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Abstract

This paper presents a methodology for using varying sample sizes in sequential
quadratic programming (SQP) methods for solving equality constrained stochastic op-
timization problems. The first part of the paper deals with the delicate issue of dynamic
sample selection in the evaluation of the gradient in conjunction with inexact solutions
to the SQP subproblems. Under reasonable assumptions on the quality of the gradient
approximations employed and the accuracy of the solutions to the SQP subproblems,
we establish global convergence results for the proposed method. Motivated by these
results, the second part of the paper describes a practical adaptive inexact stochastic
sequential quadratic programming (PAIS-SQP) method. We propose criteria for con-
trolling the sample size and the accuracy in the solutions of the SQP subproblems based
on the variance estimates obtained as the optimization progresses. Finally, we demon-
strate the practical performance of the method on a subset of the CUTE problems and
constrained classification tasks.

1 Introduction

We consider stochastic optimization problems with deterministic equality constraints, and
design, analyze and implement a stochastic adaptive sampling algorithm based on the
sequential quadratic programming (SQP) paradigm. Optimization problems of this form
arise in a plethora of real-world applications, including but not limited to computer vision
[32], optimal control [¢], network optimization [7], partial differential equation optimization
[33], deep learning [36], and reinforcement learning [1].

The majority of the methods developed for solving constrained stochastic optimization
problems, i.e., optimization problems with deterministic constraints and stochastic objec-
tive functions, are based on the penalty method approach [19, 26, 29, 32]. Such methods

*Corresponding author.

"Dept. of Industrial and Operations Engineering, University of Michigan. (albertberahas@gmail.com)
1Operations Research and Industrial Engineering Prog., UT Austin. (raghu.bollapragadaCutexas.edu)
fDept. of Industrial and Systems Engineering, Lehigh University. (baoyu.zhou@lehigh.edu)


albertberahas@gmail.com
raghu.bollapragada@utexas.edu
baoyu.zhou@lehigh.edu

transform the given constrained problem into an unconstrained problem by penalizing con-
straint violation in the objective function, and then apply classical unconstrained stochastic
optimization methods on the modified objective. While these methods are well studied,
recently a number of algorithms endowed with sound theoretical guarantees and superior
empirical performance have been proposed [5, 28]. In [5], a stochastic SQP method with
adaptive step size selection for the fully stochastic regime is proposed, and, in [28], a
stochastic line search SQP method with adaptive gradient accuracy is proposed. Several
other extensions of these methods have been developed, e.g., relaxing constraint assump-
tions [1], employing inexact computations [22] and employing variance reduction [6].
Adaptive sampling is a powerful technique used in stochastic optimization to control
the variance in the approximations employed as the optimization progresses. The idea is
simple yet powerful; far from the solution(s) inaccurate and cheap (gradient) information
can be employed while near the solution(s) accurate (gradient) information is required for
both theory and practice. Of course, the key to such methods is the mechanism by which
the sample size (or accuracy of the approximation) is selected. In [23, 12], algorithms that
increase the samples sizes employed with prescribed (geometric) rules are proposed, and
in [12] the authors showed that these methods achieve optimal worst-case first-order com-
plexity for unconstrained problems. Other algorithms utilize gradient approximation tests
to control the accuracy in the approximations; e.g., norm test [15, 12], inner product test
[9, 10], and others [16, 3, 25]. Adaptive sampling algorithms have also been developed for
simulation-based optimization problems [24, 31]. Finally, [2, 35] apply adaptive sampling
methods to constrained stochastic optimization problems with convex feasible sets.

1.1 Contributions

In this paper, motivated by the successes of adaptive sampling methods (unconstrained
stochastic optimization problems) and SQP methods (constrained deterministic optimiza-
tion problems), we propose an adaptive sampling stochastic sequential quadratic pro-
gramming algorithm for solving optimization problems with deterministic constraints and
stochastic objective functions. This is far from a trivial task as complication arises when
incorporating existing adaptive sampling strategies into the SQP paradigm primarily due
to the multi-objective nature of constrained optimization. We propose a novel mechanism
to control the accuracy in gradient approximations employed and the search directions cal-
culated that balances the goals of achieving feasibility and reducing the objective function
value. The main ingredients of our proposed method are: (1) the extension of the norm
condition [15, 12] for equality constrained stochastic optimization problems, and (2) the
adaptation of the stochastic SQP method proposed in [5].

We prove convergence guarantees for two different inexactness conditions, predeter-
mined and adaptive. Specifically, under standard stochastic condition on the accuracy of
the gradient approximations and deterministic conditions on the quality of the solutions
of the linear system, we prove that a measure of first-order stationarity evaluated at the



iterates generated by our proposed algorithm converges to zero in expectation from arbi-
trary starting points. We also established worst-case sampling complexity results when
the sample sizes are controlled using predetermined rates instead of adaptive tests showing
that even though sampling work per iteration is increasing, the overall sampling complex-
ity is still 0(6_2(1+V)), where v > 1. Moreover, we then propose a practical variant of our
algorithm, inspired by [12, 9]. Finally, we present numerical results on binary classifica-
tion tasks with equality constraints and on equality constrained problems from the CUTE
collection that demonstrate the efficiency and efficacy of our proposed practical method.

1.2 Notation

The set of natural numbers is denoted by N := {0,1,2,...}. The set of real numbers
(i.e., scalars) is denoted by R, and R, (R, ) denotes the set of real numbers greater than
(greater than or equal to) r € R. The set of n-dimensional vectors is denoted by R™, the
set of m-by-n matrices is denoted by R™*", and the set of n-by-n symmetric matrices is
denoted by S™. Our proposed algorithms are iterative, and generate a sequence of iterates
{x},} with 2 € R™. Let fy := f(xr), gr := Vf(x1), ¢ := c(xr), and Ji := V()T for all
ke N.

1.3 Organization

The paper is organized as follows. In Section 2 we formalize the problem statement and
main assumptions. The general algorithmic framework of our proposed method is presented
in Section 3. Convergence and complexity guarantees are stated and proven in Section 4.
We present a practical adaptive sampling SQP method in Section 5. In Section 6, we
demonstrate the empirical performance of of the proposed method on classification tasks.
Finally, in Section 7, we make some final remarks and discuss avenues for future research.

2 Problem Statement and Assumptions

We consider the following potentially nonlinear and/or nonconvex equality constrained
optimization problem

;IElIiRI}L f(z) st. c(x) =0, with f(z)=E[F(,§)], (2.1)
where the objective function f : R — R and constraint function ¢ : R™ — R" are smooth,
¢ is a random variable with associated probability space (2, F, P), F: R" x = — R, and
E[-] denotes the expectation taken with respect to P. Throughout the paper, we assume
that the constraint function and its associated derivatives can be computed exactly. With
regards to the objective function and its associated derivatives, we assume that these
quantities are expensive to compute, but that accurate evaluations can be obtained as
required. We formalize the notions of accuracy in subsequent sections of the paper.



We make the following main assumption with regards to (2.1) and the iterates {zy}
generated by our proposed algorithms.

Assumption 2.1. Let X C R" be an open convex set containing the sequence {xy} gen-
erated by any run of the algorithm. The objective function f : R™ — R is continuously
differentiable and bounded below over X and its gradient function V f : R® — R" is Lips-
chitz continuous with constant L € Ry (with respect to || - ||2) and bounded over X. The
constraint function ¢ : R™ — R™ (with m < n) is continuously differentiable and bounded
over X and its Jacobian function J := Vel @ R® — R™X™ s Lipschitz continuous with
constant I' € Ry, (with respect to || - ||2) and bounded over X. In addition, for all x € X,
the Jacobian J(x) has singular values that are bounded uniformly below by ks € Ry .

Remark 2.2. We make the following remarks about Assumption 2.1. Under Assump-
tion 2.1, there exist constants (fint, kg, ke, Ko, k7) € R X R g xRy x Ry g x Ry such that,
for all k € N,

fint < fio IV fzn)ll2 < kg, llerlls < we, [1kll2 < wg, and [[(JxJ) 72 < kg

The components pertaining to the objective and constraint functions are standard assump-
tions in the equality constrained optimization literature. With regards to the algorithmic
components, we do not assume that the iterate sequence itself is bounded, however, we do
assume that the objective function and constraints, function values and derivatives, are
bounded over the set X containing the iterates. While this assumption is reasonable in
the deterministic setting, it is not ideal in the stochastic setting. That being said, it is a
common assumption in the equality constrained stochastic optimization literature [5, 25].
The justification is that in this constrained setting, iterates are presumably converging to-
wards a determinsitic feasible region. Furthermore, we assume that the accuracy in the
gradient approximations can be controlled, and as such claim that the assumption above is
reasonable.

Let ¢ : R" x R™ — R be the Lagrangian function corresponding to (2.1), {(x,y) =
f(x)+c(x)Ty, where y € R™ is the vector of Lagrange multipliers. Under Assumption 2.1,
the necessary conditions for first-order stationarity for (2.1) are

- BBl

3 General Algorithmic Framework

Our proposed algorithms can be characterized as adaptive (selection of the step size/accuracy
of approximations), inezact (linear system solves), and stochastic (gradient approximation
employed) sequential quadratic optimization (SQP) methods. Specifically, given z for all



k € N, a search direction dj, € R" is computed by inexactly solving a quadratic optimiza-
tion subproblem based on a local quadratic model of the objective function constructed
using

min fi + grd+id"Hyd st. cp+ Jpd =0, (3.1)

where the matrix Hy € R™*" satisfies the assumption below (Assumption 3.1).

Assumption 3.1. The sequence of symmetric matrices {Hp} C S™ is bounded in norm
by ku € Ry such that ||Hgll2 < kg for all k € N. In addition, there exists a constant
¢ € Ry such that, for all k € N, the matriz Hy, has the property that u” Hyu > ¢|lul|3 for
all w € R™ such that Jyu = 0.

Under Assumptions 2.1 and 3.1, the optimal solution c?k € R" of the subproblem (3.1),
and an associated displacement in the Lagrange multiplier §; € R™, can be obtained by
solving the linear system of equations given by

Hy JF di ngrngk}
R = — . 3.2
[Jk 0 } lék] [ Ck 32

Solving such linear systems can be expensive, and as such, our algorithms employ inexact
solutions to the above linear systems given by (dg,dr) =~ (dg, o), i.e.,

Hy JE [de] gk + T Pk
|:Jk O:| |:gk:| - |: Ck T Tk ’ (3.3)

where the tuple (pg,7x) define the residuals, and ||(pg, 7r)|| can be controlled as required.
Our algorithms impose conditions on the norm of the residuals.

Given a pair (dy,d), our algorithms proceed to compute a positive step size in order
to update the primal variables x; and Lagrange multipliers y,. The step size selection
strategy is similar to that in [5]. To this end, the algorithms employ a merit function
¢ : R" x R,y — R, parameterized by a merit parameter 7, € R, defined as

O(wr, ) = Tifr + ekl (3.4)

The merit parameter is dynamically adjusted as the optimization progresses. We employ
an local model [ : R" x R_ 5 x R" x R” — R of the merit function ¢ defined by

Uk, To G die) = To(fe + Tk di) + ek + Tedille = 7 (i + Ti di) + [Pl
and its associated reduction function Al : R" x R_; x R" x R" — R defined by
Al(xkv?kvgkv ;ik) = l(‘rk’i—kagkv 0) - l(xk77_—k7§kv Zik)
= —7uGh di + llerll — llex + Jrdin (3.5)

= — TGk di + lexllt — [I7xll1,



to guide the selection of the merit parameter. Note, Al(zy, T, Gp, dg) = —?kgzglvk + ek,
where (Eivk, gk) is the solution of (3.2). The mechanism for updating the merit parameter
Tj is similar to that proposed in [5], and is motivated by state-of-the-art SQP methods
[20, 14]. First, a trial merit parameter Tt”al is computed. Given user-defined parameters
(w1, w2, wp) € (0,1) X (0,1) x Ry, if HTkHl (1 — wi)wsllexlly and/or [[pxlly = wyllekll1, we
set ﬂirml < oo. Otherwise, we set

00 if g}f&k + maX{J{HkCZm €d||Jk||g} <0

_ (1—w1)(1—w22||0k||17
gt dp+max{d] Hydy,eql|di|I3}

7—_]2é'r’ial - (36)

otherwise,

where €4 € (0,¢/2) is user-defined. Then, the merit parameter value 7y is updated via

— o — — y l
5 {Z’k_l if 7 < (1-— eT)T}é”“

. 3.7
1 —e;)7ral otherwise, (3.7)

where ¢; € (0,1) is user-defined. This rule ensures that {7;} is a monotonically non-
increasing positive sequence with 73, < (1 —e,)7 ririal for all k € N. Moreover, this rule aims
to ensure that the reduction function (3.5) is non-negative and satisfies,

Al Ty Gy di) > Trwr max{dy. Hydy, eql|dp||3} + wr max{||ex||1, [|Fxll1 — lexll1}. (3-8)

We show (see Lemma 3.6 below) that this bound indeed holds for the iterates generated
by our proposed algorithm.
Finally, the step size a; € R+ is set as follows. At the kth iteration, we set via

~ [ 201=m)BC2TD Al 7.,gn,d, ) ar" (2-7/2)
O mm{ GRS VNI F A > oS ) (3.9)

where n € (0,1), g € (0,1], 0 € [2,4] and «, € R+ are user-defined parameters, and

Ot : Al(@g, T,k } Al(ﬂﬁkfk,gkﬂk)—2||0k||1}
< max < min < — — 1 z . . 3.10
% { {(TkLk+Fk)Hdk||§’ * (FeLp+Te)lldell3 ( )

The step-size choice is motivated by that proposed in [5], and adapted for our specific
setting. The user-defined parameters 8 and o that influence the step size are also related
to the accuracy of gradient approximations employed and the accuracy of the solutions of
the linear system (3.2), which are introduced and discussed in Section 4.

Our algorithmic framework, Adaptive, Inexact, Stochastic SQP (AIS-SQP), is presented
in Algorithm 1.

Remark 3.2. We make the following remarks about Algorithm 1.

o Lines 2 and 3: For ease of exposition, we leave these two steps arbitrary and specify
them later in the paper (Section ). We assume that gradient approzimations of arbitrary
accuracy can be computed, and that the linear system can be solved iteratively and to
arbitrary accuracy. In Section 5, we present a practical adaptive sampling strategy and a
mechanism for solving the linear system inexactly.



Algorithm 1 (AIS-SQP) Adaptive, Inexact, Stochastic SQP Algorithm

Require: zg € R"; yop € R™; {Hi} C S™; 7-1 € Rog; {w1,we,n,6,} C (0,1); w, € Rsp;
wp € R g5 B € (0,1]; a € Rip; €q € (0,8/2); 0 € [2,4]
1: for all £k € N do
2: Compute some gradient approximation g, € R"
3: Solve (3.2) iteratively; compute a step (dy,dx) that satisfies (a) or (b):
(a) (3.8) and ”ka1 < waﬂ”/2Al(xk,%k,§k,Jk), with 7, = 7._1,
and, additionally, g d + max{d} Hydy, eq||dx||3} < 0 if ||ck|l1 > O,
(0) 7kll1 < min{(1 — wi)wsz, wiwa 7} exll1 and [|prlli < wllex|l

4: Update 7% via (3.6)—(3.7) only if (b) is satisfied
5: Compute a step size @y via (3.9)—(3.10)

6: Update xg41 < 1 + apdy, and Yk+1 < Yk + Q0
7: end for

e Lines 3(a) and 3(b): Lemma 3.5 (below) shows that the algorithm is well defined, and
that Line 3 will terminate in either (a) or (b). One could enforce a simpler condition
on the solution to the linear system, however, this simpler condition would come at the
cost of having to solve the linear system exactly if/when the iterates are feasible. In the
special case where ||ck||1 = 0, by Assumptions 3.1 and 3.3 (presented below; pertaining to
the linear system solutions) and (3.3), Line 3 of Algorithm 1 is guaranteed to terminate
in case (a). The additional condition in case (a) is added for technical reasons discussed
in Section 4. Intuitively, if the additional condition holds, then sufficient progress can
be made in terms of minimizing the objective function, and thus progress can be made
without modifying the merit parameter.

e Merit parameter update: If Line 3 terminates due to the condition (a), then Line J is

skipped. If Line 4 is triggered, then the merit parameter is potentially updated to ensure
(3.8) is satisfied.

e Step size selection: The step size selection strategy (3.9)—(3.10) depends on Lipschtiz
constants (L and T'), or estimates of these quantities. If one knows the Lipschitz con-
stants, one could simply set L, = L and 'y, =T for all k € N. If such Lipschitz constants
are unknown, as is the case more often than mot, one can approximate these constants
following the approaches proposed in [5, 23, 9]. See Section 5 for details of our practical
implementation.

e Comparison to other algorithms: The step computation, merit parameter update, and
step size selection mechanisms are similar to those proposed in [5, 22, /]. However, there
are some key differences, primarily due to the fact that in this work we assume that the
accuracy in the gradient approrimations can be controlled as the optimization progresses.
Similar to [22], the linear system is solved inexactly, but with a simpler approach that



does not require an explicit step decomposition.

Before we proceed, we state and prove a few results that hold throughout the paper.
For the purposes of the presentation of the analysis in subsequent sections, we introduce the
following notation. (Note, these quantities are never explicitly computed in our algorithms.)
Given the iterate xp and multiplier y, let the tuple (dg, d;) denote the solution to

Hy JE [de] [k + T uw
{Jk 0} Lﬁ;] - [ S (310

the deterministic counter-part of (3.2), where g, is replaced by the true gradient of the
objective function. Moreover, let {73} and {ay} be the sequences of merit parameters and
step sizes, respectively, computed at zj for all £ € N by the deterministic variant of the
algorithm with 7,_; = 7,_1. Finally, we introduce 7, € R., a lower bound on the
deterministic merit parameter value, whose existence is guaranteed by Assumptions 2.1
and 3.1; see [, 13]. We make the following additional assumption.

Assumption 3.3. There exist constants {kr, kp} C Ry such that ||7i||1 < k7 and ||pr|1 <
Kz for all k € N. Moreover, for any k € N, a sequence of inezact solutions {(dy.¢, Ok.¢) hen
is generated by some iterative linear system solver (t denotes the iteration counter of the
linear system solver), where limtﬁoo{(cikyt,gm)} = (cik,Sk) and (dy, ) = (Jk,t,gkyt) for
some t € N. Furthermore, for technical reasons, we also assume that either ||cgx||1 # 0 or

gr ¢ Range(JI) for all k € N.

Remark 3.4. We make the following remarks about Assumption 3.3. Assumption 3.3
pertains to properties of three main components: (i) the iterative solver, (ii) acceptable
inexact solutions, and, (iii) the stochastic gradient estimates. First, we require that the
iterative solver is able to return the exact solution of (3.2) in the limit. Second, we assume
that all acceptable inexact solutions (dy, o) have norms of residuals (||7x||1 and ||pr|l1) that
are reasonably small and bounded uniformly. Third, we assume that the stochastic gradients
(gi) computed do not lie exactly in the range space of the Jacobian of the constraints (J)
for iterates that are feasible. In general, this is not a strong assumption in the stochastic
setting. For details about practical linear system solvers see [3/] and references therein,
and, for details about our implemented linear system solver see Sections 5.2 and 6.

The first result shows that Algorithm 1 is well-defined.
Lemma 3.5. Line 3 of Algorithm 1 terminates finitely.

Proof. We consider two cases: (i) ||cg|[1 > 0 and (i) ||cgl|1 = 0. If ||cg|[1 > 0, by Assump-
tion 3.3 it follows that {max{||7s |1, ||Pkt|l2}} — 0. Therefore, for sufficiently large t € N,
[7g4ll1 < min{(1 — w1)ws, w1waB7/?}|ckll1 and ||prelli < wpllckll1 are satisfied, and Line 3
of Algorithm 1 terminates finitely in case (b).




On the other hand, if ||cx||1 = 0, by (3.2) and (3.5), it follows that
Al(g, To—1: Ghs di) = ~Tho1 G i+ llewlls = llex + Jrdilly = =19 di

By (3.2) and Assumptlon 3.3 it follows that g, ¢ Range(J!) and ||dk||2 > 0. By As-
sumption 3.1, (3.2), HdkHQ > 0 and ¢4 € (0,¢/2), it follows that df Hydy, > eql|dx[3 > 0.
Moreover, by (3 2) i T + d Hydy, = 0. Combining the above and {7} C Ry,

Al(Zk, Thot1, Gy di) — Th1wi max{dy Hydy, eql|dg |3}
= - fk—lﬁgdk — fk—wdngJk
= TF T 5 _ T 7
= — Tk—l(gk di + dk: dek) + Tk_l(l — Wl)dk H.d;

Therefore, by {dy.} — dy, and ||dy|| > 0 (by Assumption 3.3), for sufficiently large t € N
and sufficiently small |7 ||, it follows that Al(xy, Tk—1, Gk, dk,¢) > 0 and

A2k, Thet, G i) > Tp—1w1 maX{J;f,tHkCZk,t, ealldyl|3}
+ w1 max{||cg|1, [Teellt = llexll1}

[

IR So Line 3 (Algorithm 1) terminates finitely. O

Wlth Al(«xk, 7_76‘717 gku Czkvt) Z

Next, we prove that (3.8) is satisfied at every iteration of Algorithm 1. As mentioned
above, this component of the algorithm is central in the analysis.

Lemma 3.6. The sequence of iterates generated by Algorithm 1 satisfy (3.8).

Proof. 1If the first condition on Line 3 of Algorithm 1 is triggered, i.e., case (a), then the re-
sult holds trivially. Thus, we focus on the case where the second condition is triggered, i.e.,
case (b). In this case, the residual vectors satisfy ||7 |1 < min{(1 — wy)ws, wiweB7/?}||cxll1
and ||pgll1 < wsl/ck||1, and, potentially, the merit parameter is updated via (3.6)—(3.7).
By the residual conditions, it follows that |[cx||; > 0. (Note, Lemma 3.5 showed that if
llck|l = 0, Line 3 of Algorithm 1 terminates in case (a).) By (3.5), (3.8) and ||7g|[1 <
(1 — wi)wa||ck|l1, to complete the proof, it is equivalent to show that

7 (95 di + wi max{dy, Hydg, ealldi|3}) < (1 —wi)llexlls — 171 (3.12)

Since [|7g|[1 < (1— wl)w2||ck|]1 < (1=wi)llexllrs (3-12) dlrectly holds if g} d+w1 max{dTdek,edekH 1<
0. On the other hand, if g} dy + wy max{d} Hydy, €4||dx||3} > 0, which also implies g dj +
max{d} Hydy, eq||di |3} > 0, by (3.6)-(3.7),

= trial _ _(1=€r)(1=w1)(1—wa)l|lck | (L=w)llep ]l =[|7k ]
T < (1 — € ) kma - Tdk+max{d1dek,26d||dkk||1} korwl mza,x{; }{kdkljﬁdlndk” 51’
which implies that (3.12) and (3.8) both hold. O



The next lemma provides an upper bound on the primal residuals (3.3).

Lemma 3.7. For allk € N, the residual vector 7, € R™ (3.3) satisfies, |[Fx|l1 < waB7/2Al(xk, T, Ghs i),
where w, € Ry, B € (0,1] and o € [2,4].

Proof. There are two cases to consider with regards to Line 3 of Algorithm 1. If condition
(a) is triggered, the result holds trivially. If condition () is triggered, by Lemma 3.6 and
(3.8), it follows that

o a a _
[7k][1 < min{(1 — w1)w2, w1waB2 }Hler|l1 < wiwaB2 [leklli < waB2 Al(wk, T, Gis di)-
Combining the two cases yields the desired result. O

The next lemma provides an upper bound on the deterministic dual variable update,
llyx + 0k ||, required for the analysis in Section 4.1. We should note that we never require
to compute Jy in Algorithm 1.

Lemma 3.8. There ezists some constant kys € Rso, such that for allk € N, ||y + 0x oo <
Kys-

Proof. For all k € N, let Z;, € R"™*("=™) he an orthonormal basis for the null space of the
Jacobian of the constraints Jy, i.e., JyZ; = 0. Then under Assumption 3.1, it follows that
ZFHZ), = (1. By (3.11), it follows that

di, = — JL (D) ey — Z(ZEHRZ) 7 ZE (g1 — Hp JE (T T5) 7 Eer),
and yp + 0 = — (JeJE) " Tk(gr + Hydy)
= — (WO VI — Hy Zp(ZE He Z) 12 g1,
+ (T D) VI Hy (I — Z(ZE Hy 23 ZE H) T (T J5) "Ly
By the Cauchy—Schwarz inequality, and Assumptions 2.1 and 3.1, it follows that

lyn + Oklloo < ko Kok ERC + Ky R kg
Thus, selecting a sufficiently large constant x5 € R>q, completes the proof. ]

Finally, we show that the model reduction function based on deterministic quantities,
i.e., Al(xg, Tk, gk, di ), is non-negative and bounded above. For non-optimal points, one can
further show the model reduction function is strictly positive.

Lemma 3.9. There exists some fized constant kn; € Ryq such that for all k € N,
Al(xvakangdIC) € [OaK’Al)-

10



Proof. Notice, that in this lemma, we consider only deterministic quantities. First, we
show that Al(zg, Tk, gk, dr) > 0 for all k£ € N. We consider two cases for the outcome of
Line 3 of Algorithm 1. If (3.8) is satisfied with 7, = 7;_1, then by (3.5) and (3.11), we
have

Al(zg, Tk, Grs dk) > Tpwi max {d{dek, Gdek”%} + WIHCkHI > 0.

Otherwise, we have 0 = |[|cx + Jpdi|1 < (1 — wi)wa||ckl|1. We consider two subcases. If
gt dy, + max{dl Hydy, eq||di |3} < 0, then it follows that g} dy <0, and by 7, > 0, (3.5) and
(3.11), we have

Ay, Ty g di) = —Thgi di + [lex]li > 0.

On the other hand, if g} dy + max{d} Hydy, eq||dx||3} > 0, by (3.6)—(3.7) and the fact that
T < (1 — eT)T};”“l < T};”al, we have

g di < (1= wi)(1 = wo)llex |1 — 7 max{dy Hydy, ealldy |3} (3.13)
Combining (3.5), (3.11) and (3.13), it follows that
AU, Ty G i) = — Trgh die + el
> 7, max{dj Hydy, eql|di |3} + (1 = (1 = w1)(1 = w2)) [lex]l1 > 0.

Thus, we have shown that Al(zk, 7%, gk, dr) > 0 for all k£ € N.

Next, we show that Al(xg, Tk, gk, dr) < ka; for all k € N. For all £ € N, let Z;, €
R™*(=m) he an orthonormal basis for the null space of the Jacobian of the constraints J,
ie., JyZr = 0, and Assumption 3.1 further implies that Z,fHka = ¢I. From (3.11) we
have

gk d = =g (I = Z1(Z{ Hi Zy) " 20 Hi) T (Te i) " ew — g5 Ze(Z0 Hi Zy) ' Z), gi (3.14)
By Assumption 2.1 and (3.14), we have
g dillz < llgk T (Tedid) " erll2 + 98 Zi(Z HeZ) T ZE gill2 < kgrary ke + K¢
Moreover, by (3.5) and (3.11), it follows that for all £ € N,
Al(2g, T, Gr> di) = —TrgE die + |kl < 71 (HgKJH;2KC + %;C_l) + Ke.

Selecting a sufficiently large constant ka; € Rsg completes the proof. O

4 Adaptive, Inexact and Stochastic Sequential Quadratic
Programming

In this section, we prove under different conditions on the gradient and linear system

solution accuracies, that Algorithm 1 has convergence properties that match those from the

deterministic setting in expectation. First, we consider adaptive error bounds (Section 4.1)
and then consider predetermined sublinear errors (Section 4.2).
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4.1 Adaptive Iteration-Dependent Errors

In this section, we provide a comprehensive convergence analysis for Algorithm 1 under
stochastic conditions on the error in the gradient approximations (Assumption 4.1), and
inexact solutions to the SQP subproblems (3.3) (Assumptions 4.2 and 4.9). The following
two assumptions are central to the analysis presented in this section.

Assumption 4.1. For all k € N, the stochastic gradient estimate g € R" satisfies

Ex [k — gx13] < 0167 Al(zg, s grer di), (4.1)

where 61 € Rsg, B € (0,1), and o € [2,4]. Additionally, for all k € N, the stochastic
gradient estimate g,, € R™ is an unbiased estimator of the gradient of f at xy, i.e., E [g,] =
gk, where Ei[] denotes the expectation with respect to the distribution of & conditioned on
the event that the algorithm has reached xy € R™ in iteration k € N.

Assumption 4.2. For all k € N, the search directions (dy, 01,) € R" x R™ in (3.3) (inezact
solutions to (3.2)) satisfy

di| _ [

Op Ok
where 63 € R-g, 5 € (0,1), and o € [2,4]. Note, (c?k,gk) and (dy,01,) are the exact and
inezact solutions of (3.2), respectively.

2
< 0287 Al(x, Tk, gk, i), (4.2)
2

Remark 4.3. We note upfront that the conditions given in Assumptions /.1 and 4.2 are not
implementable in our stochastic setting, as the right-hand-side of the inequalities depend on
deterministic quantities. That being said, we use these assumptions as this allows us to gain
insights into the errors permitted in the algorithm while still retaining strong convergence
guarantees, and will guide the development of our practical algorithm. An important choice
in conditions (4.1)—(4.2) is the (deterministic) model reduction function (3.5) on the right-
hand-side of the inequality. As we show in the analysis, and similar to [5, /, 22], we
use this quantity as a proxy of convergence, and as such it is an appropriate measure of
the accuracy in the gradient approximations. Another interesting question pertains to the
analogue of (4.1) in the unconstrained setting, i.e., no equality constraints. One can show
that for appropriately chosen constants 61 and (3, in the unconstrained setting (4.1) is
the well-known “norm” condition (in expectation) [15, 12]. With regards to (4.2), under
Assumption 3.3 the inequality is well-defined. Finally, we emphasize that the constants [
and o are the same constants that appear in Algorithm 1 and that are used in the step size
selection. Thus, the gradient accuracy, linear system solves and the step size selection are
inherently connected. The precise permissible ranges of the constants in Assumptions 4.1
and 4.2 are made explicit in subsequent lemmas and theorems.
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We prove convergence guarantees for Algorithm 1, where the stochastic gradients em-
ployed satisfy Assumption 4.1 and the search directions employed satisfy Assumption 4.2.
Before we delve into the analysis, we discuss the behavior of the merit parameter sequence
{7}, a key component of our algorithmic framework. In the deterministic setting (e.g.,
Algorithm 1 with g, = gr and dp = dj for all k € N), under Assumption 2.1 the merit
parameter sequence is bounded away from zero {73} > Tiin > 0. In the stochastic setting,
where the gradients approximations employed satisfy Assumption 4.1, boundedness (away
from zero) of the merit parameter cannot be guaranteed. However, under the assumption
that the iterates generated by Algorithm 1 converge to a stationary point of (2.1), the
gradient approximation eventually become sufficient accurate, as do the solutions to the
linear system, and thus it is reasonable to assume that the stochastic merit parameter
value remains bounded away from zero. That being said, this is not sufficient to prove
strong convergence and complexity guarantees for Algorithm 1 for the whole merit param-
eter sequence. To this end, we impose an additional technical condition on the gradient
approximation and the search direction employed (see Assumption 4.9 later in the text),
and, to the best of our knowledge, prove the first complexity guarantees in this setting.

For ease of exposition, we make the following assumption throughout this section that
unifies all prior assumptions, and for brevity, we do not remind the reader of this fact
within the statement of each result.

Assumption 4.4. There exist universal quantities such that Assumptions 2.1, 3.1, 3.3,
4.1 and 4.2 hold for any realization of Algorithm 1.

Let us now commence our analysis of Algorithm 1 under Assumption 4.4. We build
up to our main results through a series of lemmas. Our first set of lemmas show that the
stochastic search directions computed by Algorithm 1 are well-behaved. To this end, we
invoke the following orthogonal decomposition of the (stochastic) search direction: dj, =
Uy, + U where ug, € Null(Jg) and vy, € Range(JkT) for all £ € N.

Lemma 4.5. There exists k3 € Ry such that, for oll k € N, the normal component vy,
satisfies max{||g |2, [|0x[13} < o max{||cl2, [7x2}-

Proof. Since uy € Null(Jy) and vy, € Range(JkT),
o = JL (T JiE) ok = T () " N kdy = T (TR ) TR — k).
Thus, by the Cauchy inequality
Bkll2 < (197 (D)~ 2 (7kll2 + llewllz) < 2005 (Tedid) ™" l2 max{|lex 2, I7x]l23-
Moreover, it follows that
19ell3 < (41l T (T ) ™13 max{[le 12, |17 ]l2}) max{[lexll2, [[7x]l23-
By Assumption 4.4, we have that ||cg||2, ||7k||2 and || JE (JgJE) 712 are uniformly bounded

above for all £ € N, which in turn completes the proof. O
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The next lemma shows that if the step dj, is tangentially dominated, i.e., ||ty |2 domi-
nates ||Uk||2, then Hj is sufficiently positive definite along the computed stochastic search
direction.

Lemma 4.6. There exists kay € Ry such that, for any k € N, if ||ug]|3 > kaw| k|3, then
di Hydy, > 3C||ugl|3 and d} Hydy, > €ql|dy||3, where ¢ € Ry is defined in Assumption 3.1
and €q € (0,¢/2).

Proof. When ||ug|| = 0, to satisfy the condition in the statement, we require ||ag|| = [|vk|| =
0 which implies ||dg|| = 0, and the statement holds trivially.
When ||ug|| > 0, by Assumption 3.1 it follows that

ngHka = ﬂngka + ZEng@k + @gﬂkﬂk
> (llanlls — 260 || ukll2l|vkllz — £a okl

> (¢ -2 — ) agll3 > Sl

for sufficiently large kgy. Meanwhile, when ||ak|| > 0, it follows that

df, Hrdy > 31|tk 3 > ea(1+ 2 all3 > ea(lluel3 + |0kl3) = ealldil3

Kz
for sufficiently large xgg. O

For rigy € R (defined in Lemma 4.6), let Ky := {k € N : ||ug||3 > raol|0k]|3} and
Ks:={k € N: ||ug||3 < kuz||vk||3} denote index sets that form a partition of N, and let

@ o o Nl + llekll2 if k € Ka;
max{|[cgllz, [IP[l2} if k € K.

Our next result shows that the squared norms of the stochastic search directions and the
constraint violations for all £ € N are bounded above by .

Lemma 4.7. There exists kg € Ry such that, for all k € N, the search direction and
constraint violation satisfy ||d|3 < kg Wk and ||di]|3 + |lckll2 < (kg + 1) P

Proof. For all k € Ky,

Il =l + oel3 < (14 2 ) lael3 < (14 ) T
For all k € Ky, by Lemma 4.5,
i3 = llaxl3 + o613 < (1 + raw) [[0x][3 < (1 + waw) Ko Py
Therefore, we set kg = max{l + é, (1 + kaw) 1@7} to satisfy ||di||3 < xgVPk. Finally,

since ||ck|l2 < Wy trivially, this concludes the proof. O
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The next lemma shows that the stochastic model reduction, Al(xy, 7+, gk, di ), is bounded
below by a non-negative quantity.

Lemma 4.8. There exists k; € Ry such that, for all k € N, the reduction in the model of
the merit function satisfies, Al(xy, Ty, Gr, dg) > KTk V.

Proof. For all k € Kz, by Lemmas 3.6 and 4.6,

Al(zg, Ty Grey di) > Tewr max{d} Hydy, eql|di||3} + w1 max{||ck |1, [|7xlln — llcxll}

> fkwlmax{%,ed} g2+ willexlli > Frwn mm{< L}@k.

20 1

For all k € Ky, by Lemma 3.6,

Ay, Ty Grs di) > Towr max{dj, Hydy, eal|dy|[3} + w1 max{|lex|1, 7)1 — [lexll1}
> wimax{]|eg 1, [Trlly = llexlli} = 5 max{[lex 1, [Frlli} = 5 W
Setting x; := wy min {¢/2,1/2r_,} € Ry completes the proof. O

Next we introduce a technical condition required for the analysis. Specifically, the
condition allows us to establish an integral and useful upper bound for the difference
between the stochastic and deterministic merit parameters values, and as a result is of
vital importance in establishing complexity result.

Assumption 4.9. For all k € N, the stochastic gradient estimate g, € R™ and the search
direction dy, € R™ (inezxact solution of (3.2)) satisfy

(9} di + max{d}, Hydy, eq||d|3}) — (9§ di. + max{d} Hydp, €ql|di||5})|
< 038°/2|gF dj + max{d} Hydp, eq||dx| 3},

where 03 € R, B € (0,1), o € [2,4], and 635°/% € (0,1).

Remark 4.10. We make a few remarks about Assumption 4.9. This is a strong assump-
tion, nonetheless, it is necessary in order to establish the strong non-asymptotic convergence
and complexity results presented in this paper. In the unconstrained setting, Assumption 4.9
does not add any additional restrictions. That is, in the unconstrained setting, consider
the gradient method, where Hy, is the identity matriz, d = —g, dy = —gi. Clearly,
(gt di + max{d} Hydy, €q||dx||3}) = 0 and gi dy + max{d} Hydy, eq||dx||3} = 0, thus no ad-
ditional restrictions are imposed. Thus, in the unconstrained setting, Assumptions 4.1, 4.2
and 4.9 reduce to the well known “norm-condition”. Several difficulties arise in the setting
with constraints. The primary difficulty pertains to the fact that the merit parameter is
possibly adjusted across iterations making the merit function a moving target. Thus, in or-
der to establish convergence and complexity results for all iterations, as compared to other
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papers that only consider the iterations after the merit parameter has stabilized at a suf-
ficiently small constant value, additional control on the permissible differences is required.
We should note that if one happened to know a sufficiently small merit parameter value,
then Assumption 4.9 would no longer be required for the theory. Finally, again we point
out the connection between the accuracy in the gradient approximations, the quality of the
solution to the linear system, the step size through user-defined parameters 8 and o.

Our next lemma shows that the stochastic merit parameter sequence {7} generated
by Algorithm 1 is bounded away from zero.

Lemma 4.11. Under Assumptions 4.4 and 4.9, there exists a constant Tmin € Rsqo that
following Algorithm 1, Ty, > Tmin for all k € N.

Proof. Under Assumption 4.4 (specifically Assumptions 2.1 and 3.1), it is well established
that {7}"%} the sequence of deterministic variant of (3.6), is always positive and bounded
away from zero. By Assumption 4.9, it follows that either (gi di, + max{d} Hydy, eq||dx||*})
and (g7 di, + max{d. Hydy, €4||dy*}) are both positive or both negative.

If gl'dy, + max{dl Hydy, eq||di||*} < 0, by (3.6), 7irial = co. By Assumption 4.9 it
follows that gi dy, + max{d} Hydy, €4||dx||*} < 0 and 774! = oo,

If gl'dy, + max{dl Hgdg, eq||dg|*} > 0, by Assumption 4.9, it follows that

_ o/2) < i d+max{d] Hydyeqlld >} < /2
0 < =038"7) < b e @ Hedicalan?y = (103577

trial . trial
By (3.6), the above inequality implies W < gprial < W.

In both cases considered above, given the fact that {T,’é”“l} is positive and bounded
away from zero, one can conclude that there exists a constant %giir‘l’l € R<o such that
?ﬁrwl > ?gfr‘fl for all k& € N. Finally, invoking (3.7), completes the proof since 7 >
min{7_1, (1 — ;) 7irialy, O

The next lemma provides a useful lower bound for the reduction in the merit function
that is proportional to the stochastic search direction computed.

Lemma 4.12. There exist constants {ka, ka7 g} C Rso such that for allk € N, Al(wy, Tk, gk, dy) >
ka(TeLi + D)l dill3 > # a7 qlldell3-

Proof. By Lemmas 4.7-4.11, it follows that

Al(@y, T, Gy di) 2 w7765 2> S5 dilI3 = ooz (oL + Ti) | dil3

> s (T + Te) iz = "5 di 3,

where the result follows by choosing appropriate constants x5 and k ALd- ]
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Remark 4.13. Corollaries of the above lemmas can be derived for the special case under
which deterministic quantities are used instead of stochastic, i.e., (3.11) is solved exactly.
Specifically, under the same logic as in Lemmas 4.7-/.12, it follows that there exist constants
{Kaskara} C Ry such that for all k € N

AUk, T, g di) > Fa(meLi + Te)lldill3 > maraldil3. (4.3)

The next lemma provides upper and lower bounds on the adaptive step sizes employed
by Algorithm 1.

Lemma 4.14. Let ay be defined via (3.9)—=(3.10). For all k € N, there exists a constant
a € Ryg such that af < ay, < o, fP~9/2).

Proof. The upper bound follows from (3.9). To derive the lower bound, we consider differ-
ent cases. If &, = min {auﬁ@_"/z), @kpt, 1}, under the conditions 5 € (0, 1] and o € [2,4],

s = s —opt 3 3 =~ — 2(1777)/8(0/271)Al(xk771k7§k7czk)
it follows that &y > min{a,,a; ,1}8. Otherwise, if a3 = GNP TFAT ,

by Lemma 4.12, 8 € (0,1] and o € [2,4], it follows that a; > 2(1 — n)kafB, where
ka € Rsp is defined in Lemma 4.12. Combining (3.10) and Lemma 4.12, it follows that

_opt . Al T, Gk, . . .
ar” > mm{%,l} > min{kg, 1}. Setting o := min{ay, 1, ks, 2(1 — n)ka}

completes the proof. ]

The next result provides an upper bound on the change of merit function value after a
step. Central to the proof of this lemma is our step size strategy (3.9)-(3.10).

Lemma 4.15. For all k € N, it follows that
ok, + agdy, 7)) — Sk, )

< — apAl(@g, T, gk, dis) + (1 — n)agB* D Al(zy, 7, g, di)

+ arTegt (dy, — di) + an(Fr — 1) g8 di + agl| e (dy — di)])1,

where dy, and dy, are defined in (3.3) and (3.11), respectively, 71, is updated via (3.6)~(3.7)
and Ty, is its deterministic counterpart, and &y, is computed via (3.9)-(3.10).

Proof. By the step size selection strategy (3.9)-(3.10), for all £ € N, we have that ay < 1.
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By the triangle inequality, Assumption 2.1, and (3.2), it follows that

Oy + ardi, 7) — Gk, Th)
= Th(f(zk + ardy) — fz) + lle(zr + ardy) |l — llexlh
Tr(angi dr, + 5Z|dk)13) + llex + ardrdi i + 5aglldil3 — llexl
Tr(angf di, + 5| dr)13) + [1 = alllerlh + arller + Jedills + Failldrl3 — [lexl
= an(Trgh di — llexll) + 3(FuL + D)ag || di 13 + arller + Jrdi 1
= ar(rgi di — llexllr) + 3(FuL + T)ag||di 13
+ awTrgh (d — di) + ok (Te — k) gk dic + akllck + Jrdy + Ji(dy — )|l
= — apAl(zg, Tk, i, di) + 3 (Tl + g | di|3
+ anThgi (die — di)) + k(T — )i di, + | T (di — di) |1

|/\ |/\

~ 2(1777)[3(0-/2_1)Al($k777—k7gk:7d_k)
By (3.9), we have for all k£ € N, that ay < CNRESTPAT , and

o(xr, + awdr, Tr) — d(zk, Tr)

_ = —n)B/2=D Al(z, T, 3, d) 7
< — @Al (g, Thy gy dp) + bap(rL +T) (A2t ) | g, 2

+ a7t (A — di) + ar(Fr — ) gt di, + al| T (di — di)|1
= — apAl(Tg, Thy gr di) + (1 — n)anB 2D Al(xy, 7, i di)
+ axTrgt (di — di) + ag(F, — ) gt dy + || T (di — di) |1,

which is the desired result. O

We now proceed to state and prove a series of lemmas (Lemmas 4.16—4.19) that pro-
vide bounds for the differences between the deterministic and stochastic gradients, search
directions, and their inner products.

Lemma 4.16. For all k € N, Ej, [Hgk — ngQ] < MB”/Q\/Al(xk,Tk,gk,dk).

Proof. By Assumption 4.1 and Jensen’s inequality, it follows that
Ex [[|gk — gxll2]) < \/Ek gk — gxl3] < /6187 Al(wg, T, gre, dic).- O

Lemma 4.17. For all k € N, Ek[cik] = dg, Eglug] = ug, and Ek[gk] = 0. Moreover, there
exists k7 € Ry, such that Ej, {Hcik - dng} < /igﬂ"ﬂ\/Al(xk, Thy Gk, di) -

Proof. The first statement follows from the facts that, the matrix on the left-hand side of
(3.2) is invertible and deterministic under Assumption 4.4 and conditioned on Algorithm 1
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having reached iterate xj at iteration k, and due to the fact that expectation is a linear
operator. For the second statement, for any realization of gy,

Lo A e

di. — dp|ls < c
S — O J. 0 0 ]:”k kll2 < K5Lllgr — gkll2,

where (under Assumption 4.4) k, € R. is an upper bound on the norm of the matrix
shown above. Thus, it follows by Lemma 4.16 that

Ey, [Hdk - dk”Q] < B [52l|Gk — grlle] < kp /01872 Al(xk, Tk, ks di)-

O
Lemma 4.18. For all k € N,
|97, (di — di)| < £ ggllgx — Grlla/ Al(wr, Th, grs de),
19 di — il di| < Fgg.dall gk = Grlla/ Al(wk, T, grs di) + £l — gkll3,
G2 (di — dy)| < fig@czﬁ"/QAl(xk,Tk?gk, di) + Rg,ggﬁa/ZN(l‘m T G dic)
+ gk — grll3,
|97 (i — di)| < Ky 4illgr = Grll2 v/ Al(wr, T, gr, d)
+ g 1B AUk, Th, Ghy did) + By 3B Al (2, T, G i),
|9 i, — Gk di| < kg qall ok — Trllo/Al(xr, Ty gr di) + 262Gk — gxll3
+ “gg,dJBU/QAl(xm Ths Gk i) + Egg,dgﬁ"/QAl(xk, Ther Gy i),
and || Ji(dy — di) |1 < Ry 3i87"° Al(k, T, G di),
where Ky 45 = % €Roos Fggda = “g,dﬁ'\/ﬁ €ER. g, kL €ERSg, Ky g7 = '}%f € R

= - _— kv oo - — -
Rgdd = tyoWa € Rog, Ky qq = 702 € Rog, By gy = Kyswa € Rugs K549 = Ky a3 € Roo,

Rgg,d& = Rg,cici € R>0, and RJ,JJ =Wy € R>O'

Proof. (First inequality) By Assumption 3.1, and (3.2), (3.11), (4.3),

g% (di — di)| = |(gr + T (e + 6x)) " (dy, — dy)|
= |(Hydy)" (di — di)| < kplldill2lldi — dill2

< Al(2g, Tk 9k, k)

< Ky wara - rrllge = grll2,

where the result follows using the definition of Ky dd-
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(Second inequality) By Lemma 4.17, and (3.2), (3.11), (4.3), (4.4),

gL dy, — g7 di|
< |Gk — gx) k| + |91 (di — di)| + (G — gr) " (di — di;)|
< 113k — gellalldillz + £, ggllge — Grllav/Al@r, 7, 98> di) + 5k — gell2llde — dill2 (4-5)

Al T gk k)
KALd

< 1|9k — gkll2 + 5y gill gk — Grllav/Al(@n, T, gk, di) + L1\ Gk — 98113,

where the result follows using the definition of Kgg.dd-
(Third Inequality) The third inequality is proven as follows. By Assumptions 3.1 and
4.2, Lemmas 3.7, 3.8 and 4.17, and (3.2), (3.3), (3.11), (4.3),

|(Gr + i (ke + %) — Jit (g + 0)" (di — )|

(@ + T (e + 66) " (di — di)| + [(TE (yre + 61)) " (di, — i)

(g + i (ke + 58))" (i — di) | + (G — g) " (di — di))|

+ | (JE (e + 00)) " (die — di)| (4.6)
|(Hydi)" (die — di)| + 521Gk — gxl3 + lye + 6k llsol|7xl1

5102 302 N[ (1, 7y, gy i) + Foyswa B 2Nl (y, T, Gy d.)

HAZ

G (dy, — dy,)| =

<
<

IN

| /\

+ kl|gr — gk i3,

where the result follows using the definitions of Kg dd and Ry dd-
(Fourth inequality) By Assumptions 3.1 and 4.2, Lemmas 3.7 and 3.8, and (3.2), (3.3),
(3.11), (4.3), it follows that

(gk + ¥ (e + 6) — Ji (e + 0k)) " (di — di.)|

g (di — di)| = |
< gk + i (e + 60)) " (di — di) |+ [(J1 (i + 01)) " (die — di)|
|

< |(Hedi) " (die — di)| + [|lyr + OlloclI 71
< Hﬁ{ﬁomm(%,%gk,dk) + Ryswa B Al (g, T, G, di)-

By the triangle inequality and (4.4),

g2 (dy, — di)| < |gF (dy, — di)| + | gk (di — dy)]

| Al 7,904 _
< oy | SUETI) ) gy — gyl + ”i[ﬁ”/Qﬁl(xk,mgk, dy)

+ Fyswa 87 2 Al (g, Ty Gy di)

where the result follows using the definition of £, j; and £, g,
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(F'ifth inequality) By (4.5), (4.6),
|9k di — git di| < |gi di — gi, di| + g}, (di — di))|
Kagdall 9k = Grll2v/ Al Ty gr, di) + 26111k — gxll3

+ /{§7Jdﬁa/2Al(xkv Tks 9k dk) + Rgﬂdﬁa/QAl(zka Tk, Gk> Jk)a

IN

where the result follows using the definitions of k5 ;7 and g5 44-
(Sixth inequality) By Lemma 3.7, and (3.2), (3.3),

17k (dk — di)ll1 = 1Tkl < waB7/2 ALy, T, G i),
where the result follows using the definition of & ;7. O

The next lemma provides an upper bound for | ggdk\ with respect to reduction in the
model of the merit function, i.e., Al(xg, Tk, gk, di)-

Lemma 4.19. For all k € N, \ggdkl < Kgd,atAl(xg, Tk, gk, di), where Kgg a1 = H'Zld +
— R 7
\/HKZTmin >0-

Proof. By Assumption 3.1, Lemma 4.8 (deterministic variant), and (3.11), (4.3),
|9k die| = |df Hydi + dig Ji (g + 8)| < wrrlldill3 + wysllerll

= <ff;,d + \/m?;imm) Al(zg, T, G i)

where the result follows using the definition of rkgyg a;- ]

Next we state and prove an upper bound on the difference between the deterministic
and stochastic merit parameters. When ||c|| = 0, by (3.6)—(3.7), 7x = Tx = Tg—1. When
llck|| > 0, for the ease of exposition, we equivalently reformulate the merit parameter
sequence {7} update (3.6)—(3.7) as

(I—er)(A=wi)(I—wa)llckllr .

Tk—1 if g7 di+max{d] Hydp,eal|d||*} < E) ;

Tk 7 _(—er)(A—wi)(1—wp)|lex s
gt dp+max{d] Hydy eqlldi||?}

(4.7)

otherwise.

(The update formula for the deterministic merit parameter 7, can be defined as above with
the stochastic quantities replaced by their deterministic counterparts.) It is clear that if
the merit parameter is updated from its previous value, i.e., T, # Tr_1, then

(1—er)(1—w1)(1—wa)llekllr
gy, d+max{d] Hpdy eqlldr||3}

< Tg—1- (4.8)

Similarly, given 71 if the deterministic merit parameter is updated,

(1—er)(1—w1)(1—wa)llckllr = 4.9
gt dy+max{d] Hydy,eqlldi|13} < Th-1: (4.9)
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Lemma 4.20. For all k € N, |(Tx — Tk)g,{dﬂ < ﬁ;ﬁ"nAl(azk,Tk,gk,dk), where k= =
2937_11/‘fgd,Al and B € (O, 1/(293)2/"].

Proof. By the merit parameter updating mechanism (3.6)—(3.7), the merit parameter values
(7x and 713) are only potentially updated if ||cgxl[1 > 0. We divide the proof into two
cases based the outcome of Line 3 in Algorithm 1 ((a) or case (b)). Let hy = gidy +
max{dekdk, €dekH%} and }_lk = ggd_]g + max{cz{Hka, EdHCZkH%} -

If Line 3 in Algorithm 1 terminates in case (a), and ||ck|l1 > 0, it follows that hj < 0,
and by Assumption 4.9, hy < 0; otherwise, when ||cg|[1 = 0, by (3.11) and Assumptions 3.1,
it follows that dj, € Null(Jy) and hy, = g,{dk—kd%dek = —d{JkT(yk+5k) = c;‘g(yk—kék) =0.
Thus, neither the stochastic nor the deterministic merit parameters update, i.e., 7, = 7 =
Tr—1. The result holds since Al(zy, Tk, gk, dj;) is non-negative.

Next, we consider the case where Line 3 in Algorithm 1 terminates with case (b). We
divide merit parameter values (7%, 7x) into four cases.

Case (i): Neither 7 or 7 are updated, i.e., 7, = T = Tx—1. In this case, the result
holds since Al(z, Tk, gk, d) is non-negative.

Case (ii): Both 7; and 74 are updated, i.e., (4.8) and (4.9) hold. By (4.7), (4.8) and
(4.9), and Assumption 4.9, it follows that

) hi—h
1T — Tl = (1 — ) (1 —wy)(1 — W2)||Cl<r”1‘ Flfkh:|

1—er)(1—wi)(1— 633°/2 _
< (1—e-)( w1)(ﬁkw2)||0k||1 38 < 03,30/27'_1.

Case (iii): The stochastic merit parameter 75 is updated and the deterministic merit
parameter 7 is not, i.e., T < T = Tp_1. Since the stochastic merit parameter is updated,
ﬂi’"wl < oo and hg > 0, and by Assumption 4.9 it follows that hy > 0, and T,i”al < 00.
Moreover, since the deterministic merit parameter is not updated,

(A—er)(1—w1)(1—w2)|lck|l1
hi

By (4.7), (4.8) and (4.10), and Assumption 4.9, it follows that

2> Th—1- (4.10)

(1—67-)(1—11.)17)(1_“)2)“016Hl
hi
< Q=en(—w)(=wa)lexln _ (=er)(1=wi)(1—ws)|cxlls
< r hy,
hip—h
< (1= ) (1= 1) (1 — wn)lle | L

(1*67)(1*w1)(17;w2)\\0k\\1935(’/2 < 93ﬁ0/27—-71.

Tk — The| = Th—1 —

IN

Case (iv): The deterministic merit parameter 7 is updated, while the stochastic
merit parameter 7, is not, i.e., 7, < Tp = Tr—1. Since the deterministic merit parameter
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is updated, T,ﬁ”“l < oo and hi > 0, and by Assumption 4.9 it follows that hy > 0 and
7",?""“1 < 00. Moreover, since the stochastic merit parameter is not updated,

(I—er)(1—w1)(1-wo)llck]l1
hi

By (4.7), (4.9) and (4.11), and Assumption 4.9, it follows that

> Feo1. (4.11)

(I—er)(I—w1)(1—w2)([ck|lx

Tk — 7| = Tho1 —

hi
< U=er)(l-w)(A—wa)llexlly _ (A—er)A-wi)(A-wp)|ckl
hk hlc
hi—h
< (1= e)(1 = wr)(1 - wa)elly e

(1—er)(1—w1)(1—ws)||ck|[10387/>
hi
(1—er)(A—w1)(1—w2)||ck 1163 87/2 < 03872 7
(1—05B7/2)hy, = 1_g;po/2 1"

IN

IA

Combing the four cases above and Lemma 4.19 yields the result. O

The next lemma bounds the stochastic model of the reduction of the merit function.

Lemma 4.21. For allk € N and f € (0,1/(27-17y;.42)*],
Al(zg, T, Gr, di) < <1 + fiﬂmﬁaﬂ) Al(xg, Tk, gh» di)

+27 4 (Hgg,Jngk — Gkl AUk, T, gry i) + 261Gk — ng%) 7

where kxj o) = 2(k7 + Tk g5 g4 + T-1F 45, 40) € Rog. Additionally, under Assumption 4.1,
for allk e N,

Ek [Al(xlﬂ ’I__ka gk? gk)] S (1 + RE7AIBO-/2) Al(.%'k, Tk Gk dk)a

where Kxj o, = 2 (/@; + 7_',1(/1g§7dg + Ryg.4a t /‘iggddm + 2/@,;01)) € Ryg.
Proof. By (3.5), and Lemmas 4.18 and 4.20, it follows that

Al(wg, Ty Gro die) = — Trgf die + llewlls = llek + Judilly

= — g di + ekl
+ (Tk — 7o) die + e gk die — i di) — [l + Jrdill1
AUk, Th, Ghs die) + |(Tk — T) gk die| + 7194 di — i di
< Al(zp, Tk, gr, i) + k2872 Al (@, T, gher dic)

IN

71 (ggdallgn — 9ellav/Allwr, 7o g1 di) + 261|191 — o1 3

+Hgg,d(iﬁo—/2Al(mkv Tk Gk dk) + Rg@dJ/BU/zAl(xka 7_—k7 gk‘a d_k)> .
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Thus, by choosing 8 € (0,1/(27-17,;5.40)* 7],

_ 17 47 B _ \Bo/2
Al(fﬂk,%mgk,dk) S <1+ (lir"r”l'flKgg,dd‘f’Tfl:‘@gg,dd)ﬂ >Al(ﬂfk,7—k,gk7dk)

_F R 30 /2
1 T_1Hg§,ddﬁf’/

7 (liggygd”gkfgk ll2A/ Al @k Th 9k, die ) +26 L || G — Gk H%)
1_7—*1Rg§,diﬂa/2

(14 2087 + 7 18yg00 + 717y B7/2) Allwk, i, g1, )

IN

+27 <K§g7gd||gk = Gkll2V/ Alzg, 7h, gr, di) + 26191 — gk||§) :

The first result follows using the definition of k4; o;- Furthermore, by Assumption 4.1,

Ey, [Al(@k, T, Gk, di)]
< Eg [(1 +2(kz + T-1Kgg.ad + ’F_ll_ig@dcz)ﬁa/Q) Al(xg, Tk, Gy d)

+27 (Kggﬂdngk = Gill2V/ AUk, T, gi, die) + 261 g1, — gk”%)]

IA

(1 + 2(kr + To1K 5,43 + iﬁ;;é,dd)ﬁaﬂ) Al(w, Tk, G- di)
271 (15 4aV/ 0187 2 Al i, 7, g, i) + 26618 Al 7, gk, ) )

= (1 +2 (“f + T-1(Kgg,ad + Fgg.ad + Kgg,dd\/a + 2%L91)) BU/Q) Al(z, Ty G> dic ),
where the second result follows using the definition of KALAL

The next lemma bounds the difference in the merit function after a step.

Lemma 4.22. For all k € N, there exist kg € R-q such that

Eg [p(@ps1, Thr1) — O(xk, To)] < Ei [(Tht1 — 7)) fine — Blan — ke B) Al(xy, Tk, gk, di)-
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Proof. By Lemmas 4.14, 4.15, and 4.21, and (3.4), it follows that for all k € N

Ex [0(Trt1, Thr1) — O(@k, Th)]
(

[
= Ep [0(2p41, Thr1) — O(@pt1, Tk) + O(Tht1, Th) — O(2k, Tr)]
= Ex [(Tha1 — 7o) frr1] + Ex [0(Trs1, k) — O(28, Th)]
< Ex (k1 — Tr)] fint

— Ey [dkﬁl(%,%gk, di) — (1 = n)agB >~V Al(ay, T, G Jk)}
+ By [anngl (dk — di)] + Bx [an(7 — 79l dy] + Bx | gl Ju(dy — di) | |
< Bk [(Teg1 — 7)) fint — Ex [arAl(x, Th, gk, di.)]
+ B (1= marB 72D (14 kg 87 Al s 7 gis di) |
+ Ex [(1 — )20 71 ("égg,d‘dﬂgk — Gell2V/ Al T, gr, die) + 26|k — 91«”%)]
+ au BEIE [Flgf (di — di)]]
+ auSEIE [|(Fs — )9t di|] + auBPIVE, [HJk(Jk - Jk)”l} :

Continuing from the above, by Lemmas 4.14, 4.18, 4.20 and 4.21,

Ex [@(Ths1, Thr1) — Ok, Tk)]
< Ei [(Tk+1 — Tx)] fint

— Ky [n@kﬁl(%, Ty Gh> i) — (1 — U)ﬁm,m@kﬁ(g*l)ﬁl(%mTk,gk, dk)}
+2(1 = )T (%gg,Jd\/Eﬁa/Q + 2/<6L9150> Al(zk, Tk, g, dic)
+ 8274 ((m%dd\/a—i- /igdd)Al(xk, Thy Ok, d) + Ry ddEk [Al(a:k, Tres O Jk)])
+ B2 R Al Th, Ghy dit) + w8 5 ggBr [Al(zk, T, Grs di)]
< Eg [(Tk+1 — )] fint

— naBAN@k, T, g di) + (1= )iy B> Al 7, g1, i)

+2(1 — ), 87 (ngg,gdm + 2@01/3”/2) Al(wk, Tk, g, di)

+ Oéu,B277'_1 ((fﬁg’d[i\/a + Hg,Jd) + Rg,ofd (1 + RE,AZB(Tm)) Al(l‘k, Ty ks dk)

+ 32 Al (g, Thy hs di) + 2R gg (1 + REAI/BU/Q) Al(wg, T, gr, di)
< Eg [(Fr1 — 7)) fint — Bnall(k, T, Gk, die) + B2k ALk, Tiy Gy di)-
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The result follows by setting

K¢ = Qy ((1 - 77) (KE,AZ + 274 (’%ggﬂdv 01 + 2mL91)) + k=
+T1(Rg gV 01 + Ky ga) + (T1Fg g + Ky 3) (1 + RE,AI)) € R>o.
]

Lemma 4.22 provides an upper bound on the change in the merit function across a step.
The bound has two terms: the first term is related to the difference in the merit parameter
across iterations and the second term is negative, conditioned on § being sufficiently small,
and proportional to the model of the reduction of the merit function. We are now ready
to prove the main theorem of this section.

Theorem 4.23. By choosing B € <0,min { (2931)2/0’ (1—;2@, o 1 )2/0 H for any v €
T_lligg,dd’
(0,1),
k—1
lim E Al(zj, 75,95, d;
kggo JZO (1'377']79]7 ]) < 00,

from which it follows that, limg_,oo B [Al(zg, Tk, gk, di)] = 0.

Proof. By Lemma 4.22 and g € (0,1 —v)na/x,], it follows that

Ex [0(Trt1, Tha1) — @k To)] < Ei [(Tot1 — To)] fint — B(na — kg B) ALk, Ties gk, dic)

< Eg [(Tr+1 — )] fint — aBynAU(Zk, T, G, die)-
(4.12)
Applying a telescopic sum to (4.12) and taking the total expectation, it follows that

—00 < Pint — ¢(x0,70) < E[p(xk, Tr) — ¢(0,70)]

E
—

=E ((Z)(:L‘j_H, fj+1) - (b(wjv 7_—j))

<.
o

N
—_

k—1

(Tj+1 — 7j) fint — Zgﬁ’mﬁl(%‘, Tj, 9, dj)
=0

IN
=

[e=]

.

k—1

< 7| fint| — BB | Y Allws, 75,95, d5) |
j=0

which completes the proof. ]
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Theorem 4.23 describes the behavior of the model of the reduction of the merit function
evaluated at the iterates generated by the Algorithm 1 in expectation. We connect the
result of Theorem 4.23 to feasibility and stationarity measures below.

Corollary 4.24. Under the conditions of Theorem 4.23, Algorithm 1 yields a sequence of
iterates {(xg,yr)} for which

lim E [[|d]3] =0, lim E[[jcglla] =0, and lim E [|lgx + J{ (yr + 6&)ll2] = 0.
k—o0 k—o0 k—o0

Proof. By the deterministic analogue of Lemma 4.8, Al(xg, Tk, gk, dk) > KiTminYk. By
Theorem 4.23 and the definitions of k; and Tyin, we have limy_, o E[¥x] = 0, and thus,
our first two results follow from the deterministic variant of Lemma 4.7. The final result
follows from (3.11), i.e., Hgk + Jg(yk + 5k>”2 = HH’gdkH2 < HHkHQHdkHQ < HHHdk”Q, which
completes the proof. O

Corollary 4.24 shows that in the limit and in expectation the search direction, the
constraint violation and a first-order stationarity measure converge to zero.

Remark 4.25. We make a few remarks about the main theoretical results (Theorem /.23
and Corollary 4.2/).

o Comparison to determinisic results: The result in Corollary /.24 is similar, albeit in
expectation, to what can be proven for an exact deterministic SQP method, i.e., gj, = gk
and dy, = di, under the same assumptions; see e.g., [0, 17].

e Comparison to [5]: The main difference in the result of Corollary /.24 and similar
results for the stochastic SQP algorithm proposed in [5] pertain to the requirements on
the {Br} sequence. In [5] (and other works, e.g., [/, 21, 22]) a diminishing {Bx} sequence
1s required to guarantee convergence, whereas in this work convergence with a constant
{Br} sequence is derived due to the variance reduction achieved.

e Comparison to [28]: In [25], a stochastic line search SQP method for equality con-
strained problems that utilizes an exact differentiable merit function is proposed. Under
deterministic conditions on the function and derivative approximations and exact solu-
tions to the linear systems, the authors show convergence analogous to that of a deter-
mainistic algorithm. We note that under the same deterministic conditions, similar results
can be established for our proposed adaptive sampling algorithm.

o Comparison to [6]: A result analogous to Theorem 4.23 is proven in [0]. In both works
this is possible due to variance reduction in the approximations employed; the algorithm
proposed in [6] makes use of predictive variance reduction via SVRG gradients, whereas
in this work achieves variance reduction via adaptive sampling.
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The final result we show in this section is a complexity result for our proposed algorithm,
i.e., the number of iterations required to achieved an e-accurate solution in expectation.
Specifically, we consider the following complexity metric,

Elllgr + Ji (g + 0k)ll2) < e, and  E[||exl1] < e, (4.13)
for ez, € (0,1) and €. € (0,1).

Corollary 4.26. Under the conditions of Theorem 4.23, Algorithm 1 generates an iterate
{(zk,yx)} that satisfies (4.13) in at most

K, = (f—l(f(xo)*fmf)JrllColll) max {622’ 60—1} (4.14)

aBnkg

iterations. Moreover, if e, = € and €. = €2, then K. = O(e2).

Proof. First we show that if E[||gr + JI (yx + 6k)l|2] > €L or E[||ck|l1] > €., then
E[Al(zk, Thy gk, di)] > ke min{e?, €.}, (4.15)

where Kk, = min {w1 Tm‘n"i:”d} € R. Consider arbitrary (k,er,e.) € Nx (0,1) x (0,1) for

which E[||gx, + JI (yx + 0k)||2] > €1 and/or E[||ck||l1] > e.. First, suppose that E[||ck|[1] > €.
By the deterministic variant of (3.8),

E[Al(xk, Tk,gk,dk)] > E[Tkwl max{dZdek, édekH%} + w1||ck|]1] > E[leCkHﬂ > Wi€e.
Next, suppose that E[||gr + JI (y + 6x)||2] > €. By Assumption 3.1 and (3.11),
er < E[llgr + J{ (yr + 0r)ll2] = E[|| Hrdill2] < Elspl|dy ],

and thus, by the deterministic variant of (3.8), the fact that 75 is bounded below and the
definition of ¢4, it follows that

E[Al(@r, T, g, di)] > E[rpwr max{dy Hydy, eql|dxl|3} + wilex]|1]
> Elrminwrcddi 5] > 21t}
H

Combining the results of the two cases and using the definition of x, yields (4.15).
If (4.13) is violated, then by Lemma 4.14, (3.4), (4.12) and (4.15), we have

E[7_1(f(z0) — fint) + [[coll1] = E[70(f(z0) — fine) + l|coll1]
> E[7of(wo) + lleollr — 7w f (zx) — llexllr + (Tk — T0) fint]
1

=

=E (¢(x5,75) — d(wjg1, Tir1) + (Tj+1 — Tj) fint)
| j=0
(k-1 k—

ZE Z nAl(l‘])T]hg]? Z T]Al x]77—jagj7d)
| 7=0 Jj=

> kafnk, min {e%, ec} ,
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which implies that k& is bounded above by (4.14). O

The result of Corollary 4.26 is similar to that of determinsitc SQP methods, albeit in
expectation, under the same assumptions; see e.g., [21, Theorem 1]. To the best of our
knowledge, this is the first time that such complexity results have been derived.

4.2 Predetermined Sublinear Errors

In this subsection, we consider the case where the sample sizes used in the gradient estima-
tion are monotonically increased at a sublinear rate and the accuracy in the linear system
solves is increased at a sublinear rate to achieve convergence to the solution in expectation.
The reason we include this result is to emphasize that predetermined sampling strategies
and error sequences suffice to provide convergence guarantees without the need for stronger
assumptions. Also, this result provides guidance on the total sampling complexity. For
brevity, we only introduce the assumptions and present the main theoretical results. All
technical lemmas and proofs are deferred to Appendix A.
The two assumptions below are analogues of Assumptions 4.1 and 4.2.

Assumption 4.27. For all k € N, the stochastic gradient estimate g € R" satisfies,
Ex [llgk — gell3] < %, where 61 € Ry, B € (0,1), v € Ry and o € [2,4]. Additionally,
for all k € N, the stochastic gradient estimate g, € R™ is an unbiased estimator of the

gradient of f at xy, i.e., Ex [gL] = gk-

~ -2
(inexact solutions to (3.2)) satisfy, [{lk] - [C_lk}
Ok 0% )

Assumption 4.28. For all k € N, the search directions (d,d;) € R™ x R™ in (3.3)

< %, where 3 € Ro, B € (0,1),
v € Roy and o € [2,4]. Note, (dy, ) and (dy,d;) are the ezact and inezact solutions of
(3.2), respectively.

Next, we state the main results of this subsection. Lemma 4.29 (analogue of Lemma 4.22)
provides a bound on the difference of the merit function across iterations.

Lemma 4.29. For all k € N, there exist constants (Rg,Rg,) € Ruo x Rso such
Er [0(Tht1, Thr1) — ¢, Te)] < Ei [(Thr1 — Ti)] fint
— Blan — keB)Al(zk, Ty gr> di) + Quﬁ%)u-
(Note, the definitions of the constants are given in Appendiz A.)

Lemma 4.29 has an additional as compared to Lemma 4.22. This is due to the fact
that we control the gradient error and linear system accuracy at a sublinear rate instead of
controlling it relative to the algorithmic progress, as measured in terms of Al(xg, Tk, gk, dk)-
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That being said, the additional term is proportional to 52 and whose accumulation is finite
in the limit.

Theorem 4.30 and Corollary 4.31 (analogues of Theorem 4.23 and Corollary 4.26,
respectively) provide convergence and iteration complexity results, respectively. Corol-
lary 4.31 also provides sample complexity results.

Theorem 4.30. By choosing B € (O, min {1/(293)3, (1 =vne/r,, 1/ (QF_de-)%H for any v €
(0,1) and v € Rsq, limg_,o E [Zf;é Al(:nj,Tj,gj,dj)] < 00, from which it follows that,
limy,, 00 B [Al(z, Tk, gk, dip)] = 0.

The conclusion of Theorem 4.30 is the same as that of Theorem 4.23, up to constants,
and, as a result, Corollary 4.24 holds for Theorem 4.30.

Corollary 4.31. Under the conditions of Theorem 4.30, Algorithm 1 generates an iterate
{(zk,y)} that satisfies (4.13) in at most K. = O (max{e;* €;'}) iterations and W, =

O((max {622,60_1 )(V+1)), v € Ry, stochastic gradient evaluations. Moreover, if €, = €

and €. = €, then Kc = O (¢7%) and W, = O(e 2 D).

Corollary 4.31 shows that one can achieve the same iteration complexity as the deter-
ministic variant of the algorithm under Assumptions 4.27 and 4.28 (and other assumptions
stated earlier) at an increased overall sample complexity.

5 Practical AIS-SQP

In this section, we present our proposed practical adaptive inexact stochastic SQP method
(PAIS-SQP) and describe the sample size selection mechanism, iterative linear system solver
and early termination conditions employed.

5.1 Sample Size Selection

We describe the mechanism by which the sample size is selected at every iteration. Con-
dition (4.1) involves computing population variances and deterministic quantities which
are not available in our setting, and possibly requires solving multiple linear systems.
That being said, one can approximate these quantities with sample variances and sam-
pled stochastic counterparts of the deterministic quantities required following the ideas
proposed in [12, 9].

Condition (4.1) is approximated as follows. Let gp € R™ be defined as

Gr = g > VF(an, &), (5.1)

1€Sk
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where Sy, is a set consisting of indices drawn at random from the distribution of ¢, and &;
is a realization of £. The left-and-side of (4.1) can be expressed as

. 2 Eg [[VF(25,6) =V f(zx)ll3

B g — V(o) 3] = 2TV w0l (5.2)

Computing the population variance on the right-hand-side of (5.2) is prohibitively expen-

sive in our setting, and thus we approximate it with the sample variance (see left-hand-

side of (5.3)). Moreover, the right-hand-side of (4.1) is approximated with its stochastic
counter-part. This results in the following approximation to condition (4.1),

Variesk‘[lf(xk,ii)] < Glﬁ"Al(:nk, Ties O Jk% (5.3)

where Varies, [VF (25, &) = ﬁ >ies, IVF(zk, &) — gr||3, used in PAIS-SQP.

In our practical algorithm (Algorithm 2), if inequality (5.3) is not satisfied (given the
set Sk), we increase the sample size to a size that (at least with high probability) will
satisfy (4.1). The heuristic we propose to do this is as follows. Suppose we wish to find
a larger sample Sp (|Sk| > |Sk|), and let us assume that the change in sample size is

gradual enough that for any zj, such that Vares, [VF(xg, &) = Var, s [VF(xp,&)] and

Al(xy, Te, Gr, dp) ~ Al(xk,%k,gk,dk), where %k,gk,dk are stochastic realizations of these
quantities computed based on the sample S;. Under this assumption, it is clear that (5.3)

is satisfied if v VP (o)
5 aries, Tk,Si
|Sk‘ = {ﬁﬁ"Allzwkfk,ﬁk,Jk)—‘ ) (5'4)
This is the final level of approximation where we check (5.4) to set the sample size for the
next iteration, i.e., Sg11 = Sk. The ideas above are used in Algorithm 2.

5.2 Inexact Linear System Solutions

Our proposed practical algorithm makes use of an iterative solver with early termina-
tion tests to solve the Newton-SQP linear system (3.3). We use the minimum residual
(MINRES) method [1%, 30], with early termination conditions, for solving the system in-
exactly, but note that other iterative algorithms could also be used. For all £ € N, let
{(Jkyt,5k7t,ﬁk,t,Fk7t)}teN denote the steps (and residuals) generated in iteration ¢ € N of
MINRES, and ((jk,fk,ﬁk,fk) — (Jk‘,t’ufk,t’vﬁk,t’afk,t’) where t' is the last MINRES itera-
tion. The MINRES method was terminated for the minimum ¢ such that either condition
(a)

(3.8) and [|[7g]ly < waB7?Al(xk, Ty Gr» di) With 7, = 7y (5.5)

or, condition (b)
7]l < min{(1 — wi)ws, wiwa 7 *}Hlexlr  and |prllr < wpllklh (5.6)
hold. These conditions are inspired by the theory, but relaxed for practicality. Specifically,

the additional condition in case (a) is not checked and neither is Assumption 4.9.
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5.3 PAIS-SQP

In this section, we present our practical algorithm PAIS-SQP.

Algorithm 2 (PAIS-SQP) Practical, Adaptive, Inexact, Stochastic SQP Algorithm

Require: 29 € R™; yo € R™; {H,} € S™ 71 € Rug; S_1 C N; {wy, w2, 1,67} € (0,1);
wa € Roo; wy € Ryg; B € (0,1]; oy € Rp; g € (0,6/2); 0 € [2,4]
1. for all k € N do
2: Compute gy via (5.1) with S = Sp_1
3: Solve (3.2) iteratively using MINRES;
Compute a step (dy, %) that satisfies either (5.5) or (5.6)
Update 7, via (3.6)—(3.7)
Compute a step size ay via (3.9)—(3.10)
Update xg11 < x + @kczk, and yp+1 < yi + dkgk
Choose a sample Sy, such that |S| = |Sy|
If condition (5.3) is not satisfied, augment Sy, using formula (5.4)
end for

6 Numerical Results

The main goal of this section is to illustrate the efficiency of our proposed practical algo-
rithm (Algorithm 2). We characterize efficiency in terms of two metrics that capture the
major costs in solving (2.1). The first metric is the number of objective function gradient
evaluations (or accessed data points in the context of the machine learning problems pre-
sented below). The second metric is the number of iterations of an iterative solver used
to solve the linear system (3.2). To illustrate the efficiency of Algorithm 2, we present re-
sults on two classes of problems, constrained classification problems that arise in machine
learning (Section 6.2) and standard CUTE collection of nonlinear optimization problems
(Section 6.3), and compare exact and inexact variants (all implementation details are given
in Section 6.1).

In both Sections 6.2 and 6.3, results are given in terms of feasibility and stationarity
errors defined as, ||ckllco and |lgx + JE ykllco, respectively, where the vector y, € R™ is
computed as a least-squares multiplier of the above using the true gradient gi. Moreover,
in both sections we terminate all algorithms solely due to iteration, sampled gradient
evaluation or linear system iteration budgets.

6.1 Implementation Details

We compare different variants of Algorithm 2. Specifically, we compare variants with
different levels of accuracy in the gradient approximations employed, as well as variants
with and without the early termination conditions. Precise characterization of the accuracy
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levels are given in Sections 6.2 and 6.3. For all variants MINRES was used to solve the
linear systems, and all variants employed the same adaptive step size selection strategy
described by (3.9)—(3.10). For all problems estimates of L and I" were computed using
gradient differences around the initial point, and kept constant throughout the course of
optimization. This procedure was performed in such a way that, for each problem instance,
all algorithms used the same values for these estimates. For all algorithms, Hy, < I for all
EEN, 74 ¢ 1,8+ 1, ay < 102 1+ 12, wy <+ 12, wy + 1/2, wy + 102, wy + 102,
€; < 107, and o « 2. For PAIS-SQP, we additionally set 6; < 0.99. (Note, f2 and 63
are not required by the PAIS-SQP algorithm.) The initial sample size ]5’_1| is defined in
Sections 6.2 and 6.3. For variants that solve the linear system without the early termination
conditions, the termination tolerance used in MINRES was exnres < 1072, in order to
obtain accurate solutions.

6.2 Constrained Logistic Regression

In our first set of experiments, we consider constrained logistic regression problems,

N
1 T
i - -5 (1 —3i (X w>) t Az = 2 — 1
s f(z) N¢§:1 og(l+e st. Az =b1, |[z]3 = b2, (6.1)

where X € R™¥V is the data matrix, X; is the ith column of matrix X, y € {—1,1}"V
contains corresponding label data, A € R™*" by € R™ and by € R. We present results
on two data sets from the LIBSVM collection [17]; australian and mushroom. (Results
on more data sets from the LIBSVM collection are presented in Appendix B). For the
linear constraints, the data was generated as follows: the entries of the matrix A and the
vector by were drawn from a standard normal distribution (for each data set the same A
and b; were used for all methods). For the fo-norm constraint, b = 1. For all problems
and algorithms, the initial primal iterate was set to the vector of all ones of appropriate
dimension, and the initial dual variables yy were set as the least squares multipliers.

For each data set, we consider exact and inexact (linear system solutions) variants,
i.e., variants with and without the early termination conditions, and three different sample
sizes (|Sk| = |S| € {2,128, N} for all k € N) for a total of 6 variants, and compare against
PATS-SQP. A budget of 50 epochs was given to every method. The results for the two data
sets are presented in Figures 1 and 2. For every method, we report the feasibility and
stationarity errors in terms of iterations, epochs (gradient evaluations) and linear system
iterations. The results indicate that our proposed practical inexact SQP method PAIS-SQP
strikes a good balances between reducing constraint violation while attempting to find a
point that satisfies approximate first-order stationarity across all three evaluation metrics.
In Figure 3 we show the sample size and step size selected by the different variants. While
the sample sizes increase relatively quickly, there are significant savings that can be achieved
by employing inexact information. The step size figures illustrate that the adaptive step
size mechanism (3.9)—(3.10) is stable.
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Figure 1: australian: Feasibility & stationarity errors versus iterations/epochs/linear
system iterations for exact and inexact variants of Algorithm 2 on (6.1).
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6.3 CUTE Problems

Next, we consider equality constrained problems from the CUTE collection of nonlinear
optimization problems [l 1]. Specifically, of the 123 such problems in the collection we
considered 49 problems. (We only used those for which: (iii) LICQ held for all iterations
of all algorithms, (i7) f is not a constant function, and (iii) n +m < 1000.) We used
the prescribed starting point for all problems and all algorithms. The CUTE problems
are deterministic, so we added noise to the gradient computations to make the problems
stochastic. Specifically, we consider additive noise where the gradient was computed as

G = 37 > (Vf(@x) + N(0,enil)),

1€SK

where €y ; < 107! for all i, and Sy is prescribed by the variant and determines the level
of noise.

For each problem, we again consider variants that compute exact and inexact (early
termination conditions) linear system solutions. We compare PAIS-SQP, to non-adaptive
sampling variants with (|Sg| = |S| € {2,128,1024} for all k¥ € N), and limit the maximum
sample size employed by PAIS-SQP to 1024. For each problem, we ran 10 instances with
different random seeds. This led to a total of 490 runs of each algorithm for each noise
level. We terminated the methods on the following budget: 1024 - 103 gradient evaluations
or 1024 - 10? linear system iterations (whichever comes first).

The results of these experiments are reported in Figure 4 in the form of performance
profiles [27]. We present results in terms of feasibility and stationarity with respect to gra-
dient evaluations and linear system iterations. The performance profiles were constructed
as follows. For each problem, method and seed, the iterate used in the performance profile
zpp Was chosen as: either the point with minimum ||gx + J! yk|/cc among all points with
lleklloo < 107C, or if no such point exists, then the point with minimum ||cg||ee. Following
[27], for the two metrics an algorithm was deemed to have solved a given problem for a
given seed if m(xo) — m(zpp) > (1 — €pp) (m(x0) —m(wp)), where m(z;) is ||g1 + JL yilloo (for
stationarity) and ||¢;||o (for feasibility), respectively, m(zp) denotes the best possible value
of either metric for each problem and seed, and tolerance €,, € (0,1). Overall, across all
tolerances and metrics, the PAIS-SQP method appears to be the most robust (as seen by
the right-most points on the figures). The ability of PAIS-SQP to make sufficient progress
with inexact information in the intial stages of the optimization, combined with its abil-
ity to increase accuracy of the approximations employed, as needed, as the optimization
progresses allows the algorithm to balance convergence and cost. As a result, PAIS-SQP is
efficient and robust in term of all metrics.
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Figure 4: CUTE: Performance profiles for exact and inexact variants of Algorithm 2 on
CUTE collection. First row accuracy e, = 10~!; Second row accuracy €pp = 10~3; Third
rOW accuracy €pp = 1075,

7 Final Remarks

In this paper, we have designed and analyzed a stochastic SQP algorithm (AIS-SQP) for
solving optimization problems involving deterministic nonlinear equality constraints and a
stochastic objective function. At each iteration, the AIS-SQP method computes a stochas-
tic approximation of the gradient of the objective function, computes a step by solving a
stochastic Newton-SQP linear system inexactly, potentially updates the merit parameter,
and adaptively selects a step size and updates the iterate. Our algorithm is adaptive in
several ways. We have proposed accuracy conditions for the stochastic gradient approxima-
tion and the quality of the linear system solutions. Moreover, we have proposed adaptive
update rules for the merit and step size parameters. Our algorithmic development and
analysis has revealed an intrinsic relationship between the accuracy of stochastic objective
gradient realizations, the quality of inexact solutions to the Newton-SQP linear systems,
and the adaptive step sizes selected. That is, higher accuracy in the gradient estimation
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and linear system solution can potentially lead to the acceptance of larger step sizes as in
the deterministic counterparts.

We have proved that our algorithm generates a sequence of iterates whose first-order
stationarity measure converges to zero in expectation. While similar results have been
established in the literature, e.g., [5, 21], these works only consider asymptotic regimes
after which the penalty parameter is sufficiently small and has stabilized. In this work, we
have analyzed the complete behavior of the algorithm across all potential merit parameter
changes, under an additional assumption, and have provided iteration complexity analy-
sis for AIS-SQP, which matches that of deterministic SQP methods [21], in expectation.
We have also established sublinear (gradient) sample complexity results of the proposed
algorithm when the gradient and linear system accuracies are controlled at predetermined
sublinear rates.

Inspired by AIS-SQP, we have developed, implemented and tested a practical vari-
ant PAIS-SQP of the adaptive stochastic SQP method. Our results on two different sets
of experiments, constrained logistic regression and standard nonlinear optimization test
problems, suggest that our practical algorithm strikes a good balance between minimizing
constraint violation while also minimizing the objective function in terms of importance
evaluation metrics such as iterations, gradient evaluations and linear system iterations.
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A Technical Results (Section 4.2)

Here, we present the complete theoretical results for Algorithm 1 under Assumptions 4.27
and 4.28. We present all the technical lemmas required to establish the main theoretical
results presented in Section 4.2. We unify the assumptions in the following assumption.

Assumption A.1. There exist universal quantities such that Assumptions 2.1, 3.1, 3.3,
4.27 and /.28 hold for any realization of Algorithm 1.

Lemmas 4.5-4.8 from Section 4 hold without change. We unify them in the lemma
below for completeness of the analysis under Assumption A.1.

Lemma A.2. Under Assumption A.1, for all k € N, (3.2) has a unique solution. In
addition, for the same constants (kg, Kuv, kg, k7)) € Ryg X Ryg x Ry x Ry that appear in

the respective Lemmas (listed in parenthesis below), the following statements hold true for
all k € N:

a. (Lemma 4.5) The normal component vy, is bounded as max{||vx|2, [|x|3} < xo max{||ek||2, |7k ll2}-

b. (Lemma 4.6) If ||ﬂk||% > /im||77k||%, then JngJk > %CHﬂkH% and JngJk > ed||cik||%
where €g4 € (0, %) is an user-defined parameter in Algorithm 1.

c. (Lemma 4.7) The search direction satisfies ldill3 < kgVr and ||di|3 + |lexl2 <
(/i\j, + 1)\I/k.
d. (Lemma 4.8) The model reduction satisfies Al(wg, T, Gr, dg) > ke V.

Additionally, if Assumption 4.9 holds, then the following results also hold, whose proofs
are from the corresponding lemmas in parentheses.

Lemma A.3. Under Assumptions A.1 and 4.9, the following statements hold true for all

k € N with the same constants appearing in the respective Lemmas (listed in parenthesis
below).

a. (Lemma J.11) There exists a constant Tmin € Rsq such that Algorithm 1 generates a
sequence of {T}, where Tx > Tmin-

b. (Lemma 4.12) There exist constants {ka,rarg} C Rso such that for all k € N,
Al(zk, Thy Gy die) > Ka(TeLk + Ti) |l dill3 > £a7 glldill3-

c. (Lemma 4.1/) For all k € N, there exists a constant o € R~ such that, aff < ay <
a, B2/,

d. (Lemma 4.15) Finally, for all k € N, it follows that

o(xk + apdy, 7)) — 2k, Tr)
< — apAl(zg, Ty gk, di) + (1 — n)agB >V Al(ay, 7, G, d) (A.1)
+ apTigi (di — di) + an(Te — )9} dis + agl| Je(di — di) |1
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We now proceed to state and prove a series of Lemmas that are analogues to those
proven in Section 4.1. For brevity, in the rest of this appendix, we always assume that
Assumptions A.1 and 4.9 hold without explicitly stating this fact. We begin by bounding
the variance in the stochastic gradient approximations and the variance in the search
directions computed in Lemmas A.4 and A.5.

_ o/2
Lemma A.4. For all k € N, E [||gr — gll2] < (\2‘9:115),,/2.

Proof. By Assumption 4.27 and Jensen’s inequality, we have

_ _ 0,8°/2
B (19 — gxla] < /B [llg6 — 0ull3] < 2227,
which completes the proof. ]

Lemma A.5. For all k, Ek[cik] = dy, Eg[tg] = ug, and ]Ek[gk] = 0. Moreover, there exists
kL € Ry, independent of k, such that ldi — dill2 < kLl|Gr — gill2 and By [Hcik — dk||2} <

H(iﬂo/2
(k+1)l//2 )

where k; = kp\/01 € Rso.

Proof. The first two statements follow the same arguments as in the proof of Lemma 4.17.
By (3.2) and Lemma A 4,

Ey, MCZk — dkH2} < Eg [krllgr — gkll2) = 6LEg [||gk — gkll2] < ﬁLﬂa/zi(k@/za
which proves the last statement. O

Similar to Lemma 4.18, the next lemma provides bounds on the differences between
stochastic and deterministic gradient approximations and exact and inexact search direc-
tions.
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Lemma A.6. For all k € N,

|g{(dk - &k)‘ < "ig’d(z’\/ljngk - ng2\/Al($k77—k,gk,dk),

9k dr — gidil < Ky 40 oll9k = GrlloV/Al(@k, i, gy di) + £Ll|Gk — gx13,

p Al(zy,Tr,9k,dK) o/2 | _
97 (o = )| < g 3,715 LTS VB gy — gy

gddﬁ”/ Al(xg, Th, Grs dis)
97 (i — di)| < Ky 43 ollar = Grlla/ Ay, Tk, gr, di)

" m o
Bo/2 \/%“ ) + Ry qal 2Ny, Ty iy di),

\gEdy, — gt di| < K dg.dd.illgk = Gkll2v/ AUk Th, 9 di) + 51| Gk — gk 13

+ Rg.dd, /v

o/2 VAUZ, Tr,gk,dk) | /025772 _
+ H;g,dd \/‘B \/(k-‘rl) \/(k:-i-l Hgk gk”Q

+ Ry a7 Ak, T, Gr, di),
and || Jx(dy — di) |1 < & 4 50/ Al(zk, Th, Gk, di),

) P S B I b2
where Ry ddnfo = Jinis e Ry, Ko dd/v = “g,ddf"" JRATa € Ry, Kgddnw = FHA\ 7aa €

Ry, Fgdd = RysWa € Roos Kgddw = KH fmzd € Rog, Ryga = Kyswa € Ry, and
RJ7CZJ:(A)@ E R>0.

Proof. (First inequality) By Assumption 3.1, Lemma A.5 and (3.2), (3.11), (4.3),

9k (di — di)| = [(gr + TiF (e + 6x)) " (di; — di))|
= |(Hrdp)" (di — di)| < wplldil2lldi — dil (A.2)
VAU @k, Tk, gk, d))

< KpY— oLl — Gell,

where the result follows using the definition of k 9.dd /D"

(Second inequality) By the Cauchy—Schwarz inequality, the triangle inequality, Assump-
tion 3.1, (3.2), (3.11), (4.3) and (A.2), and Lemma A.5, it follows that

\GEdy, — gt dy|
< (g — gr)" di| + |97 (dix — di)| + |(Gr — )" (i — )]
< N\gx — gill2lldrllz + |98 (di — )| + |Gk — grll2lldi — dl2

< ( Kyad ot \/W) gk = Grlla/ Al(@r, Th, gk di) + KLl Gk — 9113,

where the result follows using the definitions of K gg.dd /5"
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(Third inequality) By Assumption 3.1, Lemmas 3.7, 3.8 and A.5, (3.2), (3.3), (3.11),
and (4.3), we have for all £ € N that

\G8 (di, — dip)| = (g + L (e + k) — TE (i + 0x)) T (di, — di,)|
< (g + JE (i + 6) " (die — di)| + (T (i + 0)) T (dys — d)|
< [(gk + i (e + 66)) " (di — di) | + (e — ge) " (di, — di)]

+ [(IE (yp + 08)) T (di — di)|
= [(Hydy) " (dy, — di)| + (@ — 96) T (di — di)| + | (s, + 0%) 77| (A4)
|(Hydy) " (dy, — di)| + |Gk — grll2lldr — dill2 + 1y + Okllool|7x]l1

ATk, Tr,98,dk) B7/2V03 | B7/2/0, _
RKH KALd \/k:+1 \/(k+1 ||gk gk||2

+ Koyswa BT P AL (g, Ty Grs ),

IN

IN

where the result follows using the definitions of & G.ddnT and K. g.dd-
(Fourth inequality) By Assumption 3.1, Lemmas 3.7 and 3.8, (3.2), (3.3), (3.11) and
(4.3), it follows that

g (di — di)| = |(gr + L (yk + 0k) — T (yie + )T (di — di,)|
< (g + JE (i + )" (e — di)| + [(TiE (e + 1)) (di — di)|
< |(Hrdi) " (die — di)| + 1ys + OlloclI 7l

A

Al(zg,Tk,9k,d [ _ _ 7
KH (x'im’j gk K go)? \/(k\/fl)v + KyswaB ALy, Ty Gry di)-

IN

By the triangle inequality and (A.2),

g (di — di)| < g2 (di — di)| + |k (dk — d})]

< Hg,dj,ﬁ”-gk - gk”Q\/Al xk?Tk7gk7dk)

0o 50/2 Al(zk,T,,9k,dk)

/2 - -7
KAL,d \/(k_;’_l)u + Hyﬁwaﬁ Al($k77—kagk7dk>7

+KH

where the result follows using the definition of s, g, 5 and K, g;.
(F'ifth inequality) By (A.3), (A.4),

IN

|94 di. — it di| + |7, (di — di))|
Fagdan/ollgr = Grlla/Al(wr, Ty ks di) + £llge — gxll3

o/2 VAWK Thgkodk) | BB |~
+ Ky ad ol VSR +\/m||gk k|2

gddﬁa/ AU, T, G die)-

\gF di, — git dy|

IN
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(Sizth inequality) By Lemma 3.7, and (3.2), (3.3),
1Tk (die = di) |1 = 1Pk ll1 < waB7 > Allak, 7o, Grs i),
where the result follows using the definition of & ;7. O

The next lemma provides a useful upper bound on the difference between the deter-
ministic and stochastic merit parameters.

Lemma A.7. For all k € N, |(7x — 7)gldy| < Kz B2 Al (g, Ty G, dyy), where ke =

2937_'—1"€gd,Al and B € <0, W .

Proof. The proof of this statement is identical to the proof of Lemma 4.20. O

Similar to Lemma 4.21, the next lemma bounds the stochastic model reduction function
with respect to its deterministic counterpart (with additional terms).

Lemma A.8. For all k € N, by choosing 5 € <O, 2_12/0} , it follows that

( Tflﬁg,d_d")
Al(zg, T, Gy dip) < (1 + KE,NBUM)N(%,%%,dk)

BU/Q Al(mkﬂ—k:gkudk)

+w4Qmm—%@+%aﬁ

V(k+1)”
_ 058°/2G, —
+hg0 da, il 9k = Gkll2v/ AUk, Thy g, di) + W) ,

where kx; o) = 2(k7 + T_1R, o) € Rsg. Additionally, under Assumption J.1, for all k € N

Ex [Al(xkv’]_—]wgkv Jk ] < (1 + RE?Alﬁg/Q)Al(x/ﬁTkvgka dk)

= 0'/2 V Al(wkﬂ—kvgkzdk) = o 1
+ RaLALyoP ey NN (=S )

where Faial = Kaial € Rso, RALALG = 27"_1(14;@&27\/; + “gg,dd,ﬁ\/?l) € Ryg, and
FaiaLy = 27-1(kpb1 + v0102) € Rso.
Proof. By (3.5), and Lemmas A.6 and A.7, it follows that
AUk, Ty Gr di) = =TrGh A + llerlls = llex + Jrdilh
< —mgi di + llexlly + (7 — 7)gi di + 7 (91 di — G d.)
< Ak, Tho Grr die) + (7 — o) gf die| +71|gi die — 5§ di
< Al(zp, T, gis di) + 52872 Al(zk, Ty s i)

71 (Rgg a9k = Gillav/ Al 7, g1 di) + g — 913

B2\ Al(g, Tk gnd 028/ ||gs— _ _ _ 3
ThRydd.yw \/(Ejfl)i k) ﬁﬁ\/(klff)ugkh + ”g,zidﬁomm(mkﬁk,gk,dk)> :
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The first result follows by re-arranging the above, invoking the restriction on 3, and the
definition of Kz A;-
Taking the conditional expectation, by Assumption 4.27 and Lemma A .4,

Ey, [Al(zk, T, Gk, die)| < (1 +2(k7 + %_1/%@5)/8”/2) Al(xy, T, gi» di)

— [ 5pthB° B DT ki)
+ 2T_1 ( (k+1)u + K/gzddz\/; \/(l{?-"-l)u

60/2 Al(xk77—k7gk7dk) \/9 0237
Hhigg da. vV 01 e )

v (k+1)¥
Using the definitions of KALAD FALAD FALAL YD and RAL ALY completes the proof. ]

Finally, we restate and prove the theoretical results stated in Section 4.2. Specifically,
we state and prove Lemma 4.29, Theorem 4.30 and Corollary 4.31.

Lemma A.9. (Lemma 4.29) For all k € N,

Ex [@(@rt1, Th1) — O(xr, To)] <Eg [(Tor — Tr)] fine — Blan — RpB)Al(xk, iy gir di)
+ 52 VR

K _ K v
2Y7 € Rug and Re, = kg + —252% € Rug, and

where Ky = K¢y +

ko = Qu ((1 —MEap A+ Br+ (To1Rg g + Ry gq)(1+ RE,AZ)) € Rso,
Koy = (2%_1(1 —n) (kb + 0102) + (T-1R, g4 + RJ’(H)EE,N?V) € R-o,
K/(ﬁ’\/; = O (27__71(1 — 77) (/‘ig’JJ7\/’j + \V 91H§g7d~d7\/,j>

+ 77—_1 <\/ Hlﬁg,dd,\/; + Iig,cid,ﬁ) + (%_1Rg,gd + RJ,JJ)RN,AL\/;) S R>0.
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Proof. By Lemmas A.3, A.7, A.6, A.8 and 4.14, and (3.4), it follows that for all k € N

Er [0(Tht1, Trr1) — (g, Te)]
= Ex [(Ter1 — 7o) fra1] + Ex [0(zpy1, Th) — (T, )]
< Ei [(Tr1 — )] fint

— Ey [dkﬁl(l”k, Tis G die) — (1= ) a8 2 Al(wy,, 7, G, sz)]

+Ey, [ar7egl (dx — di)] + Ex [ (T — )97 di] + Ex, {@kHJk(CZk — CZk)Hl]
< Bk [(Tog1 — 7)) fint — Ex [apAl(x, Th, gk, di)]

By (1= manB2D (14w a 872 Al 7, ghs )

_ B2\ Al(wk 7,9k k)
+274 </~6L|lgk — ull3 + g g7, o N

_ 0568°/2||G. —
+hgy dd, il 9k — Grell2 vV AUk, Tk, grr di;) + W)ﬂ

+ B DE Ky, [|g (di — di)|] + cuBETDEy, [|(7 — i) gk dil]
+ @SB (|4 de — di)

< Eg [(Thr1 — )] fint — Ex [naxAl(2r, Tk, gk, di)]
+ (L —n)ka;, A BYT D Al (ay, i, gx, dy)

_ B2 /Al(zg,h .9k .dK)
+ 27 ( )auﬁ (KJL (k+1 + Kg,tici,ﬁ \/(k+1)u

o'/ / o
5 - \/Al xka’rkvgkudk) + 9192[81/ >

R39.dd/7 " Jlor 1) (k+1)
(2—0/2) = VOB Al Tk gk k) BN Al grdr)
Faudm (”dedvf e A Y =y

+Fg qaB7 By, [Al(@y, T, G Jk)])
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Continuing from the above, by Lemmas A.8 and 4.14, it follows that for all £k € N
E [@(Tk+1, Thr1) — ¢k, Tr)]
< Eg [(Th1 — Tr)] fint
— afnAl(xy, T, g, di) + (1 — U)“E,Alauﬂ(l+a/2)Al($k, Thes Gk dic)

_ 14+0/2 Al($ sTks>9 7d)
+271(1 — ), B4/ <<“g,dci,ﬁ TV 91”§9»5d7ﬁ> #
o/2
+ (HL«91 + \/@) (;?Jril)u)

_ / Al ThJk,d,
o1 ( Hlﬁg,dd}ﬁ + Hg,Jdvﬁ) % + ks B2 Al (g, Tre, r, i)

+ o8 (TR gq + F y g9) ((1 + Ry 87 %) Al Th, G i)

UQ\/AZ(I Tk 9 7d) - g 1
B/ \/(Z%)Vk RN (k+1)v>

< Eg [(Tht1 — Tr)] fint — aBnAl(zk, Tk, Gs die)
+ o <(1 — Mgt e (To1Rg ga+ Ry gg)(1+ RE,A[)) BEAU(xk, Ths gk, di)
“+ (Qf'_l(l — 77) <’€g,d}i,ﬁ + VvV el’igg,czd,ﬁ) + 71 (\/a’ig,dd:ﬁ + K’g,cfd,ﬁ)

o _ 2 v/ AUk, Th,9k,di)
+(T—1’€g7dd+”J,JJ>“K1,AZ,W)ﬂ T k)

+ ay, (2%_1(1 —n) (kL1 + /0162) + (%_mg,gd + EJ7J3)RE7A17V> 527(“11)”
= By, [(Frr1 — 7&)] Fint — aBnAUzg, Tk, Gy di) + kB2 Al (g, Ty iy d)

v/ Al(xg,T,9k,dk)

(k+1)”

+TRAL ALY

+ /€¢7ﬁﬁ2 + /-iqs,yﬁQW
< Ei [(Tra1 — )] fint — aBnAl(zy, Try giy di) + <"f¢ + %) BEAUzy, Tk, Gk, di)
+ (nqg,y + %Tf) B
where the result follows using the definitions of kg, K¢ /5, Kgvs g and Kg . O

We are now ready to prove the main theorem of this section.

Theorem A.10. (Theorem 4.30) For some v € (0,1) and v > 1, and choosing B €

: 1 (I1—)ne 1 -
<O,m1n { @07 Re (2%71%7&)2/0 H , it follows that
k—1
kli)r{.loE ZO Al(l’j, Tj,gj,dj) < 00,
j:

50



from which it follows that limg_, o E [Al(zk, Tk, gk, di)] = 0.
Proof. By Lemma A.9 and 8 € (0, %], it follows that
E [¢(Tk+1, Tht1) — @( @k, Th)]
< B [(Thr1 — 7o)l fint — B (an — Ry B) Al(zk, Tre, g, dic) + ﬁ2% (A.5)

< Eg [(Tot1 — 7)) fint — aBynAl(xk, 7, g, dic) + 52%-
Applying a telescopic sum to (A.5) and taking the total expectation, it follows that

—00 < Gint — ¢(w0,7T0) < E[d(ak, Th) — ¢(x0, T0)]

[k—1
=E | ) (o(@j41,Tj41) — o2, 7))
/=0
(k-1 k-1 k-1
<E (Fje1 = 75) fins — Y aBynAl(z), 75,95, ds) + Y B Gii
| /=0 j=0 J=0
k—1 k-1
< 7ol fint| — @BYNE | > Al 7, 95,d5) | + 8% e
j=0 Jj=0
Finally, using the fact that Z?;S 52 (]Ef’l”)y < oo for any v > 1, we may complete the
proof. O

Corollary A.11. Under Assumptions A.1 and 4.9, and the conditions of Theorem A.10,
Algorithm 1 yields a sequence of iterates {(xk,yr)} for which

klim E [||dk|y§] =0, lim Ef|[cgll2] =0, and lim E [||lgi + JE (g, + 0k)|l2] = 0.
—00 k—o0 k—ro0

Proof. The proof of this corollary follows the exact same arguments as the proof of Corol-
lary 4.24 (Section 4). O

The final result we show in this section is a complexity result for our proposed algo-
rithm, i.e., the number of iterations and the total number of stochastic gradient evalua-
tions required to achieved an e-accurate solution in expectation. Specifically, to measure
the complexity of our algorithm, we consider the minimum number of iterations, K, and
the minimum total number of stochastic gradient evaluations, W, required to achieve the
following approximate stationary measure

Elllgr + J{ (yk + 0k)|l2] < e and  E[|ex]l1] < e, (A.6)

for e;, € (0,1) and €. € (0,1).
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Corollary A.12. (Corollary 4.31) Under the conditions of Theorem /.50, Algorithm 1
generates an iterate {(xp,yx)} that satisfies (A.6) in at most Ko = O (max{ezz,ec_l )
iterations and W, = (’)((max{ef,e;l})(yﬂ)), v € Ry, stochastic gradient evaluations.
Moreover, if e;, = € and €. = €, then K. = O (6_2) and W, = 0(6_2(V+1)).

Proof. Using the same logic as the proof of Corollary 4.26, we know that if (A.6) is violated,
then for all k € {0,..., K. — 1}

E[Al(z), Ty G, di)] > Ky min{e2, €.}, (A.7)

TminW1€d
2

where k; = min {wl, } € Rsp. Re-arranging terms in (A.5), and using (3.4) and

H
(A.7) to do a telescoping, it follows that

E[T-1(f(z0) = finr) + llcoll1] = E[To(f(w0) — fint) + [[coll1]
> E[7of(xo) + |lcollr — Tr f(xr.) — |ler |1 + (T, — 7o) fint]

[Ke—1
=B | > Fflan) + ekl = Trr f(@rg1) = lewpalls + (Frpr — Tk)finf)]
L k=0
[Ke—1
=B | > @k 7h) — (@hi1, Trp1) + (Trsr — ) fint)
L k=0
[Ke—1 ~
>E | Y (aBmAlwy, 7o, g dy) — 5 (;f’f),,)]
L k=0
Ke—1 ~
> (@5777% min{E%, €} — 62 (k_flu)u>
k=0
> afynkz min{e%a EC}KG - B2E¢,y Z ﬁ
k=0

It further implies that K. is bounded as

_ T @0) = fu) + llolls + B2 7 G

- 95777/% min{e%, ec}

= O(min{e?, e.}) (A.8)
under the condition that v € R-;. Next, we analyze the sampling complexity. Suppose,

we use |Sk| samples to estimate the stochastic gradient g, then,

_ O

B [llgs — 9¢l13] = &

where o2 is the population variance. Therefore, the minimum number of samples required
to satisfy Assumption 4.27 is

_ o2 (k+1)”
Skl = 0187
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By (A.8), it follows that the total number of stochastic gradient evaluations required to
satisfy (A.6) can be expressed as

K(e)—1 K(e)—1 ) K(e)—1

o (k+1)" o2 v

TS ST S R Syt
k=0 k=0 k=0

Using Faulhaber’s formula, sum of v-th power of first k£ positive integers is a function of

polynomial v+ 1. Therefore, there exists some constant A\ € (0, 00) such that ZkK:(S)_I(k—i-
1) < MK (€)VT1. Therefore,

02)‘k v+1
WE é 91,3"7 KE

Substituting K, = O(e~2) yields the desired result. O

B Additional Numerical Results: Constrained Logistic Re-
gression

In this section, we provide numerical results corresponding to the binary classification data
sets given in Table 1 from the [17] collection.

Table 1: Binary classification data set details. For more information see [17].

data set dimension (n) datapoints (N)

australian 14 690
ionosphere 34 351
mushrooms 112 8,124
sonar 60 208
splice 60 1,000
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Figure 5: australian: First & Second Row: Feasibility & stationarity errors versus it-
erations/epochs/linear system iterations for exact and inexact variants of Algorithm 2 on
(6.1). Last Row: Step sizes and Batch sizes versus iterations.
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Figure 6: ionosphere: First & Second Row: Feasibility & stationarity errors versus it-
erations/epochs/linear system iterations for exact and inexact variants of Algorithm 2 on
(6.1). Last Row: Step sizes and Batch sizes versus iterations.
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Figure 7: mushroom: First & Second Row: Feasibility & stationarity errors versus iter-
ations/epochs/linear system iterations for exact and inexact variants of Algorithm 2 on
(6.1). Last Row: Step sizes and Batch sizes versus iterations.
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Figure 8: sonar: First & Second Row: Feasibility & stationarity errors versus itera-
tions/epochs/linear system iterations for exact and inexact variants of Algorithm 2 on
(6.1). Last Row: Step sizes and Batch sizes versus iterations.
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Figure 9: splice: First & Second Row: Feasibility & stationarity errors versus itera-
tions/epochs/linear system iterations for exact and inexact variants of Algorithm 2 on
(6.1). Last Row: Step sizes and Batch sizes versus iterations.
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