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Abstract. In this paper, we consider piecewise polyhedral relaxations (PPRs) of multilinear4
optimization problems over axis-parallel hyper-rectangular partitions of their domain. We improve5
formulations for PPRs by linking components that are commonly modeled independently in the6
literature. Numerical experiments with ALPINE, an open-source software for global optimization7
that relies on piecewise approximations of functions, show that the resulting formulations speed-up8
the solver by an order of magnitude when compared to its default settings. If given the same time,9
the new formulation can solve more than twice as many instances from our test-set. Most results10
on piecewise functions in the literature assume that the partition is regular. Regular partitions11
arise when the domain of each individual input variable is divided into nonoverlapping intervals and12
when the partition of the overall domain is composed of all Cartesian products of these intervals.13
We provide the first locally ideal formulation for general (non-regular) hyper-rectangular partitions.14
We also perform experiments that show that, for a variant of tree ensemble optimization problems,15
a formulation based on non-regular partitions outperforms that over regular ones by an order of16
magnitude.17
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1. Introduction. We consider multilinear optimization problems of the form21

max c⊺zz + c⊺ww(1.1a)22

s.t. Azz +Aww ≤ b,(1.1b)23

wj = fj(zIj ), ∀j ∈ [nw],(1.1c)24

ℓi ≤ zi ≤ ui, ∀i ∈ [n],(1.1d)2526

where n, nw, nA ∈ Z+, cz ∈ Rn, cw ∈ Rnw , Az ∈ RnA×n, Aw ∈ RnA×nw , b ∈ RnA , ℓ27

and u ∈ Rn, fj : R|Ij | 7→ R is a multilinear function of variables zk with indices k in28

Ij ⊆ [n] for all j ∈ [nw], [a] := {1, . . . , a} for positive integer a, and where we use bold29

lowercase letters to denote vectors. Throughout this paper, we use a regular lowercase30

symbol to represent a variable (such as z) and use a bar or a hat above the symbol31

(such as z̄ and ẑ) to represent the variable at a certain point. Motivated by advances32

in integer programming solvers, there has been an interest in constructing discrete33

relaxations for mixed-integer nonlinear programming (MINLP) problems [8, 12]. A34

strategy adopted by MINLP solvers such as ALPINE [22, 23, 29] and ANTIGONE35

[20] is to introduce new variables for univariate functions and then use discretization36

strategies to relax (1.1).37

In this paper, we develop insights into this latter relaxation. We refer to subsets38

of Rn defined by constraints of the form (1.1d), with ℓ < u, as hyper-rectangles.39

We denote the hyper-rectangle with lower bounds ℓ and upper bounds u as Z(ℓ,u),40

which we abbreviate as Z when parameters ℓ and u are clear from the context. For41
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I ⊆ [n], we denote by ZI the hyper-rectangle Z(ℓI ,uI) obtained by projecting Z over42

the space of zI variables.43

We investigate mixed-integer programming (MIP) models for the type of piecewise44

polyhedral relaxations of (1.1) over hyper-rectangular partitions that we describe next.45

A collection {Qi}i∈[L] of full-dimensional subsets of a compact set S ⊆ Rn is a partition46

of S if (i)
⋃

i∈[L] Qi = S and (ii) the interiors of {Qi}i∈[L] are pairwise disjoint. A47

partition {Qi}i∈[L] of S is said to be polyhedral if Qi is a polytope for all i ∈ [L]. We48

say that a polyhedral partition {Qi}i∈[L] of S is hyper-rectangular (or equivalently that49

{Qi}i∈[L] is a hyper-rectangular partition (HP)) ifQi is a hyper-rectangle for all i ∈ [L].50

Let h(z) : Rn 7→ R be a function whose domain is Z(ℓ,u) for some ℓ,u ∈ Rn51

and let {Qi}i∈[L] be a polyhedral partition of Z. We denote by vertS the set of the52

extreme points of polytope S. A piecewise polyhedral relaxation (PPR) of the graph53

of h over {Qi}i∈[L] is defined as a set S =
⋃

i∈[L] Q̄i where Q̄i is a polytope in Rn+1,54

vertQi = projz vert Q̄i, and {(z, w) ∈ Qi × R | w = h(z)} ⊆ Q̄i for all i ∈ [L]. We55

remark that when h is a piecewise function defined over a partition {Qi}i∈[L] of Z,56

PPR can be naturally used to build a relaxation using the same partition. In general,57

there may not exist a PPR that is contained in all PPRs that can be constructed over58

the same polyhedral partition of the domain. However, if the convex hull of the graph59

of h(z) over Qj,i depends only on function value at the vertices of Qj,i, as is the case60

when h(z) is multilinear and the partition is hyper-rectangular, the smallest PPR61

(SPPR) can be constructed by choosing Q̄i = conv{(z, h(z))}z∈vertQi
for all i ∈ [L].62

When L = 1, the SPPR of a multilinear function h describes the convex hull of the63

graph of h over its hyper-rectangular domain; see [30, 3, 18] for convex hull results64

for multilinear functions. Given a relaxation of a nonlinear function defined over a65

polyhedral partition, a tighter relaxation can typically be obtained by subdividing the66

original partition. We refer to a relaxation of an optimization problem Σ obtained by67

relaxing nonlinear or nonconvex functions using PPRs as a PPR of Σ.68

In this paper, we consider the PPR of (1.1) obtained by individually modeling the69

SPPR of each fj over an HP, since it is commonly used in software implementations.70

Each function fj is defined over a subset of the variables z, which sometimes will71

substantially overlap with (or even exactly match) the variables appearing in other72

functions fj′ of the collection. When this happens, we might choose to use a common73

HP for the domain of all variables appearing in these functions. More precisely, we74

assume that we are given nQ HPs. For all t ∈ [nQ], the t
th HP denoted by {Qt,i}i∈[Lt]75

is an HP of ZJt where Jt ⊆ [n]. A function σ : [nw] 7→ [nQ] is given to indicate which76

HP is used to define the SPPR of fj . Clearly, it is required that Ij ⊆ Jσ(j) for all77

j ∈ [nw]. For the purpose of simplicity, we assume without loss of generality (WLOG)78

that the domain space of fj and the dimensional space of the σ(j)th HP are same, i.e.,79

Ij = Jσ(j) for all j ∈ [nw] throughout this paper. We also assume that σ is surjective80

since otherwise, at least one of the HPs is not utilized in the construction of the PPR.81

It follows that nQ ≤ nw. In this paper, we consider the following PPR of (1.1):82

max c⊺zz + c⊺ww(1.2a)83

s.t. Azz +Aww ≤ b,(1.2b)84 (
zIj
wj

)
∈

⋃
i∈[Lσ(j)]

conv

{(
z̄

fj(z̄)

)}
z̄∈Qσ(j),i

, ∀j ∈ [nw].(1.2c)85

86

We refer to (1.2) as an individual piecewise polyhedral relaxation (IPPR) of (1.1). In87

(1.2), we relaxed each function fj independently. Individual relaxation is a common88
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technique to obtain relaxations of nonlinear optimization problems. McCormick’s89

relaxation [19] is a frequently-used such example. In this paper, we seek to derive90

constraints that improve individual relaxation-based formulations by taking advantage91

of the connections they share.92

We say that a HP {Qi}i∈[L] of a hyper-rectangle S ⊆ Rn is regular (or equivalently93

that {Qi}i∈[L] is a regular hyper-rectangular partition (RHP)) if, for all coordinate94

axes v ∈ [n], there exists a collection of intervals δv,k := [dv,k, dv,k+1] for k ∈ [Dv − 1],95

where dv,1, . . . , dv,Dv
∈ R are sorted in increasing order, such that each element Qi96

is of the form
∏

v∈[n] δv,kv,i
for some kv,i ∈ [Dv − 1] for all v ∈ [n]. Formulations of97

piecewise approximations in the literature [31, 15, 22, 28] are often based on RHPs,98

which may further be refined to be simplicial.99

A mixed-integer linear programming (MILP) formulation is said to be ideal if100

every extreme point of its LP relaxation complies with the corresponding integrality101

requirement of the formulation. A formulation for (1.2) is said to be locally ideal if it102

is ideal when there is one HP in the problem, i.e., nQ = 1.103

The theoretical contributions of this paper include (i) valid inequalities for (1.1)104

that tighten MILP formulations for (1.2), and (ii) the first locally ideal MILP formu-105

lations for (1.2) over (non-regular) HPs. The tightening exploits the shared variables106

across HPs by interpreting convex multipliers of vertices of Qt,i as multilinear expres-107

sions. This interpretation also makes it possible to use recent developments on relax-108

ations for multilinear optimization problems in the construction of the locally-ideal for-109

mulations mentioned above [16]. The paper also makes computational contributions110

by showing that ALPINE, an open-source global solver for MINLPs, can be enhanced111

with these formulations so as to substantially improve its computational performance.112

2. MILP Formulations Over RHPs. In this section, we consider (1.2) over113

RHPs. We assume that RHPs {Qt,i}i∈[Lt] for all t ∈ [nQ] share common discretization114

points on their axes. It follows that σ(j) = σ(j′) if Ij = Ij′ for all j, j
′ ∈ [nw]. This115

assumption is prevalent in the literature; see [31, 28].116

We provide a new MILP formulation for (1.2) that we prove is locally ideal and117

does not require too many variables. Moreover, we develop a mixed-integer multilinear118

programming formulation (MLP) for (1.1) and, via its linearization, further tighten119

the proposed MILP formulation. Finally, we perform computational experiments by120

integrating some of our results into ALPINE, since this code uses PPRs to obtain121

bounds when solving MINLPs to global optimality.122

2.1. A Locally Ideal MILP Formulation Over RHPs. We first describe123

an MILP formulation for (1.2), which we refer to as (IPPR1). We use five types of124

decision variables: z, w, λ, ρ, and x. Variables z andw are the same variables used in125

(1.1). Binary variable xv,j indicates an interval δv,j that contains the value of zv for all126

v ∈ [n] and for all j ∈ [Dv−1]. Variable λ represents the convex combination weights127

used to express the values of w. For I ⊆ [n], we denote by Z̄I :=
∏

v∈I{dv,k}k∈[Dv]128

the set of all vertices that can be used in convex combinations in the space of zI .129

Variable λzI
z̄ indicates the convex combination weight for vertex z̄ in the space of zI130

for all I ∈ I and for all z̄ ∈ ZI where I := {I ⊆ [n] | ∃j ∈ [nw] : I = Ij} is the131

collection of all nonduplicate sets Ij . Variable ρv,k,lb (resp. ρv,k,ub) represents the132

accumulated convex combination weight on the lower-bound (resp. upper-bound) of133

interval δv,k on the zv-axis when xv,k = 1 for all v ∈ [n] and for all k ∈ [Dv − 1]. For134

I ⊆ [n], z̄ ∈ Z̄I , and v ∈ I, we denote by z̄(v) the component corresponding to zv in135

z̄. For a positive integer K, we use ∆K := {x ∈ RK
+ |

∑
j∈[K] xj = 1} to denote the136
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simplex having as vertices the K principal vectors of RK and use ∆K
0,1 to denote its137

vertices. Finally, we use the convention that ρv,0,ub = ρv,Dv,lb = 0 for all I ∈ I and138

for all v ∈ I. (IPPR1) can then be described as follows:139

max c⊺zz + c⊺ww(2.1a)140

s.t. Azz +Aww ≤ b,(2.1b)141

zv =
∑
z̄∈Z̄I

z̄(v)λ
zI
z̄ , ∀I ∈ I,∀v ∈ I,(2.1c)142

wj =
∑

z̄∈Z̄Ij

fj(z̄)λ
zIj

z̄ , ∀j ∈ [nw],(2.1d)143

∑
z̄∈Z̄I :z̄(v)=dv,k

λzI
z̄ = ρv,k−1,ub + ρv,k,lb ∀I ∈ I,∀v ∈ I, ∀k ∈ [Dv],(2.1e)144

ρv,k,lb + ρv,k,ub ≤ xv,k ∀v ∈ [n],∀k ∈ [Dv − 1],(2.1f)145

λzI
z̄ ≥ 0, ∀I ∈ I,∀z̄ ∈ Z̄I ,(2.1g)146

ρv = {ρv,k,a}k∈[Dv−1],a∈{lb,ub} ∈ ∆2Dv−2, ∀v ∈ [n],(2.1h)147

xv ∈ ∆Dv−1
0,1 , ∀v ∈ [n].(2.1i)148

149

(IPPR1) models (1.2), i.e., its projection in the space of (z,w) is equal to (1.2).150

We precisely show in Proposition 2.1 that (IPPR1) is a relaxation of (1.1). To this end,151

we first introduce a mixed-integer multilinear formulation for (1.1), which we denote152

by (MLP), that uses the same variables as in (2.1) except λ. Then, we show that153

(IPPR1) can be obtained by linearizing (MLP). This, in turn, proves that (IPPR1) is154

a relaxation of (1.1). Model (MLP) is as follows:155

max c⊺zz + c⊺ww(2.2a)156

s.t. Azz +Aww ≤ b,(2.2b)157

zv =
∑

k∈[Dv]

dv,k(ρv,k−1,ub + ρv,k,lb), ∀v ∈ [n],(2.2c)158

wj = fj(zIj ), ∀j ∈ [nw],(2.2d)159

ρv,k,lb + ρv,k,ub ≤ xv,k ∀v ∈ [n],∀k ∈ [Dv − 1],(2.2e)160

ρv = {ρv,k,a}k∈[Dv−1],a∈{lb,ub} ∈ ∆2Dv−2, ∀v ∈ [n],(2.2f)161

xv ∈ ∆Dv−1
0,1 , ∀v ∈ [n].(2.2g)162

163

The projection in the space of (z,w) variables of the feasible set of (MLP) is exactly164

the same as the feasible set of (1.1). This is because projecting the subsystem of165

(2.2c) and (2.2e)–(2.2g) onto z yields Z. We show in Proposition 2.1 that any feasible166

solution of (MLP) can be mapped to a feasible solution of (IPPR1) that has the same167

values for z and w, which proves that (IPPR1) is a relaxation of (1.1).168

Proposition 2.1. Given a feasible solution (ẑ, ŵ, ρ̂, x̂) of (MLP), define169

λ̂zI
z̄ :=

∏
v∈I

λ̂zv
z̄(v)

, ∀I ∈ I, ∀z̄ ∈ Z̄I ,(2.3)170

171

where λ̂zv
dv,k

:= ρ̂v,k−1,ub + ρ̂v,k,lb for all v ∈ [n] and for all k ∈ [Dv]. Then,172

(ẑ, ŵ, {λ̂zI
z̄ }I∈I,z̄∈Z̄I

, ρ̂, x̂) is feasible to (IPPR1).173
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Proof. It is sufficient to verify that the constraints containing {λ̂zI
z̄ }I∈I,z̄∈Z̄I

vari-174

ables, i.e., (2.1c)–(2.1e) and (2.1g), are satisfied. By construction, λ̂zI
z̄ ≥ 0 for all175

I ∈ I and for all z̄ ∈ Z̄I , i.e., (2.1g) is satisfied.176

We next show that the constructed solution for (IPPR1) satisfies (2.1c)–(2.1e).177

To do so, we provide an equality relation (2.4) which converts an affine expression178

of {λ̂zI
z̄ }z̄∈Z̄I

to a multlinear expression of {λ̂zv
dv,k

}v∈I,k∈[Dv] for all I ∈ I and for all179

v ∈ I. Consider I ∈ I and, WLOG, assume that I = [|I|]. Given a collection of180

functions {gv(zv)}v∈I where gv(zv) : [dv,1, dv,Dv
] 7→ R is piecewise-linear in zv with181

breakpoints at {dv,k}k∈[Dv ], the following relation holds:182

183

(2.4)
∑
z̄∈Z̄I

(∏
v∈I

gv(z̄(v))

)
λ̂zI
z̄ =

∑
z̄∈Z̄I

∏
v∈I

gv(z̄(v))λ̂
zv
z̄(v)

184

=
∑

k1∈[D1]

· · ·
∑

ks∈[D|I|]

∏
v∈I

gv(dv,kv )λ̂
zv
dv,kv

=
∏
v∈I

∑
k∈[Dv ]

gv(dv,k)λ̂
zv
dv,k

,185

186

where the first equality holds by definition, the second is obtained by expanding Z̄I187

into its elements, and the last is obtained by factoring out the terms not under the188

control of each sum.189

We show that (2.1e) is satisfied for I ∈ I, v′ ∈ I, and k′ ∈ [Dv] using (2.4) by190

defining, for all v ∈ I and for all k ∈ [Dv], gv(dv,k) = 1 if v ̸= v′ or k = k′ and191

gv(dv,k) = 0 otherwise. We write192

193

(2.5)
∑

z̄∈Z̄I :z̄(v′)=dv′,k′

λ̂zI
z̄ =

∑
z̄∈Z̄I

(∏
v∈I

gv(z̄(v))

)
λ̂zI
z̄ =

∏
v∈I

∑
k∈[Dv]

gv(dv,k)λ̂
zv
dv,k

194

=
∑

k∈[Dv′ ]

gv′(dv′,k)λ̂
zv′
dv′,k

= λ̂
zv′
dv′,k′ = ρ̂v′,k′−1,ub + ρ̂v′,k′,lb,195

196

where the first equality holds by the definition of {gv(zv)}v∈I , the second by (2.4), the197

third because
∑

k∈[Dv]
gv(dv,k)λ̂

zv
dv,k

=
∑

k∈[Dv ]
λ̂zv
dv,k

= 1 for v ̸= v′, the fourth by the198

definition of gv′(zv′), and the last by the definition of λ̂
zv′
dv′,k′ given in the proposition199

statement.200

We next show that (2.1c) is satisfied. Consider I ∈ I and S ⊆ I. Define, for all201

v ∈ I and for all k ∈ [Dv], gv(dv,k) = dv,k if v ∈ S and gv(dv,k) = 1 otherwise. Then,202

the following relation holds:203
204

(2.6)
∑
z̄∈Z̄I

(∏
v∈S

z̄(v)

)
λ̂zI
z̄ =

∑
z̄∈Z̄I

(∏
v∈I

gv(z̄(v))

)
λ̂zI
z̄ =

∏
v∈I

∑
k∈[Dv ]

gv(dv,k)λ̂
zv
dv,k

205

=
∏
v∈S

∑
k∈[Dv ]

dv,kλ̂
zv
dv,k

=
∏
v∈S

∑
k∈[Dv ]

dv,k(ρ̂v,k−1,ub + ρ̂v,k,lb) =
∏
v∈S

ẑv,206

207

where the first steps follow closely those of (2.5) and the last step holds by (2.2c).208

Applying (2.6) for all I ∈ I and for all S = {v} ⊆ I, we show that (2.1c) is satisfied209

for all I ∈ I and for all v ∈ I.210

Finally, we show that (2.1d) is satisfied for j ∈ [nw]. Multilinear function fj(zIj )211

can be written as
∑

S⊆Ij
αS

∏
v∈S zv for suitable coefficients αS ∈ R for all S ⊆ Ij .212

Then,213
214
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∑
z̄∈Z̄Ij

fj(z̄)λ̂
zIj

z̄ =
∑

z̄∈Z̄Ij

∑
S⊆Ij

αS

∏
v∈S

z̄(v)

 λ̂
zIj

z̄215

=
∑
S⊆Ij

αS

 ∑
z̄∈Z̄Ij

(∏
v∈S

z̄(v)

)
λ̂
zIj

z̄

 =
∑
S⊆Ij

αS

∏
v∈S

ẑv = fj(ẑIj ) = ŵj ,216

217

where the first and fourth equalities are obtained by using the expression of fj(zIj ),218

the second is obtained by switching the order of summations, the third is obtained by219

(2.6), and the last holds by (2.2d).220

We next show that (IPPR1) is locally ideal and does not require too many vari-221

ables.222

Theorem 2.2. (IPPR1) is a locally ideal formulation for (1.2) and its size (the223

total number of variables and constraints) is polynomial in the total number of vari-224

ables and constraints in (1.1) and in the total number of vertices used in convex com-225

bination expressions, i.e.,
∑

I∈I |Z̄I |.226

Proof. The statement about the size of (IPPR1) is clear. We thus only show that227

(IPPR1) is locally ideal. Consider (IPPR1) with nQ = 1. It follows that I = {I1}.228

We denote by S the feasible set of (IPPR1). To this end, we construct set S0 by229

selecting all the constraints of (IPPR1) only containing variables (z,w,λzI1 ,ρ) where230

λzI1 = {λzI1
z̄ }z̄∈Z̄I1

. For all v ∈ [n], we construct set Sv by selecting all the constraints231

of (IPPR1) only containing variables (ρv,xv). Then, we can reformulate S as232

S =

{
(z,w,λzI1 ,ρ,x)

∣∣∣∣ (z,w,λzI1 ,ρ) ∈ S0,
(ρv,xv) ∈ Sv, ∀v ∈ [n]

}
.233

Observe that S0 and Sv share ρv for all v ∈ [n] and Sv′ and Sv′′ do not share any234

variable for v′ ̸= v′′ ∈ [n]. Moreover, ρv forms a simplex for all v ∈ [n]. It follows that235

conv(S) can be obtained by separately convexifying Si for i ∈ {0, . . . , n}; see [27] or236

[16]. We obtain that237

conv(S) =

{
(z,w,λzI1 ,ρ,x)

∣∣∣∣ (z,w,λzI1 ,ρ) ∈ conv(S0),
(ρv,xv) ∈ conv(Sv), ∀v ∈ [n]

}
.(2.7)238

239

The constraints that belong to S0 describe conv(S0) because there is no integral240

requirement in S0, i.e., S0 = conv(S0). Moreover, for all v ∈ [n], Sv is described241

by the system of (2.1f), (2.1h), and (2.1i), which is referred to as the disaggregated242

convex combination formulation in [31] and this formulation is known to be ideal. In243

conclusion, for each i ∈ {0, . . . , n}, (IPPR1) contains all the constraints that describe244

conv(Si). It follows that (IPPR1) is locally ideal by (2.7).245

We remark that (IPPR1) is a new locally ideal formulation for (1.2). Various246

other MILP formulations can be obtained by viewing the set of expressions, EI,v =247

{
∑

z̄∈Z̄I :z̄(v)=dv,k
λzI
z̄ }k∈[Dv ], as special ordered sets of type 2 (SOS2) for all I ∈ I248

and for all v ∈ I. For example, another locally ideal MILP formulation is obtained249

by removing ρ together with all the constraints containing ρ, i.e., (2.1e), (2.1f), and250

(2.1h), from (IPPR1) and by adding (2.8):251 ∑
z̄∈Z̄I :z̄(v)≤dv,ℓ

λzI
z̄ ≤

∑
k∈[ℓ]

xv,k, ∀I ∈ I,∀v ∈ I, ∀ℓ ∈ [Dv − 2],(2.8a)252
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k∈[ℓ]

xv,k ≤
∑

z̄∈Z̄I :z̄(v)≤dv,ℓ+1

λzI
z̄ , ∀I ∈ I,∀v ∈ I, ∀ℓ ∈ [Dv − 2],(2.8b)253

254

where (2.8) is inspired from a locally ideal formulation for SOS2 [17]. We can prove255

that the obtained formulation is locally ideal using the same decomposition technique256

as in the proof of Theorem 2.2. However, introducing ρ in (IPPR1) has the advantage257

of creating a formulation that is sparser than the formulation with (2.8). Specifically,258

a single λzI
z̄ variable appears n times in (2.1e), whereas it may appear at most n(K−1)259

times in (2.8) where K := maxv∈[n] Dv. Given that the number of variables λ is large260

(at most
∑

I∈I K |I|), the sparsity of (IPPR1) could prove to be useful for numerical261

computations. We leave this avenue of research for future work and instead focus our262

computational work on exploring the improved tightness obtained from the linking263

constraints discussed in section 2.2. To clearly evaluate the effect of the linking264

constraints, we will use the sharp formulation for (1.2) implemented in ALPINE [29]265

and will not introduce the proposed ρ variables.266

2.2. Linking Constraints. Inspired from (MLP), we next introduce linear267

equalities in Proposition 2.4, which we call linking constraints, that can be added268

to (IPPR1) to make it a tighter relaxation of (1.1). To streamline the presenta-269

tion, we define λzv
dv,k

:= ρv,k−1,ub + ρv,k,lb for all v ∈ [n] and for all k ∈ [Dv], use270

λzv = {λzv
dv,k

}k∈[Dv ] for all v ∈ [n], and use λzI = {λzI
z̄ }z̄∈Z̄I

for all I ∈ I.271

We next motivate these equalities as providing relationships between degree-|S|272

multilinear terms of {λzv}v∈S and degree-|T | multilinear terms of {λzv}v∈T , for given273

S ⊊ T ⊆ [n]. Let S = {v1, . . . , vs} and T = {v1, . . . , vt} with t > s. For k1 ∈ [Dv1 ],274

. . ., ks ∈ [Dvs
], it holds that275

s∏
i=1

λ
zvi
dvi,ki

=

(
s∏

i=1

λ
zvi
dvi,ki

)
t∏

i=s+1

 ∑
k∈[Dvi

]

λ
zvi
dvi,k

 =

Ds+1∑
ks+1=1

· · ·
Dt∑

kt=1

t∏
i=1

λ
zvi
dvi,ki

,(2.9)276

277

where the first equality holds by definition and (2.2f), and the second is obtained by278

expanding the expression. Using (2.3) and (2.9), we obtain the following constraints279

that link λzT1 and λzT2 :280

∑
z̄∈Z̄T1

:ẑ=projzS
z̄

λ
zT1
z̄ =

∑
z̄∈Z̄T2

:ẑ=projzS
z̄

λ
zT2
z̄ , ∀S ⊆ (T1 ∩ T2) : |S| > 0, ∀ẑ ∈ Z̄S

(2.10)

281

282

for T1, T2 ∈ I. The condition |S| > 0 implies T1 ∩ T2 ̸= ∅ in these equalities. Both283

sides of (2.10) correspond to degree-|S| multilinear term
∏

v∈S λv,kv where kv ∈ [Dv]284

is such that dv,kv
= ẑ(v) for v ∈ S.285

Linking relation (2.10) also can be naturally observed through a reformulation-286

linearization technique presented in [13]. The idea is to remove ρv,Dv,lb from (MLP)287

by plugging ρv,Dv,lb = 1 − (1⊺ρv − ρv,Dv,lb) for all v ∈ [n] so that the remaining ρ288

variables are all independent. Then, for some I ⊆ [n],
∏

v∈I xv is written as289 ∏
v∈I

xv =
∑

{v1,...,vp}⊆I

∑
k1∈[Dv1

−1]

· · ·
∑

kp∈[Dvp−1]

∏
i∈[p]

(dvi,ki
− dvi,Dvi

)λ
zvi
dvi,ki

,(2.11)290

291

when plugging (2.2c). Expression (2.11) contains multilinear terms consisting of292

{λzv
dv,k

}v∈I,k∈[Dv−1] of degree from 1 to |I|. Considering j1, j2 ∈ [nw] such that Ij1 ̸=293
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Ij2 and Ij1∩Ij2 ̸= ∅, (2.2d) for j ∈ {j1, j2} have common multilinear terms with degree294

up to |Ij1 ∩ Ij2 |, which are
∏

i∈[p] λ
zvi
dvi,ki

for all non-empty set {v1, . . . , vp} ⊆ Ij1 ∩ Ij2295

and for all (k1, . . . , kp) ∈
∏

i∈[p][Dvi
− 1]. It follows that the expressions of wj1 and296

wj2 after linearization of the formulation with independent ρ have common λ vari-297

ables, i.e., it implies (2.10).298

Theorem 2.3. Consider formulation (IPPR1), i.e., all the variables and con-299

straints in (2.1), together with additional variable {λzS

ẑ }S∈S,ẑ∈Z̄S
, where S = {S ⊆300

[n] \ {∅} | ∃T1 ̸= T2 ∈ I : S ⊊ T1 ∩ T2} and the following constraints301

λzS

ẑ =
∑

z̄∈Z̄T :ẑ=projzS
z̄

λzT
z̄ , ∀(S, T ) ∈ S × I : S ⊊ T, ∀ẑ ∈ Z̄S .(2.12)302

303

We refer this formulation as (LINK1). Denote by ω1, ω2, and ω3 the optimal objective304

values of (MLP), (LINK1), and (IPPR1), respectively. Then, ω1 ≤ ω2 ≤ ω3.305

Proof. Clearly, ω2 ≤ ω3. Also, it holds that ω1 ≤ ω2 because (2.12) is equivalent306

to (2.10), which is valid to (MLP) by (2.3) in Proposition 2.1 and (2.9).307

The feasible set of (LINK1) can be strictly contained in that of (IPPR1) as we will308

illustrate in Example 1. The numbers of additional variables and constraints, however,309

can become large when there are many discretization points on each axis, as a different310

constraint is imposed for every element of Z̄S and for each (S, T ) ∈ S×I such that S ⊊311

T . In Proposition 2.4, we show that, after adding suitable variables, we can reduce the312

number of constraints necessary to one for each such (S, T ). The constraint in question313

is obtained by aggregating |Z̄S | constraints with multiplier
∏

v∈S ẑ(v) for all ẑ ∈ Z̄S .314

Proposition 2.4. Consider formulation (IPPR1), i.e., all the variables and con-315

straints in (2.1), together with additional variable µS for all S ∈ S such that |S| ≥ 2,316

and the following constraints317

µS =
∑
z̄∈Z̄T

(∏
v∈S

z̄(v)

)
λzT
z̄ , ∀(S, T ) ∈ S × I : S ⊊ T, |S| ≥ 2.(2.13)318

319

Every feasible solution of this formulation, which we refer to as (LINK2), satisfies320

(2.10) for all T1, T2 ∈ I such that T1 ∩ T2 ̸= ∅.321

Proof. We refer to the cardinality of the set S used in the description of (2.10)322

or (2.13) as the degree of this inequality. We prove the result by induction. We323

show that every feasible solution of (LINK2) satisfies all constraints (2.10) of degree324

1. Then we show that, if all constraints (2.10) of degree up to d are satisfied, then all325

of the constraints (2.10) of degree up to d+ 1 are satisfied as well.326

We first argue that all constraints (2.10) of degree 1 are satisfied by (IPPR1),327

which is a relaxation of (LINK2). Pick any index (S, T1, T2, ẑ) of (2.10) of degree 1,328

i.e., T1, T2 ∈ I, S ⊆ T1 ∩ T2, ẑ ∈ Z̄S , and |S| = 1. We denote the unique element of329

S by v. The values of the left-hand-side (lhs) and right-hand-side (rhs) of (2.10) can330

be interpreted as the convex combination weight at zv = ẑ(v) by (2.1c):331

zv =
∑

z̄∈Z̄Ti

z̄(v)λ
zTi
z̄ =

∑
j∈[Dv]

dv,j

 ∑
z̄∈Z̄Ti

:z̄(v)=dv,j

λ
zTi
z̄

 ,332

for i ∈ {1, 2}. Constraints (2.1e)–(2.1i) impose that at most two consecutive weights333

on axis zv can be positive. It follows that, given the value of zv, all weights on334
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axis zv are uniquely determined since each point on a line segment is a unique con-335

vex combination of its ending points. Therefore, for all j ∈ [Dv], it holds that336 ∑
z̄∈Z̄T1

:z̄(v)=dv,j
λ
zT1
z̄ =

∑
z̄∈Z̄T2

:z̄(v)=dv,j
λ
zT2
z̄ . We conclude that all the constraints337

(2.10) of degree 1 are implied by (IPPR1).338

For any positive integer d ≤ maxS∈S |S| − 1, we next argue that if (LINK2)339

implies all constraints (2.10) of degree up to d, then all constraints (2.10) of degree340

up to d+ 1 are also implied by (LINK2). Consider any such integer d. Assume that341

all constraints (2.10) of degree up to d are implied by (LINK2). Pick (S, T1, T2) ⊆342

S × I × I such that S ⊆ T1 ∩ T2 and |S| = d + 1. We show that (2.10) with indices343

(S, T1, T2, ẑ) are implied by (LINK2) for all ẑ ∈ Z̄S . Consider a feasible solution344

(z,w,x,λ,µ) of (LINK2). For all v ∈ [n], we denote by kv the index such that345

xv,kv
= 1. We define Q̂ =

∏
v∈S δv,kv

. Clearly, Q̂ is a hyper-rectangle in the space346

of zS . By (2.1e)–(2.1i), for I ∈ {T1, T2} and for z̄ ∈ Z̄I , λ
zI
z̄ is zero if projzS

z̄ /∈347

vert Q̂. It follows that many constraints (2.10) are satisfied because they reduce to348

0 = 0. The 2d+1 constraints (2.10) that do not simplify in 0 = 0 are those with349

indices (S, T1, T2, ẑ) such that ẑ ∈ vert Q̂. Consider an edge of Q̂ with endpoints350

ẑ′ and ẑ′′. Since Q̂ is a hyper-rectangle in zS , there exists a unique v ∈ S such351

that projzS\{v}
ẑ′ = projzS\{v}

ẑ′′. It follows that the sum of the lhs (resp. rhs) of352

(2.10) with indices (S, T1, T2, ẑ
′) and (S, T1, T2, ẑ

′′) is equal to the lhs (resp. rhs) of353

(2.10) with (S \ {v}, T1, T2,projzS\{v}
ẑ′), respectively. Therefore, for every edge of354

Q̂, the aggregation of the two constraints associated with the endpoints of the edge355

corresponds to (2.10) of degree d, which is satisfied by the inductive hypothesis. We356

next show in Lemma 2.5 that if the 2d constraints of degree d associated with edges357

are all satisfied and one of the 2d+1 constraints of degree d+1 associated with vertices358

is satisfied, then other 2d+1 − 1 constraints of degree d+ 1 are all satisfied.359

Lemma 2.5. Consider a hyper-rectangle Q in Rd for some positive integer d. Con-360

sider two vectors x = {xz}z∈vertQ ∈ R2d and y = {yz}z∈vertQ ∈ R2d . Suppose x and361

y satisfy362

xz1
+ xz2

= yz1
+ yz2

, ∀z1, z2 ∈ vertQ : [z1, z2] is an edge of Q.(2.14)363364

Assume finally that xz′ = yz′ for some z′ ∈ vertQ. Then xz = yz for all z ∈ vertQ.365

Proof. Consider x,y ∈ R2d that satisfies (2.14) and for which xz′ = yz′ for366

some z′ ∈ vertQ. Define a simple graph G = (V,E) where V = vertQ and E =367

{(z1, z2) | z1, z2 ∈ vertQ, [z1, z2] is an edge of Q}. We denote by dist(z1, z2) the368

number of edges of a path with fewest edges in G between z1 and z2. The maximum369

distance between two vertices is bounded above by d. We prove that xz = yz for all370

z ∈ vertQ by induction on dist(z, z′).371

First, it holds that xz = yz for all z ∈ vertQ such that dist(z, z′) = 0 by the372

lemma’s last assumption. Next, we assume that xz = yz for all z ∈ vertQ such that373

dist(z, z′) = k for some integer k ∈ {0, 1, . . . , d − 1}. We argue that xz = yz for all374

z ∈ vertQ such that dist(z, z′) = k+1. Pick any z1 ∈ vertQ with dist(z1, z
′) = k+1.375

Let P be a path with fewest edges in G from z1 to z′. denote by z2 the vertex that376

directly succeeds z1 on P . The inductive hypothesis implies that377

xz2
= yz2

(2.15)378379

because dist(z2, z
′) = k. Further, it holds that380

xz1
+ xz2

= yz1
+ yz2

(2.16)381
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382

because [z1, z2] is an edge of Q by the definition of G. Therefore, it follows from383

(2.15) and (2.16) that xz1
= yz1

, which proves the inductive step.384

By Lemma 2.5, it is sufficient to show that the solution satisfies one of 2d+1 constraints385

(2.10) of degree d + 1. By applying an affine transformation if necessary, we may386

assume that Q̂ = [0, 1]d+1. Then, after removing zero-valued λ variables and zero-387

coefficient terms, (2.13) with indices (S, T1) and (S, T2) reduce to µS = λ
zT1
z̄ and388

µS = λ
zT2
z̄ , respectively, where z̄ = (1, 1, . . . , 1) ∈ Rd+1. It follows that389

λ
zT1
z̄ = λ

zT2
z̄ ,390391

which is one of the 2d+1 constraints (2.10) of degree d+ 1. It follows, by Lemma 2.5,392

that the solution satisfies all other 2d+1 constraints (2.10) of degree d + 1. This393

completes the proof of the inductive step.394

Example 1 shows an instance of (MLP) for which (IPPR1) has feasible solutions395

that do not satisfy constraint (2.13).396

Example 1. Consider (1.1) with n = 4, nw = 2, nA = 0, ℓ = 0, u = 1,397

f1(z1, z2, z3) = z1z2z3, f2(z2, z3, z4) = z2z3z4, I1 = {1, 2, 3}, I2 = {2, 3, 4}, and398

arbitrary cost vectors cz ∈ R4 and cw ∈ R2. We assume that there is no partition, i.e.,399

we model an individual polyhedral relaxation for each f1 and f2 over their domains400

[0, 1]3. Clearly, ρ and x are not needed in this case. Instead we impose that λ(z1,z2,z3)401

and λ(z2,z3,z4) correspond to the vertices of [0, 1]3. (IPPR1) for this problem takes the402

form:403

max c⊺zz + c⊺ww

(2.17a)

404

s.t. zk =
∑

(j1,j2,j3)∈{0,1}3

jkλ
(z1,z2,z3)
(j1,j2,j3)

, ∀k ∈ {1, 2, 3},
(2.17b)

405

zk =
∑

(j2,j3,j4)∈{0,1}3

jkλ
(z2,z3,z4)
(j2,j3,j4)

, ∀k ∈ {2, 3, 4},(2.17c)406

w1 =
∑

(j1,j2,j3)∈{0,1}3

(j1j2j3)λ
(z1,z2,z3)
(j1,j2,j3)

= λ
(z1,z2,z3)
(1,1,1) ,(2.17d)407

w2 =
∑

(j2,j3,j4)∈{0,1}3

(j2j3j4)λ
(z2,z3,z4)
(j2,j3,j4)

= λ
(z2,z3,z4)
(1,1,1) ,(2.17e)408

∑
(j1,j2,j3)∈{0,1}3

λ
(z1,z2,z3)
(j1,j2,j3)

= 1,(2.17f)409

∑
(j2,j3,j4)∈{0,1}3

λ
(z2,z3,z4)
(j2,j3,j4)

= 1,(2.17g)410

λ
(z1,z2,z3)
(j1,j2,j3)

≥ 0, ∀(j1, j2, j3) ∈ {0, 1}3,(2.17h)411

λ
(z2,z3,z4)
(j2,j3,j4)

≥ 0, ∀(j2, j3, j4) ∈ {0, 1}3.(2.17i)412
413

Consider the feasible solution (z,w,λ) of (IPPR1) such that z = (0.5, 0.5, 0.5, 1),414

w = (0, 0.5), λ
(z1,z2,z3)
(0,0,1) = λ

(z1,z2,z3)
(1,1,0) = λ

(z2,z3,z4)
(0,0,1) = λ

(z2,z3,z4)
(1,1,1) = 0.5, and all other415

unspecified λ variables are all zero. Constraint (2.13) for S = {2, 3} becomes µ{2,3} =416
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λ
(z1,z2,z3)
(0,1,1) + λ

(z1,z2,z3)
(1,1,1) and becomes µ{2,3} = λ

(z2,z3,z4)
(1,1,0) + λ

(z2,z3,z4)
(1,1,1) , for T = {1, 2, 3}417

and T = {2, 3, 4}, respectively. These equalities cannot be satisfied simultaneously by418

the aforementioned solution, and hence cut it off.419

Assume nw is polynomially sized in n and the feasible set of (1.2) does not have420

any linear constraints (1.2b). Further, assume that, for each j ∈ [nw], |Ij | is bounded421

by a constant C. Under these assumptions, it is straightforward to see that each422

discretized multilinear function can be convexified using
∏

v∈Ij
Dv convex multipliers,423

one for each extreme point. However, the simultaneous convex hull of this feasible set424

could have an exponential extension complexity. To see this, it suffices to consider425

the special case where (ℓv, uv) = (0, 1) for all v ∈ [n], nw =
(
n
2

)
, and each element426

of nw multilinear functions is associated with a pair of variables (zv, zv′) so that wj427

is defined as zvzv′ . Then, the convex hull of the feasible set of (1.2) is the boolean428

quadric polytope [25] which is known to have an exponential extension complexity429

[9]. We remark that the linking constraints (2.10) are polynomially many; for each430

j ∈ [nw], they consider multipliers associated with discretization points in a subspace431

zT of variables zIj and there are at most nw2
C such subspaces. Therefore, one432

cannot hope that these linking constraints will, in general, produce the convex hull of433

the feasible set. Our computations show, however, that the linking constraints help434

substantially tighten the relaxations.435

2.3. Computational Experiments Using Linking Constraints. ALPINE436

is an open-source MINLP solver that uses PPRs over RHPs. It iteratively solves (1.2)437

by refining the RHPs with more discretization points. We implement (2.13) inside of438

ALPINE. Since the formulation used in ALPINE, see [28], uses the same λ variables,439

we only add linking variables and constraints in (LINK2). We refer to this algorithm440

as Link. We refer to the MINLP solvers ALPINE and SCIP [10] with their default441

settings as ALPINE and SCIP, respectively.442

We consider instances, mult3 and mult4 from Los Alamos MINLPLib https://443

github.com/lanl-ansi/MINLPLib.jl [1] which are collections of multilinear and poly-444

nomial optimization problem instances whose nonlinear terms have degrees up to 3445

and 4, respectively. We focus on these instances because the proof of Proposition 2.4446

establishes that linking constraints are not implied in ALPINE’s formulation when447

there is a multilinear function with degree at least 3 in the optimization problem,448

We perform the computational experiments on a computer running Linux Mint449

19.3 with Intel i7-6700K CPU cores running at 4.00GHz and 48GB of memory. The450

code is written in Julia v1.6.3 with JuMP package v0.21.10 [7] and ALPINE package451

v0.2.7. We use IPOPT v3.13.4 [32] and Gurobi v9.0.3 [11] as the ALPINE’s nonlinear452

and MILP solvers, respectively.453

Table 1 displays the number of instances for which the first polyhedral relaxation454

model of ALPINE-based algorithms, Link and ALPINE, obtains the optimal objective455

value as bound. It also presents the average gap of the first relaxation. Table 2 displays456

the number of instances not solved in an hour and, for those instances solved within457

an hour, the average solution times using three global algorithms, Link, ALPINE, and458

SCIP. The computation shows that substantial benefits can be achieved for all types459

of instances from using linking constraints. In particular, Link reduces by a factor 3460

the number of instances that cannot be solved within one hour compared to ALPINE.461

Figure 1 displays the performance profile [5] of solution times. Within three minutes,462

Link solves 29% of problem instances, which matches (resp. is three times) the number463

of instances solved within an hour by ALPINE (resp. SCIP).464

https://github.com/lanl-ansi/MINLPLib.jl
https://github.com/lanl-ansi/MINLPLib.jl
https://github.com/lanl-ansi/MINLPLib.jl
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3. MILP Formulations Over Non-Regular HPs. In this section, we intro-465

duce MILP formulations for (1.2) for the general case where HPs can be non-regular.466

We first present in section 3.1 a motivating example that shows that non-regular HPs467

can be substantially more economical than RHPs in terms of the number of hyper-468

Table 1: Tightness of ALPINE’s first relaxation models for N instances with same
maximum degree (d). NSolved is the number of instances for which Link and ALPINE

solve the relaxation within the time limit. NLink (resp. NALPINE) is the number of
instances for which the first relaxation model of Link (resp. ALPINE) closes the
gap (between the LP relaxation and the optimal objective value.) GapClosed is the
average of percentages of gaps closed by Link where ALPINE is used as the basis of
comparison among instances that are solved and for which ALPINE does not close
the gap.

Type d N NSolved NLink NALPINE GapClosed (%)
mult 3 60 60 51 5 99.8
mult 4 60 51 44 3 98.0
poly 3 60 51 19 3 94.3
poly 4 40 20 3 0 89.5

Total 220 182 117 11 96.6

0 178 1200 2400 3600
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0.000

0.100
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Fig. 1: Performance profile of solution times.
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Table 2: Average solution times of N instances with same maximum degree (d).
Subscripts represent the number of instances for which the time limit was reached.

Type d N Link ALPINE SCIP

mult 3 60 279.21 2336.833 3115.746

mult 4 60 1205.512 3370.153 3564.159

poly 3 60 1226.012 2473.132 3261.653

poly 4 40 3009.029 3550.938 3600.040

Total 220 1286.454 2876.5156 3365.8198

rectangles they use. In section 3.2, we provide a locally ideal MILP formulation for469

any PPR of a single (nonlinear) function over a polyhedral partition of the domain.470

In section 3.3, we introduce new MILP formulations for (1.2) over general HPs that471

combine the advantages of the formulation described in section 2.1 and the formula-472

tion described in section 3.2. Finally, in section 3.5, we perform computational ex-473

periments that show that non-regular HPs have discernible computational advantages474

compared to RHPs.475

3.1. Example of an Economical Non-Regular HP. We say that a set of476

polytopes, {Q′
ℓ}ℓ∈[L′], refines another set of polytopes, {Qℓ}ℓ∈[L], (or equivalently477

that {Q′
ℓ}ℓ∈[L′] is a refinement of {Qℓ}ℓ∈[L]) if, for all ℓ ∈ [L], there exists Sℓ ⊂ [L′]478

such that
⋃

k∈Sℓ
Q′

k = Qℓ. We introduce next in Example 2 a partition that we use479

in this section to demonstrate that non-regular refinements are more economical than480

regular refinements.481

Example 2. Let n and K be positive integer parameters. For v ∈ [n] and for482

j ∈ [K], we use Qv,j = {z ∈ Rn | zv ∈ [j − 1, j], zv′ ∈ [K − 1,K],∀v′ ∈ [n] \ {v}},483

which is a unit hyper-cube on an edge of [0,K]n. Consider the partition of [0,K]n,484

Q′ = Q ∪ {Q̂} where Q =
⋃

v∈[n],j∈[K]{Qv,j} (with duplicates removed) and Q̂ :=485

cl
(
[0,K]n \

⋃
Q∈Q Q

)
, which is the closure of the part of [0,K]n that is not covered by486

Q. We refer to Q̂ as the leftover region of [0,K]n. The cardinality of Q′ is n(K−1)+2487

because Q1,K = · · · = Qn,K . Figure 2a graphically depicts Q′ when n = 3 and K = 4.

z
1 z2

z 3

(a)

z
1 z2

z 3

(b)

z
1 z2

z 3

(c)

Fig. 2: Example partition (a), regular refinement (b), and non-regular refinement (c)
when n = 3 and K = 4.

488
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It is clear that any RHP that refines the partition Q′ of Example 2 requires at489

least Kn hyper-rectangles. We show in Proposition 3.1 that there exists a non-regular490

hyper-rectangular refinement {Q′
i}i∈[L′] of Q′ with L′ = O(n2 + nK).491

Proposition 3.1. For any positive integer parameters n and K, there is a (non-492

regular) HP with cardinality n(n−3)
2 +nK+1 that refines the partition Q′ of Example 2.493

Proof. We prove the statement by defining a partition R of the leftover region Q̂494

whose cardinality is
(
n
2

)
. Let R = {Rv1,v2}v1<v2∈[n], where495

Rv1,v2 = {z ∈ [0,K]n | zv1
, zv2 ≤ K − 1, zv ≥ K − 1,∀v ∈ [v2 − 1] : v ̸= v1},(3.1)496497

for all v1, v2,∈ [n] such that v1 < v2.498

Clearly, every Rv1,v2 in R is a hyper-rectangle. We show that R is a partition499

of Q̂, i.e., (i)
⋃

R∈R R = Q̂ and (ii) the interior of Ra,b and Rc,d in R are disjoint if500

a ̸= c or b ̸= d. We first prove (i). We can write Q̂ = {z ∈ [0,K]n | |{v ∈ [n] | zv ≤501

K − 1}| ≥ 2}. It follows that
⋃

R∈R R ⊆ Q̂. Also, Q̂ ⊆
⋃

R∈R R because for a point502

z ∈ Q̂, z ∈ Rv1,v2 where v1, v2 are the first two indices for which zv ≤ K − 1. We503

next prove (ii). Consider Ra,b and Rc,d with a < b and c < d. We consider two cases.504

First, suppose that a ̸= c. Without loss of generality, assume that a < c. Then,505

hyperplane za = K − 1 separates Ra,b and Rc,d as Ra,b satisfies za ≤ K − 1 and Rc,d506

satisfies za ≥ K − 1. Second, suppose that a = c. Without loss of generality, assume507

that b < d. Then, hyperplane zb = K − 1 separates Ra,b and Rc,d as Ra,b satisfies508

zb ≤ K − 1 and Rc,d satisfies zb ≥ K − 1. Therefore, the interiors of distinct sets509

Ra,b and Rc,d in R are disjoint. In conclusion, Q ∪ R forms an HP of [0,K]n with510

cardinality |Q|+ |R| = (n(K − 1) + 1) + n(n−1)
2 = n(n−3)

2 + nK + 1.511

Remark 3.2. The non-regular HP in the proof of Proposition 3.1 can be obtained512

as leaves of a branch-and-bound tree/decision tree. In particular, consider branching513

so that zv1 ≤ K − 1 and zv1 ≥ K − 1. Let us consider the branch zv1 ≤ K − 1. If514

we branch on another variable, say zv2 so that zv2 ≤ K − 1, then the node belongs to515

the region Q̂ which was left-over in [0,K]n. On the other hand, if all the remaining516

variables are such that zvi ≥ K − 1, for i > 1 then the particular value of zv1 can be517

found with K − 1 leaves in a straightforward way. The branch where zv1 ≥ K − 1518

reduces to a similar problem with one less variable. Therefore, if L(n) denotes the519

number of leaves in the branch-and-bound tree with n variables, the linear recurrence520

relationship L(n) = n + K − 2 + L(n − 1) must hold with L(1) = K. Solving521

this recurrence, we obtain that L(n) = n(n−3)
2 + nK + 1, which matches the result522

of Proposition 3.1. This result has the consequence, which may be of independent523

interest, that regular-partitioning can require exponentially many nodes compared to524

a branch-and-bound tree or, equivalently, a decision tree representation.525

3.2. An MILP formulation Over the Union of Polytopes. In this section,526

we provide an MILP formulation for a PPR of a single function g(z) over a polyhedral527

partition of Z. We remark that g(z) does not need to be multilinear and the partition528

does not need to be hyper-rectangular for the results in this section to be used. Let529

{Qi}i∈[L] be a polyhedral partition of Z and let {Q̄i}i∈[L] be a PPR of h over {Qi}i∈[L].530

We next provide an MILP formulation for (z, w) ∈
⋃

i∈[L] Q̄i.531

We use four types of decision variables: z, w, y, and λ. Variables (z, w) ∈532

Rn+1 represent points in
⋃

i∈[L] Q̄i. Variable λ(z̄,w̄) represents the convex combination533

weight for (z̄, w̄) for all (z̄, w̄) ∈ Z̄ :=
⋃

i∈[L] vert Q̄i. We denote by nλ = |Z̄| the534
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number of λ variables. Variables y = {yi}i∈[L] ∈ ∆L
0,1 form a unit vector whose single535

index i taking the value 1 carries the information that z ∈ Qi. When y = ei, we will536

refer to Qi as the active polytope.537

Variables λ and y satisfy the following disjunction:538

(λ,y) ∈
∨

i∈[L]

{
(λ,y) ∈ ∆nλ ×∆L

0,1

∣∣∣∣ yi = 1,
λ(z̄,w̄) = 0,∀(z̄, w̄) ∈ Z̄ \ vert Q̄i

}
.(3.2)539

540

To derive linear constraints for (3.2), we define bipartite graph G = (U, V,E) where541

U = Z̄, V = [L], and there exists an edge between (z̄, w̄) ∈ U and i ∈ V if (z̄, w̄) ∈ Q̄i.542

We denote by NG(u) = {v ∈ V | (u, v) ∈ E} for u ∈ U the set of the neighbors of node543

u in G. Similar to our derivations in Section 4.1 of [16], a convex hull description544

of (3.2) can be derived using Hoffman’s circulation theorem [14]. This description is545

comprised of the following constraints:546 ∑
u∈U :NG(u)⊆S

λu ≤
∑
i∈S

yv, ∀S ⊊ V : S ̸= ∅.(3.3)547

548

We next present an MILP formulation for (z, w) ∈
⋃

i∈[L] Q̄i. We use (3.4b)–(3.4f)549

instead of (3.3) to describe the convex hull of (3.2) using additional variables {he}e∈E550

since the number of variables and constraints this formulation requires is polynomial551

in the number of vertices and edges of G:552 (
z
w

)
=

∑
(z̄,w̄)∈Z̄

(
z̄
w̄

)
λ(z̄,w̄),(3.4a)553

∑
e=(u′,v′)∈E:u′=u

he = λu ∀u ∈ U,(3.4b)554

∑
e=(u′,v′)∈E:v′=v

he = yi ∀v ∈ V,(3.4c)555

λ ∈ ∆nλ ,(3.4d)556

he ≥ 0, ∀e ∈ E,(3.4e)557

y ∈ ∆L
0,1.(3.4f)558559

Formulation (3.4) is ideal because z and w are dependent on λ and (3.4b)–(3.4f)560

describe the convex hull of the system of λ and y.561

We believe that formulation (3.4) has advantages over the formulations that can562

be obtained for this set using results in the literature. Consider for instance the563

formulations for piecewise linear functions over the union of polyhedra presented in564

[31]. Two of these formulations utilize convex combination variables, which are similar565

to variable λ in our formulation.566

The first formulation is called the aggregated convex combination model, which567

uses the variables (x, w,λ,y) of (3.4). It is a sharp formulation, where a formulation568

for (z, w) ∈
⋃

i∈[L] Q̄i is said to be sharp if the projection of its feasible set over the569

space of (z, w) variables is conv(
⋃

i∈[L] Q̄i). Clearly, every ideal formulation is sharp570

but the opposite direction need not hold. It follows that, when constructing an MIP571

model using multiple PPRs for different components, using sharp formulations often572

results in a weaker LP relaxation than using ideal formulations.573

The second formulation is called the disaggregated convex combination model. It574

is an ideal formulation that introduces separate λ variables for the same z̄ if multiple575
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Q̄i share z̄ as their vertex. In the context of our paper, especially when {Qi}i∈[L] is576

an HP of S ⊆ Rn, it introduces up to 2n variables for the same vertex, which can be577

much larger than the number of variables we use.578

Hence, formulation (3.4) has significant potential advantages for the solution of579

(1.2) that we develop in the next section.580

3.3. A MILP Formulation Over Non-Regular HPs. In this section, we in-581

troduce a novel MILP formulation for (1.2) that builds on the advantageous char-582

acteristics of each of the formulations presented in section 2.1 and section 3.2 while583

overcoming some of their disadvantages.584

Consider first (IPPR1) in section 2.1. This formulation assumes that HPs are585

regular. It uses positioning variables x that have the advantage of modeling the586

geometry of the problem. In the literature, variables tv,j =
∑

j′≤j xv,j′ , referred to587

as incremental variables, are often used instead of x. Incremental variables tend to588

lead to better branching decisions, informed by the geometry of the problem, because589

tv,j takes value 1 (resp. 0) only if zv ≤ dv,j+1 (resp. zv ≥ dv,j+1). We could seek to590

take advantage of these benefits by utilizing a RHP that refines the given non-regular591

HP. We have demonstrated, however, in Example 2 that such construction might592

require Kn hyper-rectangles while the given non-regular HP might only be composed593

of n(n−3)
2 + nK + 1 hyper-rectangles.594

Consider second formulation (3.4) in section 3.2. In situations such as those il-595

lustrated in Example 2, this formulation can be used to avoid generating exponen-596

tially many hyper-rectangles. However, it is not clear how to connect different parti-597

tions {Qt,i}i∈[Lt] as the formulation does not contain the positioning variables x in-598

troduced for RHPs in section 2.1.599

We propose next an MILP formulation for (1.2) that combines the advantages of600

the formulations described in previous sections by using both x and y variables. This601

MILP formulation, which we refer to as (IPPR2), applies when {Qt,i}i∈[Lt] is an HP602

of ZJt for all t ∈ [nQ].603

We use six types of decision variables, z, w, λ, h, y, and x. Variables z and w604

are the same variables used in (1.1). For t ∈ [nQ], we denote by Z̄t =
⋃

i∈[Lt]
vertQt,i605

the set of all vertices used in a convex combination that expresses the PPRs of a mul-606

tilinear function defined over the tth HP. Variable λt
z̄ indicates the convex combina-607

tion weight for vertex z̄ in the space of zJt for all t ∈ [nQ] and for all z̄ ∈ Z̄t. For608

j ∈ [nQ], binary variable yt,i is 1 if and only if Qt,i is active among {Qt,i}i∈[Lt]. Sim-609

ilar to section 3.2, for each t ∈ [nQ], we construct bipartite graph Gt = (Ut, Vt, Et)610

where Ut = Z̄t, Vt = [Lt], and Et = {(z̄, i) ∈ Ut × Vt | z̄ ∈ vertQt,i}. Then, variable611

h = {ht,e}∀t∈[nQ],∀e∈Et
can be used to relate λ and y. Finally, binary variable xv,k in-612

dicates the kth interval on the zv-axis for all v ∈ [n] and for all k ∈ [Dv], where the dis-613

cretization points {dv,k}k∈[Dv ] are collected from all HPs {Qt,i}i∈[Lt] for all t ∈ [nQ].614

We relate x and yt = {yt,i}i∈[Lt] which independently indicate the active hyper-615

rectangle among {Qt,i}i∈[Lt] for a fixed t ∈ [nQ]. For a hyper-rectangle Qt,i, we616

define k1(t, i, v) = min{k ∈ [Dv − 1] | δv,k ∈ projzv Qt,i} and k2(t, i, v) = max{k ∈617

[Dv − 1] | δv,k ∈ projzv Qt,i} to indicate the leftmost and the rightmost intervals on618

the zv-axis that Qt,i overlaps, respectively. Variables x and yt satisfy the following619

multilinear constraint:620

(x,yt) ∈

(x,yt) ∈
∏
v∈[n]

∆Dv−1
0,1 ×∆Lt

∣∣∣∣∣∣ yt,i =
∏
v∈[n]

k2(t,i,v)∑
k=k1(t,i,v)

xv,k,∀i ∈ [Lt]

 .

(3.5)

621
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Such relationship between x and yt is a facial decomposition of the Cartesian product622

of simplices. An explicit convex hull description of (3.5) is provided in Theorem 3 in623

[16]; this description is in fact the system of (3.6g), (3.6j), and (3.6k) with fixed t.624

We thus obtain the following formulation (IPPR2):625

max c⊺zz + c⊺ww(3.6a)626

s.t. Azz +Aww ≤ b,(3.6b)627

zJt
=
∑
z̄∈Z̄t

z̄λt
z̄, ∀t ∈ [nQ],(3.6c)628

wj =
∑

z̄∈Z̄σ(j)

fj(z̄)λ
σ(j)
z̄ , ∀j ∈ [nw],(3.6d)629

∑
e=(u′,v′)∈Et:u′=u

ht,e = λt
u, ∀t ∈ [nQ],∀u ∈ Ut,(3.6e)630

∑
e=(u′,v′)∈Et:v′=v

ht,e = yt,i, ∀t ∈ [nQ],∀v ∈ Vt,(3.6f)631

∑
i∈[Lt]:k1≤k1(t,i,v),k2(t,i,v)≤k2

yt,i ≤
k2∑

k=k1

xv,k, ∀t ∈ [nQ],∀v ∈ [n],(3.6g)632

∀k1 ≤ k2 ∈ [Dv − 1],633

λt = {λt
z̄}z̄∈Z̄t

∈ ∆|Z̄t|, ∀t ∈ [nQ],(3.6h)634

ht,e ≥ 0, ∀t ∈ [nQ],∀e ∈ Et,(3.6i)635

yt ∈ ∆Lt , ∀t ∈ [nQ],(3.6j)636

xv ∈ ∆Dv−1
0,1 , ∀v ∈ [n].(3.6k)637

638

639

Theorem 3.3. (IPPR2) is a locally ideal formulation for (1.2) and its size is640

polynomial in n, nw, nA, and the maximum number of vertices in an HP, i.e.,641

maxt∈[nQ] |Zt|.642

Proof. We first show that the size of (IPPR2) is polynomial in n, nw, nA, and643

maxt∈[nQ] |Zt|. We also use the number of HP (nQ) and the maximum number of644

elements in an HP (maxt∈[nQ] Lt) when deriving the bounds because nQ ≤ nw and645

maxt∈[nQ] Lt ≤ maxt∈[nQ] |Zt|. The numbers of z and w variables are n and nw,646

respectively. The number of λ and y variables is
∑

t∈[nQ] |Zt| and
∑

t∈[nQ] Lt, re-647

spectively, which are bounded above by nQ maxt∈[nQ] |Zt| and nQ maxt∈[nQ] Lt, re-648

spectively. The number of h variables is
∑

t∈[nQ] |Et|, which is bounded above by649

nQ

(
maxt∈[nQ] |Lt|

) (
maxt∈[nQ] |Zt|

)
. The number of x variables is

∑
v∈[n](Dv − 1),650

which is bounded above by 2nmaxt∈[nQ] |Lt|. The number of constraints is polyno-651

mial in n, nw, nA, and maxt∈[nQ] |Zt| because it holds that (i) Dv ≤ maxt∈[nQ] 2|Lt|,652

for all v ∈ [n] and (ii) |Ut| ≤ maxt′∈[nQ] |Zt′ |, |Vt| ≤ maxt′∈[nQ] Lt′ , and |Et| ≤ |Ut||Vt|653

for all t ∈ [nQ]. Therefore, the total number of variables and constraints of (IPPR2)654

is polynomial in n, nw, nA, and maxt∈[nQ] |Zt|.655

We next show that (IPPR2) is locally ideal. Suppose nQ = 1. Consider the set656

S1 in the space of variables (z,w,λ,h,y) obtained by retaining all of the constraints657

containing only these variables. Let S2 be the set in the space of variables (y,x)658
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obtained by retaining all of the constraints containing only these variables. Observe659

that every variable/constraint belongs to at least one of S1 and S2. Therefore, the660

feasible set S of (3.6) can be written as661

S = {(z,w,λ,h,y,x) | (z,w,λ,h,y) ∈ S1, (y,x) ∈ S2} .662663

Set S1 is integral because (3.4) is ideal. Set S2 is integral by Theorem 3 in [16].664

Then, S is also integral; see [27] or [16], which states that S is integral if both S1 and665

S2 are integral and the common variable y forms a simplex. Therefore, (IPPR2) is666

ideal when nQ = 1.667

A distinct advantage of our approach is that it allows the incorporation of geo-668

metrical information into models defined over non-regular partitions of their domain,669

without requiring that the partition be first subdivided into one that is regular. The670

formulations so-produced therefore have the advantage of typically requiring fewer671

variables without compromising on their convex hull properties. Intuitively, they com-672

bine the advantages of previously proposed approaches. In particular, the presence673

of positioning variables x might prove helpful in guiding branching decisions. In this674

respect, one could straightforwardly make use of incremental t variables in our for-675

mulations, without compromising on their strength, as variables xv,j are related to676

these variables via the linear and invertible transformation, xv,j = tv,j − tv,j−1, where677

tv,0 = 0. Formulation (IPPR2) is, to the best of the authors’ knowledge, the first for-678

mulation modeling (1.2) over general HPs that is locally ideal and whose size is poly-679

nomial in n, nw, nA, and maxt∈[nQ] |Zt|.680

3.4. Extension of Linking Constraints. In this section, we extend the ap-681

plicability of linking constraints (2.13) from (IPPR1) to the case of (IPPR2). We682

first introduce constraints linking λt1 and λt2 variables for t1 ̸= t2 ∈ [nQ]. Let683

S = {S ⊆ [n] \ {∅} | ∃t1, t2 ∈ [nQ] : S ⊆ Jt1 ∩ Jt2}.684

Proposition 3.4. Consider formulation (IPPR2), i.e., all the variables and con-685

straints in (3.6), together with additional variable µS for S ∈ S and the following con-686

straints687

µS =
∑
z̄∈Z̄t

(∏
v∈S

z̄(v)

)
λt
z̄, ∀(S, t) ∈ S × [nQ] : S ⊆ Jt.(3.7)688

689

This formulation, which we refer to as (PPR2), is a relaxation of (1.1), i.e., the690

projection in the space of (z,w) of the feasible set of (PPR2) contains the feasible set691

of (1.1).692

Proof. Consider a feasible solution of (z̄, w̄) of (1.1). Construct µ̄ by assigning693

µ̄S =
∏

v∈S z̄(v). We prove the statement by constructing (λ̄, h̄, ȳ, x̄) such that (i)694

(z̄, w̄, λ̄, h̄, ȳ, x̄) is feasible to (IPPR2) and (ii) (λ̄, µ̄) satisfies (3.7).695

For each v ∈ [n], choose kv ∈ [Dv] such that z̄v ∈ δv,kv . We construct x̄ by696

assigning x̄v,kv = 1 and x̄v,k = 0 for all k ∈ [Dv] \ {kv} for each v ∈ [n]. We then697

construct ȳ using (3.5). Let it be the index of the active hyper-rectangle for each t ∈698

[nQ]. According to the derivation of the convex hull description of (3.2) in section 3.2,699

if (λ̄, ȳ) satisfies (3.2), then we can always construct h̄ such that (λ̄, h̄, ȳ) satisfies all700

constraints that h appears in, i.e., (3.6e), (3.6f), and (3.6i). We fix λt
z̄ = 0 for z̄ /∈701

vertQt,it by (3.2). Then, it is sufficient to construct {λ̄t
z̄}z̄∈vertQt,it

∈ ∆2|Jt|
for all t ∈702

[nQ] that satisfies (3.6c), (3.6d), and (3.7) given (z̄, w̄, µ̄). For t ∈ [nQ], we construct703

{λ̄t
z̄}z̄∈vertQt,it

using the following procedure from (a) to (c): (a) let ℓ(t, it, v) =704
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minz̄∈Qt,it
z̄(v) and u(t, it, v) = maxz̄∈Qt,it

z̄(v), (b) let λt
(v) =

z̄v−ℓ(t,it,v)
u(t,it,v)−ℓ(t,it,v)

for all705

v ∈ Jt, (c) assign λt
z̄ =

∏
v∈Jt:z̄(v)=u(t,it,v)

λt
(v)

∏
v∈Jt:z̄(v)=ℓ(t,it,v)

(1− λt
(v)) for all z̄ ∈706

vertQt,it . We next prove Lemma 3.5 that states that for t ∈ [nQ], if λ
t is constructed707

using the above procedure, then the value of its convex combination expression of a708

multilinear function is equal to the function value.709

Lemma 3.5. Given ℓ,u ∈ Rn, consider a hyper-rectangle Q = {z ∈ Rn | ℓv ≤710

zv ≤ uv,∀v ∈ [n]}. Given z ∈ Rn, define λv = zv−lv
uv−lv

for v ∈ [n]. Define λ =711

{λz̄}z̄∈vertQ as712

λz̄ =
∏

v∈[n]:z̄v=uv

λv

∏
v∈[n]:z̄v=ℓv

(1− λv), ∀z̄ ∈ vertQ.(3.8)713

714

Then, for any multilinear function f(z), it holds that715

f(z) =
∑

z̄∈vertQ

f(z̄)λz̄.(3.9)716

717

Proof. It is sufficient to show that (3.9) holds when f(z) =
∏

v∈I zv
∏

v∈[n]\I(1−718

zv) for all I ⊆ [n] because {
∏

v∈I zv
∏

v∈[n]\I(1 − zv)}I⊆[n] is a basis of multilinear719

functions in the space of z. By applying an affine transformation if necessary, we may720

assume that ℓv = 0 and uv = 1 for all v ∈ [n]. Consider any I ⊆ [n]. We denote by721

z̄∗ the vector in Rn such that z̄∗
v = 1 if v ∈ I and z̄∗

v = 0 otherwise. It holds that722

∑
z̄∈vertQ

f(z̄)λz̄ = f(z̄∗)λz̄∗ =
∏
v∈I

λv

∏
v∈[n]\I

(1− λv) =
∏
v∈I

zv
∏

v∈[n]\I

(1− zv) = f(z),

(3.10)

723

724

where the first equality is obtained by removing zero-coefficient terms, the second725

equality is derived because f(z̄∗) = 1 and (3.8), the third equality holds by λv =726
zv−lv
uv−lv

= zv−0
1−0 = zv for all v ∈ [n], and the last equality holds by the assumption.727

Hence, the lemma is proven.728

By Lemma 3.5, λ̄ constructed by the procedure (a)–(c) together with z̄, w̄, and729

µ̄ satisfy (3.6c), (3.6d), and (3.7). It is because the right-hand-sides of (3.6c), (3.6d),730

and (3.7) are the convex combination expressions of a linear/multilinear function of731

z using λt for some t ∈ [nQ] and z̄, w̄, and µ̄ are their function values. Therefore,732

(z̄, w̄, λ̄, h̄, ȳ, x̄) is feasible to (IPPR2) and (λ̄, µ̄) satisfies (3.7).733

Similar to (2.13), the rhs of (3.7) for (S, t) ∈ S × [nQ] with S ⊆ Jt can be interpreted734

as the convex combination using λt variable that expresses
∏

v∈S zv. Clearly, (3.7) is735

a generalization of (2.13).736

If two partitions are the same, it is trivial to extend the linking constraints (2.10)737

so that the multipliers associated with the corresponding extreme points from both738

partitions are equated with one another. This extension applies when a common re-739

finement of subspaces of partitions is easy to construct. Unfortunately, if each parti-740

tion has a different set of polynomially many non-regular elements on a common set741

of variables and the number of partitions is bounded by
(
n
2

)
, it was shown in Theo-742

rem 4 of [16] that a common refinement may require exponentially many elements.743

Moreover, [16] discussed settings where a polynomially-sized common refinement can744

be constructed. It follows that in the latter cases, it is easy to generalize the link-745

ing constraints. However, if a common refinement requires exponentially many ele-746

ments, it is not straightforward to generalize the linking constraints while retaining747
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their polynomial size. This issue does not arise with RHPs with the same discretiza-748

tion points since they automatically share a common refinement on each subspace.749

3.5. Computational Experiments with Regular and Non-Regular HPs.750

In this section, we perform experiments to demonstrate that non-regular HPs have751

computational advantages compared to RHPs. We consider variants of tree ensemble752

optimization (TEO) problems [21]. A tree ensemble model is a collection of decision753

trees. Traditionally, decision trees model a piecewise constant function over a (usually754

non-regular) HP. Then, TEO seeks to find values for the input variables of a given755

tree ensemble model so as to minimize/maximize the prediction value. TEO has been756

used to find the best combination of compounds to design new drugs [21] and to find757

optimal assortments in marketing that maximize profit [2].758

In this experiment, we consider linear regression trees instead of classical decision759

trees as the elements of the tree ensemble model. A linear regression tree [26, 4]760

associates a linear model with each leaf. Given an input value, the prediction from761

the ensemble is computed by averaging the predictions from each tree. The prediction762

from a tree is obtained by using the linear model that is associated with the leaf763

to which the input value belongs. We remark that linear regression trees produce764

piecewise linear functions that generalize the type of functions obtained using classical765

decision trees. We recall that our formulations result in a valid relaxation only if the766

projection of the extreme points of the graph of the functions over an HP {Qt,i}i∈[Lt]767

is contained in the vertices Z̄t of the HP. In fact, it follows that tree ensembles of768

multilinear decision trees introduced in [16] can also be relaxed using our techniques.769

It also follows easily that the functions arising from linear regression trees satisfy this770

property. Moreover, with piecewise linearity, our formulations are exact and do not771

require partitioning over continuous variables in a branch-and-bound algorithm.772

We now describe how our formulation takes advantage of the partition structure773

inherent to the linear regression tree. We denote by n the number of input variables774

of the given tree ensemble model and suppose that the domain of the input variable z775

is Z. We denote by nw the number of trees in the ensemble and by Lj the number of776

leaves in the jth tree for j ∈ [nw]. The set of leaves of a decision tree corresponds to777

an HP of its domain because each nonleaf node of the tree divides the domain using a778

hyperplane zv = a for some a ∈ R. We denote by Qj,i and fj,i(z) the hyper-rectangle779

and the linear function corresponding to the ith leaf in the jth tree, respectively, for780

j ∈ [nw] and for i ∈ [Lj ]. Using this notation, we formulate the problem as781

max
1

nw

∑
j∈[nw]

wj(3.11a)782

s.t.

(
z
wj

)
∈
⋃

i∈[Lj ]

{(
z

fj,i(z)

) ∣∣∣∣ z ∈ Qj,i

}
, ∀j ∈ [nw],(3.11b)783

z ∈ Z.(3.11c)784785

We assume, as is typical for TEO problems, that when the value of z lies on the786

boundary of multiple hyper-rectangles, model (3.11) is free to select wj using any of787

the corresponding linear functions. Constraint (3.11b) can be written as (z, wj) ∈788 ⋃
i∈[Lj ]

conv{(z, fj,i(z))}z∈vertQj,i
for all j ∈ [m] because the functions fj,i(z) are789

linear over each Qj,i. Then, (3.11) takes the form of a PPR of an optimization problem790

over HPs.791

The partitions used in the above problem are typically not regular. We could build792

an alternative formulation by constructing a RHP {Q′
j,i}i∈[L′

j ]
that refines {Qj,i}i∈Lj793



PIECEWISE POLYHEDRAL RELAXATIONS 21

Table 3: Solution times and number of hyper-rectangles in regular/non-regular HPs
for TEO instances with n input variables and nw trees with maximum depth D.

Data set n D nw # of hyper-rectangles Solution times
Non-Regular Regular Non-Regular Regular

diabetes 10 2 5 20 38 1.7 0.8
diabetes 10 2 10 40 76 9.9 12.3
diabetes 10 2 15 59 112 12.4 64.6
diabetes 10 2 20 77 140 21.3 120.8
diabetes 10 3 5 29 120 2.9 44.4
diabetes 10 3 10 59 224 15.4 23.3
diabetes 10 3 15 88 338 28.1 212.0
diabetes 10 3 20 119 498 35.5 301.7
diabetes 10 4 5 35 322 10.4 384.7
diabetes 10 4 10 72 666 31.2 963.7
diabetes 10 4 15 106 894 63.0 1962.9
diabetes 10 4 20 144 1176 106.2 3600.0

house price 8 2 5 20 40 0.2 0.8
house price 8 2 10 40 80 0.6 1.0
house price 8 2 15 60 120 2.4 6.8
house price 8 2 20 80 158 4.6 13.6
house price 8 3 5 27 72 0.4 3.5
house price 8 3 10 56 176 2.2 21.5
house price 8 3 15 86 296 1.2 11.0
house price 8 3 20 114 380 10.3 65.1
house price 8 4 10 69 432 1.8 55.0
house price 8 4 15 105 664 5.4 139.8
house price 8 4 20 143 890 10.6 225.3

for all j ∈ [nw], where L
′
j is a positive integer. Specifically, for j ∈ [nw], {Q′

j,i}i∈[L′
j ]
is794

constructed using the discretization points that appear in the jth decision tree. The795

linear function f ′
j,i′(z) associated with Q′

j,i′ is defined as fj,i when Q′
j,i′ ⊆ Qj,i. It796

is clear that the TEO problem constructed using {Q′
j,i}i∈[L′

j ]
and {f ′

j,i′(z)}i∈[L′
j ]

for797

each j ∈ [m] is equivalent to (3.11).798

For the experiments, we develop MILP formulations (A.2) and (A.3) applying799

the ideas of (IPPR1) and (IPPR2) to (3.11), which is the problem where multiple λ800

variables are used for the same vertex z̄. Formulations (A.2) and (A.3) apply to the801

cases where HPs are regular and non-regular, respectively. The full descriptions of802

these formulations are available in Appendix A.803

For our numerical experiment, we first train tree ensemble models with linear804

regression trees for the diabetes data set from the UCI machine learning repository [6]805

and for the California house price data set [24]. We use the training algorithm available806

at https://github.com/cerlymarco/linear-tree. We choose different maximum depths807

(D = 2, 3, 4) and vary the number of trees in the ensemble (T = 5, 10, 15, 20). Finally,808

we solve the instances of TEO with formulation (A.3) applied to their natural non-809

regular HPs and with formulation (A.2) applied to the refined RHPs described above.810

Table 3 summarizes our experimental results for both data sets. Each row in the811

table indicates what data set is being considered, together with the number n of its812

https://github.com/cerlymarco/linear-tree
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input variables, the maximum depth D of trees, and the number of trees nw in the813

ensemble. It then displays the numbers of hyper-rectangles used in each of the formu-814

lations and the time it takes to solve them. We observe that the refined HPs require815

the introduction of a significant number of hyper-rectangles; this number increases as816

n or D increases. This is in agreement with our discussion in Example 2, where we817

showed that the number of hyper-rectangles for an RHP may be exponentially larger818

than those in a non-regular HP. In particular, the reason that the number of hyper-819

rectangles required in RHPs increases quickly when n or D becomes large is precisely820

the reason that it increases quickly when the parameters n or K of Example 2 be-821

come large. In Remark 3.2, we gave a decision tree for Example 2 where D is a linear822

function of n and K. Therefore, it follows easily that, for this example, the number823

of hyper-rectangles in the non-regular HP is bounded from above by nD + 1 while824

the number of hyper-rectangles in an RHP is (D − n + 2)n, which is an exponential825

blowup. Table 3 shows that this increase is not only an artifact of the special example826

setting but is also observed for tree ensembles which fit real data sets. Table 3 also827

establish that there is a computational penalty for the increase in number of partition828

elements as solution times increase significantly for RHP as n or D become larger.829

4. Conclusion. In this paper, we construct piecewise polyhedral relaxations830

(PPRs) of multilinear optimization problems over (axis-parallel) hyper-rectangular831

partitions (HPs). We provide a new formulation for PPRs over regular HPs (RHPs)832

using linking constraints. These constraints improve the formulations based on indi-833

vidual polyhedral relaxations found in the literature. We implement our relaxation in-834

side the open-source MINLP solver ALPINE and show that the proposed change sig-835

nificantly improves ALPINE’s performance on a variety of multilinear and polynomial836

optimization problem instances from Los Alamos MINLPLib. In short, we show that837

the new formulation can solve the same number of instances in an order-of-magnitude838

less time and can solve more than twice as many instances if given the same amount839

of time. We also provide the first MILP formulation for PPRs over non-regular HPs.840

Finally, we perform computational experiments that show that non-regular HPs for-841

mulations capture decision tree structure in a more compact formulation. As a result,842

they are typically an order-of-magnitude faster to solve than the formulations based843

on RHPs.844

Appendix A. Formulations Used for Experiments in section 3.5.845

In this section, we provide a formulation for the following problem:846

max c⊺zz + c⊺ww(A.1a)847

s.t. Azz +Aww ≤ b,(A.1b)848 (
zIj
wj

)
∈
⋃

i∈[Lj ]

Q̄j,i, ∀j ∈ [nw].(A.1c)849

850

We first provide an MILP formulation (A.2) for (A.1) when HPs are regular but851

their discretization points for each axis are not same. For all j ∈ [nw], we define Z̄j :=852

{(z̄, w̄)}i∈[Lj ],(z̄,w̄)∈vert Q̄j,i
which is the collection of extreme points in the jth HP.853

max c⊺zz + c⊺ww

(A.2a)

854

s.t. Azz +Aww ≤ b,
(A.2b)

855
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zIj =
∑

(z̄,w̄)∈Z̄j

z̄λj
z̄,w̄, ∀j ∈ [nw],

(A.2c)

856

wj =
∑

(z̄,w̄)∈Z̄j

w̄λj
z̄,w̄, ∀j ∈ [nw],

(A.2d)

857

∑
(z̄,w̄)∈Z̄j :z̄(v)≤dv,k2

λj
z̄,w̄ ≤

k2∑
k=1

xv,k, ∀j ∈ [nw],∀v ∈ Ij ,∀k2 ∈ [Dv − 2],

(A.2e)

858

∑
(z̄,w̄)∈Z̄j :z̄(v)≥dv,k1+1

λj
z̄,w̄ ≤

Dv−1∑
k=k1

xv,k, ∀j ∈ [nw],∀v ∈ Ij ,

(A.2f)

859

∀k1 ∈ [Dv − 1] \ {1},860

∑
(z̄,w̄)∈Z̄j :z̄(v)∈[dv,k1+1,dv,k2

]

λj
z̄,w̄ ≤

k2∑
k=k1

xv,k, ∀j ∈ [nw],∀v ∈ Ij ,

(A.2g)

861

∀k1 < k2 ∈ [Dv − 2] \ {1},862

λj = {λj
z̄,w̄}(z̄,w̄)∈Z̄j

∈ ∆|Z̄j |, ∀j ∈ [nw],

(A.2h)

863

xv ∈ ∆Dv−1
0,1 , ∀v ∈ [n].

(A.2i)

864865

We next provide an MILP formulation for (A.1) when HPs are non-regular. To re-866

late λ and y when HPs are non-regular, we construct bipartite graphGj = (Uj , Vj , Ej)867

where Uj = Z̄j , Vj = [Lj ], and Ej = {(z̄, w̄, i) ∈ Uj × Vj | (z̄, w̄) ∈ vert Q̄j,i} for all868

j ∈ [nw].869

max c⊺zz + c⊺ww(A.3a)870

s.t. Azz +Aww ≤ b,(A.3b)871

(zIj , wj) =
∑

(z̄,w̄)∈Z̄j

(z̄, w̄)λj
z̄,w̄, ∀j ∈ [nw],(A.3c)872

∑
e=(u′,v′)∈Ej :u′=u

hj,e = λj
u, ∀j ∈ [nw],∀u ∈ Ut,(A.3d)873

∑
e=(u′,v′)∈Ej :v′=v

hj,e = yj,i, ∀j ∈ [nw],∀v ∈ Vj ,(A.3e)874

∑
i∈[Lj ]:k1≤k1(j,i,v),k2(j,i,v)≤k2

yj,i ≤
k2∑

k=k1

xv,k, ∀j ∈ [nw],∀v ∈ [n],(A.3f)875

∀k1 ≤ k2 ∈ [Dv − 1],876

λj = {λj
z̄}z̄∈Z̄j

∈ ∆|Z̄j |, ∀j ∈ [nw],(A.3g)877

hj,e ≥ 0, ∀j ∈ [nw],∀e ∈ Ej ,(A.3h)878



24 J. KIM, J-P. P. RICHARD, AND M. TAWARMALANI

yj ∈ ∆Lj , ∀j ∈ [nw],(A.3i)879

xv ∈ ∆Dv−1
0,1 , ∀v ∈ [n].(A.3j)880
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