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Abstract. Motivated by the prediction-correction framework constructed by He and Yuan
[SIAM J. Numer. Anal. 50: 700-709, 2012], we propose a unified prediction-correction framework
to accelerate Lagrangian-based methods. More precisely, for strongly convex optimization, general
linearized Lagrangian method with indefinite proximal term, alternating direction method of multi-
pliers (ADMM) with the step size of Lagrangian multiplier not larger than (1 +/5)/2 (or 2 when
the objective of the composite convex optimization is the sum of a strongly convex and a linear
function), linearized ADMM with indefinite proximal term, symmetric ADMM, and multi-block AD-
MM type method (assuming the gradient of one block is Lipschitz continuous) can achieve O(1/k?)
convergence rate in the ergodic sense. The non-ergodic convergence rate is also established.
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1. Introduction. Augmented Lagrangian method (ALM) [20, 26] is a classic
and efficient tool for solving the convex programming problem with linear equality
constraints:

(P1) min{f(z): Az = b},

where f : R™ — R is closed, proper, convex, but not necessarily smooth, A € R™*"™
and b € R™. Even recently, (P1) has a wide range of applications in compressed
sensing, image processing, machine learning and so on. There are some well-known
variants of ALM, for example, the proximal ALM introduced by Rockafeller [27, 28]
and the linearized ALM with different special proximity terms.

As another popular Lagrangian-based method, the alternating direction method
of multipliers (ADMM) [6, 7] plays a great role in efficiently solving large-scale struc-
tural case of (P1):

(P2) min{f(z) = fi(z1) + fa(z2) : Az := Az + Aszo = b},

where A; € R™*"1 Ay € R™*"2 p € R™, fi : R™ — R and fy : R™ — R are
proper, closed and convex. Following the idea of proximal ALM, proximal ADMM [5]
is proposed to make the subproblems easier to solve by adding proximity terms. With
a carefully selected special proximity term, it leads to the linearized ADMM [34]. For
the ADMM type methods, there are numerous references on the O(1/k) convergence
rate in the ergodic sense [2, 3, 16, 23] and in the non-ergodic sense [2, 18, 21].

The first accelerated gradient method for unconstrained convex optimization with
O(1/k?) convergence rate is due to Nesterov [24]. It is further generalized to com-
posite convex optimization with simple proximal operator [1, 32]. For (P2) with an
additional assumption that both f; and fo are strongly convex, ADMM is accelerated
by introducing the extrapolation technique [8]. Under one function being strongly
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convex, ADMM with adaptive parameters also enjoys an O(1/k?) convergence rate
[33]. As shown in [31], the strongly convex assumption can be replaced with gra-
dient Lipschitz continuity. For O(1/k?) convergence rate of linearized ADMM type
methods under strongly convex assumption, we refer to [3, 25]. Recently, Sabach and
Teboulle [29] proposed a class of Lagrangian-based methods with faster convergence
by the so-called nice primal algorithmic map.

Convergence analysis of Lagrangian-based methods used to be a heavy task. Un-
til 2012, He and Yuan [17] established a unified prediction-correction framework to
simplify the analysis of the Lagrangian-based methods, from which O(1/k) conver-
gence rate can be obtain in the ergodic and non-ergodic sense. Motivated by this
framework, we propose in this paper a prediction-correction framework to analyze
the accelerate versions of the Lagrangian-based methods with O(1/k?) convergence
rate. For (P1) and (P2) with f, fi or f2 being strongly convex, we succeed in es-
tablishing O(1/k?) convergence rate in ergodic sense of Lagrangian-based methods
including general linearized ALM with indefinite proximal term, ADMM with step
size of Lagrangian multiplier not larger than (14 1/5)/2 (or 2 when f; is linear), lin-
earized ADMM with indefinite proximal term, symmetric ADMM. It is a bit surprise
that the O(1/k?) convergence rate in ergodic sense of ADMM type methods can be
established for solving multi-block optimization problem

(P3) min{f(z) =) filw:): Av:=>_ A; =0},
i=1 i=1
where m > 2, f; : R™ — R is closed proper convex for ¢ € [1,2,---,m], f, is addi-

tion gradient Lipschitz continuous, A4; € R™*" and b € R™. Non-ergodic O(1/k?)
convergence rate is also considered in this paper.

The remainder of this paper is organized as follows. Section 2 presents our unified
prediction-correction framework for accelerated. Then we establish faster ergodic con-
vergence rate under strongly convex and gradient Lipschitz continuous assumptions
in Sections 3 and 4, respectively. Section 5 gives faster non-ergodic convergence rate.
Conclusions are made in Section 6.

Notation. Let x; be the i-th part of z, i.e,, x = (z1, -+ ,zm;m) € R™. Denote
by D > (>)0 the symmetric and positive (semi)definite matrix in R"*™. For D > 0,
we define the matrix norm as ||z||p = V&7 Dz. Denote by omax(D) and oy (D) the
maximal and minimal eigenvalue of D, respectively. Let Of(x) be the subdifferential
of the convex function f(z). Denote by Vf(z) the gradient of the smooth function
f(z). The following two definitions are standard.

DEFINITION 1.1. f:R™ — R is o-strongly convex if there is a o > 0 such that

@) 2 J@) + (@), - ) + Sy -2l J'(@) € 9f(a), Yo,y € R

DEFINITION 1.2. f:R™ — R is L-gradient Lipschitz continuous if f is differen-
tiable and there is a constant L > 0 such that

F&) S F@) + (VI @)y =)+ 5y —all, Vo, R

If f is L-gradient Lipschitz continuous, we have

fy) = f(@) +(Vf(x),y —z) + %va(z) ~VI|?, Vo,y € R". (1.1)
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2. The unified prediction-correction framework for acceleration. We
consider (P1). The Lagrangian function of (P1) is:

L(Z‘,A) = f(.T) - )‘T(Ax - b)7
where X is the Lagrange multiplier. We call (z*, \*) a saddle point of L(z, ) if
L(x",\) < L(z*,X°) < L(x, X*).

As shown in [9, 10, 11, 17], the saddle point (z*, A*) can be alternatively characterized
as a solution point of the following variational inequality (VI):

flx) = f@*) + (u—u)TF(u*) >0, Ve, (2.1)

w= (i)  Flu) = (;;‘2) . (2.2)

The following framework due to He and Yuan [17] has been widely used in [10, 11, 19]
for solving (2.1).

where

[Prediction Step.] With given v*, find @* such that
f@) = f@) + (u=T)TF @) > (v = °)T Q" - %), va, (2.3)

where Q7 + Q = 0 (while Q is not necessarily symmetric).
[Correction Step.] Update v**+1 by

Pt = oF — M(oF —T*). (2.4)

The selections of @ and M are crucial. The following conditions are sufficient to
guarantee the convergence.

[Convergence Conditions.] For the matrices @ and M used in (2.3) and (2.4),
respectively, there exists a matrix H > 0 such that

HM = Q, (2.5)
G=Q"+Q—-MT"HM = 0.

LEmMMA 2.1 ([10, 11, 17, 19]). Under convergence condition (2.5) and (2.6), for
the prediction-correction framework (2.3) and (2.4), we have

1 .
(0"t = ollfy = [v* = vllF) + S lv* = *[&, Yu.

N | =

flz) = f@") + (u—a")TF(@*) >

Then, the ergodic O(1/K) convergence rate can be easily obtained by adding up
the inequalities presented in the following lemma from & = 0 to k = K. In order to
pursue faster convergence rate, we propose the following framework with dynamically
updated Q* and M*. Moreover, we need an extra item in (2.3), see (2.7), where the
new variable z can be set as x, x;, or V f(x), see details in Sections 3 and 4.
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[Prediction Step.] With given v¥, find @* such that
Fla) = FE) + (=) B > (0057 QHwh — ) + Z)12* — 2P, v, (27)

where o > 0, and (Q*)T 4+ QF = 0 (while Q* is not necessarily symmetric).
[Correction Step.] Update vk*! by

P = ok — MF (R — ). (2.8)

Similarly, we give the following dynamic convergence conditions.

[Convergence Conditions.] For the matrices Q¥ and M* used in (2.7) and (2.8),
respectively, there exists a matrix H* = 0 such that

H*M" = QF, (2.9)

G* = (QMT + Q% — (MMTH M* - 0. (2.10)

With the dynamic convergence conditions (2.9) and (2.10), we can obtain Lemma
2.2 similar to Lemma 2.1.

LEMMA 2.2. Under convergence condition (2.9) and (2.10), for the prediction-
correction framework (2.7) and (2.8), we have

flz) = f@") + (u—a")TF(@@")
1 k+1 2 k 2 k 2 1 k _ ~k2 (2'11)
250" = vl +ollz® = 217 = [0 = vllge) + 5llv" = 2%[lg, Vu.

Note that if H* is not a constant matrix, it may fail to establish the convergence
by directly adding up (2.11) from k = 0 to k = K. Therefore, we need the following
additional convergence condition.

[Convergence Condition.]

i A e e e e [ e =)

(2.12)
ZHUkH - U*H?{(I;H - Hvk - U*H%rg +eM —oF,

where rF > 0, H(’f = 0 and ©F > 0.

Notice that throughout this paper, we have
fla®) = f@) + (W —TTF@@EF) = f2*) — f@) + (\)T(ATF - b).

We give the following two technique lemmas for convergence rate analysis.
LEMMA 2.3 ([33]). Let (x*, \*) be the saddle point, given a function ¢ and a fived
point T, it holds that

f(@) = f(&*) = AT(AZ = b) < $(N), VA

= f(2) = f(2") + pl| AT = b] < sup $(A), Vp > 0.
N
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LEMMA 2.4 ([33]). Let (z*, \*) be the saddle point, and | \*|| < p. For any e > 0,
f@) = f(@") + pll AT - b]| <,

. A*
s < ESIE

N P
prpei iy pe I AC R ACIRS

THEOREM 2.5. Under convergence condition (2.9) and (2.10), for prediction-
correction framework (2.7) and (2.8) satisfying (2.12), we have

F(XF) = f@r) <0 (1/27“’“) » AXE —pj <0 (1/2#“) ,
k=0 k=0

where XX = (ZkK:O 7"‘5’“)/(2?20 r®). In particular, O(1/k?) convergence rate is
established with the setting r* = O(k).

Proof. Multiplying both sides of (2.11) by r* and then using convergence condition
(2.12) yields that

~ * o~ ~ 1 * *
) = @)+ =TT P} 2 5 (08 =0 e — o =0 3+ 6410,

Because (u* —u*)T F(u*) = (\*)T (AZ* —b), by adding both side of the above inequal-
ities from k = 0 to kK = K, we obtain

dorHIEN) — fat) = ()T (AT - b)) < C,
k=0

where C is a constant. Dividing both sides of the above inequality by ZkK:o r* and
then using the convexity of f and Lemmas 2.3 and 2.4 completes the proof. O

3. Faster ergodic convergence rate for strongly convex optimization.
Based on Theorem 2.5, we establish O(1/k?) ergodic convergence rate of several
Lagrangian-based methods for solving strongly convex case of (P1) and (P2).

3.1. General proximal ALM. The general proximal ALM (GPALM) for solv-
ing (P1) reads as:
ahtl = argmzin{Lﬁk (2, AF) + |z — 2|14, },

3.1
AL = \F R ( Akt b))y € (0,2], (3.1)

(GPALM) {

where 8% > 0, D* is symmetric, and Lgr(x, A) is the augmented Lagrangian function
of (P1) defined as

k
Lgr(z,\) = f(z) = N (Az — b) + o Az - b||2.

Let u and F(u) be defined in (2.2), v = u. Define the artificial vector 3% = (Z*, A¥)
as

7% = 2" and NF = AP — gF (AR —b). (3.2)

Similar as the analysis in [12], we can write GPALM (3.1) as:
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[Prediction Step.] With given v¥, find @* such that
fl@) = f@") + (u =T TF@") 2 (v - 05)TQ (" — 7°), vu,

Dk 0
h b= . :
where @ <O ;;J) (3.3)

According to the dual step in GPALM (3.1), we obtain
AHL APy gR (AR —b) = A — (AP — 2R, (3.4)

Therefore, u**1 generated by GPALM can be viewed as the output after correcting
u" by the following scheme:

[Correction Step.] Update v**+1 by
VL = ok MRk R,

where M* = (é 701) . (3.5)

We define
DF 0
HkZ( 1 )7
k kN\T k KNT 17k 7 sk D* 0
G"=(Q") +Q"— (M")"H*M" = 0 25%7] . (3.6)

If D¥ is symmetric positive semidefinite, then H* and G* satisfy (2.9) and (2.10). By
Theorem 2.5, it is sufficient to prove the following result.

THEOREM 3.1. Let D¥ = Dy/B* with Dy = 0. Then {v**1} generated by
GPALM (3.1) satisfies convergence condition (2.12) with v* = g% o =0, ©F =0

and
Dy 0
Bt
Proof. According to Lemma 2.2, (2.11) holds. Multiplying both sides of (2.11)
(with ¢ = 0) by #* and then ignoring nonnegative term yields that
B (f(a") = F@*) + (u — )T F (@)
Bk

> (4 = v — 0 = 0" + o =52 )

1
22 (I = 0" 2 = 0¥ = "3 )

The proof is complete. O
Next we consider the possible indefinite case D* % 0. For 7 € [2'%7, 1], we define

DY = 7rBFI — B*ATA = Df — (1 —7)BF A" 4, (3.7)
D¥ .= rrp*1 — 78k AT A. (3.8)
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Using the optimality condition of z-subproblem in GPALM (3.1) and noting that f
is o-strongly convex, we obtain, Vz,

F@)= @)+ =t )T (AT A AT (AP B DR (@)} 2 T a2

As a result, our prediction-correction scheme on GPALM can be simplified as:

[Prediction Step.] With given v*, find @* such that
Fl) =~ JE) 4 (=) PGE) 2 (a7 Q)+ T ], v, (3.9

where QF is defined in (3.3).
[Correction Step.] Update v**1 by

VL = of AR (R R, (3.10)

where M* is defined in (3.5).

Setting ¥ = 2% = 2! and z = 2* in Lemma 2.2 yields that
~ ~ ~ 1
F@) = F@) + =)V TF@) 25 (10 = "3 + o2+ = o2

1 _
—Jlo* = 3 ) + 5 IoF = T2
According to (3.2), (3.4), (3.7) and (3.8), we have
2 _
Bk
=la® — 2" T + (2 = 7)BF[ Azt —b)* — (1 - 7)B" |2 — 2T (3.11)

=llz® = 2" G + (2 = )BT = 2 e g — (L= 7B b — 2R

k

[oF — T2 = [la® — a2 + LA = 3|2

According to Theorem 2.5, it is sufficient to prove the following result.
THEOREM 3.2. Let D¥ be given in (3.7), r > ||ATA||? and
BE(rrp* + o) > mr(B*T)?, BT > BF, k. (3.12)
Then {v**T1} generated by GPALM (3.1) satisfies convergence condition (2.12) with

g = (PO 0OTATA Dy
0 — 0 l[ )
R
P =pF 2=, ZF = 2! and ©F = 0.
Proof. Let

k+1 k+1 $*||2 _ ” k

u? = fe) + 0" = 5
According to the structure of H* and G* and (3.11), we obtain
1
ek
o * * 1 *
= (le* =27y = (1= B¥ ¥ = 2 W + N = X°I?)

e=(|lv v e + ol

e= 2" — 2By — (L= )BT — R g+ I = AP ol -

+ (la* = 2 By + (2= B = s ) = (1= 7)BE " = e .

(3.13)
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Baised on the fact that
2 — "5 4 < 2012 — 2|1 5r 4 + 202" — 27| 5r 4

we obtain
1
V8%
* * * 1 *
R e e T R e L LA

e > [la"h — & + (1= 7)B M — 2[R g + o AT = A2

+la® =MD + (47 =y = 2)B8 M = 2| 4.
(3.14)
Note that D¥ = 0 with r > ||ATA|[2. For any 7 € [21%,1] with v € (0,2], under the
assumption (3.12), we have
BHDY 4+ (1 —7)B"ATA + oI} = B*{rrB"T + (1 — 27)B" AT A + o1}
=BMrrBFL + oI} + (1= 27) (B2 AT A = 7r(B5T1)? + (1 - 27)(B*11)?AT A

=B TH{DIH! + (1 - 7)B* AT A}
(3.15)
Ignoring nonnegative terms and multiplying both sides of (3.14) by 8* and combining
(3.15) yields that

1
Bhe > 51 = gy + (1= TP = g+ S - X
1
#0822 = (1t = o ey + (1= PPt = o ry + TINE = AP
1
> 5 = 2 g + (=T o g+ T X

* * 1 *
= (1 = 2" B + (1= TP = 2" By 4 S - 1P

= ok

02— 0¥ = vy

The proof is complete. O
REMARK 1. There exists some § > 0 such that 8% = §k satisfies (3.12).

3.2. ADMM. We consider solving (P2). Let

I z —A{)\
u=\|z2 |, v= <)\2> and F(u)= | —ATX]. (3.16)
A Az —b
We define the artificial vector 0% = (Z%, AF) with
= ah ) = 2kt and NF = AF — BR (A ZE + Agah —b). (3.17)

3.2.1. ADMM. The classic algorithm ADMM solves (P2) by the following it-
erative scheme:
M = arg min{Lgx (z1, 25, A*)},
(ADMM) ¢ 25 = argmin{Lgx (2}, 20, )}, (3.18)
T2

AFFL = N8 — 85 (Aray ™ + Agay ™ —b).
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From the optimality condition of zg-subproblem in ADMM (3.18) and o-strongly
convex of fs, we obtain, Vzs,

g
fo(@a)— fa(a )+ (wa—ab ™) T{— AT N+ 85 AT (A2} T+ Aga§ T —b)} > §Hxl§+1—x2||2~

(3.19)
Hence, similar as the analysis in [11], we can write the framework about ADMM (3.18)
as

[Prediction Step.] With given v¥, find @* such that

fl@) = f@") + (u—a")TF@") > (v =0T Q (" — %) + %H%’S — |, Vu,

BFAT A, 0
where Qk = ( 1 .
—A gl

According to the dual step in ADMM and (3.17) we obtain
AHL APy R (A bt Apahtt —b) = AR — y(AF = XF) 48R Ay (2 — F5). (3.20)

Thence, v¥+1 generated by ADMM can be viewed as being corrected from v*:

[Correction Step.] Update v**+1 by

where M* = (vﬂIkAz f]) . (3.21)
We define
kAT
r_ (BYAS Ay 0
w= (T )
B

G = (@ + Q" — (M*)TH*M* = ((1 A A —(1- 7)Ag) .

—(1 =) 4s 2y
Based on Lemma 2.2, if H* and G satisfy (2.9) and (2.10), we have

fla®) = F@) + (w = a*)TF(a")

1 1 _ (3.22)
> L (10 =0 e+ olleb = a3l - [oF =) + et —

According to the structure of G*, we have

- 2—v ~
[0 = T8 =(1 =) B*laf — 257 %g 4, + G INF = A2
—2(1 = 7)(af — a5 )T (A2)T (A = N). (3.23)
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Based on (3.17) and (3.20), we obtain
- 2 —
¥ — 7112 =841 s — )7 + STk — A2
gl
2
+ ;(xg - xé“)T“g()\k - /\kH) (3.24)
=" Az (s — 25| + (2 = )B* [ Azttt + Asas ™t — bl
+28%(af — ab T AT (A2 + Apah T —b).

According to Theorem 2.5, it is sufficient to prove the following result.
THEOREM 3.3. Suppose that fo is o-strongly convex. Fory € (0,(1++/5)/2] and

{B*} satisfying

k k L k+1\2 (ﬁk)ggmax(AgAg) E—112 1 &
’ <ﬁ " 0max<A§Az)> 2 BT Ay 0 = 2
(3.25)

{vkT1Y generated by ADMM (3.18) satisfies convergence condition (2.12) with
(Bk)2ATA2 0
HE = ( Ao DY
5
k= Bk, 2=, ZF = 2bT and OF = (1 — 4)2(BF1)?||Ara} + Agak — b|2.
Proof. According to (3.19), we obtain, Vaq,
_ _ o
Faw2) = (@) + (w2 — 25) T {=AZAT 4 B 1A (Aral + Apah — b)} > [l — wa”.
(3.26)
Putting (3.19) with 2o = 2§ and (3.26) with 25 = z5*! together gives

(25 — a5 THTAT{ARTT = A — B 1 (Ayal + Agah — b) + BF(Arai ™ + Agzf ™! — b))
> oy — a5t
According to dual sequence updating, we obtain
(w3 — 25 ™) AF{B (AT + Agay ™ — b) — (1 =) 8" (Ara} + Asag — )}
> oy — a5t
By rearranging the above inequality, we obtain
4 (af — P57 AT (Aaa ) + A~
> (1-7)B5 (ah — b )T AT (A} + Asah — b) + ol — 2§ (3.27)
> (1= 7B (ag — a5 tH)T AT (Araf + Aol — 1) + o[ As(a — 25|,

where 0/ = 0/0max(AT Az). As {B*} is non-decreasing, we have

(1—7)BF (2 — 25T T AT (Ara} + Asal — b)

85 1o 1 — 4)2(gk—1)2

>—(2,)ng—@“m%”iwiLﬂ)4ﬁﬁ+&@—wz (3.28)
/Bk+o‘/ 1_726k2

> D ytat - P - O v+ daa - o
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Note that
(8*) (B¥)(B* + 0" — o)
~ g ol At + Asal —bl* = — o |Arah + Apak — b2
— BRI A 2F T L Aokt 2 — gk — a'p* A2k 1 Aozk — plI2
=B"[A1z]™ + Asa; 12— (8 5 et + Asas — 0|

— B*[| At + Agas T — b7
(3.29)
According to (3.24), (3.27), (3.28) and (3.29), we obtain
% — 32 = 81 Aaleh — I + (2 - V)8 At + AgatT — b2
+ 285 (2 — 25T AT (A2 + Agas T — b)
> (147 —7*) ¥ Arai ™ + Agaf*! — o)
O'/,Bk
o Bk + o’

+ (1= ) {8 [ Ayt + Agas ™ — b||* — (8" ) Az} + Agzh — b]%}.
(3.30)

1+v5

Then, according to v € (0, =5

] and condition (3.25), we have
BRI =8 = (L= {(8°)? [ Aray ™ + Agas™ 0| = (85712 Asa + Azl —b]|%}.
Again using condition (3.25), we have

L e 70 e Y e e 7 e e s (Al 7%

The proof is complete. O

REMARK 2. There are scalars 6 > 0 such that f* = 5k satisfies (3.25), we can
obtain O(1/k?) convergence. Note that this result has been pointed out in [33] for the
spectial case v = 1, we extend it to v € (0, (1 4+ v/5)/2] by the prediction-correction
framework (2.7) and (2.8) satisfying convergence condition (2.12).

Next we consider an interesting case of (P2) with fi(z1) = g7 2; where g € R™.
It is reported in [6] that ADMM (3.18) is convergent with fixed % and v € (0,2).
Based on Theorem 2.5 and the following result, we can establish O(1/K?) ergodic
convergence rate when fs is additional o-strongly convex.

THEOREM 3.4. If fi(x1) = g7z with g € R™ and fy is o-strongly convex, for
~v € (0,2] and

k( gk g k+1Y2
84 (8 + o) 2 6 (3:31)

then {v*+1} generated by ADMM (3.18) satisfies that

9" XT* + fa(X5) — g2t — falxs) < O(1/ITF),
[ALXT + A2 X5 — bl < O(1/1T7),

where X{ = ﬁié( Brak / ITE, XK = ]Izié( Brxk /T and ITX = E’Zig B~.
Proof. Let (x7,x3,\*) be a saddle point, we can obtain
g=AT\", (3.32a)
fa(2) = fa(23) — (22 — 23)TAZ A" >0, (3.32b)
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From the optimality condition we obtain

g— ATO\F — gE(A 2T 4+ Agak — b)) =0, (3.33a)
fa(wz) = fo(ay™) — (w2 — 2571 TAF (A" — B*(Aray ™ + Apas™ — b))
> Zflaf ! — o, (3.33b)
MNeFL = \F Bk (A 2R Apah T — ). (3.33¢)
According to (3.32a), (3.32c) and (3.33a) we obtain
AT =2 — BF Ay (ah — a3) — BRAL (2T — 27)) = 0. (3.34)

Let P € R™*™ be the projection matrix on the range space of A;. We have PA; = A,
and P? = P. Then it follows from (3.34) that

1
Br
According to (3.33b) and (3.35) we obtain

faa3) = folws™) = (23 — 3™ T AT N

> (23 — 2y TAF (A" = X = B8 (A ™! + Apaft - 1)) + %le'z““ — aof?

Ay (2Tt —a) = - P(\F = \*) — P(Ag(ah — 23)). (3.35)

= (w3 — 25 )T AT (I = PYON* = X*) + BEP(Az (a5 — 23))) + B¥llay ™ — 257 4,

o
T
(3.36)
Since P? = P, we have
* * 1 * *
(a5 — 25T AT P(Az(2h — 23)) > —5([P(A2(az — 25T + [1P(Ag(zh — 23))[1%).-

(3.37)
According to (3.32¢), (3.33¢c) and (3.35) we can obtain

NFL X = A — X+ 4(B P (A (2 — 23)) — PN = X*) — ¥ Ag (a5 — 23)).
Then, based on the fact P? = P, we obtain
(I = PYWFT = A") = (I = P)(\" = A") = 9B"(I = P)(Az(a5™! —a3)).  (3.38)
This means
I(1 = PYA = X912 = [[(1 = PYXN* = X)[2 +72(85)2[1(1 = P)(Aa(z5™" — 23))|°
— 285 (A\F = A, (I = P)(Ag(a5™! — 23))).
(3.39)
Combining (3.36), (3.37) and (3.39), we obtain
fa(3) = faa5 ™) — (23 — 2y )T ATN"
1
2"

k k
+ S IP(Aa (s = 23))|” = = [P(Ax(af — 25)))”

* * a *
I—P)(A*FE =92 ~ 107 = PYX" = A7 + 5 ™ = 5

1

+ 851 = DI = P)(As(as™ — 3)|%
(3.40)
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According to (3.32a) and (3.32c), we have

9 x} + fow3) — g it = fa(a5 ™) + ()T (AT + Agas T — b)

(3.41)
=fa(a3) — falas™) — (25 — a5t TATA"
Note that
o k+1 * a k+1 *
§||$2Jr — x| > m||142($2+ —z3)|?
o . s (3.42)
> mnp(flz(% —x3))|I”
Combining (3.31), (3.40), (3.41) and (3.42), we can deduce
B (g7t + falws) — 97N = Fa(ah ) + (V)T (A + Apab b))
1 k+1 *\ |2 1 k *\ (|2 (Bk+1)2 k+1 * 2
ZEII(I—P)(/\ = A7 - %H(I—P)(A =T+ T P(Aa(zy ™ - 23))
(ﬁk)2 Ao (2F %\ (12 k\2 g A (k1 *\Y (2
= 5 I1P(Aa(zz —22)) " + (6%)°(1 = I = P)(Az(2z™ — 22))[I"

Adding both sides of the above inequality from k& = 0 to k& = K implies that
k=K
X+ o(XE) = g} = falas) - )T (X + AXE —p) <0(1) Y ).
k=0

Combining Lemmas 2.3 and 2.4 completes the proof. O
REMARK 3. There are scalars § > 0 such that B* = 0k satisfies (3.31) hence
O(1/k?) convergence rate can be obtained.

3.2.2. Linearized ADMM. We study the linearized ADMM (LADMM):
M = arg ngin L (z1, 25, AF),
(LADMM) < 25! = arg H;in{Lﬁk (@5 20, N) + Lo — 252}, (3.43)
AL = \E — gR(A b 4 Apahtl gy,
where
D = BRI — BF AT As,. (3.44)
Then D¥ = 7D¥ + (1 — 1)8% AT Ay, where
DY =rp*I — B* AT A,.

The O(1/k) convergence rate is established in [13] when 7 € [3,1], 8¥ = 3 and
r > ||A2|%?. Tt means that D* may be indefinite so that more efficient numerical
performance could be expected in general. The main result of this section is to
establish O(1/k?) convergence rate under strongly convex assumption.

Using the optimality condition of xo-subproblem in LADMM (3.43) and the fact
that fy is o-strongly convex, we obtain, Vzs,

fo(ma) = F(@5T1) + (22 — abTH)T{—ATNY + BYAT (Ar2f T + Agaf ™! —b)

o (3.45)
+ DMa5tt = a8)} > Sllaytt —

Hence, similar as the analysis in [13], we can write LADMM as the following scheme:
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[Prediction Step.] With given v*, find @* such that,
o)~ FE) 4 (= T 2 (0 - 77 QH0F ) + | — . v
kr 0
here QF = (70 . 4
where @ (_A2 ﬁj (3.46)
[Correction Step.] Update v*+! by
P = oF — ME(F - ), (3.47)
v (1 0
where M" = (—ﬁkAg 1) (3.48)

We define
kL TrBk 0
=0 ),

Gk:(Qk>T+Qkf(Mk)THkMk: Dk 0
0 zl)"
Since AFFL = \F — BF(A1ah T 4 Apzhtt — b) = M — (AF — XF) 4 g Ay (2k — 75), we
have

1 -
k_ o~k k_ Kk k_ Yk
e A +1||%k+@\\>\ =AM

(3.49)
1
=7rB*||ah — 25T + r [AF — NP2 o2k — abTHT AT (AR — L),

According to Theorem 2.5, it is sufficient to show the following result.
THEOREM 3.5. If fy is o-strongly convex, for D* given in (3.44) with T € [%, 1],
r > [|Az||* and

BE(rrpt + o) > Tr(BEH)?, g > B, vk, (3.50)
then {v¥*+1} generated by LADMM (3.43) satisfies convergence condition (2.12) with
k_ (Tr(B%)? 0
HO - ( 0 I/’

Tk =Bk, 2 =14, ZF =2kt and OF = L5 7!

Proof. According to (3.45), we obtain, Vo,

k2
23117 g pi -y gr2 a7 40

fa(wa) = f(a5) + (w2 — 25) {=AFA\ + D" (a5 — 257 ")} > %III’S —aof”. (3.51)

Putting (3.45) with 2o = 2§ and (3.51) with 5 = 2% together yields that

(5 — a5 T{AZ (W = AT 4+ DM(ag™! —a5) = D* ey — 257 ")} > ollas — x'%(“ ||2)~
3.52
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Since r > ||45||?, D} = 0. By using Cauchy-Schwarz inequality, for 7 € [2,1] and
non-decrease of {3*}, we have

(5~ 57Dk ™) = (o DA™ - (1= AT o

Lok it k-

2 _§‘|x2 H.,-D’f Ly(1—7)Bk- 1ATA2 ||x2 —$2||TD1¢ Lp(1—7)Bk—1AT Ay
1 k k+1

2 _§H332 HTDk+(1 )BRAT Ay ||332 m2||7—D’“+(1 T)BkAT Ay*

(3.53)
Combining (3.52) and (3.53), we obtain

(e — )T AT (A — A

> (a5 — a5 ){D (a5 —a5™) + DM (af — 257} + oflag — a5

1
k k
2 ||5U2 - xz“”m - §||$2 - $2+1||7Dk+(1 )8R AT Ay

3.54

_ "T]ZCHiD’lefr)BkAgAz + U||x’2C _ x§+1||2 ( )
1

= Slz5 —25*2

ko ok
TDF 4 (1-r)pEAT Ay T ollzs — a5

x2H‘er+(1 T)BRAT Ay 2(1 - T)Bka; k+1||ATA2

Again using Cauchy-Schwarz inequality and 7 € [%, 1], we obtain

k
k k+INT AT vk k+1 B k k 1 5 — k k+12
(e AT = W) 2 = oo - af R, 2mwu D
1 k|| .k k 1 5 — k k412
> —(7'_5)/8 |25 — * HATA2 QBk ||)‘ — Akt [°.

(3.55)
Then based on (3.49), (3.54) and (3.55), we obtain

[v* = BF |

1
:wﬂW£fx?WI+@ﬁw—w“HF+mﬁfxﬁwﬂg@kfw“>

—_

k
> ek — 25 ey 1y azas + ollas — 25 -

[\

HI’S

1
kHHATAQ 5k”>‘k )\k+1”2}.

- 'IQHTDkJr(lfT)BkAgAg
k
+ 7|k — x2+1||D;f +2(r — 1){6’“\@’5

(3.56)
Again using 7 € [2,1], we have
DY + (1 —7)B"AT Ay = 7rB* T + (1 — 27) 8" A5 Ay = 778" T + (1 — 27) 8" 1 AT A,
Hence, according to condition (3.50), we have

BE{rDE + (1 —7)BFAT Ay + oI} = 7r(BF)%1 + 2018% + (1 — 27)(B*+1)2 AT 4,
=rr(BFTAL 4+ (1 —27)(BF T2 AT Ay = 7BF I DY 4+ (1 — 1) (BF11)? AT A,
(3.57)
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Ignoring nonnegative terms and multiplying both sides of (3.56) by #*¥ and then
combining it with (3.57) yields that

1
ik ~kn2 k k41112 AT A
— . > D"+
B v v HG" 72”5”2 T2 HTB’C“ A=) (B2 AT A, (3.58)

Look—1_ k2
B 5”9”2 Ttz ||Tﬂ’“D’f+(1—7—)(,8k)2A2TA2’
According to the structure of H* and condition (3.50), we have

BRI = o + ollag T — w3l — 0" — ot} > 0P = e — 0 = 0
(3.59)
Combining (3.58) and (3.59) completes the proof. O
REMARK 4. There is a § > 0 such that B* = §k satisfies (3.50).

3.2.3. Symmetric ADMM. We consider the symmetric ADMM (SADMM)
for solving (P2):
ot = argmin{ Lk (21, 25, \F),
1
A= € — kR (At + Agah — 1),

SADMM
( ) .’L']2€+1

- 3.60
= argmin{Lgr (2, 20, AF), (3.60)
T2

Netl = Nk Ak gR (A 2T 4 Agahtt —p).

With fixed 71, 72 and 8%, SADMM has an O(1/k) convergence rate [11, 10]. We
extend this result to O(1/k?) with dynamic parameters under proper conditions.

Using the optimality condition of zo-subproblem in SADMM (3.60) and the fact
that fy is o-strongly convex, we obtain, Vzs,

- o
Falwa)=f (a5 ) (o =af )T {= ATN 4 AR AT (v} 4 Agaf b)) > e o)
(3.61)
Similar to the analysis in [11], we can write SADMM as the scheme:
[Prediction Step.] With given v¥, find @* such that
flx) = f@) + (w =" TF@E") > (v - 0%)TQ" (" — ") + %Hi"i - z2|%, Vu,
kAT kAT
k_ (BTAy Ay Ay
where Q" = ( A, /%kf . (3.62)

[Correction Step.] Update vF*! by
,UkJrl _ vk _ Mk(vk _ ,17k)

I 0
where MF* = ) 3.63
(—vé“BkAz (F + 7§)I> (3:63)
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We define
b L (Of 47 —am)stA A AT
v+ Ak 1142 gl )’
(1—45)8*AT Ay —(1—+5)AT
k— (0T 4+ OF — (MMTH* M — ) .

Clearly, G* = 0 if (1 — v¥)(1 —~%) > 0. According to Theorem 2.5, it is sufficient to
prove the following result.

THEOREM 3.6. Suppose fy is o-strongly convez.

(i) Foraf ++5 =1, m =1/8%, 8" >1 and

B* (B’“ + ) > (B2, gRTL > gR v, (3.64)

-7
Omax (AgAQ )

{vk*T1Y generated by SADMM (3.60) satisfies convergence condition (2.12)
with

7k — ((8%)? = B* +1)AT Ay —AF
0 — A )
k= Bk 2=y, ZF = 2kt and 6F = 0.
(i) For~% =1,y =1/8% and
(8)% +

g

AT Ay BY) = (B, (3.65)

{v*+1} generated by SADMM (3.60) satisfies convergence condition (2.12)
with
e ((B)2ATA; —AT
0 — Ay )

=Bk 41, 2 =ay, ZF = 2t and 6F = 0.
Proof. The conditions given in either (i) or (ii) imply that H = 0 and G* = 0.
(i) Since v¥ ++%5 =1, v; = 1/8", we have

7k — 1 (((5k)2 — BF+1)AT A, —A2T)
= 5 4, )

According to (3.64), we have

g

((B%)? = B* + AT Ay + 0BT = ((B%)> = B* + AT Ay + —— B AT Ay
Umax(AQ AZ)
= (872 — B 4+ 1) AT As.
Hence,
B = oG tollast —ab P = [oF —o* |3} > ||vk+1—v*||ilg+1—IIU’“—U*H?I@-

(i) Since 75 =1 and ; = 1/8*, we obtain

gk 1 (B¥)2AT Ay —AT
14 —As r )
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Hence, under condition (3.65), we obtain

a

(B¥)2A3 Ay + (1 + BF)al = ((5k)2 + (1 + 5k)m

)Ag A,
= (81247 A,
Then it holds that
(14 8°) (0" = "3 + ollal ™ — 52— [o* = o* |3 )
> [ttt — ”*Hzgﬂ — " - ”W%{@
The proof is complete as G¥ = 0. O
REMARK 5. There exists § > 0 such that 3% = §k satisfies either condition (3.64)

or (3.65). We can multiply the objective function by a positive scalar to adjust the
strongly convex parameter to satisfying B* > 1,

4. Acceleration under gradient Lipschitz continuous assumption. We
study (P3). Let

T —AT)
T (E; AQIL‘Q 7142)\
"I/'Q :
x=| .|, u=1 |, v= : and F(u) = : . (4.1)
: {E. A’rnxm _AT/\
m m
Tm A A Az b

It has been shown in [4] that classic ADMM for three block may not be convergent.
We consider the following two prediction-correction frameworks [14, 15] with dynamic
B* for solving (P3):

[Prediction Step.]

=k _ : k koK
Ty = argrr;m{Lﬁk(wl,xQ, ey T AT,
1

=k _ : ~k k kK
e argrr;m{Lﬂk(wl,xQ,mg,. xg AP,
2

*) m?

Ti = argrr;ivn{Lﬁk(E’f, e mgah g ak ), (4.2)
J
Tk = argrwnin{Lﬁk- (@h T, AR,

AP = \b — BE(A T+ 32, Ajak — ).

There are two different correction steps.

[Correction Step.] (Forward substitution procedure)

P = ok — MF(F — TR, (4.3)
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where
I 0 0
I I . :
M=ol . . . . | and a € (0,1]. (4.4)
I - I I 0
BYG Le0 SER L SGLY S §

[Correction Step.] (Backward substitution procedure)

(PHYT (R —pk) = —N* (0% —5F), (4.5)
where
Pk = . . NF = o
and « € (0,1].

Since P* is invertible, we can rewrite correct step (4.5) (Backward substitution

procedure) as:

Pl =k — ME@P —TF), MP = (PY)TTNF. (4.6)

The A-subproblem in (4.2) can be simply rearranged as

NF ﬁkAx1+ZAx7b

Then according to forward substitution procedure (4.3), we have
pan - Zﬂk 5 71,)+(>\k7'):k)

= Ak — aﬁk(z ATy —
i=1

Similarly, on the basis of backward substitution procedure (4.5), we can reduce

jﬂfkw*l V== oA - e 0N
j=2
aﬁk m

ZA
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Hence, both two correction steps satisfy that:
m
NAHL = \E —aph (Y~ Aidk —b).
i=1

Then using the optimality condition of x,,-subproblem in prediction step (4.2) and
the fact that f,, is L-gradient Lipschitz continuous, we have, Vz,,,

Fonom) = () (o — T ATAY + R AT(S AT — )

=1
> (2 — T5){V fi (@) — AT 4 8547 (37 AFE — b))} (4.7)
1=1
1 ~k 2
+ E”me(xm) Vf?ﬂ(xm)H )
and
0=V fm(@h)—ATN 4B AT (S~ Azl —b) = me(ifn)Jr(l —1)AT Nk — lAZN“.
(07 «

i=1
(4.8)
Since 0 = V£, (z7,) — AL X*, it follows from (4.8) that

1 ~k * 2 1 T 1 k 1 k+1 * 2
— — P 1— = - _
ST IV (@) = Vhm (@) = S7IAL (1= 2N+ =2 x|

> Omin (AmAﬁ)

1 1
1— —)AF 4+ =AM a2,
= 5 L= )A+ I

Hence, according to (4.7) and (4.8), and then based on a proof similar to that in [15],
we can rewrite prediction step (4.2) as

[Prediction Step.] With given v*, find @* such that
fla) = f@) + (u =) F@@)
INT k(b _ ok L ~k 2 (4.9)
2 (=) Q (V" =0°) + o7 IV (@) = Vi (2m)”, Vu,
where
BEI 0 0
BkI BkI
QF =1 - : (4.10)
BEI ... BT BT 0
S SERTPRN QU S

For prediction-correction framework (4.2) and (4.3), let H* and G* satisfy (2.9)
and (2.10), then we have

HF = édiag(ﬂkI, oo, BRI, %I). (4.11)



FASTER LAGANGIAN BASED METHODS 21
Then it holds that

f(@) = F@E*) + (- @) F@) > @wﬂ—wﬁw—mhww;)

Omin (A ALY

1k~k:2 1k1 * (12
ol =2 D Dy Ly

Based on Theorem 2.5, it is sufficient to prove the following theorem.
THEOREM 4.1. If f,, is L-gradient Lipschitz continuous, and {5*} satisfies that

1 min AmAz;L 1 min AmAZ;L
(B%)? z (Lﬁk ) > (BF+1)2 +(1_Q)UL(ﬁ’f+1)’

then {v**1} generated by prediction-correction framework (4.2) and (4.3) satisfies
convergence condition (2.12) with

min AmAT
HY = édiag (I, R ((51)2 + (é - 1)U(Lﬁkm)> I) : (4.13)

b= e 2 = V() 7 = Vi), o = Zeleda) ong ok = 0,
Proof. We can verify that

(4.12)

1

1 1 . 1 s 1 i 1
(1= =)A= A2 = (1= = [N =X 2 = A A2 = (1= = ) = A=A 2,
« (6 « [ [ee

Therefor, according to « € (0,1], (4.12) and G* = 0, we obtain

1 k * ~k
@{HU R e [ e S [l e
o A, AT 1
+ M”( ))\k + a)\kJrl _ )\*”2} > Hvk:+1 *HHkJrl ||’Uk o U*HH[’)W

Then we complete the proof. O
For prediction-correction framework (4.2) and (4.5), let H* and G* satisfy (2.9)
and (2.10), then we have

5k1 ﬁkf 0
519] ﬁk‘] 0
1
HY == 0 o (4.14)
gkr ... pFI 0
o .- 0 ﬂ—l,el

Based on a proof similar to that of Theorem 4.1, we have

THEOREM 4.2. If f,, is L-gradient Lipschitz continuous, and {S*} satisfies
(4.12), then {vkT1} generated by the prediction-correction framework (4.2) and (4.5)
satisfies convergence condition (2.12) with

I - I 0
I - I 0
1
HY=—1: ". : : , (4.15)
“lr ... 0 0

Omin m T
0 - 0 (ﬁ%—(l—a)%)]
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rk = ﬁi’“ 25 =V fm(zs), 28 = Vin(3k), o = %’"‘4%) and ©F = 0.

REMARK 6. There exists a § > 0 such that 8% = 6k satisfies condition (4.12),
hence O(1/k?) ergodic convergence rate can be obtained. If m = 2 and o = 1,
prediction-correction framework (4.2), (4.3) and (4.5) reduce to ADMM (3.18) with
v = 1. In this special case, the O(1/k?) ergodic convergence rate under gradient
Lipschitz continuous assumption is given in [31]. Based on our prediction-correction
framework, we have extended this result to multi-block type ADMM with only one block
being gradient Lipschitz continuous.

Let us consider the following proximal ADMM for solving problem (P2) with

1\r1) =9 21,
filz:) = g7
x’f'H = arg H;iln{Lﬁk (1:1,:5’2“, )\k) + %Hl'l - xlchZDk}v
x72€+1 = argmin Lgk (l‘lf+1,$2, )\k)a
x2

ARFL = AP — B (At + Agaf ™ —b),

where D* = 0. Let (3.16) and (3.17) hold with v = (z1,72,\). Then v* satisfies
prediction-correction framework (2.7) and (2.8) with

DF 0 0 I 0 0
Q" =10 pFATA, o |, M*=|0o I 0
0 Ay kI 0 —B%Ay I

Convergence condition (2.9) and (2.10) can be verified with

Dk 0 0
HfE=1 0 p*ATA, 0
0 0 ﬁ]

If f5 is gradient Lipschitz continuous, in order to satisfy convergence condition
(2.12), we select D¥ = g*I. Then x;-subproblem becomes

9= AT A+ BEAT (At + Aga — b) + R (2™ — a).

Hence, we calculate the inverse of AT A; + I only once in all iteration. We can refer
to [22] for more result about O(1/k?) in this situation.

If f5 is strongly convex, in order to satisfy convergence condition (2.12), we select
D¥ = I/B*. Then x;-subproblem becomes

g— ATN+ BFAT (A T 4 Aok — b) + 1/8% (2T — 2h).

Hence, we need calculate the inverse of AT A; + 1/(B%)2I in every iteration. Ac-
tually, convergence condition (2.12) holds if we add extra proximal term (3lzs —
xéHzﬁkl—ﬁkAgAQ with 7 > [|A3]|?) in x9-subproblem while this may not hold when fo
is gradient Lipschitz continuous.

5. From ergodic to non-ergodic. We establish the convergence rate from
ergodic to non-ergodic. According to our framework given in Section 2, by combining
accelerated gradient technology given in [32] and algorithm framework given in [29],
we give O(1/k?) ergodic convergence rate under strongly convex. We also extend
the algorithm framework given in [29] under one function being gradient Lipschitz
continuous and accelerate the convergence rate of multi-block ADMM type algorithms.
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5.1. Faster non-ergodic convergence rate under strongly convex. We
first consider the following prediction-correction framework.

[Prediction Step.] With given v*, §* and z*, find 4* such that

() = F@) + (w = @) F@") + (y = 5" Vg(3*) + ¢ (A(x - 7)) " (Az" —b)
> (v =TT (" =) + (y =" TP 7 + *H —z|1%, v,
(5.1)
where y, z € {z;,z}.
[Correction Step.] Update v**+1 by
P = ok — ME (R —TF). (5.2)

If Az* =b, H* and G* satisfy (2.9) and (2.10), then we can obtain that

Fa®) = F@) + (w = a*)TF@") + (y* = 7°)"Vg(3") + (b — ATH)T (Az* —b)

> (v =) TQ (W — ) + (y* — )Pyt - 7) + *IIZ -2
1 . Sk

> (™ = o g+ a2 = 27 = o™ = o[+ [l = 0 1E)
1 * * ~1
+ U =y s = Iy" =y l1Be + ly" = 7" 15e)

(5.3)
We give the following lemma to show the convergence rate of prediction-correction
framework (5.1) and (5.2).

k+1

LEMMA 5.1. Suppose g is L-gradient Lipschitz continuous, Az* = b, g¥ = y*+1,
PF = (L/ak)f, cF = (ak—l)Q; aF >1, (ak+1)2 _ (ak)2 — a’H‘l,

= (1 - 1/a)z + 7% /a”, (5.4)
gt = (1 -1/a")g" + 5 ok, (5.5)

= (1—1/a")g" +y¥/aF,

and {v**1} generated by the prediction-correction framework (5.1) and (5.2) satisfies
the convergence condition (2.9), (2.10) and (2.12) with r* = o and O+ — OF =
(ak)2||AZ* — b||2, then it holds that

FE) = f@*) + 9" = g(y*) < 0(1/(a")?),
[AZ — bl < O(1/(a%)?).

Proof. Since g is assumed to be L-gradient Lipschitz continuous, we have

9@ ) < 9(@") + V@) @ — 5" + Ika+1 7*1?.
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By (5.5)-(5.6), we obtain

o) <9(3) + (1= —0) V@M 0 — ) + 99" @ — )
L
2(ak)

=0~ D)) + Vg G~ 50+ o) + VM)l — i)

+

~k k12
19" — 4"l

1 T Lo ke
+ 5 Var) —y)+2(ak)2Hy -y

1 1 1 - L ~
<0 = Z09@) + o) + V@) @ o) + 5ol - oI
(5.7)
As P* = (L/a®)I, {v*+1} satisfies convergence condition (2.12), we multiply both
sides of (5.3) by 8% and then obtain

aFf (%) = f@) + (= T)TF@N) + (y° = 7)) Vg(§") + (b — ATH)T (AZ" b))

1 -
e e e P S N REae

Lo . . .
+ T =y I = lly™ =l + g = 117

(5.8)
It follows from (5.4) that
k) Ay 1 )
R LT
(@) 2 k\3 1 ~k T( gk
+ 3 |AZ" — ]| + () (1—J)(A:r —b)" (AZ" —b),
which implies that
(@) ok S A R o (@) 2
Sz = = as - S e
+ o (a2 (AzF - b)T (ATF —b).
Define
k+1 —k+1 * k1 * T A ~k+1 (ak)z _k+1 2
ST = (@) = f@t) +9(3T) = g(y") = ()T (AZTT - b) + o [ AZTT b

Then according to (5.7), (5.8) and (5.9), we have
(a")2SH < (aFT1)28% 4+ oM [ (@) — f(a") + V(") (G" —y7) — (A)T(AT* - b))
(aF)?
2
— 1 * * L * ~] *
e L O T e K e o}

+

AT — b+ o (012 (ATH — BT (AT — 1) + =7 P

Then according to 7* = y**1, we obtain

1 L
(@F)2SMH 4 S04 — 0" s+ Sl P < oo
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Then combining Lemmas 2.3 and 2.4 completes the proof. O
REMARK 7. The condition (a*T1)2 — (a)? = o**! is equivalent to

St V1+4(ak)?2+1

= 2 s

which dates back to the setting in accelerated gradient method [1, 24]. By induction,
we obtain o > (k4 2)/2. Hence, O(1/k?) convergence rate is established.

We give the following examples to clarify that the following algorithms satisfy the
framework (5.1) and (5.2).

EXAMPLE 1. Consider the following problem
min{ f(z) + g(z) : Az = b},

where f,g : R™ = R is closed, proper, convex, g is L-gradient Lipschitz continuous,
AeR™™ and b e R™. It can be solved by the following algorithm:

it = (1- L)k + Lak,

Mo = \F — ¢k (AZF —b),

oM = argmin{f(z) + Vg(&*)"z - (A)T(Az) + & || Az — b2
LRl

ARFL = Mk — 3R Ak —b) '€ (0,2),

Tl = (1 — ﬁ)jk + ﬁkaﬂ’

(5.10)

where % > 0 and D* = 0. If f is o-strongly convez, then algorithm (5.10) satisfies
the framework (5.1) and (5.2) with v = u, F(u) given in (2.2), 2% and v* given in
(3.2), QF given in (3.3), M* given in (3.5), y = x and z = x. Faster convergence can
be verified under the condition given in Lemma 5.1.

We give the proof of Example 1 in Appendix A.

REMARK 8. Recently, Sabach and Teboulle [29] proposed an algorithm similar to
(5.10) with &% = 2% and x-subproblem being replaced by

k
) 1
2" = argmin{f (z) + Vg(@") "z — (AT (A2) + T Az = 0|* + S llo = 2" Dey pars}-

If f=0, A= D* =0 and b = 0, Sabach and Teboulle’s algorithm reduces to:

which is similar to the subgradient algorithm [30], while our algorithm (5.10) reduces
to the accelerated gradient algorithm given in [32].

EXAMPLE 2. Consider the following problem
min{f1 (.’1?1) + fg(.ﬁz) + g(.’l?g) Az = Ajxy + Asag = b}7

where f; : R™ — R is closed, proper, convex for i € {1,2}, g is L-gradient Lipschitz
continuous, closed, proper, convex. Consider the following algorithm for solving the
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above optimization problem:

k= (1- —)x —|— L2k,
A=Ak — ck(AzF —b),
k
g+l = argmln{fl( 1) — (AT (Ayz) + %HAlﬂcl + Agzh — b},
ah T = arg H;IQH{fg(xz) + Vg(@h)Tzy — (AT (Agz) (5.11)

k
+ B Ava T+ Ay — b|J% + Llan — x’§H2D,C+%I},

AL — 2k 'yﬁk(Axk+1 _ b)7 v E (O7 1),
= (1 - L)zh + Laht,

where % > 0 and D* = 0. If fo is o-strongly convez, then the above algorithm
satisfies the framework (5.1) and (5.2) with u, v, F(u) given in (3.16), T% and "
given in (3.17),

O — BFAT A, + DF 0
—As ﬁ—lkl

MP¥ given in (3.21), y = x5 and z = xo. Then faster convergence can be verified by
the condition given in Lemma 5.1.
We give the proof of Example 2 in Appendix B.

5.2. Faster non-ergodic convergence rate under gradient Lipschitz con-
tinuous. We consider the following prediction-correction framework.

[Prediction Step.] With given v* and z*, find @* such that
() — f@*) + (u— ") F(@*) + F(A(x — 2%))" (Az" —b)
_ B 1 (5.12)
> (0= 0)TQ (0" = *) + = ||7F — 2|, vu.
2L
[Correction Step.] Update v**+1 by
Pl = ok — ME (R —5F). (5.13)
If Az* = b, H* and G* satisfy (2.9) and (2.10), we can verify that
f@®) = f@) + (u* = ") TF@") + *(b - Az7%) T (Az" - b)
~ 1,4 N
> (v = )T =) + ﬁsz - z*? (5.14)
1 * ~ * * ~
§(Hv’c+1 v + fllzk S e (A P Tl PSR

We give the following lemma to show the convergence rate of prediction-correction
framework (5.12) and (5.13).

LEMMA 5.2. Suppose Ax* =b, & = (1—a¥), 0 < a* <1 withn >0, 1/(a**+1)2 -
1/(a*)? = 1/a**,

H = (1 - o?)zh 4 oFT*
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and v**+1 generated by the prediction-correction framework (5.12) and (5.13) satisfies

the convergence condition (2.12) with r* = 1/a* and 61 — OF = —(C:—k)QHAECk -
bl|? + ||AZ* — b||?, then

f(jjk""l) . f(a:*) < O((ak)Q), |‘A3—;k+1 _ b” < O((ak)Q).

Proof. By the fact ¢t = (1 — o*)z* + o*Z*, we have

1 _
W||A$k+l o bH2 —

1
2(ak)2

1
(1= ") Az" —b|* + S[|AZ* — b|*

+ %(1 —a®)(AzZ" — b)T(AZF —b)

= S AT < = A b LA b2
2(ak71)2 2(0/“*1)2 2
1 ~
+—(1 - a®)(AZF — b)T(AT* —b).
(0%
(5.15)
Because v¥+1 satisfy the convergence condition (2.12) with r* = L and O+ — 0% =

_(C:kf |AZ* — b]|2 + || AZ" — b]|?, we have

1 _ T _ _
L) = FE*) ()T (ATS —8) + (b — AT (Az* — )]
1 * * ~ ~ ~ _
= LU — F@) + (= TTE@) + (b~ AT (Az* D)
1 kb1 112 T _ k 112 E ~k) 2 (5.16)
> 5l = B+ LI = 2 = ok = o e+ 0¥ = 5]
TN Ty MR T B oo o S LI P T
_2 v v H[’;+1 v v H(’]“ ak T X .
Define
1
SR = fE) — f(a) - ()T (AT ) 4 AT b2
Because (c:k)z = (é‘ffi)f)él < (a,f‘i)z, then we obtain
Logmitic 1 gh o Lipahy — pat) — 0T (AF* — b)) + 2] AT — b
(aF)2 = (ak—1)2 ok 2
L—a* o =k 2
1 1 " «
Smsk + ika —v ||?{g; ol [CARREE® ”i]{j*l}'

Hence, we obtain
1/(ak)28k+ 4 1/2||h+t — ”*Hzg“ < 0.
Then combining Lemma 2.3 and Lemma 2.4, we get the conclusion. O

We give the following example to clarify that the following algorithms satisfy the
framework (5.12) and (5.13).
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EXAMPLE 3. Let u, v and F(u) satisfy (4.1), we consider the following algorithm
to solve (P3):

Ab = Ak — ck(AZP —b);

zh = argmin{Lgx (x1,25, .., zF AR
@1

o Lbmo
~k _ - =k k E 3k
Ts = argrr%m{Lﬁk (X7, 2, x5, oy i S AT);
2
~k : =k k ko 3k
% = argmin{ Lgr (T7, ..., x5, 25, 1, .y 2, A");
J gy UOBENTL i s o mo ) (5.17)
~k _ - ~k =k K-
A argriun{LBk(xl,...,xmfl,xm,/\ )
Tm

e =k — gk (A 7% + dite Ajak — b);
VR = gk MR (R — TR,

Tl = (1 — o) zh + ok 7k,

Where M* is given in (4.4) or (4.6) and v is given in (4.1). If f,, is L-gradient
Lipschitz continuous, then the above algorithm satisfies the framework (5.12) and
(5.13) with Q% given in (4.10), z = Vfm(zym). Then convergence can be verified
under the condition given in Lemma 5.2.

We give the proof of Example 3 in Appendix C.

6. Conclusions. We substantially extend He and Yuan’s unified prediction-
correction framework to analyze O(1/k?) convergence rate for Lagrangian-based meth-
ods under strongly convex assumption, such as general linearized ALM with indefi-
nite proximal term, ADMM with step size of Lagrangian multiplier not larger than
(14++/5)/2 (or 2 when one of the two summation function is linear), linearized ADMM
with indefinite proximal term, and symmetric ADMM. For multi-block optimization
problem, if one block of the objective function is gradient Lipschitz continuous, we
establish O(1/k?) convergence rate in ergodic sense of ADMM type methods. We
also extend our framework to establish non-ergodic O(1/k?) convergence rate. The
future work is to explore combining extrapolation technique and prediction-correction
framework for Lagrangian-based methods. Besides, further applications of our unified
prediction-correction framework are expected.

Appendix A. Proof of Example 1. According to optimality of x-subproblem
in (5.10) and o-strongly convexity of f, we have

fl@) = @) + (2 — 2T {Vg(ak) — AT = F(AT* — b)) + BFAT (A2 —b)

|z — 22, va.

(A1)

L
+ (Dk + JI)(karl 758’6)} >

According to ¥ = x**1, then (A.1) can be rewritten as
F(@) = f@) + (@ = F){=ATN} + (@ = ) Vg(a%) + (Al - 7)) (47"~ b)

- L -
> (z—2")T(D* + J[)(l’k -7 + %kaﬂ —z|?, Va.
(A.2)
Note that A* defined in (3.2) can be rewritten as

(A= X {(AZF —b) + %(X’“ — A} >0, VA (A.3)
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According to v = u and F(u) defined in (2.2), we can rewrite (A.2) and (A.3) as
fl@) = @) + (u =TT F@") + (@ - T°)TVg(@") + F (Al — %)) T (Az" — b)
~ Dk 0 ~ L ~ ~ O~
> (v—o)T ( 0 BlkI) (v* — %) + J(x — 2T (zF — 7% + §||xk —z|?, Vau.
(A4)
Then according to (3.4),

S S (é 701> (v* —3"). (A.5)

Then (A.4) and (A.5) satisfies prediction-correction framework (5.1) and (5.2). Ac-
cording to (3.11), G* defined in (2.10) satisfy that

2—n
ﬁk

Hence, let ¥ = a*/(2 — ~). Similar as the analysis in Section 3, we can verify that

lo* = 7|3 = ll2* — 2|5 + INF = A2 > (2 - 5)8°) AZ* — ).

e [ [ e [ ([

>0 0" 2 s — oF = 0" [ + (0F)? AT — b

Convergence condition (2.12) can be verified with r* = o and Ok 1 -OF = (a*)?|| AZ*—
b||2.

Appendix B. Proof of Example 2. According to z1-subproblem in (5.11) and
% AF defined in (3.17), we have

Filar) — fL@E) + (@1 — F)T{—ATNF + F AT (AZF — b)) > 0, Vay. (B.1)

According to zo-subproblem in (5.11), o-strongly convexity of f and Z*, M defined
in (3.17), we have

fols) — f2(@5) + (22 — FH)T{Vg(e5) — ATN: + FAT(AT* — b) — 5~ AT Ay (o — T5)
L ~ o\~
= (DF + 2 D)(5 = 35)} > S |75 — 22, Voo,
(B.2)
Note that A\* defined in (3.17) can be rewritten as
1 ~
@()\k -1 >0, VA (B.3)
According to u, v and F'(u) defined in (3.16), we can rewrite (B.1), (B.2) and (B.3)
as
f@) = F@") + (u— @) F @) + (22 — 75)"Vg(@5) + " (A(x - 7°)" (Az" —b)
o (BFAT A+ DF 0 L N o
> - (TRETT L) 0 )+ e e - 3 + 13

(B.4)

(A= MY L(ALT% + AoTh — b) + Ag(ah — T5) —

where f(z) = fi(z1) + f2(x2). Based on (3.20),

WL — b (—'YﬁlkAz 701> (o — 7). (B.5)
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Then (B.4) and (B.5) satisfy prediction-correction framework (5.1) and (5.2). Ac-
cording to the structure of G* satisfying (2.10), we can verify that

[0 =0 |[Ex > nB" [ AT = bl|%, n > 0.

Hence, let 8% = ¥ /5. Similar as the analysis in Appendix B, convergence condition
(2.12) can be verified with 7¥ = o* and O*+! — @F = (a)?||AT* — b||%.

Appendix C. Proof of Example 3. According to z;-subproblems in (5.17) for
€ [1,m — 1], we have, Va;

Filz) = [ (@) +(zi—T) T {— AT N 4-cF AT (Azh—b)+ 85 AT ( ZA kg Z Ajzk—b)} > 0.
J=1 Jj=i+1

(C.1)
Based on A\ = \F — gk(AZF + dies Az —b), we have, for i € [I,m — 1], Va;,

i
Filwi) = @) + (03— T {- ATX* 4 FAT(AT* — b) + BEAT (3 A(@ - b))} 2 0.
j=2
(C.2)
According to x,,-subproblem in (5.17) and f,,, being L-gradient Lipschitz continuous,
we have

Fn(@m) = Fn (@) + (2 — 35)T{—AENE + F AT (Az" —b) + BFAL (Y~ A; (3 — of
j=2

> (2 — TNV frn (@) — AT NP 4 K AT (AZF — b) 4 F AT ZA ¥ —b)}
i=1
+ %me(z«,’;) — V(@) |?, Y,
(C.3)
Because of the optimality condition of z,,-subproblem and \ft1 = \F—q3F Oy Agzh—
b), we obtain

0= Vfm(@,) — AL+ 85 AT (Y~ Azl —b)
i=1 (C.4)

~ 1 1 . .
= Vim(Th) + (= = DA — — AL N4 FAT (AzF D).
«a «

Note that A* defined in (4.2) can be rewritten as

(A= AT ZA )=S0 A — k) — %(Ak A >0, VA (C5)
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On the basis of (C.2), (C.3), (C.4) and (C.5), we have

T

z — 3 — ATk A1 (Az* —b)
Ty — TH —ATNF cFAs(AZ® — b)
f@) = @)+ | = —TF AT + | FA(AZF —b)
Ty — TF, — AT Nk * A (AZ* — b)
Nk
A=A S Ak, —b 0 )
0 .
BrA2 Y, Aj (@5 — z3)
1
+ BEAY 2A( ) > o IV (@) = ¥ fon ()|
*Am Z;’;Q A; (@5 — )

S, A — k) 4 (R )

According to z, u, v and F'(u) defined in (4.1), we obtain that (C.6) satisfies (5.12).
Then algorithm (5.17) fits prediction-correction framework (5.12) and (5.13). Similar
as the analysis given in [15], algorithm (5.17) under framework (5.12) and (5.13) with
G* defined in (2.10) satisfies that, for M* defined in (4.4), there exist §; > 0, such
that

ﬁ M*M=T)|P = o?6,8%| Y Az -],
i=1

For M* defined in (4.6), there exist §2 > 0 such that

Jo*—* 1% > 6,

m
loF —T¥ (|G = 62 N* (0" = T¥)[[0® = a?628| Y A — b]|*.

i=1

According to 0 = V f,,(z,) — AL \* and combining (C.4), we have

l ~k\ * 27l T 7& k lk+17 x _ kiA=k 2
IV (@) = Vim(@)I = ZIAL (1= DX+ 3= X" = cb(azh — b)) |
> o/ll(1— LAk ¢ e e kgt )
(0% (e%

' " Love o Lk |2 kN2 A7k 2
2 (0 = 77 I = DN SN A2 ()2 Az b,

where o/ = % and the last inequation holds by the fact

o' |ls — t]? = o'|Is||? + o'|[¢]|? — 20"sTt
12

>o'|ls|* + ([t — (0" + 1)lIs]|* - I1£]%, Vs, t.

o +1
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Let 8% = a*/(a?5;), i = 1,2. Then
1 k 1 ~k k k ~k
Sl = 0 e+ I (@) = ) I? — 0¥ = 0% e + o = 5]
> LR o+ T AR AT = ok — o7 e — o (S — A — A7)
—aF H* « H* «

(c*)?
1AZ" = b||* + [|AZ" — b||?

C
ok

>

Lot 2 — JoF — ot 2] — L agh — g2 4 AsE — )
a2(5i v v H(l)c+1 (% v H(’]“ ak i T s

1)
where ¢ = ¢’ — ;—fl, H* and HE defined in (4.11) and (4.13) or (4.14) and (4.15),

and the last inequation holds by the following assumption:

1 O_/l 1 O.//
e = e

BkJrl .

Then v**! generated by the prediction-correction framework (5.12) and (5.13) satisfies
ky2

the convergence condition (2.12) with r* = - and O — @F = —(Ca—k),HAﬂEk — b2+

| Az* — b]|2.
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