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Abstract

An algorithm for finding a first-order and second-order critical
point of composite nonsmooth problems is proposed in this paper.
For smooth problems, algorithms for searching such a point usually
utilize the so called negative-curvature directions. In this paper, the
method recently proposed for nonlinear semidefinite problems by the
current author is extended for solving general composite nonsmooth
problems. Acceleration by Newton-like method is also proposed, where
near a solution, the active functions are identified, and solving a set of
linear equations is suffice to give the local quadratic convergence. It is
also shown that by further solving another set of linear equations, the
second-order correction is possible to avoid the Maratos effect.

Key words. nonlinear optimization; nonsmooth optimization; trust-region
method; negative-curvature direction; second-order optimality

1 Introduction

Minimization of a nonsmooth function is common in practice. Even though
the continuity of the derivatives is present in most of the functions that de-
scribe the real world processes, non-negligible number of advanced applica-
tions of optimization contain inherent nonsmoothness. Nonsmooth functions
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can be found in many applied fields, for example in optimal control, machine
learning, economics, and computational chemistry and physics. See Part II
of [1] for example.

If the structure of the nonsmooth function is not available, we usually rely
on subgradient methods (single-point methods) or bundle methods (multi-
point methods). The subgradient method was mainly developed by Shor and
others in the Soviet Union. Basic references on subgradient methods include
[14, 12, 2|. The basic idea behind the subgradient methods is to generalize
the smooth methods by adopting a subgradient at the current point instead
of the gradient for smooth problems. Because of its simple structure, the
subgradient methods are widely used in nonsmooth optimization. However,
they suffer from some serious drawbacks again due to its simple structure. We
refer to the above books and follow-up works for possible remedies. Instead
of relying on a single subgradient, the bundle methods first proposed in
[3] consist in the simultaneous use of the information provided by many
subgradients which are gathered from past iterations. Detailed description
and further development in this area are described in [11, §].

For a polyhedral convex composite objective function, trust-region meth-
ods were proposed (Fletcher [6], Yamakawa, Fukushima and Ibaraki [17], and
Wright [16]). For more general class of the objective function, that is, for
F(z) : R — R which is locally Lipschitz continuous and regular on R",
Dennis, Li, and Tapia proposed a trust-region method [5]. This method and
its extension is described in [4]. In these references and more recent works,
issues related to the global and local convergence to a first-order critical
point, and the second-order correction step for avoiding the Maratos effect
are discussed. However there is no work related to the convergence to a
second-order critical point as far as the author is aware. One exception is
the recent work [18] in which the current author proves the convergence to
a first-order and second-order critical point by an interior point method for
nonlinear semidefinite problems with an /;-penalty merit function.

In this paper, it is shown that the convergence to a first-order and second-
order critical point of the composite nonsmooth function by a trust region
method which incorporates searches along negative-curvature directions is
possible. Also it is shown that, by solving appropriate sets of linear equations
near a KKT point, it is possible to obtain a quadratic convergence and a
second-order correction step for avoiding Maratos effect.

In many practical cases, the nonsmooth function under consideration is
highly structured and its form is available. Therefore, we consider the fol-



lowing composite nonsmooth optimization problem:

minimize F(z) = f(z) + h(c(x)), = € R", (1)

where f : R” — R and ¢ : R — R™ are smooth, and h : R™ — R may
be nonsmooth but convex. We assume that the structure of the nonsmooth
convex function h is known.

In the following, we consider the functions f and ¢ in a bounded set
2 C R™ which will be specified later. Thus ¢(z),z € € is in a bounded
set ¥ € R™. Since h is convex, it is Lipschitz continuous in ', and then
differentiable almost everywhere in ' from Rademacher’s theorem.

If z* € R™ is a local minimizer of F'(x), the first-order necessary condition
(KKT condition) is given by

0 € OF (z*) = Vf(z") + Ve(a™)oh(c(x™)), (2)

where OF (x*) and Oh(c(x*)) are the generalized gradients of F' and h at x*
and c(z*) respectively, and

Ve(x) = (Ve (), ..., Vep(z)) € R™™.
Equivalently, we have
V.L(z*,y*) = Vf(z*) + Ve(z")y* =0,y € Oh(c(z")), (3)

where
L(z,y) = f(z) + c(2)"y
is the Lagrangian function.

In order to discuss the second-order optimality condition for our nons-
mooth problem, we need to characterize the behavior of h(c(z)) near a KKT
point x*. For this purpose we basically follow the framework given in 14.2
of Fletcher’s book [7]. See also [13] for related information under slightly
different assumptions. Let the dimension of 0h(c) be I(< m). We will denote
this by [ = dimoh(c). Let y € Oh(c), and V(c) = (vy, ..., v;) € R™! be such
that Oh(c) —y C span{vy, ..., v}, i.e., vectors vy, ...,v; € R™ form a basis of
the set Oh(c) — y. Thus we can write Oh(c) as

Oh(c) = {y’ eR™ ‘y’ =y+V(cw,we W(c,y) C Rl} , (4)

where W(ec,y) is a convex and compact set. We call V(c) as a basis ma-
trix of Oh(c) —y. We assume that a basis in V(c) satisfies ||V (c)||, <
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oo,Ve € UV, where |||, denotes the Frobenius norm for matrices. Let
V(c) = span{vy,...,v;}, and U(c) be the linear subspace of R™ orthogonal
to V(c). The subspaces U(c) and V(c) correspond to the VU decomposition
proposed in [9].

Definition 1. We say that the nondegeneracy condition is satisfied at a KKT
point z*, if Ve(z*)V*, V* = (vy, ..., v;) has rank [, where | = dimoh(c(z*)),
and V* =V (c(z*)) is a basis matrix of Oh(c(z*)) — y*.

Similarly to (4), we use the following representation for dh(c(x*)) in the
following:

Oh(c(z?) ={y e R™ |y =y"+ V*w,w e W* CR'}. (5)
If the nondegeneracy condition holds, y* € dh(c(x*)) is unique.

Definition 2. h(c) is said to be locally linear at ¢* = ¢(z*), if there exists
an open neighborhood IT* of ¢* such that

h(c) = h(c*) + max (c—c*)Ty,Ve e IT*.
yE€Oh(c*)

Let the critical cone at x* be defined by

C(z™) = {d eR"

d" (Vf(z*) + Ve(z* :0}.
jeomax (Vf(@") + Ve(z)y)

If x* is a KKT point that satisfies the nondegeneracy condition, and if h(c)
is locally linear at c(z*), the second-order necessary condition for optimality

d'V2 L(z*,y*)d > 0,Vd € C(z*) (6)

holds. The second-order sufficient condition for strict and isolated local op-
timality at a KKT point x* is

d'V2 L(z*,y*)d > 0,Yd € C(z*)\ {0} . (7)

If (7) holds at a KKT pair (z*,y*), then the following quadratic-growth
condition holds at all x in a neighborhood of x* with v > 0

Fz) > F(a) + vz — " (8)



Let the manifold M(¢) be defined by
M) ={z eR"|e(x) —ceU(c)},
for ¢ € R™, and V(¢) = (1, ..., 0;) be a basis matrix at ¢. Then we have
M) ={z eR"|V(&)" (c(z) —¢) =0},
since V(¢) = span {0y, ..., 0;}. If h(c) is locally linear at ¢*, we have
h(c(@)) = h(c") +y™ (c(z) — "),

for x € M(c*) sufficiently close to *, where Oh(c*) is represented by (5). We
see that F' is smooth on M(c*) in a neighborhood of z*. This property is
the “restricted smoothness” in [10]. We note that the tangent space of M(¢)
at x € M(¢) is given by

Ty (z) = {d e R"|V(&)"Ve(z)"d=0}.

Definition 3. Under the nondegeneracy condition, the strict complementar-
ity condition means that
0 € inth™, 9)

where W* is defined in (5), and intW* denotes the interior of W*.

The strict complementarity condition is equivalent to 0 € ri0F (z*), or
y* € rioh(c*), where ri0F (z*) and ridh(c*) denote the relative interior of
OF (z*) and Oh(c*) respectively.

If the nondegeneracy condition and the strict complementarity condition

holds at «*, then C(z*) = T+ (2*). In the following, we assume the regu-
larity conditions for a KK'T point that are defined as follows.

Definition 4. A KKT point * satisfies the regularity conditions, if (i) h(c)
is locally linear at ¢* = c(x*), (ii) the nondegeneracy condition holds at z*,
and (iii) the strict complementarity condition holds at x*.

Thus, in this paper, we consider an algorithm for obtaining a KKT point
x* that satisfies the following second order necessary condition

d'V3,L(a",y")d > 0,Yd € Thyer ("), (10)

assuming x* satisfies the regularity conditions.
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In the following algorithm, we basically adopt a trust-region search with
a standard descent step generated by a linear-quadratic approximation of
the problem [4, 7]. If it is possible to estimate an approximation of the tan-
gent space Ty (2*) at the current approximation (z,y) of (z*,y*), and if
V2 _L(z,y) is not positive semidefinite on this approximate tangent space, we
may generate a negative-curvature direction along this tangent space. The
Lagrangian may decrease along this direction, but we cannot expect that the
objective function decreases as well in general. Therefore we project a point
on the tangent space onto the manifold where the behaviors of the objec-
tive function and the Lagrangian coincide approximately, and may obtain a
decreasing value of the objective function. In this way, we escape from the
negative-curvature region without losing the global convergence property.

Before discussing the details of our algorithm, well known examples of
the function h(c) are given here for later reference [4].

Example 5. The first example is
h(e) = [|e*]]

C+— C;, 1€ &
¢t | max{¢,0} i€’

and EUZ = {1,...,m} ,ENZ = . If ||-|| is monotonic (|a| < |b] = ||la|| < []0]),
then

where

Oh(c) ={y e R™|c"y = h(c), y; > 0fori € Z, and |y||, <1},

where ||-]| , denotes the dual norm of ||-|| (||al|, = supyy<; a™d). If ¢; < 0,0 €
7 then y; = 0, and if h(c) > 0, then ||y||, = 1. We list the more specific
examples in the following.

(i) If [lc™]| = lle™[l;, then [lyl[, = [|yll«, and

1 if ¢; > 0,
e[-1,1] if¢=0,i€é&,
Oh(c) =y eR" |y, =¢ —1 if ¢; <0,i €&,
€0,1] ife¢=0,i€Z,
0 if ¢; < 0,2 €.

Let the active function set be defined by A = {i|¢c; =0,i=1,....m}.
Then a basis matrix V' = (vy,...,v;), where | = dimoh(c) = |A|, is
composed of e;,i € A, where (eq,...,e,) = I.
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(ii) If [le™]| = fle"]l, then [ly[|, = [lyll,, and

>0 if ¢; = h(c),
B m <0 if¢=—h(c)<0,i€é,
Ohl(c) = qy €R™ |y =0 if |c,|<h(c)z€€
=0 if¢; <h(c),ie

and;|yi|{ <1 ifhgcgz }

If h(c) =0, then A= {i|¢c; =0,i=1,...,m}, and V may be composed

ofe;, i € A. If h(c) > 0, then A = {i||¢;| = h(c),i € € and ¢; = h(c),i € T},

and V' is composed of sign(c;)e; —sign(c,)e,, i € EN(A\q) and e;—e,, i €
Z N (A\g), where ¢ € A is arbitrary, and sign(-) means a sign of the
corresponding quantity.

(iii) If ||c*]| = [|cT |y, then |yl = |lyll,, and
= S if et £0,

0 ifieZ, and ||yll, <1
0 if ¢; <0,i €,

If ¢t # 0, then ||ct]|, is differentiable, and | = dimdh(c) = 0. If ¢* =0,
then A = {i|c; =0,i=1,...,m}, and V may be composed of ¢;,i € A.

Example 6. The second example is a polyhedral convex function of the form
h(c) = maxal c+ b;, (11)

where a;, € R™,i =1,...,m and b; € R,;2 = 1,...,m are given constants. We
note that the above functions h(c) = ||c*||; and h(c) = ||c*]|, also belong to
this class. We have

Oh(c) = co{a;},i € A= {i|a]c+b; = h(c), m},

where co {-} means a convex hull. Columns of V' are composed of any basis
from span{a; —a,},i € A\g, where ¢ € A is arbitrary. A special case of
this example is given by

h(c(z)) = maxc;.



Then

Oh(c) = {y e R™

y >0, y; =0if ¢; < h(c) and Zyi:1}>
i=1

and V is composed of e; — e,, i € A\g, where ¢ € A is arbitrary.

We note that the local linearity of h(c) at ¢(z*) holds for the polyhedral
convex function (11), and thus it also holds for h(c) = |c*||, and h(c) =
llet]lo.- It is also true for h(c) = ||cT||, if ¢T(z*) = 0.

In this paper we assume the followings for the functions f, ¢ and h. We
again note that, whenever we refer to the variable x € R", we understand
that z € (), where (2 C R" is a compact set.

Assumptions

(A.I) The functions f, ¢;,i = 1,...,m are twice continuously differentiable,
and the function A is convex.

(A.IT) The second derivatives of the functions f, ¢;,i = 1, ..., m are Lipschitz
continuous in a convex set €2 D (2. O

2 Trust-region method

In this section, we describe the proposed algorithm for finding a point that
satisfies the first-order and second-order optimality conditions.

2.1 Linear and quadratic approximations

We will use linear and quadratic approximations of the objective function
F' in the proposed algorithm. Firstly, the model linear function at x + s is
defined by

Fy(z;8) = f(z) + Vf(2)"s + h(e(x) + Ve(x)"s)
= filx; s) + h(g(x;s)),

where

filz;s) = f(z) + Vf(x)'s and ¢(z;s) = c(x) + Ve(z)s.



The difference of the functions Fj(z;s) and F(z) will play the crucial role in
the following:

AF(;5) = Fw:s) — F(a) = Vi(2)"s + ha(ass) — hle(2)). (1)

Secondly, the model quadratic function is

Fy(z;8) = f(z) + Vf(z)'s + %STV2f(x)s + h(c(x) + Ve(z)"s + %STVQC(I)S)
= fo(w;s) + h(cq(w; 5)),
where .
folxs) = fi(z;s) + §STV2f(x)s

and )
cq(z;s) = ¢z s) + ésTV%(x)s.

The difference of F,(x;s) and F(z) is
AF,(x;s) = Fy(x;s) — F(x)

— U f(@)"s + 25TV f(2)s + h(cy(3; 5)) — h(c(a))

2
= AFi(r:s) + Q). (13)

where
5w 5) = Fy(w:) — Fw; ) = 55"V (x)s + hley(rss)) — hla(z: ).

Since h is Lipschitz continuous, and V2 f(z) and V¢;(z),i = 1, ..., m are also
Lipschitz continuous, we have

h(c(@+s)) = h(cg(x;s)) = O(lle(x +5) = co(z;9)]) = O (Is]*)
and ,
fl@+s) = fylxys) =0 (|Is]’)
and thus
AF(z;s) = F(z+s) — Fla) = AR (ws) + O (s, (14)

where a = O(b), b > 0 means that there exists a positive constant £ such that
the norm of a is bounded by &b.



2.2 Subproblem for step calculation

In order to calculate steps for the trust region method which will be described
later, we solve subproblems as follows. The first subproblem which is crucial
for the global convergence is

minimize ¢p(d) = 2d"Dd+ V f(z)'d + h(c(x;d)), d € R" (15)

— 2
where D € R™™ is a positive definite matrix. Its solution (dp,yp) satisfies
Ddp + Vf(z)+ Ve(z)yp = 0,yp € Oh(c(x;dp)). (16)

An obvious choice of the matrix D is a positive diagonal matrix. Another
practical choice is a positive definite approximation to the Hessian of the
Lagrangian of F. It is also to be noted that the terms in ¢p(d) can be
interpreted as a linear approximation of the objective function V f(z)"d +
h(ci(x;d)) plus a stabilizing term 3d” Dd which assures the existence of a
solution dp. Since the Hessian of the Lagrangian of ¢p is D, the second-
order sufficient condition for problem (15) is satisfied at a solution dp. We
will show that the direction dp is a descent direction of the objective function
F(z) in Lemma 7. We also note that if dp = 0, z is a KKT point.
Another subproblem is

minimize ¢ (d) = 1d'Gd + V f(z)"d + h(c(z;d)),d € R" (17)
where G € R™™" is the Hessian of the Lagrangian. G’ may be indefinite. The
KKT condition of the problem is given by

Gdy + Vf(x)+ Ve(x)yn = 0,yy € Oh(c(x;dy)).

The subscript N in dy stands for the Newton direction. This direction will
be used later for the acceleration of the proposed algorithm. A problem in
which h(¢(z;d)) in (17) is replaced by h(c,(z; d)) will be considered for the
second-order correction for avoiding Maratos effect in 4.2.

Usual approaches for solving these subproblems rely on transformations
to the corresponding equivalent quadratic programs whose forms depend on
h(c¢/(x;d)). See [7] and [4] for example.

Lemma 7. There holds

1
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Proof. Since
Up(dp) < ¢p(0) = h(c(x)),

it follows
%df)DdD + V() dp + h(a(e: dp)) — h(e(z)) < 0.
Thus we have
AF(w:dp) = V f(2) dp + hle(w: dp)) — hle(x)) < —%d:f,DdD.
]

In the algorithm described later, it is necessary to minimize the model
quadratic function F,(x;as) in the region o € [0,1]. Since Fj(z;as) is not
smooth, its minimum cannot be expressed in a closed form. Instead, we
rely on a smooth quadratic function F(z; o, s) which approximates F,(z; as)
from the above.

Lemma 8. Let
_ 1
Fy(z;a,s) = F(x) + aAF(z;s) + §oz2Q(x; s).

Then for a € [0, 1], there hold

AF(z;as) < aAF(x;s), (19)
Fy(z;as) < Fy(7;a, ), (20)

and B B
Fy(2;0) = F(z) = Fy(2;0,s), F,(x;s) = Fy(x;1,s). (21)

Proof. Since h is convex, we have

h(c/(z; as)) = h(ac(z) + aVe(z)s + (1 — a)c(z))
< ah(g(z;s)) + (1 — a)h(c(z)). (22)

Thus from (12), it follows

AF(z;as) = aV f(x)Ts + h(c(z;as)) — h(c(x))
< aVf(2)'s +a(halz;s) — hic(x))),
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and then we have (19). Similarly we have

h(cy(x; as)) = h(ag(x; as) + %STVZC(QE)S + (1 — a)a(z;as))

< ah(e(z; as) + %STV2C($)8) + (1 — a)h(a(r; as))
= ah(ac(x) + aVe(x)s + 53 c(z)s
)

+ (1 — a)e(x)) + (1 — a)h(a(z; as))
< @®h(cy(w;8)) + (1 — @)ah(c(z)) + (1 — a)h(c(x; as)).

Then from (22), we have
h(cg(w; as)) < a*h(eq(x: ) + (1 — a)ah(c(x))

+ (1 — a)(ah(a(z;s)) + (1 = a)h(c(z)))
< o (hcg(w; ) — hla(w;5)) + a (h(a(@;s)) = h(c(x))) + hlc(z)).

Now, we have

Fy(a;as) = f(x) + aVf(@)7s + T-s" V2 (x)s + h(c,(a: as)
< [(@) + hie(@)) + o (Vf(2)7s + hle(: ) — hle(x)))
+a? (35T (a)s + hleyfoi ) Wi )

and (20) follows. Relations in (21) are obvious. O

Let
a*(x;d) = argmin {Fq(x; a,d)|a € ]0,1], |lad| < 6} , (23)

where ¢ > 0 is a trust-region radius.

Lemma 9. Assume that AF(x;d) < 0. Then the step size defined by (23)
can be expressed as

(24)

o (z;d) zmin{l, |5 AF(x;d) }

d]’ max {Q(z;d), 0}

where the last term in the braces in the right-hand side is assumed to give
the value oo if the value of the denominator is 0. Furthermore it holds that

AF,(z;a"(z;d)d) < %a*(x; d)AF(z;d). (25)
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Proof. If Q(x;d) <0, we have

o (o) = min{ 1. g b = min {1, g~ SR |

Then from (20) and AFj(z;d) <0,
1
AFy(w;a”(w; d)d) < (w3 d)AFi(v;d) + 50" (;d)*Q(x; d)

1
< §a*(z; d)AF,(x;d).

Therefore Lemma is proved in this case. B
If Q(x;d) > 0, the unconstrained minimum & of Fi(z; o, d) is

. AFR(z;d)
O=——-".
Q(x;d)
Thus it follows
. 5 AR(z; d)}
a*(x;d) = min {1, ,— (26)
ldll” Q(x;d)
From (26),
—AF(z;d) 2 o (z;d)Q(z; d),
and thus
1
AF(w;a"(w;d)d) < a*(w; d)AF(2;d) + 5" (2;d)°Q(x; d)
1
< o (2;d)AF|(2;d) - 5o (z; d)AF(z;d)
1
= ia*(x;d)AFl(x;d).
Therefore Lemma is also proved in this case. O

2.3 Direction of negative curvature

In this subsection we consider how to generate directions of negative curva-
ture for obtaining a second-order critical point. If the objective function F
is smooth at x, and if the Hessian matrix of F' is not positive semidefinite,
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the negative-curvature direction d may be defined as an eigenvector of V2F
which gives the most negative eigenvalue:

V2F(z)d = x(2)d, x(z) = Auin(V2F(2)) < 0, VF(2)"d <0,

where A (M) is the smallest eigenvalue of the matrix M. Moving along
the direction d may give a decreasing value of F' for sufficiently small value
of ||ad||, because

2
AF,(z;ad) = aVF(2)7d + %dTVQF(a:)d <0, a>0.

If the function F' is not smooth at x, a move along the negative-curvature
direction is more complicated as explained below.
Let

Fe) = {s € B hless o)) = W) + (nlois) —el@ v}y € RO
For s € I'(z,y), we have

1
h(cy(z;8)) = h(c(z)) + (s'Ve(x) + §STV2C(I)S)Ty.
Thus it follows
AF,(z;s) = VL(x,y)"s + %STVZIL(I,Q)S, for s € I'(z,y). (28)

The relation above shows that the value of the model quadratic function
can be represented by the first and second derivatives of the Lagrangian if
s € I'(x,y). In view of (10), if we have an estimate 7 of the tangent space
Timer) (), a desired negative-curvature direction at # may be an eigenvector
d of PrV?2 L(x,y)Pr which gives the most negative eigenvalue where Pr is
a projection matrix onto 7. Then a small move along d, and a projection
onto I'(z,y) may give a desired negative-curvature move with a decreasing
value of the objective function. In the following, we consider how the value
of h(cy(z;s)) behaves when s ¢ I'(z,y). This analysis is necessary when we
try to project the current point onto I'(x,y) approximately.

We firstly note the following property of dh(c(x)) around a KKT point
x*, where Oh(c(x*)) is represented by (5).
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Lemma 10. Assume that h(c) is locally linear at ¢* = c(x*), where x* is a
KKT point. Then there holds

Oh(c) C Oh(c")
for any c € IT*. Furthermore, if
V(e =) =0,

for c € II*, then
Oh(c) = Oh(c").

A proof of this lemma is given in Lemma 14.4.1 and Lemma 14.4.2 of
Fletcher’s book [7]. The following Lemma shows that solving problem (15)
near a KKT point z* gives the basis matrix V* and the value of V*7¢* which
is necessary for forming M(c*) or T(e) ().

Lemma 11. Assume that a KKT point x* satisfies the reqularity conditions.
Let x € R™ be sufficiently close to x*, then there exists a unique KK'T pair
(dp,yp) of problem (15) that satisfies (16), and furthermore

VT (c* — c(x;dp)) =0 (29)
and
Oh(c(x)) C Oh(c*) = Oh(a(z;dp)). (30)

Proof. Since the second-order sufficient condition for problem (15) holds at
a KKT point dp, dp is an isolated global minimum of problem (15).
Consider the following linear equation for (d,w) € R™ x R

(o ") (0) = (VTG ) e

From the fact that D is positive definite, and from the nondegeneracy as-
sumption, the coefficient matrix of this linear equation at = x* is nonsin-
gular. Therefore the coefficient matrix at z is also nonsingular when x is
sufficiently close to z*. Then (d, w) is uniquely determined, and

|G- Q0D
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At z*, the solution of (31) is (d,w) = (0,0). Since 0 € intW* from the strict
complementarity (see (9)), we have w € intW* which means y* + V*w €
Oh(c*). The first equation of (31) is the equality part of the KKT condi-
tion of problem (15) for (dp,yp) = (d,y* + V*w), and the second equation
leads to (29) which means uniquely determined dp satisfies the relation (29).
We can assume that c¢(x) € II*, and then ¢/(x;d) € II*. Thus 0h(c(x)) C
Oh(c*) = Oh(c)(z;d)) from Lemma 10, and y* + V*w € Oh(c*) yields yp =
y* + V*w € Oh(q(x;d)). Since Ve(x)V* has rank | = dimoh(¢(z;d)), the
nondegeneracy condition holds for problem (15), and thus yp is uniquely
determined. Therefore (dp,yp) = (d,y* + V*w) is a unique KKT pair of
problem (15). O

The following lemma describes the behavior of h(c(x + s)) near x under
appropriate conditions.

Lemma 12. Let x € R™ and s € R"™ be given, and let
one)={y eR"|ly=g+V(@w,we W(ej cR'}, ¢eR” (32)

where § € 8h(c), and V(¢) is a basis matriz of Oh(¢) — y. If Oh(c) C
0h(¢),Vc € [c(x + s), c(x)], then

hic(z+s)) = h(c(x)) + (c(z + 5) — c(2))"§ + O ([ V(&) (c(x + 5) !g}))
Proof. If ¢(x+s) = ¢(x), the lemma holds. Therefore, assume that c(z+s) #

¢(x). From the mean value theorem (see for example, Theorem 3.18 of [1]),
there exists ¢ € (¢(x + s),c(x)) such that

h(c(x + s))=h(c(x)) € Oh(@)" (c(x + s) — c(x))
C on(e)" (c(x + s) — c(x)), (34)

where the last line follows from the assumption 0h(c’) C 0h(¢), Ve € [c(z + s), c(z)].
Substituting 0h(¢) from (32) into (34) gives

h(c(z+s)) € hc(x))+(c(z+s)—c(@)) {y e R™ |y = §+ V(e)w,w € W(¢,§) CR'}.
This yields
hc(z + ) = h(c(x)) + (c(z+ 5) — c(x)"g+ O (||V (&) (c(z + s) — c(z))]]) ,

where we use the fact that W (¢, 9) is compact. O
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Lemma 12 shows that if an active function which is not contained in
Oh(¢) does not appear in the line segment [c(x + ), ¢(z)], (33) holds. The
next lemma describes the behavior of h(c(x + s)) near a KKT point.

Lemma 13. Under the assumption of Lemma 11,
h(c(a +s)) = h(e(2)) + (c(z + 5) — () yp + O ([[V (c(x + 5) H)

for sufficiently small ||s||.

Proof. If x is sufficiently close to z*, and if ||s|| is sufficiently small, the line
segment [c(z + s),c(x)] is in II*. Therefore Oh(c’) C Oh(c*) = Oh(¢(x;dp))
for all ¢ € [c(z + ), c(z)] from Lemma 11. Thus from Lemma 12, setting
¢ =cq(x;dp), y=yp and V(¢) = V* yield (35). O

We note that Lemma 12 and Lemma 13 hold for ¢(z + s) replaced by
cq(z;s). Let the assumptions of Lemma 12 hold with ¢ = ¢(x;dp), where
c(x + s) replaced by ¢,(z;s), and let

Oh(&) = Oh(ci(x: dp))
={yeR™ ‘y =yp + V(a(z;dp))w,w € W(c(z;dp),yp) CR'},

and
Mqy(c(z)) = {s € R }V(cl($;dD)) (cq(m; s) =0}.

For notational convenience, we set Vp(x) = V(¢(x;dp)) in the following.
Then (33) becomes

h(cq(w;5)) = hlc(@)) + (cq(w;5) = e(@)) yp + O ||V (@) (cq(w; 5) H)

From (27) and (36), s € M(c(z)) yields s € T'(x,yp). Let P(x) be a
projection matrix onto the tangent space T, (x) of M,(c(x)) at x. Since
T, (z) = {d € R" |Vp(2)"Ve(z)'d = 0}, we have

P(x) =1—Ve(x)Vp(x) (VD(x)TVc(x)TVc(x)VD(x))_1 Vp(2)'Ve(n).

Then compute the smallest eigenvalue x(z, yp) of the matrix P(z)V2, L(z,yp)P(z).
If

X(Z,Yp) = A\min (P(x)ViIL(x, yD)P(:B)) <0,
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the corresponding eigenvector d € R™ may be used as a desired negative-
curvature direction. Let

P(2)V2_ L(z,yp)P(z)d = x(z,yp)d, x(z,yp) <0, V.L(x,yp)"d < 0.
(37)

We note d € TMq(:r;). A simple move along the direction d may not give
a desired smaller value of F,. In view of (28), if there exists a negative
eigenvalue of V2 L(z,yp) in the tangent space T, (x) of M(c(z)), we try
to move along the negative-curvature direction d € T, (x), and then to
restore to I'(x, yp). With these procedure, a point s € I'(z,yp) that gives a
smaller value of F,(x;s) is sought.

Let us describe the above procedure more precisely. Let d € Ty, ().
Then approximately project d onto M,(c(z)). That is, we want to have
p=d+ve My(c(z)), where v is a solution of

. . . 1 2 n
minimize 3 ||v[|",v € R
subjectto  Vp(z)T (¢ (z;d +v) — c¢(z)) = 0.
Replacing c,(z;d + v) by ¢,(x;d) + Ve(z) v, we obtain a solvable approxi-
mation:

minimize 3 o], v € R™

subjectto  Vp(z)" (Ve(z)Tv + ¢4(2;d) — c(x)) = 0. (38)

Its solution is given by
v = Ve(z)Vp(z) (VD(ZL‘)TVC(ZL‘)TVC(JI)VD(I))_l Vp ()T (e(x) — ¢y(x;d)),
(39)

if Ve(z)Vp(z) is of full column rank. We denote the above approximate
projection procedure to M,(c(x)) symbolically as

p=d+v="P)d

Lemma 14. Assume that Ve(x)Vp(x) is of full column rank. Then a solution
of problem (38) given by (39) is well defined for sufficiently small ||d||, and
there hold

ol < w(x) [ld]]* and p = ©(d), (40)

where p = d + v, and k(z) is defined by

k(@) = |[Ve(@)Vo (@) (Vo (@) Ve(@) Ve@)Vo@) | IVb@)l, [ V2e@)] .
(41)
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and

o~ (5 (Z))

Vo (@) (cy(w;p) — e(@)) || < 26(2) Vo (@)llp [V2e(@)| Id]”,  (42)

Furthermore,

for sufficiently small ||d||.

Proof. Since the matrix Ve(z)Vp(x) is of full column rank, it follows that

-1

Joll < [[Ve@)Vila) (Vo () V() e(@)Vi(@)
Vo (@) (c(x) = eyl )|
- ch(:c)VD(x) (Vo(2)"Ve(z) V() Vp(x )

F

()" d"Vc(a)d||

where the relation
Vp(2)T (e(x) — ¢y(w;d)) = —Vp(z)" (Vc(x)Td + %dTVQC(x)d)
— —%VD(I’>TdTVQC<x)d
is used. Since
Vo ()" d"Pe(w)d|| < ||V (@)l|p ||d"VPe()d]| < Vo) || VZe()|| ld]*,

where we used the relation

HdTVQC(I)dH2 = Z <Zdja alz k) < [|d|” Z (Zg czawk >
<Hﬂ|§:<§£3x) ,

in the last inequality, we obtain (40).
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Next, from the definition of v, we have

HVD($)T (co(z;d+v) — c(x))H

Vp(z)* (cq(az; d) + Ve(x) v + d"Ve(z)v + %UTV2C(JJ)U — c(x)) H
= ‘ Vp(z)* (dTV2c(I)U + %UTVzC(I)U>
< HVD(Q;)TCITVQC(JU)UH + % HVD(x)TvTVQC(x)vH

< 2||Vp(z) d"Vie(z)v||
<2|[Vo(@)llp [V lld] o]l

for sufficiently small ||d||. Thus from (40), we have (42). O

Lemma 15. Let the assumptions of Lemma 12 hold with ¢ = ¢/(x;dp) and
c(x + s) replaced by cy(x;s), and the assumptions of Lemma 14 hold. If
d e Ty, (z), p="P(x)d and v =p —d, then

1
AF,(z;p) = V,L(z,yp)"d + §dTV§$L(3:, yp)d + V,L(x,yp) v+ O(]|d||*),

for sufficiently small ||d||.
Proof. From (13), (33), we have

AF,(3p) = Vf(2)Td + dTF2f(@)d + h(cy(z:p)) — h(e(x))

2
e %dTvzﬂx)d ¥ (eylarp) — )y
+ 0 (|[Vo ()" (cq(w;p) = e(x))]]) -

Then from (42), the above yields
AF,(x;p) = Vo L(z,yp) p+ %pTVixL(x, yp)p + O ([|[Vp(2)" (cqlz;p)
= V. L, yp)"(d 4 ) + 5(d+ 0) V2, L, yp)(d + ) + O (||d|y3)
= V. L(z,yp)"d + %dTmeL(:v, yp)d + Vo L(z,yp) v+ 0 (||d||3) )
The lemma is proved. O
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The following lemma shows that a move along the negative-curvature
direction and an approximate projection can give a decreasing value of the
model quadratic function Fj,.

Lemma 16. Let the assumptions of Lemma 15 hold, and assume that a
negative-curvature direction d that satisfies (37) and p = P(x)d be given. If

1
—X(@yp) 2 k(@) [VeL(z, yp)ll

then, for sufficiently small ||d||,

1
AF(a;p) £ x(wyo) ] (13)

Proof. From Lemma 15, Lemma 14 and (37), we have

1
AFy(2;d) = Sd" V3, L(z,yp)d + V. L(z, yp)v + O (||d]°)

1
< Sd"V3,L(x,yp)d + Vo Lz, yp)| [[vll + O (l1d]°)

-2

< SA VLG, yo)d + w(@) | VLL (e, yo)| [ + O (1)

< Sd"V2, L, yp)d — x(,yp) |l + O ()

= ox(w. o) I e o) I +O ()

= e o) I + O (). (4
Thus (43) holds for sufficiently small ||d||. O

It is shown by the following lemma that Lemma 16 holds if x is sufficiently
close to a KKT point 2* under appropriate assumptions.

Lemma 17. If the assumptions of Lemma 11 hold, Lemma 16 holds.

Proof. 1t is proved in Lemma 13, that the assumptions of Lemma 12 holds
under the assumptions of Lemma 11. The assumption of Lemma 14 holds
by the nodegeneracy condition. Thus the assumptions of Lemma 16 are
satisfied, and the conclusion of the lemma holds. O
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2.4 Algorithm

In this section, we describe the proposed algorithm. Basic iteration consists
of a descent search within the trust region. At each iteration k, it is tried
to obtain a lesser model quadratic function value than the one given by the
search along the direction dpj which is generated by solving problem (15).
This requirement gives global convergence of the algorithm to a KKT point.
Acceleration of this procedure by using Newton direction will be discussed
later.

The direction of negative curvature is tried if it is considered to be possi-
ble. From Lemma 17 , if the current iterate x; is sufficiently close to a KKT
point x*, where it is assumed that z* satisfies the regularity conditions, then
under the condition

1

—ZX(SUk,kaH) > k(zk) |V L(zk, yprt1)]| (45)

where ypri1 € Oh(c(zx; dpy)) is the Lagrange multiplier of problem (15) at
Tk, We can expect

AF(xg;pr) < =X (ks YDkt1) ”dkH2 (46)

ool =

holds for sufficiently small ||dy|| where dj, is a negative-curvature direction
that satisfies (37) with d = dy, and yp = yprs1, and p,, = P(xy)dg. In order
to obtain py that satisfies (46), we start from dj, = dy, HcZkH = 0, where ¢, is
a trust region radius, and compute py = P(xx)dg. If pr does not exist, or (46)
is not satisfied, the magnitude of dj, is reduced by the factor 5 € (0,1), and
recompute p. This Armijo-type procedure may be repeated till condition
(46) is satisfied. However, we do not know whether the current point zj is
close enough to a KKT point z* or not. Therefore we have to rely on some
criteria for when to start and stop the above procedure.

In the following algorithm, we prove the convergence of the generated
sequence {xg, ypi1},k € K C {0,1,...} to a KKT pair {z*,y*}, and dpy —
0, VoL(xk, yprr1) — 0,k € K. Therefore, the values of ||dpy|| and ||V, L(xk, Ypri1)|]
can be measures for how close the iterate to a KKT point. Therefore, as an
obvious criterion, we check whether ||V,L(zk, ypr+1)|| < €, > 0, or not.
The value of € may be large or small depending on the chosen strategy. If
VoL (zg, yprt1)|| < e, (45) and Oh(xy) C Oh(c)(zk; dpi) are satisfied, and if
Ve(zy)Vp(xy) is of full column rank, then we compute py = P(z)dy where
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dp = dy, JkH = 0. If pp exists, check if (46) holds or not. If p; does not
exist, or (46) does not hold, let dy, < fdj, and computation is repeated while
lldx|| > v min {d, ||dpk||},v € (0,1) holds.

Algorithm NSTR

Step 0. Set an initial point wy = (zg,yo) € R™ x R™, the maximum trust-
region radius and an initial trust-region radius dy,.x > 09 > 0. Set a
positive definite matrix Dy. Set § € (0,1),7 € (0,1) and € > 0. Set
k=0.

Step 1. Solve problem (15) at xy, and calculate dpy and ypg,; that satisfy

Dydpi + V f(xr) + Ve(@r)ypr+1 =0, ypr+1 € Oh(c(xy; dpr))-

Step 2. Calculate the smallest eigenvalue x (%, Yprt1) of P(xx) V2, L(x, Yprs1) P(xr),
and the corresponding eigenvector dj,, with ”dkH = Ok, VoL (2, ypry1) T dyp <
0.

Step 3. Termination criteria:

(1) If |VoL(zk, ypr+1)|| = 0 and x(xk, ypr+1) > 0, then stop.

(ii) If |V.L(zk, ypr+1)|| = 0 and 2, does not satisfy the nondegeneracy
condition, then stop.

Step 4. Step calculation:

(1) If x(zk,yprs+1) = 0, calculate the step s, € R™ that satisfies the
conditions:

IN

(A Ok,

1
AFq(l’k; Sk) S iAFq(l'k, Od*(l'k, de)de)

(ii) Otherwise, i.e., if x(zk, ypr+1) < 0, execute the following:

(ii-a) If ||VoL(zg, ypri1)|| < € and Ve(xg)Vp(xy) is of full column
rank, and if Oh(xy) C Oh(wk, ci(zk; dpr)) and I |x(zk, yprsr)| >
K(zk) || Ve L(xk, ypra1)|| are satisfied, where k() is defined in (41),
repeat the following while

|l =~ min {0k, [[dprl|} (47)
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holds. Find the smallest nonnegative integer ji such that dy =
Bikdy, and py = P(zy,)d), satisfy

1
AFy(k; pr) < 2X(@rs yori) [ldill” (48)

If d;. is obtained, and if
1
AFy(x;pr) < §AFq(l‘k; a;, (7k, dpr)dpr), (49)

set s, = pp.

(ii-b) Otherwise, set s, = j (7, dpr)dps.-

Step 5. dxy1 is given by
%(Sk if AF(Ik, Sk) > iAFqCL’k, Sk)

Orp1 =& 20, if AF(xy;s,) < %AFq(xk; Sk)

0r  otherwise.
If (Sk-+1 > 6maxu set 5k+1 = 5max-

Step 6. If AF(x;;5,) < 0, then set 341 = o + sp and Y1 = Yprs-
Otherwise set (Tx11, Yrt1) = (Tr, Yr)-

Step 7. Compute a positive definite matrix Dy, set k:= k + 1 and go to
Step 1.

Remark 18. At Step 3, if zy, satisfies the KKT condition and x(xg, ypr+1) > 0,
the algorithm terminates. If a KKT point z; is degenerate, the algorithm
terminates even if x(zx, ypr+1) < 0, because the negative-curvature search
of this paper cannot be applied in this case. If a KKT point z;, with
X(Zk, Ypr+1) < 01is nondegenerate, the algorithm continues, and the negative-
curvature search is performed in Step 4 (ii). In this case, the negative-
curvature search gives p; that satisfies (48), and (49) is satisfied with the
right-hand side set to zero (dpg = 0).

Remark 19. At iteration k, assume that x(zx, ypr+1) < 0 and }l IX(Tk, YDrs1)| >
K(zg) ||VaL(xk, ypr+1)|| hold, and that Step 4 (ii-a) gives ji > 0 that satisfies
(48). Let pj, = P(xx)B *dy. Thus we have
1 o0 -2
AFy(zy;py) > gﬁQ(]’“ Ox (@, yprsr) || di || - (50)
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Then from (44) and (50), it follows
1 . -
§ﬁ2(Jk_1)X($kaka+l) Hdk||2 < AF,(xk; py)
1 ) - . -
= ZB2(Jk*1)X(xk’ka+1> HdkH2 + 53(]k*1)O(Hdk”3)
which gives

0< —%X(.Tk,y[)]ﬁ_l) < ,Bjk_l()(HJkH) (51)

Thus it follows that j; cannot be arbitrary large with given HJkH = 0y, inde-
pendently of (47).

3 Convergence

In this section, we prove that the proposed algorithm converges to a second-
order critical point as well as to a first-order critical point. For this purpose,
we assume the following in addition to the previous assumptions (A.I) and

(AID).

Assumptions
(A.IIT) The generated sequence {zx} remains in a compact set €2.

(A.IV) The matrix Dy is uniformly positive definite and uniformly bounded
for k=0,1,.... O

Define subsequences K; C {0,1,---} and Ky C {0,1,---} by

1

A}T(?,Lk7 Sk) > ZAF‘I(UR’ Sk), ke Kl, (52)
1

AF (ug; sg) < ZAFQ(uk; sk), k€ Ks. (53)

Then we have
K1UK2:{071,"'} and KlﬁKzz(Z)

From Step 5 of Algorithm NSTR, 6.1 = %5k, k € Ky and 01y > 0p, k €
K5. Therefore, if liminf ¢, > 0 or K; is finite, we have liminf ¢, > 0,

k—o0,ke K1 k—o00,ke K2
otherwise we have liminf ¢§, = 0. Thus, it is sufficient to consider that
k—o0,ke K1

either
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O Jufel, =00

(ii) liminf & > 0 holds.

k—o0,ke Ko
Theorem 20. Let an infinite sequence {xy,yr} be generated by Algorithm
NSTR. Then there exists at least one accumulation point that satisfies the
KK'T condition. Specifically, every accumulation point of the following sub-
sequences satisfies the KKT condition, and there exists at least one such
accumulation point:
(i) subsequences of Ky in which limy_, 6 = 0,
(i1) subsequences of Ko in which liminfy_, . 6 > 0.

Proof. By Step 4 of Algorithm NSTR, (24) and (25) we have

Ok AFy(zy; dpr) }

" ol ma (@ o). 0)

(54)
if dpy # 0. We first consider a subsequence K| C K; in which §; — 0. Since
HSkH < 5k7 we have s, — O,k € Ki To show limk_>oo7keK:/l HdeH =0, we
assume that

1
AF (xy; s5) < ZAF}(xk;de)min{

limsup |[dpk| >0,
k—o0, kEK]

and therefore assume that there exist a subsequence K| C Kj and ¢; > 0
such that
lim ||deH =c > 0. (55)
k—oo, keKY

Then from (18), we can assume that there exists ¢ > 0 such that

lim ’AF}(Q?}C, de)‘ =cy >0, (56)

k—o0,ke K"/
without loss of generality. From (14), we note
AF(Ik;Sk) :AFQ(Ik;Sk>+O(HSkH3) , ke K{,

and thus from (52),

1 3 ,
0 < AF(zk; sx) — ZAFq(xk; SE) = ZAFq(xk; sk)+O(|[sel®), ke K!. (57)
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It follows from (57) that
—AF,(zg;s6) = O (||se]®), k€ K. (58)
From (55) and (56),

: { O AFi(xy; dpy) } O
min<q 1, ,— =
[dsprll” max{Q(zx; dpr), 0} ) [ldpk|
holds for sufficiently large k € K7, and then (54) gives the relation

|AF(xy; dp)| Co
= ISkl = ——Iskll;
4 ||dp]| 8¢

—AF,(zg; s1) >

for sufficiently large k € K. This contradicts (58). Thus we have limy,_, o rex; ||dpr|| =
0.

We next consider a subsequence K, C K, in which liminfy . d; > 0.
Since {F'(xy)} is bounded below and non-increasing, we have

F(xg1) — F(xg) = AF(xg;8,) = 0, k€ Ky

and thus AF,(zy; sx) — 0, k € Ky, from (53) and AF,(zx; s;) < 0. There-
fore, we have AF(zy; dpr) — 0, k € K from (54) which holds when dp # 0,
and thus ||dpg|| — 0, k € K} from (18).

Therefore, for every subsequence K C {0, 1,---} that satisfies the condi-
tion (i) or (ii), we have

lim  ||dpx|| = 0.
k—oo,ke K

Then from (16), we have
lim va(a:k) + vc(xk)ka+1 = 0, YDk+1 € 8h(c(:ck) + Vc(xk)Tde),

k—o00,k€

and by (A.IIT), we can conclude that there exists & € 2 and § € 9h(c(2))
such that
li =z, i =9 0 t)y = 0.
pi e = YDk =Y and  Vf(z)+ Ve(2)g=0.  (59)
without loss of generality.
From the fact that there exists a subsequence that satisfies either of the

condition (i) or (ii), we conclude that there exists at least one accumulation
point that satisfies this result. Therefore, the theorem is proved. O
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The following theorem proves that there exists at least one accumula-
tion point that satisfies the KKT condition and the second-order necessary
condition.

Theorem 21. Let an infinite sequence {k, yp11} be generated by Algorithm
NSTR, and {zk,yx+1} — {2*,y"},k € K C {0,1,...} where {z*,y*} is a
KKT pair, and K 1s either of

(i) subsequence of Ky in which limy_, 0x =0, or

(i) subsequence of Ky in which liminfy_ . 6 > 0.

If x* satisfies the regularity conditions, then x(z*,y*) > 0.

Proof. Assume that y(z*,y*) < 0. Then we can assume that there exists
n < 0 such that x(zx, yry1) < 7y for all k£ € K without loss of generality.

Since {xg, Y41} — (¢, y*), k € K, it follows |V, L(zk, yrt1)|| = 0,k € K
and ||dpk|| — 0,k € K. Since, for sufficiently large k € K, Ve(xg)Vp(zy)
is of full column rank, Oh(zy) C Oh(xy, ¢(xy; dpy)) from Lemma 11, and
2 IX(@k, ypr+1)| = K(zk) | Vo L(2k, ypre)||, all the conditions in Step 4 (ii-a)
are satisfied, and the negative curvature search is performed. Then it follows
from Lemma 16 that there exist p, and j, that satisfy

2

Y

1 . _
AFy (g pr) < gﬁZJkX(Ikvka) |

for sufficiently large k € K, since the reduction of ||dy || is repeated if necessary
while
|l =~ min {0, [|dpel|}

holds, and the right-hand side of the above inequality tends to 0 for k € K.
Therefore from Step 4, the following relation is satisfied for sufficiently large
keK:

(1 * - )
AF,(wg; sx) < min {§AFq(xk:§ a;, (2, dpr)dpr.), gﬁzij(xkayk-i-l) HdkH2} :

(60)

We first consider the subsequence K that satisfies the condition (i). Thus

assume that dy — 0,k € K C K;. Then we have s; — 0,k € K. From (14)
and (52),we have

1 3
0 < AF(xy;sk) — ZAFq(xk; S) = ZAFq(mk; sk) + O(||skl®). k € K. (61)
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Then (60) and (61) yield
0 < B¥X (i, i) [|de|” + OCllsil),

for sufficiently large £ € K. The above inequality gives

—nB*r <

O(llsell”) = 52 Ollsell”) = O(r) = 0,k € K. (62)

I kH

Thus we have j, — oo,k € K. On the other hand, we have ——77 <
BETTO( HdkH ) from (51), and this gives a contradiction when j, — oo, k € K.

Next suppose liminf,_,. 0, > 0,k € K C K. In this case, from (53) and
(60), we have

AF (xg; %) < 1AF (s sk) < 3%52]’%(171@7%“) |di||* = 3—1252”X($kayk+1)5/3-
(63)
Since {F'(z)} is bounded below and non-increasing, it follows AF (z; s;) —
0,k € K. Thus we conclude j, — 0o,k € K. As above, this contradicts (51)
since HJkH = 0 < Omax-
In both cases, we have a contradiction if we assume x(z*, y*) < 0. There-
fore the theorem is proved. Il

4 Acceleration by Newton direction

In this section we discuss how to incorporate Newton-like iteration in the
algorithm discussed above. One obvious way is to solve problem (17) near
a KKT point, and the quadratic convergence of the resulting iteration is
shown in [15]. See also [7]. Another viewpoint which should be noted is
that the matrix Dj in the above algorithm can be some sort of positive
definite approximation to the Hessian of the Lagrangian, and the resulting
algorithm may benefit from this feature if properly done. In this section,
we pursue another method which can be performed with lesser cost than
solving (17). The method proposed below is based on identifying an active
set of functions by solving problem (15) if necessary, and then solving a set
of linear equations for the acceleration. Similar method adopted in the SQP
framework appeared in [19].
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4.1 Quadratic convergence

Let the current iterate (xy,yx) be sufficiently close to a KKT pair (z*,y*)
where x* satisfies the regularity conditions. Assume further that the second-
order sufficient condition holds at z*. Let a KKT pair of problem (15) at x
be (dpk,ypr+1). Then from Lemma 11, we have

Oh(c(xy)) C Oh(c(z™))
= Oh(ci(wk; dpr)) = {Z/ e R™ ’y = Ypr+1 + Vw,w € W (ypis1) C Rl} ;

where V" = V(¢;(21; dpg)). Thus near a solution, instead of solving (17), we
solve the following set of linear equations for (dyg, Ynk+1)

Grdni + V f(xg) + Ve(xg)yngsr = 0,
V¥ (¢)(wp; dpr) — ci(zp; dag)) = 0,

where Gy = V2, L(zg, yx), and V*T¢)(zy; dpr) = V*Te(2*) from Lemma 11.
The first equation is the equality part of the optimality condition for prob-
lem (17) at xy, and the second equation is the condition for Oh(c(z*)) =
Oh(ci(zg; dpr)) = Oh(ci(xg; dng)) to hold. See Lemma 10 and Lemma 11. If
we set ynir1 = Yr + V7 wnii1, the above set of equations can be rewritten as

(weher 577 () - (a3,

Theorem 22. Assume that a KKT point x* satisfies the reqularity con-
ditions, and that the second-order sufficient condition holds at a KKT pair
(x*,y*). Assume further that the current iterate (xx, yx) is sufficiently close to
(x*,y*). Let a KKT pair (dpk, ypr+1) of problem (15) and yy, € Oh(c;(vk; dpr)) =
Oh(c(x*)) are given. Then there exists a unique solution of (64), and with

Tp1 = Tk + dyg, (65)
Yk+1 = YNk+1, (66)

there holds
Yka1 € 3h(Cz($k; de)) = ah(c(x*)), (67>

and
:,U * *
(22 )| = ot =y + 0"t b =l (09
Y — Ykt
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Proof. From Lemma 11, we have V' ¥ (c(x*) — ¢;(wx; dpi)) = 0. Then Newton
iteration (64) becomes

( Gk Vc(xk)V* ) ( de ) . ( —Vf(l‘k) - Vc(xk)yk )
(Vc(xk)V*)T 0 WNkt1 ) VT (e(x*) = c(wy)) '
(69)
From the assumption that (zy, yx) is sufficiently close to (z*,y*), the regular-
ity conditions and the second-order sufficiency condition, the coefficient ma-

trix of (69) is nonsingular. Thus there exists a unique solution (dyk, Wnk+1)
of (69). We also have

( dnr, ) _ O( ( =V f(xr) — Ve(zg)yr > )
WNE+1 v (0(93*) - C('Tk)) .
From similar reasoning as in the proof of Lemma 11, we have Oh(c(z*)) =
Oh(ci(zk; dnk)) and yer1 € Oh(ci(zy; dig))-
Now we have
0= V.L(z* y*) = Vo L(zp, y*) + V2, L(zg, y*) (2" — xp) + O(||z* — ka2)
+O([l2* = 2 ]|*) + Ol — @l ly™ — wkl))
= Vo L(zh, i) + V2, L(h, yi) (Tr1 — 1) + Ve(@r) (ki — vr)
+ V2, L(w, yi) (2" — Tpg1) + Ve(@) (4" — yes)
+O([|2* = 2]|*) + O(|=* — @l ly™ — wxl))
= Vo L(r, yr) + V2, L2k, yr)dnk + Ve(zg) VN
+ V2, L(wg, yp) (7% — 2pp1) + V(@) (Y* — yrir)
+O([l2* = 2]|*) + Ol — @l ly™ — wkl))
= V2, L(zp, y) (2" — 2x31) + V(@) (¥ — Yrr1)
+O([l2* = l*) + O(ll=" — @l lly* — wkll), (70)

where in the last equality, we use the fact V,L(zg, yr) + V2L(2r, yx)dye +
Ve(zg)V*wngyr = 0 from (64). On the other hand, we have

VTe(x) = V' (e(ar) + Velar) " (2 — 21)) + O([la” — zi]*)
=V (c(zy) + Ve(zp) " (wp1 — i) + VI V()" (25 — 2p41)
+O([la™ — a3 ). (71)
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Then from the second equation of (69), we have
VT (e(x*) — ¢i(xp; dni)) = 0, (72)
and (71) and (72) lead to
VIVe(a)T (2 = 2pa1) = O(l|l2” — 2 ]]%). (73)
Now equations (70) and (73) yield
G Ve(zg)V* T — Ty
( (Ve(we)V)" 0 ) ( Y'Yk )

(Ol Ol )
Ofa =) |

and then (68) follows. O

We note that a natural candidate of vy is ypr1. However if the above
Newton iteration is once successful, then in the forthcoming iterations, we
may choose yi = ynk. L.e., the iteration can be

Grdyk + V f(xg) + Ve(zy)yngs =0,

VT (e(mp_1; dng—1) — a(zr; dyg)) = 0, (74)
G, Ve(rg)V* dnr _ =V f(zr) — Ve(xg)yx
( (Ve(z) V)T 0 ) ( WNk+1 ) B ( VT (ey(wr-1; dne—1) — () ) 7
(75)
Yk+1 = Yk + VWNE41, (76)

where instead of V2, (c;(xy; dpr) — ¢i(xr; dyi)) = 0, we use the requirement
(74). Here V* = Vii_1 is a basis matrix of Oh(¢/(xg_1;dnk—1)). Thus the
iterations based on problem (15) may not be necessary hereafter. We restate
the contents of Theorem 22 using the above iteration.

Theorem 23. Assume that a KKT point x* satisfies the reqularity condi-
tions, and that the second-order sufficient condition holds at a KKT pair
(x*,y*). Assume further that the current iterate (g, yx) is sufficiently close
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to (x*,y*), where y, € Oh(c(x*)) = Oh(c/(xy; dyk—1)). Then there ezists a
unique solution of (75), and with

Tht1 = Ty + dng, (77)
and (76), there holds
Y1 € Oh(c(x™)) = Oh(ci(xk; dne)), (78)

and

x*_x % * *
( g )H = O(ll2" = @l[*) + O(lla* — el ly" —wal)-  (79)
Y Yr+1

4.2 Second-order correction

In the last subsection, it is proved that the fast local convergence is obtained
if we use Newton like iteration defined by (64), (65) and (66), or (75), (76) and
(77), and if we ignore the objective function value change. It is well known
that this kind of procedure gives the Maratos effect, and that the objective
function value may not decrease. In this subsection we describe how to avoid
Maratos effect by using the second-order correction in our problem. Given a
solution pair (dyk, ynk+1) of problem (17) near a KKT pair (z*, y*), modify
the problem to

minimize 1/J/GIf (dnk + dC)T .
= §(de + dc) Gk(de + dc) + Vf(xk) (de + dc) (80)
+h(0q(l’k; de + dc)), dc e R"”

where G, = V2_L(xy,yi). and dy and h(ci(z; dy)) in (17) at zy, are replaced
by dni+de and h(cy(xy; dyg +de)) respectively. The KKT condition of this
problem is
Gr(dyk + dok) + V f(xr) + Ve(rr)yner = 0,
Ynck+1 € Oh(cy(xy; dng + dok)).
Actually, this problem is not tractable, so we modify c,(xy; dni + dex) to
co(x; dni )+ V()T dey, ignoring the terms of orders ||dey ||* and ||dex | || dwve |-
Then the above KKT condition becomes
Gr(dng +dok) + V f(zr) + Ve(ar)ynors = 0,
ynors1 € Oh(cy(zr; dyg) + Ve(zy) T doy).
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As in the Newton iteration of the previous subsection, we require

Oh(c(x")) = Oh(ci(zr; dnr-1)) = Oh(ci(zy; dnw))
= Oh(cy(wy; dng) + V(o) doy).

Thus we solve

Gk(de -+ de) -+ Vf($k> -+ VC(JIk)yNCk+1 = O, (81)
V*T (Cl(Ik; de) — cq(xk; de) — VC(JI)Tde) = O, (82)

which we rewrite to

Gk VC(ZL‘k)V* de o 0
(Ve(x,) V" 0 wopr )\ —2VTdG, Vie(v)dy )

(83)
YNCh+1 = YNk+1 + V Wep11.

From Theorem 23, we have
ldnill < llze 4+ dvi — 27| + [lar — %[ = O(f|lz" — ), (84)

and then from (83), we obtain

H( o )H (ldxll?) = Ol = ). (85)

WCk+1

The following lemma gives an estimate of the decrease of the functions F
and 1Y, near a KKT point.

Lemma 24. Under the assumption of Theorem 23, the iteration defined by
(81) and (82) gives

AFq<l’k; de + de)

= v, (dnn) — 16, (0) + O(ll2* — a|”) + O(ll2* — z|l” lly" — wall),  (86)
F(a") = F(ax)

= Y, (dnn) — ¥, (0) + O(ll2* — a|”) + O(ll2™ — zell” ly" — wall)- (87)
Proof. Similarly to the proof of Lemma 13, we have

[cq(zr: dni) + Ve(zg)dog, a(zr; dyg)] C I,
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where we note ||dyg|| = O(||z* — x]|) and ||dex|| = O(||a* — z4||*) from (84)
and (85). Then it follows

Oh() C Oh(c(z*)) = Oh(c)(zr; dyy)) = Oh(cy(zy; dyk) + V(o) do),

for all ¢ € [ey(x; dng) + Ve(xg)dek, a(xg; dyg)] from Lemma 10, (78) and
(82). Thus from Lemma 12, (81) and (82), we have

h(cq(@r; dng) + Ve(ay)der)
= h(ci(zi; dni)) + (cq(zp; dui) + Ve(zr) dor — ala; de))Tyk
+O(|[V* (eq(ans dwi) + Velay) dey — ciler: du))|])
1 T
= h(Cl<£L'k; de)) + (§deV20($k)de -+ VC([Bk)Tde) Yk - (88)

Then from the definition of F,, (85) and (88), we have

Fy(zy; dng + deg)

1
= f(z) + Vf (2x)" (dnk + dex) + §(de + dek) "V f (ox) (dk + dey)
+ h(Cq(iL’k; de + de))

1
= (C(Zk) + Vf(l’k)T(de -+ d()k) + §(de + dck)TVQf(:Ek)(de + de)
+ h(cq(wr; dyi) + V() der) + O(|lder]|?) + Ol dw| | dexl))

1

= (l‘k) + h(Cl(SL‘k; de)) + Vf(l’k)Tde + éd%kade
+ Vo L(zg, yi) "der, + O(J|lz* — z]%),

where in the last equality, (85) is used. Since

Vo L(zr, yr) = O(llz" — zx|l) + O(lly™ — wel))
from Taylor expansion, we have

Fq<£€k; de + de> = f(il?k) + h(Cl(CL’k; de)) + Vf(ﬂik)Tde + %

O™ — aill”) + O(ll" — 24 I” lly* — wl)
Fx) + v (dwi) + O(lle” — 2 |*) + Oll2* — 2l ly* — wil)-

dj]:/kade

_|_
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Then noting ¢, (0) = h(c(zk)) gives (86).
Next, we evaluate the value of F'(x*). Firstly we evaluate h(c(z*)) based
on the value of h(c(xy)). Since h(c) is locally linear at c¢(z*), we have
h(ci(wdag)) = he(@")) +  max  (ezx: dwi) — c(z”))y
yeoh(c(z*))
= h(c(z")) + (a(wn; dnn) — e(2) g + OV (e(2”) = cilwn; du))||)
)

= h(c(x*)) + (clmr; dvi) — cqlor; o™ — a)) Ty + O(|l™ — 2|,
(89)

where we use the facts that we assumed y € Oh(c(z*)), that
c(a*) = cqlap;x* — mp) + O([|2” — ),
and that (72) holds. Then from (89), we have
h(c(z*)) = h(cl(xk; dni)) + (2 — 23 — dyi) T Ve(zr)ye
+ yk ¢ (27— ) VPe(a) (@* — 2i) + O([la* — )
= h(Cz($k7 dng)) + (2° — 2 — de) Ve(Tg)yne
+ yk e (" =) Vic(ay) (2" — @)
+O(Hl’ — a2 |") + Ollz” —axll* ly* — wil), (90)
where in the last equality, we use the relation

lynisr = Yell = lynvesr = v + 4" = el < Nyveer — v71 + [y — vl
= O(ly* — wel)-
Then from (90),

F(z*) = f(2") + h(c(z"))
= fan) + V()" (@ —ap) + (" = 2) "V f () (@7 — a4)
+ h(a(zg;dyn,)) + (" — xx — dyk)” Ve(or)ynks
+ %@/?(ﬂf* — o) VPe(ap) (@ = xx) + O([la* — 2 ]|*) + O(ll2™ — il * Iy — well)
= flon) + V) (@ — 1)+ (0 — 2 Cala” — 1)
+ h(c)(zr;dn,)) + (2% — 25 — dyg)” (—=Grdye — Vf(z1))
+O(llz" — 2lI”) + O™ — " [ly™ — wxll)
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where in the last equality we use the KKT condition of problem (17): Grdyx+
Vf(zr) + Ve(zr)ynerr = 0. Then we have

1

F(z*) = f(xg) + h(a(zg; dy,)) + VF(zr) dyg + 5

dj]:/kade

($* — Tk — de)TGk(ZL’* — T — de)

+ +
O - O Nl

(2" = z]l*) + Oz — zl* ly* — wiell)

1
(zk) + hla(zy; dnw) + V f (zr) dyk + §d%kade
(

lz* = 2xl®) + O(lle* — el ly™ — wil)-

_.I_
This gives (87). O
The above lemma leads to the following theorem.

Theorem 25. Under the assumption of Theorem 23, there exists v > 0 such
that

1
AF(zy; dyg + dex) < —5Y |z* — xk”Qa

and furthermore

H(x*—xk—dm—d()k

Y — YNCh+1

)| = 0t =y + Oe” = aul Iy =
Proof. From (8), there exists v > 0 such that

F(xg) > F(a*) + v ||z" — |
for x;, sufficiently close to x*. Thus from Lemma 24, we have

AF,(x; dng + dow)
= F(a*) = F(xy,) + O([lz* — x]|*) + O(lla* — @l * [ly* — wxl))
< —vllz* — @l + O(llz* — zel’) + O(llz* — al* ly* — wiel)-

On the other hand, from (14), (84) and (85),
AF(x; dng + dey) = AF,(zx; dyk + dek) + O(||dwvi + de||3)
= AFq(iL'k; de —|— de) —|— O(HZL‘* — $k||3)
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Then we have

AF(zg; dyy + dox) < —vz” kaQ O(]|l* kag) O(]l=" ‘kaQHZ/*_ka)
< _1 |z ||2
v|T T
2 g

for sufficiently small ||z* — z¢|| and ||y* — yk||. Now from (68) and (85),

[ty B [ Gl | 1Y [ @i |
Y* — YNCk+1 - V" — YNkt1 Ve ’

= O(llz" — 2 ]I”) + O(lla* — aill lly* — well)

5 Conclusion

In this paper, we proposed a method for finding a KKT point of structured
nonsmooth problems that satisfies the second-order optimality condition by
a trust region method. The global convergence to a KKT point is assured
by the trust-region searches along the directions generated by subproblems
that give descent directions. The negative-curvature searches for the second-
order critical point approximately follow the manifold that give a second-
order approximation of the objective function difference by the corresponding
Lagrangian terms. It is also shown that it is possible to have an acceleration
to the quadratic convergence by solving a set of linear equations. It is also
shown that the second-order correction for avoiding the Maratosh effect can
be done by solving another set of linear equations.

Possible future studies include extensions to the constrained problems
and problems with unknown structures.
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