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Abstract

We present an inventory management solution for a non-stationary capacitated multi-echelon
distribution network involving thousands of products. Assuming backlogged sales, we revisit and
leverage the seminal multi-echelon inventory management results in the literature to establish the
structural properties of the problem, and derive an efficient and practical solution method. In
particular, we describe how the additive separability nature of the objective function can be used
in a dynamic programming framework to circumvent the usual curse of dimensionality inherent to
high-dimensional inventory management problems. We incorporate features such as asynchronous
replenishment intervals at the different echelons, accounting of perishability, capacity constraints
(both volume and flow), stochastic lead times, reverse logistics, supply risk and risk-pooling.
Illustrative examples demonstrate some of these features.

A version of this model was tested at a large grocery retailer in a two-layer network, resulting in
a statistically significant increase of availability, sold units, and revenue, while lowering inventory
volume at the hub.

1 Introduction

1.1 Setting

We consider a retailer operating a distribution network wherein products are purchased from vendors
and manufacturers, and are sold to customers at spoke locations. The units may be consolidated
and transferred at (potentially several layers of) hubs to eventually reach the spokes, or be purchased
directly at the spoke locations. While inventory is periodically reviewed at each of the facilities,
these review periods are dependent on the arc and the product under consideration, and may not be
constant or synchronized. Each facility is subject to capacity constraints, which are both in terms of
overall volume held at the facility at any point in time, or in terms of inbound quantities that can
be processed in any given period. The asynchronicity of the decisions and timings associated with
the different products further complicate the management of these constraints. We mostly assume
deterministic lead times between the facilities and from the vendors to the facilities for simplicity of
exposition, but also show how to accommodate stochastic lead times.

Figure 1 shows a partial and schematic view of the fullfillment network for a single product. For
ease of notation, the facilities are called FCs (short for Fulfillment Center). A common route for a
product is to originate at the vendor and be shipped to a hub that is then responsible for replenishing
downstream stores where the units will be available for the customers to purchase. This is but one
possible stream and we may have units being transported directly from the vendor to a spoke FC, or

∗Corresponding author

1



2 Multi-Echelon Inventory Management for a Non-Stationary Capacitated Distribution Network

facilities that serve both as a hub for some spoke FCs and as a customer-facing location. Additionally,
while Figure 1 only presents at most a single hub for the FCs, our analysis does not require a restriction
to such tree-like structure and a given FC could be fed by several upstream FC. It should also be noted
that in some instances, such as that of a grocery system, several network graphs have to be drawn to
account for different temperature zones, for products, although often flowing through the same FCs,
are subject to separate storage means and thus specific and distinct constraints.

vendor FC0

FC1

FC2

FC3

FC0

demand

FC1

demand

FC2

demand

FC3

demand

Figure 1: Partial and schematic view of a fullfillment network for a single product.

The purpose of our work is to derive and implement an inventory management solution for this
problem so as to maximize the net present value of the business given operating constraints. A
particular emphasis is placed on the practicality and scalability of the solution so as to allow for
future extensions and modifications. Our approach is to decompose the problem into a collection of
single serial lines for each product that are then aggregated to yield the product’s network picture.
These single-product results can then be themselves aggregated to evaluate network-level results across
products in a manner similar to the decomposition-aggregation (DA) heuristic of Rong et al. [2017].

1.2 Model Overview: Partition and Aggregation

As mentioned above, our approach is to consider spoke FC/product combinations and the replenish-
ment routes they follow. The network itself possesses an arborescent structure with vendors feeding
FCs, which can themselves feed lower facilities and/or fulfill customer demand. A simple two-layer
network example is depicted in Figure 1. A network is then decomposed into serial lines corresponding
to the replenishment routes to each of the spoke FCs as illustrated in Figure 2, which shows the serial
line corresponding to one of the spoke FCs in Figure 1. Similar serial lines exist for each spoke FC.

vendor FC0

TIP 0
1

FC1

TIP 1
1

FC1

demand

Figure 2: Serial Line corresponding to FC1.

We show that the optimal policies in our serial line formulation are given by echelon order-up-to
policies, leading in each period to Target Inventory Positions (TIP) at each echelon. The serial lines
can then be pieced back together, and their serial line echelon TIPs are aggregated to yield network
echelon TIPs as described in Figure 3. The final FC0 echelon TIP is equal to a function of the FC0

echelon TIPs computed on each serial line, which in this case corresponds to the FC0 TIP for its own
demand TIP 0

0 , the FC0 TIP for demand at FC1 TIP
0
1 and the FC0 TIP for the demand at FC2
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TIP 0
2 . An example of such function could simply be the sum of the echelon TIPs. The network TIP

aggregation is covered in Section 4, with a particular interest in risk pooling.
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Figure 3: Aggregation of the serial lines.

In this framework, the network is hence composed of multiple serial lines that serve as building
blocks for the overarching network to which they belong. This decomposition is appealing as it allows
for a great level of parallelization and simplifications. The analysis of the problem is thus divided into
two parts: we first consider the base serial line level model in Section 2, revisiting and extending existing
results, for which we offer extensions in Section 3, and then consider the aggregation and network-level
matters in Section 4, where we study in particular how to handle the capacity constraints that the
inventory decisions must abide by.

1.3 Paper Structure

As mentioned above, the theoretical analysis of our model is developed in Sections 2, 3 and 4, at the
serial line and network level, respectively. Section 5 details some of the practical considerations when
implementing the model, which is then illustrated in Section 6 where we also present results from the
implementation of a version of this model at a large grocery retailer.

2 Serial Line: Base Model

2.1 Notation

Serial Line Following the introduction of the problem, most of the work will be carried out at
the serial line level. Serial lines are composed of nodes, some of them virtual, that represent the
different installations along the serial line. These nodes and installations identify actual FCs, but
also intermediate stages between them due to the lead times between FCs and from vendors to FCs,
allowing us to keep track of the inventory in transit between physical locations. This, however, can
lead to cumbersome notation and identification of the nodes. While it is more intuitive to number the
physical (FC) installations only, we still need to number the intermediate virtual nodes to track in-
transit inventory. Thus, letting n be the total number of installations, physical or virtual, we identify
a node by an integer i ∈ [1, n], 1 being the closest installation to customers (and necessarily an FC),
and n being the most upstream installation.

There are also instances where it is desirable to identify a characteristic or parameter inherent to
a physical FC, and we let N be the number of FCs in the serial line, and occasionally use J ∈ [1, N ]
to label them. l

′

J will denote FC J ’s installation lead time, in other words the lead time for sending
units from FC J + 1 to FC J . (In the case of J = N , N + 1 will refer to the vendor). These concepts
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are illustrated in Figure 4 on an example with 3 FCs having installation lead times of l
′

1 = 4, l
′

2 = 4
and l

′

3 = 4.

vendor 8 7 6 5 4 3 2 1 demand

l′3 = 3 l′2 = 1 l′1 = l1 = 4

l2 = 5

l3 = 8

i FC node i virtual node

Figure 4: Illustration of the notations on an example with 3 FCs having installation lead times of
l
′

1 = 4, l
′

2 = 4 and l
′

3 = 4.

Echelons It is customary in the context of serial systems to consider the concept of echelon as
opposed to installation. An echelon is a virtual aggregation of an installation and all the installations
downstream from it, as illustrated in Figure 5, and many of the concepts or values we use admit both
an installation and an echelon value. We will often use a prime symbol (’) to refer to an installation
value, as opposed to an echelon one. For example, we may define the echelon lead times lJ of FC J as
lJ :=

∑J
k=1 l

′

k.

vendor installation n . . . installation 2 installation 1 demand

echelon 1

echelon 2

echelon n

Figure 5: Illustration of the concept of echelon.

Inventory In their seminal paper Clark and Scarf [1960] demonstrated that the optimal policy in
their serial system was given by an echelon base-stock policy. This result requires the consideration
not of the installation inventory position xi, but of the echelon inventory position zi =

∑i
j=1 x

j

representing the sum of units held in all installations downstream from and including i. These two
formulations are of course equivalent since we can recover xi as xi = zi − zi−1 with the convention
that z0 = 0, as illustrated in Figure 6. Working in terms of the echelon inventory position turns out
to yield significant formulation benefits that are central to the derivation of the theoretical results as
well as the numerical implementation of the model.

Costs The product is purchased from the vendor at a cost c and sold to the customers for a price
p. When demand exceeds the inventory available at the customer-facing installation, i.e. installation
1, a backlogging cost b is incurred per unit of unmet demand in each period.

In addition to these product-level costs, there exist network-level costs that are incurred at the
various installations. Units at installation i incur an installation holding cost h′i per unit of volume v
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1 2 3

z1

z2

z3

x3

x2

x1

Echelon

Inventory

Figure 6: Illustration of the transformation from installation to echelon inventory position.

in each period. We may then define the echelon holding cost hi := h′i − h′i+1 with the convention that
hn = h′n. Similarly, we let wi denote the cost of transferring one unit of volume from echelon i+ 1 to
echelon i. To unify the holding and backlogging costs across echelons, and defining Dt as the random
demand in period t, we let:

Hi
t(z) :=

{
hivz if i > 1,

h1vz + (h′1v + b)E [(Dt − z)+] if i = 1,

and then define

Ht(z) :=

n∑
i=1

Hi
t(z

i).

Remark 1
The time index on H is really only necessary for the first echelon that involves the backlogging
cost and demand distribution at time t, but the notation hints at the fact that the model is readily
extendable in the case of time-dependent parameters.

Given the multi-period nature of the problem, we must take into account the time value of money
and let γ represent the per-period discounting factor.

Nodes The decomposition of the serial lines into nodes has already highlighted a difference between
physical and virtual nodes, where physical nodes correspond to actual FCs and virtual ones to the
intermediate steps in between them resulting from transfer lead times. We further characterize these
nodes depending on whether a decision is made at their level. In our setting, a decision in a given period
represents the setting of a target echelon inventory position ẑi at node i from its current inventory
position zi, before demand is realized. Note that these decisions happen at nodes immediately following
an FC, since once the units are in transit, no action can be taken until they reach their destination
facility. When the lead time is greater than one, the decision is taken at a virtual node, while it is
taken at an FC node if the lead time is exactly one. As a result, we end up with four types of nodes:

pipeline node: virtual node at which no decision is made,

pure FC node: physical node at which no decision is made, meaning that its lead time is greater
than one,

pure decision node: virtual node at which a decision is made,
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FC and decision node: physical node at which a decision is made, meaning that its lead time is
exactly one.

These are illustrated in Figure 7.

vendor 8 7 6 5 4 3 2 1 demand

i pure FC node i pipeline node

i FC and decision node i pure decision node

Figure 7: Illustration of the node types.

We define the following sets to identify which nodes fall in which category: F is the set of FC nodes
(both pure and decision), D is the set of decision nodes (whether virtual or physical), and P is the set
of pipeline nodes. This leads to F \D being the set of pure FC nodes, F ∩D being the set of FC and
decision nodes, and D \ F being the set of pure decision nodes.

Part of our problem is handling the fact that replenishment orders/transfers cannot be requested
in every period, and it is frequent that orders can only be placed to the vendors once a week, say on
Sundays, while transfer runs only happen three times a week, on Tuesday, Thursday and Saturday for
example. To capture these constraints, we let Tt ⊂ D be the set of decision nodes that allow for a
decision to be made at time t. Note that we do not make any periodicity or synchronicity assumption.

We finally let Nt := {F ,D,P,Tt}.

Policy An important type of policy in the context of serial systems is an echelon base-stock policy
characterized by a vector of echelon inventory positions s = (s1, . . . , sm), where m = card(T). An
echelon base-stock policy is such that each active decision node i ∈ T places orders as needed in order
to bring its echelon inventory position to si.

Notation In most instances, hats will be used to qualify a variable as a decision variable in an
optimization problem, such as ẑi when optimizing for the optimal echelon inventory position. Boldface
will refer to a vector, as in z = (z1, . . . , zn), and e will represent a vector of ones of appropriate size.

R and N denote to the real and natural numbers, respectively. The notation E will be used to
express the expectation of a random variable, e.g. E[Dt] as the mean of the demand in period t,
while P represents the probability of an event, such as P[Dt ≤ z1] to quantify the probability that the
demand will be less than or equal to z1 in period t.

We let the operators (.)+ and (.)− refer to the non-negative and non-positive parts of a scalar, so
that x+ = max(x, 0) and x− = max(−x, 0). We also define the operators ∧ and ∨ as x∧ y = min(x, y)
and x ∨ y = max(x, y).

The products in our model are subject to a random demand, and Ds,t denotes the stochastic
demand from period s to and excluding period t, with the convention that Dt,t = 0. In many cases we
will use single period demands and we thus use the shorthand Dt := Dt,t+1 to refer to the demand in
period t. We let Fs,t be the cumulative density function of Ds,t, so that Fs,t(z) = P [Ds,t ≤ z].

Echelon inventory positions are by definition non-decreasing, leading the following set:

Z =
{
z ∈ Rn : zi ≥ zi−1, i = 2, . . . , n

}
.
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Related sets for the optimization problems are Ẑ(z) and Ẑ(z,N ) for z ∈ Z defined as:

Ẑ(z) =
{
ẑ ∈ Z : zi ≤ ẑi ≤ zi+1, i = 1, . . . , n− 1

}
,

Ẑ(z,N ) =

ẑ ∈ Z :


zi ≤ ẑi ≤ zi+1, i ∈ T
ẑi = zi+1, i ∈ P ∪ F \ D
ẑi = zi, i ∈ D \ T

 ,

with the convention that zn+1 = +∞. Note that T ∪ P ∪ F \ D ∪ D \ T = P ∪ F ∪ D and these sets
are not overlapping, thus representing a partition of the node set.

2.2 Model

2.2.1 Formulation

We now formulate the problem at a serial line level, using the notation laid out in Section 2.1. As
detailed above, units are purchased from a vendor and flow through intermediary FCs before reaching
a customer facing facility that satisfies a random demand Dt for the product in period t. One major
classical assumption that allows for the derivation of the structural results is that unsatisfied demand
is backlogged.

Assumption 1
Unsatisfied demand at the customer-facing facility (node 1) is backlogged at a cost b per unit and
per time period.

The following is the order of events in period t:

1. The vector of echelon inventory positions z is observed,

2. A target echelon inventory position vector ẑ ∈ Z(z,Nt) is set, triggering the transfer of ẑi − zi
units from node i+1 to node i to be effective in the following period, on which we incur a transfer
cost of γwi per unit of volume, as well as a purchasing cost of γc per unit on the ẑn − zn units
ordered from the vendor,

3. A realization of the random demand Dt is observed, and owing to the backlogging assumption,
we sell Dt units at a price p,

4. We incur a holding cost of h′i on each unit of volume left over at node i ∈ [1, n], and possibly a
backlogging penalty b on the (Dt − z1)+ backlogged units during the period,

5. The ordered and transferred units arrive and the vector of echelon inventory positions moves to
ẑ−Dte.

At the end of the horizon, the cost of acquiring, transferring and holding the remaining on-hand
units is recouped or incurred depending on whether units are over or under stocked. This terminal
value is defined as:

FT (z) := γczn +

n∑
i=1

γwivz
i −

n∑
i=1

hivz
i − (b+ h′1v)(z1)−.

The objective is to minimize the expected discounted cost over a T period horizon (equivalently
maximize profit), and the problem is at its core a control problem. Letting Ct(zt) be the expected
discounted cost from period t to T given an echelon inventory position vector zt, we aim at minimizing
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the cost C0(z0) given a starting position z0 ∈ Z and the dynamics of the problem, which can be
expressed as follows:

C0(z0) = min
ẑt∈Ẑ(zt,Nt)

E

[
T−1∑
t=0

γt
(
γc(ẑnt − znt ) + b

(
z1
t −Dt

)−
+

n∑
i=2

h′iv(zit − zi−1
t ) + h′1v(z1

t −Dt)
+ +

n∑
i=1

γwiv
(
ẑit − zit

))
− γTFT (zT )

]
s.t. zt+1 = ẑt −Dte.

The first part of the objective function contains the purchasing and backlogging costs, while the second
includes the holding and transfer costs. By following a traditional rearrangement of the terms (see
e.g. Chao et al. [2015]), it is easily shown that the problem can be equivalently formulated as one
without purchasing or transfer costs with redefined holding costs hi := hi + (1 − γ)wi for i < n and
hn := hn + (1− γ)wn + (1− γ) cv . The transformation is detailed in Appendix A.1. As a result we will
for the remainder of this paper consider the following formulation:

C0(z0) = min
ẑt∈Ẑ(zt,Nt)

E

[
T−1∑
t=0

γt

(
n∑
i=1

Hi
t(z

i
t)

)]
s.t. zt+1 = ẑt −Dte,

or equivalently:

C0(z0) = min
ẑt∈Ẑ(zt,Nt)

E

[
T−1∑
t=0

γtHt(zt)

]
(1)

s.t. zt+1 = ẑt −Dte.

Like most multi-period inventory management problem, this optimization problem lends itself quite
naturally to a dynamic programming formulation, whose characterizing optimality equation is then
given by Equation (2).

Ct(zt) = Ht(zt) + γ min
ẑt∈Ẑ(zt,Nt)

E [Ct+1 (ẑt −Dte)] . (2)

2.2.2 Structural Properties

We now jointly derive structural results of both the optimal policy and cost functions. The seminal
work of Clark and Scarf [1960] established the optimality of echelon base-stock policies for serial
systems, a result extended to an infinite time horizon by Federgruen and Zipkin [1984], and refined
by Chen and Zheng [1994]. The result is established in the presence of replenishment intervals in
Van Houtum et al. [2007], with the restrictive assumption that the replenishment interval at some
echelon is a multiple of the replenishment interval at a lower echelon. We make no such restriction in
our case and thus combine and generalize a number of the previous results.

The derivation of the optimal policy structure also reveals and hinges upon a characteristic feature
of the cost functions that are shown to be additive convex, a property defined in Definition 2.1.

Definition 2.1
A function C : V ⊂ Rn → R is additive convex if:

C(z) =

n∑
i=1

ci(zi), ∀z ∈ V

where the functions ci, i = 1, . . . , n are univariate convex functions.
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The additive convexity is not only central to the derivation of the results, but also allows for
an efficient numerical implementation of the problem that circumvents the curse of dimensionality by
growing linearly with the dimension of the problem, instead of exponentially. The proofs demonstrating
additive convexity usually rely on a result by Karush [1959], stated in Lemma 2.1.

Lemma 2.1
Define the following problem:

f(a, b) = min
a≤z1≤...≤zn≤b

n∑
i=1

fn(zn),

where the functions f i are convex.
Then, there exist functions fL and fU , increasing and decreasing convex (respectively), such that

f(a, b) = fL(a) + fU (b).

Remark 2
Of particular interest is the case of a single dimensional problem mina≤z≤b f(z). Letting s be the

point at which f attains its minimum, we have that fL(a) = f(a ∨ s) and fU (b) = f(b ∧ s)− f(s),
as illustrated in Figure 8.

s

f(s)

z

f

fL

fU

Figure 8: Illustration of Lemma 2.1 for the one-dimensional case.

We now state the main structural result.

Theorem 2.1
Consider the problem formulated in (1). Then:

1. The optimal policy is given by an echelon base-stock policy st for t ∈ [1, T − 1].

2. The cost functions are additive convex, i.e. ∀t ∈ [1, T ], there exist univariate convex functions
cit, i = 1, . . . , n such that:

Ct(z) =

n∑
i=1

cit(z
i).
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3. For i ∈ Tt, the components of the base stock policy sit are given by:

sit = arg min
z

E
[
cit+1 (z −Dt)

]
.

Proof 1
The proof is by recursion.

The theorem is clearly valid at time T , where no decision takes place and we have:

CT (z) = 0,

leading to the following expressions for ciT :

ciT (zi) = 0 ∀i.

Suppose now that the statements are valid for t+ 1, t ∈ [1, T − 1], so that Ct+1(z) =
∑n

i=1 c
i
t+1(zi) for some convex

functions cit+1. According to (2), we have:

Ct(z) =
n∑

i=1

Hi
t(zi) + γ min

ẑ∈Ẑ(z,Nt)
E [Ct+1 (ẑ−Dte)] . (3)

Consider the optimization part of the expression, which can be expanded as:

min
ẑ∈Ẑ(z,Nt)

E [Ct+1 (ẑ−Dte)] (4)

= min
ẑ∈Ẑ(z,Nt)

n∑
i=1

E
[
cit+1

(
ẑi −Dt

)]
=
∑
i∈Tt

min
zi≤ẑi≤zi+1

E
[
cit+1

(
ẑi −Dt

)]
+

∑
i∈P∪F\D

E
[
cit+1

(
zi+1 −Dt

)]
+

∑
i∈D\Tt

E
[
cit+1

(
zi −Dt

)]
=
∑
i∈Tt

min
zi≤ẑi≤zi+1

c̃it
(
ẑi
)

+
∑

i∈P∪F\D
c̃it
(
zi+1

)
+

∑
i∈D\Tt

c̃it
(
zi
)
, (5)

where c̃it(z) := E
[
cit+1 (z −Dt)

]
, and we assume that zn+1 = +∞.

We observe that the optimization problem has been decomposed into the sum of independent convex bounded univariate

optimization problems that clearly lead to a echelon base-stock policy st =
{
sjt : j ∈ Tt

}
, where sit is the minimizer of

c̃it(z) for i ∈ Tt. Using Remark 2.1, we can write:

min
zi≤ẑi≤zi+1

c̃it
(
ẑi
)

= c̃it(z
i ∨ sit) + c̃it(z

i+1 ∧ sit)− c̃it(sit).

Plugging this equality into (5) and then back into (3), we find:

Ct(zt) =

n∑
i=1

Hi
t(zi) + γ

 ∑
i∈P∪F\D

c̃it

(
zi+1
t

)
+

∑
i∈D\Tt

c̃it
(
zit
)

+
∑
i∈Tt

c̃it(z
i ∨ sit) + c̃it(z

i+1 ∧ sit)− c̃it(sit)

 , (6)

showing that Ct(z) is additive convex as the sum of univariate convex functions. •

The additive convexity of the cost functions is a salient property of the model, and using the
relations derived in the proof of Theorem 2.1, we can relate the univariate functions from one period
to the next.

Theorem 2.2
Let t ∈ [0, T − 1], c̃it(z) := E

[
cit+1 (z −Dt)

]
, and st :=

{
sit : i ∈ Tt

}
where:

sit := arg min
z
c̃it(z).

Then:

cit(z) = Hi
t(z) + γ

{
c̃i−1
t (z ∧ si−1

t ), if (i− 1) ∈ Tt

c̃i−1
t (z), else if i ∈ P ∪ D

+ γ

{
c̃it(z ∨ sit)− c̃it(sit)1i<n, i ∈ Tt

c̃it(z), i ∈ D \ Tt

. (7)
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Proof 2
Theorem 2.2 is obtained from (6) by observing that (i− 1) ∈ P ∪ F \ D =⇒ i ∈ P ∪ D. •

Proposition 2.1 – Solution Method
Theorem 2.2 provides with a method for solving the problem through a recursive approach:

For t = T − 1, . . . , 0:

1. For j ∈ Tt, solve for sjt = arg minz E
[
cjt+1 (z −Dt)

]
,

2. For i = 1, . . . , n, evaluate cit using the relations presented in Theorem 2.2:

cit(z) = Hi
t(z) + γ

{
c̃i−1
t (z ∧ si−1

t ), if (i− 1) ∈ Tt

c̃i−1
t (z), else if i ∈ P ∪ D

+ γ

{
c̃it(z ∨ sit)− c̃it(sit)1i<n, i ∈ Tt

c̃it(z), i ∈ D \ Tt

.

Additionally, observe that the calculations in each step can be performed in parallel since they only
require the knowledge of the functions at t + 1 and do not depend on the results at other echelons
at time t.

We expand on a dynamic programming implementation of the problem in Section 5.

2.3 Alternative Formulations and Solution Methods

2.3.1 Introduction

Proposition 2.1 offers a method to solve the problem. It requires the solving of (approximately) N
optimization problems, where we recall that N is the number of FCs, and the evaluation of n functions.
Using Theorem 2.2, we may derive alternative solution methods that generalize the formulation of Chen
and Zheng [1994], also presented in Gallego and Zipkin [1999] and Shang and Song [2003], to a non-
stationary and non-periodic setting. These alternative formulations still require solving N optimization
problems, but only require the evaluation of as many functions (N instead of n) at the expense of
more onerous evaluations. The formulations are also useful in deriving bounds (see Section 2.4) on
the optimal policy. These formulations are equivalent, but differ in their accounting. While our initial
dynamic programming formulation includes the costs incurred in the current period t, and which are
actually unaffected by decisions made in t, we can alternatively contemplate an accounting scheme
in which costs incurred because of a decision are affected to that decision, as originally introduced in
Karlin and Scarf [1958] for the single echelon problem.

By rolling out the costs caused by an inventory decision and assigning them to the corresponding
decision, we may reduce the components to keep track of only those at the decision nodes. Since there
is exactly one decision node per FC (possibly confounded with the FC node if its lead time is 1), we
use a labeling that refers to the FC that is under consideration. In other words, what we will refer to
as node J ∈ [1, N ] corresponds to node lJ in the full serial line representation with virtual nodes. It
will also be useful to let DJ

t := Dt,t+l′J
be the demand during installation J ’s lead time, as well as to

define the following constants:

θJ :=

l′J−1∑
k=0

γkhlJ−k, δJt :=

l′J−1∑
k=0

γkhlJ−kE [Dt,t+1+k] ,

which we then use to define the expected time-discounted echelon cost ΘJ
t (z):

ΘJ
t (z) := E

l′J−1∑
k=0

γkH lJ−k
t+k (z −Dt,t+1+k)


= θJvz + γl

′
J−1(b+ h′1v)E

[(
z −D1

t

)−]
1{J=1} − δJt .
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This cost represents the discounted sum of all costs incurred at echelon J when a target position z is
decided at time t − 1. The resulting transferred units lead to a position z −Dt at time t at node lJ ,
incurring a holding cost H lJ

t (z − Dt). These units then progress one (pipeline) node at a time until
they reach FC J , incurring holding costs in each of those virtual nodes as well as the at the FC. In
the absence of discounting, note that θJ = h′lJ−1+1−h′lJ+1, which is the difference in installation costs
between consecutive FCs, and what is traditionally used as echelon cost in the literature.

We present two variations on this alternative formulation, which are obtained by rolling out the
terms bracketed in Theorem 2.2. The first bracket in (7) contains costs incurred at a lower echelon and
thus corresponds to a vertical unrolling of the costs (if we picture the serial line as a vertical), while
the second bracket corresponds to costs incurred at the same echelon and thus leads to a horizontal
unrolling of the costs. We first present the results obtained by unrolling only those costs in the first
bracket, following which we unroll the costs from the second bracket. Figure 9 presents a schematic
view of these formulations by highlighting the cost terms taken into account by each formulation.

t

J − 1

J

time

in
st
al
la
ti
on

t

J − 1

J

time

in
st
al
la
ti
on

t

J − 1

J

time

in
st
al
la
ti
on

Figure 9: Schematic illustration of the costs taken into account by each formulation: (left) original
formulation, (center) first alternative formulation, (right) second alternative formulation. The hori-
zontal lines correspond to physical installations, and their ticks to periods in which a transfer can be
requested from the lower installation.

2.3.2 First Alternative Formulation

Using the additional notation defined above, we may reach an alternative formulation of the problem,
presented in Theorem 2.3.

Theorem 2.3
Let t ∈ [0, T − 1], c̃it(z) := E

[
cit+1 (z −Dt)

]
, and st :=

{
sit : i ∈ Tt

}
where:

sit := arg min
z
c̃it(z).

Then, for J ∈ [1, N ]:

c̃Jt (z) = ΘJ
t (z) + γl

′
J

c̃J−1
t+l′

J

(
(z −DJ

t ) ∧ sJ−1
t+l′

J

)
, if J − 1 ∈ Tt+l′

J

0, else

+ γ

{
c̃Jt+1(z −Dt ∨ sJt+1)− c̃Jt (sJt+1), J ∈ Tt+1

c̃Jt+1(z −Dt), J ∈ D \ Tt+1
.

Proof 3
Observe first that when l′J = 1, the formulation in Theorem 2.3 is equivalent to that from Theorem 2.2, since we are only
concerned with decision nodes (and observe that Theorem 2.3 expresses c̃ directly, while Theorem 2.2 gives an expression
for c).
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Assume then that l′J > 1, meaning that (l′J − 1) /∈ D. Theorem 2.2 gives:

clJt (z) = HlJ
t (z) + γ

{
c̃lJt (z ∨ slJt )− c̃it(slJt ), lJ ∈ Tt

c̃lJt (z), lJ ∈ D \ Tt

+ γc̃lJ−1
t (z).

Since c̃
lJ−1
t (z) = E

[
c
lJ−1
t+1 (z −Dt)

]
. Using Theorem 2.2, we have:

c̃lJ−1
t (z) = E[HlJ−1

t+1 (z −Dt)] + γ

{
c̃lJ−2
t+1 (z −Dt ∧ slJ−2

t+1 ), if (lJ − 2) ∈ Tt+1

c̃lJ−2
t+1 (z −Dt), else if lJ − 1 ∈ P ∪ D

,

which can then be substituted back in the above equality to yield:

clJt (z) = HlJ
t (z) + γE[HlJ−1

t+1 (z −Dt)] + γ2

{
c̃lJ−2
t+1 (z −Dt ∧ slJ−2

t+1 ), if (lJ − 2) ∈ Tt+1

c̃lJ−2
t+1 (z −Dt), else if lJ − 1 ∈ P ∪ D

+ γ

{
c̃lJt (z ∨ slJt )− c̃it(slJt ), lJ ∈ Tt

c̃lJt (z), lJ ∈ D \ Tt

.

If l′J = 2 we obtain the desired formulation (since in that case (lJ − 1) ∈ F and not P ∪ D), else the final term in

the summation is c̃
lJ−2
t+1 (z −Dt), which we can similarly expand, and iteratively repeat the process l′J times, yielding the

required expression. •

Proposition 2.2 – First Alternative Solution Method
Theorem 2.3 provides with an alternative method for solving the problem through a recursive

approach:
For t = T − 1, . . . , 0, and for J ∈ [1, N ]:

1. Evaluate c̃Jt using the relations presented in Theorem 2.3:

c̃Jt (z) = ΘJ
t (z) + γl

′
J

c̃J−1
t+l′

J

(
(z −DJ

t ) ∧ sJ−1
t+l′

J

)
, if J − 1 ∈ Tt+l′

J

0, else

+ γ

{
c̃Jt+1(z −Dt ∨ sJt+1)− c̃Jt (sJt+1), J ∈ Tt+1

c̃Jt+1(z −Dt), J ∈ D \ Tt+1
.

2. if J ∈ Tt, solve for sjt = arg minz c̃
J
t (z),

2.3.3 Second Alternative Formulation

We now reach a second alternative formulation by rolling out the second bracket in (7), or equivalently
the second bracket in Theorem 2.3. To that end, it will be convenient to define rJt at time t and for eche-
lon J as the time until the next decision at that echelon. In other words, rJt := min {t′ : t′ > t, J ∈ Tt′}.

Theorem 2.4
Let t ∈ [0, T − 1], c̃it(z) := E

[
cit+1 (z −Dt)

]
, and st :=

{
sit : i ∈ Tt

}
where:

sit := arg min
z
c̃it(z).

Then, for J ∈ [1, N ]:

c̃Jt (z) =

rJt −1∑
k=0

γk

ΘJ
t+k(z −Dt,t+k) + γl

′
J

c̃J−1
t+l′

J
+k

(
(z −DJ

t+k) ∧ sJ−1
t+l′

J
+k

)
, if J − 1 ∈ Tt+l′

J
+k

0, else


+ γr

J
t

(
c̃J
t+rJt

(
z −Dt+rJt

∨ sJ
t+rJt

)
− c̃J

t+rJt

(
sJ
t+rJt

))
.
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Proposition 2.3 – Second Alternative Solution Method
Theorem 2.4 provides with an alternative method for solving the problem through a recursive

approach:
For t = T − 1, . . . , 0, and for J ∈ Tt:

1. Evaluate c̃Jt using the relations presented in Theorem 2.4:

c̃Jt (z) =

rJt −1∑
k=0

γk

ΘJ
t+k(z −Dt,t+k) + γl

′
J

c̃J−1
t+l′

J
+k

(
(z −DJ

t+k) ∧ sJ−1
t+l′

J
+k

)
, if J − 1 ∈ Tt+l′

J
+k

0, else


+ γr

J
t

(
c̃J
t+rJt

(
z −Dt+rJt

∨ sJ
t+rJt

)
− c̃J

t+rJt

(
sJ
t+rJt

))
.

2. solve for sjt = arg minz c̃
J
t (z).

2.3.4 Comparison of the Formulations

Propositions 2.1, 2.2 and 2.3 are extremely similar in nature and offer different ways of solving the
problem. In Proposition 2.1, we make use of the entire discretization of the serial line, evaluating both
physical and virtual nodes; whereas in Propositions 2.2 and 2.3, the same number of optimization
sub-problems are solved, but only one evaluation is required per FC. The trade-off is in the cost
associated with the evaluations carried out in these methods. The evaluations in Proposition 2.2 and
2.3 require that expectations over several periods be evaluated. These can be numerically expensive,
and forecast distributions for spans greater than one may not be readily available. On the other hand,
Proposition 2.1 only requires single-period forecasts, but that many more functions be evaluated and
stored. It is likely that Proposition 2.1 will be favored in cases of problems with shorter lead times,
while Propositions 2.2 and 2.3 might be more beneficial in the presence of longer lead times.

Similarly, comparing Proposition 2.3 and 2.2, we observe that the evaluations required in Proposi-
tion 2.3 are more expensive than the ones in Proposition 2.2. However, not only does Proposition 2.3
only require that only one function be evaluated by echelon, it also only requires that it only be eval-
uated at times when a decision is to be made at the echelon. Thus, if decision schedules are such that
decisions are far apart, Proposition 2.3 can become more advantageous than Proposition 2.2.

Nonetheless, the benefits of the full discretization of the serial line extend beyond the above con-
siderations. In particular, they allow us to keep track of the inventory levels at a more granular level,
which is especially salient when it comes to evaluating on-hand levels and inbound flows at the different
installations when capacity considerations come into play (see Section 4).

2.3.5 Stationary Case

The formulation we have presented are very general and do not require that demand be stationary,
or that ordering schedules abide by any periodicity or synchronicity, as is usually customary in the
literature. We briefly show here how these particular cases can be recovered from our general formula-
tions. We thus assume in this section that demand is stationary and then first consider the case where
orders can be placed in every period for all echelons, and then the case where the review period at any
echelon is a multiple of the review period at a lower echelon. Because of the stationarity assumption,
we temporarily drop the time indexing of variables.

Single Period Review When inventory decisions are possible in every period and all echelons, the
function evaluation in Proposition 2.2 reduces to:

c̃J(z) = ΘJ(z) + γl
′
J c̃J−1

(
(z −DJ) ∧ sJ−1

)
+ γ

(
c̃J(z −D ∨ sJ)− c̃J(sJ)

)
.

The order-up-to level sJ minimizes this function. It is easily seen that in this stationary setting, the
last term can be done away with for it does not affect the procedure, yielding the following simplified
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expression:

c̃J(z) = ΘJ(z) + γl
′
J c̃J−1

(
(z −DJ) ∧ sJ−1

)
.

When plugged back into Proposition 2.2, the solution method corresponds exactly to the classical one
initially presented in Chen and Zheng [1994] and detailed in [Shang and Song, 2003, Section 2].

Multiple Period Review Similarly to single period review scenario, the stationarity of the problem
in a multiple period review case (where review periods at an upper echelon is a multiple of the review
period at its lower echelon) allows us to simplify Proposition 2.3 as follows:

c̃J(z) =

rJ−1∑
k=0

γi

(
ΘJ(z −D0,k) + γl

′
J

{
c̃J−1

(
(z −DJ) ∧ sJ−1

)
, if J − 1 ∈ Tl′J+k

0, else

)
.

2.4 Bounds

We derive in this section bounds on the base-stock policies st, as well as on the gradient of the cost
functions c̃Jt , where we use the same shorthand notation as in Section 2.3, namely J := lJ . These
bounds can be used to verify numerical implementations and construct heuristics to approximate the
optimal policies. Such bounds have been derived for serial systems in different contexts. For example,
in the case of a stationary system in which decisions can be made in each period, Shang and Song [2003]
derive newsvendor-type bounds, and Gallego and Özer [2005] propose a similar newsvendor heuristic.
In the case of a stationary system in which decisions at each echelon are made periodically with the
constraint that any echelon’s review period be a multiple of its immediately preceding echelon review
period, Van Houtum et al. [2007] present closed form solutions for the base-stock policies. Our setting
is more general, requiring neither stationarity, nor periodicity/synchronicity of the order schedule. A
consequence of these relaxed conditions is that the bounds we derive tend to be weaker than in other
cases.

2.4.1 First Echelon Decision

We start by considering the first echelon decision, which happens at node i = l1.

Theorem 2.5
Let:

c̃l1t (z) :=

r1t−1∑
k=0

γkΘ1
t+k(z −Dt,t+k),

and for t such that l1 ∈ Tt, let s̄l1t := arg minz c̃
l1
t (z), which satisfiesr1t−1∑

k=0

γk

 θ1 + (b+ h′1)

l1+r1t−1∑
s=l1

γs−1
(
Ft,t+s(s̄

l1
t )− 1

)
= 0.

Then:

1. The gradient of c̃l1t is a lower bound on the gradient of c̃l1t (z), i.e.
∂c̃

l1
t

∂z (z) ≤ ∂c̃
l1
t

∂z (z) for all z,

2. s̄l1t is an upper bound on sl1t .
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Proof 4
By Theorem 2.4, we have:

c̃l1t (z) :=

r1t−1∑
k=0

γkΘ1
t+k(z −Dt,t+k) + γr

1
t

(
c̃l1
t+r1t

(
z −Dt+r1t

∨ sl1
t+r1t

)
− c̃l1

t+r1t

(
sl1
t+r1t

))
.

The first term in this equality corresponds to c̃l1t (z), while the second is a non-decreasing function of z so that its
derivative is non-negative. Consequently, we have:

∂c̃l1t
∂z

(z) ≤
∂c̃l1t
∂z

(z).

Given the convexity of the function and the unequality on its derivative derived given by the above equation, it follows

immediately that the minimizer s̄l1t of c̃l1t is a upper bound of sl1t . •

Remark 3
Two remarks can be made in the stationary case:

1. s̄l1 is not only an upper bound, but is actually equal to the optimal order-up-to level sl1 since
the second term in the expression of c̃l1 in the proof can actually be ignored as in Section 2.3.5,

2. Assuming a discount factor of 1, the optimality condition on sl1 reads:

1

r1

l1+r1−1∑
s=l1

Ft,t+s

(
s̄l1t

)
=
b+ h′l1+1

b+ h′1
,

whence we recover the formula for sl1 presented in [Van Houtum et al., 2007, Corollary 6].

2.4.2 Upper Echelon Decisions

Using the same logic as for the first echelon, we can derive the following bounds at upper echelons.

Theorem 2.6
For J ∈ [2, N ], let:

c̃Jt (z) =

rJt −1∑
k=0

γk

ΘJ
t+k(z −Dt,t+k) + γl

′
J

c̃J−1
t+l′

J
+k

(
(z −DJ

t+k) ∧ s̄J−1
t+l′

J
+k

)
, if J − 1 ∈ Tt+l′

J
+k

0, else

 ,

and for t such that J ∈ Tt, let s̄Jt := arg minz c̃
J
t (z), which satisfiesrJt −1∑

k=0

γk

 θJ +

rJt −1∑
k=0

γl
′
J

 ∂
∂z
c̃J−1
t+l′

J
+k

((
s̄Jt −DJ

t+k

)
∧ s̄J−1

t+l′
J

+k

)
, if J − 1 ∈ Tt+l′

J
+k

0, else
= 0.

Then:

1. The gradient of c̃Jt is a lower bound on the gradient of c̃Jt (z), i.e.
∂c̃Jt
∂z (z) ≤ ∂c̃Jt

∂z (z) for all z,

2. s̄Jt is an upper bound on sJt .

Remark 4
Assuming stationarity and that the review periods at upper echelons are multiples of the ones at
lower echelons, we find that the upper bounds in Theorem 2.6 are actually tight, and we can recover
the optimality conditions presented in [Van Houtum et al., 2007, Corollary 6].
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3 Serial Line: Extensions

We present in this section some examples to the base model developed in Section 2. These cover:
stochastic lead times in Section 3.1, perishability in Section 3.2, reverse logistics in Section 3.3 and
random supply in Section 3.4.

3.1 Stochastic Lead Times

While we consider stochastic demands, lead times have so far been considered deterministic. In prac-
tice, shipment times are subject to variability and their arrivals cannot be claimed to be known exactly.
A more realistic approach should thus allow for stochasticity in the lead times as well. Stochastic lead
times introduce an additional degree of complexity that is usually handled following the early work of
Kaplan [1970] where the first results incorporating lead times are presented. Central to the derivation
of these results are the assumptions that orders do not cross and that their arrival probabilities are
independent of the number and size of outstanding orders. Nahmias [1979] uses the same assumptions
to analyze a lost-sales model and provides an alternative interpretation of the lead times as resulting
from a sequence of auxiliary random variables that describe the age of the youngest order arriving
at an installation in a given period. This interpretation is then used by Ehrhardt [1984] to revisit
the results of Kaplan [1970]. In the multi-echelon setting, the single-unit decomposition approach of
Muharremoglu and Tsitsiklis [2008] allows for a lead time model similar to Kaplan [1970].

To allow for stochastic lead times, we consider a lead time model similar to Kaplan’s. In other words,
we assume that orders and transfers do not cross and that lead times are independent of the number
and size of outstanding orders. Our model however allows for dependencies of the lead times between
different echelons in the same period, but we will assume independence for ease of exposition. Lead
times are bounded above and we let L′J be the stochastic lead time into installation J and l′J be here
an upper bound on L′J . Kaplan’s model, as interpreted by Nahmias, arises from a sequence of random
variables

{
AJt
}

assuming values in {1, . . . , l′J} with pJk = P
[
AJt = k

]
. AJt characterizes the age of the

oldest order arriving at the end of period t. As a result, the event {AJt = 1} corresponds to a realization
of a lead time of 1, and more generally, the event

{
AJt > 0, AJt+1 > 1, . . . , AJt+k−1 > k − 1, AJt+k ≤ k

}
corresponds to the event {L′J = k}.

The stochastic lead times modify the state transition. While in the deterministic lead time case we
had zt+1 = ẑt − Dte, the transition is now stochastic and depends on the realization of the random
variables {AJt }. Let k ∈ [0, l′J − 1] and J ∈ [1, N ], and consider node lJ − k, which stands between the
J-th and J + 1-th physical FCs. Letting:

z̆lJ−kt :=



ẑlJt , AJt = 0

ẑlJ−1
t , AJt = 1

...

ẑlJ−k+1
t , AJt = k − 1

ẑlJ−kt , AJt ≥ k

, (8)

we now have:

zt+1 = z̆t −Dte.

Figure 10 illustrates the state transition on an example where the maximum lead time is 5 and the
realization of the random variable At is 3.

The optimization problem now takes a form similar to Equation (1), except with the transition
function replaced by the one just derived, and the expectation extending to the random variables{
AJt
}

,

C0(z0) = min
ẑt∈Ẑ(zt,Nt)

E

[
T∑
t=0

γtHt(zt)

]
s.t. zt+1 = z̆t −Dte.
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ẑi+5

zi+4
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Figure 10: Illustration of the stochastic lead time transition on an example with maximum lead time
of 5 and a realization of At equal to 3.

The dynamic programming formulation of the problem similarly reads:

Ct(zt) = Ht(zt) + γ min
ẑt∈Ẑ(zt,Nt)

E [Ct+1 (z̆t −Dte)] . (9)

It is not hard to see that all the structural properties derived in Section 2.2.2 hold in the stochastic
lead time case. We present the equivalent of Theorem 2.2, which in turn allows us to construct a
solution method for the problem. For notational purposes, we let qJk := P[AJ ≥ k].

Theorem 3.1
Let t ∈ [0, T − 1], c̃it(z) := E

[
cit+1 (z −Dt)

]
, and st :=

{
sit : i ∈ Tt

}
where:

sit := arg min
z
c̃it(z).

Then:

cit(z) = Hi
t(z) + γ

{
c̃i−1
t (z ∧ si−1

t ), if (i− 1) ∈ Tt
qJlJ−i+1c̃

i−1
t (z), else if i ∈ P ∪ D + γ

{
c̃it(z ∨ sit)− c̃it(sit), i ∈ Tt
c̃it(z), i ∈ D \ Tt

+ γ

{
pJ−1

0

∑i−2
j=lJ−2+1 c̃

j
t (z ∧ si−1

t ), if (i− 1) ∈ Tt
pJlJ−i+1

∑i−2
j=lJ−1+1 c̃

j
t (z), else if i ∈ P ∪ D

+ γ

{
pJ0

(∑lJ−1
j=lJ−1+1 c̃

j
t (z ∨ sit)− c̃jt (sit)

)
, i ∈ Tt

pJ0
∑lJ−1
j=lJ−1+1 c̃

i
t(z), i ∈ D \ Tt

.

Proof 5
The proof of Theorem 3.1 is similar to the one of Theorem 2.2. Assume Ct+1 is additively convex, so that Ct+1(z) =∑n

i=1 c
i
t(z

i). According to Equation (9), we have:

Ct(zt) = Ht(zt) + γ min
ẑt∈Ẑ(zt,Nt)

E [Ct+1 (z̆t −Dte)]

= min
ẑt∈Ẑ(zt,Nt)

N∑
J=1

lJ∑
i=lJ−1+1

Hi(zi) + γc̃it(z̆
i)

= min
ẑt∈Ẑ(zt,Nt)

N∑
J=1

lJ∑
i=lJ−1+1

Hi(zi) + γ

 lJ−1∑
k=lJ−i+1

pk

 c̃it(ẑ
i) +

lJ−i∑
k=0

pk c̃
i
t(ẑ

lJ−k)

 ,
where the last equality uses the state transition (8). Further observe that

∑lJ−1
k=lJ−i+1 pk = qlJ−i+1, yielding:

Ct(zt) = min
ẑt∈Ẑ(zt,Nt)

N∑
J=1

lJ∑
i=lJ−1+1

Hi
t(zi) + γ

qlJ−i+1c̃
i
t(ẑ

i) +

lJ−i∑
k=0

pk c̃
i
t(ẑ

lJ−k)

 . (10)
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Consider now the latter part of Equation (10), which we transform as follows:

lJ∑
i=lJ−1+1

lJ−i∑
k=0

pk c̃
i
t(ẑ

lJ−k) =

lJ∑
i=lJ−1+1

lJ∑
j=i

plJ−j c̃
i
t(ẑ

j)

=

lJ∑
j=lJ−1+1

j∑
i=lJ−1+1

plJ−j c̃
i
t(ẑ

j)

=

lJ∑
i=lJ−1+1

plJ−i

 i∑
j=lJ−1+1

c̃jt (ẑi)

 ,

where we only switched indices in the last equality. Substituting back into (10), we obtain:

Ct(zt) = min
ẑt∈Ẑ(zt,Nt)

N∑
J=1

lJ∑
i=lJ−1+1

Hi
t(zi) + γ

qlJ−i+1c̃
i
t(ẑ

i) + plJ−i

i∑
j=lJ−1+1

c̃jt (ẑi)

 .
Using the fact that for i 6= lJ we have ẑi = zi+1, we find:

Ct(zt) = min
ẑt∈Ẑ(zt,Nt)

N∑
J=1


lJ∑

i=lJ−1+1

Hi
t(zi) +

lJ−1∑
i=lJ−1+1

γ

qlJ−i+1c̃
i
t(z

i+1) + plJ−i

i∑
j=lJ−1+1

c̃jt (zi+1)


+ γ

q1c̃it(ẑlJ ) + p0

lJ∑
j=lJ−1+1

c̃jt (ẑlJ )


= min

ẑt∈Ẑ(zt,Nt)

N∑
J=1


lJ∑

i=lJ−1+2

Hi
t(zi) + γqlJ−i+1c̃

i−1
t (zi) + plJ−i+1

i−2∑
j=lJ−1+1

c̃jt (zi)

+H
lJ−1+1
t (zlJ−1+1) + γ

c̃it(ẑlJ ) + p0

lJ−1∑
j=lJ−1+1

c̃jt (ẑlJ )

 .

Finally, applying Remark 2 yields the result. •

Theorem 3.1 is the stochastic lead time equivalent of Theorem 2.2. We can similarly derive alter-
native formulations akin to Theorems 2.3 and 2.4, although their expressions are much less appealing
and we thus leave them out.

3.2 Perishability

3.2.1 Introduction

In a large number of instances, products are subject to a finite shelf-life and expire and/or can no
longer be sold after some given period of time. This is especially true in industries such as the
grocery or pharmaceutical industries, where spoilage can represent a significant cost and jeopardize
the profitability of the business. The perishability of a product translates into a heightened overage cost
since higher inventory levels translate into a higher risk of shrinkage. In the absence of perishability,
there usually is an asymmetry in the underage/overage trade-off, with overage costs typically much
lower than underage costs, resulting in high service levels and very flat objective functions around the
optimal inventory decisions. In the case of a perishable product, the trade-off becomes much more
salient and it is paramount to effectively tackle this characteristic feature, lest we incur high losses of
inventory.

Even in the case of a single echelon with no lead time, an exact study of perishability inventory
management would require that the state of the problem keep track of how many units on-hand have a
given shelf-life left. Letting m be the shelf life of the product, the dimension of the problem would be
m− 1, leading to the usual “curse of dimensionality”. As a result, most of the literature on perishable
products focuses on two areas: structural properties and results, and heuristics and approximations.
The former has theoretical value but is often impractical, requiring that efficient but approximate
implementations be devised.
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An early myopic approximation policy can be found in Nahmias [1976], further reviewed and
expanded on in Nahmias [1982] and Nandakumar and Morton [1993]. More recently, Chen et al.
[2014] have tackled the structural properties of the joint inventory and pricing problem for perishable
products, and Li et al. [2016] considered perishability in the context of clearance sales and segregation.
An approximation algorithm with worst-case performance guarantee was also presented in Chao et al.
[2015].

We here develop a heuristic for our multi-echelon use-case, while aiming at maintaining the im-
portant structural properties of the formulation, and in particular the additive convexity of the cost
functions that yields the desirable order-up-to policies encountered so far.

3.2.2 Heuristic

A common way of incorporating the perishability risk into the formulation is to assign to any decision
the expected spoilage cost it will cause, which is a combination of the loss of the product cost c and
an additional removal cost θ.

To motivate our heuristic, consider the simple case of a single-echelon problem with a null lead
time. At the beginning of period t, the inventory position is given by z0, and we raise it to ẑ0, thus
bringing in ẑ0−z0 units. Letting m be the shelf life of the product, the expected spoilage cost they will
incur m periods hence is given by (c+ θ)Omt (ẑ0, z0), where Omt (ẑ0, z0) is the expected number of the

ẑ0 − z0 units that will perish and on which we will incur a cost. Letting Gmt (z) := E
[
(z −Dt,t+m)

+
]
,

it was shown in Nahmias [1976] that Omt (ẑ, z) can be bounded as follows:

Gmt (ẑ − z) ≤ Omt (ẑ, z) ≤ Gmt (ẑ)−Gmt (z).

The upper bound is usually argued to be a tighter bound and used as an approximation of Omt .
Consequently, the cost of spoilage S0

t (ẑ, z) associated with the decision ẑ0 at time t is approximated
by:

S0
t (ẑ, z) ≈ γm(c+ θ) (Gmt (ẑ)−Gmt (z)) . (11)

We now seek to extend this approximation to a multi-echelon setting in which decisions are made
at each installation, whether they be virtual or physical. Consider for a moment node i at time t,
and its echelon position zit and inventory decision ẑit, bringing in ẑit − zit at the end of the period, or
equivalently at the beginning of the following period. Suppose we know what the remaining life mi

t+1

of these units is when they arrive at the beginning of period t + 1 (implicitly also assuming that all
arriving units have the same remaining shelf-life); the expected cost of spoilage Sit(ẑ

i
t, z

i
t) is thus given

by:

Sit(ẑ
i
t, z

i
t) = γm

i
t+1+1(c+ θ)

(
G
mi

t+1

t+1 (ẑit −Dt)−G
mi

t+1

t+1 (zit −Dt)

)
.

Note that this expression differs slightly from the earlier one (11) due to the lead time of 1 period

between decision and arrival of the units. Observing that ẑit −Dt = zit+1 and that G
mi

t+1

t+1 (zit −Dt) =

G
mi

t+1+1
t (zit), we can overload the above expression as:

Sit(z
i
t+1, z

i
t) = γm

i
t+1+1(c+ θ)

(
G
mi

t+1

t+1 (zit+1)−Gm
i
t+1+1

t (zit)

)
.

The next step is to evaluate how these additional shrinkage costs affect the formulation of the problem.
The following expression corresponds to the additional terms to be added to the objective function of
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the multi-period problem presented in Equation (1):

T−1∑
t=0

n∑
i=1

γtSit(z
i
t+1, z

i
t) = (c+ θ)

T−1∑
t=0

n∑
i=1

γt+m
i
t+1+1

(
G
mi

t+1

t+1 (zit+1)−Gm
i
t+1+1

t (zit)

)

= (c+ θ)

T−1∑
t=0

n∑
i=1

γt+m
i
t

(
G
mi

t
t (zit)− γm

i
t+1−mi

t+1G
mi

t+1+1
t (zit)

)

+

n∑
i=1

γT+mi
TG

mi
T

T (ziT )− γmi
1+1G

mi
1+1

0 (zi0).

By subtracting
∑n
i=1 γ

T+mi
TG

mi
T

T (ziT ) from the terminal conditions, and observing that the term

γm
i
1+1G

mi
1+1

0 (zi0) is independent of the decision variables and can thus be discarded, we can reach
a formulation of the problem characterized by the following optimality equation.

Ct(zt) = Ht(zt) + P̃t(zt) + γ min
ẑt∈Ẑ(zt,Nt)

E [Ct+1 (ẑt −Dte)] , (12)

where:

P̃t(zt) =

n∑
i=1

P̃ it (z
i
t), P̃ it (z) = γm

i
t(c+ θ)

(
G
mi

t
t (z)− γmi

t+1−mi
t+1G

mi
t+1+1

t (z)

)
.

This formulation is however not practical, for P̃ it need not be convex. It has been shown that the
term is quasi-convex in some instances (see Nahmias [1976]), but while Karush’s lemma in Remark 2
carries over to quasi-convex functions, the fact that the sum of quasi-convex functions is not necessarily
quasi-convex prevents our results from holding. We must consequently address two points: find convex
approximations of the P̃ it , and expressions for the remaining shelf lives mi

t.

Shelf Lives: In deriving the formulation above, we assumed the remaining shelf life of units arriving
at any node i in period t to be known. In a single echelon setting, this is quite straightforward
since units move from an upper (virtual) installation to the next in every period, so that we
immediately have mi

t = m − (n − i + 1), where n − i + 1 is the time it takes units to reach
installation i from the vendor. In a multi-echelon setting, units may sit at a physical installation
for some time before being transferred to a lower installation. This is especially true in the
presence of transfer schedules that do not allow for units to be transferred in every single period.

We define lit as the shortest lead time units may have taken to reach installation i in period t,
illustrated in Figure 11. Note that some paths are ”infeasible” in the sense that there exists no
schedule that would allow for units to arrive at installation i in period t. In that case we define
lit to be equal to the most recent such feasible lead time. We may then define mi

t as:

mi
t = m− lit.

When the review period is of one period at every installation, this leads to mi
t being independent

of t and equal to mi
t = mi = m− (n− i+ 1). Additionally, it is easy to see from our definition

that we must have the following inequality:

mi
t ≤ mi

t+1. (13)

Convex Approximation of P̃ it : The optimality equation (12) contains terms that approximate the
spoilage costs in the form of P̃t. While P̃t is additively separable, its univariate components P̃ it
need not be convex; a deficiency that must be resolved in order to preserve our structural results.
Recall that we have:

P̃ it (z) = γm
i
t(c+ θ)

(
G
mi

t
t (z)− γmi

t+1−mi
t+1G

mi
t+1+1

t (z)

)
.
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Figure 11: Illustration of the shortest path taken by units to reach installation 5 in a 3-echelon serial
network with lead times of 3 between all physical installations. Ticks at physical locations denote
times when transfers can be triggered.

Note that because of (13), we also have mi
t+1 + 1 > mi

t. As a result, the following bounds on

G
mi

t+1+1
t (z) hold and are illustrated in Figure 12:

0 ≤ Gm
i
t+1+1

t (z) ≤ Gm
i
t

t (z).

t t+mi
t t+mi

t+1 + 1

G
mi

t+1+1
t (z)

G
mi

t
t (z)

z

time

le
ve
l

Figure 12: Illustration of the bounds on G
mi

t+1+1
t .

Using these bounds, we can approximate G
mi

t+1+1
t as a convex combination of 0 and G

mi
t

t , i.e. as

G
mi

t+1+1
t = αitG

mi
t

t with αit ∈ [0, 1]. We suggest αit =
mi

t

mi
t+1+1

as a reasonable value. Using this

approximation, we can use P it in lieu of P̃ it , where P it is defined as:

P it (z) = γm
i
t(c+ θ)

(
1− αitγm

i
t+1−mi

t+1
)
G
mi

t
t (z). (14)

We may now express the final formulation of the problem in the presence of perishability.
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Formulation of the problem with perishability

Ct(zt) = Ht(zt) + Pt(zt) + γ min
ẑt∈Ẑ(zt,Nt)

E [Ct+1 (ẑt −Dte)] , (15)

where:

Pt(zt) =

n∑
i=1

P it (z
i
t), P it (z) = γm

i
t(c+ θ)

(
1− αitγm

i
t+1−mi

t+1
)
G
mi

t
t (z).

In this formulation, Pt is additively convex, allowing for all our structural results to continue to
hold.

3.3 Reverse Logistics

Inventory management problems are most often concerned with optimizing replenishment decisions.
Additional possible revenue streams such as returns (to the vendor) and liquidations, or demand
shaping options such as pricing allow for a richer framework. They allow for a finer control of revenue,
but more importantly of capacity. In the single echelon case, Maggiar and Sadighian [2017] study a
joint pricing and removal problem. In the multi-echelon framework, Angelus [2011] considers secondary
market sales and Angelus and Özer [2018] incorporate reverse logistics in their analysis.

vendor 5 4 3 2 1 demand

i FC node i virtual node

Figure 13: Illustration of the reverse logistics setting.

Reverse logistics refer to the bi-directional flow of products in the network. Whereas we have so far
been concerned with the forward flow of units, from upstream nodes to more downstream ones, reverse
logistics reflect the ability to send units back up in the network (see Figure 13). This is especially
interesting in a capacity management setting where seasonal products might no longer be needed at
spoke locations and can be sent back up to a less constrained facility, or even returned to the vendor
or liquidated if those options are available.

The incorporation of these additional decisions require that we somewhat modify our assumptions
to accommodate them. We assume in this section the following.

Assumption 2

1. All nodes are decision nodes,

2. Nodes that are not directly under or over an FC can make forward and backward decisions in
every single period,

3. Nodes directly under an FC, which were until now the decision nodes, are still subject to
schedule constraints in terms of forward decisions,

4. Nodes directly above an FC are subject to schedule constraints in terms of backwrad decisions,
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5. We may return units to the vendor, or liquidate them. However, this is only feasible at the
most upstream node.

The first and second assumptions do not mean that we assume each node to be a physical facility.
They instead mean that we may effectively affect the lead times between facilities and may freely
move units up and down or have them sit still between physical locations without reaching them. This
assumption is actually somewhat realistic: when FCs are full, trucks are indeed made to wait outside
of facilities. This is also a motivation between the explicit use of virtual nodes and the accounting of
their holding and transfer costs. The third and fourth assumptions simply state that the procurement
and removal of inventory from FCs might be subject to schedule constraints, and just like we may not
be able to purchase or transfer units in every single period, we may not be able to remove units from
an FC and ship them upstream in every single period.

To formalize the problem with the inclusion of reverse logistics, we define some following additional
notation. Recall that Tt refers to the set of nodes at which a procurement decision can effectively be
made in period t. In the reverse logistics setting, this will include all nodes not directly under an FC at
all times, and the latter in the periods in which transfers and purchases can occur. We similarly defined
Ťt to be the set of nodes at which a backward decision can be made in period t. It will here always
include all nodes not directly above an FC, and the latter in periods in which units may be removed
from an FC. We then extend the set Nt to include this new decision set: Nt =

{
F ,D,P,Tt, Ťt

}
, where

we could also dispense with the pipeline node set since it is now empty. Note that because of the
assumption that all nodes are decision nodes, the constraint set Ẑ(z,N ) simplifies to:

Ẑ(z,N ) =

{
ẑ ∈ Z :

{
zi ≤ ẑi ≤ zi+1, i ∈ T
ẑi = zi, i /∈ T

}
.

We similarly define a constraint set for the backward decisions:

Ž(z,N ) :=

{
ž ∈ Z :

{
zi−1 ≤ ži ≤ zi, i ∈ T
ži = zi, i /∈ T

}
.

The addition of backward and return/liquidation decisions requires that we specify the new sequence
of events, which is similar to the one presented in Section 2.2.1 with the introduction of removal
decisions:

1. The vector of echelon inventory positions z is observed,

2. Removal decisions are made, leading to a new echelon inventory position ž ∈ Ž(z,Nt), and
initiating the transfer of zi− ži units from node i to node i+ 1 on which we incur a transfer cost
w̌i per unit of volume, as well as a return/liquidation cost of s such that s ≤ γc per unit on the
zn − žn units return to the vendor, or liquidated,

3. A target echelon inventory position vector ẑ ∈ Z(ž,Nt) is set, triggering the transfer of ẑi − ži
units from node i+1 to node i to be effective in the following period, on which we incur a transfer
cost of γwi per unit of volume, as well as a purchasing cost of γc per unit on the ẑn − žn units
ordered from the vendor,

4. A realization of the random demand Dt is observed, and owing to the backlogging assumption,
we sell Dt units at a price p,

5. We incur a holding cost of h′i on each unit of volume at left over at node i ∈ [1, n], and possibly
a backlogging penalty b on the (Dt − z1)+ backlogged units during the period,

6. The ordered and transferred units arrive and the vector of echelon inventory positions moves to
ẑ−Dte.
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The formulation of the problem then becomes the following:

C0(z0) = min
žt∈Ž(zt,Nt)

ẑt∈Ẑ(žt,Nt)

E

[
T∑
t=0

γt (γc(ẑnt − žnt )− s(znt − žnt )

+Ht(zt) +

n∑
i=1

γwiv
(
ẑit − žit

)
+

n∑
i=1

γw̌iv
(
zit − žit

))]
s.t. zt+1 = ẑt −Dte.

The first line of the objective function contains the purchasing and return/liquidation costs, while the
second line contains the holding, backlogging and transfer costs.

Operating transformations almost identical to the ones performed in Section 2.2.1, we may express
the problem through it Dynamic Programming formulation as:

Ct(zt) = Ht(zt) + (c− s)znt +

n∑
i=1

(w̌i + wi)vz
i
t (16)

+ min
žt∈Ž(zt,Nt)

{
−(γc− s)žnt −

n∑
i=1

(γwi + w̌i)vž
i
t + γ min

ẑt∈Ẑ(žt,Nt)
E [Ct+1(ẑt −Dte)]

}
.

Using this formulation we may prove that the cost function is additively convex, and that the optimal
policy follows an interval-stock policy defined below and illustrated in Figure 14.

Definition 3.1
An interval-stock policy is a policy characterized by two levels, an order-up-to (base-stock) level s
and a remove-down-to level s̄ such that s ≤ s̄, and such that the inventory position z is raised to s if
z ≤ s, it is lowered to s̄ if z ≥ s̄, and it is left unmodified if s ≤ z ≤ s̄. In other words, the updated
inventory position z+ is given by:

z+(z) = max (s,min(s̄, z)) .

s s̄

s

s̄

initial inventory position z

ta
rg

et
in

ve
n
to

ry
p

os
it

io
n
z +

Figure 14: Illustration of the interval-stock policy.

Theorem 3.2
Consider the problem defined in (16). Then:

1. The optimal policy is given by an interval-stock policy at all echelons and time periods,

2. The cost functions are additive convex.
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Proof 6
The proof is by induction. At time T , the cost CT is given by CT (z) =

∑n
i=1 H

i(zi), which is clearly additive convex.
Assume then that Ct+1 is additive convex. According to (16), we have:

Ct(z) = Ht(z) + (c− s)zn +

n∑
i=1

(w̌i + wi)vz
i

+ min
ž∈Ž(z,Nt)

{
−(γc− s)žn −

n∑
i=1

(γwi + w̌i)vž
i + γ min

ẑ∈Ẑ(ž,Nt)
E [Ct+1(ẑ−Dte)]

}
.

The problem consists of two nested optimization subproblems, where the first decision is on the number of units to ship
backward and remove, followed by a decision on the number of units to transfer and procure. Using the assumption that
Ct+1 is additive convex, letting as before c̃it(z) := E

[
cit+1(z −Dt)

]
and sit := arg minz c̃it(z), and using Remark 2, we

may rewrite this problem as:

Ct(z) = Ht(z) + (1− γ)czn +

n∑
i=1

(1− γ)wivz
i

+ min
ž∈Ž(z,Nt)

{
(γc− s)(zn − žn) +

n∑
i=1

(γwi + w̌i)v(zi − ži) + γ

n∑
i=1

c̃it(ž
i ∨ sit) + c̃it(ž

i+1 ∧ sit)− c̃
i
t(s

i
t)

}
,

where we abusively let sit = −∞ for i /∈ Tt.
The problem can then be broken up into univariate optimization problems, which for i ∈ Ťt and i < n are of the form:

min
zi−1≤ži≤zi

čit(ž
i),

where we define čit as:

čit(ž
i) := (γwi + w̌i)v(zi − ži) + γ

(
c̃it(ž

i ∨ sit) + c̃i−1
t (ži ∧ si−1

t )− c̃it(sit)
)
. (17)

Similar functions can be defined for other values of i.
The objective function (17) being optimized is clearly additive convex, and applying Remark 2 once again yields that

the resulting function is additive convex as a function of zi and zi−1, which in turn shows that Ct(z) is additive convex.
Let then s̄it := arg minz čit(z). It remains to show that s̄it ≥ sit. Suppose that is not the case, i.e. s̄it < sit, and let y

such that s̄it < y < sit. We then have:

čit(y) = (γwi + w̌i)v(zi − y) + γc̃i−1
t (y ∧ si−1

t ) < (γwi + w̌i)v(zi − s̄it) + γc̃i−1
t (y ∧ si−1

t )

≤ (γwi + w̌i)v(zi − s̄it) + γc̃i−1
t (s̄it ∧ s

i−1
t )

= čit(s̄
i
t).

The first inequality follows from the fact that (γwi + w̌i) ≥ 0. (A similar argument would apply in the case when i = n

since γc > s). The second inequality is due to the fact that c̃i−1
t is non-increasing. This result contradicts the optimality

of s̄it, whence s̄it ≥ sit. •

3.4 Random Vendor Supply

Incorporating an awareness of the procurement risk, and potentially its fluctuations, is also an im-
portant factor in hedging against this risk and anticipating especially heightened periods of supply
risk. This risk can be modeled in a number of ways and a rich body of literature is concerned with
it, often modeling it either through a random vendor capacity, or a stochastic yield. We opt for the
latter option in this work, as it lends itself more naturally to our formulation. Such a model can be
found for example in Henig and Gerchak [1990] or Bollapragada and Morton [1999]. More specifically,
we consider a supply risk modeled by a Bernoulli distribution that characterizes whether an order to
a vendor is fully fulfilled, or not at all. Such a model might appear overly simplistic, but it empirically
quite realistic, and from a modeling perspective, it often leads to the preservation of structural results,
namely the order-up-to policy, as has been remarked in Özekici and Parlar [1999].

Let then At be a Bernoulli distributed random variable in period t with mean αt. In period t,
the order placed to the vendor is given by ẑnt − znt , and the yield on that order is thus given by
At(ẑ

n
t − znt ). As a result, the transition function for the uppermost node, i.e. the vendor facing node

n, is modified to read znt+1 = znt + At(ẑ
n
t − znt ) − Dt. Additionally, all the expectations previously

taken with respect to only the demands Dt in the base model, must now also be taken with respect to
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the yield rates At, which we assume to be independent from the demand. Nonetheless, the Bernoulli
structure of this random variable allows us, to obtain a formulation of the problem equivalent to the
one in Equation (1):

C0(z0) = min
ẑt∈Ẑ(zt,Nt)

ED,A

[
T−1∑
t=0

γtHt(zt)

]
s.t. zt+1 = z̃t −Dte,

where z̃t is defined as:

z̃t =

{
ẑit, i < n

Atẑ
n
t + (1−At)znt

.

By replacing ẑ with z̃ in the transformation in Appendix A.1, we can see that the exact same
reformulation as Equation (1) holds, with the only difference that expectations are taken over both
the demand and the random yield. As a result, the optimality equation is slightly amended to read:

Ct(zt) = Ht(zt) + γ min
ẑt∈Ẑ(zt,Nt)

EDt,At [Ct+1 (z̃t −Dte)] . (18)

The following Proposition shows that the results obtained for the base models carry over to the
model with random supply.

Proposition 3.1
Let the vendor supply be random in period t and let it be characterized by a Bernoulli random
variable At with mean αt. Then the results in Theorem 2.1 hold in the random vendor supply
scenario:

1. The optimal policy is given by an echelon base-stock policy st for t ∈ [1, T − 1].

2. The cost functions are additive convex, i.e. ∀t ∈ [1, T ], there exist univariate convex functions
cit, i = 1, . . . , n such that:

Ct(z) =

n∑
i=1

cit(z
i).

3. For i ∈ Tt, the components of the base stock policy sit are given by:

sit = arg min
z

E
[
cit+1 (z −Dt)

]
.

Proof 7
The proof is by recursion.

The theorem is clearly valid at time T , where no decision takes place and we have:

CT (z) = 0,

leading to the following expressions for ciT :

ciT (zi) = 0 ∀i.

Suppose now that the statements are valid for t+ 1, t ∈ [1, T − 1], so that Ct+1(z) =
∑n

i=1 c
i
t+1(zi) for some convex

functions cit+1. The optimality equation (18) in the presence of random supply reads:

Ct(z) =
n∑

i=1

Hi
t(zi) + γ min

ẑ∈Ẑ(z,Nt)
EDt,At

[
n−1∑
i=1

cit+1

(
ẑi −Dt

)
+ cnt (zn +At(ẑ

n − zn)−Dt)

]
. (19)
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Consider the optimization part of the expression, which can be expressed as:

min
ẑ∈Ẑ(z,Nt)

EDt,At

[
n−1∑
i=1

cit+1

(
ẑi −Dt

)
+ cnt+1 (zn +At(ẑ

n − zn)−Dt)

]

= min
ẑ∈Ẑ(z,Nt)

EDt

[
n−1∑
i=1

cit+1

(
ẑi −Dt

)
+ αtc

n
t+1(ẑn −Dt) + (1− αt)c

n
t+1(zn −Dt)

]
=

∑
i∈Tt,i 6=n

min
zi≤ẑi≤zi+1

EDt

[
cit+1

(
ẑi −Dt

)]
+

∑
i∈P∪F\D

E
[
cit+1

(
zi+1 −Dt

)]
+

∑
i∈D\Tt

E
[
cit+1

(
zi −Dt

)]
+ 1{n∈Tt}

[
αt min

zn−1≤ẑn
cnt+1(ẑn −Dt) + (1− αt)c

n
t+1(zn −Dt)

]
=

∑
i∈Tt,i6=n

min
zi≤ẑi≤zi+1

c̃it
(
ẑi
)

+ 1{n∈Tt}

(
αt min

zn−1≤ẑn
c̃nt (ẑn) + (1− αt)c̃

n
t (zn)

)
+

∑
i∈P∪F\D

c̃it
(
zi+1

)
+

∑
i∈D\Tt

c̃it
(
zi
)
, (20)

where c̃it(z) := E
[
cit+1 (z −Dt)

]
.

We observe that the optimization problem has been decomposed into the sum of independent convex bounded univariate

optimization problems that clearly lead to a echelon base-stock policy st =
{
sjt : j ∈ Tt

}
, where sit is the minimizer of

c̃it(z) for i ∈ Tt. Using Remark 2.1, we can write:

min
zi≤ẑi≤zi+1

c̃it
(
ẑi
)

= c̃it(z
i ∨ sit) + c̃it(z

i+1 ∧ sit)− c̃it(sit).

Plugging this equality into (20) and then back into (19), we find that Ct(z) is additive convex as the sum of univariate
convex functions. •

4 Network

4.1 Aggregation and Risk Pooling

Section 2 covered the serial line model we use as a building block for the network model. Once the
network has been broken into serial lines for all products and spoke locations, and the serial line TIPs
have been computed, we must aggregate the results to yield the network-level echelon and installation
target positions. This task must also take into account one of the major benefits of distribution
networks, risk pooling. Figure 15 illustrates the state prior to the aggregation step. The TIPs at the
spoke locations remain unchanged, but the serial line TIPs at FC0, which is here a demand-facing
hub, need to be somehow pieced together to yield the network value.

vendor FC0
FC0

demand

vendor FC0 FC1
FC1

demand

vendor FC0 FC2
FC2

demand

vendor FC3
FC3

demand

TIP0
0

TIP0
1

TIP0
2

TIP1
1

TIP2
2

TIP3
3

Figure 15: Illustration of the aggregation step.
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In their presentation of the Decomposition-Aggregation method, Rong et al. [2017] suggest a back-
order matching procedure to compute the network-level installation TIPs, which provides with a risk
pooling benefit compared to a straightforward addition of the serial line installation target inventory
positions. Their procedure defines installation base-stock levels as the difference between echelon base-
stock levels, which does not quite follow the optimal policy, which is set at the echelon level and must
account for the inventory in the serial line. Setting a base-stock level at the installation level indepen-
dently of the inventory picture is suboptimal. Consider for example a stationary two-echelon network
with optimal echelon levels s1 and s2. If the actual inventory level at the first echelon is z1, the optimal
policy is to bring in (s2 − z1)+ units, which can be greater or smaller than the suggested installation
quantity s2 − s1. We also need to account for the possibly different schedules at the different serial
lines.

Consider a physical facility f at which different serial lines corresponding to the same product pass,
such as FC0 in Figure 15. We index by d ∈ D the different serial lines, corresponding to different
streams of demand at their respective spoke locations, and let cd be the next downstream physical
installation after f in the serial line corresponding to demand stream d. More precisely, we let fd be
the decision node corresponding to facility f in the serial line indexed by d, and cd be the decision
node corresponding to the next downstream installation in that serial line. For each serial line d, the
quantity ufdt to be targeted at f in serial line d and time period t is given by:

ufdt :=
(
sfdt − ẑcdt

)+

.

Note that because of the ordering schedules, sfdt might not be properly defined if fd /∈ Tdt . To cover
these cases, we let p(t) := max

{
t′ ≤ t : fd ∈ Tdt′

}
be the most recent ordering period before (and

including) t. We then define sfdt for all t as follows:

sfdt := sfdp(t) −Dd
p(t),t.

A first additive aggregation logic that does not take risk-pooling into account consists in summing up
the various serial line level quantities at f .

Additive Aggregation:

uft =
∑
d∈D

ufdt .

A backorder matching procedure similar to the one presented in Rong et al. [2017] allows us to incor-
porate a notion of risk pooling. Taken independently, each serial line (demand stream) generates an

expected backlog quantity at installation f during its lead time Ld
′
, given by:

Qdt (u
fd
t ) := E

[(
Dd
t,t+Ld′ − (ẑcdt + ufdt − scdt )

)+
]
.

In the event that the updated echelon position at the lower echelon ẑcdt is lower than the target echelon

position at the current echelon sfdt , we find ẑcdt + ufdt − scdt = sfdt − scdt , which would lead to the same
expressions as in Rong et al. [2017]. However, if lower echelons are overstocked to the point that ẑcdt is

greater than sfdt , the expected backlog is going to be lower, as reflected by the new installation position

ẑcdt + ufdt − scdt = ẑcdt − scdt . The idea is then to pull these backlogs together and find the installation
quantity to be targeted to yield the same expected total backlog. Let Qt be defined as:

Qt(u) := E

(∑
d

(
Dd
t,t+Ld′ − (ẑcdt − scdt )

)
− u
)+
 .
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Backorder Matching Aggregation:

uft = Q−1
t

(∑
d

Qdt (u
fd
t )

)
,

where Q−1
t (y) = min {u : Qt(u) ≤ y}.

This formulation differs slightly from the one in Rong et al. [2017] by taking into account possible
overstock at lower installations.

4.2 Capacity Constraints

One of the motivations behind multi-echelon systems is the ability to handle increasingly constrained
facilities as we move down a serial line. The network allows for a reduction of lead times feeding into
any given facility, thus reducing the required amount to be held to satisfy a given service level, a crucial
feature considering that most spoke FCs will suffer from capacity limitations. Additionally, they allow
for the pooling of risk across FCs, a benefit we explore in Section 4.1.

We focus in this section on capacity constraints, which can be of two types:

Volumetric: This refers to the amount of volume an FC can physically hold,

Flow: This refers to the quantity (in units or volume) that an FC can process in any given period,
which can be either in terms of inbound or outbound flow (or both).

4.2.1 Volumetric Constraints

FCs can only store a finite amount of volume. Given these constraints, it is necessary to adjust our
buying policies to ensure that we do not violate capacities at the various installations, and prevent
our decisions from leading to too large inventory volumes. At a single product level, such guarantees
are virtually impossible given the stochasticity of demand, and could only reasonably be expressed
in terms of chance constraints. On the other hand, because we consider the distribution system of a
large retailer and the planning of thousands of products, we can leverage some form of the law of large
numbers to consider the constraints in expectation instead.

Suppose then that we are managing inventory for a set A of na products. For simplicity of notation,
assume that all products flow through the same serial line, although the results port immediately to
the more general distribution network. Using a to index products in A, the objective is to minimize the
total expected discounted cost aggregated across products, subject to a vector of capacity constraints
K such that the expected inventory volume in any given period t and any node i must be less than
or equal to Ki. While these capacity constraints technically only apply at the physical node levels,
i.e. for i ∈ F , we let them be valid at any node for the sake of a more uniform notation, resulting in
infinite capacities at the virtual nodes.

Let Ca0 (za0) be the expected discounted cost at time 0 of product a ∈ A given its initial inventory
positions za0 , as expressed by (1), and C0(za10 , . . . , z

ana
0 ) be the total expected discounted cost across

ASINs. The expected inventory volume at node i and period t is given by∑
a∈A

E
[(
za,it − za,i−1

t

)+

va
]
.

Our goal is thus to solve the following problem:

C0(za10 , . . . , z
ana
0 ) = min

∑
a∈A

T∑
t=0

γtHt(z
a
t )

s.t. zat+1 = ẑat −Da
t e

γt
∑
a∈A

E
[(
za,it − za,i−1

t

)+

va
]
≤ γtKi, i ∈ [1, n], t ∈ [0, T ],
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where the inclusion of the discount factor in the constraint is for notational convenience.
The capacity constraints link the products together, preventing us from solving the product-level

problems independently. By dualizing these constraints using dual values λit
′
, we may recover sepa-

rability across products at the expense of having to solve an outer optimization problem to find the
optimal penalties λ′. These are installation level penalties, which can equivalently be expressed at the

echelon level by letting λ be such that λit := λit
′ − λi+1

t

′
. We then obtain the following formulation:

C0(za10 , . . . , z
ana
0 ) = max

λ′≥0

{
−

T∑
t=0

γtKTλ′t +
∑
a∈A

Ca0 (za0 ;λ)

}
,

where C0(z0;λ) is a penalized form of C0(z0), whose objective function is now given by:

E

[
T∑
t=0

γtHt(zt) +

T∑
t=0

γtλit
′ (
za,it − za,i−1

t

)+

va

]
.

Rearranging the terms in a manner identical to the one that was performed on the initial unconstrained
problem, we find:

E

[
T∑
t=0

γtHt(zt) +

T∑
t=0

γtλit
′ (
za,it − za,i−1

t

)+

va

]
= E

[
T∑
t=0

γtH(zt;λt)

]
,

where Ht(z;λ) are updated holding and backlogging costs that account for the capacity penalties:

Ht(z;λ) :=

n∑
i=1

Hi
t(z

i;λi), Hi
t(z

i;λi) := (hi + λi)vzi + (b+ (h′1 + λ1′)v)E
[
(z −Dt)

−]1{i=1}.

These definitions make apparent the fact that the dual variables associated with the capacity con-
straints can be viewed as supplemental holding costs that are added to the regular holding costs
hi. The capacity constrained network problem can thus be tackled by solving an outer optimization
problem that optimizes a function made up of the sum of independent product-level inner problems.

Outer Problem:

C0(za10 , . . . , z
ana
0 ) = max

λ′≥0

{
−

T∑
t=0

γtKTλ′t +
∑
a∈A

Ca0 (za0 ;λ)

}
. (21)

Inner Problems:

C0(z0;λ) = min
ẑt∈Ẑ(zt,Nt)

E

[
T∑
t=0

γtHt(zt;λt)

]
s.t. zt+1 = ẑt −Dte.

4.2.2 Flow Constraints

Flow constraints refer to the limited capacity of a facility in processing inbound or outbound units in
any given period due to labor and operating constraints, which often necessitate that replenishment
orders be spread out over time. They are related to production capacities in the sense that production
capacities place limit on the flow at the decision nodes, while we are more interested in the flow at the
FC nodes. Nonetheless, because we model the problem in a general way, both types of constraints are
equally handled. This applies in particular to capacity constrained vendors. Parker and Kapuscinski
[2004] study a two-echelon capacitated serial line where there is a smaller capacity at the downstream
installation, and show that a Modified Echelon Base Stock (MEBS) policy is optimal. The objective
function is however shown to lose its additive separability property, which would severely hinder our
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ability to efficiently implement a solution. We are nonetheless able to overcome this issue by formulating
the problem in expectation across all products, in a manner similar to the way volumetric constraints
were handled in Section 4.2.1.

We here again consider the problem at the serial line level for ease of notation, and let F be a vector
of constraints on the number of units (equivalently volume) that can be inbounded in any period t at
node i. The expected number of units to arrive in period t > 0 at node i is given by:

E

[∑
a∈A

(
ẑa,it−1 − za,it−1

)]
.

As a result, the flow constrained formulation of the problem reads:

C0(za10 , . . . , z
ana
0 ) = min

∑
a∈A

T∑
t=0

γtHt(z
a
t )

s.t. zat+1 = ẑat −Da
t e

γt+1
∑
a∈A

E
[(
ẑa,it−1 − za,it−1

)]
≤ γt+1F i, i ∈ [1, n], t ∈ [1, T ].

Many of the variables we have used in the multi-echelon formulation possess an installation and
an echelon interpretation, such as the holding costs or capacity penalties, which highlight the vertical
trade-off between installation costs in any given period t. We for example defined the echelon capacity
penalty λit as the difference between consecutive installation penalties λit = λi

′−λi+1′. The dualization
of the flow constraints with dual variables β′ introduces a similar concept at a horizontal level, where we
compare costs not across installations in a given period, but at a given installation across periods. This
leads to the definition of a time-shifted installation cost βit := βit

′− γβit+1
′

that compares (discounted)
costs at a given installation i in consecutive periods. The problem then reads:

C0(za10 , . . . , z
ana
0 ) = max

β′≥0

{
T∑
t=0

γt+1 (E[Dt]e− F)
T
β′t +

∑
a∈A

C̃a0 (za0 ;β)

}
,

where C̃0(z0;β) is a penalized form of C0(z0), whose objective function is now given by:

E

[
T∑
t=0

γtH̃t(zt;βt)

]
,

where H̃t(zt;βt) are updated holding and backlogging costs that account for the flow penalties:

H̃t(z;β) :=

n∑
i=1

H̃i
t(z

i;βi), H̃i
t(z

i;βi) := (hiv + βi)zi + (b+ h′1v)E
[
(z −Dt)

−]1{i=1},

and where we recall that:

βit = βit
′ − γβit+1

′
.

The interpretation of the flow penalties resembles that of the capacity (volumetric) penalties. While the
latter were akin to heightened holding costs, the flow penalties have the interpretation of supplemental
transfer costs to be added to the original transfer costs wi.

Similarly to the volume constraints, we can tackle the flow constrained problem by solving an outer
optimization problem that optimizes a function made up of the sum of independent product-level inner
problems.

Outer Problem:

C0(za10 , . . . , z
ana
0 ) = max

β′≥0

{
T∑
t=0

γt+1 (E[Dt]e− F)
T
β′t +

∑
a∈A

C̃a0 (za0 ;β)

}
. (22)
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Inner Problems:

C0(z0;β) = min
ẑt∈Ẑ(zt,Nt)

E

[
T∑
t=0

γtH̃t(zt;βt)

]
s.t. zt+1 = ẑt −Dte.

Remark 5
Given the finite-horizon nature of our formulation, we have taken little care in ensuring that the
problem is realistically feasible, letting the terminal conditions wipe out any accrued backlog. A
major risk in the presence of backlogs is that too strict a constraint can lead to an unstable behavior
where the inventory position keeps drifting downwards because of the impossibility to bring in
sufficient inventory to meet demand and backlogs. The stability of a capacitated multi-echelon
network was studied in Glasserman and Tayur [1994] and Huh et al. [2010]. To render the problem
stable, we would need a condition of the form

∑
a∈A E[Da

t ] ≤ mini F
i, ∀t for example.

5 Implementation

5.1 Overview

We present in this section some implementation details of the solution method for the capacitated
distribution network described in Sections 2 and 4. The implementation issues to be considered
concern the two levels of optimization that we are to solve: (i) at the serial line level, and (ii) at
the network level. These two classes of problems correspond to the inner and outer loops in the dual
formulation of the problem in the presence of capacity constraints, as detailed in Section 4.2.

At the serial line level, and as is frequent in inventory management given the often Markovian nature
of the formulations, the problem lends itself to a Dynamic Programming (DP) implementation. This
corresponds to the recursive solution of the optimality equation (2). The state dimension of the serial
lines can be relatively large as it is roughly equal to the length of the lead time from the vendor to the
customer facing facility, which in general would render any practical implementation computationally
prohibitively expensive due to the “curse of dimensionality”. This is were the structural properties
of the cost functions derived in Section 2, and in particular their additive convexity, are especially
important as they curb the growth of the problem’s complexity making it linear instead of exponential,
allowing for a practical implementation.

At the network level, we must solve for the optimal dual variables associated with the capacity
(volume and flow) constraints. Solving at the network level requires that the serial lines that it
comprises be iteratively solved for different values of these penalties as they are optimized over. This
process can become somewhat computationally costly and effective distributed methods to solve them
must be employed.

At either level, we must also consider the impact of some of the assumptions, which while necessary
for the derivation of the strong theoretical results we rely on, may lack some realism and be improved
upon by careful modifications to the optimization procedures. The following sections address these
main points.

5.2 Primal Problem: Serial Line

5.2.1 Solving the Primal Problem

The primal problem corresponds to solving the serial line formulations laid out in Section 2, which
also represent the inner problems in the dual representation of the constrained network formulation
of Section 4. These are expressed by the optimality equation (2) and are to be solved using the
methodology laid out in Proposition 2.1, which suggests a Dynamic Programming approach to the
problem. This approach relies on a discretization of the random variables and the state space, as well
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as on the additive convexity property of the cost functions that makes a practical implementation of
the DP feasible.

5.2.2 Discretization

Demand Solving the serial lines requires the optimization, and thus evaluation, of functions ex-
pressed as expectations over random variables, most notably the random demands. In order to evalu-
ate these expectations, and in the absence of closed form expressions thereof, we must often resort to
a discretization of a distribution that might initially have been expressed as continuous. A common
approach in practice is the representation of the distribution through a set of K equally probably
quantiles (see for example Raz and Porteus [2006]).

States The state space used to represent the serial line consists of the echelon inventory positions
at the various nodes, whether physical or virtual, and thus corresponds to RL, where L is the lead
time from the vendor to the customer facing FC. For implementation purposes, this space needs to
be bounded and discretized, and we must choose a minimum position m, a maximum position M
and a discretization grain N + 1 corresponding to the number of points {yi}i chosen in that interval.
Letting the points be equidistant, we have yi = m+ iM−mN , and the resulting discretized space given
by {y0, . . . , yN}L. Given such a grid discretization of the state space, the DP can be implemented
by evaluating and storing the value of the cost functions at points z ∈ {y0, . . . , yN}L, from which
approximations of the values at non-grid points z are obtained by interpolation/extrapolation.

5.2.3 Additive Convexity

Curse of Dimensionality Following the state space discretization, as described in the preceding
section, the recursive solving of the optimality equation (2) necessitates that we store values Ct(z) at
each discretized point z ∈ {y0, . . . , yN}L. In general, this would require the optimization and storage
of O

(
(N + 1)L

)
values in each period, which is prohibitively expensive even for small values of L. As

an illustration, for a discretization of N + 1 = 100 and L = 6, storing those values as floats would
require 4TB of data in each time period, let alone the actual computational burden itself.

The additive convexity property of the cost functions (Definition 2.1) allows us to condense the
necessary amount of information to keep track of. Instead of having to keep track of the values of
Ct(z) at each discretized point z ∈ {y0, . . . , yN}L, we may only keep track of the values of L univariate
functions {cit}i=1,...,L at the N + 1 points {y0, . . . , yN}. Any value Ct(z) for z ∈ {y0, . . . , yN}L can

then be recreated as Ct(z) =
∑L
i=1 c

i
t(z

i). The benefits of this separability is illustrated in Figure 16
on a two dimensional example. Going back to the example above with N + 1 = 100 and L = 6, we
would only require the solving and storing of (N + 1)L problems and points, which in this case would
amount to 4MB.

z1

z2

z1

z2

Figure 16: States that require solving and storing in the cases where the objective function is: (left)
nonseparable, (right) separable.
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Function Representation More concretely, the functions {cit} are approximated by a piecewise lin-
ear representation that is obtained by interpolating between the stored values cit(yj) for j = 0, . . . , N+1.
(If values outside of the discretized range [m,M ] are needed, they are obtained by extrapolating outside
of the range using the slope of the approximating function at the edge). This representation can be
interpreted as storing T matrices whose rows correspond to univariate functions cit, and the columns
to the point yj , as illustrated in Figure 17.

c1T (y0) c1T (y1) c1T (y2) . . . c1T (yN )

c2T (y0) c2T (y1) c2T (y2) c2T (yN )

c3T (y0) c3T (y1) c3T (y2) c3T (yN )

...
. . .

cLT (y0) cLT (y1) cLT (y2) cLT (yN )

c12(y0) c12(y1) c12(y2) . . . c12(yN )

c22(y0) c22(y1) c22(y2) c22(yN )

c32(y0) c32(y1) c32(y2) c32(yN )

...
. . .

cL2 (y0) cL2 (y1) cL2 (y2) cL2 (yN )

c11(y0) c11(y1) c11(y2) . . . c11(yN )

c21(y0) c21(y1) c21(y2) c21(yN )

c31(y0) c31(y1) c31(y2) c31(yN )

...
. . .

cL1 (y0) cL1 (y1) cL1 (y2) cL1 (yN )

time

grid points

ec
h
el
on

le
ve
ls

Figure 17: Illustration of the matrix representation of the cost functions.

5.3 Dual Problem: Network

5.3.1 Solving the Dual Problem

At the network level, in the presence of capacity or flow constraints (or both), we are to solve the dual
problem represented by Equations (21) or (22) (or a combination of both). While solving the serial
line through dynamic programming only requires the optimization of univariate convex functions (see
Proposition 2.1), which can be efficiently solved using simple algorithms such as the Golden Section
search (see e.g. [Luenberger and Ye, 2016, Ch.8]), the dual problem is a multivariate problem that
involves the dual variables associated with the constraints at several installations and time periods.
The evaluation of the serial line for fixed values of these dual variables itself can result onerous given
since we must solve a serial line problem for each SKU-Customer facing installation pair. Given that
these combinations can number in the millions, it is of paramount importance that we are able to
solve the dual problem as efficiently as possible, leading us to consider distributed derivative based
methods. The latter qualifier (derivative-based) is necessary for fast convergence in terms of the
number of iterations, while the former (distributed) is crucial in order to speed up the computational
time of a single iteration.
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5.3.2 Estimating the Gradients

In order to implement a gradient-based method, we must first be able to evaluate the gradient of the
function we are to optimize. Considering only the volume constraints for ease of exposition, the dual
problem to be solved is given by Equation (21):

max
λ′≥0

φ(λ′),

where

φ(λ′) :=
∑
a∈A

Ca0 (za0 ;λ)−
T∑
t=0

γtKTλ′t.

The gradient ∇λ′φ is however readily obtained since it is directly given by the violation of the con-
straints [Luenberger and Ye, 2016, Ch.14]. In other words, for each dual variable λit

′
, the partial

derivative ∂φ
∂λi

t
′ is given by:

∂φ

∂λit
′ = γt

(∑
a∈A

E
[(
za,it − za,i−1

t

)+

va
]
−Ki

)
. (23)

The calculation of the gradient of φ is hence no more expensive than the evaluation of the network for
fixed dual values.

In order to estimate (23), we must however derive the values of the za,it , the echelon inventory
position for each serial line, in each time period, and at each echelon. It is important to recall at this
point that these sample path estimations carry little value at an individual serial line level, other than
being the “expected” inventory positions, but that we only consider them insofar as their aggregate
values are more meaningful and, provided we deal with sufficient serial lines, good estimates of the
installation level resource utilization.

Given the initial inventory positions za0 , we iteratively apply the deterministic approximation of
the transition function to estimate zat for t > 0:

zit+1 = min
(
zi+1
t , ẑit

)
− E[Dt], (24)

and use these values to estimate the gradients (23).

Remark 6
The “sample path estimation” above abides by the backordering assumption we have made through-
out. While necessary to derive all the theoretical results, there are practical issues with this ap-
proach. For example, backordered units will not carry any holding cost penalty at the customer
facing facility, while even if the assumption were true, units would still need to transit through it
and be, even if only momentarily, stored. We discuss in Section 5.4 a variation on this estimation
to take into account the more realistic lost sales scenario and to adjust the gradient computation
and better manage resources.

5.3.3 Optimization

The dual network problem is separable into serial line level subproblems. A common strategy is thus
to solve these subproblems in parallel for fixed values of the dual variables, gather the results, compute
the gradient of the dual function, and update the dual variables using some first order method update.
Such a method works relatively well in many instances but can result in somewhat slow convergence,
and more importantly may suffer from instability in the absence of strict convexity, a phenomenon
which we observe. To remedy these issues, the Alternative Direction Method of Multipliers (ADMM)
suggests considering the augmented Lagrangian [Boyd et al., 2011]. To preserve the separability of the
network problem into serial line subproblems, two approaches may be considered:
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• The traditional Gauss-Seidel approach of ADMM where two groups of variables are sequentially
updated,

• A Jacobi approach where each block (serial line in our case) is solved in parallel.

The Gauss-Seidel approach requires the introduction of auxiliary variables, leading to a Variable Split-
ting ADMM [Wang et al., 2013]. The Jacobi approach is a more direct one that avoids the addition
of new variables and solves the subproblems in parallel by fixing all other primal variables in each
subproblem. The convergence of this approach is not guaranteed unless an additional proximal term
is added [Deng et al., 2017]. We have found good results with the latter approach.

5.4 Backlogging vs Lost-Sales

There often exists a disconnect between the assumptions made for theoretical or practical purposes,
and those that are empirically realistic. Our work does not escape this pitfall as we relied, as is often
necessary in inventory management, on the assumption that missed sales are backlogged, as opposed
to lost. This assumption was paramount in the derivation of our structural properties, notable among
them the additive convexity of the cost functions, which in turn proved central to an efficient solution
implementation. It was required in order for the transition function to not depend on the inventory
level at the customer facing facility. Although by setting appropriate penalties for backlogged units it is
possible to approximate the lost sales scenario quite well, especially in the higher service levels regimes,
such an accounting can prove deceitful in the presence of capacity or flow constraints. Backlogged units
will often not be applied the capacity penalties, which is not realistic as even if that assumption were
true, units would still have to be temporarily stored. Similarly, such a behavior could shift units from
downstream to upstream facilities and unrealistically inflate storage at those less constrained nodes,
when in reality such units would not be necessary since their corresponding demand has already been
lost.

As a result, some mitigating measures can be taken to address the issue. In particular, the transition
function (24) in the evaluation of the expected inventory positions can be modified to yield more
realistic results in practice. Specifically, in each period, we can compute the “expected drain” as
µt = E[(Dt − z0

t )+] and replace E[Dt] with µt in (24). This is possible in the forward pass that
evaluates the expected inventory positions, and eliminates some spurious behaviors associated with
the backlogging assumption.

6 Examples and Results

6.1 Illustrative Examples

We illustrate in this section the results of the model described in Sections 2, 4 and whose implementa-
tion was discussed in Section 5. We consider simple scenarios to demonstrate some of the main features
of our model, such as the asynchronicity of the review periods, or the handling of capacity constraints.

6.1.1 Simple Serial Line

We first consider a 4 echelon serial line for a single product with the characteristics presented in Table 1.
The demand we consider for this product is almost stationary, with a Gamma distribution with mean

Table 1: Parameters of the product, serial line, and DP in the simple serial line example.

Product

c 6
b 5
v 1

FC1 FC2 FC3 FC4

Lead Time 1 2 3 4
h 2 1 0.5 0.3

DP

γ 0.99
quantiles 99
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50 in every period except for a “peak” around period 23, with mean 75 in periods 22 and 24 and 150
in period 23. The coefficient of variation of the demand is 0.5 in every period.

Single period review period We first consider the case where the review periods are the same
for all echelons and equal to one period. The resulting Target Inventory Positions in each period,
along with the mean demand and shaded area between the 25th and 75th quantiles of the demand,
are plotted in Figure 18. We observe the impact of the lead times and how the peak demand affects
upper echelons earlier than lower ones as units need to flow down the serial line in order to be at the
spoke node in time to meet demand.
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Figure 18: Target Inventory Position for the simple serial line example in the case of a unit review
period at all echelons.

Asynchronous review periods We now consider the case of asynchronous review periods where
the review periods are neither the same, nor necessarily a multiple of the lower echelon, as shown in
Table 2.

Table 2: Review periods used in the asynchronous scenario.

FC1 FC2 FC3 FC4

Review Period 2 3 4 5

Similarly to the case of the single, the results are presented in Figure 19. The interpretation of the
results requires a bit more thought than in the previous scenario. The interplay between the demand
shape, lead times and asynchronous review periods produces results that are more arduous to analyze.
Still, we observe that in order to find a path that allows for units to reach the spoke node in time to
satisfy demand, the Target Inventory Positions need to be increased earlier for most echelons. These
results nonetheless illustrate the flexibility of our model, which does not require any synchronicity
assumption in terms of review periods at different echelons.

6.1.2 Volume Constrained FC

We consider in this example a simple two-echelon network where the demand facing FC is volume
constrained. We will let the volume constraint vary and observe how the TIPs evolve for 4 economically
identical products who only differ in their volume. The parameters of the problem are shown in Table 3,
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Figure 19: Target Inventory Position for the simple serial line example in the case of a non-homogeneous
review periods at all echelons.

and we further assume stationary and identically Gamma distributed demands for all 4 products, with
means 50 and coefficient of variation of 1.

Table 3: Parameters of the product, serial line, and DP in the simple serial line example.

Product i

c 6
b 5
v i

FC1 FC2

h 0 0
Lead Time 1 2

Review Period 1 1

DP

γ 0.99
quantiles 99

The example is purely illustrative as we recall that the assumption that motivated our formulation
of the problem is that we dealt with a large enough number of products that the law of large numbers
was approximately valid. Because we are in a simple stationary setting, we may consider the service
levels of the products in any given period. We plot in Figure 20 the service levels of all 4 products as a
function of the capacity at the demand facing FC. When the capacity constraint is almost non-existent,
i.e. for high values of the FC capacity, the service levels for all 4 products are essentially identical and
converge to 1. However, as the capacity constraint becomes tighter, we start seeing a differentiation in
the service levels of the products where less voluminous products are favored at the expense of more
voluminous ones, as we would expect. Such mechanism is paramount in properly handling capacity
constraints and in trading off the cost of capacity opportunity against the profitability of the products.

6.1.3 Inbound Constrained FC

We here consider the other type of constraint explored in our modeled, namely inbound constraints
(Section 4.2.2. It is common for many businesses to have “peak period” such as around Thanksgiv-
ing/Black Friday or the end of the year holidays. The inventory for these peak periods usually needs
to be gradually taken in and their arrivals to be spread over a period of time so as to not overflow the
processing capacity of the facilities, especially when it might already be split between heavy inbound
and outbound operations.

We thus consider a simple and slightly contrived example of a product whose demand is mostly
stationary, with a mean demand of 50 units except for a peak period with a mean demand of 1,000
units shouldered by two periods of mean demand of 100 units. We assume Gamma distributions with
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Figure 20: Service levels as a function of demand facing FC capacity for the four products considered
in the volume constrained example.

coefficient of variations of 0.5. The parameters of the product, serial line and DP are shown in Table 4
and are very similar to the ones in the volume constrained example above.

Table 4: Parameters of the product, serial line, and DP in the simple serial line example.

Product

c 6
b 5
v 1

FC1 FC2

h 0.5 0.2
Lead Time 1 2

Review Period 1 1

DP

γ 0.99
quantiles 99

We plot in Figure 21 the Target Inventory Positions at the demand facing FC in two cases: one
in which there is no constraint on the inbound quantity, and another one where the inbound flow is
restricted to at most 150 units per period. As a result, we observe that in the constrained case, the
Target Inventory Positions increase earlier in order to ramp up inventory so as to hold the required
units in time for the peak period, as would be expected. The inbound flow penalties (dual variables) are
thus seen to perform their role in propagating the constraint information through time and triggering
the right anticipatory buying behavior.

6.1.4 Time-Dependent Costs

It is common for vendors to periodically offer discounts to retailers on some of their products. This
can happen for a range of reasons such as nearing the end season of a seasonal product, or trying to
secure a large buying commitment. The presence of these periodic discounts will impact our decisions,
especially in those periods where the discounts apply. It is then especially pertinent to leverage a
multi-period model that is able to trade-off the savings generated by purchasing units at a discount
and the additional holding costs they will generate, by taking into account non-stationary demand
forecasts, as well as knowledge, or anticipation, of the periodicity at which these discounts occur.
Conversely, vendors might request that the retailer commit to purchasing a given number of units, in
which case the retailer will need to figure out an appropriate discount for such quantity.

As previously mentioned, time-dependent costs are easily incorporated in our model. In the present
scenario, the purchasing cost ct of the product in period t, heretofore constant, is time dependent. Such
dependence on time only requires a minor adjustment to our model. Recall from Section 2.2.1 that
following the the reformulation of the problem (as detailed in Appendix A.1), we defined the echelon
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Figure 21: Target Inventory Positions at the demand facing FC in the inbound constrained example.

holding cost at the uppermost echelon as hn := hn + (1 − γ) cv (discarding the transfer cost to avoid
cumbersome expressions). In the presence of a time-dependent cost, the exact same transformation
carries by letting the new echelon cost be htn := hn + (ct−1 − γct) 1

v in period t.

To illustrate the impact of these periodic discounts on the optimal TIPs in the discounted periods,
we look at the impact of two factors: 1) the discount periodicity, and 2) the discount amount. To
simplify the presentation of the results, we consider a single echelon problem with the parameters pre-
sented in Table 5, and a stationary Gamma distributed demand with mean demand 50 and coefficient
of variation equal to 0.5.

Table 5: Parameters of the product, serial line, and DP in the simple serial line example.

Product

c 6
b 5
v 1

FC1

h 0.05
Lead Time 3

Review Period 1

DP

γ 0.99
quantiles 99

We first investigate the impact of the discount periodicity on the TIPs in periods when the discount
applies. Intuitively, we should expect the TIPs to increase with longer times in between possible
discounted purchases: if we are presented with a discount opportunity every other period, we should
at most be setting TIPs to cover two periods, but the wider the spacing, the larger the opportunity
for savings. Eventually, we will reach a point where the marginal expected holding cost will overtake
the savings from the discounted cost. Figure 22 shows the evolution of the TIP in discounted periods
with the periodicity of the discount, for a discount of 20%. As expected, the TIP increases with the
period before reaching a plateau. The results also underline the importance of taking into account the
possibility of a discount in the future, as opposed to assuming that opportunity is a one-off event.

We now turn to the relation between TIP and discount percentage by fixing the periodicity of the
discounts to 10 periods. Figure 23 shows the evolution of the TIP as a function of the discount amount
for different values of the holding cost. As anticipated, the TIP increases rapidly with the discount
amount before stagnating once the marginal savings from the discount approach the marginal holding
cost. Similarly, higher holding costs require deeper discounts to reach the same TIP levels.
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Figure 22: Evolution of the TIP in discounted periods with the periodicity of a 20% discount.
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Figure 23: Evolution of the TIP in discounted periods with the discount percentage for a discount
period of 10.
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6.1.5 Random Vendor Supply

We illustrate in this section the impact of random vendor supply on the order-up-to levels, following
the discussion in Section 3.4. We consider a single echelon problem whose parameters are described
in Table 6, and a stationary Gamma distributed demand with mean 50 and coefficient of variation of
0.5.

Table 6: Parameters of the product, serial line, and DP in the random vendor supply example.

Product

c 6
b 5
v 1

FC1

h 0.5
Lead Time 4

Review Period 1

DP

γ 0.99
quantiles 99

We then let the expected vendor yield vary and observe the resulting order-up-to policy, recalling
that the vendor yield is modeled through a Bernoulli random variable. Figure 24 shows the evolution
of the order-up-to level as a function of the expected vendor yield. We observe, as expected, that the
more uncertain the yield, the higher the TIP since orders need to be inflated so that larger orders
make up for the ones that are not confirmed.
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Figure 24: Evolution of the TIP as a function of the vendor yield.

6.2 Results

A version of this model was implemented at a large grocery retailer, and A/B tested in production in
2019. The test was performed in a two-layer network with a hub feeding four downstream and demand
facing facilities, with products either flowing through the hub, or also potentially being delivered
directly at the FCs. The products were further differentiated by their storage temperature requirements
and divided into 3 categories: ambient, chilled and frozen.

The existing solution against which our model was tested set its target inventory positions on
a model based on periods of cover. While yielding high levels of demand-weighted in-stockness, the
previous model caused volume capacity issues at the hub and lacked capacity management capabilities,
especially in non-ambient temperature zones. Although capacity constraints are expected to be reached
at retail facilities that are usually of limited size due to their proximity to customers, such should not
in general be the case at the hub level.
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The A/B test ran over 3 months and yielded the statistically significant results shown in Table 7
(at a 0.05 p-value level). Our model was able to:

• Increase the already high service levels of the supply chain,

• Increase sales and revenue,

• Reduce hub inventory volume.

In addition, while not significant at the 0.05 level, the hub inventory volume for ambient products was
also directionally lower.

Table 7: Statistically significant results of the A/B test.

Metric Impact

Ordered Product Sales ($) +4.37%
Sold Units +4.63%

Demand-Weighted Availability +1.75%
Non-Ambient Hub Inventory Volume (cuft) -10.77%

7 Conclusion and Future Research

We presented in this paper a general inventory management solution for a non-stationary capacitated
multi-echelon distribution network. Our approach leveraged and extended existing results in the
literature to contribute both to further the theoretical understanding of multi-echelon networks, as
well as to developing practical solutions. The practical benefits of this work were demonstrated at
a large grocery retailer where its implementation in an A/B test resulted in statistically significant
increases in sales, revenue, and availability, while reducing the volume of inventory.

The framework developed in this paper readily lends itself to a number of extensions, such as
stochastic yields from the vendors to incorporate supply risk, time-dependent costs, or additional
cross-product constraints for example. One avenue of future research we are to explore is to extend
the setting of the problem to allow for demand to not be restricted to particular FCs. The current
setting can somewhat be associated with physical stores where demand manifests at the stores and
can only be fulfilled from that particular location. While such setting is particularly well suited in
the context of a grocery retailer, other businesses, especially online or multi-channel retailers, do not
necessarily have a mapping of demand to a particular FC, but can instead fulfill demand from several
locations, albeit at possibly different costs depending on the proximity of these FCs to the demand
node. In future work, we will extend our work to incorporate this type of “demand spillover” effect.
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A Reformulations

A.1 Reformulation of the Optimization Problem

Recall that the objective function of the original optimization problem reads:

E

[
T−1∑
t=0

γt

(
γc(ẑnt − znt ) + b

(
z1
t −Dt

)−
+

n∑
i=2

h′iv(zit − zi−1
t ) + h′1v(z1

t −Dt)
+

+

n∑
i=1

γwiv
(
ẑit − zit

))
− γTFT (zT )

]
. (25)

• Consider first the terms corresponding to the holding and backlogging costs. Using the fact that
hi = h′i − h′i+1 (with the convention that hn = h′n) and that z = (z)

+ − (z)
−

, we can rearrange
the terms to obtain:
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(26)

• Consider now the purchasing and transfer costs, and recall that ẑit = zit+1 +Dt. We thus have:
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+

T−1∑
t=0

γt+1(c+ wiv)E [Dt] .

We then add and subtract terms to yield:
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i=1

wivz
i
T

)
+ γT

(
γcznT +

n∑
i=1

γwivz
i
T

)
,

and − γ
(
czn0 +

n∑
i=1

wivz
i
0

)
= (1− γ)

(
czn0 +

n∑
i=1

wivz
i
0

)
−
(
czn0 +

n∑
i=1

wivz
i
0

)
.

Plugging these two equalities back into Equation (27) yields:

E

[
T−1∑
t=0

γt

(
γc(ẑnt − znt ) +

n∑
i=1

γwiv
(
ẑit − zit

))]

= E

[
T−1∑
t=0

γt(1− γ)

(
cznt +

n∑
i=1

wivz
i
t

)
+ γT

(
γcznT +

n∑
i=1

γwivz
i
T

)]

−
(
czn0 +

n∑
i=1

wivz
i
0

)
+

T−1∑
t=0

γt+1(c+ wiv)E [Dt] . (28)
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We may now substitute Equations (27) and (28) into Equation (25):

E

[
T−1∑
t=0

γt

(
γc(ẑnt − znt ) + b

(
z1
t −Dt

)−
+

n∑
i=2

h′iv(zit − zi−1
t ) + h′1v(z1

t −Dt)
+

+

n∑
i=1

γwiv
(
ẑit − zit

))
− γTFT (zT )

]

= E

[
T−1∑
t=0

γt

(
n−1∑
i=1

(hi + (1− γ)wi)vz
i
t +

(
hn + (1− γ)

(
wn +

c

v

))
vznt + (b+ h′1v)(z1

t )−
)]

−
(
czn0 +

n∑
i=1

wivz
i
0

)
+

T−1∑
t=0

γt

(
γ

(
c+

n∑
i=1

wi

)
v − h′1v

)
E[Dt].

Redefining hi := hi + (1 − γ)wi for i < n and hn := hn + (1 − γ)
(
wn + c

v

)
, we may rewrite this last

equality as:

E

[
T∑
t=0

γt

(
γc(ẑnt − znt ) + b

(
z1
t

)−
+

n∑
i=2

h′iv(zit − zi−1
t ) + h′1v(z1

t )+ +

n∑
i=1

γwiv
(
ẑit − zit

))
− γTFT (zT )

]

= E

[
T∑
t=0

γtHt(zt)

]
−
(
czn0 +

n∑
i=1

wivz
i
0

)
+

T−1∑
t=0

γt

(
γ

(
c+

n∑
i=1

wi

)
v − h′1v

)
E[Dt].

Finally, the last two terms are constants that can be pulled out from the minimization problem, yielding
the simplified optimization problem described in Equation (1).
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