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Abstract

Data-driven distributionally robust optimization is a recently emerging paradigm aimed at
finding a solution that is driven by sample data but is protected against sampling errors. An in-
creasingly popular approach, known as Wasserstein distributionally robust optimization (DRO),
achieves this by applying the Wasserstein metric to construct a ball centred at the empirical
distribution and finding a solution that performs well against the most adversarial distribution
from the ball. In this paper, we present a general framework for studying different choices of
a Wasserstein metric and point out the limitation of the existing choices. In particular, while
choosing a Wasserstein metric of a higher order is desirable from a data-driven perspective,
given its less conservative nature, such a choice comes with a high price from a robustness per-
spective - it is no longer applicable to many heavy-tailed distributions of practical concern. We
show that this seemingly inevitable trade-off can be resolved by our framework, where a new
class of Wasserstein metrics, called coherent Wasserstein metrics, is introduced. Like Wasser-
stein DRO, distributionally robust optimization using the coherent Wasserstein metrics, termed
generalized Wasserstein distributionally robust optimization (GW-DRO), has all the desirable
performance guarantees: finite-sample guarantee, asymptotic consistency, and computational
tractability. The worst-case expectation problem in GW-DRO is in general a nonconvex opti-
mization problem, yet we provide new analysis to prove its tractability without relying on the

common duality scheme. Our framework, as shown in this paper, offers a fruitful opportunity to



design novel Wasserstein DRO models that can be applied in various contexts such as operations

management, finance, and machine learning.

1 Introduction

Data-driven problems arise from many operations research and machine learning applications
where a stochastic optimization problem needs to be solved using sample data drawn from a prob-
ability distribution of interest. The goal is to find a solution that performs well in out-of-sample
tests against the distribution underlying the stochastic optimization problem. These problems are
challenging to solve, because firstly the use of sample data to represent a distribution is prone to
sampling errors, and secondly the underlying data-generating distribution in most real-life appli-
cations is fundamentally unknown. The increasing availability of large data sets in recent years
has renewed the interest of exploring how to best exploit sample data to obtain solutions with
favourable out-of-sample performances. One prominent idea is to find a solution that can perform
well against distributions that are, in some sense, close to the empirical distribution constructed
from the sample data. This, in principle, allows the solution to maximally leverage the information
contained in sample data regarding the underlying data-generating distribution while at the same
time ensuring the solution does not overly rely on sample data, i.e. avoids overfitting.

An increasingly popular framework to implement this idea is data-driven distributionally ro-
bust optimization (DD-DRO). It seeks a solution that performs the best with respect to the most
adversarial distribution from a set of distributions, known as ambiguity set, that are close to the
empirical distribution according to some predefined metric. The choice of a proper metric is crucial
in DD-DRO. Ambiguity sets constructed from different metrics could contain distributions with
distinctly different structural properties. A well-known example is ambiguity sets defined based on
the Kullback-Leibler divergence metrics (Kullback and Leibler (1951)), which contain only discrete
distributions whose support is limited to, i.e. a subset of, the support of the empirical distribution
(Ben-Tal et al. (2013), Hu and Hong (2013), Shapiro (2017)). Solutions of DD-DRO that adopts
such ambiguity sets may not generalize well to situations where the underlying distribution has a
more general support structure, e.g. taking values other than the observed samples. Another metric
that has now been more widely applied in DD-DRO is the Wasserstein metric (Kantorovich and
Rubinshtein (1958)). Ambiguity sets defined based on the metric contain distributions with a more
general distributional structure, including both discrete and continuous distributions. DD-DRO
adopting such ambiguity sets, also known as Wasserstein distributionally robust optimization (Es-

fahani and Kuhn (2018)), is attractive in that its solution has potential to generalize well against



various forms of distributions that may arise from practical applications. The Wasserstein metric
consists of a family of metrics in different orders, namely the type-p Wasserstein metric, p € [1, o0],
each defined based on a transportation cost function with a different power order. The type-1
Wasserstein metric, extensively studied in Esfahani and Kuhn (2018), is so far the most popular
choice in the applications of Wasserstein DRO. Kuhn et al. (2019) and Gao et al. (2022) provide
a comprehensive study of Wasserstein DRO for the type-p Wasserstein metric of a higher order,
p > 1. Several other works (Blanchet et al. (2019), Gao et al. (2020), Shafieezadeh-Abadeh et al.
(2019), Sinha et al. (2020), Carlsson et al. (2018)) have explored its applications in machine learning
and related data-driven problems. It is known that an ambiguity set defined based on the type-p
Wasserstein metric, called type-p Wasserstein ball, would contain only distributions that have finite
p'h-order moments (Villani (2008) p.95). With the same radius, a type-p Wasserstein ball is strictly
smaller than a type-g Wasserstein ball, where p > ¢, and contains distributions that concentrate
more heavily around the sample data. A Wasserstein ball of a higher order is thus less conservative
or can be considered more data-driven. The type-oo Wasserstein ball, in particular, is the most
data-driven in that the distributions from the ball concentrate fully in a bounded neighbourhood
of sample data.

One can see that when it comes to the choice of a Wasserstein metric, a metric with a lower order
would appeal to those who seek an ambiguity set that offers protection against a more adversarial
form of distributions, whereas a metric with a higher order would appeal to those who seek an
ambiguity set that better exploits the sample data. In many real-life applications, however, a
pursuit of both, i.e. exploiting well the information from the sample data yet without dismissing
the possibility that the underlying distribution may take an extreme form, is of necessity. For
instance, in the context of financial portfolio management, a portfolio needs to be optimized using
much of the information from market data but without dismissing the possibility that the return
distribution may have a heavy tail, i.e. non-negligible weights on rarely occurring events. We point
out first in this paper that the Wasserstein metric as it stands, i.e. the family of type-p Wasserstein
metrics, p € [1, 00], cannot accommodate this simultaneous pursuit. This is because ambiguity sets
constructed from a Wasserstein metric with a higher order, e.g. p > 2, inevitably exclude heavy-
tailed distributions' (Birghila et al. (2022), de Haan and Ferreira (2006)). One may view this as
a trade-off between the pursuit of robustness and data-drivenness when it comes to the choice of
a Wasserstein metric. While this trade-off may appear inevitable, i.e. a less conservative choice

would dismiss any heavy-tailed distribution, the primary goal of this paper is to present alternative

In this paper, heavy-tailed distributions refer to distributions with finite mean but without finite variance.



families of Wasserstein metrics that could resolve, or at least lessen, this trade-off. We present a
general framework that formalizes this simultaneous pursuit of robustness and data-drivenness in
terms of the choice of a Wasserstein metric, and identify a large class of Wasserstein metrics, termed
coherent Wasserstein metrics, that allows for exploring this pursuit.

The class of coherent Wasserstein metrics is motivated by the attempt to generalize the type-1
and the type-oo Wasserstein metric from a new perspective. An observation can be made that
the type-oo Wasserstein metric can be viewed as a risk-averse counterpart of the type-1 Wasser-
stein metric, which replaces the expectation operator of the latter (see (5) in Section 2) with the
worst-case risk measure, i.e. ess-sup, to summarize a transportation cost distribution (Kantorovich
and Rubinshtein (1958), Rachev and Riischendorf (1998), Villani (2008)). Coherent Wasserstein
metrics generalize this observation by adopting a general class of risk measures, namely coherent
risk measures (Artzner et al. (1999), Delbaen (2002)), to summarize a transportation cost distribu-
tion, which consists of the expectation and the worst-case risk measure as special cases. Coherent
Wasserstein metrics can be interpreted also as general risk-averse formulations of the optimal trans-
port problem arising from the classical definition of the Wasserstein metric (Villani (2008)). We
show that coherent Wasserstein metrics provide a powerful means to reconcile the type-1 and the
type-oo Wasserstein metrics and offer the opportunity to identify new families of Wasserstein met-
rics motivated by the popularity of risk measures such as Conditional value-at-risk (CVaR) (Acerbi
and Tasche (2002), Kratschmer et al. (2019), Embrechts et al. (2014)) and expectiles (Bellini et
al. (2014), Bellini and Bernardino (2017), Gneiting (2011)). Like the Wasserstein metric, coherent
Wasserstein metrics are theoretically sound in that they satisfy all necessary properties of a distance
metric. We call the resulting DD-DRO formulation generalized Wasserstein distributionally robust
optimization (GW-DRO) and show that GW-DRO generally satisfies the desirable conditions posed
for DD-DRO, namely finite-sample guarantee, asymptotic consistency, and computational tractabil-
ity (see Section 2.2 for detailed definitions).

From an optimization perspective, GW-DRO represents a new class of DRO problems that are
distinctly different from existing DRO problems in two aspects. Firstly, the worst-case expectation
problem embedded in GW-DRO has a nonlinear constraint in distribution, whereas existing worst-
case expectation problems in DRO such as Wasserstein DRO generally have linear constraints
in distributions, taking the form of moment constraints. Secondly, as shown in this paper, the
worst-case expectation problem of GW-DRO is in general a nonconvex optimization problem in
distribution, which to the best of our knowledge has not been studied in the DRO literature. These

differences are significant, which render existing DRO analysis no longer applicable to studying



the tractability of GW-DRO. In this paper, we take a different approach to studying the tractabil-
ity of the worst-case expectation problems. Instead of relying on the common analysis starting
from a dual problem formulation, we tackle directly the worst-case expectation problem from a
primal perspective, and show how it can be reduced to a finite-dimensional optimization problem.
Leveraging this finite-dimensional result, we then show how GW-DRO problems can be tractably
solved as convex programs. Our approach of tackling the primal problem first and then deriving
more tractable formulations is novel, which opens the door for solving a more general class of DRO
problems. As a by-product, it provides an alternative, possibly simpler, way to derive the tractable
formulation for Wasserstein DRO.

In addition to general tractability results, we provide also in-depth analysis of GW-DRO by
focusing on two important instances of Wasserstein balls, defined by CVaR- and expectile-based
Wasserstein metrics. We show that the worst-case expectation problems in these instances can be
solved in closed-form when the loss function is convex Lipschitz continuous and the support set is
unconstrained. These closed-form solutions are highly interpretable and structurally comparable
to the solutions for the type-1 Wasserstein DRO. In particular, we show that the solutions for
the case of expectile-based Wasserstein ball, CVaR-based Wasserstein ball, and type-1 Wasserstein
ball are closely related in that they exhibit an “inclusion” relationship with the first being most
general. This applies also to their respective worst-case distributions, with the first having the most
flexible, or the richest, worst-case distribution structure. The closed-form solutions, when applied
to contexts such as machine learning, could be interpreted also from a regularization perspective
(c.f. Kuhn et al. (2019)). For instance, GW-DRO in these applications, when adopting CVaR-based
Wasserstein balls, boils down to aggregating different regularized empirical minimization problems
into a single minimization problem, and thus could be viewed as an ensemble of regularized models.

In the following, we summarize the key contributions of this paper.

1. We propose, in the spirit of data-driven distributionally robust optimization, a theoretically
sound framework for studying different families of Wasserstein metrics. The framework sheds
light on the potential limitation of the existing family of Wasserstein metrics and offers guid-
ance to discover new families of Wasserstein metrics better suited for designing a richer, yet

not only conservative, form of ambiguity sets.

2. We introduce a new family of coherent Wasserstein metrics and show that the corresponding
distributionally robust optimization models, i.e. GW-DRO, enjoy all the desirable properties
of a data-driven model for solving a stochastic program, namely finite-sample guarantee,

asymptotic consistency, and tractability.



3. We provide a new systematic approach to studying the tractability of distributionally robust
optimization problems without relying on the common duality scheme. It allows for tackling
non-convex worst-case expectation problems naturally arising from GW-DRO and proving

their tractability with the discovery of hidden convexity.

4. We present the application of GW-DRO to operations, finance, and machine learning prob-
lems. In particular, we show that in many of these problems a deep connection can be drawn
between Wasserstein DRO and GW-DRO. Most notably, while the former is known to have
a regularization interpretation in applications such as machine learning, the latter offers an

even richer, and more novel, regularization interpretation.

2 Wasserstein data-driven distributionally robust optimization

As the basic setup, we denote a decision vector by x € R", a random vector of interest by £ ~ P,
supported on a convex set = C R™ ie. P({ € Z) = 1, and a loss function h : R" x R™ — R
by h(z,€), which depends on a made decision x and the realization of the random vector £. In
many practical problems of interest, one seeks to find a decision x that minimizes the expected loss
EF[h(x,£)], i.e. solving

J* := inf {Ep[h(m,f)] :/

zeX =

A P(S) | )
where X denotes a feasible set of solutions.

Data-driven optimization refers to finding a solution to the above problem when the distribution
P can only be partially observed through a finite set of data 5\1, - §A n sampled independently from
the distribution. One common data-driven method is to directly replace the distribution P with

the empirical distribution @N = % Zf\i 1 55 and solve instead the following optimization problem

~ N —~
Jsan = inf {EPN [h(z,§)] = %Z h(x,&)} : (2)
=1

This method, also known as sample average approximation (SAA), is susceptible to sampling er-
rors and suffers from the issue of the optimizer’s curse (bias), i.e. disappointing out-of-sample
performances (Kuhn et al. (2019)). As a remedy, data-driven distributionally robust optimization

(DD-DRO) was proposed as a new data-driven method, which offers a solution that mitigates the



adverse impact of sampling errors by solving the following minimax optimization problem

Jy = inf sup EF[h(z,¢)]. (3)

TEX peB(Py)
The set IB%(@N), known as ambiguity set, is a set constructed based on the empirical distribution
Py, which contains the unknown distribution P in (1) with high probability. A solution generated
from (3) is robust against sampling errors in that it is guaranteed to perform the best with respect
to the most adversarial distribution from the set B(@N). A natural construction of the set IB%(I@N)

takes the general form of
Bd (@N) — {FP’ e M(E): d (@N,IP) < 5} , (4)

where M(Z) denotes the set of all distributions supported on =, d(P1,P) stands for a probability
metric that measures the distance between any two distributions Py, P; € M(Z), and e refers to
the radius of the ball centred at the empirical distribution I/P\>N.

The quality of the solution generated from (3) depends critically on the structure of the ambi-
guity set Bg(@N), which in turn depends on the choice of the probability metric d. Among several

proposed probability metrics, the (type-1) Wasserstein metric (Kantorovich and Rubinshtein (1958))

) - I is a joint distribution of &; and &
dw (P1,Py) :=inf ¢ B [[[§1 — &of] ; (5)
with marginals P; and Py, respectively
has stood out as a popular choice, given its applicability to a large class of distributions, i.e. any

distributions P1, Py € M(ZE) that have finite first moments. In particular, it allows for constructing

a ball
BY @N) = {IP’ e M(E) : dw (@N,P) < 5}

that contains a rich set of distributions.

The ball IFBXV (I@ ~) is advantageous from a robustness perspective, i.e. containing various forms of
distributions, but its flip side is less mentioned in the literature of Wasserstein DRO. Namely, it may
contain overly-disperse distributions that differ too noticeably from the empirical distribution and
thus be considered overly-conservative. As a useful contrast to highlight the limitation of the ball

constructed from the type-1 Wasserstein metric, let us consider the following variant of Wasserstein



metric, known as the type-co Wasserstein metric:

) - IT is a joint distribution of & and &
doo (P1,Py) :=inf < ess-sup ™ [|§1 — & . (6)
with marginals P; and Py, respectively

Its induced ball
By (@N> - {IP € M(E) : duo (@N,P) < 5}

would contain only distributions that fully concentrate in a neighbourhood of samples 51, ,E N
bounded by e, and thus resemble to a greater extent the empirical distribution. The ball constructed
from the type-oo Wasserstein metric thus has the merit of data-drivenness. The price to pay to
adopt the type-oo Wasserstein metric is high, nonetheless, from a robustness perspective, as the
metric is only applicable to distributions with bounded support.

One can see that the two Wasserstein metrics dyw and d essentially differ in how they summarize
the distribution of ||£; — &2||. To formalize this point, we call a random variable X a transportation
cost random variable from Py to Py if there exist & ~ Py, &3 ~ P such that X 4 I€&1 — &2|. Let p
denote a real-valued function that maps a random variable X to a real value. In the case of type-1
Wasserstein metric dyw, we have p := [E, whereas in the case of type-oo Wasserstein metric we have
p = ess-sup. The type-1 Wasserstein metric dw could induce an overly-conservative ball IEBXV(@N),
because the expectation E is indistinguishable for deviations of X at different quantiles, whereas
the type-oo Wasserstein metric induces a ball IB%;"C(IF’N) that can contain only distributions with
bounded support, because esssup, as the worst-case risk measure, is the strongest tail measure.

Taking this perspective, we seek to identify in this paper a new class of Wasserstein metrics
that can reconcile the type-1 and type-oo Wasserstein metrics so that these metrics can be well
justified from both robustness and data-drivenness perspective. We formalize this pursuit in the
next section, where a new class of Wasserstein metrics, called coherent Wasserstein metrics, will be

introduced.

2.1 Coherent Wasserstein metrics

We begin by defining {ps}aca as a class of real-valued functions used to summarize the distri-
bution of a transportation cost random variable, where A is an index set. The induced Wasserstein

distance between two distributions P; and Py is defined as

) - IT is a joint distribution of & and &
dpo (P1,P2) :=inf § p (&1 — &) | . , ; (7)
with marginals Py and Py, respectively



and a ball of radius € centred at the empirical distribution I@N can be defined accordingly as
Bga <@N) = {P S M(E) : dpa (@N,P) < 8} .

The novelty of our framework lies in taking a set perspective, i.e. a € A, to study properties that
a whole family of Wasserstein metrics {d,, }nca should satisfy, rather than considering each metric
separately. This perspective, which is largely missing in the literature of Wasserstein distributionally
robust optimization is essential, we believe, when it comes to studying the choice of a Wasserstein
metric. Built upon the observation made about the type-1 and type-co Wasserstein metrics dyy
and do, namely that the former is advantageous from a robustness perspective whereas the latter
is advantageous from a data-driven perspective, we define the following two desirable properties for
a family of metrics {d,, }aca. These two properties capture the simultaneous pursuit of robustness

and data-drivenness underlying the philosophy of data-driven distributionally robust optimization.

(i) (Robustness) A family of metrics {d,, }oc4 is said to have the property of robustness if for
each o € A, p, is well-defined (takes finite value) for any transportation cost random variable
X that has finite first moment, i.e. L' random variables. Any distribution with finite mean

is contained in a Wasserstein ball BZ* (Py) for some £ > 0.

(ii) (Data-drivenness) A family of metrics {d,, }aca is said to have the property of data-
drivenness if there exists a sequence of indices o, € A, n € N, such that p,, converges
to the worst-case risk measure ess-sup. The Wasserstein ball B?*" (Py) converges to B;VC(@ N),

as n — oQ.

These two properties together ensure that a family of metrics {d,, }ac4 is rich enough to, on the
one hand, accommodate distributions with a more adversarial form, e.g. heavy-tailed distributions,
like the type-1 Wasserstein metric, and on the other hand be used to approximate the functionality
of the type-oo Wasserstein metric. Clearly, the singleton {dyw} satisfies robustness but not data-

drivenness, whereas the singleton {d } satisfies data-drivenness but not robustness.

Definition 1. We call a family of metrics {d), }aca data-driven distributionally robust Wasserstein

(DD-DRW) metrics if they satisfy both the properties of robustness and data-drivenness.

When p,(X) = E[Xp]l/ P p € [1,00), the induced distance is the Wasserstein metric of order
p. It is clear that the family {d,,},c[1,) is not DD-DRW, because it satisfies data-drivenness,

i.e. pp(X) converges to ess-sup(X) as p — oo but not robustness, i.e. the ambiguity set B£ (I/P\’N)



fails to account for heavy-tailed distributions for some p > 1. This points out the potential limi-
tation of applying the family of p'"-order Wasserstein metrics. Namely, the price that needs to be
paid to construct a less conservative ambiguity set B2* (@N) is high from a distributionally robust
perspective — one has to forgo any heavy-tailed distribution of practical interest.

It is natural to wonder if the limitation of the family {d,, },c[1,00) lies in its use of p'f-order
power function. We show below that the limitation comes more fundamentally from the use of

expected functionals to summarize the transportation cost random variable X.

Proposition 1. The family of metrics {d,, taca, where pa(X) = L1 (E[lo(X)])?, o € A and L, is
increasing convex function and £, (0) =0, a € A, is not DD-DRW.

We now introduce a new class of Wasserstein metrics, called coherent Wasserstein metrics, that

generalize the type-1 and type-oo Wasserstein metrics from a risk measure perspective.

Definition 2. (Coherent Wasserstein metrics) A metric d,(-,-) : M? — R, is called a coherent
Wasserstein metric if it takes the form of
4,(P1,Py) i inf PH(H& &) II is a joint distribution of & and & ’ ()
with marginals P; and Py, respectively

where p is a law-invariant coherent risk measure, i.e. satisfying p(0) = 0 and the following properties:

(translation invariance) p(X + ¢) = p(X) + ¢ for any ¢ > 0,

(monotonicity) p(X1) = p(X2) for any X; > Xo,

(subadditvity) p(X;1 + X2) < p(X1) + p(X2),

(positive homogeneity) p(cX) = cp(X) for any ¢ > 0,

(law invariance) p(X1) = p(X2) for any X3 4 x,.

The use of a law-invariant coherent risk measure p is motivated by its well-established proper-
ties in the literature of risk measures (Artzner et al. (1999), Kusuoka (2001)) and that it naturally
includes the expectation E and the worst-case measure ess-sup, as limiting cases. Coherent Wasser-
stein metrics can be viewed as natural risk-averse formulations of the classical optimal transport
problem (Villani (2008)). We show firstly that coherent Wasserstein metrics, like the classical

Wasserstein metrics, are valid distance metrics.

Proposition 2. Any coherent Wasserstein metric d,(-,-) : M(Z) x M(E) — Ry satisfies the

following properties of a distance metric

2For a non-decreasing function /, its inverse function is defined as £~'(z) = inf{y : £(y) > x}.
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(i) (Identity of indiscernibles) d,(P1,P2) = 0 if and only if Py = Ps.

(i1) (Symmetry) d,(P1,P2) = do(P2,P1) for any Py, Ps.
(iii) (Triangle inequality) d, (P1,P2) + d, (P2, P3) > d, (P1,P3) for any Py, Py, Ps.
(i) (Non-negativity) d,(P1,P2) > 0 for any Py, Ps.

It turns out that coherent Wasserstein metrics offer the needed flexibility for building a family
of metrics {d,, }anca satisfying the property of DD-DRW. We highlight below that a family of
metrics {d,, }aca composed of coherent Wasserstein metrics naturally satisfies the property under

very mild conditions. Recall that VaR,(X) is the Value-at-Risk of X at level v defined by
VaRo(X) = F Y (a) =inf{z: F(z) > a}, X ~F,

and a function g : [0,1] — [0,1] is called a distortion function if it is increasing and satisfies

g(0) =0,g(1) = 1. We denote the left-derivative function of g by ¢'.

Proposition 3. A family of metrics {d,, }aca, where d,, is a coherent Wasserstein metric, satisfies

DD-DRW if and only if for every a € A, p, can be represented by

1
palX) = sup [ VaRa(X)dg(a), )
9gEH po, JO
where H,,, is a subset of convex distortion functions satisfying ca := Supgyey, 19|l < o0, and

Jay, € A, n € N such that c,,, — 00 as n — 0.

The representation (9) is known as the dual representation of a law-invariant coherent risk
measure. The property of DD-DRW, particularly the robustness condition, boils down to re-
quiring first the existence of such a representation. This is a very mild condition in that any lower-
semicontinuous coherent risk measure is known to have a dual representation (see, e.g. Kusuoka
(2001), Jouini et al. (2006) and Rischendorf (2013)). This observation, more importantly, reveals
that to build a family of metrics {d,, }nca satisfying DD-DRW, a generalization of Wasserstein
metrics from a dual perspective, i.e. coherent Wasserstein metrics, is critical. This is in shape con-
trast to a generalization from an expected functional perspective, i.e. Proposition 1. The property
of DD-DRW further requires that the set H,, in (9) contains only Lipschitz continuous distortion
functions with uniformly bounded Lipschitz constants, i.e. bounded by ¢, and that there exists a
sequence of supyey,, 9’ in @ € A converges to the infinity. It is not hard to identify families

of coherent risk measures satisfying these conditions. In particular, we identify the following two

11



families of coherent Wasserstein metrics, defined through Conditional Value-at-Risk (CVaR) and
expectiles, that satisfy DD-DRW. CVaR and expectiles are two most popular risk measures pro-
posed as convex substitutes for the traditional risk measure, Value-at-Risk (VaR). In the remainder
of this paper, we will pay particular attention to these two families of coherent Wasserstein metrics

to demonstrate the practical value of our new framework.

CVaR-Wasserstein Metric

Take p as CVaR at level « € [0, 1), i.e.,

1 1
p(X) = CVaR,(X) = . a/ VaRy(X)du, «€[0,1).
We obtain the following metric
dovar, (P1,P2) := inf {CVaRy (||& — &]) : I € TI(Py, Po) } (10)

and the CVaR-Wasserstein ball
Bl <@N> = {P € M(E) : devar, (@N,P) < 5}, a e 0,1).

Expectile-Wasserstein Metric

Recall that the expectile e, (X) of X at level a € [0,1) is defined as the unique solution to
OB [(X = 2)4] = (1 - )E[(X — 2)_],

where a4 = max{a,0} and a— = max{—a,0}. e,(X) is coherent for any o € [1/2,1), reduces to
the mean E when oo = 1/2 and converges to the worst-case risk measure ess-sup as o — 1.

Taking p as expectile e, (X) at level a € [1/2,1), we have the following metric

de, (P1,P2) == inf {e (|61 — &) : T € TI(Py, P) } (11)

and the expectile-Wasserstein ball
B) e (PN> = {]P e M(E) : de,, (IP’N,]P) < g}, ac[1/2,1).

We close this section by providing a simple demonstration of how the family of CVaR-Wasserstein

12



metrics allows for constructing Wasserstein balls that can, on the one hand, contain heavy-tailed
distributions of practical interest and on the other hand converge to the type-oo Wasserstein ball,
as a — 1. It is worth noting that by adopting a family of coherent Wasserstein metrics {d,, }aca,
the property of robustness in fact implies that for any £ > 0, the ambiguity set B2* (@N) always

contains a heavy-tailed distribution.

Example 1. A function F, g with v, 8 > 0 is called a Pareto distribution if

\ 7

Suppose that P = do, i.e. a point mass at 0. Let us define the following two sets. The first is
based on the p™-order Wasserstein metric for some p > 2, whereas the second is based on the

CVaR-Wasserstein metric for some « € [0,1)

~

Bi(p) = {Fy3 : dw,(Fy3,P) <e, 7,6>0}, p>2,

Ba(a) = {Fy5 : dovar, (Fy5,P) <&, 7,8 >0}, a€[0,1).

Figure 1 demonstrates Pareto distributions with different v that are feasible to the CVaR-
Wasserstein ball Bo(«) for o = 0 (the left figure) and for @ = 0.99 (the right figure). Note first
that none of the heavy-tailed distributions in the figures are feasible to the type-p Wasserstein ball
Bi(p), p = 2, since for any p > 7, de(F%/g,I/ES) = 00, and thus, F, 3 € Bi(p). In contrast, for
any a € [0,1) and v > 1, there always exists 3 such that F, g € Bo(a).® Moreover, comparing
the feasible Pareto distributions between the two figures, one can see that the Pareto distributions
in the right figure (the case a = 0.99) concentrate significantly around the sample point 0 while
retaining “a bit of” heavy tail. This showcases how the family of CVaR-Wasserstein allows for the
simultaneous pursuit of robustness and data-drivenness. In the case o = 0 (the left figure), the

CVaR-Wasserstein metric reduces to the type-1 Wasserstein metric and one can see from the figure

that the feasible Pareto distributions disperse to the right noticeably away from the sample point,

3For a € (0,1), it holds that

dcvaRre (ny,ﬁ,@) = 1 ia / [ﬁ(l _ u)fl/’Y _ ﬂ] du — %(1 _ a),l/,y _ 3

This implies

BQ(Q) = {F'Y»ﬂ : %(1 7&)71/’Y -1 < %7 77/3 > 0} .

Note that limg_,0 £/ = oo which implies for any v > 1, there exists 8 > 0 small enough such that % (l—a)*l/v —-1<
g/p. So, for each v > 1, there exists 8 > 0 such that F, 3 € Ba(a).
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which shows the conservative nature of the type-1 Wasserstein metric.
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Figure 1: Feasible distributions in By(«) with € = 0.1 for a = 0 (left) and o = 0.99 (right).

2.2 Generalized Wasserstein distributionally robust optimization

We call the data-driven distributionally robust model (3) with an ambiguity set defined based on
a coherent Wasserstein metric d,,, , i.e. IBS(I/P\’ N) = BE~ (@ N), generalized Wasserstein distributionally
robust optimization (GW-DRO) model. From this point on, we let J, ~ and Zn denote respectively
the optimal value and the optimal solution to the GW-DRO model.

We will demonstrate throughout this paper that GW-DRO, like Wasserstein DRO (Esfahani
and Kuhn (2018)), has all the desirable properties of a data-driven model for solving the stochastic
program (1), namely finite-sample guarantee, asymptotic consistency, and tractability. The first
refers to the guarantee that the out-of-sample performance of Ty can be bounded, with some
confidence level, by the optimal value J; N when the ambiguity set B2* (I/P\’N> is properly calibrated,
the second refers to assurance that J; ~ and Ty would converge respectively to the optimal value
and solution to the nominal problem (1) as N — oo, and the third refers to the computational
tractability of solving the minimax problem (3) for many loss functions h(z, &) and sets X.

We provide precise statements regarding the first two properties below. In particular, we high-
light that GW-DRO enjoys these two properties under a rather mild condition on the risk measure

Pa-
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Proposition 4. (Finite sample guarantee) Let p, denote a risk measure with the representation
(9) satisfying g'(1) < ¢,Yg € H,, for some c € R, and P be a light-tailed distribution, i.e. satisfying
A =E [exp ([[€]|*)] = Jzexp ([€]1*) P(d€) < oo, for some a > 1.

Assume that JAN and Ty represent the optimal value and an optimizer of the distributionally

robust program (3) with an ambiguity set IB%(]TDN) = Eg:(n) (@N>, N €N, for somen € (0,1), where

1/mo

ce 9 Zf €0 < ¢, lo
en(n) = (1) €0 = gc(cjif/n)
cso/a, if €0 > c, 2

for some constants c1,co only depending on a, A, m and mg = max{m,2}. Then, it holds the finite

sample guarantee

pN {EN LEP [h(Zy, €)] < fN} >1-n. (12)

kn

1/m2
Proposition 5. (Asymptotic consistency) Under the condition of Proposition /, leten = <W> ,
N € N where kx/N°% — 0 and log N/ky — 0 as N — oo for some § < 1, my = max{m,2}, and
assume that JAN and T represent the optimal value and an optimizer of the distributionally robust

program (3) with an ambiguity set B(Py) = B2 (I@N» N e N.

(1) If h(xz, &) is upper semicontinuous in & and there exists L > 0 with |h(z, £)] < L(1+ [[£]]) for
all v € X and & € 2, then P>*-almost surely we have jN $ J* as N — oo where J* is the

optimal value of (1).

(i1) If the assumptions of assertion (i) hold, X is closed, and h(x,&) is lower semicontinuous in
x for every § € E, then any accumulation point of {Tn} ycy is P*-almost surely an optimal

solution for (1).

These two guarantees are qualitatively identical to those of the Wasserstein DRO (c.f. Esfahani
and Kuhn (2018)), except further parametrized by the exact specification of the risk measure p,.
Both guarantees require only that any distortion function g that may be invoked by (the dual
representation of) the risk measure p, has a bounded density at the worst-case value, i.e. the
condition ¢’(1) < ¢,Vg € H,,. One can observe by Proposition 3 that, somewhat interestingly, any
coherent Wasserstein metric d,, chosen from a DD-DRW family {d,, }aca would naturally meet
this requirement. DD-DRW families of metrics are thus of rather convenient choices.

Lastly, with regard to the tractability of GW-DRO, we will demonstrate in Sections 3 and 4
that the minimax problem (3) can often be solved as finite-dimensional convex programs for many

loss functions h(z, ) arising from practical applications. In particular, we consider cases where the
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loss function h(x, &) is either a general concave or convex function in &, and as motivating examples

we present first in the next section a number of applications.

2.3 Illustrative examples

The first application is the classical two-stage planning problem with recourse decisions, which
is particularly common in operations management contexts. The loss function h(z,¢) in this appli-
cation could either be concave or convex in &, depending on the exact setting of the second-stage

problem.

Example (i): Two-stage problems with recourse

Let xy denote the first stage, or “here-and-now”, decision that needs to be made before the
realization of a random vector £ ~ P. In the case where the distribution PP is unknown, the

following two-stage distributionally robust linear program naturally arises

miI}licho—F sup E*[Q(w0, &),
To€ PeB(Py)

where Q(x, ) is the recourse function capturing the optimal value of the recourse problem. It can

take either the formulation of
Q(wo,§) = min {a] Q¢ | Two+ W1 > h},
where the objective of the recourse problem is uncertain due to £, or the formulation of
Q(x0,&) = H%lln {qunl | Txg + Waxy > h+ Hf} ,

where the “right-hand-side” of the recourse problem is uncertain. Applications of these two cases
can be found, for instance, in Bertsimas et al. (2010). Clearly, the first case corresponds to a loss
function A(z,€) in (1) that is concave in &, whereas the second case corresponds to a loss function
h(zx, &) that is convex in &.

The next application is a problem of fundamental interest in finance.

Example (ii): Portfolio optimization

Let £ ~ P denote a random vector of returns from n different financial assets. The problem

of robust portfolio optimization is a widely studied topic (see, e.g. Delage and Ye (2010)), where
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a portfolio vector z € R" needs to be sought that maximizes the worst-case utility subject to

investment constraints captured by X

max inf EF[u(¢’2)].

X peB(Py)
The utility function v : R — R is non-decreasing and is often assumed to be concave so to capture
the risk-aversion attitude of an investor. This corresponds to a loss function h(z, &) := —u(¢"z) in
(1) that is convex in &.

The last application is motivated by the recent surge of interest in statistical learning.

Example (iii): Machine learning

In supervised learning, a random vector £ := (£%,£Y) ~ P represents an input-output pair and
the goal is to seek a predictor (function) f(&*; 3) parameterized by S that best maps a given input
value £ to a predicted output value. The issue of sampling errors, i.e. the uncertainty of IP, has

motivated the recent study of the following distributionally robust statistical learning problem

min sup EF[(f(€7;8),€Y),

BEB pepBy)
where / is a function capturing losses incurred from prediction errors. We make the common
assumption of a linear predictor, i.e. f(£%;5) = BT&® for some B € B. In the case of a regression

problem, i.e. £&¥ € R, one can set
U(f(E%B),8Y) :=0(BTE® —¢&Y), for some £: R — R,

and [|& — &l = ||(&F,&)) — (65,&5)|| (in (7)), whereas in the case of a classification problem, i.e,

&Y € {—1,+1}, one can set
U(f(€%;8),€Y) :=4(€Y - BTE™), for some non-increasing ¢ : R — R,

and [|& — &l == (|67 — &5 ||+ (&) — &) (in (7)) where I(s) = 0 if s = 0 and I(s) = oo otherwise. The
function ¢ chosen in most machine learning methods is a convex function (see e.g. Shafieezadeh-
Abadeh et al. (2019)). The case of regression would thus correspond to a loss function h(z,§) in
(1) that is convex in &. In the case of classification, since the chosen norm ||&; — &|| assumes the

cost of perturbing an output is infinitely large, any distribution P € IB%(I/E;’N) would differ from the
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empirical distribution @N only along the input space. We thus need only the observation that the

loss function is convex in input variable &*.

3 Solving GW-DRO with concave loss functions

To study the tractability of solving GW-DRO, we focus first on the inner maximization problem
of (3) — the worst-case expectation problem. For notational convenience, we suppress the decision

variable z in SUPpep )EP [h(x,€&)] and write the problem as

(Pn
sup  EF[((€)] (13)
PEM(E)

subject to d, <@N,IP’) <e.

Throughout this section, we consider the case where the loss function ¢ is concave in £. Following
the definition of coherent Wasserstein metrics, the above problem can be stated also in terms of the

joint distributions II

sup EM[((€)] (14)
subject to p"'([|€ — &[|) <,
Il € M(Z?) is a joint distribution of & and ¢

with marginals @N and P, respectively.

The above problem is distinctly different from and structurally more involved than the worst-case
expectation problem from Wasserstein DRO in that it is a nonlinear optimization problem over
the variable II due to the nonlinearity of the function p''. An even more fundamental challenge of

solving the problem (14) lies in the following observation.

Proposition 6. The feasible set of I1 in (14) may be nonconvez, and thus the worst-case expectation

problem (14) is a nonconvex optimization problem in general.

Proof. We show this by considering a representative class of metrics, CVaR-Wasserstein metrics.
For p = CVaR, and (1 — «) > 1/N, let
1 & 1 & 1
=% 25@,&%) and Il = = Z;‘S@@ T V@& Nee(1-a)
1= 1=

where e € R™ satisfies |le|| = 1. One can verify that CVaRgi(Hg— &|l) =e, for : = 1,2, that is, IT;
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and IIy are feasible solutions of the problem (14). Denote by Iy = (1 — A)II; + All, for A € (0, 1).
We have

(I—a)A+[1—a—A\/N] 1
- :€+5/\<1—N(1_a)>>5,

which means IT) is not a feasible solution of the problem (14). We therefore conclude that problem

CVaRIM(|l€—¢|) =€

(14) is a nonconvex optimization problem in general. ]

The problem (14) is thus an infinite-dimensional nonconvexr optimization problem in general
that is not amenable to convex analysis. The non-convexity of (14), as highlighted in the above
proposition, naturally arises from coherent risk measures p'! that are concave in distributions.
These risk measures, such as CVaR and its extensions, could assign a higher risk value to a mixture
distribution, i.e. a convex combination of two arbitrary distributions, reflecting the uncertainty
resulting from the mixture. Because of the nonconvexity, the common strategy of analyzing the
tractability of worst-case expectation problems, which starts from studying first their dual problems,
is no longer applicable to (14). In this paper, we show how to bypass this difficulty by analyzing the
worst-case expectation problem (14) first from a primal perspective, i.e. solving the problem (14)
directly. Our analysis reveals that somewhat surprisingly, the problem (14) in its most general form

can always be reduced to a structurally simple finite-dimensional convex optimization problem.

Theorem 1. If { is concave, then the worst-case expectation problem (14) is equivalent to

1 N
s o> lw) (15)

Yi,-- YN ER™ i=1

~ ~ ~ 1
subject to p"([[€ — &) < e, T((E,€) = (&, w:) =

Na Yi
That is, the worst-case distribution to the problem (15) always takes the form of

N

N

1 . 1

H:N;é@y;), ie. P_Nz;ay;,
1= 1=

where y, i = 1,..., N, is the optimal solution to the problem (15). The theorem is general in that
it does not rely on any assumption of the function form of p, other than the general property of
coherent risk measures. The feasible set of y;, ¢ = 1, ..., IV, is clearly a convex set, since for any two

feasible solutions ygl), y§2) € Z,i=1,...,N, and their convex combination yl@ = Ayi(l) +(1- )\)yi@),
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i=1,...,N, A €]0,1], we have

p(I€ = &, < POIE = Emll + 1 = NIIE = &) < M€ - Eml) + 1 = Np(llE - e ) <e

where &, denotes a random variable such that (E, &) has the distribution II, = % Zfi 10 . The

(&vi)
theorem lays an important basis for studying the tractability of GW-DRO in general and can be
extended further, as shown in the next section, to even more general class of loss functions £.
Theorem 1 can be further exploited to identify the dual of the worst-case expectation problem
(14). Namely, the convexity of the reduced problem (15) renders it now amenable to analysis
using convex duality. We show in the following how the dual problem can be obtained also as a
finite-dimensional convex minimization problem. This alternative formulation can be conveniently

integrated with the outer minimization problem in (3) so to solve the overall problem of GW-DRO

(3) as a single convex minimization problem.

Corollary 1. If ¢ is concave, then the problem (14) is equivalent to

1 N
inf e+ — s
A DL
subject to [—£]*(z; — v3) + o=(1i) — 2} & < si, i=1,..,N, (16)
[[2ill+ < pis i=1,..,N, (17)
N
=1
p
3 €4,

where A € R,p € RV, s € RV, 2, € R™, v; € R™, oz is the support function of =, A, is a subset of

a probability simplex, defined by

N
1
A, = {yeRN:HZNN;(Sy“ Zezp},
and Z, denotes the risk envelope of p, i.e. Z,={Z > 0:E[Z] = 1,E[ZX] < p(X) for all X}. It
is defined that 5 & A, for any p # 0 and % €A,

We now demonstrate how Corollary 1 can be applied to solve GW-DRO problems when the
ambiguity set IB%(I@N) in (3) takes either the form of CVaR-Wasserstein ambiguity ball B (I@N)
or expectile-Wasserstein ball IB%?Q) . (@N)
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Example 2. (CVaR-Wasserstein) Note that CVaR,, can be represented as (Theorem 4.52 of Follmer
and Schied (2016))

1
CVaR,(X)= sup E[ZX] with Zcvar, = {Z >0:E[Z]=1,Z< }

1
ZE€ZCVaRg, -

Hence, we have Acvar, = {y € Rf : Zfil yi = 1,y; <1/(1 —a)}. Thus, following Corollary 1, the
problem (3) with IB%(I@N) =B (I@N> can be solved by

| X
inf A+ — ;
Avp};,}ziv'ui =t N ;SZ
. A
subject to (16) — (18), p; < 1 , i=1,..,N.
-«

Example 3. (Expectile-Wasserstein) Note that expectile e, can be represented as (Proposition 8

of Bellini et al. (2014))

ea(X) = sup E[XZ] with 2., = {Z >0:E[Z] =

ess-sup/ «
pZ } .
Z€Z,,

Tess-infZ 1 — a

Hence, we have 4., = {y € RY : Zf\;l y; = 1,maxy/ miny < a/(1—a)}. Thus, following Corollary

1, the problem (3) with B(By) = B . (@N) can be solved by

i 1
inf Ae + NZ:,S@-,

AD,8,2i,Vi

subject to (16) — (18), p; < %pj, i,j=1,...,N.
-«

4 Solving GW-DRO with convex loss functions

Similar to the analysis presented in the previous section, we study the case of convex loss
functions by investigating first how the worst-case expectation problem may be solved from a primal
perspective. We show below that under the piecewise linear assumption, the worst-case expectation
problem can also be reduced to a finite-dimensional optimization problem for any ambiguity set

defined based on coherent Wasserstein metrics.

Theorem 2. In the case where the loss function £ is conver piecewise linear, i.e. £ = maxy—q

-----

where Ly, k =1,..., K, are linear loss functions, the worst-case expectation problem (14) is equiv-
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alent to

| N K
sup NZZP@@(&J’) (19)

pij7£ij i=1 j=1
subject to o (€ —€]) <e, (20)
II((&,6) = (&, &5)) =pij =0, & € 2, Vi, g,
K
Zplj_la Z_lv 7N
J=1

The above result reveals the feasibility of solving the problem also as a finite-dimensional op-
timization problem for any ambiguity sets defined based on coherent Wasserstein metrics. The
optimization problem (19), as it stands, differs from the finite-dimensional optimization problem
(15) presented in the previous section in that it further requires determining the probability p;;
for each support &;;, potentially rendering the problem (19) nonconvex. The tractability of the
optimization problem (19) now depends more heavily on the exact specification of p and needs
to be studied on a case-by-case basis. In the remainder of this section, we will focus on study-
ing the worst-case expectation problem (14) in greater detail for CVaR-Wasserstien ambiguity sets

B?‘l)’e (@N) and expectile-Wasserstein ambiguity sets ]B%?Q)’a (@N>

4.1 CVaR-Wasserstien ambiguity sets

By the well-known representation of CVaR (Rockafellar and Uryasev (2002)), CVaR,(X) =
inf,{t + {2-E[(X — t)1], the problem (19) can be explicitly written as

| N K
sup NZZP@‘@‘(&J‘) (21)

tvpijvgij i=1 j=1

N K

, 11 -

subject to t + TN E 1 § 1pz'j(||§ij —&ll—t)+ <e,
i=1 j=

K
j=1

The above problem is complicated by the need to handle the a-quantile variable ¢, a source of
nonconvexity to the problem. Despite this nonconvexity, we show in this section that the above
problem admits a more tractable reformulation in the case where the support set Z = R™. The
reformulation not only enables us to demonstrate the tractability of the worst-case expectation

problem SUPPGIB?U Fx) EP[£(¢)] for any Lipschitz continuous convex function ¢, but also reveals a

yE
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deep connection between the worst-case expectation problem supp_ga Bx) EP[¢(¢)] and the worst-
(1),e

case expectation problem formulated based on Wasserstein ambiguity sets, i.e. supy, cBY (B) EF[(€)).

Theorem 3. In the case where the loss function £ is a convex function satisfying

L := max ||0¢(x)|« < oo

rER™
and Z = R™, where || - ||« is the dual norm of || - ||, the worst-case expectation problem
s EFL()] (22)
GB((IU’E(HDN)
s equivalent to
max{ sup  ET[E)],  sup  EF[(O)] o, (23)
PeBy<(Py) IPGBE’IV_Q)E(IPN)
where
N
sup — Z max £(& + e), (24)
PGB;VC(@N) "N — eille|=1
and
1 on -
swp B = 1 D0 UE) + L1 - e (25)
PeBY_,,.(Pn) i=1

The above result is striking for several reasons. First, it reveals via (23) an elegant connection
between the worst-case expectation problem (22) and two other worst-case expectation problems,
one formulated based on the worst-case ambiguity set BY© (@ N) and the other formulated based on
the classical Wasserstein ambiguity set IB%E’Y_&) E(@N) with the radius € scaled by 1 — a. These two
latter problems can be solved respectively by a structurally simpler maximization problem (24) and
in closed-form (25). Second, (23) is surprising because it implies that there is no loss of generality

to reduce the set IB%?‘I) (IP’N) to the set

Bf :=B)_,).(Py) UBY(Py) (26)

for solving the worst-case expectation problem. The latter is, however, a considerably smaller set of
the former. To see this, note that the following set inclusion relationships follow straightforwardly

the fact that E[{] < CVaR,[¢] < ﬁE[{] for any nonnegative random variable £ and a € (0, 1).

~

BY_a)c(Pn) C BY) . (By) C BY (Py). (27)
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W
(1—a)e

B, 6(@]\/). The inclusion relationship IB;VC(@N) C B, E(@N) trivially holds, and the set IB%ZVC(@N) is

considerably smaller than B}, . (I/P\’N) in that B¢ (I@N) contains only distributions whose support is

As « increases, the set B (@N) converges towards I@N and thus is significantly smaller than

uniformly bounded from the support of P ~ by €. Figure 2 demonstrates these inclusion relationships

and highlights the considerable reduction from B?l),e(@N) to Bgia)g (@N) U B;VC(@N).

Figure 2: Relationships among the ambiguity sets

The figure and the set inclusion relationships (27) also demonstrate that while the worst-
case expectation problem supp_pa @) EP[£(¢)] can be bounded above and below respectively by
(1),e
SUPppw () EF[((¢)] and supy BY  (B) EP[£(€)], neither of the two can be used as a reasonable
€ (1—a)e
P P . . .
proxy to SWPpepe _(By) E"[¢(&)]. The problem SUPpepw (B ) E [£(€)] is overly-conservative, i.e. less

).€
data-driven, whereas the problem supp_pw Fx) EP[£(¢)] accounts for too little, or almost none,
(1—a)e

uncertainty, i.e. non-robust, as « — 1. Taking this perspective, we can further see how (23) sheds

light on the underlying mechanism of the worst-case expectation problem supp pa ( EF[e(€)] to
1

Pn)
(1),e

offer data-driven evaluation of expected cost while maintaining some guaranteed level of robustness.
Specifically, as @ — 1, i.e. increasingly data-driven, the set ]B%E}Y_a)a(@]v) in the reduced set E? (in
(26)) would shrink towards Py, while at the same time the worst-case ambiguity set IB%;VC(]/I\”N) in B
guarantees the minimum level of robustness by taking into account any distribution with support

maximally deviating by €. The set Bgﬁa)s (I/FS N) can turn to be a set providing additional robustness

when a — 0, in which case

sup  EF[()] < sup  EF[(€)). (28)
PeBY<(Py) PGB}’IV_Q)E(PN)

Third, this connection via (23) implies the following intriguing observation of the worst-case

distributions for the worst-case expectation problem (22).
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Corollary 2. Under the condition of Theorem 3, if max <1 E(Z, +ce) > é(@) for some &, then
there always ezists o € (0,1) such that the worst-case expectation problem (22) is attainable, i.e.

the worst-case distribution exists.

This is in sharp contrast to the worst-case distributions for the worst-case expectation problem
SUDpcpw (By) EP[6(¢)] formulated based on the Wasserstein ambiguity sets BYY(Py). Namely, as
shown in Proposition 7 in the appendix, the worst-case distributions for the latter generally do not
exist. The finding in Corollary 2 is difficult to identify directly from the property of the CVaR
metric. It might be tempting to suppose that the worst-case distributions for (22) may not exist
for any o € [0,1), given that the CVaR metric is the conditional analog of the expectation for any
a <1

Finally, we demonstrate how Theorem 3 can be applied to solve problems such as portfolio
optimization and machine learning mentioned in Section 2.3. Let us first make the following obser-

vation.

Corollary 3. In the case where £(§) = f(x &) and f is a Lipschitz continuous convex function in

R, the worst-case expectation problem (22) can be solved by

zeX

N N
minmax{;;fwé) + Lip(f) ol (1 - a)s,]i,;max{ﬁ(f& ~ellall), faleTE +euxu*>}},

where f1(t) = f(t) 1<) + f(t0) 1=ty and f2(t) = f(to)Li<toy + F(E)1istey and to € [—00, 00] is

such that f is decreasing on (—oo,ty) and increasing on (g, 00).

Example 4. (continue Example (ii), Section 2.3) Assuming the utility function u is Lipschitz

continuous, we can apply Corollary 3 to the robust portfolio optimization problem

min  sup  Ef[—u(¢ )]
zeX PeBy, _(Px)

by setting f = —u. We obtain the following convex program

N N
min max {;f S —u(@ &) + Lip(u) o]l (1 — a)e, % S (e TE - €||x||*)} .

€x
v i—1 i—1

Example 5. (continue Example (iii), Section 2.3) Let us consider first solving the distributionally

robust regression problem

mig sup Ep[f(ﬁTﬁm—gy)]a
PeE pepe, (@)
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where £ : R — R} is convex Lipschitz continuous. The function ¢ in regression is generally symmetric
with respect to the origin and ¢(0) = 0. That is, £(t) = £1(t) +{2(t), ¢1(t) = h(t_) and l5(t) = h(t4)
for some non-decreasing convex function h : Ry — R4, h(0) = 0. Applying Corollary 3, we arrive

at the following convex program

. LN (BTER — &) + Lip(0)[|(8, 1) ||+(1 — a)e,
mlgmax 1 N TAz y T " Ay
pe L3N max {w & — & — (8, —1)l«e), L2(8TEF — & + II(B,—l)H*é)}

Next, consider solving the distributionally robust classification problem

min sup - B[ BTN,
pe PeBY, . (Pn)
where £ : R — R, is non-increasing convex Lipschitz continuous. Applying Corollary 3, we arrive

at the following convex program

N N
mlnmax{]bz (€ BTER) + Lip(0)]| 3]l (1 — a)e Z fy-BT@”—HﬁH*s)}-

A list of Lipschitz continuous functions ¢ in regression and classification can be found for examples

in Shafieezadeh-Abadeh et al. (2019).

A regularization perspective It is known that applying the type-1 Wasserstein DRO to sta-
tistical learning problems such as regression and classification is equivalent to solving a classical
regularized empirical risk minimization problem (see e.g. Shafieezadeh-Abadeh et al. (2019).), i.e.
(a):% Zf\;l f(foAi)—kLip(f) |z« (1—c)e in Corollary 3, where the regularization term Lip(f)||x||.«(1—
a)e controls the size of the decision variable . One can see from Corollary 3 that applying GW-DRO
to statistical learning problems essentially boils down to aggregating two different forms of regu-
larized empirical problems, ie. (a) and (b): + SN max {fl (z7& —ellz|ly), falz & + 6H:UH*)},
and GW-DRO determines which regularized problem, (a) or (b), to apply according to which one
is more conservative, i.e. the one giving a larger value. Clearly, whether the regularized problem
(a) or (b) is more conservative would depend on the exact value of the decision variable z, i.e.
the choice of a regularized problem in GW-DRO is decision-dependent. One can observe that the
value of (a) would tend to be larger than that of (b), when a — 0, since the regularization term
Lip(f)]|z]/+«(1 —a)e in (a) would become more dominating. In other words, GW-DRO would behave
more similarly as the classical regularized problem as « decreases. This perspective that GW-DRO

could serve as an ensemble of different regularized problems appears to be of high novelty. In par-
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ticular, the idea of aggregating regularized problems by taking the pointwise maximum may offer

a means to address the general challenge of regularization scheme selection.

4.2 Expectile-Wasserstein ambiguity sets

One may expect that the worst-case expectation problem SuplP’eIBé)’e @) EP[£(€)] defined over
expectile-Wasserstein ambiguity sets is a more challenging, or less tractable, problem than the one
studied in the previous section, i.e. SWpepe (By) EP[£(€)], given the common belief that expectiles
are more sophisticated forms of risk measures than CVaR. We show in this section that perhaps quite
counter-intuitvely, the former is as tractable as, in fact generally more tractable than, the latter. In
particular, in the case where p = e,, the finite-dimensional problem (19), as shown below, always
admits a convex reformulation for any convex support set =. The expectile-Wasserstein ambiguity
sets IB%?Q) (IP’N) could thus be a more appealing choice than the CVaR-Wasserstein ambiguity sets
B?‘l)ﬁ(PN) when the support set is constrained, i.e. Z # R™. We obtain the following two convex

optimization reformulations, one in a maximization form and another in a minimization form.

Theorem 4. In the case where the loss function { is piecewise linear, taking the form of ¢(x) =

maxj:LMK{aij +b;}, the worst-case expectation problem

swp_ EF[L() (29)
]P’GIE&E’;)‘E (Pn)

is equivalent to the following convex mazimization problem

N K
sup Z Z (a Yij + fz +b; )plj) (30)

Pij 20,5 ER™ i=1 j=1
N K a1 N K _a
ZZ lyij Il — epij)+ + NZZ lyijll < o— 15

pzjzlv 2217"'7N7 £Z+ﬂ€'—'> VZ,],

Dij

subject to

= \

Mx

1

.
Il

where y;5/pij reads as oo if y;j # 0, pi; =0, and 0 if y;; = 0 and p;; = 0. Moreover, the problem
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s also equivalent to the following convex minimization problem

N
1
inf Ae + — ; 31
/\,S,lgj,vij = N ;Sl (1)
subject to b; + o=(ui; +aj) — u;l;gz + [Jvijll«& < s Vi, j,
l-—a .
luij +viglls < 5—72 Vi, J,

where A € R, s € RN,uij € R™, v;; € R™, and o= is the support function of =.

The formulation (30) is obtained from the problem (19) and can be used to compute the worst-
case distributions, whereas the formulation (31) is the dual of (30) and can be used to solve the
overall GW-DRO problem as a single minimization problem. The key observation from the above
result, particularly the formulation (30), is that while expectiles are similar to CVaR in terms of
general functional properties, i.e. both are coherent risk measures that are concave in distributions,
the feasible sets of distributions induced from the two, i.e. the feasible set of (19), have different
properties. Namely, the former is convex, whereas the latter is nonconvex. This demonstrates
also why exploring different coherent risk measures in defining an ambiguity set can be useful.
The above result may appear more limited than the result in the previous section in that the
loss function ¢ is assumed to be piecewise linear. As another key finding, we show next that
in the case where the support set = is unconstrained, i.e. = = R™, the worst-case expectation

problem supp_p : (@N)EP[E(@] can also be solved more generally for any Lipschitz continuous

«
(2
convex function /.

Theorem 5. Under the condition of Theorem 3, the worst-case expectation problem

sup  E7[((¢)] (32)
IPGIB%(O‘Q)’E(IPN)

is equivalent to

N
% Z max {E(é\z) + ALe, max E(é + 66)} (33)
i=1

llell=1

with = (1 —a)/a.

Besides shedding light on the tractability of solving the worst-case expectation problem (32)

for a more general class of loss functions, the above result shows, rather unexpectedly, that the
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problem (32) also admits a structurally simple reformulation, i.e. (33), which is comparable to the
reformulation (23) in the case of CVaR-Wasserstein ambiguity sets. Different from the reformulation
(23), which requires comparing only the sample average of ¢ (EZ) +L(1—a)e and the sample average of
max| |1 8(5—1—56), the reformulation (33) requires comparing first K(E’i)—i—ﬁLa and max|¢|— €(§A¢+Ee)
with respect to each sample 57 before taking the sample average. Overall, the two formulations are
very similar in terms of the total number of mathematical operations required for the computations.
Some further insight about the reformulation (33) can be drawn from the structure of the worst-case

distributions to the problem (32). Letting

I:= {izl,.. (fz)+BL€> max f(fz-i-ee)}

llell=1

one can verify that if I # (), then the discrete distributions

13
~ O~ 4
Z Etees + = Z |:< ||€mH> oz + ||€m|| £i+6ni:| ) (3 )

Z€I

(fz‘i’enz) E(fz) P L Z 6 I

where e; = arg max||¢|—1 E(a +ee), i € I, and e,; € R™ satisfies lim,, Tewi]

are feasible and asymptotically optimal to the problem (32) as n — oco. If I = (), then the worst-case

distribution becomes

N

1

P, = N E 5g+6€_ with e; = arg HmHaX ﬁ({z +ee), i=1,...,N.
i i 1

i=1

This second case, in particular, draws the connection between the problem sup, €By, @) EF[e(€)]
and the worst-case expectation problem supy, By (By) EF[¢(€)], since P, is the worst-case distribution
of the latter.

To best summarize and illustrate these distributions and their rich structure, we provide in Fig-
ure 1 an example based on three sample points. Each subfigure presents one representative structure
of the worst-case distributions (or more precisely, distributions that are asymptotically optimal to
the problem (32)). It is most useful to view these distributions by conditioning on each sample.
In particular, the conditional distribution is either a two point mass distribution with an arbitrary
small weight p — 0 put on a point that is arbitrary far from a sample and the remaining weight 1—p
put on the sample, or a distribution concentrated at a single point that is e-away from the sample.
The former is illustrated in the figure by placing no boundary (the cylinder) from a sample point,
whereas the latter is illustrated by a cylinder with a fixed radius €. These distributions are con-

siderably richer than those of the Wasserstein worst-case expectation problem supy, BY (Br) EP[6(€)]
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and the CVaR-Wasserstein worst-case expectation problem supp_ga @) EP[£(¢)] in that
(1),e
1. case I corresponds to the worst-case distributions of supp_pw By) EP[£(€)], where conditional

distributions with respect to all samples are not attainable,

2. case I and IV correspond to the worst-case distributions of supp _pa @) EP[¢(¢)], where con-
(1),e

ditional distributions with respect to all samples are either all unattainable or all attainable,

3. and case I to IV correspond to the worst-case distributions of supp_ga @) EP[£(€)], where
(2)e

the conditional distribution with respect to each sample is either attainable or unattainable.

In short, the structure of the worst-case distributions for the expectile-Wasserstein worst-case

expectation problem su o 5. EP[ can flexibly vary with respect to each sample.
p b Premy, (Bn)
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Figure 3: Worst-case distributions for suppcpe ) E [0(€)]

(2).e
With this observation, one can also interpret the parameter o« € (1/2,1) in the expectile-

Wasserstein ambiguity sets B I@N as a parameter that fine tunes the number of sample points
guity (2),e p
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contaminated by only bounded perturbations. As a — 1, the number of such data points in-
creases and the problem becomes increasingly data-driven and less conservative. The degree of
conservativeness, reflected by the worst-case expected value, would more subtly depend on such a
structural change of the worst-case distributions, as « varies. This can be seen by comparing the
formulation (33) for the problem supy, €8, _(Bx) EP[£(¢)] and the formulation (23) for the problem

SUDpcpa  (By) EP[¢(¢)]. The former depends more nonlinearly on « in a convex fashion, whereas
(1),e

the latter is simply a two-piece linear function in «. Figure 4 illustrates this difference.

4.0

— CVaR — CvaR
— Expectile — Expectile

35
35

Optimal value
Optimal value

25

25

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 4: Optimal values of sup, s, L (By) EP[f(z7€)] (denoted by CVaR) and
SUWPpepe _(By) EF[f(27€)] (denoted by expectiles), where f(t) = t21gy1<1y + (7[t] — 6)1gj¢>1} with

z=(1,2,-1)T, =02, and Py := 1 3% | 6, with & =(0.2,-0.32,05)7, & = (—0.2,-0.2,0.2) 7

and 53 = (0.3,—-0.1,—0.1)". Left: The lines are with respect to 3 = 81 = 1 — a (CVaR) and
B = P2 = (1 —a)/a (Expectile). Right: The lines are with respect to a.

As done in the previous section, we identify below the conditions under which there always exists
a < 1 such that the worst-case distribution exists. It is worth noting that the condition is stronger
than the condition identified in Corollary 2, but the two coincide when mingerm [|04(x)]| > 0, i.e.

the loss function ¢ does not contain any constant piece.

Corollary 4. Under the condition of Theorem 3, if max < f(@ +ee) > E(g) foralli=1,... N,
then there always ezists o € (1/2,1) such that the worst-case expectation problem (29) is attainable,

i.e. the worst-case distribution exists.

Finally, it is clear that Theorem 5 can be applied, just as Theorem 3, to solve problems in

Section 2.3 as convex programs.
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Corollary 5. In the case where £(&) = f(x &) and f is a Lipschitz continuous convex function in

R, the worst-case expectation problem (32) can be solved by

mm—zmax{ T&) + Lip(llallofe, filaTE —ellall), fole G+ elall)}, (35)

zeX N

where f1(t) = f(t) 1<ty + f(t0) sty and f2(t) = f(to)Li<toy + F(E)1estey and to € [—00, 00] is

such that f is decreasing on (—oo,ty) and increasing on (g, 00).

Example 6. (continue Example (ii), Section 2.3) Applying Corollary 5 to the robust portfolio

optimization problem

min  sup  Ef[—u(¢" )],
zeX PEBY, _(Pn)

where u is Lipschitz continuous, we obtain the following convex program
N
min — Y max {—u(ﬂgi) + Lip(w)|lz] (1 — a)e, —u(z & — 5||:c||*)} .

=1

Example 7. (continue Example (iii), Section 2.3) Applying Corollary 5 to the distributionally

robust regression problem

min  sup  E°[((BTE" — &)

BEB o
PeB?, _(Pn)

and following Example 5, we obtain

L1 ((BTEF —€)) + Lip(O]| (8, =Dl (1 — a)e,
min — Zmax
i—1 0(BTEF =& = (8, ~1)llse), L2(87 €7 — & +11(8, —1)+¢)

seB N

whereas in the case of distributionally robust classification problem, i.e.

min  sup  EF[e(&Y - BTEY),

B
pe PeBY, _(Pn)

we obtain

mm—zmax{ (& - 87€) + Lin()18].(1 — a)e, €&V BTeF — |Bll.e) } -

seB N
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5 Conclusion

In this paper, we propose a general framework for identifying families of Wasserstein met-
rics suited for data-driven distributionally robust optimization. We show that our framework
offers a fruitful opportunity to design novel Wasserstein DRO models that can be theoretically
sound and practically well-motivated. Necessary analysis is provided in this paper to facilitate
tractable reformulations of the Wasserstein DRO models that adopt coherent Wasserstein metrics.
We demonstrate the application of our framework using ambiguity sets constructed from CVaR-
and expectile-Wasserstein metrics and provide an in-depth discussion of the connection between
the new Wasserstein DRO models and the type-1 Wasserstein DRO model. The former generalizes
the latter in an intuitive way, having a more enriched structure of optimization and worst-case
distributions. In addition to several applications covered in this paper, the framework established
in this paper shall provide an important basis for exploring further potential of Wasserstein DRO

in a broader set of applications.

6 Appendix

6.1 Proofs of Section 2

Proof of Proposition 1. We show the result by proving the following two statements.
(i) For any a € A, if p, takes finite value on L!, then /, is a Lipschitz function.

(ii) If ¢, is a Lipschitz function for any a € A, then there does not exist a subsequence of p,,

o € A, converging to the worst-case risk measure ess-sup.

Obviously, with statements (i) and (ii), the robustness and data-drivenness of DD-DRW could
not be satisfied simultaneously. We next show (i) and (ii).

To see (i), we show that ¢, is a Lipschitz function by contradiction. Suppose not, i.e., £, is not
Lipschitz. We will construct a random variable X in L' whose risk measure p,(X) takes infinity
value. By the increase and convexity of £, we have £/, is non-decreasing and unbounded, and thus,
limy 00 £, () = o0, where £/, is the left-derivative of £,. It then follows from the convexity of ¢,

that £y (z) > £ (x/2) + £, (x/2)2/2 for all x > 0, and thus,

lim lo(2) > lim 15’ (£> = 0.

T—r00 X z—00 2 @ 2

Therefore, for each n € N, there exists x,, > n such that ¢, (x,) > 2"x,, n € N. Define a random
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variable X such that P(X = ) = 5:5-, n > 1, where ¢ = 1/ 550 ;(2"z,,) "', One can verify that

2" gy

X e Lt asE[X] =%, % = ¢ < 0o, and meanwhile

n=12n —

n=1

pa(X) = 63 (Ella(X))) = £ (Z znjcnm:cn)) > 0! <Z ) = o0,

where the inequality follows from £, (x,) > 2"x,, n € N. Therefore, this yields a contradiction to
that p, takes finite value on L', and thus, (i) holds.

To see (ii), we also show it by contradiction. Suppose that there exist a,, € A, n € N, such that
Pa,, converges to ess-sup. We first assert that there must exist a subsequence of {ay,,n € N}, say

Bn, n € N, and ¢ € R such that
{p, converges to 00ly(ysq OF 00ly)se as n — oo. (36)

(Proving (36)). To see (36), for any fixed x > 0 and an event A with P(A4) = p € (0,1), take

Y =214. By pa, — ess-sup as n — 0o, we have
pan(Y) = lg, (Ella, (Y)]) = €5} (pla, (2)) = & as n — oc. (37)

For the chosen x, denote z,, = {4, (x), n € N. Note that if {z,,,n € N} is bounded, then there
exists a subsequence o, of a,, n € N, such that Za, = G, 1.€., Ly, (x) — a for some a € R. By the
increase and convexity of £/ , (37) implies pa = a and thus a = 0. Hence, lim,, o £q, () = 0. Take c
as the supremum of  such that {¢,, (z),n € N} is bounded. Then we have that lim,,_cc 4a, () =0

for z < ¢, and {{,,, (z),n € N} is not bounded for > ¢. We consider the following two cases.

(a) If {€a, (c),n € N} is not bounded, then there exist o, such that £, (c) — oo. By the increase
of Ly, we have limy, o0l () = 0o for & > c. Hence, £y (x) converges to ool as

n — oo, that is, (36) holds with 8, = af,.

(b) If {¢4,(c),n € N} is bounded, then by {/,,(z),n € N} is not bounded for x > ¢, for each
k € N, we can find ap, such that £q, (z+ 1/k) > k. Then we have limy_, la,, () = oo for

x > c. Hence, {,,, converges to col(()s.) as k — oo, that is, (36) holds with B = oy, .

Combining the above two cases, we have (36) holds.

Now with (36), let X be a random variable such that P(X =d) =p =1 —P(X = 0) for some
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d > cand p € (0,1). One can verify that

lim pg, (X) = lim £;'(plg, (d)) = lim £5'(c0) = ¢ < d = ess-supX,

n—oo n—0o0 Bn n—oo Bn

yielding a contradiction to the assumption that p,, — ess-sup and {f3,,n € N} C {a,,n € N}.
Therefore, we have (ii) holds.
We thus complete the proof. ]
The following lemma can be found in Theorem 4.2 of Bauerle and Miiller (2006) (see also

Delbaen (2012)) which will be used in the proof of Proposition 2 and Theorem 2.

Lemma 1. Any law-invariant convex (and thus coherent) risk measure that satisfies lower-semicontinuity
in L' and p(0) = 0 must be consistent with increasing convex order, that is, if X =iex Y*, then

p(X) < p(Y). In particular, E[X] < p(X).

Proof of Proposition 2. (i) To show the “if” part, note that when P; = Py, = P, the joint
distribution of (¢, £) lies in the set II(IPy, P2) where & ~ P, and p(||¢—£]|) = 0. Hence, d,(IP1,P2) = 0.
To show the “only if” part, suppose now that d,(Pi,P2) = 0. By Lemma 1, we have p > E, and
thus, dw(P1,P2) = 0. By that the Wasserstein metric satisfies identity of indiscernibles, we have
P = P,.

(ii) The symmetry follows directly from the definition.

(iii) Note that by the definition of d,, for any € > 0, there exist II; € II(IP1,IP2) and I, €
II(Py, P3) such that

dy (P1,P2) > p' (|61 — &) e and  d, (P2, P3) > p'2([l€1 — &) — <.

By Theorem 6.10 of Kallenberg (1997), there exist &7, &5, &5 such that (&5, &5) has the joint distri-
bution IT; and (&5,&3) has the joint distribution ITp. It follows that

dy (B1,P2) + d, (B2, B3) > p(llé5 — 1) + p(l1€5 — &1) — 2¢
> p (6 — &) — 26 > d, (1, By) — 2,

where the second inequality follows from the subadditivity of p and the subadditivity of || - ||, and
the last inequality follows from the definition of d, and & ~ P;, ¢ = 1, 3. By the arbitrariness of ¢,
we have dp (Pl, Pz) + dp (PQ, ]P)3) 2 dp (Pl, Pg) .

4For two random variables X and Y, X is said to be smaller than Y with respect to increasing convex order,
denoted by X <icx Y, if E[u(X)] < Eu(Y) for any increasing convex function u. It is easy to see that X =icx Y if
and only if =Y >ssp —X, i.e., =Y is smaller than —X in second-order stochastic dominance.
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(iv) The non-negativity follows from the nonnegativity of the norm |||l and p(X) > 0 for X > 0.
We thus complete the proof. ]
Proof of Proposition 3. To show the “if” part, for any o € A, with the representation (9), we

have for any nonnegative random variable X

1 1
pa(X) = sup {/ VaRa(X)dg(a)} < sup \g’Hoo/ VaR, (X)da = ¢, E[X], (38)
gEHPa 0 geHPa 0

where the inequality follows from the Holder inequality. This implies the robustness holds. By
Ca, — 00 as n — 00, there exist g, € H,, , n € N, such that [|g,[|cc > ¢a, — 1/n, and thus
llghlloo = gh(1) = 00 as n — oco. Note that ||¢/,||cc € R which implies gy, is Lipschitz continuous.

We have gn(a) — 1{4—1}, and thus,
1 1
Pan (X) = / VaRq (X)dgn (o) — / VaR(X)1fo—1} = ess-supX asn — oo, (39)
0 0

where the convergence follows from dominated convergence theorem as fol VaR,(X)dg,(a) <
ess-supX. Also, note that p(c¢) = ¢ and p is monotone, p(X) < ess-supX. This together with
(39) implies pq,, — ess-sup as n — oo.

We next consider the “only if” part. First note the robustness property implies that p, takes
finite value in L!. By Corollary 2.6 and Theorem 2.9 of Riischendorf (2013), we have p, must be L!
continuous and thus can be represented by (9) with #,, being a set of Lipschitz continuous convex
distortion functions with cq = supyey, [|9lloo < 0o. Further, by the property of data-drivenness,
there exist o, € A, n € N, such that p,, — ess-sup as n — oco. By (9), for a random variable X,

there exist g, € Hoa™,n € N, such that
1
/ VaRy (X)dgn(a) — ess-supX as n — oo.
0

This holds only if g,(a) — 1f4—1} as n — oo. Hence, we have cq, = [|g)[lcc — 00 as n — co. This
completes the proof. O
Proof of Proposition 4. By assumption on p,, it satisfies Proposition 3 with ¢, = ¢, and thus,
(38) holds for any nonnegative random variable X. That is, p(X) < cE[X] for all nonnegative X.
Therefore, d,, < cdw. It follows that dyw (P,@N) < g/c implies d,, <IP’,@N> < g, and thus,

BY, (By) c B (By). (40)
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Recall that Theorem 3.2 of Esfahani and Kuhn (2018) gives

1/ma .
- €9 if 1> e,
P (Bl (Bv)) 21—, where ef(m) = ¢ (41)
e/ if1< e,

for some constants ¢y, co only depending on a, A and m. Obviously, we can write ex(n) = CE%K (n),
and thus, the set inclusion (40) and (42) imply

P (Bg’;(m (IP’N)> >P (IBXIV%K(W)(IPND >1-1. (42)
Therefore, the finite sample guarantee (12) holds for ex(n), which completes the proof. O

Proof of Proposition 5. Let ¢, ¢y be constants in (42). For N € N, define

(1) Cle_c2N€TNn2’ EN < 17 (2) Cle—cg]\f(z’ij\[/c)’ﬂw7 EN < e,
NN = and 7y =
cre”2Nev ey > 1, cre~eNEN/I* o > e
One can verify that ey < 1 < ¢ for N large enough, and thus,
) —cok : EK/, (1 EK /. (2 EN
77](\17):018 2 N7 Z:1727 EN (n](V)):EN’ EN (775\[)):?7

where e5K (ng\i,)) is defined by (42). By assumptions on ky and ey, we have

oo
Z 17](\@,) < oo, i=1,2, 6‘]EVK(17§\})) — 0, s%K(n](\?)) —0 as N — oo.
N=1
That is, both 17%), i = 1,2 satisfy the condition of Theorem 3.6 of Esfahani and Kuhn (2018).
Denote by

j(A}) = inf sup EF[h(z,&)] and :]\(]\?) := inf sup  EF[h(z,£)].
T X peBW (By) veX PeBY  (Bw)

We have P*°-almost surely j](\? 1 J*as N — oo. By dw < d,, < cdw, which implies

(&3

and thus,
:]\(]\?) g AN < :]\](\]1)7



Therefore, we have P>®-almost surely Jy | J* as N — oo, that is, (i) holds. The assertion (ii) can

be shown by similar arguments in the proof of (ii) of Theorem 3.6 of Esfahani and Kuhn (2018). O

6.2 Proofs of Section 3

Proof of Theorem 1. Note that the distribution II with H((g, &) = (@, yi)) =1/N,i=1,...,N
satisfies I € H(]?’N, P). We obviously have that the problem (14) is an upper bound of the problem
(15). To show their equivalence, it suffices to show that the problem (15) is also an upper bound
of the problem (14). To see this, for any II € M (Z?) satisfying II € II(Py,P) and pH(Hg— &) <e,

define a new joint distribution IT* as
1 X
T=5 2 06 ith 4 —ET[¢E =&, i—
=5 Z;d(&,yi) with o, =E [ =¢&], i=1,...,N,
1=

0 is the degenerated distribution at point z. Let ({A *,£*) be a random vector having the distribution

II*. Denote by P* the marginal distribution of £*. We have the following facts.

(i) We have E* ~ @N, that is, II* € H(]@N,]P’*). By the convexity of Z, we have y; € £, i =
1,...,N, and thus, IT* € M(Z2).

(ii) Denote by c(z,y) = |z — y|| which is a convex function on R™ x R™. We have for any
increasing convex function wu, it holds that v := uw o ¢ is a convex function as for any z1, 29,

A € [0, 1], it holds that
u(c(Az1 + (1 = XN)z2)) < u(Ae(z1) + (1 — N)e(z2)) < Au(e(z1)) + (1 — Nu(e(z2)).
Hence, we have

ET [u(]|€" — €*|)] = ET [u(€", €]

1 ZN I
TN & v(ETI(E, O)IE = &)
< LS ETEeE-g
N
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where the inequality follows from the Jensen inequality. Noting the above inequality holds

for any increasing function u, which implies that
167 = &7 iex [1€ = €]-

By Lemma 1, this implies p" (| &* — £*|)) < p™(||€ — €]), and thus, p™"(|&* — &*) <&

(iii) Denote by P; the conditional distribution of £ given E = EZ when the joint distribution of (E, §)
is II. Noting that ¢ is concave, we have EFi[/(£)] < E(EZ-), i=1,...,N. It follows that

IF" 1 al H*
ZE = D UE) =ET ).
i:l

Combining the above three facts, we have that the problem (15) is also an upper bound of the
problem (14), which completes the proof. O

Proof of Corollary 1. We begin by noting that given any random variable Y such that P(Y =

yi;) =1/N,i=1,...,N, any law-invariant convex risk measure p can also be written as
| X
p(Y) = Zsuf N Z YiZi. (44)
€4p i=1

(Proving (44)). First note that p has the dual representation (Follmer and Schied (2016))

p(Y) = Sup ElYZ], (45)

where Z, ={Z > 0: E[Z] = 1,E[ZX] < p(X) for all X}. It follows that

N N
1 1 1
p(Y) = sup {Ng E[Z|Y = yi] } = sup {N;yzzz} = sup {NZyzzz}

zZez, zZez,
where z; = EF[Z|Y =], i=1,...,N, and
={zeRY :E[Z]Y = yi] = 2,7 € Z,}.

It remains to show that A7 = A, Obviously, A, C A7. To see the other set inclusion, take
any z € Ay, i.e., there exists Z € Z, such that E[Z|Y = y;] = 2, i = 1,...,N. Define A, =
Zfil zilgy—y,. Noting E[A,]Y = y;] = 2, = 1,..., N, it suffices to show A, € Z,. For any X,
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define Ax = %Zf\il rillyy—y,y with z; = E[X|Y = y;], i = 1,..., N. By Jensen inequality, we

have for any convex function u, Eu(Ax) < Eu(X), that is, Ax <cx X. By Lemma 1, we have

p(X) = p(Ax) > E[AXZ]

1
= Z:ciIE[Z\Y = ]
=1

1 N
- 2w

N =1

1 N
= > AEIX]Y =y] =E[A.X],

where the second inequality follows from Z € Z,. Hence, we have A, € Z,, and thus, z € A,.
Therefore, A, = A7, and thus, (44) holds.

Using (44), we can write the problem (15) as

N

1
yls.l.}I;N N Z (yi),
b K z:1
1L~
subject to sup ¢ — & —yillzi p <e, 46
{5 3w (o)

yp €2, i=1,...,N,

and its Lagrange dual by

N
1 —~
inf sup — E Ly;) + A (5 — sup {N ;1 1€ —yini}>

>0y€»~ ZGA
1 -
f f— 0y, A -9 = i — Yill%i
= jufsup inf Z )+ ( {N;”f y”Z})
1 N
Tl E( & = uil=)
odil, At ;21611: 1€ — yll= (47)

where the second equality follows Sion’s minimax theorem, given that the objective function is
convex in z and concave in y;, and the set A, is a compact set. Strong duality holds for ¢ > 0,
because the slater condition can be satisfied. Strong duality also holds for € = 0, because both the

primal and the dual reduces to 3, PR 0&).
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Taking p = Az, we can write the above problem equivalently as

N
1 —~
inf e+ — (5 —|1& — )
)\20{1%614# N ; 2161153 (y) Hfz ?JHP@

: 1 N
1nf>\20,§eAp,si AE+ 3 Diny Si

subject to sup,cz (€(y) — & — yllps) < si, i=1,..,N

In the case A = 0, § is defined as an infeasible solution for any p # 0, denoted by & ¢ A,, and %

is defined as a feasible solution, denoted by % € A,. One can easily verify that this definition is

consistent with the fact that the problem (47) reduces to + ZZJ\L 1 Supyez £(y) when A = 0.

Let x= denote the characteristic function of = and f(y) := ng —y||pi- We have from the Fenchel

duality that the left-hand-side of the above constraint, i.e. sup, ([{(y) — x=(y)] — f(y)), can be

replaced by its dual and thus the constraint can be equivalently written as

inf [0+ xz]"(uw) + f*(—wi) < si, 1=1,..,N

SJu, [+ xz]"(w) + (=) < si, 0

Il
=

where

and

—u;) =

00, 0.W..

That is, the constraint can also be equivalently written as

Ju;, v, [—E]*(uZ — Vi) + O'E(Vi) — gul < 85, ||uz|]* <p;. i=1,...,N.

Finally, the fact that A, must be a subset of a probability simplex, i.e. satisfying § > 0 and

TT% = 1 implies that leil p; = A and p; = 0 must hold.

6.3 Proofs of Section 4

O]

Proof of Theorem 2. Denote by ©; = max{z € R™ : {;(z) = {(z)}, j = 1,..., K. Without

loss of generality assume that ©;, j = 1,..., K, are disjoint. Similar as Theorem 1, we only show
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that the problem (19) is also an upper bound of the problem (14). For any II € H(IF’N, P) satisfying
IT € M(Z2) and p™(||€ — €])) <&, define a new joint distribution II* as

N K

where Q; is the conditional distribution of £ given E = 57 when the joint distribution of (E, €) is II.
Let (é\*, £*) € R™ x R™ be a random vector having the distribution IT*. Denote by Q the marginal
distributions of £* conditional on 2: Ei, i=1,...,N.

(i) We have E* ~ @N, that is, IT* € H(@N,IP’*). By the convexity of =, we have §; € ZE,
i=1,...,N,j=1,...,K, and thus, II* € M(Z?).

(ii) Similar as (ii) in the proof of Theorem 1, for any increasing convex function u, define v := uoc

is a convex function, where ¢(x,y) = ||z — y||. Hence, we have
BT w6 = )] = BT [u(€", €]
TS R
=5 ZZ 150 (6is i)
| DK R o
=¥ Z > pijuEn B[]0, € = &)
1 N K
= 2 2Pt (EE€)16;,6 = &)
| DK R L
< N ZZP@jEH[U(£a€)|@j7€ = 52]
= E"[v(& &)] = E"[u(ll¢ - &])),

where the inequality follows from the Jensen inequality. Therefore, we have p!” (HE =) <e

(iii) We have

o K K K K o
E%m:;éﬁ@@:;mmngéﬁ@@<;Aﬂwgzmwm

where the second equality follows from the linearity of ¢;, and the inequality follows from
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l; </t,j=1,...,K. Therefore, we have

- 1 o, A -
ENU)] = 7 DUEH O] < 5 2UE¥[©)] = BT [6(€)).

Combining the above three facts, we have that the problem (14) is equivalent to

1 N K
sup. NZZP#(&@)
Dij,Tij i=1 j=1

subject to " (Jl€ — ] < e.

H*({@;fz’j)}) =pi; 20, & €5, Vi, j,

K
> pij=1, i=1,...,N
j=1

(49)

Note that we have shown that the original optimization problem (14) is bounded by the problem
(19) which is again bounded by the problem (49) as ¢; < ¢ for ¢ = 1,..., K. Therefore, by the

equivalence between the problems (14) and (49), we have the optimization problem (14) is equivalent

to the problem (19). This completes the proof.

O

Proof of Theorem 3. We first consider the case that the objective function ¢ is a piecewise

linear function, that is, £ = maxy—; i ¢, where {;(z) = a;:c +bg, k=1,..., K. Without loss of

generality, assume
laill« < ... < |lax|« and denote by z;; := ej(é) = a]-TEZ- + b5, Vi, j.

By Theorem 2, we have the optimization problem (22) is equivalent to

N K
1 - .
t, pi; €R, z;; ER™ N;; W\ \) i J
1 1 N K
subject to t+ 37— > > pij(lleyll —t)+ <.
i=1 j=1
K
j=1
Note that for any x;; € R™, by taking Z; = argmax,cpm|z|=10; © and z}; = [z;]|Z;, one can

43



verify that ||z7;[| = ||zi;[| and

T T
aj wfy = |aijlla; T = laillllajlls > af 5.

Therefore, it suffices to consider the z;; that takes the form of x;; = y;;Z;, yi; € R4. By taking

xij = Yi;Zj, we have the problem (50) is equivalent to

N K N K
s oSS il 30w 1)
i=1 j=1

t:pijyij ER+ i=1 j=1
. | 1 LK
subject to t+ N Z Z(yij —tpij)+ <, (52)
=1 j=1
K

For any p;; > 0 and y;; > 0 satisfying conditions (52) and (53), if for some 4, there exists j # K
such that y;; > tp;j, then by taking y7; := tpi; and yjx = yix + yij — tpij > vik, one can verify

that
N K

11 .
t+ 17QNZZ(%J'—75P¢]')+ <e

i=1 j=1

and the objective function becomes larger with Yij- Therefore, it suffices to consider the case that

N
1
Yij X tp’Lja J ?é K, t+ 7NZ YiK _tsz <e

In this case, we have the problem (51) is equivalent to

N K N K
p NZZ?JUH@JH* + szpwzw with zj; = (a; & + b;)

t,pij,Yij ER4 i=1 j=1 i=1 j=1
| N
subject to y;; <tpij, J< K, t+ T—alN (yix — tpix)+ < € and (53),
=1
that is,
1N [E 1 LK
sup NZ thz'jHGjH* + yik|lak ||« "’szpijzzj
t,pij,yij ER ¢ i=1 j=1 i=1 j=1
N
subject to ¢ + Z Yir — tpix )+ < € and (53).
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Take y;x = z;pix, t = 1,..., N. We can rewrite it as

K-1 N K
1
sup Z > wiillasll + wpucllarlle | + 5 3> Pz
t,pij,vi €ERy j=1 i=1 j=1
11
subject to ¢+ 1o ;pm x; —t)+ < e and (53).
1=

For any feasible solution z;, p;j,t,i =1,...,N,j=1,..., K, define 2} := Zivlpm:):z/(zlj\;l DiK) =
Z,1=1,...,N. By Jensen inequality, we have t + 1 N Zl 1 Pik (T — )4

< € and the objective
function remains unchanged. Therefore, the above optimization problem is equivalent to

N
1 _
| sup tﬁzzpin%H*erllaKH ZPIKJrNZZPme
»Pij, TER i=1 j£K

i=1 j=1
bject 1+7—E :13—1) gand( )
su ct to j%
1 1K

Noting that the objective function is increasing in T, we have T > x holds automatically. Taking

0 =T —t, e the above optimization problem is equivalent to

N K
1
sup 5> > pilayl + dllaxcll }jpm LS S
t,pij,f€R+ N i=1 j*l

i=1 j=1

subject to ¢ + — Zleé e and (53).

Denote by u = m% sz\il pird. We have the problem (50) is equivalent to

N K
1
sup t*ZZPUH%H + [lak[l«(1 = a)u szpzj%
t,pij,u€R4 i=1 j=1 =1 j=1

subject to ¢+ u < e and (53).

Since the objective function is increasing in both ¢ and u, the constraint ¢t + u

< € can be replaced
by t + u = € without loss of generality. Letting u = ¢ — ¢, we have it is equivalent to

N K

1

sup — aill«t + z;7) — t||la 1—a)+|la 1 — «a)e subject to (53
t,pfj N;::E:: i (lajllet + zi5) — tllar]l( )+ llax][«( ) j (53)

N

Sl[lp]*zmax llajll«t + zi;) — tlagll«(1 — @) + [lax|«(1 — a)e.
te|0,e
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Note that the objective function is convex in t. We therefore have that the optimal ¢ is either 0 or

g, and the optimal value of the problem (50) is

N
1
max {NZm?x{HajH*g + zij}, Zmaxzw + |Jak]|«(1 — a)e }

=1

_max{NZe” z”auxlfgz N; (&) + llax]|« (1—a)5}.

Moreover, one can verify the following statements about the worst-case distribution.

(1) 1f L ZZ | MAXy[fe]|= L& +ce) = + PR 0(&) + L(1 — @), then the optimal solution to the
problem (50) is t* = ¢,
aj,

r = & +ee; with e = arg rﬁnﬁf K(& +ee), pj;, =1 for j; such that e;

sl

1 e _ 1 N 3 :
3 = e:||e||l= 1 b
(2) If § 10&) + llak [|+(1 — a)e > § oL maxe,¢ =1 (& + €e), then the optimal value can
be approached by the following feasible solutions: t* = 0,

~ . ~ aK 3
x5 =& for j # K, xiK:&—i_(l_a)HaKHZ;’ pir 4 0.
T

Now, consider the general convex function ¢. By assumption on /¢, there exist ¢,,¢;, n € N

such that ¢, < ¢ < ¢, £, and £} are piecewise linear functions, both ¢, and ¢}, converge to ¢, and

limy, o0 |V ||« = limy, oo |V ||« = L. Denote by £ the worst-case value of the problem (22). By

the result for piecewise linear functions, we have

1 & - A —
maX{N max 0, (& + ce), NZEn(&)—i— ]|V€nH*(1—a)€}

: =1
=7 ©llell =1
N

N
_ 1 P 1 P —
< 0 < max {N 2 eﬂlﬁﬁilgn(& +ee), + ;1 0o (&) + VO[] (1 = 04)8} :

Letting n — oco, we obtain that

1 & 1 on -
EzmaX{N max E(fl—kee) NZE(Ei)—&—L(l—a)E}.

e:lle]|=1 i1
Moreover, we have the following statements about the worst-case distribution.

(1) If & ZZ | MAX ][] =1 0 +ee) > + Ef\;l 0(&) + L(1 — a)e, then the optimal solution to the
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problem (50) is z* = ¢,

f;‘:g%—sei with e = arg Iﬁléﬁx f(fﬁ—se) Pi-a.s., i=1,...,N.
e: 1

(2) If + Z (57) +L(1—a)e > %+ Zfil MaX|e||=1 e@ + ee), then the optimal value can be
approached by the following feasible solutions: z* = 0,

. = , . o 1—a)e . D 1—a)e
52-:&, fori=2,..., N, Pl(é-l:él—}—en):(i), Pl(lzfl)zl—u, n € N.
lenl lenl
where e, € R™, n € N, satisfy lim,, W =
We thus complete the proof. O

Proof of Corollary 2. Since 1 sz\il MaXe:||e[|=1 E(&: + ¢ee) = %Zi\; max]|e||<1 6(5 + ce) >
+ sz\il 0(&) and L(1 — a)e in (25) is strictly decreasing in o € [0,1], there must exist o € (0, 1)
large enough such that

N N
1 1 ~
sup E max £( §Z +ce) > N E &)+ L(1 —a)e = sup EF[e(6)].
IPG]BZVC(@N) 7,:1 eilel|=1 i=1 PeBg_a)e(@N)

In the case, the optimal value (23) is %Eivlmax llell= 16(@- + ee) which is attainable by the
distribution P* = ZZ 1 £+€ ., Where e = arg max{ccgm:||e||=1} f(& +ee), i =1,...,N. This
completes the proof. O

The following result shows that the worst-case expectation problem formulated based on the

Wasserstein ambiguity sets Bg(@N) is not attainable.

Proposition 7. In the case where the loss function € is a convex function satisfying L := sup,cpm [|04(x)||«

< 00, and the sample satisfies H(‘%(EZ)H* <L,i=1,...,N, the worst-case expectation problem
sup EF[H(9)] (54)
PeBY (Pn)

1s not attainable, i.e. the worst-case distribution does not exist.

Proof. By Theorem 3, the optimal value of the problem (54) is +; PR 0(&) + Le. We can rewrite
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the problem (54) as

N

1 Qirp(e. .
ey N;E [0(& + &) (55)

subject to — ZEQL 1€i]]] = (56)

where Q; is the distribution of &;, ¢ = 1,..., N. By the convexity of £ and the definition of L, we

have for any Q1,...,Qpy, there exist random variables y1,...,yn such that
0& + &) = L&) + 0Ly & < L&) + 19w |Gl < &) + L& Qi as.
Therefore, for any Q1, ..., Qu satisfying (56), we have
E®[0(& + &)] < (&) + LEY[|&]l]

and the inequality reduces to equality only if £(& + &) = £(&) + L||&| as. Q;, i = 1,...,N.

Therefore, we have

Ly Qifg(g; L\, 1 < Q 1L
N L ENE O < 5 3 UE) + Ly SIEVIGN) = 5 3@ + Le

and the first inequality reduces to equality only if E(f: + &) = f(@) + L||&]|| as. Qi i=1,...,N.
By the assumption that the sample satisfies [|04(&)|« < L, i = 1,..., N, we have (& + &) =
E(EZ) + L||&]| a.s. Q;, 4 =1,...,N, can not happen simultaneously. Therefore, we have

N
ZEQl gz"‘éz %Z 51 +L€

which means that (Qq,...,Qu) is not the optimal solution and thus, any feasible solution is not

the optimal solution. ]

Proof of Corollary 3. By assumption, we have that f; is a non-increasing convex function

on R, fo is non-decreasing convex function on R, and one can verify that the value of (24) with
0e) = f(xTe) is
max f(z" (€ +e¢)) = max { fi(eT& — ellell.), faa & +2]all.)}

llell=1
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which is a convex function in z € R™. Further, we have the value of (25) with £(¢) = f(z'¢€) is

N

s BT = ¢ > 7T E) + Lip() (1 - a)e.

IPGIBX‘177Q>€(H3N) i=1

Substituting them to (23), we obtain the result.

Proof of Theorem 4. By Theorem 2, we have the problem (29) is equivalent to

| MK
.

w5 DD pise] &+ by)

DijSij i=1 j=1

subject to e (||€ — ) < e,

K
 piy=1, i=1,... N
j=1

(57)

Note that e, (X) < € is equivalent to e, (X — ) < 0 as e, satisfies translation invariance. By the

monotonicity of z — aE[(X — z)4] — (1 — a)E[(X — x)_], we have eo(X —¢) < 0 if and only if
aE(X —e); < (1 — a)E(e — X)4, that is, 2a — D)E(X —¢)y < (1 — a)(e — EX). We have the

constraint e2(||§— €|l) < € is equivalent to

| N K R L | N K ~
NZZpij(Hfij*&||*5)+< e — 1 6*NZZPmH5¢j*§iH

i=1j=1 i=1 j=1

Therefore, we have the problem (57) is equivalent to

N K
1
sup - DD wijlaf &+ b))

pij’gij i=1 j=1

1 N K R 1—a 1 N K R
subject to szpij(llfij*€i||*€)+<2@_1 6*NZZPU||§U*&H :

i=1 j=1 i=1 j=1

K
Zpljzlv 121,,]\7, gl] GE’ VI,]
=1

Substituting y;; = pi;(&; — El) fori=1,...,N,j=1,..., K, into the problem (58) yields (30) by

standard computation.

To derive the alternative minimization formulation, we begin by dualizing the first constraint
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in (30)

N K - N K
s, & S T 2+ (82— & S 5 (sl - <py), + Blus))

~ g (59)
A20 | subject to ZJK:UWJ’ =1,i=1,.,N, p;; >0, &+ % ez, Vi,j.

where 8 = =% and z; = (a]TEZ- + b;). Strong duality holds, i.e. (59) = (30), because (30) is a

convex optimization problem that satisfies the slater condition when ¢ > 0. Strong duality holds
also for ¢ = 0, because both the primal and the dual reduces to the same problem. Replacing y;;

with p; (& — {2), we have
SUDp, ¢ Doy Pij [(a}&j + bj) —A <<H§z‘j =&l - €)+ +Bl&i; - 5@‘”)}
subject to ZjK:l pij =1, pij 20, &; €=, Vj.

N j JEij+bi) — A i — &l - =&
e L3nf R e (s +05) 2 (e~ &l —<), + 5165 &1
- i=1 | subjectto &; € Z, Vj.

1 N
mEASe )

: 1 N
1nf)\>0,si )\ﬁ&? + N Zizl S;

subject to. 1y, [supecs (7€ +85) A ((I6 =&l =€)+ 516~ &) | <o i= 1.0

The constraint is equivalent to

sup (4§ +b;) = A ((ns &l -¢), +Ble- é\) <sipi=1ooN, j=1.,K  (60)

£eE

Let () = A1(6) + f2(€). where f1() = A (|l = &l <)  and f2(¢) = AB€ ~ &l Using Fenchel
duality, we can substitute the left-hand-side of (60) by its dual and arrive at

Juij [l + xz]"(wig) + [ (~uiy) < s, i=1,..,N, j=1,.., K, (61)
where £;(§) = ag—f +b; and
[—; + xz]"(uwij) = bj + o=(ui; + aj).

To derive the conjugate f*, we derive first the conjugate f; and f5. Note that f1(£) = h(g(§))
where h(u) = max(0,u) is nondecreasing, and g(§) = A(||{ — EZH —¢). Assuming first that u; # 0
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and A > 0, we have

fi(ur) = inf {(zg)" (u1) + h*(2)}

z>0

= inf (zg9)*(u1)

0<z<£1

— inf s uj € — 2\(||€ — &| —¢)

0<z<£1

. T oy _
—Oérzlilsgp uy (y+ &) — 2A(lyll —¢)

-
~ 1

—Te ; —

=, gz—i—ogzlfglz)\ {sgp (Z/\m) Yy HyH}—i—z/\a

:uleAz + ZAe

inf
0<z<1, 2A>||u1]|«

ul & + urllse,  Jlualls <A,

00, o.wW.,

where (62) follows the property of conjugate functions, (63) follows

(65) invokes the observation that zA > 0 can be assumed without the loss of generality because

A > 0 and z = 0 cannot be optimal in (64) (in which case (64) equals to oo unless u; = 0),

(66) follows the conjugate of the norm ||y||, and finally (67) is because the optimal z must satisfy

2A = ||up ||+ for any ||u1|l« < A and does not exist otherwise. From (64), one can see that in the case

u; = 0, we have f7(0) = infoc.<1sup, —2A(||lyl| — €) = infoc.<1 2Ae = 0, which is consistent with

(67).
We also have
ug &, Jlualle < AB,

f3(u2) =

09, 0.W.,
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We thus have the conjugate f*(—u)
fri=u)=—inf  fi(u1) + f3(u2)
ultus=—u
infuu, uf &+ urlle +ug &
up +up = —u, Jlugfls <A, Jluzfs < A3
infu,  (—u)"& + ur]lse

[urlls <A flu 4wl < A8

Thus, the constraint (61) can be equivalently formulated as

inf —uij) TE + |Jur||<e
Huij : bj -+ Ug(ui]‘ -+ aj) + w1 ( z]) gz H 1” <s;,i=1,.,.N, j=1,..K.
flutll« <A, [lug +urlls <AB

b'+0’5 Ui + asi) + _UTA_i_ Vi €<S',
SJuig, vij ’ (1 )+ () &t il ‘ i=1,...,.N,j=1,... K.

lviglle < A, iy +vigll« < AB,
We thus arrive at the final formulation. Note that in the case A = 0, (60) can be directly reduced
to [—4; + x=]*(0) < s, i =1,...,N, j = 1,..., K by the property of convex conjugate, which is

consistent with the final formulation. O

Proof of Theorem 5. We first show (33) for piecewise linear function, that is, ¢(z) = man:L_“,K{aij—i—
bj}. Without loss of generality, assume that a1l < ... < |lak||+ and Denote by z; = zj@) =
a}—é\i +bj, Vi,j. By Theorem 4 for = = R™, letting x;; = ||ysj|| Vi, j, we have the problem (30) is

equivalent to

N K
1
sup szpzj(ll%ll*%‘j + zij) (68)
Dij,Tij ER4 i=1 j=1
N K N K
subject to « Z Zpij(xij —e)+<(1—a) Z Zpij(a:ij —e)_,
i=1 j=1 i=1 j=1

K
> pii=1, i=1,...,N, pj >0, Vij
j=1

For each i = 1,..., N, we have the following two observations.

(a) If z;; < € and z;, < € for some j < k, then taking xf; = xij—0 > 0 and 27, = Tik+0Dij /Pik < €

for any § > 0 yields a feasible solution and a larger value of the objective function.

52



(b) If z;; > € and z;;, > € for some j < k, then taking zi; =€ and xj = i + (xij — €)pij/Pik

yields a feasible solution and a larger value of the objective function.

Combining the above two observations, for each ¢ = 1,..., N, we have either one of the following

two cases holds:

(i) 245 < e forall j = 1,..., K. In this case, there exists j; such that z;; = ... = xj;, = 0 <
Tiji41 S Tiji42 =+ = TiKk = €.

(i) x;x > € and x;j < eforall j=1,..., K —1. In this case, there exists j; such that x;; = ... =
Zij, = 0 < @yj5,41 < Tij42 = -+ = Tik—1 = €. We then have the following two cases.

(iia) If allax| = (1 —a)llaj+1], then letting z73 = xix + (1 — @)dpij+1 and ) ) = Tij+1 —
adp;x = 0 for any & > 0 yields a feasible solution and a larger value of the objective
function.

(iib) If aflax|| < (1 —a)llaj+1l], then letting a7 = @ik — (1 — )0pij,+1 and @7 1 = Tiji41 +
adp;x < € for any § > 0 yields a feasible solution and a larger value of the objective

function.

Therefore, combining the above two cases (ii.a) and (ii.b), we have that the case (ii) reduces

to either case (i) or ;5,41 = 0.

We can rephrase the above two cases (i) and (ii) as follows: For each i = 1,..., N, we have either

one of the following two cases holds.

(i) zy; < e for all j = 1,..., K. In this case, there exists j; such that z;; = ... = 25, = 0 <
Tiji+1 S Tiji42 =+ = TiK = €.

(ii) xix > e and z;; <eforall j=1,...,K —1. In this case, there exists j; such that z;; = ... =
Tij; = 0 < Xjj41 = - = Tik—1 = €.

Moreover, note that for any feasible z;;, 1 =1,..., N, j=1,..., K, define

N
2 oim1 PijTij Layi<e)
N
* Zi:l pijl{zijge}
= N
) 2ict PijTijliz;;>e)
N
>im1Pijl{a;;>e)

=1Yj if Tij < g,

=!Zj if Tij > €.

We have

pij(Tij —€)-,

[
M=
M=

@
Il
—
.
Il
—

N K
pijli; — )y and > Y pijlaf —e)-

i=1 j=1

M-
M=

@
Il
—
<
Il
—_
-
Il
—

pij(zi; — )+

I
M-
[ingls
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and

N K N K
ZZPU llajll«ai; + 2i5) = Zzpm llajll«zij + 2i5)-
i=1 j=1 i=1 j=1
That is, p;j, x7;’s satisfy the constraint and the objective function remains unchanged. This com-

bined with the above observation, i.e., z;; < € for all j < K, we have the optimal solution z;; must
satisfy: x; > eforalli=1,...,N,x;; <eforalli=1,...,Nand j =1,..., K—1, and moreover,
there exists k& which is independent of ¢ such that ;3 = -+ =2, =0 < g1 = -+ = Tg-1 = €.

Therefore, the problem (68) is equivalent to

K-1 K
sup Z > pisllajlee + pirllax i + Y pijz; (69)
Pij Tij ERy Kk i=1 \j=k+1 j=1
N k
subject to aZpiK(:z:iK —g)<(1-a) Z Zapij, (70)
i=1 i=1 j=1
Zpl]:17 7/:1)7N7 k:]'?’K (71)

Since the objective function is increasing in x;x, it suffices to consider the case that the inequality
of (70) is an equality. Substituting Zfil DiKTikk = Zfil epik + 0 ZZJL Z?Zl epi; into the objective

function, we have the problem (69) is equivalent to

N

k K-1 K
1
sup Do 1D spijllaxlle+ Y pijllajllse + pixllaxlse + Y pijzg| st (1), (72)

N
Pij€Ry, k i=1 |j=1 j=k+1 =1

Note that for any feasible p;;, the optimal k must be the largest index of j such that ||a;||« < B|lak]|«,
i.e.,

K =max{j=1,....K —1: |ajll < Bllax]l}-

Hence, the problem (72) is equivalent to

N k* K K
1 .
SN E : E i (Bllaxlse + 2i5) + | > pijlllajllee +25)| st E pij =1, Vi,
E i=1 | j=1 j=k*+1 Jj=1

whose optimal value equals to
N N

1 * 1
< o max { (Bllax e +205) 1y (lagllee + 2i) i } = = D & (73)

i=1 =1
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Note that ||aj||«e + z;; < Bllak|l+e + 25, 7 = 1,...,k*, and thus,

£ > max {llaj].e+ 25} = max UE + ee).

Also, note that ||aj||«€ + zij > Bllax||«¢ + zij, § = k* +1,..., K, and thus,

> Bllaxll-e +  max, {llajll.e + 2} = Bllarlle + £(&)-

.....

Therefore, we have

N
]ifz:: { (&) + Bllax]«e, rga:><16@+ee)}.

On the other hand, obviously we have

jJnax (Bllallve +2ij) < Bllaxlle +€(&) and _ max | (lalle + 2;5) < max 0(& + ee).

Hence, we have

Zmax{ &)+ Blaxle, s 66 +co) .

Therefore, we have shown (33) for piecewise linear functions. For general convex loss function ¢, by

similar arguments in Theorem 3, we have the optimal value is (33). O

Proof of Corollary 4. Since f = (1 —a)/a — 0 as o — 1 and E(g) < max|g|=1 f(f: + ce) for all
i=1,...,N, there exists a € (1/2,1) large enough such that £(&) + SLe < Max||e|—1 (& + ee) for

i=1,...,N. In this case, (33) in Theorem 5 reduces to

=

= lllrn”axl U(& + ee).

One can verify that this optimal value is attained by

Z 0z, 4 oo, With e; = arg jnax 0(& +ce), i=1,...,N.

We thus complete the proof. ]
Proof of Corollary 5. The proof is similar to that of Corollary 3 and thus omitted. O
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