viewed through the lens of data-driven robust optimization. Another approach
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is the robust satisficing approach proposed by Long et al. (2023), which specifies a target parame-
ter. Similar to regularization and data-driven robust optimization, the target parameter can serve
as a hyper-parameter determined through cross-validation to enhance out-of-sample performance.

There are also extensions of the data-driven robust optimization models to include side infor-
mation. Bertsimas et al. (2023a) estimate the conditional probability distribution of the random
problem parameters using side information before incorporating it in the robust optimization model
(see also, Hao et al. 2020, Kannan et al. 2020, Nguyen et al. 2021, Bertsimas and Van Parys 2021,
Sim et al. 2023). Zhang et al. (2022) solve the optimal non-parametric policy for a distributionally
robust newsvendor problem. Yang et al. (2022) study distributionally robust prescriptive analytics
with a distributional uncertainty set based on a causal transport distance.

In addition to the challenge of handling data uncertainty, the need for interpretability of policies
presents another significant barrier to the widespread adoption of prescriptive analytics in practical
settings. Existing approaches often fail to provide insights into the decision-making process, leaving
stakeholders hesitant to embrace decisions generated by black-box models or policies that, while
technically optimal, are incomprehensible (Arrieta et al. 2020). To address this issue, our paper
focuses on using tree-based static and affine policies, which are actionable policies renowned for their
high interpretability (Bertsimas and Stellato 2021, Lipton 2018). By employing these approaches,
we aim to provide stakeholders with a reasonable interpretation of how and why decisions are being

made, facilitating their acceptance and implementation.

Summary of contributions

(i) We propose a general robust actionable prescriptive analytics framework, solving for an action-
able response policy that offers benefits of both interpretability and implementability. This
policy directly transforms side information into implementable decisions by enforcing policy
feasibility. To avoid overfitting, we adopt the data-driven distributionally robust satisficing
framework to mitigate data uncertainty.

(ii) To tackle the computational challenge from the proposed framework for linear optimization
problems with recourse, we develop a novel tractable safe approximation for robust constraints
with bilinear uncertainty and general norm-based uncertainty sets. These challenges have yet
to be sufficiently addressed in the existing literature. Additionally, we introduce a biaffine
recourse adaptation to enhance the quality of the approximation.

(iii) We propose a localized robust satisficing model that efficiently solves combinatorial optimiza-
tion problems for a tree-based static policy.

(iv) We provide a numerical study on a portfolio optimization problem that aims to minimize the

conditional Value-at-Risk (CVaR), using past returns as side information. We compare the



Chen et al.: Robust Actionable Prescriptive Analytics

out-of-sample performance of the tree-based affine and forest-based policies on simulated and
real data. Surprisingly, despite the simplicity of the tree-based affine policy, we find that it
exhibits superior performance and robustness against noise. We also provide a simulation case
study on how the framework can be applied to obtain an interpretable policy for allocating
taxis to different demand regions in response to weather information.
Our work contributes to the literature on optimizing policy mappings from side information to
decisions. However, it distinguishes itself from existing literature in two key aspects. First, we
consider general two-stage linear optimization problems with fixed recourse, unlike previous papers
that often focus on specific cost functions (Ban and Rudin 2019, Zhang et al. 2022, Yang et al.
2022) or simplified decision scenarios (Bertsimas et al. 2019a). Second, while some papers address
two-stage linear optimization with side information, they either do not explicitly enforce constraint
feasibility, resulting in non-implementable policies potentially (Bertsimas and Koduri 2022, Notz
and Pibernik 2022), or they do not cover robust optimization beyond right-hand side uncertainty
(Bertsimas et al. 2023b). To the best of our knowledge, our paper is the first to provide a framework
for general robust two-stage linear optimization over policies mapping from side information to
implementable decisions.
Notation. We denote by R (R,) the set of real (non-negative) numbers. We use boldface lowercase
letters for vectors (e.g., 0), and calligraphic letters for sets (e.g., X'). For a vector 8 € R", we denote
by diag(@) € R"*" the diagonal matrix with elements 6. We use |- | to denote the cardinality of a
finite set. We use [n] £ {1,2,...,n} to denote the running index for a positive integer n. We denote
1z as the indicator function of the set Z, i.e., 1z(x) equals 1 if € Z and 0 otherwise. We denote
by cl(X) and int(X) the closure and interior of the set X, respectively. We adopt the convention
that inf () = +00, where () is the empty set. A random variable v is denoted with a tilde sign such
as 0 ~P. We use Ep [0] to denote its expectation with respect to its distribution P. We use Py(Z2)
to represent the set of all possible distributions for a random vector that has support Z C R™.
We use R™"2 and L™"2 to denote the set of all mappings and its sub-class of affine mappings,

respectively, from R™ to R™2. Specifically, & € £"'"2 implies the expression:

x(u)=x"+ Z xlu; Yu € R™
J€[n1]
for some &’ € R"2,5 € {0,...,n,}. It also applies to mapping to a matrix such as F' € R"1:"2%"3 to
represent the mapping F': R™ — R"2*"3, Finally, 0 (1) denotes the vector of all zeros (ones) and

e; denotes the ith basis vector. The dimensions of these vectors should be clear from the context.
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2. Prescriptive analytics with side information

To set up the prescriptive analytics framework, we consider a decision model evaluated on a cost
function g : R"™ x R™ — R U {oco}, where the input to the first argument is the here-and-now
response decision, while the input to the second argument is the outcome variable, which captures
the model’s uncertainty. We first observe the side information that has some predictive power on
those uncertain outcomes and then make the response decision. In other words, the output of the
prescriptive analytics model is the response policy, € € X C R"™ "™ which transforms realized side
information to response decisions. Specifically, the response policy is selected over the actionable
policy set, X, which is designed to facilitate the interpretation of response decisions and ensure
that the model’s constraints are always feasible while maintaining the computational tractability
of the optimization problem. Note that in the context of a prediction model such as regression,
we can associate the cost function with the loss function and the response policy with the target
function optimized over the hypothesis set. Hence, the hypothesis set plays a similar role as the
actionable policy set in facilitating the interpretation of the target function.

We model the data stream as random variables with an unobservable data-generating proba-
bility distribution. Specifically, we use w to denote the random side information and v to denote
the random outcome variables, and their support sets are represented by the sets &/ C R™ and
VY C R™ respectively. For convenience, we also denote the random variable Z £ (w,v) with prob-
ability distribution P* € Py(Z), Z CU x V. We assume that the distribution P* is stationary and
does not depend on the response decisions. In an ideal setting with full information and infinite
computational resources, we would solve for optimal response policy in the following optimization
problem,

Z* = min Ep+ [g(x(w), D))
st. e X

(1)

where the objective function is the expectation of the random cost function. Hence, the total costs
would be minimized when the ideal optimal response policy is implemented over an infinite period
under identical conditions.

Although the actual data generating distribution P* is unobservable, the decision maker has
access to S historical realizations of the random variable Z, which we denote by 2, = (@, vs),
s € [S]. We denote the empirical distribution by P € Py(Z), Z ~ P, such that P[2=2,] =1/5,
s € [S]. As an approximation to Problem (1), it is reasonable to use the empirical distribution P to

evaluate the objective function by solving the following empirical optimization problem,

Zy = min E; [g(x(a), D)) (2)

st. xeX.
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ASSUMPTION 1. We assume that the empirical optimization problem (2) is solvable, i.e., there

exists £ € X such that

Actionable policy set

The response policy is optimized over the actionable policy set, which takes the general form,
X={zxcAlA(uw)xz(u) <blu),z(u)eD, Vuecld},

for some feasible set, D C R™, mappings A and b to appropriate dimensions of matrix and vector
respectively, and a sub-class of mappings A C R™ " that would facilitate interpretation of the
policy. Note that apart from the linear constraints that must be satisfied for all possible realization
of the side information, the feasible set D can also enforce nonlinear constraints, such as discrete
constraints commonly used in practice. We posit that the actionable policy set should endow with
the following desirable properties:

e Interpretability: The response policy should be intuitive and easy to understand and inter-

pret.

¢ Implementability: Every response decision induced by the policy must satisfy the con-

straints mandated by the prescriptive analytics model. It should also be computationally
tractable to optimize policies over the actionable policy set.
The property of interpretability is crucial, as it enhances the degree to which a human can discern
the rationale behind a data-driven decision and understand its implications (Bertsimas and Stel-
lato 2021). A policy endowed with greater transparency also facilitates the model calibration for
improving the quality of various decisions or predictions (Lipton 2018).

Additionally, it is important to equip the decision-maker with the ability to elucidate why spe-
cific choices are made, especially when responding to side information (Arrieta et al. 2020). An
unconventional correlation might be an intriguing new discovery, but more often than not, it can
be traced back to issues with the data. Correcting such data-related problems often nullifies the
correlation. Certain policy mappings, such as affine mappings, which are prevalent in statistical and
econometric analyses, and tree-based mappings, typically employed in decision analysis, boast high
interpretability. One noteworthy example is the regression tree, which synthesizes these two highly
interpretable mappings. While there is an array of machine learning models like neural networks
and ensemble models, their interpretability is not given. Therefore, these models are not within
our purview for consideration.

Successful implementation of prescriptive analytics models often requires communicating the

response policies to stakeholders. The implementable property ensures that the response decisions
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can be implemented in practice. For instance, they can include capacity constraints and restrict
that ordering quantities must satisfy non-negative. In contrast, a hypothesis set in a predictive
analytics model does not need to adhere to this property because target functions are typically
not the prescribed solutions. Finally, the implementability property should also ensure that the

optimal response policy can be obtained with reasonable computational efforts.

Tree-based policies

We focus on tree-based policies; specifically, we consider a decision tree on the side information
with L leaf nodes that is constructed by splitting the support U/ into L mnon-overlapping and
bounded subsets, U, CU, ¢ € [L]. Specifically, each subset is a nonempty bounded hyper-rectangular
polyhedron, which may not be closed such that

cdUp) ={ueR™ | u, <u <t}

Each node /¢ € [L] can be associated with a set of historical samples S, C [S] such that S, ={s €

[S] | @, €U}, and the hyper-rectangular support V, CV is given by
Vi={veR™ | v, <v<v,},

such that v, €V, for all s €S, £ € [L]. Therefore, we also can express Z = U1} Z,, where Z, =
U, x V,. To some degree, this also captures a relation between side information and the outcome

variables. We next define the sub-class of tree-based static mappings as follows,

0 n .
Tnl,n2 é = Rn11”2 Ela:[ GR Q,EG [L] . ’
x(u) =) if uel, for some ¢ € [L]
and the sub-class of tree-based affine mappings as follows,
Jx,e L2 0e(L)]:

x(u) =x,(u) if u e, for some ¢ € [L]

'7'”1,”2 L2 ) xeRmm2

The choice of the sub-class of mappings A has ramifications on the computational tractability of
the overall optimization problem in ensuring the feasibility of the model’s constraints. In particular,
the sub-class of tree-based static mappings allows us to include more sophisticated constraints
within the actionable policy set. When A = T"+"=_ we can let A and b be affine mappings, and we

express the empirical optimization problem of Problem (2), as the following robust optimization

1 0
Zy = min SZ;] Z g(xy,vs)

L] s€Sy

problem,

st. A(u)z) <b(u) Vu € Uy, ¢ € [L] (3)
x) €D vee[L).
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The sub-class of tree-based affine mappings, i.e., A =T ™" would maintain a computationally
tractable format when D =R"*, A is a static mapping and b is an affine mapping. Note that the
ubiquitous affine policy analogous to the affine target function in linear regression is a special case
of a tree-based affine mapping with one leaf node, L = 1. Accordingly, we can express the empirical

optimization problem of Problem (2) as the following robust optimization problem,

Zy= min — Z g(xe(us), vy)
L] s€Sy 4
sit. A:L'g(u) < b(u) W €Uy, L € [I) (4)
Ty € LT Ve e [L].

Since the support sets Uy, ¢ € [L] are nonempty and bounded, we can replace U, with its closure
when solving the robust constraints. It is important to note that the set of robust constraints is
an important feature in prescriptive analytics, which could ensure that the coefficients associated
with affine mappings are also bounded. Hence, issues such as identifiability, which could arise in a

regression model, may not pose a problem.

Constructing a tree from data

Similar to the classical classification and regression tree (CART) procedure, we can construct the
policy tree using the binary recursive partitioning heuristics, which is an iterative procedure that
splits the data into partitions or branches. At each split, we need to determine a side information
index and a threshold such that the samples at one node are divided into two groups. The split
should be determined based on the best performance on the empirical optimization models, i.e.,
Problem (3) for the tree-based static policy and Problem (4) for the tree-based affine policy. For
instance, for the tree-based affine policy, at each node ¢ € [L] and side information index i € [n,],

we solve for wj; = arg msi2n Cei(w), where €y; is a discrete subset within the interior of [u,;, %], and
welly;

Ci(w)Z2min [ Y g@i(a,),0,)+ Y glaa(d),d,)

5€S8p; (w) SE€ESp\Sp;(w)
s.t. Az (u) <b(u) Vu € Uy (w) (5)
Azxy(u) <b(u) Vu € U \Upi (w)

L1, To € Enu,nz’

with Uy (w) = {u ey | u; <w} and Sp(w) = {s € Sy | @, € Uy;(w)}. Note that Problem (5) is
typically a tractable optimization problem, which allows us to determine wj; efficiently by solving
all instances of the problem for w € ;. Observe that Uy;(co) =U, and (i (w) < (pi(00) for all

w € [uy;, Ue]. Hence, the next node and side information index to split is determined by

(K*,Z ) =arg 1nax {C&( ) Cfi(wZz‘)}v

te[L]yig[nu]
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which corresponds to the greatest reduction in the objective value in the empirical optimization
model after the split. After that, we continue splitting each partition into smaller groups as the
heuristics move up each branch. We summarize the binary recursive partitioning algorithm below:

1. Initialize A < 1, U; < U, and the desired number of leaf nodes L > 1.

2. For every £ € [A] and i € [n,], determine w}; = arg wrgslzr;z Coi(w).

3. Determine (¢*,7*) = argze[ﬂ%nu]{g&(oo) — Coi(wy) }-

4. If A< L, then:

e Create Uy 1 < Up \Upeix ()i
e Replace Uy < Upe i (Wi ).

e Set A+ A+1

e Proceed to Step 2

5. Algorithm terminates with U, for £ € [L].

We can adopt a cross-validation procedure to determine the desired number of leaf nodes. Let
L be the maximum number of leaf nodes to consider. Next, we apply the binary recursive parti-
tioning algorithm for each L € [L] to determine the tree structure with L leaf nodes. Among the L
different tree structures, we use a K-fold cross-validation procedure to determine the desired tree
configuration. For this purpose, we split the historical data into K non-overlapping testing data
sets. For each k € [K], the k-th training data set comprises the historical data without the k-th
testing data set. Subsequently, for a given tree configuration, we solve the empirical optimization
problems on the training sets and evaluate the performance of the response policies on their corre-
sponding testing data sets. For each L € [L], we record the average out-of-sample performance over
the K iterations, and we select the tree configuration that gives the best average out-of-sample

performance.

3. Robust optimization and satisficing

It has been well-known that solutions from empirical optimization models would have inferior out-
of-sample results (Smith and Winkler 2006). To address the issue of overfitting, Esfahani and Kuhn
(2018) propose a framework for data-driven robust optimization by incorporating an ambiguity
set of probability distributions that are proximal to the empirical distribution with respect to the

Wasserstein metric. Likewise, we consider the following data-driven robust optimization problem

min sup Ep[g(x(u),v)]
PEF(T) (6)

st. xed,

where the ambiguity set is defined by the type-I Wasserstein distance as follows
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and
AGP):IED) 2 Qe%?fﬁ) {EQ [Hﬁ' - '&IH + ||"~J - "NJIH] (&7'577117'51) ~ @7 (11717) ~ P, (’111,’{71) ~ P } :

The confidence guarantees that the true distribution, P*, resides within the Wassterstein-based
ambiguity set, F(I') has been established in Fournier and Guillin (2015). In this context, if the
true data-generating distribution P* (where (@, v) ~ P*) is a light-tailed distribution, and P is the
distribution guiding the dispersion of independent samples (u,,v,), with s € [S], drawn from P*.
Then for any I' > 0, the probability that the divergence A(IP)*,I@)) exceeds I, as governed by P°, will
decrease exponentially towards zero as the sample size, S, increases. Esfahani and Kuhn (2018)
adopt the concentration results in Fournier and Guillin (2015) to derive a finite-sample guarantee.
Although tighter results have also been established in Blanchet et al. (2019b), Shafieezadeh-Abadeh
et al. (2019b), Si et al. (2020), and Gao (2022), as these bounds are implicitly derived, they are
typically not used in practice to determine the size of the Wasserstein ambiguity set, I'. Moreover,
it is impossible to know the parameters for the bounds or whether the data is independently
generated. Instead, like the regularization term in machine learning models, the parameter I' is a
hyper-parameter that should be determined via cross-validation techniques.

From the results of Esfahani and Kuhn (2018), we can reformulate Problem (6) as a robust
optimization problem,

1
Zr = min k' + 5 S%;] ts
st sup {g(@(w),v) — k(v — o]+ |lu—a.])} <t, Vs € [S] (7)

(w,v)eZ
rxeX,k>0.

Long et al. (2023) propose a robust satisficing model that can also be used to address the issue
of overfitting in data-driven optimization problems. Instead of sizing the ambiguity set with I', the
robust satisficing model is specified by a target 7> Z;, which is easier to interpret than I'. In this
context, we can formulate the robust satisficing model as the following optimization problem,

min K
st.  sup {EP g(x(@),5)] — F.;A(P,I@)} <7 (8)
PePy(Z)

xeX, k>0,

or equivalently as the following robust optimization problem,

te> sup {g(@(u),v) = k(||v =0 + [u —a,|))} Vs € [5]
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We establish the feasibility of the robust satisficing model.

THEOREM 1. Suppose Assumption 1 holds and the function g(x(u),v) is Lipschitz continuous

with respect to w and v such that
g(x(wr),v1) = g(®(us),v2) < L|Juy — s + [lvor —wa]) Ve € X,uy,uy €U, v1,05 € V.

Then, the robust satisficing model, Problem (9), is feasible for all T > Z, for some k. < L, where

Zy is the optimal value to Problem (2).

Proof. The proof is relegated to Appendix A.
We next note that the robust satisficing model naturally results in an out-of-sample performance

guarantee via the concentration of empirical measures.

PROPOSITION 1. Under the feasibility condition of Theorem 1, for any T > Z,, the optimal solu-
tion of Problem (9) satisfies the following:

PS [Eps [g((@), 8)] > T + £, T <PS [A(P*, ) > r] VL > 0.

Proposition 1 provides the statistical justification of the robust satisficing model from the target
attainment perspective. Reducing this violation probability is consistent with obtaining the lowest
possible k., which the robust satisficing model minimizes. We also refer interested readers to
Sim et al. (2023), regarding the connections between robust optimization and robust satisficing
regarding their consistency analysis.

Apart from being more intuitive to interpret, the performance benefits of robust satisficing over
its robust optimization counterpart have also been demonstrated in Long et al. (2023), Ramachan-
dra et al. (2021). When applied to regression and classification problems, Sim et al. (2021) demon-
strate with well-known data sets that the robust satisficing approach would generally outperform
the robust optimization approach when the respective target and size parameters are determined
via cross-validation. The process of tuning the target parameter has been also discussed in Sim
et al. (2023), where the target parameter is determined by a K-fold cross-validation procedure to
improve out-of-sample performance.

The pending question now is whether we can efficiently solve Problem (9), which can be equiv-

alently written as the following:

s€[S] (10)
te> sup {g(x,(u),v) = (llv = 0| + [lu —a,|)} Vs € [S], £ € [L]
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To obtain a tractable exact formulation, we consider the case where ¢ is a saddle function, i.e.,
g(x,v) is convex in x for any given v € V. It is upper-semicontinuous and concave in v for any given
x € D. When we focus on tree-based static mapping, i.e., A =7 "=™ the above can be reformulated
as a modest-sized convex optimization problem if g is a saddle function. However, when we focus
on tree-based affine mapping, i.e., A= T"="« we would further require that g(x(u),v) should be
jointly concave in (u,wv) for any affine mapping . In the following, we consider the case where the
cost function g is represented as a linear optimization with recourse, where we illustrate suitable
approximations under a tree-based affine policy and tractable exact reformulations under special

cases.

4. Linear optimization with recourse
Linear optimization is arguably the most important optimization format used in practice. As in
the stochastic optimization literature, we consider the cost function g of the form of a linear

optimization problem with fixed recourse as follows

g(x,v)=min d'y
s.t. F(v)x+ By > f(v) (11)
y R,

where F' € L% and f € L™"f. Since the decision y in Problem (11) is made after observing
the response decision  and outcome variables v, we call y the recourse decision. We assume
complete recourse, i.e., for any w € R"/, there exists a y € R™ such that By > w.

Similar to the approach of Long et al. (2023), we can express the exact robust satisficing problem

as the following adaptive robust optimization problem

min K
S.t l t, <
§ Lt =T
s€[S]
d yu(u,v,0,v) — k(o +v) <t Y(u,v,0,v) € Z4,L € [L],s € [S] (12)
F(v)x(u) + By (u,v,0,v) > f(v) V(u,v,0,v) € Z4,L € [L],s € 9]
reX, k>0
Yo € RIT0H2N Vle[L],s€9]

where the lifted uncertainty sets are defined as
Zis 2 {(u,v,0,0) EUy x Vi x RXR | 0 > ||u—1,|,v > ||v—0,]}

for all L€ [L],s € [5].
When Problem (11) has only “right-hand-side” uncertainty, the matrix F' does not depend

on v, i.e., F(v) = F° This simplification ensures that the function g(x,(u),v) is jointly convex
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with respect to (w,v), for any affine mapping x,. This has been well-studied in the literature.
In particular, we can directly apply Long et al. (2023), Bertsimas et al. (2023b) to obtain a safe
tractable approximation to the robust satisficing problem.

EXAMPLE 1 (JOINT PRODUCTION AND PROCUREMENT PROBLEM). We consider a joint produc-
tion and procurement problem with n, products and n, resources. The actionable policy set that

characterizes the production and procurement constraints is given by
X={(z,r)e T "= | Az(u) <r(u),z(u)>0,7(u)>0Vuecld},

where  and r represent the respective production and procurement decisions. The historical
samples of the side information and demands are denoted by (w,,v,), s € [S]. The total cost
associated with procuring r, and subtracting the sales revenue for demand v, assuming zero salvage
values for unmet demands, is given by

g(z,r,v) =c'r— Z pimin{z;, v;}

1€ [ng]

1 1
= Z max {cTr —pixy, —c'r— pivz} ,
n Ny

i€[nq] ¢
or equivalently
g(x,r,v)=min 1Ty
st. Pt—Cr+y>0
—Cr+y>—Puv,
where P = diag(p) and C = élcT. This is a complete recourse problem with only right-hand-side
uncertainty. Hence, we have the flexibility to use the tree-based affine response policy and propose

the following safe tractable approximation for the robust satisficing problem,

min K
1
st o g[;] to<T
1Ty, (u,v,0,v) — ko — kv <t, Y(u,v,0,v)€ Z4,Lc[L],sc[S]
Px,(u) +yu(u,v,0,0) > Cry(u) V(u,v,0,v) € 24,0 € [L],s €9
Yos(u,v,0,v) > Cri(u) — Pv Y(u,v,0,v) € Z4,L € [L],s € [S] (13)
Ax(u) <r(u) Vu e Uy, l € [L]
x(u) >0,7(u)>0 YVu € Uy, L € [
Yps € LTuTnvT2ny vVl e[L],s€[S]
Ty € LT p, € Ll Ve e L]

k>0,
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which can be easily implemented in RSOME developed by Chen et al. (2020). Since this problem
has complete recourse, following the analysis of Long et al. (2023), Problem (13) is feasible for
any chosen target 7 greater than the optimum objective value of the corresponding empirical
optimization problem. Moreover, the approximation is exact if n, = 1.

Similarly, under the tree-based static policy, A =T"»"* we can also use the same approach to
provide a safe tractable approximation for the robust satisficing problem. Hence, we consider the
general model of Problem (11) with F' € £""/*"* and under the tree-based affine response policy,
A =T To obtain a tractable safe approximation, we first consider the following lifted affine

recourse adaptation (Bertsimas et al. 2019b, Chen et al. 2020) as follows,

min K
1
st < SEZ[;] to<T
d"yes(u,v,0,v) — k(o +v) <t, V(u,v,0,v) € Zi, L € [L],s €[9] (14)
F(v)x,(u) + By (u,v,0,v) > f(v) V(u,v,0,v) € Z5,L € [L],s € 5]
xeX k>0
Yo € LruFot2my VleL],s€9).

However, Problem (14) remains intractable due to the bilinear uncertainty in v and « in some
of the robust constraints. Although there are tractable safe approximations for robust constraints
with bilinear uncertainty under the assumptions of at least one of the uncertainty sets being
polyhedral (de Ruiter et al. 2022, Zhen et al. 2022a,b), they do not apply to the robust constraints
in Problem (14) involving non-polyhedral uncertainty sets for both uncertain parameters because
the norms used in Z,, can be general norms. To our knowledge, existing literature on multi-stage
robust linear optimization such as Bertsimas et al. (2023b) does not address such robust constraints
either. To tackle this challenge, we extend the existing dualization technique with affine recourse
approximation (Zhen et al. 2022b) to derive a tractable safe approximation for Problem (14) in

Theorem 2 by leveraging the structure of Z,, and the positive homogeneity of the norms.

THEOREM 2. The robust constraint

G utqv+v Qsu<qo+qrtqs, Y(u,v,0,v)E 2, (15)
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has a tractable safe approximation (qi,qa, Qs,q4,qs,96) € Qus where

Q@s

(1>

(Gha q2,Qs,
Q4,Q5,Q6)

(@1,92,Q3,G4,75,96) € R™ X R™ x R™*™« x R, x Ry xR
30,2 AR, ppecR™ P, P,T,I,©® c R™*"
a/ @, + q; b, + 9] Qsa, + (P + Pa,) T (v, — 9,)

P+ Pit)T (B —v,) + A (W — ) + AT (e — u,) < o
g+ P (B —6,)+ P (6, —v,)+ Q6. — A+ Al < as
lg:—P+p+0Ou — (0 - Qs+ P — Py + (w, —u,) 6 <gs

> l®ei.ei<8
1€ [Ny
S ©®-Qs+P—Pe.e <0

iE[’I’Lu]

p—Tu,+(P+T)u,>0

Moreover, the following properties of Q. hold:

(a) If (q1,42,Q3, G4, q5,qs) € Qus then it is also feasible in Constraint (15). The converse is true if

Q;=0.

(b) If q;r,&s + q;—’ﬁs + ﬁIQS‘Ias S 46, there exists 44,95 € R+ such that (qla q>, Q37 44,95, Q6) S Q@s-

Proof. The proof is relegated to Appendix A.
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Based on Theorem 2, we propose the following tractable safe approximation of Problem (14).

min kK

dTyés(’u’?vuO-a V) —HL(O'—FI/) <t V(u,v,a,l/) 62_@8766 [L]78 € [S]

k1 k2 k3 k4 _k5 k6
(qés 7q€s y &usy Qos > os s Qos ) € QZS

a; =— ) e (F'z;+ By,)

i€[nu]
;= Z ejel (f1 — Fiz) — By;™) -
t :Ji[nv]z Z eje, (F]mz) e vee[L],sc[S],kelny]
i€[nu] j€nv]
it = el By
g7 = e, By
¢S = el (F°z) + By?, — f°)
reX, k>0
Yoo € LIty Vee[L],s€[S].

Observe that Property (a) of Q in Theorem 2 implies that the approximation (16) is exact without
bilinear uncertainty. Hence, Problem (17) is a generalization of the special cases without the bilinear
uncertainty in the robust constraints. It is important to note that if the norm is a polyhedral
norm such as the ¢; and ¢, norm, then Problem (17) would retain the same computationally
attractive format as a linear optimization problem. Property (b) in Theorem 2 has ramifications
on the feasibility of the approximate robust satisficing problem when a reasonable target ™ > Z is

chosen, as we present in the following result.

THEOREM 3. Suppose Assumption 1 holds, Problem (11) has complete recourse, and G, € int(Uy)
for each L € [L], s €S,. Then for any T > Zy, there exist reduced affine mappings yg, € L0 +20y
s€[S],Le[L] such that

y@s(ua v,0, V) = y€8(07 07 g, V) V(’U/, v,0, V) € Rnu+nv+27

that are feasible in Problem (17). Moreover, When n, =1, and d # 0, then the reduced affine
mappings of the form

Yes(w,v,0,v) = (ts + ko + kv)/d Vse[S], e [L]

is optimal in Problem (17).

Proof. The proof is relegated to Appendix A.
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REMARK 1. Theorem 3 extends Theorem 7 in Long et al. (2023) to two-stage linear optimization
with side information. The feasibility result implies that the reduced affine mappings do not limit
the choice of targets 7 > Z, for the decision maker, which is important for adjusting robustness.

REMARK 2. Note the existence of the reduced affine mappings that ensure feasibility is a new
insight that has not been observed in Bertsimas et al. (2019b), Long et al. (2023) because their

corresponding recourse function has the following two-stage representation:
g(z,v)=c(v)'w+ min {d'y|F(v)r+By> f(v)}.
yeR™

If we can subsume the first stage cost to the recourse optimization problem without increasing the
number of recourse variables, we would also improve the approximation quality via affine recourse

adaptation. Specifically, if d # 0 then we can formulate

g(x,v) = min {dTy\F(v)w—i—Bny(v)},

yeR™Y

where F(v) = F(v) — +Be.c(v)T, for some r € [n,] such that d, # 0 (see also Example 1).
EXAMPLE 2 (PORTFOLIO OPTIMIZATION). We consider a data-driven portfolio optimization
problem with n, stocks. The historical samples of the side information and random returns are

denoted by (us,vs), s € [S]. We minimize the conditional value-at-risk (CVaR) of the portfolio,
Cs [0 x(a)]
where CVaR is defined as
Colz]2infdn+ 1k [(—z - )*}
F neR g € : g
with € € (0,1). Equivalently, we can write the problem as
9((@,n),v) =min{y |y =n—(n+v')/e, y=n}.

We observe that the function g((x(u),n),v) is no longer jointly convex in (u,v) for A= T"uw"

X={(x,n) T " xR ‘ 1'z(u)=1,xz(u)>0, Vuecldl}.
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Observe that this is a complete recourse problem with n, = 1; hence, from Theorem 3, we can use

the reduced tree-based affine mapping to formulate the robust satisficing problem as follows,

min K
1

s.t. SSEZ[;] to<T
tstr(c+v)>n—(n+vTx(u))/eV(u,v,0,v) € 24, L€ [L],s € [S]
tst+k(oc+v)>n V(u,v,0,v) € Z4,,0 € [L],s € [S]
1Tz(u)=1 Vu el l e [L]
x,(u)>0 Vu el l e L]
Ty € LT Ve e [L]

tERS,T]ER,F&ZO.
Observe that, since k>0,

Y(u,v,0,v) € Z4,L € [L],s €[S]
V(u,v,0,v) € Z4, L €[L],s €S,

ts+r(oc+v)>n
= ts+k(c+v)>n
=t >N Vs e [9]

= t,+r(c+v)>n Y(u,v,0,v)€E Zy,Le[L],sc|9]

We can apply Theorem 2 to obtain a safe tractable approximation that guarantees a solution for

any reasonably chosen target, 7 > Z, as follows,

min K
s.t l ts <
S s>T
s€lS]
(0,—xf /e, — X /€, K, k,t, —m+n/e) € Qus VL€ [L],s € [9]
ts>n Vs € [S] (18)
17 (204 Xu) =1 YVu e Uy, l € [L]
x)+X,u>0 Vu el € [L]
x) e R X, € Rrexmu Ve e [L]

teR5 neR,k>0.

where we write x,(u) =z + X,u for each ¢ € [L].

We note that there is a distinction between the recourse adaptation mapping and the actionable
response policy. Specifically, the actionable response policy is optimized over the actionable policy
set to determine the actual response decisions directly and intuitively from the side information.
In contrast, the recourse adaptation mapping aims to provide a tractable approximation to the

adaptive robust optimization models. After the outcome variables v have been realized, instead of
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using the recourse adaptation, we should solve for the optimal recourse y directly from Problem (11)
(see discussions in Bertsimas et al. 2019b). Since the purpose of the recourse adaptation mapping

is purely computational, it would not be necessary to consider its interpretability.

Biaffine recourse adaptation

To further improve the solutions to the adaptive robust optimization problems, various extensions
of the affine adaptations have been proposed in the literature (see, e.g., Ben-Tal et al. 2004, Chen
et al. 2008, Goh and Sim 2010, Georghiou et al. 2015, Kuhn et al. 2011, Bertsimas et al. 2019b,
Zhen et al. 2018), which can also be applied here. Inspired by the biaffine perturbation of our
robust models, we propose a new biaffine recourse adaptation tailored to improve the solution to

Problem (12). We first introduced the following sub-class of bilinear mappings:

Jy” e R™ Vi€ [n,],j € [n,)]:
y(u,v) = Z Z yuv; VueR™ veR™

i€[nu] j€[no)

Bnu,nv,ny é y c Rnu—&-nu,ny

Accordingly, we consider lifted biaffine recourse adaptation as follows,

min K
1
st < g{;} to<T
d" (Yo (u,v,0,v) + Yo (u,v)) — k(o +v) <t, V(u,v,0,v) € Z4,,0 €[L],s€[S] (19)
F(v)x(u) + B (yus(u,v,0,v) + Gos(u,v)) > f(v) V(u,v,0,v) € 24, € [L],s €[9]
reX, k>0
Yps € LTuTroT2ny g, € Brunvny Vvl e[L],s€[S].

Although Theorem 3 shows that there exists a reduced affine recourse adaptation that is optimal
in complete recourse and n, =1, it is still essential to consider the more complex model when

n, > 2. For instance, suppose the cost function is given by
glw,v) = min {y +32 1> fT @)z, 3>~ (v)a}

which is a complete recourse problem with n, = 2. Observe that for any = € 7™"=, we have
g(x(u),v) =0 for all (u,v) € Z. Indeed, the optimal recourse adaptation can be replicated in
Problem (19), when

yer (w,0,0,0) + g (u,0,0) = f1 (v)ae(u) Y(u,v,0,v) € Z4,L € [L],s € [S]

Yoo (W, 0,0,0) + o (u,v,0) = —F T (v)x,(u)

but not in the simpler model of Problem (14).
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Based on Theorem 2, the tractable safe approximation of Problem (19) is given by

min &

s.t.

%Ztng

s€[S]

k1 k3 k4 k5 K6
(@), ai2, Q% qt 452, 407) € Qs
N

ql=>_ d'y.e
1€[ny]

Q= Z dTy:%ﬂ €j
j€[ny]

Z Z dTys ZeJ

i€[nu] j€no]

04 __ T, nu+ny+1
qﬂs_K’_d ys% !

2
qgj = — dT nu+nv+

a5 =t —dTyes
qés = Z €€y (Fomz + By}";)
1€ [Ny ]

@ = Z eje; (f

J€[nv]

— Fix) — By"“ﬂ)

— Z Z e;el (Fiz;+By])e

i€[nu] j€[no]
QZs =e, Bynu+nv+1

qés - ek By
a2 =e, (F'z) + Byy, — f°)

Ny +ny+2

rxeX k>0

Yus € 'Cnu+nv+27ny ) g@s €

Bnumvv"y

5. A localized tree-based model

vVl e [L],s€[S],ke{0}U[n]

vl e[L],s € [S]

(20)

Vle[L],s€[S], ke [ny]

Vee[L],s€lS].

Under the tree-based policy, the size of Problem (10) grows linearly with the product S x L. This

can pose computational challenges, particularly when dealing with large data size S. To alleviate

this issue, we propose a localized tree-based robust satisficing model associated with the hyper-

parameter, 6 > 0, as follows:

Ky = min K

s.t.

sup & S we | sup {Eelg(w(@), )]~ sA®P)} | —s0lw -l p <7 (21)
wew | i) PePy(Zy)

xekX, k>0,
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where 10, = [S|/S, £ € [L],W = {w € RE[1Tw = 1}, and P, denotes the empirical distribution of

(u,v), conditional on @ € U,. We have the following equivalent formulation of Problem (21),
K, = min K

s.t. sup Zw[m—nﬂﬂw—ﬁzﬂl <T

wew te(L)
1
= >t < Vee (L] (22)
’SA sESy
up {g(x(u),v) = (llu —a.l +[lv —o.)} <t Ve [L],s €S
u,v)€Zy
xekX, k>0.

Note that the number of constraints of Problem (22) is reduced to the magnitude of S=3_, ., [S|-
To establish the feasibility of Problem (22), we focus on Lipschitz continuous cost function g and

derive a counterpart of Theorem 1 under the tree-based policy set. We first define

1
Zp = min —— x,(hy),v,),
0,¢ DpEX ’Sg’ g( Z( ) )

and let Zo =3, ;1 WeZo,c denote the optimal value of the empirical optimization model.

THEOREM 4. Suppose g(x(u),v) is Lipschitz continuous with respect to w and v with a maz-
imum Lipschitz constant of L for any mapping & € X. Then, the robust satisficing model, Prob-

lem (22), is feasible for all 7> Zy for some k, <max{L, maxee(r;{|Zo|}/0}

Proof. The proof is relegated to Appendix A.
Analogous to Proposition 1, we can derive the following result on target shortfall avoidance and

target attainment asymptotic guarantees.

THEOREM 5. Suppose the feasibility condition of Theorem 4 holds. For any 7> Zy and I' >0,
the optimal solution of Problem (21) satisfies

o . —28~2
s . S * 2
P° [Ep+ [g(z(w), )] > T+ K. T] < min ég[;]P ¢ [A(P@Pe) > 71] + 2L exp ( 1202 ) )

where Pt is the distribution that governs the distribution of independent samples (i, vs), s € Sp.

Proof. The proof is relegated to Appendix A.

Theorem 5 demonstrates that the theoretical likelihood limit diminishes exponentially towards
zero as the quantity of samples increases. This suggests a robust performance by the model when
dealing with large datasets. Furthermore, the most significant degree of robustness in our localized

robust satisficing model aligns with optimizing for the smallest conceivable value of k. Despite
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these findings, the theorem does not offer direct instructions on selecting the optimal values for the
hyper-parameters, § and 7. As in previous cases, these parameters should be determined through
cross-validation, a robust method for estimating the performance of a model on an independent
dataset.

The computational benefits of the localized tree-based model cannot be understated, as we
demonstrate an important application in combinatorial optimization problems. We first observe
that, under the tree-based static response policy,

sup  {g(xy,v) — wllu -4, - &llv -, } = sup {g(x{,v) — llv -0, },
u€ely,veVy veEV)

because u, € U, for all s € S,.
EXAMPLE 3 (COMBINATORIAL OPTIMIZATION). Consider the following localized empirical com-

binatorial optimization problem,

Zy = min g wg E E CnUsnLin
!Se|

SESy nE[ng]

st.x, €D Ve e (L],

where the cost function is g(x,v) =3, .1 ¢aVnTn, for some ¢ >0 and D C {0,1}"=. Note that the

objective function is separable in x, for ¢ € [L]; one could solve L combinatorial problems,

min E E Cnvsnxén 9
CUZE'D[ |SZ|

S€ESy n€ng)

to determine the optimal decisions x,, ¢ € [L]. Hence, if the underlying combinatorial optimization
problem is computationally tractable, the localized empirical combinatorial optimization problem
is also tractable.

Accordingly, the localized robust satisficing combinatorial model with side information can be

written as
min &

s.t. su wWery — KO||w — w <T
sup > wery — kb o<

(e[L]
(23)
Z sup Z CnUnTen — K|V — U] <r, Vel[L],seS,
SES veVy neng]
z, €D Ve e [L]

k> 0.
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Hence, following the same analysis as Long et al. (2023), suppose the norm is given by ¢;-

norm and recall that V, = [v,,v,] for all £ € [L], then Problem (23) admits the following explicit

formulation:
min x
s.t. sup Zwe (d;(/ﬁ)wg)—nm\w—wﬂ <T
weWw e
k>0,
where
dn nVYsn Cn — +7n_Asn v S x|
(1) = 1 D €uttn+ (e = R) (I =) Vmln]

SESy
Because d,(k) is non-increasing in k, the above problem can be solved via a bisection search where
each subproblem involves solving L individual combinatorial optimization problems with linear

cost functions.

6. Numerical study on portfolio optimization

In this section, we present the computational results of the CVaR-based portfolio optimization
problem, as introduced in Example 2. Our numerical study focuses on the robust satisficing model
with side information under a tree-based affine response policy, i.e., Model (18). We denote the
solution to this model for a tree with L leaf nodes as the “RobustTreeAffine” policy. It is worth
noting that when the tree has only one leaf node, we refer to the solution as the “RobustAffine”
policy. We set the target 7 in Model (18) as Z;//™ + «, where o > 0 denotes a relative target

margin, and Z{7""¢ is the optimal value of the following empirical optimization problem,

ZAffme— min — Z Ztgs

L] s€Sy
s.t. tgszn—w Vle[L]l,seS,
te_srz nA Vee[L],s€eS, (24)
1 z(u,)=1 Vle[L],seS,
x,(u,) >0 Vle[L]l,seS,
tis €R Vle[L]l,seS,
T, € Lrene Ve e [L)].

We compare our proposed model, Problem (18), with two benchmarks. The first one is the

“Forest” policy, which is obtained from the StochOptForest algorithm via apx-soln criteria (Kallus



Chen et al.: Robust Actionable Prescriptive Analytics

24

and Mao 2023). The second one is the “RobustStatic” policy, which is the solution to the following

robust satisficing model without side information,

min kK
t 1 t, <

S - S T

S
s€[S]

to+rv>n—(m+v'x)/e V(v,v)eEV, (25)
ts+ kU >0 V(v,v) €V,
1Tz=1

zeRP teRY neR,k>0.
We set the target T in Model (25) as Z7'""“ + « for some target margin o > 0, and Z5'*"* is the
optimal value of the empirical optimization model ignoring side information,

, 1
Z5t e = min 3 Z ts

s€[S]
s.t. te=n—(n+o/x)/e
ts >m
1Tz=1

zeRP teR neR.
The solution to Model (26) is called the “EOStatic” policy.

Simulated data

We next present the results of numerical experiments based on simulated data using the same setup
as Kallus and Mao (2023). Our simulation includes n, = 3 stocks and n, = 10 covariates, with a
fixed risk level e = 0.2. We independently generate each component of the side information o from

a standard normal distribution and generate the returns in the following way:

’171 =1 + 0.2 exp(&l) — LN(O, 1-— 0.5]1[,3’,1] (ﬂQ))
172 - 1 - 02711 - LN(O, 1-— 05]1[,11](’&2))

where LN (u,0?) is a log-normal distribution with parameters y and o.

To mimic daily returns over the past three months, six months, one year, or one year and a half,
we generate a training set {u,,v,}sejs) consists of S € {63,126,252,378} independent identically
distributed (i.i.d.) samples. Then we implement different approaches and obtain the corresponding
policies. For the robust satisficing models, we select « € {0,0.01,0.02,0.03,0.04,0.05} and limit the

number of leaf nodes to 4. We train the tree in our model based on the algorithm described in
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Figure 1 =~ CVaR comparison under Kallus and Mao (2023)’s setting
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Section 2. We compute the out-of-sample CVaR for each policy using the test set {’as”f’s}se[IOOOO]‘
We repeat this procedure 100 times and report the average results in Figure 1.

We observe that simple policies like RobustStatic and RobustAffine perform the best when
the training size is small (S = 63), as they avoid overfitting the limited data. However, as the
training size increases, there is little improvement in the performance of these simple policies,
suggesting underfitting when the training size is relatively large (S > 126). In contrast, the perfor-
mance of more complex policies improves significantly as the number of training samples increases.
When the training size is relatively large (S > 126), the RobustTreeAffine policy outperforms the
RobustStatic policy, demonstrating the benefits of using side information. Perhaps surprisingly,
the RobustTreeAffine policies also outperform the Forest policy when S > 126, indicating that a
simple tree with fewer than four leaf nodes is sufficient to provide high-quality solutions. This phe-
nomenon can be partially explained by the modeling philosophy, as the Forest policy attempts to
evaluate out-of-sample CVaR based on a large set of return realizations corresponding to the same
observed side information, optimizing the conditional CVaR over possible portfolios. However, we
can only collect one out-of-sample daily return realization for the given side information, as the
side information changes every day. Therefore, we assess the out-of-sample unconditional CVaR
based on pairs of different side information and their corresponding returns. As a result, the Forest

policy may not necessarily be optimal, as we illustrate in our numerical comparisons.

A low signal-noise ratio setting
According to Gu et al. (2020), the out-of-sample R? for monthly return prediction is below 1% using

well-tuned random forest, gradient boost, or neural networks, indicating a much lower signal-noise



Chen et al.: Robust Actionable Prescriptive Analytics

26

Figure 2 CVaR comparison in a low signal-noise ratio setting
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ratio for the real-world setting than in the simulation considered above. Thus, we are motivated
to explore a low signal-noise simulation setting, which we achieve by introducing an independent

noise term LN (0,0.8). Specifically, the data-generating process becomes:

9, =1+40.2exp(@i;) — LN(0,1—0.51_5_4)(d5)) — LN(0,0.8)
'172 - ]. - 02’111 - LN(O, 1 - 0.5]].[_171] (’ELQ)) - LN(O, 08)
))— LN

We conduct the same experiment as before and vary a € {0,0.1,0.2,0.3,0.4,0.5} to increase robust-
ness given the low signal-noise ratio. We report the numerical results in Figure 2.

We observe that all robust satisficing policies, including RobustStatic, Robust Affine, and Robust-
TreeAffine policies, can achieve a lower CVaR by increasing the target margin « to some extent.
This finding highlights the importance of incorporating robustness into the optimization problem,
which is attained in our model by setting a less ambitious CVaR target. It suggests it can pro-
vide a better solution to the portfolio problem in a low signal-noise ratio setting. Moreover, we
observe similar results to those in Figure 1. Specifically, simple policies, such as RobustStatic, and
RobustAffine, outperform complex policies when the training size is relatively small (S < 252). We
require more observations to learn complex policies effectively as the signal-noise ratio decreases.
When the training size is S = 378, complex policies can achieve a lower CVaR than more straightfor-
ward policies. This observation indicates that the Forest and RobustTreeAffine policies can better

utilize side information as the training size increases.
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Figure 3  CVaR comparison based on the S&P data
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Real-world dataset

In the next set of numerical experiments, we consider using real data based on five stocks in the
S&P500 from January 01, 2010, to January 01, 2020. We utilize the short-term (last 21 days or
one month) average return and standard deviation as side information, as empirical studies by
Medhat and Schmeling (2022) and Moreira and Muir (2017) have demonstrated that leveraging
such information can lead to high risk-adjusted returns.

We conduct the experiments in a rolling horizon manner with a time window of 21 periods. At
the beginning of a time window (time t), we use the dataset H, = {1,,9,}'Z} ¢ as the training set.
We consider various training sizes, S € {63,126,252,378}. We obtain different policies using the
training set and apply them to the next 21 periods (¢,t+1,...,t+20). After obtaining the returns,
we set t <t + 21 and repeat the above procedure 30 times. This process yields 630 out-of-sample
returns for each policy, and we calculate the corresponding CVaR. To mitigate the impact of the
selected stocks, we randomly sample five stocks 20 times and report the average of 20 out-of-sample
CVaRs in Figure 3. Hence, we fix L =1 and focus on the benefits of the RobustAffine policy.

Similar to the findings in Figure 2, we observe that when the sample size is relatively small
(S <126), the RobustStatic policy outperforms the RobustAffine policy, indicating the difficulty
in leveraging side information in a low signal-noise ratio setting with limited data. However, as
the sample size increases, the performance of the RobustAffine policy improves. For the largest

training size (S = 378), the RobustAffine policy outperforms the RobustStatic policy for a wide
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range of target parameters «, highlighting the benefits of incorporating side information even in a
low signal-noise ratio setting. Additionally, we note that the RobustAffine policy outperforms the

Forest policy across all experiments, which is consistent with previous simulation results.

7. A case study on interpretable taxi allocation

To illustrate the interpretability of the proposed framework, we examine a taxi allocation problem
based on the work of Hao et al. (2020), where a taxi operator manages a fleet of taxis and must
allocate them across various service regions. Some regions experience a surplus of taxis, while others
face a shortage. In this context, we define a region with an abundance of taxi supply as a “supply
region” and a region with an insufficient number of taxis to meet passenger demands as a “demand
region”. The taxi operator can address this supply-demand imbalance by deploying taxis from the
supply regions to fulfill uncertain demands in the demand regions.

We represent the maximum number of taxis that can be deployed from a supply region i € [I] to
the demand regions as ¢;. Additionally, we denote the uncertain demand for taxis at each demand
region j € [J] as 0;. Using real data from a taxi operator provider in Singapore, Hao et al. (2020)
elucidate that weather information, specifically the level of precipitation (measured in millimeters),
has some predictive power on the demands of taxis in the different demand regions of the city.
Therefore, we use the level of precipitation as the side information and denote it by a univariate
random variable .

Let z;; represent the number of taxis allocated from supply region i € [I] to demand region
j € [J], and let ¢;; denote the associated unit allocation cost. The allocation decision & can adapt
to the side information «. It is important to note that demands can only be satisfied when taxis are
available from the supply region. Consequently, the number of taxi demands satisfied at demand
region j € [J] is given by the minimum between the sum of z;;(u) over all i € [I] and ©,;. We assume
that the decision-maker does not incur any cost for unmet demands and earns a revenue of r;

for fulfilling each demand at demand region j € [J]. We formulate the taxi allocation problem as

follows,
min B [g(2(@), v)]
s.t Za:ij(u)gqi Yuel,ie (1] (27)
jelJ]
x(u)>0 Yueld

yj Z Z Cijilfij — T‘jUj VJ S [J]

€[]
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Given the historical samples of the side information and demand (s, 95), s € [S], the corresponding

robust satisficing taxi allocation model with side information is as follows,

min K
1
st 2 doto<r
selsS]
1"y (u,v,0,v) — ko — kv < t, Y(u,v,0,v) € Z4, L € [L],s €[S]
Yeaj (U,0,0,0) 2 (i = 1j)ap5(u) V(u,0,0,v) € Zgo, L€ [L], s €[S],§ €[]
€[]
y(s,j(ua’vvo-a V) Z iez[llcijq:f,ij(u) - ijj V(U,'U,O', V) S Zfsag S [L]7S € [8]7] € [J] (28)
Zmém u) < g; VUEZ/{g,eE[LLiG[I]
Jj€ElJ]
mg(u) >0 Yu €Uyl € [L]
Yoo € Lrutmot 2y vee (L], s€[9]
x, € LN Ve e [L]
k> 0.

Note that the recourse problem in this case study has only right-hand-side uncertainty. As we have
discussed at the beginning of Section 4, the reformulation of Problem (28) directly follows from
Long et al. (2023); hence, we omit the reformulation here. As a benchmark model, we consider the
robust satisficing model without side information, i.e., the response policy is a tree-based static

policy with L =1.

Data generation. Similar to the simulation experiment conducted in Hao et al. (2020), we
make the following assumptions: 7 =1 and J = 5. The cost and revenue parameters are set as
¢; =3 and r; =0.05(12.5 — 0.55) + ¢; for each j € [J]. The mean and standard deviation of u are
denoted as p, =10 and o, = 0.3, respectively. We assume that the support set of u falls within
the interval Z,, = [1,19]. We divide the interval Z,, into ny =4 non-overlapping subsets of the same
length and denote the i-th subset as Z" = [u,, u;] for each i € [ng].

In our model, we consider n, linear demand functions, v'(u,€’) = w{ + wiu + €, where i € [ny].
We randomly generate w from the uniform distribution on [O 1]7 and set wi = (1+0.2i)w for each

i € [ng). For the intercept wj, we set wi =10 x 1 and w} = w ' +yw] "

—ww! fori€{2,...,n4}.
The error term €' has a zero mean, and its variance is 6; = O.luv, where p! = w) + wip,. The
support set of the demand is a box, Z, £ [w' + wiy,,w" + w;*u,,]. Next, we set the supply
capacity as ¢ = 0.5 x 17 (w(? + wy"u,,). Note that such a supply capacity ¢ is only half of the total
mean demand when u =, ; hence, we may not satisfy the total expected demand when u is large.

To generate samples for training and evaluation, we randomly generate S = 60 samples of .

For each s € [S], we randomly generate samples of the error term, €, from the multivariate normal
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Table 1 Revenue improvement in ten random sample instances
Sample instance 1 2 3 4 5 6 7 8 9 10  Average
R® 34.16 34.54 34.48 34.20 34.34 34.54 34.59 3456 34.08 34.64 3441
RN 32.52 31.90 3246 3240 3249 32.15 32.44 3224 3244 3253 32.36
ngfN 5.04% 8.28% 6.23% 5.53% 5.67% 7.42% 6.62% 7.20% 5.06% 6.49% 6.35%

distribution A(0,diag(67")) if @, € Z/" for some j* € [ny]. The demand sample with observation i,
is then o, = v7" (U, €5) = wg* + w{*ﬁs + €,. We truncate demand samples so that they fall into the
support set Z,. Then, {(is,v,),s € [S]} constitutes our training samples. We generate 10,000 test

samples with the same procedure to evaluate the out-of-sample performance.

Evaluation of revenue improvement. We first generate the tree structures with L € [4] using
the binary recursive partitioning algorithm in Section 2. Based on cross-validation, we fix the
number of leaf nodes as L = 2. Then, we calibrate the target parameter in our robust satisficing
model (28) by selecting the target margin « € [0,4] via a 5-fold cross-validation combined with a
Golden search procedure. We solve the benchmark robust satisficing model without side information
via the same cross-validation procedure. In our numerical experiments, we solve the two models
with ten different training data sets and test them on the same set of test data of size 10,000.

Let R® and RN denote the out-of-sample revenue of the robust satisficing models with tree-based
affine policy and the benchmark robust satisficing model (with static policy ignoring side informa-
tion), respectively. We compute the revenue ratio between the two models, g—i, and summarize the
results in Table 1. We note that the average revenue ratio over the ten random instances is 1.064,
indicating an improvement in revenue of 6.4%. A significant reason for the improvement is that the
solutions to the prescriptive analytics model with side information can adapt to the precipitation
data to better align with the demands. This is similarly observed in the portfolio optimization

example in the previous section.

Interpretable taxi allocation policy. The impact of precipitation on our optimal taxi allo-
cation policy is substantial, as illustrated by the first random instance’s optimal response policy
shown in Figure 4. One immediate advantage of the tree-based affine allocation policy is its real-
time adaptability to realized precipitation information. The policy, consisting of intercepts and
coeflicients, is easily understandable and interpretable. The non-negligible magnitudes of the coef-
ficients indicate the strong influence of precipitation information on the allocation quantities.

Note that the mean demands at all demand regions increase with precipitation u. When u falls
within the first leaf node, the overall demands do not overwhelm the supply capacity q. Hence, it

is reasonable to see positive coeflicients, i.e., we should deploy more taxis to all demand regions
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Figure 4 lllustration of the tree-based affine allocation policy
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as u increases. An interesting observation arises when wu lies within the second leaf node: the
coefficients of the affine allocation policy for demand regions 4 and 5 become negative, seemingly
contradicting the general trend of increasing demands with w. However, this behavior can be
explained by considering the limited supply capacity ¢. In this scenario, the overall mean demand
becomes overwhelming, requiring the system to prioritize which demands to fulfill. Given that the
unit revenue earned from satisfying demand in a particular demand region j € [J] decreases as j
increases, it becomes optimal to sacrifice some demands from demand regions 4 and 5 in order to
meet as many demands as possible in the earlier demand regions. This intuitive and interpretable
allocation policy highlights the practical usefulness of the robust actionable prescriptive analytics
framework for managers and practitioners.

To elucidate the difference between our adaptive allocation policy and the static policy of the
benchmark robust satisficing model ignoring side information, we visualize them in Figure 5. Specif-
ically, we plot the allocation quantities for two instances: @j and @5, which lie in leaf nodes one
19-u*

and u; = =5, where u” is the

1+u™
2

and two, respectively. We set the covariate values as 4] =
cutoff value that divides the samples into two leaf nodes. The corresponding allocation quantities
x1(u}) and x,(us) are presented in Figure 5. The most notable difference is that our policy pri-
oritizes demands at the first three demand regions when u lies in the second leaf node due to the
overwhelming total demand. This demonstrates the benefits of having a response policy that could

leverage the side information with some predictive powers for uncertain demands.
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Figure 5  lllustration of allocation quantities of robust satisficing with (S) and without (N) side information.
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A. Proofs
Proof of Theorem 1. Let & be an optimal solution to Problem (2). For any (u,,v,) € Z, s € [5],
we have
9(&(us),vs) — K([|vs — 0| + [lus — as)

g(iﬁ(’&s),f)s) + (g(i(us)avs) - g(i(ﬁs)vﬁs) - K‘(Hvs - ﬁs” + Hus - as”))
S g(fiﬁ(ﬁs),@s) + (E - K)(”us - IasH + Hvs _ﬁsH)

For any k> L and (u,,v,) € Z, s € [S], we have

Nl

= D (9@ (), v,) = 5(|[vs = Bl + [lus — @) < 5 Y g(@(), 6,) = Zo < 7.
s€[S]

Hence, it follows that Problem (9) is feasible for some x, < L. O
Proof of Theorem 2. We first observe g, and g5 are necessarily non-negative; otherwise, Con-

straint (15) is never feasible. Then we dualize v to obtain the following equivalence

sup  {gut+qv+v Qsu—qo—gr}

(u,v,d,u)Eng

= sup {qlutqv+v Qu—qllu—1u—glv— o}

uEUy,vEV)

=sup _inf {qu+p' v —p v, +(q+Qsutp—p) 0. —qllu—i:]g:+Qu—p+pll. <g}

ueld, P20,p2

The left-hand side of the above constraint can be viewed as an adaptive robust optimization

problem with uncertain parameter u and recourse variable p, p:

inf sup {7 u+p(u) 5 — p(u) v, + (g2 + Qeu+ p(u) — p(w)) 6, — gl — @, }

A=2y)

st (g2 + Qsu —p(u) + p(u)l. < g5
p(u) >0, plu) > 0
P.p € R,

We apply affine recourse adaptation p(u) = p+ Pu, p(u) = p+ Pu to obtain its safe approximation
of the robust constraint (15):

sup {q{ u+ P+ Pu) 0, — (p+Pu) v, + (q:+ Qsu+p+Pu—p—Pu) 0, —qflu—a,} <gs

ucly
sup {|| g2 + Qsu —p— Pu+p+ Pul.} <gs

ucly

. T g K > .
ulgbftz {e/P+Pu)} >0 Vie[n,]

inf {e/(p+Pu)}>0  Vi€[n,]

ucly
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for some p,p € R, P, P € R"*™ By dualizing variable u, the first robust constraint of (29) has

the following equivalence

e SR (30)
g +P (o —6.)+P (6. —v,) + QI &, — A+ Al <a
0

by strong duality. Similarly, the last two sets of robust constraints of (29) are equivalent to the

existence of I',I' € R™*™« such that
(31)

For the second robust constraint of (29), we have the following equivalence

sup {|lg> + Qsu—p— Putp+ Pull.} <
uEUy

<~ sup {Y(@2+Qsu—P—Pu+p+Pu)}<g
weldy |y [I<1

< sup _inf {y'(g2—P+p)+u,0-u/0:(Q;—P+P)'v=0-0}<g;

lv[1<16>0,6>0
where the first equivalence is by the definition of the dual norm, and the second is by strong duality.

The problem can be regarded as an adaptive robust optimization with uncertainty - and recourse

variable 0, 0. However, we can still apply affine recourse adaptation
0(7)=0+0"y, 0(7)=0+0"7—(Qs~P+P)'y
for some 8 € R"+, © € R™*™ to obtain a conservative approximation as follows,

Y (@—P+p)+(0+0"y) u,—(0+(O—-Qs+P—P)"v) u, <gs V||v[ <1
0+0Ty>0 Vvl <1
0+(O©—-Q;+P—-P)'v>0 Vvl <1,

which is equivalent to

lg:—P+p+0Ou,—(©—-Qs+ P — Py, + (w, —u,) 0 <gs
0> ||®c|.e;

1€[ny]

0> Z [(©® —Q;3+P—P)e,|.e;.

ie[nu]



Chen et al.: Robust Actionable Prescriptive Analytics

38

Combining the equations (30), (31), (32) together and noting they hold for each s € [S], we obtain
the tractable formulation (16).

We have already established the conservative approximation of Constraint (15). When Q3 =0,
the converse is true by noticing that the Constraint (15) is affine in the uncertain parameters so

that we have its exact reformulation:

INAERY,P,pER) :

@ G+ g 4P (B — ) +p (B —v,)+ X (W — ) + AT (@, — ) < gq
lar = A+ Al <gs

lg: —P+pl <aq

based on the standard duality approach. Clearly (qi,q2,0,q4,7s,75) € Qs by setting P=P =T =
I'=0=0 and 6 =0 in Equation (16).

To show the second property, we can take p=p=0A=A=0,P=P=T=T=0 =

0, g1 = ||lq1 + Q3 V||, O = Zie[nu] |Qseill.e; and g5 = [|q2 + Qs | + (W, — Qg)Te to ensure

(Q1aCI27Q37(]4aQ5aQ6) c Qés-
]

Proof of Theorem 3. For any & € T"= "=, let £*(s) € [L] such that @, € int(Up(4)) for each s € [9],

we have

d'y,<t, Vs € [S]
F(0,)xp 5 (0s) + By, > f(0,) Vs € [5]

for some g, € R™, s € [S]. We take yj. . = ¥s and yj. ,, = 0 for each i € [n, +n,] so that

dTyg*(s)s = dTyAé S ts

qég*l(—g)sﬁs + qf’g(—g)s,ﬁq + ,{}ZQ?’?(S)SQQ - q?’?(s)s = eg (f(,UG) - F(/ﬁs)xf*(‘?) (ﬁs) - BQQ) < 0Vke [nf]

Therefore, Property (b) in Theorem 2 implies the existence of Apx(4)s, fex(s)s € Ry and Cox(s)s, Eox(s)s €
Rif such that

(07 Oa 0) )‘f*(s)w Hex(s)ss 7fs - dTyg*(S)s) S Qé*(s)s
(Qﬁ(s)s, Q§3(s)sa ngf(s)su e;Q*(S)S, eg&*(S)S?ng(s)s) € Qu=(5)s Vk € [ny].

By the complete recourse assumption, there exists c«(s)s, B (s)s € RY such that Boas(s)s > Cox(s)s

and BB« (s)s > &+(s)s- Then we have

<q§*l(s)s7 qu(s)s’ QIFCE(G)N ezBae*(S)w eZBﬁf* (s)s» q§§(€)9> S Qé*(s)s Vk € [nf]
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Then we take y?*“j)zﬁ = QU= (5)s, ye*"‘s")’;”* = Br+(s)s and
K>FkE=m ?g]( {max {Az* (s)s dTy?*“(j)Zﬁ s s (s)s + dTyZ“(';)Z”“ }}
to ensure (0,0,0,x — dTy;’*“j)ZUH, —d’ ye*“(jzv” ts — dTye*(s)s) € Qu+(s)s, Which is equivalent to

dTyg*(S)s(u, v,0,v) — k(o +v)<t,, VY(u,v,0,v)€ Z_g*(s)s

by Property (a) in Theorem 2.

For ¢ € [L]\{¢*(s)}, by complete recourse assumption there exists g,; such that
Bg@s > .f(ﬁs) - F(ﬁs)azf(ﬁs)

Let yY, = 94, and y}, = 0 for each i € [n,, +n,]. By a similar argument as above, there exist y, "t

and y, "2 such that
(Q5517 qu ) Zs ’ ek Bynu+nv+1 Bynu+nv+2) QZG) € QZS: Vk € [nf]

It remains to show there exists x > k such that

Ci—l—y?6 _ ts S ( dTynu"F"u"rl) o _|_ ( dT 7Lu+'fbv+2) v V(u,’v, 0_7 I/) e ZZS'

Indeed, it suffices to take

s€[S] Le[LIN{¢* (s)} ]

T 1 |dTylg - | T 2
k=|R|+max max |yt s +|d Tyt
infyey, ||u— u,|

where inf, ey, [|[u —1,|| >0 for any s € [S],¢ € [L]\{¢*(s)} because u, ¢ cl(U). It follows that
inf ( dTy”S“Jr"“H) o+ (/{ — dTy"8“+"”+2) v

(u,v,0,V)€EZy,

= inf (k—d Tyt Ju— a4+ (s —d Ty ) (o — o

ucUy,veVy
> T, nyt+ny+1 5
> inf (x—d'yp ) llu— |
> 1nf |dTy€s_ 5|||'U;_’U;S||

wely  infyey, ||u — 0|
Z dTyEs - tS'
When n, =1, we must have B > 0 or B < 0 because of the complete recourse assumption.
Without loss of generality, we assume B = [by,...,b, f]T >0 and d > 0 to avoid trivial cases. For

Problem (12), the recourse function y,s(u, v, 0, ) must satisfy the constraints

dyes(u,v,0,v) <t,+ Ko + KV V(u,v,0,v) € Zy, L €[L],s €
Yes(w,v,0,v) > km[ax] {(er(v) — e;F(v)wz(u))/bk} V(w,v,0,v) € Z4,0 € [L],s€[9],
Enf
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which indicates the optimal recourse function for any s € [S], ¢ € [L] would be
Yos(u,v,0,v) = (ty + Ko + kv)/d,

which is affine in ¢ and v and does not depend on u or v. Therefore, there exist reduced affine
mappings y,s that are optimal for Problem (12) and hence solve Problem (17). O
Proof of Theorem 4. Let wz be an optimal solution that achieves Z,, for ¢ € [L]. For any

(us,v5) € 24, s€ 5], £ €[L], we have

(@ (us),v5) = £([[vs = B[] + [y — )

T
i
< g(m}('&s),'ﬁs) + (L - ”)(H’u’s - '&’SH + Hvs - "AJSH)
Then, for any x> L, we have

1 . . 1 AN
B2 {oCel )~ =l s~ )} < i 3 ol (8.8 = Zu
¢ s€S, (us,vs)EZ) ¢ s€S,

Now, consider any w € W and r, = Z,, for £ € [L], we have
w'r—Kkl|w—w|; <W P+ (|7 s — KO)||w — W]

If k further satisfies kK > maxe(r) {|re|} /0, we have

sup Z wery — KO|lw —w||; p <w'r=2Z,<T.
wew te(L]

Hence, it follows that Problem (22) is feasible for some r, < max{L, maxe(1) {|Zo.c|} /0}- O

Proof of Theorem 5. For any feasible solutions to Problem (21), we have

> wi (Be; lg(@(@), 9)] - kAP B)) = ke 0lw” — ]y <7,
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where w; =P* [ € U,| and P} is the true conditional distribution of ¥ given u € U,. Hence, for all

I">0, we have
P (e [g(a(@), 3)] > 7+ 5, T

=P | Y wiBs; [g(x(a), )] > 7+ kT
Le(L]

<P wiAP],Py) +60|w* — |, >T

Le[L]

< min (PYIY Cwi AP P) >y | P [0]lw* — by > e

Y1+v2=T

el
< min {]P’S maXA(IP’z,I@’Z) > ’yl} + P9 0| w* —w||; > ’yg]}
y1+y2=T Le(L]

< min § 3P [A®;P) > 9] + P llw” — bl > 7]

y1+72=T

te(r)
. —2572
) S " 2

< min A 30 a@ B0 > ] +rew ()

The last inequality follows from

P [0]|w* — ]|, > 7]
< P [|w) — | > 7/ (£0) for some £ € [L]]

1y, (L, 1Ly, (s
< Z PS ”Z:SE[S]“"() — Eps [Z:SE[S]W()] ‘ S 2 (Union bound)

S S 0
(e[L] )
28
< Z 2 exp (— LQZ§> (Hoeffding’s inequality)
Le(L] )
573
= 2L exp (— L292>

Therefore, for any 7 > Zj, « and &, feasible in Problem (21) and I" > 0, we have

_ 2
P® [Bps [g((@), )] > 7+ 4,1 < min ¢ > P [A@z,m)m] +2Lexp< 2872) :

Y1 +v2=T L2602
Le[L]

for all I' > 0. O



