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Abstract

In this paper we develop accelerated first-order methods for convex optimization with locally Lipschitz
continuous gradient (LLCG), which is beyond the well-studied class of convex optimization with Lipschitz
continuous gradient. In particular, we first consider unconstrained convex optimization with LLCG and propose
accelerated proximal gradient (APG) methods for solving it. The proposed APG methods are equipped
with a verifiable termination criterion and enjoy an operation complexity of 0(571/2 loge™") and O(loge™)
for finding an e-residual solution of an unconstrained convex and strongly convex optimization problem,
respectively. We then consider constrained convex optimization with LLCG and propose an first-order proximal
augmented Lagrangian method for solving it by applying one of our proposed APG methods to approximately
solve a sequence of proximal augmented Lagrangian subproblems. The resulting method is equipped with a
verifiable termination criterion and enjoys an operation complexity of @(e*loge™?!) and O(e /% loge™?) for
finding an e-KKT solution of a constrained convex and strongly convex optimization problem, respectively. All
the proposed methods in this paper are parameter-free or almost parameter-free except that the knowledge on
convexity parameter is required. To the best of our knowledge, no prior studies were conducted to investigate
accelerated first-order methods with complexity guarantees for convex optimization with LLCG. All the
complexity results obtained in this paper are entirely new.

Keywords: Convex optimization, locally Lipschitz continuous gradient, proximal gradient method, proximal
augmented Lagrangian method, accelerated first-order methods, iteration complexity, operation complexity
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1 Introduction
In this paper we first consider unconstrained convex optimization®

F* = min {F(@) = f(x) + Pla)} )

where f, P : R" — (—o00,00] are proper closed convex functions, f is differentiable on cl(dom(P)), and Vf is
locally Lipschitz continuous on cl(dom(P)), where dom(P) denotes the domain of P and cl(dom(P)) denotes
its closure. It shall be mentioned that dom(P) is possibly unbounded. Problem (1) is beyond the well-studied
class of problems in the form of (1) yet with V f being (globally) Lipschitz continuous on cl(dom(P)) or R™. For
example, the problem of minimizing a convex higher degree polynomial function over a closed unbounded convex
set is a special case of (1), but it does not belong to the latter class in general. In addition, it is sometimes
easier to verify local Lipschitz continuity than Lipschitz continuity of V f on cl(dom(P)). For example, when f is
twice differentiable in an open set containing cl(dom(P)), it is straightforward to see that V[ is locally Lipschitz
continuous on cl(dom(P)); however, verifying Lipschitz continuity of V f may need to explore the expression of
V f and can be a nontrivial task.

The well-known special case of problem (1) with V f being Lipschitz continuous on cl(dom(P)) or R™ has
been extensively studied in the literature. In particular, accelerated proximal gradient methods [2, 13] and their
variants [3, 7, 16] were proposed for solving it. From theoretical perspective, these methods enjoy an optimal
iteration complexity of O(s~'/2) for finding an e-gap solution of (1), namely, a point z satisfying F(z) — F* < e.
However, since F* is typically unknown, there is a lack of a verifiable termination criterion for them to find an
e-gap solution of (1) in general. To overcome this issue, a nearly optimal proximal gradient method was recently
proposed in [4] for solving such a special case of (1). This method is equipped with a verifiable termination
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1We refer to problem (1) as an unconstrained optimization problem just for convenience. Strictly speaking, it can be a constrained
optimization problem. For example, when P is the indicator function of a closed convex set, it reduces to the problem of minimizing
f over this set.



criterion based on the norm of a gradient mapping of (1) and enjoys an iteration complexity of (’)(5_1/ Zloge™1)
for finding an e-norm solution of (1), namely, a point at which the norm of a gradient mapping of (1) is no more
than e. It shall be mentioned that these methods [2, 3, 4, 7, 13, 16] and their analysis rely on Lipschitz continuity
of Vf on cl(dom(P)) or R™ and they are generally not applicable to (1) when Vf is merely locally Lipschitz
continuous on cl(dom(P)).

To handle the challenge of the local Lipschitz continuity of V f, we modify [7, Algorithm 1 with a single block]
by incorporating a backtracking line search scheme and an adaptive update strategy on the algorithm parameters
to propose an accelerated proximal gradient (APG) method (see Algorithm 1) for solving problem (1). From
theoretical perspective, the proposed APG method enjoys a nice iteration complexity of O(e~1/2) and O(loge~!)
for finding an e-gap solution of (1) when f is convex and strongly convex, respectively. Yet, since F'* is typically
unknown, it is difficult to come up with a verifiable termination criterion for this method to find an e-gap solution
of (1). To circumvent this issue, we further propose an APG method with a verifiable termination criterion (see
Algorithm 2) for (1) with a strongly convez f, and show that it enjoys an iteration and operation complexity?
of O(loge™1) for finding an e-residual solution of (1), namely, a point z satisfying dist(0,0F (z)) < .2 We also
propose an APG method with a verifiable termination criterion (see Algorithm 2) for (1) with a convex but
non-strongly convex f by applying Algorithm 2 to a sequence of strongly convex optimization problems arising
from a perturbation of (1), and show that it enjoys an operation complexity of O(¢~/?loge~1) for finding an
e-residual solution of (1). All the proposed APG methods are parameter-free or almost parameter-free except
that the knowledge on convexity parameter of f is required.

Secondly, we consider constrained convex optimization in the form of

F*=min {F(z):= f(z)+ P(z)}
st —g(x) e X, (2)

where K C R™ is a closed convex cone, f, P : R" — (—o0,00] are proper closed convex functions, f and g are
differentiable on cl(dom(P)), V f and Vg are locally Lipschitz continuous on cl(dom(P)), and g is K-convex, that
is,

ag(z) + (1 —a)gly) —glaz+ (1 —a)y) € £, Va,y e R", a€]0,1].

It shall be mentioned that dom(P) is possibly unbounded.

Problem (2) includes a rich class of problems as a special case. For example, when IC = R’ x {0} for
some my and ma, g(x) = (g1(2), ..., gm, (@), h1(2), ..., hm, (2))T with convex g;’s and affine h;’s, and P(z) is
the indicator function of a simple convex set X C R™, problem (2) reduces to an ordinary convex optimization

problem
gjrg)r{l{f(x) 1gi(x) <0, i=1,...,my;hi(xz) =0, j=1,...,ma}.

Numerous first-order methods were developed for solving some special cases of (2) in the literature. For
example, a variant of Tseng’s modified forward-backward splitting method was proposed in [11] for (2) with ¢
being an affine map, K = {0}, and V[ being Lipschitz continuous on cl(dom(P)). Also, first-order penalty
methods were proposed in [5] for (2) with ¢ being an affine map, P being the indicator function of a simple
compact convex set, and V f being Lipschitz continuous on this set. In addition, first-order augmented Lagrangian
(AL) methods were developed in [1, 12] for (2) with g being an affine map, P having a bounded domain or being
the indicator function of a simple compact convex set, and V f being Lipschitz continuous on R™. Also, first-order
AL methods were proposed in [6, 8, 14] with K = {0}, ¢ being an affine map, P having bounded domain or being
the indicator function of a simple compact convex set, and V f being Lipschitz continuous on this set or R™. For
these special cases, first-order iteration complexity was established for the methods [1, 12, 14] for finding an e-gap
solution® of (2) and for the methods [5, 6, 11] for finding an e-KKT type solution, which is similar to the one
introduced in Definition 2 in Section 3. Since F'™* is typically unknown, there is a lack of a verifiable termination
criterion for the methods [1, 12, 14] to find an e-gap solution of (2) in general. In contrast, e-KKT type of
solutions can generally be verified and the methods [5, 6, 11] are equipped with a usually verifiable termination
criterion for finding an e-KKT type solution of the aforementioned special cases of (2).

In addition to the above methods, a first-order proximal AL method was recently proposed in [9, Algorithm
2] for solving a special case of problem (2) with P having a compact domain and V f and Vg being Lipschitz
continuous on dom(P). At each iteration, this method applies a variant of Nesterov’s optimal first-order method
[9, Algorithm 3] to approximately solve a proximal AL subproblem and then updates the Lagrangian multiplier
by a classical scheme. This method enjoys two nice features: (i) it is equipped with a verifiable termination
criterion; (ii) it achieves a best-known operation complexity of O(e~*loge™!) for finding an e-KKT solution of
such a special case of (2).

2The operation complexity of a proximal gradient method for problem (1) is measured by the amount of its fundamental operations
consisting of evaluations of V f and proximal operator of P.

3dist(z, Q) = miny{||z — y|| : y € Q} for any z € R”™ and closed set @ C R™.

4 An e-gap solution of problem (2) is a point z satisfying |F(z) — F*| < e and dist(g(x), —K) < e.



It shall be mentioned that the aforementioned methods and their analysis rely on boundedness of dom(P)
and/or Lipschitz continuity of Vf and Vg on cl(dom(P)) or R™ and they are not applicable to problem (2)
when dom(P) is unbounded or V f and Vg are merely locally Lipschitz continuous on cl(dom(P)). In this paper
we propose a first-order proximal AL method for solving problem (2) by following the same framework as [9,
Algorithm 2] except that the proximal AL subproblems are approximately solved by our newly proposed APG
method, namely, Algorithm 2. The resulting method is equipped with a verifiable termination criterion and
achieves an operation complexity of O(¢~'loge™!) and O(e'/2loge™!) for finding an e-KKT solution of (2)
when f is convex and strongly convex, respectively. In addition, it is almost parameter-free except that the
knowledge on convexity parameter of f is required.

The main contributions of our paper are summarized as follows.

e We propose and analyze APG methods for solving problem (1) under local Lipschitz continuity of V f on
cl(dom(P)) for the first time. Our proposed methods are almost parameter-free, equipped with a verifiable
termination criterion, and enjoy an operation complexity of 0(5*1/ 2loge~1) and O(loge~1) for finding an
e-residual solution of (1) when f is convex and strongly convex, respectively.

e We propose and analyze a first-order proximal AL method for solving problem (2) under local Lipschitz
continuity of Vf and Vg on cl(dom(P)) and possible unboundedness of dom(P) for the first time. Our
proposed method is almost parameter-free, equipped with a verifiable termination criterion, and enjoys an
operation complexity of O(e~'loge™') and O(e~'/?loge~!) for finding an e-KKT solution of (2) when f is
convex and strongly convex, respectively.

The rest of this paper is organized as follows. In Section 1.1 we introduce some notation and terminology. In
Section 2 we propose accelerated proximal gradient methods for problem (1) and study their worst-case complexity.
In Section 3 we propose a first-order proximal augmented Lagrangian method for problem (2) and study its
worst-case complexity. In Section 4 we present the proofs of the main results. Finally, we make some concluding
remarks in Section 5.

1.1 Notation and terminology

The following notation will be used throughout this paper. Let R™ denote the Euclidean space of dimension n,
(-,+) denote the standard inner product, and || - || stand for the Euclidean norm or its induced matrix norm. For
any w € R, let wy = max{w,0} and [w] denote the least integer number greater than or equal to w. Let Z,
denote the set of positive integers. For any ¢, M € Z,, mod(¢t, M) denotes the remainder of ¢ when divided by M.

For a closed convex function P : R™ — (—o00, 00|, let 9P and dom(P) denote the subdifferential and domain
of P, respectively. The proximal operator associated with P is denoted by proxp, that is,

proxp(z) = arg min {1||1: —z|* + P(x)} Vz € R"™.
z€R™ | 2
Since evaluation of prox, p(z) is often as cheap as that of proxp(z), we count evaluation of prox,p(z) as one
evaluation of proximal operator of P for any v > 0 and z € R™. For a mapping h : R — R!, Vh denotes
the transpose of the Jacobian of h. Vh is called L-Lipschitz continuous on a set {2 for some constant L > 0 if
(IVRh(z) — Vh(y)|| < L||x — y|| for all z,y € Q. In addition, Vh is called locally Lipschitz continuous on § if for
any = € (), there exist L, > 0 and an open set U, containing = such that Vh is L,-Lipschitz continuous on U,,.
Given a nonempty closed convex set 0 C R™, dist(x, Q) stands for the Euclidean distance from x to €2, and
IIg(x) denotes the Euclidean projection of z onto C'. The normal cone of Q at any x €  is denoted by Nq(z). For a
closed convex cone K C R™, we use K* to denote the dual cone of K, that is, K* = {y € R™ : (y,z) > 0, Vz € K}.

2 Accelerated proximal gradient methods for unconstrained convex
optimization

In this section we consider problem (1) and propose accelerated proximal gradient (APG) methods for solving it.
In particular, we aim to find an e-residual solution of (1), which is defined below.

Definition 1. Given any € > 0, we say * € R™ is an e-residual solution of problem (1) if it satisfies
dist(0,0F (x)) < e.

To proceed, let u > 0 denote the convexity parameter of f on dom(P), that is,

J(9) > f(@) +(Vi().y —a) + Gl —yl’. Ve e dom(P).y cR". ®)



Clearly, f is strongly convex on dom(P) when p > 0. In addition, we assume that the proximal operator associated
with P can be exactly evaluated and problem (1) has at least one optimal solution. Let 2* be an arbitrary optimal
solution of (1) and fixed throughout this section.

2.1 An APG method without a termination criterion for problem (1)

We propose an APG method for (1) as follows, which is a modification of [7, Algorithm 1 with a single block] by
incorporating a backtracking line search scheme and an adaptive update strategy on the algorithm parameters.

Algorithm 1 An APG method without a termination criterion for problem (1)
Input: o € (0,1/u],% 0 < ag € [\/#70,1], 0 € (0,1), and 2! = 2 € dom(P).

1: fort=1,2,... do

2:  Compute

yt = ((1 —ay)rt + ay(1 — 6t)zt) /(1 — ), (4)
2 = arg min {'M(Vf(yt), z) + P(z)] + %H»’U — By’ — (1 - /Bt)thQ} ; (5)
o = (1 — ap)a’ + a2, (6)

where v; = v90™t and 8y = ufytat_l with a; € (0, 1] being the solution of
Ve = (1= ap)ai_ iy + poeyeye—1, (7)
and n; being the smallest non-negative integer such that
2y (F(&™h) = f(y") = (Vfy"), 2™ = o) < [l =y ®)

3: end for

Remark 1. (i) Algorithm 1 is almost parameter-free except that the convexity parameter p of f is required.

(i) One can observe that the fundamental operations of Algorithm 1 consist of evaluations of V f and proximal
operator of P. Specifically, at iteration t, Algorithm 1 requires ny + 1 evaluations of V f and proximal operator of
P for finding x'™1 satisfying (8).

(iii) Suppose that a1 € (0,1] and yi—1,7: € (0,70] are given for some t > 1. Then oy € (0, 1] is well defined
by the equation (7). Indeed, let ¢(a) = v—102 — (1 — @)ai_; vt — payiyi—1. Observe that ¢p(0) = —a?_;v <0
and ¢(1) = ye—1(1 — pye) = ye—1(1 — pyo) > 0 due to v € (0,1/p]. Hence, (7) has a solution in (0,1] and «; is
well-defined.

We next study well-definedness of Algorithm 1 and also its convergence rate in terms of F(x') — F(z*). To
proceed, we define

2 /
ro = \/F(:cl) —F(a*) + =0 gt —a¥|f2, S = {z € dom(P) : ||z — 2*| < 7?”"0 } : (9)
0

270

The following lemma establishes that V f is Lipschitz continuous on S and also on an enlarged set induced
by ao, Y0, 70, ¥, f and S, albeit V[ is locally Lipschitz continuous on cl(dom(P)). This result will play an
important role in this section.

Lemma 1. Let rg and S be defined in (9), and let vo and ag be the input parameters of Algorithm 1. Then the
following statements hold.

(i) Vf is Ls-Lipschitz continuous on S for some constant Ls > 0.
(ii) Vf is Lg-Lipschitz continuous on gfor some constant Lg > 0, where

~

S= {w € dom(P) : ||z —z"|| < (1 +vLs) @ro } . (10)

Proof. Notice that S is a convex and bounded subset in dom(P). By this and the local Lipschitz continuity of
Vf on cl(dom(P)), it is not hard to observe that there exists some constant Ls > 0 such that V f is Ls-Lipschitz
continuous on S. Hence, statement (i) holds and moreover the set S is well-defined. By a similar argument, one
can see that statement (ii) also holds. O

5By convention, we define 1/0 = co. Consequently, when u = 0, 79 can be any positive number.



The following theorem shows that Algorithm 1 is well-defined at each iteration. Its proof is deferred to
Subsection 4.1.

Theorem 1. Algorithm 1 is well-defined at each iteration. Moreover, xt,yt, 2t € S and ny < N for allt > 1,

where S is defined in (9) and
~ [log(vLg)
v | .

The next theorem presents a result regarding convergence rate of Algorithm 1, whose proof is deferred to
Section 4.

Theorem 2. Let {x'} be generated by Algorithm 1. Then for all t > 1, it holds that

-2

F(z') — F(z*) < min (1 - \/umin {70,(5L§1} > ) , 4 (2 + (t— 1)a0\/min{1,5701[,§1} > ra. (12)

Remark 2. (i) Despite only assuming local Lipschitz continuity of V f on cl(dom(P)), Algorithm 1 enjoys a
similar convergence rate as the optimal APG method [7, Algorithm 1 with a single block] which was proposed and
analyzed for solving a special case of problem (1) with V f being Lipschitz continuous on R™.

(i) An adaptive gradient method was recently proposed in [10, Algorithm 1] for solving a special case of
problem (1) with P = 0. It is a variant of classical gradient methods without acceleration and enjoys a much
worse convergence rate than the one given in (12). In particular, when f is convez, it has a convergence rate of
O(1/t) (see [10, Theorem 1]).

From theoretical perspective, it follows from Theorem 2 that Algorithm 1 enjoys an iteration complexity of
O(e=Y?) and O(loge ') for finding an e-gap solution z* of (1) satisfying F(z') — F* < ¢ when f is convex and
strongly convex, respectively. However, since F'™*, Lgl and rg are typically unknown, it is difficult to come up
with a verifiable termination criterion for Algorithm 1 to find an e-gap solution of (1). To circumvent this issue,
we propose some variants of Algorithm 1 with a verifiable termination criterion in the next two subsections.

2.2 An APG method with a termination criterion for problem (1) with x> 0

In this subsection we propose an APG method with a verifiable termination criterion for finding an e-residual
solution of problem (1) with x> 0, namely, f being strongly convex on dom(P). It is a slight variant of Algorithm 1
by incorporating a termination criterion that is checked only periodically.

Algorithm 2 An APG method with a termination criterion for problem (1) with x> 0
Input: € >0, 7o € (0,1/], 0 < a9 € [\/i0,1], 6 € (0,1), M € Z,, and z* = 2! € dom(P).
1: fort=1,2,... do
2:  Compute

Y= ((1— )z’ + (1= B)2") /(1 — aufBy),
2 = arg mmin {%[(Vf(yt)a z) + P(z)] + %Hx —By' = (1 - 5t)zt||2} ;
o= (1 — a2t + a2ttt
where v; = 706™ and f; = uy;a; ' with oy € (0, 1] being the solution of
Y1 = (1= ar)ai_ iy + poyye—1,
and n; being the smallest non-negative integer such that
29, (f(="™h) = F(y") = (VF(y"), 2" —y")) < [l="F = y')%

3:  if mod(¢, M) =0 then
: Call Algorithm 3 with (z'*1,70,d) as the input and output (#'+1, .4 1).
Terminate the algorithm and output &'+ if

I (@ =) + VE) - VT < e (13)

6: end if
7: end for




Algorithm 3 Adaptive proximal gradient iteration

Input: v € S and 7y,6 > 0.
1: Compute

1
o = argumin {3(91(0),2) + 3P(@) + o~ olP}. (14)
where 7 = 596" with 7 being the smallest non-negative integer such that
29(f(0) = f(v) = (Vf(v),0 = v)) < [[o —]*. (15)

2: Terminate the algorithm and output (7,7).

Remark 3. It is clear to see that Algorithm 2 is well-defined at each iteration and equipped with a verifiable
termination criterion. In addition, it is almost parameter-free except that the convexity parameter p of f is
required.

The following theorem presents an iteration and operation complexity of Algorithm 2 for finding an e-residual
solution of problem (1) with a strongly convex f on dom(P), whose proof is deferred to Subsection 4.2.

Theorem 3. Suppose that u > 0, i.e., [ is strongly convex on dom(P). Let e, M, §, ag and vy be the input
parameters of Algorithm 2, and let ro and Lg be given in (9) and Lemma 1, respectively. Then Algorithm 2
terminates and outputs an e-residual solution of problem (1) in at most T iterations. Moreover, the total number
of evaluations of V f and prozimal operator of P performed in Algorithm 2 is no more than N, respectively, where

21 £
08 o (s/2max{'\/;1,L§5_1}+\/ﬁL§)

T=M+ (16)
log (1 — \/umin {70,5L§1}>
+
2log =
_ 7o ( v/2 max 0_17LA6*1 +v270L s 1 La
N=@+M"Y|m+ ( Do bs vZoks) H{Og(%ﬂ . (17)
log(1/0) |,

log <1 — \/umin {70,5L§1})

Remark 4. It can be seen from Theorem 3 that Algorithm 2 enjoys an operation complexity of O(loge™1) for
finding an e-residual solution of problem (1) with a strongly convex f on dom(P).

+

2.3 An APG method with a termination criterion for problem (1) with y =0

In this subsection we propose an APG method with a wverifiable termination criterion for finding an e-residual
solution of problem (1) with g = 0, namely, f being convex but not strongly convex on dom(P). In particular,
the proposed APG method applies Algorithm 2 to a sequence of strongly convex optimization problems arising
from a perturbation of problem (1).

Algorithm 4 An APG method with a termination criterion for problem (1) with =0

Input: ¢ > 0, 29 € dom(P), M € Z,,0< 6 <1, p0>1,0< v < po, ap € [\/Y0/po,1], 0 <mo <1,( > 1,
0<o<1/¢, pr = poC, i = noo® for all k > 0.
1: for k=0,1,... do
2:  Call Algorithm 2 with F' < F, f < fx, € < g, b ,0;1 , vt = 2! < z* and the parameters ag, Yo, 6
and M, and denote its output by 2**1, where

frlx) = flz) + %Hw —a*|?, Fi(2) = fu(z) + P(z). (18)
Pk

3:  Terminate the algorithm and output z*+! if

1 €
p*k”ﬂﬁkJr1 —a2F|| < 5 M <

4: end for




Remark 5. Algorithm 4 is parameter-free and equipped with a verifiable termination criterion. In addition, by
the monotonicity of {pr}, one has

0<w<p<pn o<yt <an <.

Consequently, the choice of ag and o in Algorithm 4 satisfies the requirements specified in Algorithm 2. It then
follows from Theorem & that at the kth outer iteration of Algorithm 4, x**t1 must be successfully generated by
Algorithm 2, which is an ny-residual solution of the problem ming{Fy(z) = fi(x) + P(x)}. Thus, it holds that

dist (0, 0F, (zF 1)) < . (20)

We next study iteration and operation complexity of Algorithm 4 for finding an e-residual solution of problem
(1) with f being convex but not strongly convex on dom(P). Before proceeding, we introduce some notation that
will be used subsequently. We define

. - oMo
= lla® ="l 0= pun = 22 1)
1=0

7o = max {\/270%2(1?(:60) — F(z*)) +r3, \/2»yoa(;2(ro +0) (n0 + pg (ro +0)) + (10 + 9)2} . (22)

Also, we define
Q={zedom(P): ||z —a"|| <Fo+1ro+6}. (23)

Let Ly be the Lipschitz constant of V f on Q and
L=Lys+p;", Q={wedom(P): |z —a*|| < (1+7L)fo+7ro+0}, L=Lys+p;, (24)

where va is the Lipschitz constant of V f on 0. By the local Lipschitz continuity of V f on cl(dom(P)) and
a similar argument as in the proof of Lemma 1, one can easily observe that L, E, Lyy, f/vf, Q, and Q are
well-defined.

The following theorem presents an iteration and operation complexity of Algorithm 4 for finding an e-residual
solution of problem (1) with f being convex but not strongly convex on dom(P), namely, a point z satisfying

dist(0,0F(x)) < e, whose proof is deferred to Subsection 4.3.

Theorem 4. Suppose that p = 0, i.e., [ is convex but not strongly conver on dom(P). Lete, M, &, po, o,
Yo, Mo, ¢ and o be the input parameters of Algorithm 5, and let ro, 0, 7o and L be given in (21), (22) and (24),
respectively. Define

_ 1 log(oL)
Ci=(01+M )<1+Log(1/5)k>, (25)

o

\/HCH <10g g7l (\/maX{’Y‘;zVJIE‘S_l}J"E) >
- C3 = 2\/p07CC1 log(]_/o-) (26)

(VC - 1)min{\/%, \/51?*1}'

= (VT — l)min{\/%, \/5371}

Then the following statements hold.

(i) Algorithm 4 outputs an e-residual solution of problem (1) after at most K + 1 outer iterations, where

(ii) The total number of evaluations of Vf and prozimal operator of P performed in Algorithm 4 is no more
than N, respectively, where

N = (M+1)C + (M +1)C, ’Vmax {log (27“(;:29) Jogc, WH
+
__log¢
+szax{ W’\/Z<2Z)> 08(1/0) 71}

log ¢
2rg + 260 log(2n9/¢) 2¢(rg + 6) 21\ Ts(77)
+Cs {max{log <€p0 > /IOgC’ilog(l/a) }—Lmax{ 7€p0 ,\[C<€> ,1} .



Remark 6. Since 1 < { < 1/o, it can be seen from Theorem /j that Algorithm 4 enjoys an operation complexity
of O(s=Y/21oge™") for finding an e-residual solution of problem (1) with f being convex but not strongly convex
on dom(P).

3 A first-order proximal augmented Lagrangian method for constrained
convex optimization

In this section we consider problem (2) and propose a first-order proximal augmented Lagrangian (AL) method
for solving it. Let p > 0 denote the convezity parameter of f on dom(P), that is, (3) holds for f and u. Before
proceeding, we make the following additional assumptions for problem (2).

Assumption 1. (a) The prozimal operator associated with P and the projection onto K* can be exactly
evaluated.

(b) Both problem (2) and its Lagrangian dual problem

sup inf { f(z) + P(z) + (A, g(2))} (29)
rex T

have optimal solutions, and moreover, they share the same optimal value.

Under the assumptions on problem (2), it can be observed that (z,\) is a pair of optimal solutions of (2) and
(29) if and only if it satisfies the Karush-Kuhn-Tucker (KKT) condition

Vi(x)+ Vg(x)\+ 0P(x)
0¢€ ( —g(x) + Nic- (V) )

In general, it is difficult to find an exact optimal solution of (2) and (29). Instead, for any given £ > 0, we are
interested in finding an e-KKT solution (x, ) of problems (2) and (29) that is defined below.

Definition 2. Given any € > 0, we say (x,\) € R™ x R™ is an e-KKT solution of problems (2) and (29) if
dist(0, Vf(z) + OP(x) + Vg(x)\) <e, dist(g(z), N=(N)) <e.

We next propose a first-order proximal AL method with a verifiable termination criterion for solving problem (2),
which follows the same framework as [9, Algorithm 2] except that the proximal AL subproblems are approximately
solved by our newly proposed APG method, namely, Algorithm 2. Specifically, at the kth iteration, our method
applies Algorithm 2 to approximately solve the proximal AL subproblem

1
min £(z, \¥; pp) + — ||z — 2F||?
in £l )+ 5l — o
for some A\* € K* and py > 0, where £ is the AL function associated with problem (2) defined as

Lz Xip) = f(£) + Plz) + 2—2 (dist? (A + pg(), —K) — [A[2). (30)

Algorithm 5 A first-order proximal augmented Lagrangian method for problem (2)

Input: € > 0, (z9, o) € dom(P) X K*, M € Z4,0< 5 <1, pg > (u+/u?+4)/2, ag € [\/(u+1/po)/po, 1],
0<n0<1,¢(>1,0<0<1/¢, pr = poC*, mp = oo™ for all k > 0.
1: for k=0,1,... do
2:  Call Algorithm 2 with F' < Fy, f < fk, € < Mk, Yo < ,0;1, W4 ,u—l—p,;l , T
ag, 0 and M, and denote its output by 2*T1, where

1= 2! « z* and the parameters

fr(@) = fx) + % (dist® (A" + prg(a), =) = [N*]* + [lz = 2®() , Fi(z) = filz) + P(z).  (31)

@

Set AL =TI (A* + prg(aFth)).
4:  Terminate the algorithm and output (z*+1 AF+1) if

1 €
pik“(xk-i_lv)\k-i_l) - (:Ekv)\k)” S 57 Tk S (32)

N

5: end for




Remark 7. (i) Algorithm 5 is equipped with a verifiable termination criterion and almost parameter-free except
that the convexity parameter u of f is required.

(ii) Since po > (p+/p2 +4)/2, it follows that py* < 1/(p+ pgt). By this, ag € [\/(1t + 1/po)/po, 1], and
the monotonicity of {px}, one has

L 1 1 - T
0<p'<pt< — < —, \/(u+pk1)pk1§\/(u+pol)p01§ao§1-
K po M+ Py

Consequently, the choice of ag and ~yy in Algorithm 5 satisfies the requirements specified in Algorithm 2. It then
follows from Theorem 3 that at the kth outer iteration of Algorithm 5, x*+t1 must be successfully generated by
Algorithm 2, which is an ny-residual solution of the problem ming{Fy(z) = fi(x) + P(x)}. Thus, it holds that

dist(0, OF), (")) < mp.. (33)

We next study iteration and operation complexity of Algorithm 5 for finding an e-KKT solution of problems
(2) and (29). Before proceeding, we introduce some notation that will be used subsequently.

Let (z*,\*) be an arbitrary pair of optimal solutions of problems (2) and (29) and fixed throughout this
section. We define

ro = 10,20 — (@ 3, 0= pin = 1'00’70 , O={redom(P): |z —a*|| <ro+0}.  (34)
i=0 —o¢

Let Zg be the Lipschitz constant of g on Q and

Fo = max {\/2p81a52(F(930) = F(2%)) + pg g 2 (ITc+ (A0 + pog () [|2 + A = A2 = []A)2) + 7§

\/200_1%_2(7"0 +0) (0 + 5 (ro + 0) + 2Ly (¢ + I | + 70 + ) + pocd(ro + e>)} . (3)
We define
Q={zedom(P): ||z —a"|| <Fo+ro+06}. (36)
Let Lvy, Lyvy and Ly be the Lipschitz constants of Vf, Vg and g on Q, respectively, and let

C = Ly swp lg(@)| + 3, B = Loy + Doy NI +V3r), L=C 45 Bt g Lo+ (37
e

We define R
Q={zedom(P): |z —a"|| <1+ L)fog+ro+6}. (38)

Let Ev £ Evg and fg be the Lipschitz constants of Vf, Vg and g on @, respectively, and let

C =Lygsup |lg(@)l| + L2, B = Lys + Lyg (N +V2ro), L=C+py' B+ py'Lyg0+ 5% (39)
z€Q

By the local Lipschitz continuity of Vf and Vg on cl(dom( )) and a similar argument as in the proof of Lemma
1, one can easily observe that Lq, Lyy¢, Lyg, Ly, va, qu, Lq, B, C, L, B C L Q, and O are well-defined.

The following theorem presents an iteration and operation complemty of Algorlthm 5 for finding an e-KKT
solution of problems (2) and (29), whose proof is deferred to Subsection 4.4.

Theorem 5. Let e, M, §, po, ag, No, ¢ and o be the input parameters of Algorithm 5, and let ro, 0, 7o and L be
given in (34), (35) and (39), respectively. Define

_ logf
Ci=01+M 1)(%{} ) (40)
log(1/0) |,
c <log pgagfg( max{l,f6‘1}+f)2>
1 %
0y = t gy 2Gloe/o) (41)

(V- min {1,VsI-1} ’ (VC = ymin {1,V6L-1}

Then the following statements hold.



(i) Algorithm 5 outputs an e-KKT solution of problems (2) and (29) after at most K 4+ 1 outer iterations, where
2 26 log(2
K— [max{log (ro+> Jogc, OgUI(J/E)H ' (42)
poe log(1/o) ]|,

(i) If w =0, i.e., f is conver but not strongly convex, the total number of evaluations of Vf, Vg, prozimal
operator of P and projection onto KC* performed in Algorithm 5 is no more than N, respectively, where

N=1+M+1)C, + 1+ (M+1)C) ’Vmax{log (W) /logC,1“5(2770/5)}-‘Jr

log(1/0)
log ¢
+02pocmax{24(m+9) C(m) 5(1/2) ’1}

epo €

log ¢
s o (22 g, SN {200 ()
+

£po log(1/0) £po e

(i5i) If u > 0, i.e., [ is strongly convex, the total number of evaluations of V f, Vg, prozimal operator of P and
projection onto IKC* performed in Algorithm 5 is no more than N, respectively, where

N=1+(M+1)C+ 1+ (M+1)Cy) {max {log (W) o, WWH +

log(1/0)
log ¢
2Tog(1/0)
+ Cy —poc max{ 72«% +9) ) \E (2770> ,1}
\\ » £po €

log ¢
e I [ ! {log< €00 >/1Og<’ log(1/0) H+ : { £P0 ’\/E< € ’1}'

(44)

Remark 8. Since 1 < { < 1/o, it can be seen from Theorem 5 that Algorithm 5 enjoys an operation complexity
of O(e~'loge™) and O(e=/?loge™") for finding an e-KKT solution of problems (2) and (29) when f is convex
and strongly convex on dom(P), respectively.

4 Proof of the main results

In this section we provide a proof of our main results presented in Sections 2 and 3, which are particularly
Theorems 1-5.

4.1 Proof of the main results in Subsection 2.1
In this subsection we first establish several technical lemmas and then use them to prove Theorems 1 and 2.

Lemma 2. Suppose that oy, 8y and 7y, are generated by Algorithm 1 for some t > 1. Then the following statements
hold.

(i) Vie < ap < 1 and ajy; b < af gy

(ii) B¢ = pyea; * € [0,1].
Proof. (i) We first prove by induction that \/py; < a; <1 for all 1 < i < t. Indeed, notice from Algorithm 1 that
Vio < ap < 1. Suppose that \/uvy;—1 < a;—1 < 1 for some 1 < i < ¢. By this, (7), and «; € (0,1], one has
Yic10? = (1 — i)ad_ i + preiyivie1 > (1 — ) pyie1%i + BoaiYie1 = HYiYie1,

which together with v;,_1 > 0 yields /u7; < a; < 1. Hence, the induction is completed and /uy: < ap < 1 holds
as desired.
We next show that af’y{l < affl'ytill. Indeed, by /pyi—1 < @s—1, Vi—1,7 > 0, and (7), one has

Y102 = (1 = ap)a? v + paryye—1 < (1 — ap)a? v + apya?_ | = va?

which implies that the conclusion holds.
(ii) Notice from Algorithm 1 that 8; = uvy;; *. By this and statement (i), one has

0< B =pma; 't <y < 1.
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Lemma 3. Suppose that z'T1, y* and z!*1 are generated by Algorithm 1 for some t > 1. Then for all x € dom(P)
and P'(z'T1) € OP(2'1), we have

1 1 1
’Yt(P/(ZtH);ZtH*‘T) < %(Vf(yt)aI*Zt+1>+iatﬂtHI*ytHZJriat(l*5t)||$*2t”2*§atH$*2t+1H2+Rt7 (45)
where

1
s lla =y (46)

Re= gumlag = Dl ~ I -
Proof. By the optimality condition of (5), one has
WV F") + 9P (27) + 0 (7 = By’ — (1= By)2), e — 2771) > 0
for all z € dom(P) and P’(2!*1) € OP(2'*1). It follows from this relation that

WP/ (), 2 — ) < (VI 2= 2 + a2 = By — (1= Bt a - )
_ %(Vf(yt),x _ Zt+1> 4 Oétﬁt<zt+l _ yt’x _ Zt+1> 4 at(l _ ﬁt)<2t+l _ zt,x _ Zt+1>

1
= w(VIy) 2 =)+ g (lr =y 17 = llo = 2P = ly" = 2)

1
+ el =By (e = 2" = llo = 217 = [l2* = 2"1)%)

1 1
= w(VI) 2 =2 + SaBille =y |IP + Seu (1= Byl — 2|1”
1
— Selle— P+ Q, (a7)
where ) )
Q= 2Bl — S~ ou(L— Bt — R (48)
We next show that Q; < R;. Indeed, it follows from (4) that

ot —y' = (=)7L = B (y' — =), (49)
which together with (6) implies that
oyt = (1 —ap)at + 2™ — gyt = (1 — ay) (@' —y) + a2 — awy’
(49)

= o1 - 5t)(yt - Zt) + OétZt+1 - Oétyt = Q¢ (ZtH - ﬂtyt —(1— ﬂt)zt) . (50)

Using this relation, 3; € [0, 1], and the convexity of || - ||, we obtain
_ (50)
ap e =yt 2= 2 = Byt = (L= B0 P < Bell T =P+ (L= Bl S
By this, (46), (48), and ay € (0, 1], one has

20,1 (Qe = Re) = = Belly’ — 2P = (1= Bollz" — 2P + o 22" = P = pyeay * (1 = a)ll2” — o)
< = Bellyt = 2P = (1= Bl = 2P a2 - P < 0,

which along with a; > 0 implies that Q; < Ry.
The conclusion of this Lemma directly follows from (47) and Q: < R;. O

Lemma 4. Suppose that 'L, y* and 2!+ are generated by Algorithm 1 for somet > 1. Then for any x € dom(P),
we have

2 t 2
Pt = Fla)+ g o= P < [T - a0 (F6) - ) + 58 o= a1 ?)). 51)
t ey 0

Proof. By (6), (45), and the convexity of P, one has that for all P’(2!*1) € OP(2!*1),

%at_lp(xt-i_l) < 'Ytat_l ((1 — Oét)P(l‘t) + Oth(zH'l)) = ’Yt(Ott_l _ 1)P(xt) +%P(Zt+1)
< %(at_l —1)P(z") + 4 P(z) + %(P’(z“rl), S _ z)
B Ylo; ' = 1)P(z") + % P(x) + w(Vf(y'),z — 2')

1 1 1
+ §at(1 — B)||lx — 2|* - §at||;v — 212 4 §at5t||x —y'? + R;. (52)
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By (3), (6), oy € (0,1], and ; > 0, one has that for all z € dom(P),

veag L F () + vy (VYD 2 =y + 9 (VF(yh), z — 2T

© e ) + e (V) (= an)a’ + @ =yt £ (VF(), @ - 2

= o, ' F) +velog = (VY 2 — o) + (V) 2 — )

=y(a; ' = 1) (FW) + (VW) 2" —y") + % (F) + (V). 2 — ")

(3)
< et = 1) () = gl =912 + 0 (1G0) - e — ')

1
Skl =y (53)

= vulai! = D) + (@) — grwlar’ — Dllat — 4 - 3

2
Using (8), (52) and (53), we have

B ® - 1
Yoy 'F(a'™) < v (YY) + o (V) 2T =) + EII 2=y P + vy TP
(52)

_ _ 1

< yeog L F W)+ oy YV EY), 2T =yt + (V) — 2T + 27&” =yt
_ 1 1

+ ye(oy - 1)P(z") + v P(z) + §at(1 — B)|lx — 2% — iatHx — 22

1
+ iatﬁtux - ytH2 + Ry

(53) 1 1
<7Mn11%@5+%ﬂ@+4%&—wmw—ww—§mﬂ —Dflat — o[’
1 1
a2 =y 12+ Sl = Bl = 21 = Soadlla — 2P+ Ry
&7
1 1
= (ot~ 1ww%+%mm+5ma—5mm—fW—g%m—f“w, (54)

where the equality follows from (46) and f; = puy;a; ', In addition, it follows from (7) and B; = pye; * that

™
Y103 (1= Br) = Y10 = n—107 B = Yem10f — paayeye— = (1= ag)ai_y v (55)
In view of (54) and (55), one has

2 (54) 2(1 _ . .
Oy 12 L (1) (Pt - Fla) + L0 g

F(ztY) — F(z) +
AR A 27

(55)

Uan<F@6Fw>+ailmZWﬁ.

271
The conclusion of this lemma immediately follows from the above inequality and z' = . O

Suppose that ' and 2! are generated by Algorithm 1 for some ¢ > 1. For any 0 < v < 7, we define

v = ((L— al)a' +a(3)(1 - B)2) / (L - a)BK)). (56)
1) = argain {5V ()] 4P + Sl - B0 ) - (L= B@NPY. 67
() = (1 - a(y)z’ +a(7)"1 (), (58)
where 8(v) = pya(y)~! and a(y) € (0, 1] satisfies
y-1a(y)? = (1= a(y)ai_yy + pyye-1a(7). (59)

Lemma 5. Let S and S be defined in (9) and (10). Suppose that zt,zt € S, and y'(y) and ' (y) are defined
in (56) and (58) for some t > 1. Then y'(vy) € S and z'T(y) € S for all 0 < v < .

Proof. Fix any 0 < v < 79. By the optimality condition of problems (1) and (57), one has

WV ) + P () + () () = By () — (1= B())2h), z* — 2 (7)) > 0,
(YWVf(a*) +yP'(x%), 2" (y) —2*) > 0,

12



where P'(2!*1(v)) € OP(2!t1(v)) and P'(a*) € OP(x*). Letting w = B(7)y'(y) + (1 — B(7))z! and using the
above two inequalities and the convexity of P, we obtain

(@) = w) + (VI () = V@), 2" =271 ()) 2 y(P'(z"T (7)) = P'(z"), 2 (7) —2") 2 0,
which yields

a2 ) = 2P < (a(n)(@™ —w) +9(VI(y' () = V(") 2" — 2 (y))
< JlaM)(@* = w) + (V' (1) = V)T ) 2] (60)
In addition, recall from Lemma 2 that /71 < ;1 < 1. By this, a(y) € (0,1], (59), and a similar argument

as in the proof of Lemma 2(ii), one can see that 8(v) € [0, 1]. It then follows from this, (56), the expression of w,
and 2t 2t € S that y*(y), w € S. By these, a(y) > 0, (9), (60), and Lemma 1, one has

a(z () — 27| b la(y)(w =) + (VI (7)) = V) < alw =2 + 7V () = V)]

. S V2707
< a@)llw = a* |+ yLslly' () = @*l| < (a(9) +7Ls) F

Using this, (9), (58), a(y) € (0,1], z* € S, and v < 7, we obtain that

(

58)
[T (7) =¥ < (1 —aM)llz’ =2 + a3 () — 2|
9

9) V2 V2
< (1= ()= + (aly) +yLs) ¥
) @
V2
< (L+oLs) 070,
Qo
It then follows from the last relation and (10) that z'*1(v) € S. O
For the convenience of our subsequent analysis, we define
t
Ao=1, N=]J1-a). (61)

i=1

Lemma 6. Let S and N be defined in (9) and (11). Suppose that 2t, 2 € S for some t > 1. Then z'*!, y* and
21 are successfully generated by Algorithm 1 at iteration t with ny; < N, and moreover, z'*t1 yt, 2+ € S.

Proof. Let v = 76" and y*(y) and x'*!(v) be defined in (56) and (58). By ¢ € (0,1) and (11), one can observe
that 0 < v <~ and v < Lg\l. Using these, xt, 2! € S, and Lemma 5, we see that z!*!(y) € S and y'(y) € S C S,
where & is defined in (10). Tt then follows from v < Lgl and Lemma 1(ii) that

2y (f(" () = FW ) = (V@ (), 2" () — v (7)) < ALglla"™ ™ (v) =y ()1 < [l () =yt (D)%

This together with the definition of n; in Algorithm 1 implies that n, < N. It then follows that z!*!, y* and 2!
are successfully generated by Algorithm 1.

Since zt, 2t € § and y' = y'(y;) € S for some 0 < v; < 7, it follows from Lemma 5 that y* € S. We next
show that 2!t 2/*1 € S. Indeed, by (7) and (61), one has

2 _ 2
A, (61) (1—a)h_s (M Vi1 _ MOy Yt—1 Ay < Vt;1at A1,
1Mt 1N

which along with \g = 1 implies that 14 \;/a? < v/a3. Using this, (51) and (61), we obtain that

2 2
R (F(w”l) - Pa") + oE ! — w*ll2>

a? 2v;

2%)%( 1 ag 2)
< F(z') - F(z*)+ —|lz7 —z*

1t (PG - )+ g2t o)

2 2
< 0Pty - Fa) + 2221 - 27)2)
2%

which together with (9) implies that 2**! € S. It then follows from this and (6) that z'*! € S. O
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We are now ready to prove Theorems 1 and 2.

Proof of Theorem 1. We prove this theorem by induction. Indeed, notice from Algorithm 1 that z' = 2! € S.
It then follows from Lemma 6 that 22, y' and z? are successfully generated with n; < N and 22,y',2% € S.
Now, suppose that zf, y*~! and 2! are already generated with n,_; < N and z2,y',2%2 € S. It then follows
from Lemma 6 that 2'*!, y* and 2'*! are successfully generated with n; < N and z*!,y¢, 2! € S. Hence, the
induction is complete and the conclusion of this theorem holds. O

Proof of Theorem 2. Observe from (61) that A\; = (1 — a;)A\i—1 < Aj—1 for all ¢ > 1. In addition, recall from
the proof of Lemma 6 that v;\;/a? < v9/a3 for all i > 1. By these relations, one has

1 1 Aic1 — N Aic1 — N o7} 1 .
—_—— = > = > saoV v/ o Vizl
VA VAot VWA V) T 20V 2V T 2 '
Summing up the above inequalities for : = 1,2,...,t and using A\g = 1, we obtain

t t —2

1 1

\/7)\——1250402\/%‘/'70 = )\t§4<2+aoz\/%‘/’)’0> . (62)
t i=1 i=1

Also, observe from (61) and Lemma 2(i) that

t

A= 10— < L0 - vim). (63)

i=1 =1

In addition, recall from Theorem 1 that n; < IV, which together with (11) implies that v; = 40™ > min{v,d/Lg}
for all 4 > 1. By this, (62) and (63), one has

t -2
A+ < min <1 — \/,umin {70,(51}51} > , 4 <2+ta0\/min{1,5’yo_1L§1} > vt > 1.

The conclusion of Theorem 2 then directly follows from this relation, (61) and (51) with z = z*. O

4.2 Proof of the main results in Subsection 2.2
In this subsection we first establish two technical lemmas and then use them to prove Theorem 3.

Lemma 7. Let 79, 0 be given in Algorithm 2 and N be defined in (11). Suppose that (v,7o,0) is the input
for Algorithm 3 for any v € S. Then (0,7) is successfully generated by Algorithm 3 with n < N, v € S and

Proof. For any 0 < v < 7, let
) . 1
i) = angann {1(7 ()2 = o) 4 7P(0) + 50 =0l | (64

By the optimality condition of (1) and (64) and a similar argument as for (60), one has

[0(7) = 2" < flv — 2" + ¥ (Vf(v) = Vf(@"))]].
Using this, v € S, (9), and Lemma 1(i), we obtain

V27070

Qo

[6(7) = 2" < [lo = 2"l + vLs|lv = ™[] < (1 +0Ls) V0 <7 <0

This along with the definition of Sin (10) implies that o(v) € S for all 0 < v < 7. Now, let v = 70~. By
0 € (0,1) and (11), one can observe that 0 < v < 79 and v < L;. It then follows that 9(y) € S. By these,

v € 8 C 8 and Lemma 1(ii), one has

29(f(8(7) = f(v) = (VF(0),0(7) = v)) < vLgll5(7) = vl* < [[5(7) = vlf*.

These together with (11) and the definition of 7 in Algorithm 3 implies that (9,4) is successfully generated by
Algorithm 3 with n < N, and moreover,

Yo > 7 = 700" > 700N > min{v9,6/Ls}, 7=3(7)€S.
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Lemma 8. Suppose that 't and (£'T1,5:11) are generated in Algorithm 2 for some t > 1. Then we have
diSt(O,aF(IZ't+1)) < ||:Yt_+11(xt+1 - i,t+1) + Vf(fﬂrl) 7 Vf(xtJrl)H

where Lg is given in Lemma 1, and vo and & are the input parameters of Algorithm 1.
Proof. Notice that (Z'+1,4;,1) is the output of Algorithm 3 with (!, ~, ) as the input. By Lemma 7, one has
that 't € S and 79 > J441 > min{yo,0/Lg}. Also, it follows from (14) and (15) with v = 2**!, o = z'*! and
’7 = :ytJrl that
- . . 1
31 = argin {3041 (V(01),2) + 301 P(o) + o - 24P (66)
2'?t+1(f(i%t+l) _ f(xtJrl) _ <Vf(xt+l),§t+l _ xt+1>) < HftJrl _ xt+1”2. (67)
By the optimality condition of (66), it can be easily shown that
b = ) 4 VFE) - V) € 0 (), (63)
Ferr (V)8 + 30 PET) <3 (VA (), 27 + 3 P(a"™) — |37 — 2112, (69)
By (67) and (69), one has

(67) 1
Y1 F(EF) <3 PE™TY) + S f (@) + 3 (VF (), 87 — ™) + §||°%t+1 — ot

((?L r t+1 _1 ~t+1 412
< 1 F () 2||$ S

which yields [|Z7! — 2'+1|| < /25,41 (F(«71) — F(&+1)). This together with (68), #*! € S, v > Fiy1 >
min{vp,d/Lg}, and Lemma 1(ii) implies

dist(0,0F (271)) < (1,45 (@ = &) + V(@) = VY] < (G55 + Lol — 2|
< ( /2%—431 + 2%+1L§> \/F(xt+1) _F(itﬂ)

< <\/2max{'yo_1,L§5_1} + 270L§> VF(xt+l) — F(z*).

We are now ready to prove Theorem 3.

Proof of Theorem 8. Suppose for contradiction that Algorithm 2 does not terminate within 7" iterations. It
then follows that /™! and #'*! must be generated in Algorithm 2 for some T — M < t < T with mod(t, M) = 0.
In addition, observe that (12) also holds for Algorithm 2. By t > T — M, (12), (16) and (65), one has

(65)
I <

It (@ = @) + V@) - V) Wz max{y;", Lgd 1} + ng) VEEE) ~ F(a)

(12)

t/2
< rg <\/2max{’}’ol7L§61} + \/2’}’0L§> (1 - \/umin {7075L§1}>

(T—-M)/2
(16)
< 1 (\/2 max{’yo_l,Lg(S_l} + 270L§> (1 - \/umin {70,6L§1} ) < e

which implies that Algorithm 2 terminates at iteration ¢ and leads to a contradiction. Consequently, Algorithm 2
must terminate at some iteration t < T and output #'*! that satisfies (13). By this and Lemma 8, one can see
that dist(0,0F (1)) < € and hence #'*! is an e-residual solution of problem (1). O
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4.3 Proof of the main results in Subsection 2.3

In this subsection we first establish several technical lemmas and then use them to prove Theorem 4.

Let {2*}rcx denote all the iterates generated by Algorithm 4, where K is a subset of consecutive nonnegative
integers starting from 0. We define K—1={k—1:k € K}. For any 0 < k € K— 1, let fx and Fj be defined in
(18). Also, let % be defined as

k

xy = argmin Fy(x). (70)

Recall that ag, 7o and {px} are the input parameters of Algorithm 4, and Ly, and Zv , are the Lipschitz constant
of Vf on Q and @, respectively. Let

Ly =Ly, +pi', Ly =Ly, +p; (71)
o2

e = || Fi(a¥) — Fy(ah) + 2 |lak — 2b]]2, (72)
270

Sk = {x € dom(P) : ||z — z¥|| < aalx/?yofk} , (73)

S = {m € dom(P) : ||z — zF|| < (1 +~oLy) Oéal\/Q’yOFk}. (74)

Since Ly, and Ly ; are respectively the Lipschitz constant of V f on Q and Q, it then follows from (18) that V fi

is Lg- and Ek-LipSChitZ continuous on Q and @, respectively. In addition, by the definition of L and L in (24)
and the monotonicity of {px}, one has

Ly=Lv,+p, <L, Ly=Ly, +p,' <L (75)

Lemma 9. Let 2¥ be defined in (70). Then the following statements hold.

ot — k|2 + ok —a*|? < [l* — 2" VO<keK -1, (76)
k—1 k—1
ok — b < e ot + S pame, N2t — ' < e o[+ S pas VI<kEK. (77)

=0 =0

Proof. One can observe that Algorithm 4 is an inexact proximal point algorithm (PPA) [15] applied to the
monotone inclusion problem 0 € 7 (x), where 7 : R® = R" is a maximal monotone set-valued operator defined as

[ OF(z) if z € dom(P), n
T(x)= { 0 otherwise, vz € R™.

In addition, one can observe from (20) and (70) that dist(0, 7 (z*+1) + p ' (z%! — %)) < ny and 2F = (I +
pT)~1(z¥). Tt then follows from [15, Proposition 3] that

157 = (L + e T) M (@) < poe VE €K — 1. (78)

By this, 0 € T(z*), 2% = (I + pxT)~1(2*) and [15, Proposition 1], one can see that (76) holds. In addition, (77)
follows from (78) and [9, Lemma 3. O

As a consequence of Lemma 9 and the definition of rg and # in (21), one has that
|2° — 20| <7, |l2* — 2% <o 40, |l2F —aF| <ro+0, |2F -2 <rg+0, VI<EEK (79)
Lemma 10. Let 7y and 7 be defined in (22) and (72). Then for all 0 < k € K — 1, we have
T < 0575/ (270). (80)

Proof. We first prove that (80) holds for k = 0, that is, 73 < o272 /(270). By (1), (18) and the definition of z*,
one has

1
Fy(2f) = F(a2) + 20 2% = 2°l* > F(z*), Fo(a®) = F(z°).
0

It then follows from these, (22), (72), and (79) that

of
270

2.2 (22 22
) (<) gTp

2 (72) 0 0
o = z') — Fo(z;) + < .
0 o(2”) — Fo(xy) o o

l2° = 22|* < F(a") = F(z*) +
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We next show that (80) holds for all 1 < k € K — 1. It follows from (18) and (20) that there exists
P'(z*) € OP(x*) such that

Fyy(ah) = V") + il (@b =) + P(a®) € 0Fa(ab),  |1F_y (@) < mer (81)

Also, we have

Vf(z*) + P'(2*) € 0F,(2%),

which together with (81) yields
Fiy(@®) = ity (a* = 2"71) € R (a%). (82)

By the convexity of F', np_1 < no, pr—1 > po, (79) and (82), one has
(82) _ B i _ B
Fule®) = Fu(eb) S (B (@) = ity (0 = 251), 0% = a%) < (IFL_y @) + iy 2 — 2 Dlla* = 2]
(79) ,
< no(ro+0) + pg (7‘0 +0)°.
This together with (72) and (79) yields
ad(rg+6)?

= Fue®) — Flat) + S5 ok 22 < o+ 0) + 0 (r0 + 0+
270 270
By this relation and the definition of 7 in (22), one can see that (80) holds for all 1 <k e K —1. O

Lemma 11. Let fi, Ly, Ek, Sk and S, be respectively defined in (18), (71), (73) and (74). Then for all
0<keK-—1, Vfy is Lipschitz continuous on S and Sy with Lipschitz constants Ly and Ly, respectively.

Proof. Let Q and Q be defined in (23) and (24). We first show that Sy € Q and 8 C Q forall 0 < k € K — 1.
To this end, fix any 0 < k € K— 1. By (73), (79) and (80), one has that for all x € S,
* k k * (73) —1 k * ~
o — 2" < llz — 2| + |2 = 2™ < g™ V27, + [loi — 27| < 7o + 7o + 0,
where the last inequality follows from (79) and (80). This together with (23) implies that S C Q. In addition,
using (74), (75), (79) and (80), we obtain that for all z € Sy,
* k k * (74) -1 = k *
o — 2| < [lo — 2] + [lof — 2" < (1+0Lk) g v/ 2907k + [l2k — 27|
(75)
< (X +y0Le)fo+ro+0 < (1+yL)7o+10+0,

which along with (24) implies that S, C 0.

Recall that V fj is Li- and Lk—LlpSChltZ continuous on_Q and Q respectively. The conclusion of this lemma
then follows from this fact and the relations S C Q and Sk - Q forall0<keK-1. O

Lemma 12. Let Nj, denote the number of evaluations of V f and prozimal operator of P performed by Algorithm 2
at the kth outer iteration of Algorithm 4. Then for all 0 < k € K — 1, it holds that

(T
log >
N, <Oy | M+1+ = |, (83)

Mk
\/pk1 min {707 5E_1}

where M, 6, ap, Yo, {pr} and {nx} are the input parameters of Algorithm 4, and 7o, L and C; are given in (22),
(24) and (25), respectively.

Proof. Notice that at the kth outer iteration of Algorithm 4, Algorithm 2 is called to ﬁnd an 77;C -residual solution
2*+1 of the problem min, {fx(z) + P(x)} with the inputs € < ng, g < p, ' and 2! = 2! « 2. In view of (72),

(73), (74), Lemma 11 and Theorem 3, one can replace (1o, y1, €, Lg) in (17) by (7k, py, ", 7k Lk) respectively and

17



obtain that

210 1
grk(\/dex{'yD Lo~ 1}+\/2V0Lk)

10g< \/pk mm{fyo,§L })

_ o 272 (W+\/%Lk) w
i)’

Ne<(A+M Y| M+

+

—(14+M Y| M+ I

(1 + P(l)fgwf/%k)-‘)
g (1 [t min {0, 62 })

log(voL#)
1
( i ’V log(1/9) .
< 2?,3( max{'yo 7Lk5 1} +v70
log

4
<(A+MY|[M+1+ " ; ) 10gvoLk)-‘ )
+

log(1/6
_log< \/pk min 70,5L og(1/9)

(1 ZWOTk(\/max{'yo o 1Té— 1}+Lk
og

<A+M Y| M+1+ " >+ <1+’710g(70[/k)—‘ )
N

L ~ log(1/d
\/pklmm{%,del} (1/9)

where the last inequality follows from the fact that —log(1l — &) > ¢ for any £ € (0,1). By the above inequality,
(25), (75) and (80), one can see that (83) holds. O

We are now ready to prove Theorem 4.

Proof of Theorem 4. (i) Let K be defined in (27). We first show that Algorithm 4 terminates after at most
K + 1 outer iterations. Indeed, suppose for contradiction that it runs for more than K + 1 outer iterations. It then
follows that (19) does not hold for £ = K. On the other hand, by (27), (79), px = po¢¥ and nx = n9o’, one has

PK = ¢k T2 !

1 9 (27 (27)

||xK+1_l.K||<rO+ £ K:n(]UK S %7
and hence (19) holds for k¥ = K, which leads to a contradiction. Hence, there exists some 0 < k < K such that
(19) holds and Algorithm 4 terminates and outputs z**1. We next show that z**! is an e-residual solution of
problem (1). Indeed, it follows from (18) and (19) that

dist(0, OF («411)) < dist(0, OF (e*+1) + p (@5 +1 — 2%)) + o JeH T — o]

18) ., _ _ (19)
) dist(0, 0Fu (")) + oy MH ! — M| < m+ pp lHH — 2 < e,
and hence the output z¥*! of Algorithm 4 is an e-residual solution of problem (1).

(i) Let K and N be defined in (27) and (28), and let N}, denote the number of evaluations of V f and proximal
operator of P performed by Algorithm 2 at the kth outer iteration of Algorithm 4. By this and statement (i) of
this theorem, one can observe that the total number of evaluations of V f and proximal operator of P performed

in Algorithm 4 is no more than Z‘Kl *Ni. As a result, to prove statement (ii) of this theorem, it suffices to show
that Z‘Kl > Nj, < N. Indeed, in view of (26), (27), (83), |K| — 2 < K, p = po¢* and 1 = noo*, one has

agfg (\/max{’ygz,'yglfz?*l}qLi)z
K| -2 V Pk (log IH
+

N, <C M+1+
Z * 12 min{\/’%7\/5i_1}

g

\//70\ka (—leoga 1 log 22
min {\/%, V 53—1}

e (\/max{vo_r‘),’yo_lfts_l}-&-f)Q >
+

K
=01y | M+1+
k=0

18



UG

a2 max{~y 2, “1T5-1}+1 2
./poﬁk (—QKlogU—Hog 2 0(\/ i o s ) >
+

K
<Gy | M+1+

k=0 min{\/%, V6E_1}

K 272 max V_Q,’y_lALtS_l +7 2
\/,00\[( 1 ( 2K10g0 IOg - 0(\/ Gl 2 - : ) >
+

o
<Ci | (M+1)(K+1)+

(v — 1) min {m vV 53—1}

< (M +1)Cy + (M +1)Cy {max {log (22;29) flogc. WH +

aafswmaxw,%lm1}+z)2>

2 log ¢

K + max{ 2((7‘0 + 9) \/g (2770) 2Tog(1/0) 1}
(VT — 1)min{\/%, \/5E—1} £po e

2/poCC1 log(1/a) 2rg + 26 log(2n0/¢)
(\fC—l)pr(r)lin%\/iT), \/5371} [max{log< 06 )”Ogc’ hfg(?;a) H+

log ¢
TTog(1/5) -
xmax{ W’\/Z(QZO) 71}:]\7,

VpoCCy <1Og

€pPo

where the first inequality follows from (83), the third inequality is due to ZkK:O V< < \/fKJrl /(v/C — 1), the last
inequality follows from (27), and the last equality is due to (26) and (28). O

4.4 Proof of the main results in Section 3

In this subsection we first establish several technical lemmas and then use them to prove Theorem 5.

Let {(x*, A\F)}rex denote all the iterates generated by Algorithm 5, where K is a subset of consecutive
nonnegative integers starting from 0. We define K—1={k—1:k € K}. For any 0 < k € K— 1, let f; and F}
be defined in (31). In addition, let (z%, A\¥) be defined as

2 = arg min Fy(z), A =T (A + prg(ah)) . (84)

Recall that g, {px} and {nx} are the input parameters of Algorithm 5, Q, B, C, O, B and C are respectively
given in (36), (37), (38) and (39), and Ly, and Ly, are the Lipschitz constant of Vg on Q and Q, respectively.
Let

k—1 k—1
Ly=Cpr+B+1Lvg Yy pimi+py's Li=Cou+B+Lvy > pini+py (85)
1=0 1=0
1
= Fleh) ~ Fulah) + Spnadlet - o (50
Sy, = {x € dom(P) : |lz — 2¥|| < a01\/2pk177k}, (87)
Su = {ir e dom(p) s o -4 < (14 Lupi ) 0 2o . =

The following lemma states some properties of the function fj, whose proof is similar to that of [9, Lemma 7]
and thus omitted.

Lemma 13. Let fy, Q, O, Ly, and Ly be respectively defined in (31), (36), (38) and (85). Then fy is convex
and continuously differentiable on dom(P), and moreover, V fi is Lipschitz continuous on Q and Q with Lipschitz
constants Ly and Ly, respectively.

The next lemma establishes some properties of (z¥, \¥) and (¥, \¥).
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Lemma 14. Let (2% \F) be defined in (84). Then the following statements hold.

(2%, Ay = (@3, A0 + (123, A2) = (@ AP < [l %) = (@5 A)|IP Yo<keK -1, (89)
k—1
I(@*, NF) = (@ E D < 120 0%) = @A)+ ) i VI<keK, (90)
i=0
k—1
I(2®, NF) = (@, ) < @0 A%) = (@ A7) |+ ) pimi V1< k€K (91)
=0

Proof. Tt is well-known (e.g., see [15, 9]) that Algorithm 5 is an inexact proximal point algorithm (PPA) applied
to the monotone inclusion problem 0 € 7;(x, \), where [ is the Lagrangian function of problem (2), and 7; is a
maximal monotone set-valued operator defined as

Ti:(z,A) = {(v,u) € R* x R™ : (v, —u) € l(x, )}, V(z,\) € R" x R™.
It then follows from (33), (84), and [9, Lemma 5] that
(xf,)‘b :jpk(xkv)‘k)7 ‘l(xk+17)‘k+1) _jpk(xkvAk”l < PNk, VkeK—1. (92>

where J,, = (Z + pyT;)~*. By the first relation in (92), 0 € 7;(z*, A*), and the maximal monotonicity of 7;, it
follows from [15, Proposition 1] that (89) holds. In addition, (90) and (91) follow from the second relation in (92)
and [9, Lemma 3]. O

As a consequence of Lemma 14 and the definition of r¢ and 6 in (34), one has that

20— 22| < 7o, ||z®—a*|| < ro+0, N =N <ro+0, ||2F—aF|| <ro46, |2F -2 <re+0 VI<EeEK.
(93)

Lemma 15. Let 7y and 7" be defined in (35) and (86). Then for all 0 < k € K — 1, we have
e < agFopr/2. (94)

Proof. We first prove that (94) holds for k = 0, that is, 73 < o275 po/2. Indeed, let | be the Lagrangian function
of problem (2). By (30), (31) and (84), one has

1 1
Fa(a?) = £(a 3% ) + 51 o = 2 £, N5 o) = oo {12, ) = 5[ - NP2

1 1
> U5, A") = 5= [IA" = N[ = F(a") = 5 — A% = A%,
Po Po

where the second equality follows from [9, Lemma 2]. Also, we have
1

Fo(a®) = L(2°% A% po) = F(2") + 5
Po

(ML= (A + pog ()1 = [IA°]1%) -

It then follows from these, (35), (86), and (93) that

5 (86) 1
7o = Fo(a°) — Fo(a?) + §poa8||x° — 2|

. 1 . 1 (35)
S F(?) = Fa®) + 5 (e (7 + pog (@) 4+ 147 = AF = IN°17) + 5 poars. < agrpo/2

We next show that (94) holds for all 1 < k € K — 1. Indeed, observe that || \*|| = dist(A*~1 + pj,_1g(z*, —K)
and |- (AF + prg(a®))|| = dist(\¥ + prg(2®), —K). Using these, pr = poC*, and (93), we have

)\k
M- (F + prg(a)) — A < dist(\F + prg(a®), —K) + [AF = prdist (p T g(a), fc) A
k

)\k )\k—l )\k—l
Spkdist(— ,—/c)+pkdist(p +g<xk>,—/c)+||x’“|

Pk Pk—1 k—1
)\k )\k—l
< pu||> - + 25 dist (W + pp_rg(a¥), —K) + [|AF]
Pk Pk-1 Pk—1
/\k )\kfl B :
N +< P +1) IAH < 2o 1+( i +2> 14
Pk Pk—1 Pk—1 Pk—1 Pk—1
< 2(CH+ DA + 70 + 0). (95)
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It follows from (31) and (33) that there exists P’(z*) € OP(2*) such that

F_y (%) = V(") +Vg(a") e A 4 pp19(a®)) 4oty (a5 =)+ P/ (%) € 0F, 1 (2%), | Fi_y (")) < myr-
(96)
Also, we have
Vf(@*) + Vg(a)e- A + prg(a®)) + P'(a*) € 0F (%),

which together with (96) yields
Fy(a®) = pply(@® = 271 + Vg (a®) (e (W + prg(a®)) — M (V71 + prag(ah)) € 0Fi (™). (97)

In addition, observe from (34) and (93) that z* € Q. Also, note that F}, is convex and g is fg—Lipschitz continuous
on Q. By these, (95), (96), (97), and the monotonicity of {p;} and {nx}, one has

Fola®) = Fiu(e) € (B, (2%),0% — 2%) — ppty (b — o1, b — o)
+ (Vg (") M (N + prg(a)) = e (A1 + pp_rg(a®))), % — 2f)
< NFL ) — a4+ gy e — 25 — 2]
V) T (F + prg(e)) — e (B + gy g ()l — o]
= [|F_y (@)[|2" — 2Bl + pity lla* — 2" H[[|l2> — 2]
+ 99 M- (F + prg(ah)) — A¥[ 1% — %]

< mo(ro +0) + gt (ro + 0)° + 2Ly (¢ + D) (IN"[| + 70 + ) (ro + ),
where the last inequality follows from (93) and (95). Then we have

277% 2 k 2.k k|2 2 k b & 12
= Fy. Fi(xy) + prog||lz” — x; < Fip(2®) — Fy(z))) + 2||z" —
ool pral —— (Fi(a®) = Fe(af) + prag| %) v (Fr(z") (=) + 2| I

Py (no(ro +0) + pg L (ro + 0)% + 2Ly (C 4+ V(||| + 70 + 0) (10 + 9)) + 2o + 0)?
0
2(rg + 6 _ - .
:“powg) (770+P01(To+6)+2Lg(C+1)(H)\ | +ro+e)+p0ag(r0+9)),
0

By this relation and the definition of 7 in (35), one can see that (94) holds for all 1 <k e K —1. O

Lemma 16. Let fi, Ly, Ek, S and S); be respectively defined in (31), (85), (87) and (88). Then for all
0<keK-1, Vfy is Lipschitz continuous on S and Sy with Lipschitz constants Ly, and Ly, respectively.

Proof. Let Q and O be defined in (36) and (38). We first show that S C Q and §k - O for all 0 <keK-1.
To this end, fix any 0 < k € K— 1. By (87), (93) and (94), one has that for all x € S,

(87)
lz = 2| < llo = 23l + lla = 2™ < ag'y/ 20 ' Ti + |2k — 2| < 7o+ 70 + 6,

where the last inequality follows from (93) and (94). This together with (36) implies that S C Q. In addition,
by (34), (37), (85) and px > po, one has

k—1

(34
oLy = C+Ple+Pk1LVqmez+pk2 2 C+py "B+ py ' Lygb + pg
=0

—2 (37) I

Using this, (88) and (94), we obtain that for all z € S,

(88)
lz = || < flo = 2|l + laf —2*| < (1+ Lip ) ag '/ 20, 7 + [laf — 2% < (1+ L)Fo + 79 + 6.
k k
which along with (38) implies that Sy, C Q.

The conclusion of this lemma then follows from Lemma 13 and the fact that S, C Q and §k - @ for all
0<keK-1. O
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Lemma 17. Let Ny denote the number of evaluations of Vf, Vg, proximal operator of P and projection onto
K* performed by Algorithm 2 at the kth outer iteration of Algorithm 5. Then for all 0 < k € K — 1, it holds that

<log pragie ( max{l,i&*l}—o—i)z )
+

U

N, <Ci | M+1+ , (98)

\/(u +p; ' )py, ' min {17 53*1}

where M, 0, ag, {pr} and {ni} are the input parameters of Algorithm 5, and 7o, L and C; are given in (35),
(39) and (40), respectively.

Proof. By (34), (39), (85) and pj, > po, one has

k-1

1 (85) o PN i~ _(34),\ PN i~ 5 (39) ~

Py Lk = C+Ple+PleVgE pini+pr° < CHpy'B+py Lygd+py° = L. (99)
i=0

Notice that at the kth outer iteration of Algorithm 5, Algorithm 2 is called to find an n-residual solution z*** of
the problem min, {fi.(z) + P(z)} with the inputs € < ny, 70 < p ', pt + p+ p, ' and 2! = 2! < 2*. Moreover,
when applied to this problem, the proximal step (5) of Algorithm 2 requires one evaluation of Vf, Vg, proximal
operator of P and projection onto K*, respectively. In view of this, (86), (87), (88), Lemma 16 and Theorem 3,
one can replace (19,70, i, €, Lg) in (17) by (7, p,;l, W+ p,;l, N, Ek) respectively and obtain that

Ne <(A+M Y| M+

2lo Tk — ~
® i (Vamaxlon oo 1420, B <1+Foﬂpzw%)
NS log(1/2)
log (1 - \/(u+pk1)mm{pkl,6Lkl}>

2
| 2mi(\/max{l,p,:liwfl}ﬂ;lik)
17
—(+MY | M+ o U <1+ FOg(p’f Lkﬂ )
+

+

S -1 ~_ log(1/4)
—log (1—\/(u—l—pkl)pklmm{l,dpkLkl})
+
2pkfi(1/max{l,p;1Ek6*1}+p;1Ek>2
log 7
17
<(+M Y| M1+ + 14 | Loslo Lu)
—log (1 - Yo tmin {1,6p,L; " log(1/9)
og (b +py, )py, min g 1,6pr Ly, +
Zpkfi(\/max{l,p;lik(;*l}+pglzk>2
log T ~
log(p, 'L
J’_

¢w+m5mHM%Lwﬁg}

where the last inequality follows from the fact that —log(1 — &) > ¢ for any £ € (0,1). By the above inequality,
(94) and (99), one can see that (98) holds. O

We are now ready to prove Theorem 5.

Proof of Theorem 5. (i) Let K be defined in (42). We first show that Algorithm 5 terminates after at most
K + 1 outer iterations. Indeed, suppose for contradiction that it runs for more than K + 1 outer iterations. It then
follows that (32) does not hold for £ = K. On the other hand, by (34), (90), (42), px = poC¥ and ng = noo¥,

one has ) )
1 K41 \K+1 K \K ro+6 (42) ¢ x 42) ¢
— A — MO < - — < =
pK”((E ) ) (‘T ’ )” = pOCK = 9 NK Noo =
and hence (32) holds for k¥ = K, which leads to a contradiction. In addition, the output of Algorithm 5 is an
e-KKT solution of problems (2) and (29) due to [9, Theorem 4].
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(ii) Suppose that g = 0, i.e., f is convex but not strongly convex on dom(P). Let K and N be defined in
(42) and (43), and let Nj denote the number of evaluations of V f, Vg, proximal operator of P and projection
onto K* performed by Algorithm 2 at the kth outer iteration of Algorithm 5. By this and statement (i) of this
theorem, one can observe that the total number of evaluations of V f, Vg, proximal operator of P and projection
onto * performed in Algorithm 5 is no more than Z‘Kl 2(Nk +1). As a result, to prove statement (ii) of this
theorem, it suffices to show that ZlK‘ *(Np +1) < N. Indeed, in view of (41), (42), (98), K| -2 < K, u =0,
PE = pOCk and 1, = 190", one has

pragid (\/ max{l,z5*1}+f)2
IK|—2 K Pk log 7
+

i

ST+ SK+1+C Y | M+1+

k=0 k=0 min {1, V 5Z71}

20272 (v/max 1,26*1 +E 2
K pock (2k103< +1log 2 e )
o g
=K+1+C ) [ M+1+4 _ -
k=0 min {1, 6L—1}

g

X poCk <2K10g§—|—log
SK+1+C1) | M+1+

k=0 min{l, v 52*1}

= ~\ 2
paadrd (\/ max{l,Lé*l}-&-L) >
+

o

(¢ — 1) min {1, \/5Z—1}

20272 max 1,36*1 +E 2
poCH+1 <2K10g§+log Fotto 0( i ! ) )
+

<K+1+C | (M+1)(K+1)+

ST+ (M +1)C+ 1+ (M +1)C) {max{l"g (W) los¢. W}L

= ~\ 2
aagil ( max{l,L&*l}—}-L)

C1poC (log ’

7]3 > log ¢
) ) Toa(1/0)
+ +max{ C(T0+9>7<( 770) 71}

(- 1)min{1, 55*1} £

O [ () 2]

log ¢
log(1/0) ~
Xmax{mw,c@no) ’1} .7

€po

where the first inequality follows from (98) and = 0, the third inequality is due to Y ¢¥ < ¢K+1/(¢ — 1), the
fourth inequality follows from (42), and the last equality is due to (41) and (43).

(iii) Suppose that g > 0, namely, f is strongly convex on dom(P). Similar to the proof of statement (ii) of this
theorem, it suffices to show that Z“K‘ *(N +1) < N. Indeed, in view of (41), (42), (98), |K| =2 < K, pu > 0,
PE = pock and 1, = 190", one has

K|—2 K 1 77k
SN+ D) SK+1400Y [ M+1+

k=0 k=0 min{l, V (5271}

o <log pragid (\/max{l Lé—1} +L) >
+
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0 L ¢ pgagfg( max{l,i&*l}JrZ)z
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where the first inequality follows from (98) and u > 0, the third inequality is due to ZkK:O V¢ M < V¢ K /(V/C—1),
the last inequality follows from (42), and the last equality is due to (41) and (44). O

5 Concluding remarks

The development and analysis of accelerated first-order methods in this paper are based on the assumption that
the proximal subproblems associated with P can be exactly solved. Nevertheless, it is not hard to modify them
by using a suitable inexact solution of the proximal subproblems instead.
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