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Abstract

Bilevel optimization has been successfully applied to many important machine
learning problems. Algorithms for solving bilevel optimization have been studied
under various settings. In this paper, we study the nonconvex-strongly-convex
bilevel optimization under a decentralized setting. We design decentralized
algorithms for both deterministic and stochastic bilevel optimization problems.
Moreover, we analyze the convergence rates of the proposed algorithms in
difference scenarios including the case where data heterogeneity is observed across
agents. Numerical experiments on both synthetic and real data demonstrate that
the proposed methods are efficient.

1 Introduction

Bilevel optimization provides a framework for solving problems arising from meta learning [33}2}29],
hyperparameter optimization [26) |8]], reinforcement learning[|12], etc. It aims at minimizing an
objective in the upper level under a constraint given by another optimization problem in the lower
level, and has been studied intensively in recent years [8, 2,9, [13},[12} I5]. Mathematically, it can be
formulated as:

min  ®(x) = f(z,y"(z)), (upper level)

x € RP
s.t. y*(x) = argming(x,y), (lower level)
y€eR4

(1)

where ¢ is the lower level function which is usually assumed to be strongly convex with respect
to y for all z, and f is the upper level function which is possibly non-convex. Designing a bilevel
optimization algorithm typically consists of two parts: the lower loop and the upper loop. In the
lower loop one can run algorithms like gradient descent on y to find a good estimation of the global
minimum of g given x, which is guaranteed by the strong convexity of g. In the upper loop one can
run gradient descent on x, which requires the estimation of the hypergradient V®(x).

Decentralized optimization aims at solving the finite-sum problem:
1 n
min = Y fi(x), (2)
reRP n ; '

where the i-th agent only has access to the information related to f;, and each agent communicates
with neighbors so that they can cooperate to solve the original problem. There is no central server
collecting local updates. Decentralized algorithms are better choices in certain scenarios [17,34].
Since decentralized training has been proved to be efficient, it is natural to ask:

Can we design an algorithm to solve bilevel optimization problems in a decentralized regime?

‘We will see later that the answer is affirmative. Our contributions can be summarized as follows.
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* We propose a novel algorithm that estimates the hypergradient in different cases.

* We design a decentralized bilevel optimization (DBO) algorithm and analyze its convergence
rate. We also analyze the convergence results for the stochastic version of DBO. To the best of
our knowledge, our paper is the first work proposing provably convergent decentralized bilevel
optimization algorithms in the presence of data heterogeneity.

* We study the effect of gradient tracking in the deterministic decentralized bilevel optimization and
analyze the convergence rates.

* We conduct numerical experiments on several hyperparameter optimization problems. The results
demonstrate the efficiency of our algorithms.

1.1 Related work

Bilevel optimization can be dated back to [3]. Due to its great success in solving problems in meta
learning [33| 2| 29] and hyperparameter optimization [26l [8]], there is a flurry of work proposing
and analyzing bilevel optimization algorithms. The major challenge in bilevel optimization is the
estimation of the hypergradient V®(z) in (I)), which includes Jacobian and Hessian matrices in
the closed-form expression. There are several strategies to overcome this: approximate implicit
differentiation (AID) [7, 26, [10., 9l [11} [13], iterative differentiation (ITD) [[7, 20, 18, [11} [13]] and
Neumann series-based approach [9, 15} [12} [13]. Provably convergent algorithms (both deterministic
and stochastic cases) include BSA [9]], TTSA [12]], stocBiO [13]], ALSET [5]], to name a few.

Decentralized optimization plays a key role in distributed optimization. Under a decentralized
setting, the data is distributed to different agents, and each agent communicates with neighbors to
solve a finite-sum minimization problem. As opposed to centralized optimization, decentralized
optimization aims at solving the problem without a central server that collects iterates from local
agents. The main challenge is the data heterogeneity across agents, which should be mitigated
by communications. It has been proved that decentralized algorithms have their own advantages
[L7] under certain circumstances, for example, low network bandwidth will greatly hinder the
communication with the central server if the algorithm is designed to be centralized. An important
approach to accelerate the decentralized algorithms is gradient tracking, which has been proved to
be efficient [38] 16, 28, [23]]. We refer the interested readers to [37]], which provides a comprehensive
review of decentralized optimization in a unified variance reduction framework.

There exist recent works considering bilevel optimization under distributed setting. Bilevel
optimization under a federated setting has received some attention recently [35, [16], and so does
min-max optimization under various distributed settings [36} 19} 31]. However, none of these papers
considers bilevel optimization under the decentralized setting. We notice that there is a concurrent
work [18] also studying decentralized bilevel optimization. However, it aims at solving decentralized
bilevel optimization problems under a personalized learning setting, in a sense that the lower level
problems are different among agents. In Section [3] we will see that our problem is substantially
different from [[18]].

2 Preliminaries

In this paper we consider the following decentralized optimization problem:

min B() = %Zm,y*(m), (upper level) 3
(3)

s.t. y*(x) = argmin g(x, y) Zgl x,y), (lower level)
yeRa

where x € RP, y € RY. f; is possibly nonconvex and g; is strongly convex in y. Here n denotes the
number of agents, and agent ¢ only has access to information related to the local objective f;:

f’i(xa y) = E¢NDf,i [F($7 Y ¢)] ) gz(xa y) = EfNDgi [G(HZ‘, Y; g)] .
In practice we can replace the expectation by empirical loss,

ng,
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and then use mini-batch or full batch gradient descent in the updates. When we use mini-batch
gradient descent, we call it ''stochastic case'', and when we use full batch gradient descent, we call it
""deterministic case''. We will study the convergence rates under these two cases in Section

Notation. We denote by V f(x,) and V2 f(z,y) the gradient and Hessian matrix of f, respectively.
We use V. f(z,y) and V,, f(z, y) to represent the gradients of f with respect to x and y, respectively.
Denote by V., f(z,y) € RP*? the Jacobian matrix of f and Vg f(x,y) the Hessian matrix of f with
respect to y. || - || denotes the ¢ norm for vectors and spectral norm for matrices, unless specified.
1,, is the all one vector in R”, and J,, = lnll is the n x n all one matrix.

The following assumptions will be used, which are standard in bilevel optimization [5} 9} [12} [13] and
decentralized optimization literature [28| 23| [17,134].

Assumption 2.1. For any i, functions fi, Vfi, Vg, V?g; are Lso, L1, Lg1, Ly Lipschitz
continuous respectively. Moreover, we define L = max{Ly 1, Ly 1}, and k = ﬁ
Assumption 2.2. Function g; is p-strongly convex in y for all i.

Assumption 2.3. The weight matrix W = (w;;) € R™*"™ is symmetric and doubly stochastic, i.e.:
W = WTa Wi, =1y, Wi 5 > O,Viajv

and its eigenvalues satisfy 1 = A1 > XAy > ... > A\, and p := max{|Aa|, |\n]} < L.

Assumption 2.4. (Data homogeneity on g) Assume the data associated with g; is independent and
identically distributed, i.e., Dy, = D,. (Note that we do not require data homogeneity in the upper
level function.)

For the stochastic algorithm in Section 3] we assume:

Assumption 2.5. (Bounded variance) The stochastic derivatives V f;(z,y; ), Vgi(x,y; @),
V2gi(x,y; ¢) are unbiased with bounded variances J]%, O'g’l, 03’2, respectively.

3 Our Algorithms

Here we first discuss the main challenge when there is data heterogeneity, i.e., when Assumption[2.4]
does not hold. Recall that in the outer loop, each node needs to estimate the hypergradient given by:

* * * -1 *
Note that node ¢ only has access to Vf; and Vg; but it does not have access to

Vayg(@,y*(2)) [Vig(z,y* (x))] ~! which requires the global information about g. One natural
idea is to use (9) as a surrogate (here y;(z) := arg min, g;(z,y)):

V i@,y (2) = Vo fi(@, 5y (2)) = Vaygi(@,y; (2)) [Vigi(w, 55 (@)] 7 Vyfile,yi (@), )

Unfortunately, this leads to the estimation for the error bound of

| (P20t )] ™" = [Vo(0)]

which is not a diminishing term in the theoretical analysis without assuming the data homogeneity
(Assumption [2.4)). Mathematically, we would like to compute

i=1 i=1

on node i for any given (x,y). In the next section we design a novel oracle to solve this subproblem
with heterogeneous data at the price of the computation of Jacobian matrices.

b

3.1 Jacobian-Hessian-Inverse Product oracle

We first introduce the Jacobian-Hessian-Inverse Product (JHIP) oracle, which is essentially a
decentralized algorithm. Denote by H; € S‘ix_f and J; € RP*? the Hessian and Jacobian of g;.
Every agent would like to find Z € R?*P such that:



[

i Ji] [i Hl} h . 6)

Z H,Z = Z J!  orequivalently, ZT =
i=1 i=1

Notice that this is exactly the optimality condition of:

1 1

in —Y hi(Z here hi(Z) = = Tr (Z"H; Z) — Tx (J;Z). 7
Zgﬁlglan;z( ), where h;(Z) 21"( iZ) r(JiZ) (7
The objective in (/) is strongly convex since each H; is symmetric positive definite. Hence we can
design a decentralized algorithm with gradient tracking so that all the agents can collaborate to solve
for (6) without a central server. The algorithm is described in Algorithm[I] where we use the bold
texts to highlight the different updates when the problem is deterministic and stochastic.

Algorithm 1: Jacobian-Hessian-Inverse Product oracle

Input: Zi(o) € RI*P stepsizes {¢}72,, iteration number NV, and initialization
« if deterministic, Y* = ;2" — JT and G\” = H,; 2",

X ~o1 T . o1 T
* if stochastic, Yi(o) = HZ(O)ZgO) - [Ji(o)} , and GEO) = HiZi(O) - {Ji(o)} .

Data: H; € ST\, J; € RP*4 accessible only to agent i (deterministic).

(HP | JD) t € {0,1,..., N — 1} accessible only to agent i (stochastic).
fort=0,1,....N —1do

fori=1,2,....,ndo
Zi(t-H) = 2?11 wq’,jZJ('t) — ’YtYi(t),
“ “ T
G = 1,2 if deterministic, or = AV (Y — [JV] if stochastic,
v = S eV r o -6,
end
end

Output: ZZ-(N) on each node.

Note that for the deterministic case we can just maintain thﬂ) = H; Zi(tﬂ) instead of the gradient

H; Zi(tH) — J.T because we only use GEtH) in line 5 — the gradient tracking step, and the constant
R T
term J;' will be cancelled if we set GEtH) as the gradient. We use f1 l.(t)Zi(t) — {JZ@} to represent

the stochastic gradient of h;(Z) at Zl-(tﬂ). Although this oracle does not require Hessian computation
for H;, it still requires Jacobian oracle for .J;, which is more expensive than Jacobian-vector product
oracle. Moreover, we have the convergence rates that have been well understood [28} 27} 37]. In
general, one can also design other oracles (e.g., decentralized ADMM [22 4,32 |1, 121]]) to solve .
The convergence rates of this algorithm are summarized in Lemma[A.T3]in supplementary materials.

3.2 Hypergradient estimate

Before we propose our algorithms, we first introduce hypergradient estimates (Algorithm [2) under
different cases.

* Case 1: Deterministic + homogeneous data. In this case the hypergradient is estimated based on
the AID approach [[13], which is essentially utilizing conjugate gradient method, and only requires
Hessian-vector product oracles instead of explicit Hessian matrix computation. We adopt the
approximation error (Lemma 3 in [13]) in Lemma[A.9]

* Case 2: Stochastic + homogeneous data. In this case the hypergradient is estimated based on the
Neumann series approach [9]. Gradients V f; and Vg, are replaced by their corresponding first
order stochastic oracles (i.e., stochastic gradients). We have the error estimation in Lemma
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Algorithm 2: Hypergradient estimate

Il’lpllt: vfl (.’I}, y)) Vw’t/gl(w7 y)a vggl($7 y)a N.
Data: Samples ¢ = (¢, ..., q&ENH)) on node 7.
if Assumption|2.4| holds then

2 if Deterministic case then
3 Run N-step conjugate gradient method on [VZg;(z,y)] v = V, fi(x,y) to get ™.
4 Set Vfi = Vafi(z,y) — Vay9i(z,y)v"N  — AID based approach.
5 end
6 if Stochastic case then
7 Set Vf; = Vo fi(w,y;00) = Vaygi(a,y;6W) - H -V, fi(w, y; 1), where
H= [eM 17T — eV2gi(a,y; ¢<n+1>))}, and M’ is drawn from {1,2, ..., M}
uniformly at random — Neumann series based approach.
8 end
9 else
10 if Deterministic case then
1 Run N-step deterministic Algorithm with H; = V2g;(x,y), Ji = Vaygi(x,y) and
stepsize y; = -y to get Zi(N).
. T
12 Set Vf; = Vo fi(a,y) — [ZZ.(N)} V,fi(z,y) - deterministic JHIP.
13 end
14 if Stochastic case then
15 Run N-step stochastic Algorithm with
i = Vigi(z,y:"),J" = nygi(a:, y;6)") and 3 = O(3) to get ™).
16 SetVf; = V. fi(z,y; ng,EO)) — {Z;N)] V. filz,y; ¢>§O)) — stochastic JHIP.
17 end
18 end

Output: v fi onnode 1.

* Case 3: Heterogeneous data. In this case we compute the global Jacobian-Hessian-Inverse product
by using the JHIP oracle (Algorithm I)). The error estimation results are given in Lemma

3.3 Deterministic decentralized bilevel optimization

We propose the decentralized bilevel optimization algorithm (DBO) in Algorithm 3} In the inner
loop (lines 3-9) each agent performs local gradient descent updates for variable y in parallel (line
4-8). When Assumption [2.4]holds, we can simply run local gradient descent without communication
because in the lower level local distribution already captures the global function information. When
Assumption [2.4]does not hold, then the data distribution is substantially heterogeneous across agents,
so we add weighted averaging steps (line 9) to reach consensus and gradient tracking steps (line 8) to
reduce the complexity. In the outer loop (lines 11-14) each agent communicates with neighbors and
then performs gradient descent for variable x. For simplicity we use constant stepsize 1), in the outer
loop. Similar results can be obtained for diminishing stepsizes. Using proper parameters, we have the
following sublinear convergence results of Algorithm [3|for solving the deterministic problem.

Theorem 3.1. In Algorithm suppose Assumptions[2.1) 2.2} and 2.3\ hold. If Assumption 2.4 holds,
we set 1, = O(K~3n "3k 3), Ny < MLL, T = O(log(k)), N = O(log(k)). IfAssumption
does not hold, we set n, = O(K~3n"3573), 777(;5) =0(1), T=0(ogK), N=0(logK). In

18
both cases, we have: %H Zf:o IVe(z;)|I*> =0 <”;§3 > ,whereT; = 157" @, ).

This convergence rate matches the previous results in nonconvex decentralized optimization [17, 34].
We conjecture that the bound N = ©(log K) in the second case is not tight, and can be improved by
using a technique similar to the case when Assumption 2.4 holds. We leave this as a future work.
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Algorithm 3: (Deterministic) Decentralized Bilevel Optimization

Input: Wa Na K7 T7 Nz Myy Li,0, yEO)

fork=0,1,.... K — 1do

yl(ok) = yﬁll if £ > 0 otherwise yl(ok) = yfo).
fort=0,1,...,T — 1do
fori=1,2,....,ndo
if Assumption holds then
(t+1) _ (o (t)
‘ Yik  “Yir— ﬂyVygz(sz,k,yL )-
else
t n t—1 t t—1
vl = S5 w4 Vygi(@in u) = Vigi(@ie vl V).
t+1 n t t
yen = S0 wigyi — myold.
end
end
end
fori=1,2,....,ndo
Run Algorithm(with "deterministic case" option) and set the output as v filzik, yl(jl;))
n - T ’
Ti k41 = ijl WijXjk — nmvfi(mi,kay§7k))~
end
end

3.4 Deterministic decentralized bilevel optimization with gradient tracking

In this section we study the effect of gradient tracking in decentralized bilevel optimization. We
propose the Decentralized Bilevel Optimization with Gradient Tracking (DBOGT) Algorithm[4] We
introduce v and v to serve as the update direction. Gradient tracking technique has been widely used
in distributed optimization literature [6l 28| 23]]. The effect of adding such a direction accelerates
the algorithm in a sense that one can choose a constant stepsize that is independent of the iteration
number. For Algorithm ] we have the following theorem.

Algorithm 4: (Deterministic) Decentralized Bilevel Optimization with Gradient Tracking

Input: W, N, K, T, nzvnyvxz(‘O)’y'EO)'
fork=0,1,...., K — 1do

Yyl = yiuly if k> 0 otherwise ) =y,

fort=0,1,....,T — 1do
fori=1,2,...,ndo
if Assumption holds then

t+1 t
\ y(k )= Yik — nyVygi(:ci,k,yf,))-

else

t n t—1 t t—1
o) = 0w+ Vygi(a e ) — Vygi (@il ).
(t+1 n (t 0
Yik ) = Zj:l wijyj,l)c - ”y”g,k‘

end

end

end

fori =1,2,...,ndo

Run Algorithm(with "deterministic case" option) and set the output as v filwi g, yﬁ))
Ui ke = Z?:l WijUjl—1 + @fi(ﬁi,kyyﬁ)) - @fi(ffi,k:fhyf?_l)-

Tik+1 = Z?:l WijTj k — Nali k-

end

end




Theorem 3.2. In Algorlthml suppose Assumptions2.1] 2.2} and[2.3| hold. If Assumption 2.4 holds,
we set 1, = O(k™3), Ty < /H-L’ T = O(log(k)), N = O(log(k)). If Assumption [2. does not

hold we set 1, = O(k73), n, = O(1), N = O(log K), T = O(log K). In both cases, we have
K+1 Z] 0 IVe(T5)|1* = (K) where Tj = %Z?:l Li,j-

Note that this result implies that in DBOGT we can set 7, as a constant that is independent of the
total number of iterations K, which matches the results in gradient tracking literature [28} 23} [14].

3.5 Decentralized stochastic bilevel optimization

Our stochastic version of the DBO algorithm: Decentralized Stochastic Bilevel Optimization
(DSBO), is described in Algorithm [5]  Its convergence rate is given in Theorem

Algorithm 5: Decentralized Stochastic Bilevel Optimization

Imput: W, N, K, T, n,,ny, 50)7%(0)
1t fork=0,1,..., K —1do

2 yz(ok) = yf k) 1 if k > 0 otherwise y(ok) = yfo)
3 fort=0,1,. —1do
4 for i = 1,2,...,nd0
5 if Assumption holds then
1
6 ‘ yz(tlj_ )= =Yk — nyvygz(xz ks yftg, g(t))
7 else
t4+1 n +
8 ‘ z(k )= Zj 1wmy ])c_ny)vygi(wzkvyzkag())
9 end
10 end
11 end
12 fori=1,2,...,ndo
13 Run Algorithm (with "stochastic case" option) and set the output as
2 T
Vfi(@ik, yf,k); Pi k)
n - T
14 Tikt1 = D_jg Wik — nmvfi(gji,kay;k); Gik)-
15 end
16 end

Theorem 3.3. In Algorithm[3] suppose Assumptions[2.1] 2.2} and[2.3| hold. If Assumption 2.4 holds,
we set M = O(log(K), T = O(log(k)), € < 1, 1y = O(K~2), Ny = O(K~2). If Assumption
does not hold, we set 1, = O(K~%), n, = O(K~2), T = O(K?), N = ©(log K). In both
cases, we have ﬁ Z]K:()E [IVe(z;)]?] = O(\/LF)’ where T; = 137" @ ;.

4 Numerical experiments

In this section we conduct several experiments on hyperparameter optimization problems in the
decentralized setting, which can be formulated as:

. N
A%lﬁp (I)()\)—anz(AaT (M) ©

s.t. 7*(\) = arg min — (A, T)
(A) = argmin Zg

Here f; and g; denote the validation loss and training loss on node 4, respectively. The goal is to
find the best hyperparameter A under the constraint that 7*(\) is the optimal model parameter of the
lower level problem. For each experiment, we set our network topology as a special ring network,
where W = (w;_ ;) and the only nonzero elements are given by:

1-a

Wii = @, Wiit1 = Wiio1 = —5— for some a € (0, 1).



Here we overload the notation and set wy, 41 = Wp,1,W1,0 = Wi,,. Note that a is the unique
parameter that determines the weight matrix and will be specified in each experiment.

4.1 Synthetic data

We first conduct logistic regression with [2 regularization on synthetic heterogeneous data (e.g., [26],
[L1]). On node 7 we have:

FOT )= Y dlyexlT™ (M),

(Te,ye)ED]

1
g\ = > ¢(yex1—7')+§7'-rdiag(e)‘)7}
(-’tevye)E'Di

where e is element-wise, diag(v) denotes the diagonal matrix generated by vector v, and 1 (x) =
log(1 + e*). D} and D; represent validation set and training set on node 4. Following the setup in
[11]], we first randomly generate 7* € R? and the noise vector € € RP. For the data point (2., y.) on
node i, each element of x. is sampled from the normal distribution with mean 0, variance ¢*. y, is
then set by y. = sign(zI7* + me), where sign denotes the sign function and m = 0.1 denotes the
noise rate. In the experiment we choose p = ¢ = 50, and the number of inner-loop and outer-loop
iterations as 10 and 100 respectively. N, the number of iterations of the JHIP oracle |1|is 20. The
stepsizes are 1, = 1), = v = 0.01. The number of agents n is chosen as 20, and the weight parameter
a = 0.4. We plot the logarithm of the norm of the gradient in Figure[I(a)] From this figure we see
that all three algorithms: DBO (Algorithm [3), DBOGT (Algorithm []), and DSBO (Algorithm[5) can
reduce the gradient to an acceptable level. Moreover, DBO and DBOGT have similar performance,
and they are both slightly better than DSBO.

-®- DBO, Nx=0.01, n,=0.01
14 DBOGT, ,=0.01, n,=0.01 0.7
—— DSBO, 7,=0.01, n,=0.01

log |[Vo(A)|
Test accuracy
o
s

-®- DSBO, n,=100.0, n,=100.0

DSBO, 1,=300.0, 1,=100.0
—— DSBO, 17,=100.0, 1,=300.0
e ° 3 ~—- DSBO, 1,=300.0, ,=300.0

0 20 40 60 80 100 0 5 10 15 20 25 30
Iteration Iteration

(a) Logistic regression on synthetic data. (b) Logistic regression on 20 Newsgroup dataset.
Figure 1
4.2 Real-world data

We now conduct the DSBO algorithm on a logistic regression problem on 20 Newsgroup dataseﬂl 11].
On node ¢ we have:

FOTO) = —— S L@,

(4)
Dyall (@e,y) €D,
1 1 G
gi()‘aT) BETOn Z L(l‘IT,ye) + 7226%7-1'2]’7
|DtT' ‘ (xe,ye)€D£i> p i=1 j=1

where ¢ = 20 denotes the number of topics, p = 101631 is the feature dimension, L is the cross
entropy loss, D,,; and D,,. are the validation and training data sets, respectively. Our codes can be
seen as decentralized versions of the one provided in [[13]]. We first set inner and outer stepsizes
Nz = 1)y = 100 (the same as the ones used in [13]]), and then compare its performance with different

*http://qwone.com/~ jason/20Newsgroups/


http://qwone.com/~jason/20Newsgroups/

stepsizes. We set the number of inner-loop iterations 7' = 10, the number of outer-loop iterations
K = 30, the number of agents n = 20, and the weight parameter ¢ = 0.33. At the end of j-th
outer-loop iteration we use the average 7; = = >° | 7; ; as the model parameter and then do the
classification on the test set to get the test accuracy. In Figure[I(b) we plot the test accuracy of every
iteration. From this figure we see that the DSBO algorithm is able to get good test accuracy under
different settings of stepsizes.

Finally we apply deterministic DBO and DBOGT algorithms on a data hyper-cleaning problem
[30,13] for MNIST dataset [15]. The purpose is to demonstrate the advantage of the gradient tracking
technique. On node ¢ we have:

1

_ T
fild 1) = |T Z ‘ L(zeT,ye),
val (wmye)epiﬂgl
1
gi(/\’ T) = W Z U(/\C)L(.IIT, ye) + CT'HT||27
| tr | (weaye)epgi‘)

where L is the cross-entropy loss and o(x) = (1 4+ e~*) ™! is the sigmoid function. The number of
inner-loop iterations 7" and outer-loop iterations K are set as 10 and 30, respectively. The number of
agents n = 20 and the weight parameter a = 0.5. Following [30, [13]] the regularization parameter
C, is set as 0.001. We first choose stepsizes similar to those in[[13]] and then set larger stepsizes. In
each iteration we evaluate the norm of the hypergradient at the average of the hyperparameters A, and
plot the logarithm (base 10) of the norm of the hypergradient versus iteration number in Figure 2]
The Figure 2(a)| shows that the perofromance of DBO and DBOGT are similar when the stepsizes
are small. However, the Figure @ shows that DBOGT converges much faster than DBO when the
stepsizes are relatively large. This supports the conclusions in Theorem [3.2]

—

)

O

/

—— DBO, 1,=3.0, 7,=1.0
DBO, 7,=10.0, n,=1.0
—— DBO, Nx=3.0, 7,=3.0
—— DBO, 1,=10.0, ,=3.0
—— DBOGT, 1,=3.0, 7,=1.0
—— DBOGT, 1,=10.0, ,=1.0
DBOGT, m,=3.0, 7,=3.0
—— DBOGT, 1,=10.0, ,=3.0
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Figure 2: (a) and (b): Data hyper-cleaning on MNIST

5 Conclusion

In this paper we propose both deterministic and stochastic algorithms for solving decentralized bilevel
optimization problems. We obtain sublinear convergence rates when the lower level function is
generated by homogeneous data. Moreover, at the price of computing Jacobian matrices, we propose
decentralized algorithms with sublinear convergence rates when the lower level function is generated
by heterogeneous data. Numerical experiments demonstrate that the proposed algorithms are efficient.
It is still an open question whether one can design decentralized optimization algorithms without
assuming data homogeneity and deterministic (or stochastic) Jacobian computation. We leave this as
a future work.
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A Appendix

Convergence analysis

In this section we provide the proofs of convergence results. For convenience, we first list the notation
below.

o W= (w;;) € R™*™ is symmetric doubly stochastic, and p := max{|Xz|, |\n|} < 1.
o X = [(L’lyk,lﬂgyk,...,l’nyk] € RP*™,
* Iy = %Z?:l Tk € RP,

* aq)(Xk:) = [ﬁfl (xl,kv yg’rk))a @fQ('rQ,k)a yg?;g))? cry ﬁfn(l‘n’k’ yfgj]g)] € RPX™,

n = T
» 9B(Xy) == LY, Viilwie uy)-
« OB(X,: ) = [V (7). \V4 (1), ] \V4 (1),
( k7¢) . [ fl(xl,knyl’kvgbl,k)a f2($2,kay2,ka¢2,k)7"'7 fn(xn,kayn’ka¢7l,k)] S
RPx™,
o P T
« 00(Xy;0) =130, Vfi(l'i,kay;k);(ﬁi,k)
* Gik =Tk — T = Xp(es — 12).
* Qk = gLk, @2k, - gni] € R Assume 2,0 = 0 and thus Qo = 0.
® Tik = Uik — Uk-
e Ry := [7“17]@,7“27]6,...,7‘,17]@] € RPXn,
K
© Ski= 1 Q|2
K _
* Tx =305, IVO(5))*
K n
* Br= 3000 iy ey — wijal®
» When Assumption [2.4]holds, define:

K n K n
T * * 0
A =3 S 8 — g @)% B =32 lvr,; — o212,
j=0i=1 j=0i=1
-1
v = [Vagi(migus (@) Vyfilig, i (i)

2 L K—
o 07 = (1 - ZBEL)T G 1= (g )2V

We first introduce a few lemmas that are useful in the proofs. The following lemma gives bounds for
matrix 2-norm.

Lemma A.1. For any given matrix A = (a1, ag, ..., aq) € RP*9, we have:

q
lasI® < JAI% < > lladll?, Vi € {1,2, ., q}.

i=1

The following lemma is a common result in decentralized optimization (e.g., [17, Lemma 4]).

Lemma A.2. Under Assumption[2.3|we have:

JIn
HW’f - < p¥, Yk €{0,1,2,...}.
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Proof. Assume 1 = A\; > Xy > ... > )\, > —1 are eigenvalues of W. Since W*.J,, = J,WF, we
know W* and .J,, are simultaneously diagonalizable. Hence there exists an orthogonal matrix P such
that

Wk = Pdiag(\F)P~, In _ Pdiag(1,0,0,...,0)P~*,
n
and thus:
J,
wk — ;” = || P(diag(\¥) — diag(1,0,0,...,0)) P~} < max{|X2|", [An|*} = pF.

The following three lemmas are adopted from Lemma 2.2 in [9]:

Lemma A.3. (Hypergradient) Define ®;(v) := f;(z,y*(v)), where y*(z) = arg min, ¢, g(z,y).
Under Assumptions[2-1|and 2.2)we have:

VOi(2) = Vo filwy" (@) = Vayg(e,y" @) [Vigle,y"(@)] "V, file,y" @)).
Moreover, V®; is Lipschitz continuous:
[V®i(z1) = Vi(x2)| < Lo [lz1 — z2],
with the Lipschitz constant given by:

2L2 + LQ:QL%,O + LLf70Lg72 -+ L3 -+ Lg,QLf’OL + L972L2Lf70

Lo=1L+
n? w3

= 0(x®).

Remark: if Assumption [2.4]does not hold, then this hypergradient is completely different from the
local hypergradient:

Vi, i (@) = Vafi(e, 5} (@) = Vaygi(z, 5 (@) [V2gi(x,y5 (2))] 7 Vyfilz,yi (x), ©)
where y (z) = argmin, cgq 9i(z,y).
Lemma A.4. Define:
Vfilx,y) = Vafi(w.y) — Vayg(e,y) [Vig(x.y)] Yy filz,y).
Under the Assumption[2.1we have:
IV filw,y) =V fi(@. 9)|| < Lyll(2,y) — (2, 9)],

where the Lipschitz constant is given by:

L2 [Lg 2

Lg,oL
Lf:L—F;—‘rLfO 29,27

2 } = O(x?).
Lemma A.5. Suppose Assumptions[2.1|and[2.2] hold, then we have:
g7 (1) = yi (@) || < Ky — 2af|, Vie{l,2,..,n}.

+

These lemmas basically reveal some nice properties of functions in bilevel optimization under
Assumptions[2.T]and 2.2] We will make use of these lemmas in our theoretical analysis.

Lemma A.6. Ifthe iterates satisfy:

_— 1
Thtl = Tk — Na0P(X), where0 <, < o
®

then we have the following inequality holds:

K
- ZIIW I < ey () w0 + g D 180K - V(e

(10)
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Proof. Since ®(x) is Lg-smooth, we have:
L L
©(Tp1) — (%) < VO(TR) " (—1,09 (X)) + w‘ 102 (X5)|* = @m 10D(X0) 1 — 7. VO(Tk) T OB (Xk)

= Lo ) - v+ (0 m)IIV@(xT)IIQ + (Lo~ nww@(mT(a@(X‘k) ~ V()

Lon? —— . Lon? . [ E— _ 1 _
<=Z2E08(X5) — VE@DIP + (Z5% — n) V@) + (1 — Lan) (5 108(Xe) - VE@D)| + 5 VE@D)|?)

=298 (X,) - Vo@D ~ 2| Ve (@),
where the second inequality is due to Young’s inequality and 7, < ﬁ Therefore, we have:

IVe(@x)|I* < %(‘P(Tk) — ©(@r1)) + 09 (Xx) — V(). (11)

x

Summing (TT) over k = 0,. .., K, yields:

K K
2
Yo IVe@m)|® < ;(‘P(To) — ®(@KT)) + Y 109(Xy) - Vo (@r)|%,
r k=0
which completes the proof. O

We have the following lemma which provides an upper bound for Ex:

Lemma A.7. In each iteration, if we have Tip11 = Tf, — 1,0P(X}), then the following inequality
holds:
K-1

Bk < 8nSk +4mn? Y [02(X;) — V(T;)||* + 4nniTe 1.
j=0

Proof. By the definition of E'x, we have:

K n K n
B =Y Y lwij—wijal? =Y llwij =75+ % — %1+ %1 — zijl

j*l i=1 7j=11i=1
—ZZqu 0®(X;—1) — V&(7;=1)) — 1. V(T;=1) — gij—1”
j=11:=1
K n
<A S (lgis P + 2 109(X,20) — V@) > + n2 [VR@=D) + a1 1)
Jj=11i=1
K e —
<dn Y (1Q;1° + Q1| + n21102(X;-1) = Ve(@—)|* + nZ [ Ve(@;=0)1?)
j=1
K-1
<SSy +dnn2 3 (108(X;) - Vo(@)| + |Ve()]°)
7=0
K-1
=8nSx +dnn2 3 [08(X;) — V()| + 4nif T
7=0

where the second inequality is by the definition of ()5, the third inequality is by the definition of Sk
and Qg = 0, the last equality is by the definition of Tk _1. O

Next we give bounds for A and By .

Lemma A.8. Under Assumption if we properly choose 1, T and N in Algorithm 3| and @ such
that:

1 1

, <o N < —, 12
w+ L v 3 "8k (12)




then the following inequalities hold:
Axg < 3(55(01 + 2H2EK), By <2co +2d1 A1 + 2d2Ek,

where the constants are defined as follows:

0
Znyf&—% (50)I1%, Zuvzo—v

dy = 4(1 + Ve) (s + #)2 = O(k%), dy = 2(r* +

2L 2L ¢ oK
f,0K + 1,0k )2 :9(56).
I I

Proof. Recall that Ay := Zj 0 iy ||ym — y¥(x; ;)|*. In order to bound Ak, we bound each
term as follows.

T * T— 1 T—-1 *
luty’ =i )P = W5 = m Vgt vii ") = i @il
T—1 * T—-1 T—1 * T—-1
=[ly" Y~y <xi,j>\| —2nyvygl-<xm,y§] Nyt —yi(@ig)) + n21Vygi(@ig, vl )2
QT]T,U,L « 2 T— 1)
<(1 = =2y v (xi,j>||2+ny<ny—m>||vygi<xi,3,yfj )2
277 ML (T-1) 2
<(1— "Ny =yl (i
<( /HL)II yi (@)l
277y,uL 9
S(1_ H+L) || J _yz (xld)”
0
=67 ||y — i (2i5)II%,
(14)

where the first inequality follows from the strong-convexity and smoothness of the function g [24}
Theorem 2.1.12], and the second inequality holds since we have 7, < MJ%L We further have:

0 *
19 — i (@i )2 = Iy 5y — v (i) + 95 (@igo1) — yf (i)

<2(llysshy = 7 @ag-)I” + 11yi (wa5-1) = 7 (@) IP)

0 *
<26T|\y£ O~y (i) + 26 iy —

*||Z/” L=y @) 4 267 iy — w7,

where the second inequality is by (T4) and Lemma[A’3] and the last inequality is by the condition
(T2). Taking summation on both sides, we get

Z Z ||yz,j - yz xLJ)HQ

j=11i=1
2
§ZZIIyH L= (@i 1H2+2KQZZII%J zi g1
j=11 j=11:i=1
K n
2 0
<5 22 M =i @i )IP +26° Exc
j=0i=1
0
e+l ZZnyf,} i (@ig)|* + 267 B,
] 1:=1
which directly implies:
K n
SN = v @iy P < 201 + 652 Exg. (15)
j=1i=1

15



Combining (T4) and (T3)) leads to:

K n K n
* 0 *
A =Y 3 yd = wr @) 12 < 6733 1) — i ()12

j=0i=1 j=0i=1
< 6T (c1 + 21 + 6K2Ex) = 367 (c1 + 2% Exg).

We then consider the bound for By . Recall that:

* * -1 *
Vi = [vzgi(xi,kvyi (mzk))] vyfi(xi,kvyi (Ti k),

which is the solution of the linear system [V2g; (@ &, y; (zi,x))] v = Vy fi(2ik, Y5 () in the AID-
2Lf10L 2Lf,0LI€
== + 7)_

based approach in Algorithm Note that v; ;. is a function of z; i, and it is (k2 + 2

Lipschitz continuous with respect to x; j [[13]]. For each term in B, we have:
N
log; = vl 12 < 2(]lvf -1 — v£j>1||2+||vij—v:‘j 2

2,7
,2 0
<41+ VR)P(k + gu Lroyz @ y =y (o)

2Lrol 2L;oLk
2(k” + /f’go + L‘; Vi — il

Yy = oI+

where the second inequality follows [13l Lemma 4]. Taking summation over i, j, we get

+ 45 (

- 1
ZZ i ; — v§f})ll2 < diAg 1 +4k0Y Bg 1+ dyEr < dyAg_q + 531( +daFEg, (16)
J=1i=1

where the last inequality holds since we pick N such that 4x5Y < % Therefore, we can get:

1
Br <co+diAg—1 + §BK +doEx = Bg <2cp+2d1Ag—1+2d2Ek,

which completes the proof. O

The following lemmas give bounds on Y || 0®(X}) — V®(z)||? in (TT).We first consider the case
when the Assumption [2.4]holds. In this case, the outer loop computes the hypergradient via AID
based approach. Therefore, we borrow [13, Lemma 3] and restate it as follows.

Lemma A.9. [I3) Lemma 3] Suppose Assumptions 2.1} [2.2] and[2.4] hold, then we have:

ity RRCTE
VE+1 R

IV filwi g u05) = Vi, @)I? < Tlly; (wig) — 05 |2 +6L%k (

where the constant I is

312, LooLso\?
I =3L%+ 7952 0 4 6L2(1 + Vr)® <m+ 797;2 f’O) = O(x").

Next, we are ready to bound > ||0®(Xx) — V®(Z%)||*> when Assumption [2.4|holds.
Lemma A.10. Under Assumption[2.4] we have:

K
S 2T 12L%k
> 1108(X) - Ve(@D)|? < 2L3 Sk + —Ax + — 0} Brc. 17)

Proof. Under Assumption 2.4 we know g; = g, and thus from (@) and () we have
V& (Tk) = V fi(Tk, y" (Tk))-
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Therefore, we have

n 2

Z[@fz(xzkayzk) Vfi(Tk,y (Tk))}

=1

<— ZHVL in i r)) = Vi@, v (@)1

10(Xe) — Vo@D)|? = —

=- Z IV @i ui3)) = Vfi(in, i @) 1P + 1V filwig, w7 (i) = Vi@ y™ @)

3

2 * T * * — k[
<Dl (i) = iy 1P + 6L2 k6N [vf i — v + 1V iy (20)) — Vi (T " (@))
i=1
) - 12L2%k 0
SOMNICREHE DL 520 S o — o2 + 223 il
i=1 i=1
where the first inequality follows from the convexity of || - ||?, the third inequality follows from

Lemma[A.9]and Assumption[2.4] the last inequality is by Lemma[A3}
IVfi(@ik, y" (zik)) — Vfi(Tk, v @)N? = V@i(zik) — Vi(TH)|

Lyllzin =7l = Lallas e < LalQxl>.

Taking summation on both sides, we get:

K
S 2T 12L%k
> 102(Xy) - VO(TR)|® < 2L Sk + —Ag+ 6N B (18)
O

We now consider the case when Assumption [2.4]does not hold. In this case, our target in the lower
level problem is

y* (Tk) —argmlangl (T, Y)- (19)
i=1
However, the update in our decentralized algorithm (e.g. line 8 of Algorithm 3 aims at solving

i = argmin Z 9i(i k1), (20)
=1

which is completely different from our target (I9). To resolve this problem, we introduce the following
lemma to characterize the difference:

Lemma A.11. The following inequality holds:

195 —v* @)l < —~ Z ik — Trl| < w[|Qkll-

Proof. By optimality conditions of (T9) and (20}, we have:

*Zvygz (T4 ks Ugy) Zvygl (Tk,y* (Tx)) = 0.

i=1

Combining with the strongly convexity and the smoothness of g; yields:

H*ZVU% e o) == Zvygz 75, ) Zvugz 75y @) > plii — v @)l
L n

Hﬁzvygz-(ﬁ, 7l = ||5Zvygi<@,g;:> - 5Zvygz-<xi,k7gz>|| <2 e — 7wl
i=1 i=1 i=1 =1
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Therefore, we obtain the following inequality:

9k —v* (@)l < = ZH%k Till = — Z”%k” < K[ Qkll;

where the last inequality is by Lemma[AT] O

Notice that in the inner loop of Algonthms@@and@ i.e., Lines 4-11 of Algorithms[3|andf4] and Lines
4-10 of Algor1thm|§|, y; 5, converges to y; and the rates are characterized by [25. 27,137, 28] (e.g.,

Corollary 4.7. in [23]], Theorem 10 in [23] and Theorem 1 in [27]). We include all the convergence
rates here.

Lemma A.12. Suppose Assumption[2.4does not hold. We have:

e In AlgorithmE|there exists ) = O(7) such that 37" ||y2(7,;) —grl? < &

o In Algorithmthere exists a constant 1, such that 37" Hyl(j,;) — Ji|1? < Coal;
e In Algorithmﬁthere exists ng(f) = (’)(%) such that + Lyt E [H% v — Ul ] < Tf’

Here C1, Cs, Cs are positive constant and o € (0, 1).

Besides, the JHIP oracle (Algorithm [T) also performs standard decentralized optimization with
gradient tracking in deterministic case (Algorithms [3]and ) and stochastic case (Algorithm [5). We
have:

Lemma A.13. In Algorithm(l} we have:

o For deterministic case, there exists a constant y such that if vy = v then ||Z(t) Z*|% <
Cyab. (See [28]).

* For stochastic case and there exists a diminishing stepsize sequence 7y, = (9(%) such that
LS E[12 - 202] < S (See [320)
Here Cy4,Cy are positive constant, and cs € (0,1). Here the optimal solution is denoted by
(Z°)T = [ A [ 7)™
For simplicity we define:
C =max{C1,C2,C3,C4,C5}, «a=max{ag,as}.

Since the objective functions mentioned in Lemma [A-T2] (the lower level function ¢) and[A:T3](the
objective in (7)) are strongly convex, we know C' and « only depend on L, y, p and the stepsize (only
when it is a constant). For example s in Lemma[A.T3|only depends on the spectral radius of H;,
smallest eigenvalue of H;, p and .

For heterogeneous data on g we have a different error estimation.

Lemma A.14. Suppose Assumption[2.4|does not hold. In Algorithm 3 and[# we have:

IV fiwin i) = V Filwan )17 < BL2(1+ 82) |yt = Gill” + L3 0Ca™. 1)

Proof. Note that:

X T
VSi@iny ) = Vafi(win vl = [200] Vo fiwirul),
Vi(@ig ) = Vafi(@ik, T) = Vayg @ik, 55)Veg(@ip, k™) " Vi fi(@i g, T7)-

18



Then we know:
||vfz($z k7y1 k ) Vfl(fﬂl kY ))”2 < '?’HV fz(xz kvyz k ) \Y% fz(xz kY )”2

+3 H { Z(N) - nyg(ﬂﬂi,k,ﬂ/:)vzg(xi,k,ﬁk*)1} Vi fi(@i e,y k))H
2
+3Hvzyg(l"z,k’?]Z)V?,Q(l‘z,mlfk ) |:v fz(xz kvylk ) \Y fl(xl k)yk):|H
T) . -

< 3L2||?J£,k) —gl*+ 3[&0005 + 3L2K2Hyi,k — g7

= 3L°(1+ &Iy — Gl + L3 0Ca®
Notice that we have: [sz]T = Vaeyg(Tik, U5)Vog(@in, yi™) ", so the second inequality is by
Assumption 2.J]and Lemma[A.T3] O
Lemma A.15. Suppose Assumption[2.4does not hold, then in Algorithms[3|and @ we have:

109 (X)) — VO (@R)||” < 6(L*(1+ £%))Ca’ + 6L7 ,Ca™ +2(LF + L) [|Qxl>.  (22)

1

Proof. We have

n

||a<1><Xk>—V©<mu2:%nz[ﬁfi(xi,k,yzk> V i@y @) I

i=1

IV filwin uly) — V fi@x,y* @)

3\'—‘
M:

.
Il
-

IV Fi@in yi3)) =V Filwor GNP + 1V fili, 55) = V fil@r y™ @)

A
SAEN
M:

.
Il
_

T S
B2+ w2y = il? +3L3 sCaV + L3y, — Tl + L3135 — v* (@) II?)

A
3w

©
Il
s

IN
SEEN

N
/-\’_l

BELAA+ ) lys) — Gil? + 302 ,Ca™ + L3|gi kll* + L3162 Qrl1?)

«
Il

6 L%(1 + K2
= Z Iy — Gill% + 6L3 ,Ca™ + 2(L3 + L3k?)||Qull?,

where the third 1nequa11ty is due to Lemma[A.T4]and Lemma[A.4] the last inequality is by Lemma
Notice that + 3% | ||yz(7,;) — g ||? in the first term denotes the error of the inner loop iterates. In
both DBO (Algorithm[3) and DBOGT (Algorithm[)), the inner loop performs a decentralized gradient
descent with gradient tracking. By Lemma , we have the error bound £ 37 ||yz(7,;) —gil? <

Ca™', which completes the proof. O

A.1 Proof of the DBO convergence

In this section we will prove the following convergence result of the DBO algorithm:

Theorem A.16. In AlgOrithm Bl suppose Assumptions2.1) 2-2] and[2.3| hold. If Assumption 2.4 holds,

then by setting 1, < 130qu>’ Ny < u+L’ T = 0O(log(k)), N = ©(log(k)), we have:

12720212 (1 + K)2  C
2 < s 2 ®f,0 1
K+1 E [V (z5)|° < (K+1)(<I>(m0) 12f<I>(x))+m7m e + et

I Assumption 4|does not hold, then by setting n, < -, n(t) = O(1), we have:
La Y t
4nL?(1 + ﬁz)L?
(1—-p)?

1 & B 9 -
T X IO < gy ()i ()0

where C; = ©(1),C = ©(1) and C; = O(a” + o).
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We first consider bounding the consensus error estimation for DBO:
Lemma A.17. In Algorithml we have
K-1 n

T
Sk —ZHQkHQ P IV @i s 1P

7=0 i=1

Proof. Note that the = update can be written as
X = Xp i W = 1,00(Xr—1),
which indicates
T = Tp—1 — N20P(Xp—1).
By definition of ¢, j, we have

Giks1 = Y wizik — 0V [ @ik yly)) — @ — 1:09(Xx))
j=1

= > wi(ih — ) — na(V (i, () — 9B(Xe))

= QiWe; — 1, 0P(Xg)(e; — %) — W is symmetric.

Therefore, the update for the matrix Q41 is

Qi1 = QkW — 1, 09(Xy) (I — %)

= (QraW = 1.0 ( Xy 1) (I — %))W — e 0®(Xp) (I — %)

k
Jn i
= QoW — . > (90(Xi)(I - W)
=0
=7 Zacp YW= uﬁ)
x n )

=0

where the last equality is obtained by Qg = 0 and J,,W = J,,. By Cauchy-Schwarz inequality, we
have the following estimate

J,

1Qu+111* = | Zafﬁ Y(WE — el
=0
U o
Zpk o (X)I) D = W = =|1?)
=0 p n
k

Zpk floex)IH)Q_ o)

1=0

Zp" lo@(X:)II*)

where the second inequality is obtamed by Lemma Recall the definition of 0P (X):

0B(X}) = Wf1<:c1k,y1k>szmk,yék) N fa(Tn gy )] € RV,
Lemma[A. Tl further 1ndlcates

2 k
1Qr11]? < Zpk 7109(X;)|?) < xp (> JZ”Vﬂ zis D))
) . j=0 i=1 (23)
2 e T
= 1_pz}zﬁpk IV S I
=1 97=
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Summing 23) over k =0, ..., K — 1 yields
1

K-1 2 K-1 n &k
T
Sic= Do 1Qunall® < T2 30 3D IV il ui )P
k=0

k=0 i=1 j=0
K—-1 n K-1 -1 n
D22 A IVE@ I < g ZZ\ filwig vy 2,
Jj=0 i=1 k=j j=0 i=1
24)
where the second equality holds since we can change the order of summation. O

A.1.1 Case 1: Assumption 2.4 holds
We first consider the case when Assumption[2.4holds. In this case, we obtain the following lemma.
Lemma A.18. Suppose Assumptions[2.1| 2.2 and[2.4 hold, then we have:
- T 0 *
IV filwigs g P < 2AL7R6Y oy =7 5112 + (14 5)*Lio)-

Proof. Notice that we have:

2 T T — T
IV Fili g, ye P < 20 filwi g,y D) =V fil@igo ys N2 + 201V filzag, vt 5|2

T N
<2 Vaygilwig yiy )0l — vl )P
201V f: Th _ v Vi ()_lv (T)y2
+2| zfz(xmay” ) zygz(xmay” ) ygl(x’b,]ayz] ) yfl(xlj7y1] i
<AL o) = 7P + (Lyo + L;Lf,oV)

<2L2w6Y ([0 — vi 112 + (1 + K)2L3),
where the second inequality is via the Assumption[2.1] the last inequality is based on the convergence

result of CG for the quadratic programming, e.g., eq. (17) in [L1]. O

Next we obtain the upper bound for S
Lemma A.19. Suppose Assumptions 21| 2.2} and 2.4 hold, then we have:

CmF
Sk < (1—[)) (L2H5NBK 1+TLK(1+ ) L?,O)'
Proof. By Lemmas[A.T7and[A.T8] we have:
K-1 n
77z
S < 2 ||sz x27J7y2] )||2
7=0 i=1
K—-1 n
0 *
57 2 DAL — i+ (L4 0)°L)
§=0 i=1
213 2, N 2
7(1_/)) (L Ko, Bx_ 1+nK(1+ ) Lf,O)?
which completes the proof. O

We are ready to prove the main results in Theorem [A.T6] We first summarize main results in Lemmas

[A.TO [A-8land [AT}
Pk
S < —12
(1—p)?
A < 36y (Cl + 2I€QEK) By <2c9 +2d1 A1 + 2d2Ek, (25)
K—-1
Ex < 8nSk +4nn? Y [02(X;) — VO(;)||* + 4nn2Ti 1.
j=0

S(L?k6Y Bi—1 + nK(1+ £)°L7 ),
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The next lemma proves the first part of Theorem [A.T6]

Lemma A.20. Suppose the assumptions of Lemma|A.8| - hold. Further Set N = O(log(k)),T =
©(log(k)), e = O(75) such that:

L3 . . L3

N . -6y _ -6 51— -5
0, <mm{L21<;(4d1/<;2+2d2)’K }=0(k""), 5 <m1n{12r 5k} =0(k7),
1—p C (1—-p) 2 6”L<I>77 272 1
o < ————=— (which implies n, < ———=—, 106Lg - —=- +52n7L5 < =
" < T30 s | PRES e = ) onLe * (1 - p)2 <3)

we have:
1272nL3 L7 (1 4 k)? N o)
(1—p)? K+1’

1 & - 4 - 2
K—Hgnwmj)n < ey () —inf o) £ 02

where the constant is given by:

18L2k6N (2¢9 + 2d1c1) + 9Te1 67
L2H(5,Jiv<202 + 2d101) + £ ( 2 ! 1) Py
1= n
= 02Nk + K/555) =0(1).

Cy = 106L3 -

Proof. For By we know:

2
Bg <23 +2d1 Ak + 2dsEx < 2c9 + gdl(3c1 + 617 Ef) + 2do Ex 26)

= 262 + 2d101 + (4d1/€2 + 2d2)EK
We first eliminate By in the upper bound of Sk . Pick IV, T such that:

L2
SN (4dik? +2d) - P < L3 = 6 < 2

. 27
® L2ﬁ(4d11€2 + 2d2) @7

Therefore, we have
(LQH(SN(QCQ + 2d101) + L H&N(4dllﬂj + 2d2)EK + ’I’LK(l + I{) L )
203
(1—=p)?
Next we eliminate Ex in this bound. By the definition of 7,, we know:
(1-p) 16nn2l% 1

e < == <3
7 4/ 2TLLq> (1 - ) 2
which, combining with (23)), yields

< (L3 Ex + L?k6Y (22 + 2d1c1) + nK (1 + k)°L7 ).

27]2
(1—=p)?
+ L2k6N (2¢0 + 2d1¢1) + nK(l +K)°L% )

Sk <

(L3 (8nSk + 4nm Z 10®(X;) — VO (T5)||? + 4nn’Tk 1)

(28)

1 21?2 _
< 38K+ (1_7 nn?L3 Z 10®(X;) — VO(T5)|| + 4nn?LiTx

+ L?k6N (2¢0 + 2d1c1) + nK(l +K)%L7 ).
The above inequality indicates

2

Sk < 4m]2L Z 109 (X;)— V(@) ||*+4nn2 Ly T 1+ L?k6)Y (2c2+2dycr)+nK (14k)°L5 ).

x

(1-
(29)
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Note that we have
L2
121",%2

= 400 -6k%-2T < L. (30)

By Lemma[A-10]

K
S 2r 1212k
D 102(Xy) — VO(TE)||* < 2135k + — Ak + "N By

12L%k 12L2K6Y (2¢5 + 2dy¢1) + 6Tc1 6]

n

or
<2L2 Sk + (7 - 6K20T + -ON L (4dyKk? + 2d2))Ex +

<2125, + (ﬁ N 1212 o 12L2/<;5,]§V(202 +2dic1) + 6I‘cl($g

n

2, .SN T
SQL%{) 12L Ii(;n (202 + lecl) + 6F015y

(8nSK+4nn Z 10®(X;) — VO (T;)||> + 4nn’Tx 1) + -

12L2K5év (202 + 2d181) + 6FC153

n

K
<106L3 Sk + 5202 L3 ( Z 100(X;) — V(@) + Tk) +

16nL2
Wonlany | 5o 272)( Z 198 (X;) — V(@)% + Tx)

(1-p)? =

4n? 12L%k6% (2¢2 + 2dyc1) + 60¢ 61

(LR8N (2¢5 + 2dyer) + nK (14 £)L3 ) + (2c; +2d1c1) iy

(1- P) n
where the second inequality is by (23) and (26)), the third inequality is by (27) and (30), the fourth
inequality is obtained by (23] and the last inequality is by (29). Note that the definition of 7, also
indicates:

<(106L% -

+106L3 -

16nL2n2 1
106L% - ——22 1 52212 < —.
U= 3
Therefore,
K
> 1102(X,) — V() Zua@ Xy,) — Vo (@p)|” + Tk)
12L2K6Y (2¢9 + 2d1c1) + 6T¢1 6T
+106L3 - (L2668 (2e2 + 2dyer) +nK (1 + K)2L3 5) + = (Ze2 1 2hcr) "y

(1*P) n

which leads to

S(LPR6Y (202 + 2d1cr) + nK (1 + £)*L7 )

K
- 1
> 199(X) = V(@) < 57w +106L5 - (1 —

18L21€5}€V (282 + 2d161) + 9F615§
+ .

n

Combining this bound with (T0), we can obtain

2

Tk < 77(‘1)(950) 1nf<I> )+ Z 109(X},) — VO(zx)|?
x k=0
) 636nL3 L% (1 + k)? 1 1
< Z(®(z) — inf @ 2. t, K+ =Tx +-C

which implies

1272nL3 L7 (1 4 k)? N o)
(1—p)2 K+1

1 = - 4 - 2
K—H;nw(mn < ey () —inf (@) £ 12
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The constant C; is defined as

C; = 106L% -

(1 _Z)QLzﬁé,]{V(QCQ + 2d161)
= 06N k' + K96 ) = O(1).

I 18L2I{(5,{y (262 + 2d101) + 9F01(5T
Moreover, we notice that by setting 7, = O(K ~3n"3k3), we h

1

K

1 __

K+1 Z ||V‘I’(Ij)\|2 =0(
j=0

A.1.2 Case 2: Assumption 2.4] does not hold

Now we consider the case when Assumption [2.4]does not hold
Lemma A.21.

772 K—-1
Sk < z

p)2 . Z ||vfl I’?,j?

Yij
7=0 i=1

2712
(T))||2 < naiLf,O n
(1—p)?

K(2(1 4 x)? +2Ca™)
Proof. The first inequality follows from Lemma For the second one observe that
IV filwi gy = 11 Va fz(a?zk,y

W) = 20V i i)
<V filwi ey + 112 Y ny(xzkvyzk)H'i_”
su+ndk—-@m+nwm»
where we use Z( )

T
k:vyfi(xi,m yz(k))H
to denote the output of Algorlthmm outer loop iteration k of agent ¢, and Z7,
denotes the optlmal solution. By Cauchy-Schwarz inequality we know:
N
IV ity )P < U+ w4 11203 ~ 2

* N

ZilP Lo < (201 +r)° + 21|23
<201+ k)2 +20aMN)L32 7.0

which completes the proof

— Z5lP) Lo

Taking summation on both sides of (22) and applying Lemma [A-2T|and [A-T2] we know
> 0@ (Xi)

O
V(@) ||” < 6(L3(1+ %)) (K +1)Ca’ + (K 4+ 1)6L7 (Ca™ + 2(L} + L3K%) Sk
772L2
<(K + 1)(6(L( ))Cal +6L2 ,Ca™) +2L3(1 + Q)ﬁnK(Q(l + 5)2 4+ 20aN)
Together with (I0) we have
1 & 2 1 &
il Z V()| m(‘?(fo) — inf &(z)) + K+ Z 109(X}) — VO(5)|?
k=0 e k=0
2 o dnL%(1 + %)L -
_m(@(xo)—lng(x))+ni f(l—p)Q (1 + k)2 +Ca™) + Cy,
where we define
Cy = 6(L*(1+ K?))Ca” +6L% ,Ca™ = O(a” + o).
Moreover, if we choose 1, = O(K " 3n 35Kk73) 771(/t) =0(}), T =06(logK), N = O(log K)
then we can get
K niKs
Z IVe@@)|* = O(—5-)
=0 K3



A.2  Proof of the convergence of DBOGT

In this section we will prove the following convergence result of Algorithm 4]

Theorem A.22. In Algomhm 4 suppose Assumptions[2.1) 2-2] and[2.3| hold. If Assumption 2.4 holds,

then by setting 1, < 4(\1/%}” My < ;L+L7 T = O(log(k)), N = O(log(k)), we have:

2 < . . C
K+1Z”V¢ ;)| < (K+1)(¢(w0)_1§f¢(x))+Kjl'

If Assumption does not hold, then by setting 1, < 4\(/1%’;) T = O(1), we have:

—\ 0B(X)|I> -

Here Cy = O(1) and Cy = ©(aT + o™ + ﬁ)

We first bound the consensus estimation error in the following lemma.
Lemma A.23. In Algorithm we have the following inequality holds:

K-1 n

Sk Z SV Filiguy)) = Vi@ig-nyis DI + 08 (Xo0) ).

j=1 i=1

Proof. From the updates of x and u, we have:
Uy = Up—1 + 0P(Xy) — 0P(Xg—1), o= 0P(Xo), Thy1 =Tk — Nk,

which implies:

ﬂza‘l)(Xk), Tht1 :Tk—ﬁma(ﬁ(Xk)
Hence by definition of g; j1:

Gkl =Tiki1 — Thpl = D Wigjk — Natik — Tk + 0ok = Y wig (255 — ) — N (Wi — W)
=1 =1
n

= Zwiij,k —N2Tik = QEWe; — Ny Rye;.

Therefore, we can write the update of the matrix (41 as

Qr+1 = QW — Ry, Q1 = —Ro.

Note that (041 takes the form of

k

Qi1 = (QraaW — e Ri))W — Ry = =1 > R;WF €2y
i=0

We then compute 7; 1, as following

Tik+1 = Ui k+1 — Uk+1

_zhwwﬁvﬂﬁwwmﬂ)meb@w—w—@Wﬂﬂ%ﬁWM»
Jj=1

_Zwﬂw + (00 (Xir) — D0(X0) (e — )

=R We; + (8<I>(Xk+1) — 8<I>(Xk))(ei — %)
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The matrix Ry can be written as

R = RV -+ (00(Xi) — 99(X,0) (1 — )

k
= RoW™! 4+ (00(X;41) — 02(X;))(I — %)W’H’
j=0
T J (32)
= 00(Xo)(I — )W’““ + Z OP(Xj41) — 09(X;))I — ;”)W’“"
7=0
k+1 7 ,
=) (09(X;) — 0B(X;1))(I — f)W’““‘J,
j=0

where the third equality holds because of the initialization u; ¢ = \Y, fi(zio0, yf’?) and we denote
OP(X_1) = 0. Plugging (32) into (3T) yields

k 7
Qur = —m 32 S2(00(X;) — 00(X; 1)) (1 — T2 ywh

i=0 j=0
kK k 4 7
= 10 Y D (9B(X;) — 9B(X; ) (WH - 1)
j=0 i=j
k
= e Y (k1= )(OB(X;) — 0B(X,; 1)) (WHT - %)7

where the second equality is obtained by J,W = J,, and switching the order of the summations.
Therefore, we have

k
1Qual® = 2l D (k+ 1= ) (0(X;) — 0B (X;_1)) (W

_ oy
) L . k (k+1 A
<2 e 1= 9)1000X;) — 080, )P EE D ks - Ty
j=0 j=0
k _ k
<ni (O (k41— )00(X;) — 02(X; 1)) _(k+1—4)p*7)
7=0 j=0
P ‘
< (1_p)2(§p‘“ (k+1—)08(X;) — 08(X;_1)|?),
(33)

where the first inequality is by Cauchy-Schwarz inequality, the second inequality is by Lemma[AZ2]
the last inequality uses the fact that:

k k
_ 1 (k4 2)p* L+ (k + 1)pFt+2 1
(k+1—4)p = m+ 1)p < . (34
]Z ZO (1—p)? (1—p)?
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Summing (33) over k = 0,..., K — 1, we get:

K-1 K—-1 k

Sk=. \IQk+1|I2§ — Z PPk + 1= 5)[09(X;) — 02 (X;-1)|P)
k=0 k=0 j=0
n? K—1K—1 4
:W( P (k41— ) [02(X;) — 02 (X;-1)|)
J=0 k=j
. K—1
— )4
“a Zp) D 1109(X;) — 0@ (X;-1)|I?
j=0
K—-1 n
o (r o T
< (0 IV i) = Vil u LI + [02(X0) ),
j:1 i=1
which completes the proof. O

A.2.1 Case 1: Assumption 2.4 holds

When Assumption [2.4] holds, we have the following lemmas.
Lemma A.24. Under Assumption the following inequality holds for Algorithm [}

K—-1 n
Z Z IV fi(i, yf?) @fi(fci,jflvyl(?;)_l”ﬁ <6LAg_1 +12L°k6) B 1 + L3 Ex 1.

j=1 i=1
Moreover, we have:

772

(1=p)*
Proof. For each term, we know that for j > 1:
IV filigo s S)) = Vfiigon,ul )P
<3(IV filwi g u5) = Vi )P + Vi) — Vi(wi 1)
+ ([ V®i(zi 1) - vmi,j LU DIP)
<3 (lys (ig) — w212+ [l (i g—1) — w24 12) + 6L260Y (o — ol 12 + ok, g — ol |1?)

z] 1
+ Ly lwiy — xijal)

Sk < (6T Ag—1 + 12L%k6Y B 1 + Ly Exc—1 + [|0®(Xo)|1?).

where the last inequality uses Lemma[A.9]and Lemma[A.3] Taking summation (j = 1,2,...,K — 1
and ¢+ = 1, 2, ...,n) on both sides, we have:

K—-1 n
SN IV @505 = Vil u IR < 6T Ak 1+ 12L2k0) Bie 1 + L3 Bk 1.

j=1 i=1

Together with Lemma[A-23] we can prove the second inequality for Sk O

Together with Lemma[A-8|and[A7] we have:

ﬁ(GFAK_1 +12L2k0N B 1 + LA Er 1 + | 09(X0)|1?)

A < 55(301 + 6%32EK) B <2c¢y 4+ 2d1Ag_1 +2dsFg (35)
K—-1

Ex < 8nSk +4mn? Y [02(X;) — V(;)||* + 4nn2Ti 1.
j=0

Now we can obtain the following result.
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Lemma A.25. Suppose Assumptions[2.1| 2.2} 2.3|and[2.4 hold. Set parameters as:
L2 5 5 L2
- — - 5N . P
Tomar F = O, 0 <mind S )
(1-p)?
42nLe
For Algorithm[d] we have:

8, < min{-—2— R =0,

Nz <

1 & 1 & 4 C
- (77| < )2 < ————(®(75) — inf @ =
ol kZ:OHV @e)|” < K12 @I < nm(K—Fl)( (7o) — inf &(x)) + a1
where the constants are defined as:
1 24n2L%
20 =1e Tz AL 2 (0D(Xo)||? + 18Ter6L + 12L2k8Y (2¢5 + 2d1c1))
n 18L2H(5,1§V(262 + 2d161) + 9F615y
n
=0(n2k° + (n2K° + 1)(/@555 + H45év)) =0(1).
Proof. We first bound By as
2
Br < 2¢o +2d1 A + 2doExe < 2¢9 + gdl(:ac1 + 6k*Fx) + 2d2Ex
= 262 + 2d101 + (4d1/€2 + 2d2)EK
Next we eliminate Ax and By in the upper bound of Sk . Choose N, T such that
T 2 L3 N 2 2 L3
5y - 6K% - 6I' < 74’ ON . (4dyk? + 2dy) - 12L%K < 7¢
which implies
2 2
T L N Ld) (36)

5 .
S TR %% S 2UL2k(ddi k2 + 2da)

By (33), we have

Sk < UE p (2L2 Fr_1+ Ha(I)(Xo)”Q + 18FC1(5T + 12L2/€5N(262 + 2d101))

Next we eliminate Fr 1 in this bound. The definition of 7, gives 7, < 4(\1#32 , which implies

1??5)% < 1. Together with (83) and Exc_, < Ex, we have:

K-1

ﬁ(ﬂ? 7 (8nSk + 4nn? Z 109 (X;) — VO(T7)|1? + 4nn3 Tk 1)
7=0

+[|0®(Xo)||* + 18Cc1d, + 12L2/15N(202 +2dy¢1))

Sk <

SK n (213 (4nip? Z 102(X;) — V(@)1 + 4nniTk)

(1
+ [|0@(X0)||* + 18rc15;f + 12L%5{j(202 +2d1c1)),

which immediately implies

2772 272 LI —\ 12
S 8nn; L 0®(X,;)—-Vo(z:)||*+T
K < (1—p)4( g q>(j§:0\| (X;) @)l K) 37)

+[|0®(Xo)||* + 18T¢c1d, + 12L k6, (2¢2 + 2dyc1)).
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Moreover, by (I8) we have

K
— 2

> 109(Xy) = Ve(@R)||? < 2L5 Sk + ~- A + —— 0 Brc

k=0

L} \Ex + 12L2k6N (2¢9 + 2d1¢1) + 61"0155

2n K n

2L K—-1

<2I2Sf + 3—(s;nSK +4nn? Y 00(X;) — VO(;)||* + 4nn Tk 1)
7=0

4 12L2I€5N(2CQ + 2d101) + 6F6155

2 %

12L2KZ§£€V(2C2 + 2d161) + 61“0155

<8L2 Sk 48 Z 108 (X;) — VO(T;)|* + Tk) + -
16nL3ns  8n2L3 — _
2 3Nz 2
<(8L% - = pi 3 )(;)Ha‘l’(Xj)—V@(xj)ll + Tk)

) 2n?2 ) T 9 N 12L2K6N (2¢9 + 2d1¢1) + 6Tcl(55
+8L<I> . (1 — p)4 (HaCI)(Xo)” —+ 18P015y + 12L /{5H (262 + 2d101)) + n 5
where the second inequality is by (36), the third inequality uses (33)). Note that n,, satisfies:

1—p)? 16nL2 8 L2 1
ﬂz<7( r) = 8L%. Ly, | Si; <.
4v2nLg (1—p)* 3 3
Therefore, we have:
i 1 1
> 1102(Xy) — VO (Tr) §ZH8<I> V(7)1 + 3Tk
j— k:
27)2 12L2/€(5£] (2C2 + 2d161) + 6F01(5T
+8L3 - T (109(X0)||> + 18Tc16, + 12L%k6Y (2co + 2dyc1)) + " L,
which leads to
~ 1 24n2L2
D 102 (Xy) — Vo (R | < 5T + TP L (]0D(Xo)||> + 18T c1d; + 12L%K61 (2c2 + 2d1cy))
18L2I€5£] (202 + 2d161) + 9].—‘61631
+ .
n
Recall (T0), we have
L o< — 2 (0@ - info Z 19B(Xr) — V()|
K418 S ke oW - K+1 k) Tk
<2 (@) - (@) o Ti = C
————(®(7g) — inf P(x :
K+ Y 20K +1) % T 2K +1) 7

Therefore, we get

K
1 o 4 . Cs
e a—— TP ——— (D —inf®
T L IV < gy 8 ) + g

where the constant is defined as following

1 24m2 12 18L%k6YN (2¢2 + 2dyc1) + 90¢ 6
2 (177 ) 2 ([0 (Xo)|? + 18T¢187 + 12L%k6Y (2¢0 + 2d1¢1)) + (2e, - 1e1) Ty

=02k + (2K° + 1) (k ‘J(g + KN = 0(1).
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Finally, if we choose 1, = @(m_3), then we have:

R 1
— Vo(7;)|? = O(—=).
71 2 VeI = Of)
O
A.2.2 Case 2: Assumption 2.4] does not hold
We first give a bound for ||§; — 77_;|| in the following lemma.
Lemma A.26. Recall that j; = arg min LS 1 9i(wi g, y). We have:
~ ~ o _ K - 2
195 = 951 l" < — > llwiy = il
i=1
Proof The proof technique is similar to Lemma[A.T1] Consider:
Hizvygz xz; 172/] Zvygz xz; 17?/] Zvygz ij 1>yJ 1)” > :U‘”y] g;;lHa
i=1
Hfzvygz L 5— 17y])|*|| Zvygv Li,j— 1’yj Zvygz xwayj |<*ZH‘T%J Lij— 1”
=1 =1
which implies:
~ % ~ % 2 "{2 - 2
197 = g5-1l° < Z |5 — xij1])? < . D lwig — @il
i=1
O
Lemma A.27. When the Assumption[2.4|does not hold, we have for Algorithm @}
2
Sk < (12736;,)4 [6(L*(1 4 &%))n(K = 1)Ca” + 6n(K — 1)L} ;Ca™ + 3L (1 4 &%) Ex—1 + |02(Xo)||°] .
Proof. We first consider:
IV (i g vl = V filwigo1, u G DIP <8IV filwig,uly)) = Viilwag, )
+ 3|V filwig, 77) = Vfilwigo1, G50 1> + 31V @iy 1, 5-1) = Vilwaus )
<3(L2(1+ 1)) lyly = ;17 +3LF.0Ca™ + 3L (lig — @iyl + 17} — 5511
+3(L2( ))”yzj 1 _y] 1||2_‘_3[’2 OCO{
<3(L2 (1 + 1)) () = T 112 + lwi5hs = Gi-al?) + 623 oCa® + B3 (|| s — i1 |2
K2 o 9
+ D iy =il
i=1
where the last inequality uses Lemma[A.26] Taking summation on both sides, we have:
K—-1 n
> D IVilwiguiy) = Vi)l
Jj=1 i=1
K—-1 n
T ~ % T ~%
B+ D0 D s = B 1P + i — G5al)
Jj=1 i=1
K—-1 n
+6n(K —1)L7,Ca™ +3L5(1+62) Y > |lziy — i
j=1 i=1
<6(L*(1+ 12))n(K — 1)Ca” 4+ 6n(K — 1)L} (Ca™ + 3L5(1 + k) Ex 1,
which completes the proof together with Lemma [A-23]and [A-12} O
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Lemma A.28. When the Assumption[2.4]does not hold, we further have for Algorithm [

2L?(1 + k?)

K+1 K

K
1 g—
T kZ_:O 109(X5) — VORI < 6L2(1 + 52)CaT + 6L% (Ca™ +

Proof. By Lemma[A.T0] we have

K S ——

S 108(Xx) — VO(@R) % < 6L2(1 + w2)(K + 1)CaT +6L3 ,Ca™ (K + 1) +2(L2 + L3x?)Sk,
which yields

2

k:

205 (1 + ?)

Vo(@r)||* < 6L%(1+ %) Ca” + 6L (Ca® + Kl

K-

Now we are ready to provide the convergence rate. Recall that from Lemma[A.27] [A77] and inequality

(TO), we have:

K
r Z IVO@D)* < — s (9(7) — inf 9(a)) + Klﬂkz [58(%) — V)|

2
Sk < ”wp - [6(L*(1+ k)n(K — 1)Ca” + 6n(K — 1)L7 (Ca™ + 3L3(1 + %) Ex 1 + [|02(X0)|*] ,

Er < 8nSx + 4nn? Z 109(X;) — VO(TF)||> + 4nn2Tk 1.

(38)
The following lemma proves the convergence results in Theorem [A-22]
Lemma A.29. Suppose the Assumption[2.4]does not hold. We set 1, as

1— 2
< 2P
4v/6nkLy

1
(which implies : 3L?»(1 +K%)-8n < 5) (39)

;s
(1-p)*
Then we have:

102 (Xo)]*

C
K+1 + 25

K
2 6 -
kZ:: |Ve(zy)||~ < m(q’(xo) - H;f o(z)) +

where the constant is given by:

% =6L*(1+ x*)Ca” + 6LF ,Ca’

109 (Xo)|*
K+1

27)2
(1-p)*
1

@(Oé +Ol +K7—|-1)

+2L5(1+ K7) -

6(L*(1+ k*))nCa” + 6nL7 Ca™ +
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Proof. We first eliminate Ex_; in the upper bound of Sk. Since Ex_1 < Ek, we can plug Ex
into the upper bound of Sk and get

2
Sk < (127%[))4 [6(L2(1+ w2)n(K — 1)CaT +6n(K — 1)L ,Ca™ +3L3(1 + #2) Ex_1 + 08 (Xo)|?]

<

L [6(L*(1 4 £%))n(K — 1)Ca” + 6n(K — 1)L} ;Ca™ + [[09(Xo)|?]

2
+ (1?72))4 -3L2(1 + #2) - (8nSk + dnn? Z 19B(X;) — V(@)% + 4nnTx_1)

L [6(L2(1+ £*)n(K — 1)Ca” + 6n(K — 1)LF (Ca™ + [0 (X0)||]

(
1 NS (G0 v (2 4 B
+ 58k + 5 Y 109(X5) = V@) + 5 Tie),

(40)
where the last step holds because of (39). We rewrite (40) as

Sk < - ) [6(L*(1+ £*))n(K — 1)Ca” 4 6n(K — 1)L7 (Ca™N + [|09(X0)| %]
n2 K21 2
+ 5 D 109(X;) - Vo) |* + ;TK71~
=0
By Lemma[A:28] we have

205 (1 + K?)

K+1 K

K
1 a5 Y. ) -
K+1 kz—o 100(Xx) — Ve (TE)|* < 6(L% + 5*)Ca’ +6L7 (Ca™

< 6(L* + w*)Ca” +6L7 ,Ca’Y
2L5(1 + K?) 2

[6(L*(1 + £%)n(K — 1)Ca” + 6n(K — 1)L} ,Ca™ + [|02(Xo)|?]

K+1 (1—p)*
2 K-1 772
Z 108%;) - Vo@)|1* + L1}

e x _ 2 x
<5 11 2 [0®(X;) — Vo(z5)|| Tx—1)
= K-1
Co 1 — e 1 |02 (Xo)|?
=4 - (X)) — V(T Ty, Y
<% Tamy = [02(X;) = Ve (@)l 3Er) K T e m 1)

(41)
where the last inequality holds since we have

1-p* 2 2 1 1-p* 1
. © _.312(1 . .
in Ao pi Shi RS <o T < i

and the constant is defined as:

B0+ o) -

C;? =6L(1 + x?)Ca’ +6L% ,Ca
2n; 10%(Xo)|?
2 2y | i 2 2 T 2 N
+2L3(1+£7) A=y [G(L (1+£%))nCa” +6nL; Ca”™ + K1
1
@(CM +Ol + TH)
We then rewrite @ as
C; 2 1 [0 (Xo)||?

2 -
KHZHa@ (Xi) = VO@m)|* < = Yol iy 3K L)
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By Lemma[A-T0] we have

1 1 &

K18~ a1 kzzo”vq’(ﬁ)llz
2 1 K
< m(@(fo) - iI;f‘I’(Z')) + T ;0 108 (Xy) — VO (z5) ||
< m(@(fo) - iI;ffb(a:)) + % + g%“TK—l 4 M'
Since Tk 1 < Tk, we get
: 6 LRI

+ (.

i < (®(@0) — inf (a) +

K+1 ne(K + 1) K+1

Furthermore, by setting n, = O(x3), n, = ©(1), N = O(log K), T = O(log K ), we have

R 1
il > IveE)|® = O(3);
3=0

which completes the proof. O

A.3 Proof of the convergence of DSBO

In this section we will prove the convergence result of the DSBO algorithm.
Theorem A.30. In Algorithm[3] suppose Assumptions @ 2:2} and 23| hold. If Assumption|[2.4| holds,
2

then by setting M = ©(log K), T'= O(log(k)), € < 7, 1 < ﬁ’ Ny < 5 we have:
K
1 o 2 I 3(p+ L) 3n2nL2 -~ -
— NE[|ve@n)|?] < ———(E[®(z5)]—inf ® AT 1262 2R 2 5240,
71 VO] < gy (et -inf o)+ G L (I Gy

If Assumption dOes not hold, then by setting 1, < i, nl(/t) = (9(%), we have:

1 K I ) . ] 24nL?(1+/~12) 5 N
1 2 BIVEERI] < Ly B0 — inf () == ()7 - Cal)
+ Ly (407 (1 + &%) + (8L% o + 401%)%) +Cs.

Here C = O(1), C3 = O(n2 + ﬁ) and Cs = O(+ +a™).

We first define the following filtration:
Fi = o({zio win, i), G =o({yl) 1 0<1<4,0<s <t} Jlain:0 <1 <))
i=1

Then in both cases we have the following lemma.
Lemma A.31. Ifn, < 7, then we have:
2

E[|Ve@@)|’] < - (E[@@) - E@@m) + E [|E 02X )17 - Vo)

+Ln.El| [99(Xi; 9)| — B [99(Xs; 6) 7 1%

Proof. In each iteration of Algorithm 5] we have:

Try1 = T — 1:09(Xy; ). (42)
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The Lg-smoothness of ® indicates that
- Len? —
(@71) — () < VOEH) (1.0 (X 9)) + 5 [98(Xi: 0)]*

Taking conditional expectation with respect to Fj, on both sides, we have the following

Lon?
2

=~ L (|va @I + IE [08(X:0)|F] I — IE [08(Xes )1 7] — V(@)

E[@(@571) k] — @(75) < VO@R) (—nE [08(Xk: )| Fi]) + Z2E [[08(Xes 9)|12| 7

LLent g [mu ] I>+E [Hm -E [mlf } %7 ]>
: ¥ A P k3 k k
(g e [P a1+ P (|7 - [P0 11

~E(Ive@)|? - |E [98(X: 9)|Fe| - V@)

<UL [[080%0) - E (00X 9l IP17] - (9@ - | [0 0)17] - vem)|P)

where the second inequality holds since we pick 1, < % Thus we can take expectation again and
use tower property to obtain:

SEIVe@DIP] <E[e@m) - Ele@mm)] + S [IE [0 )17] - Vo)’
(43)
Loty [98(X9)] - & [08(% 017 I

which completes the proof. O

A.3.1 Case 1: Assumption 2.4 holds
Lemma A.32. Under Assumption we have:

1B [V filwis yle s 60) ] = Vfilin v < Lol = eL)M
Proof. We first consider the expectation

E Wfi(J?i,k’yE,Tk); ¢i,k>|}-k}
M-1

=V Fil@ige yr)) = Vayg(@in, uy) [ ST U - e2g(@igny ) )"
k=0

- 44)
Vyfi(Tik Yix )

where we use the fact that M’ in Algorithm [2|is uniformly sampled from [M]. Notice that for the
finite sum we have:
M—-1 . S ,
€ > (1= eVig(ainyl ) )* =€ |Vig(ain yi))] (= (1 = Vg ylN™)
k=0
-1

T T
= [V2g(@inui)| (1= (1= eV yWD™M),

which implies:

N -1 1—el)M
le 3 1= igConn ) - [VhawnnD)] 12 EEEE e
k=0

These inequalities yields the following error bound
IE [V filwins ylks 660) 1 Fi] = Vfilwin v < Lol = eL)M

which completes the proof. O
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Lemma A.33. Under the assumption[2.4] we have:

K 2
L

> IE [98(X: )1 | - VO(@w) |2 < (K + 1)L (1 — L) + —L A + L3 ). (46)
k=0
Proof. We first bound each component of the gradient error as

IE [V fileik, ylk s 000) ] — Vi@
<30I [V filwige yl2s 60 1P| = V@i ySON2 + 19 Filwins uis) = Vi, i (i)
HIV fi(@i g, yi (Tik)) — W‘(ﬁ)llz)
<B(LF (1 — eL)*Mr® + ||yz k= (@) |12+ L3 e — Tx %),

where the second inequality is obtained by Lemma[A.32]and Lemma[A.3] Taking summation on both
sides over7 = 1,...,n, we have:

B [92(X5: ) 72| — VO (@) < ZuE[wz(m,yzk,¢>1k)\fk} V()|

<3(Ljo(1—eL)Mr? + onym—% (i) + ‘I’anwn

Taking summation on both sides over kK = 0, ..., K, we know

K L2
SR {8(1)(Xk; ¢)\f,€} — V& (@p)|I” < 3((K + 1)L7 o(1 — eL)*s* + ?fAK + L2 Sk),
k=0

which completes the proof. O

The following Lemma is adopted from [5, Lemma 5].
Lemma A.34. Under Assumptions[2.1]-[2.3] we have:

E[E [?fi(xi,k,yg;;);¢i,k)|fk] - @fi(xi,kyyf?;@,k)w %,

E|| [09(X,:6)] - E [00(X,s 9)| 7] I < 67,

where the constants are defined as

. 3

UJ% = 0]% + 2 [(0]% + L?’O)(U;Q +2L%) + O'J%Lﬂ = O(K?).
The following lemmas give the estimation bound of Ax and Sk in the stochastic case.
Lemma A.35. In Algorithm[3] we have

7) = n2nkK
E[S £ 2 Z]Ehvfl mz]vyzd 7¢’LJ)Hi| ( z p) Cfa

7j=0 i=1

where the constant is defined as
LLpy | LLyvy

C —(L o+
f 1 1

Proof. Observe that in this stochastic case, we can replace Vi, yl( J)) with V f; (@i, yZ G qbz, i)
in Lemma[AT7]to get the first inequality. For the second inequality, we adopt the bound in Lemma 2

of [5. O
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Lemma A.36. Set parameters in Algorithm|5|as

2 T
Ny < 4, <

, 47
) 47)

ol

Then we have the following inequalities

w+L

E[Ak] < 55(21[-3 [c1] + 6x%E [Ex]) + 2M7L77ynKa2

9,1

E[Fx] < ( +3)inKC3.

(1-p)2

Proof. The proof is based on Lemma[A.8] Taking conditional expectation with respect to the filtration
Qf’tjfl), we get
¢ t—1 t—1) (t—1 « t—1
E Iy = i @) 116570 =Bl = nVog(i ol el ) —vi @268V
(t—1 . t—1 t—1 .
=o' =i @I = 20,V ygi(ragutly T — vk @)

1 1) 1)
2B [IVyi(wi, w5 VielOIRIG0 ]

2pypl -1 2 D)2 4 2o
SOy =i @ap)l™ 4 (o = 2o Vg vy I 7y
277 /JL t 1 *
<(1— )yt — (i) + n2o2,,

p+ L

where the first inequality is obtained by the smoothness and the strongly convexity of function g and
the second inequality is by (7). Taking expectation on both sides and using the tower property, we
have

T 2nypLs T-1) .
E |l — o7 (@) 7] < (L= SRR [l — v @) + njos

2nypL (0) ~,  2nnL
y T 0 * 2 2 2 y s
<(1- m) E [”yi,j —y; (@) } +Ny041 s=0(1 - m) (43)

0 y w+L
<Oy (I3 — vi ea)IP] + 5 T meda

Moreover, by the warm-start strategy, we have

0 * * *
E Iy — v @in)I2] = E [lyF5-1 — v (i) + 7 (a5 1) — 5 (@)

2(E [llv);-1 — vi @a =) IP] + E lly5 (wi-1) — v5 (@35)I°])

< 267 [y = 7 @ig-0)I1?] + 26°E [Ioi-1 — i)

(49)

2 0 "
< ZE Iy - vl @ig-0)I12] + 26%E [Josg-1 — i)l

where the second inequality is by Lemma [A.5]and 9) and the last inequality is by (@7). Taking
summation over ¢, j, we have:

K n K n
SO [ v @in)l?] < 2SS E (I — v s 0)IP] + 2R B
j=1i=1 j=11i=1
<2 25 2 o ) )
< +32221E[||y” — v (@1)|1?] + 25°E [Bxc],
Jj=1i=
which leads to .
SN B[ - v @is)I?] < 2B (] + 65°E [Exc] (50)

j=1i=1
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Combining (50) with (48) and taking summation over i, j, we have

Bl <573 3B 1) - i) + o E K

j=11i=1

_l’_
< 6, (2E [c1] 4 65°E [Ex ])+ i —ny

Recall that for E'x we have:

K n K n
Bk =Y Y llwij—wijal? =YD Moy — 75+ % - T 1+ %1 — zijal

j=li=1 j=1i=1
K n
ZZ gi,; — 120 (X;-1;0) — qij—1?
j=11:=1
K n -
<3 D (llgiill* + m 02 (X1 )1 + llgsi—1[*)
j=11i=1

K
Si’mz Q5117 + 11Qj—11I* + nZl|0®(X;—1; 9)|®

K—
<6nSi + 3nn? Zna@ (X 0)I°
j=0

N

n

= T
<6n.Sk + 3n; Z IV Filwig s S5 012
7=0 =1

Taking expectation on both sides yields

K-1 n
E[Ex] < 6nE[Sk]+32 > > E [Wﬁ Ty 6ig)l ]
7=0 =1
N 6n 2 ~2
< 6n C? 4+ 3’nKC? = (——— + 3)n2nKC?,
e 1= IR
which completes the proof. O

Next, we prove the main convergence results in Theorem[A30] Taking expectation on both sides in

(@6), we have:

% ki_o]E IE [09(X,: 9)1F| - Ve (@)l

2 2

f (51)
n(K + 1)]E[AK] + KilE[SKD

<3(LF (1 — eL)*Mpk? +

3(u+L) 2 2

3
<Cs+ oul nyLyog, + 1—p)?

where the constant is defined as:
2

C3 =3L7 (1 —eL)*r* + 8, (2E [c1] + 65°E [Ex])

n(K +1)
2
6n ~
< L2 1— el 2M .2 T 27T, 2 2 K 2

= 0(Mg? + 77355/@8).
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Here we denote §. = (1 — eL)? for simplicity. Therefore, we set M = O(log K) and T = O(log k)
such that Cs = ©(n2 4 #47). Recall that @3) yields:

E[IVo(@5)|] snimmn — E[@(wr57)] +E [|IE [05(Xy; 6)| ] - Vo)

x

+Ln,El| [09(Xi: 9)| — E [00 (X, 6)|7 ] |1%

If we take sum on both sides and calculate the average, together with inequality (5T) and Lemma

[A34] we have
S 2
z_: [IVe@)|?] W(E [®(%0)] — inf (z))
+ S(gJLL) yLiol, + ?;79” L)‘I’ C} + Ln,63 + Cs.
By setting 77, = O(K~2), Ny = O(K %) we have
LSk [Ive@i) - o),
E+1= VE

A.3.2 Case 2: Assumption 2.4 does not hold

We first consider the bound.
Lemma A.37. Assume the Assumption|[2.4|does not hold in Algorithm[5] we have

e (R

_6C(L2(1 + 2))
- T

2
+6L% oCa +2L%(1 + K?) q ﬁrp)w(g(l + )2+ 20a).

Proof. Denote by Z l(],:) the output of each stochastic JHIP oracle|l|in Algorithm Then
7(N) (V)
B [20] = 72

which implies

E [00(X,: 9)| 7] = 99(X,).

Hence we can follow the same process in case 2 of DBO to get:

K K
>IE [09(X; 0)|F] — Vo@n)|? = Y 199(X,) - V()|
k=0 k=0

<(K + 1)(60(L2(;+ K2))

n2
(1-p)2

Taking expectation again on both sides and multiplying by ﬁ on both sides, we complete the
proof. O

+6L%,Ca™) +2L3(1 + £7) nK(2(1+ r)? +20a%).

The next lemma characterizes the variance of the gradient estimation.
Lemma A.38. Assume the Assumption[2.4)does not hold in Algorithm[3] we have

|| [08(Xe:9)] ~ B [FR(X )] I < 40301 + %) + (8L +40) -
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Proof. Recall that we have:
Vhieon 0:0) = Ve filwonu®:0%) — [290) 9, fieon oD 69)
@fv(mzkvyl(:,];)) = mei(xi,k,yﬁ)) - [Z;,];Z)}T Vyfi(xi,myf?)-
By introducing intermediate terms we can have the following inequality
IV filin, 9535 @) = Vhilin yf3 < Ve filwin, vy 6400 = Vafilwin vy )
1 [2] = Vapg st [VigCean s )] Va5 0 DI
IV eyg(in 08 [Po0in )] (Tt o35 6) — Vo fiCeon i)

-1 N T
4| (Vayg@ine yln)) [Vig@in v = [200] )90 fitwin s GDI

For the first term and the third term we use E [||V fi(z,y;¢) — Vfi(z,y)|?] < oF. For the
second term (and the fourth term) we use the fact that stochastic (and deterministic) decentralized
algorithm achieves sublinear rate (Lemma[A.T2). Without loss of generality we can set C' such that:

max{1Y" E {HZAZ(]Z) - Zl*k||2} NZN, — 27, 1*} < % For partial gradients in the second and
fourth terms, we have:

IV, fi(is y I < L
E IV, fi@inuis s 60 m}
= [V, filwin, v 000) = Vil 2] + 19y fi(win y 3 P
<o+ L3,
Taking summation and expectation on both sides, we have

1 & . T . T c I? c
- ZE {||Vfi($i,k,y£k);¢) - vfi(mi,kvyf k))Hﬂ < 4o} +4(L3, +Jf)N +4M o +4LfoN
=1

which, together with

1< o o
Bl [08(X:8)] - E [08(X D17 I < = S B [IV filwin v330) = ¥ filwin y3) ]
=1
proves the lemma. O

Now we are ready to give the final proof. Taking summation on both sides of (@3)) and putting Lemma

[A-37) and [A-38] together we know:

1 a - ) - '
K1 ];)E [HV(I)(ZL'IC)||2] < m(E [®(Z0)] — 1I;f d(x))

- ZOE[HE 09X D)1 7] - Ve@D)I] + 09(X,:9)| ~ E [99(Xi )17 IP

2 . 6C(L2(1 > N 2
Sm(E [®(z0)] — 121f(l>(17)) + SCLA1 + #%)) +6L3 OCaN +2L3(1 4+~ )(1 i p)zn(2(1 + K)? +2Ca™)
+Lny (40 (1 + k%) + (8LF o + 40]%)%)

92 24nL?c(1 + K2)

(E[@(z0)] — inf ®(2)) + 1 (1 +r)?+ Ca™)

(K £ 1)  (1-p)p2

C ~
+an(40?(l + m2) + (SL%O + 40?)N) + Cs,
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which complletes the proof. Ilrlere Cs = w + 6L?’OC’o¢N = O(# + o!). By setting
Ne =0(K 2),n,=0(K"2), T=0(Kz2), N=0(logK), we have:
| X
w1 2 ElIve@nl] = o

K+1k:0

=l
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