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Abstract

Spreading processes on networks (graphs) have become ubiquitous in modern society with prominent examples such as
infections, rumors, excitations, contaminations, or disturbances. Finding the source of such processes based on observations is
important and difficult. We abstract the problem mathematically as an optimization problem on graphs. For the deterministic
setting we make connections to the metric dimension of a graph and introduce the concept of spread-resolving sets. For
the stochastic setting we propose a new algorithm combining parameter estimation and experimental design. We show well-
posedness of this algorithm theoretically and via encouraging numerical results on a benchmark library.
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1 Introduction

We consider abstract source detection problems for time-
dependent data on graphs. Given a graph consisting of
nodes and weighted edges, random noise, and a mathe-
matical model for a spreading process on the nodes of the
graph we want to determine optimal strategies to query
oracles (i.e., observing one or several nodes at a partic-
ular time) and to use the available measurement infor-
mation to infer the most probable source of the spread-
ing process. Depending on the setting, the subproblems
may have to be solved while the underlying process is
ongoing. The first one can be interpreted as an experi-
mental design problem, focusing on the collection of in-
formation. The second one is the source detection (or lo-
calization, inversion, identification, resolving) problem,
exploiting the gained information to identify the source.
While both problems are well understood in various cir-
cumstances, especially in Euclidean spaces, we are not
aware of a rigorous abstract treatment on graphs.

Most source detection problems on graphs have been
tackled from a practical viewpoint. In [17] fire localiza-
tion in buildings and the coast guard LoRaN stations are
investigated. Other applications are the classification of
chemical compounds [16,17] or the spread of informa-
tion or diseases [67]. All this is related to the metric di-
mension of a graph, which is an important concept for
source detection on graphs.
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Detecting the source of a pollution in water networks is
a practically relevant task. Much research in this area
is focused on the sensorics, i.e., which chemical or bio-
logical markers have to be tested to distinguish different
kind of pollution sources [4,64,10,60]. Additionally, loca-
tion dependent visualization and interpolation schemes
are used [22]. Some researchers also try to detect the
source in space. In [45] mainly linear simplified models
are used in an optimization framework. Here, flow con-
ditions are assumed to be known and then used to cal-
culate time delays of pollution concentration over the
network. These delays are used in a quadratic optimiza-
tion problem to calculate pollution injection profiles over
time for all nodes. A similar flow model based approach
to the offline problem can be found in [54]. In [25] the on-
line case is considered with the goal to place a minimal
number of sensors to identify the source. The spread of
computer viruses and fault propagation in information
networks have been modeled as spreading phenomenon
on a graph as well, [63,19]. In [63] a stochastic model
is used to describe the infection between nodes in the
network. In [19] ordinary differential equations (ODEs)
are used. The spread of epidemics can be modeled as a
phenomenon on a graph [59,20,29,5]. The spreading can
be described by a stochastic process or by deterministic
ODEs, allowing for analysis of, e.g., thresholds that de-
cide if an epidemics dies out or continues spreading, sizes
of infected subpopulations, vaccination schemes to sup-
press outbreaks, or speed of propagation. In our context
we are interested in the source detection of epidemics,
similar to the approaches using correlation [14], spec-
trality [27], Bayesian [3] or centrality based estimators
[74,50,21].
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Similarly, objects that produce sound can be detected
with distributed microphones as a sensor network. Ap-
plications range from localizing the talker in a room for
camera pointing [9,69,13] to surveillance of outside ar-
eas (like crossroads, valleys, or industrial facilities) and
underwater areas (sonar) [44,18]. Acoustic waves trav-
eling through air usually have a constant velocity. Like
in our setting later, the time distance relationship is lin-
ear. The least squares approach in [73], which was also
applied to sonar, radar, or radio applications, is similar
to our approach. The main difference is the use of dis-
tances in the Euclidean space and the a priori knowledge
of the velocity. Seismic waves were considered in [65,38],
focussing on partial differential equations describing the
elastodynamics of the ground. The detection of objects
in astronomical images is considered in [33]. Examplary
medical applications are neural source detection in the
brain for epilepsy research [34] and the mapping and
prediction of focal cardiac arrhythmias [71].

Methodological research focuses on ill-posed linear prob-
lems [52] and parameter estimation for source detection
[8]. The problem of choosing graph oracle queries is an
experimental design problem. Designing an experiment
to optimize an information criteria is called optimal ex-
perimental design [26,40]. Different objective functions
have been suggested and analyzed. A very early idea was
to minimize the variance of the model prediction [66].
This is now referred to as G-optimal and is equivalent
to the so called D-optimal criterion [41]. The D-optimal
criterion [68] maximizes the determinant of the Fisher
information matrix. Another criterion is to minimize the
variance of the parameter estimators of the model [24],
referred to as A-optimality. Our focus here is different,
as we assume an underlying discrete structure, the spe-
cial metric space of graphs. We introduce basic concepts
and survey related work in the following section.

The main contributions of this paper are a unifying prob-
lem definition for a wide range of applications, including
problems with weighted and/or directed graphs, limited
and deterministic/stochastic spreading information, on-
line/offline settings, and linear dynamics. An algorithm
is proposed for which convergence is proven and practi-
cal performance and robustness over a wide range of test
problems with different properties is shown.

The paper is organized as follows. In Section 2 we pro-
vide basic definitions and formalize the source detection
problem we are interested in. We also provide a simple
example graph that will be used throughout the paper
for an illustration of concepts. In Section 3 we consider
the special deterministic case in which the oracle pro-
vides exact measurements. We generalize the metric di-
mension by introducing the spread dimension of a graph
as a tool to solve the deterministic case. In Section 4
we discuss the stochastic problem. Based on linear re-
gression and experimental design we present a solution
algorithm and discuss its convergence properties in the

limit. In Section 5 we present numerical results. In Sec-
tion 6 we summarize our findings.

2 Source detection problem

We begin with a definition of the considered problem
class. First, we define the underlying discrete structure.

Definition 1 (Graph) We consider a directed weighted
graph G = (V,E) with positive edge lengths `(e) > 0 for
all e ∈ E and shortest-path-distances di,j with respect
to the length function ` between nodes i and j for all
i, j ∈ V . Let n := #V := card(V ) and #E := card(E).

Assumption 2 (Graph) We assume to have complete
knowledge of the graph G and the length function `, and
hence also of the distance function d.

In practical applications, the nodes i ∈ V correspond
to spatial locations where measurements are possible.
Examples are communities, airports, cities, or countries
for infectious diseases, points on a 3d surface grid of the
human heart, or sensors in water distribution networks.
The edges correspond to connections between the nodes,
along which “something may be passed on”. This might,
e.g., be a viral load via infections, electrical excitation
of cells, or transported and diffused pollutant. In the
interest of a simplification, and taking the risk that this
term does not intuitively match every application, we
will simply use the term signal to denote this in a general
way in the following.

Definition 3 (Signal Spreading Process) We con-
sider a dynamic process on a time horizon T := [ts, tf ]
that originates from an a priori unknown source s ∈ V
and spreads the signal via edges to other nodes of the
graph. The edge lengths `(e) quantify the distances the
signal needs to travel to arrive at adjacent nodes.

Note that the times ts and tf are often unknown. The
initial time ts, also called offset and indicating when the
signal started at source node s, needs to be estimated.
The end time tf is not relevant for the mathematical
model. We make some assumptions for the following.

Assumption 4 (Signal Spreading Process) We as-
sume that

(1) The source s ∈ V is unique.
(2) Signal spreading takes place in a diffusive way, i.e.,

a signal is passed on from a node i to all nodes j that
are adjacent to i.

(3) We assume a constant and homogeneous spreading
velocity 1/c > 0. Hence, for known distances ds,i
we have

ti := ts + c · ds,i
as the arrival time at node i ∈ V .
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While the first two assumptions are rather technical, the
third assumption is an important restriction of the prob-
lem class to a linear model. We note that some applica-
tions might need less restrictive assumptions. For exam-
ple, infections or electric conduction on the heart sur-
face do not have a constant velocity in reality. Also, we
are not interested here in measuring the strength of the
signal, which may be relevant for certain applications.
We now look at the available measurement procedure,
abstracted as a data oracle.

Definition 5 (Data Oracle) An oracle allows to query
nodes i ∈ V and obtain measurement data ri. The ri
indicate times ti when the signal arrived at node i, but
with measurement noise,

ri = ti + εi

Here, εi ∈ R is a random variable for each i ∈ V . We
call the special case of εi = 0 ∀ i ∈ V the deterministic
and the general case the stochastic version.

Assumption 6 (Data Oracle Output) We assume
to know the distributions of the measurement errors εi
for all i ∈ V .

Assumption 7 (Data Oracle) We assume that we
query the oracle after all relevant times ti, i.e., data ri
is available at the time of oracle query. In particular, we
do not have the possibility to change the process.

Definition 8 (Source Detection Problem) We
consider a graph, a signal spreading process, and an
oracle as specified in Definitions 1, 3, 5 and the above
assumptions. We denote the task to minimize the num-
ber of oracle queries to determine the source node s ∈ V
(possibly up to a tolerance with respect to graph distance)
as the source detection problem.

The queries of the oracle provide (noisy) arrival times
ri, which can be used to infer the unknown offset ts, the
velocity 1/c, and the source s ∈ V . In this paper, we con-
sider the following general approach to source detection.

Definition 9 (Source Detection) The general source
detection approach is: Repeat i = 1 . . . imax rounds of

S1) choosing ki nodes Si = {i1, . . . , iki} ⊆ V ,
S2) querying the oracle to obtain rSi ∈ Rki , and
S3) estimating a current best guess for the source j∗ ∈ V

If j∗ = s holds, then we call the approach successful. The
source detection problem is to find a successful approach

with a minimal number N =
∑imax

i=1 ki of oracle queries.

The special case of imax = 1 is called the offline version
of the problem. It corresponds to a situation where it
is not possible to do calculations between queries to the

oracle. The online version for imax ≥ 2 is not to be con-
fused with more general concepts in online optimization,
such as model predictive or dual control. Assumption 7
relates to the properties of the source detection problem
and states that our approach starts after the end of the
spreading process at time tf . Note that some processes
such as cardiac excitations have a repetitive nature and
a fast timescale, compare [71]. Thus, the results of the
considered problem class may find application not only
in a posteriori analysis, but also in ongoing processes.

The oracle queries in S2) can be practically difficult
and/or expensive, giving rise to our approach to mini-
mize their overall number. Thus, all nodes chosen in S1)
have to provide as much information as possible. The
problem to identify the corresponding nodes can be seen
as an optimal experimental design problem on a graph.
The estimation or source inversion problem in S3) can
be approached based on regression. Note that the main
assumption for this model is a spreading of arrival times
from the source s to all other vertices via shortest paths
at a constant velocity 1/c > 0. We also assumed that
the answer of the oracle does not depend on the round in
which it is queried. According to the classification in [35],
the above setting corresponds to sensor observations in
contrast to the the snapshot or full information cases.

In the interest of simplicity and if not stated otherwise,
we will use notation, definitions, and assumptions from
this section, without explicit reference. We shall use the
following example for illustration throughout this paper.

Example 10 (Graph) The graph G = (V,E) has
nodes

V = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}
and weights `(e) = 1 for all undirected edges e in

E = {{0, 5},{0, 6},{0, 7},{0, 8},{0, 9},{1, 2},{1, 4},{1, 5},
{2, 4},{2, 5},{3, 5},{4, 5},{5, 6},{6, 7},{6, 8},{6, 9}}.

1

2 3

4

5

6

789

0

i
j

0 1 2 3 4 5 6 7 8 9

0 0 2 2 2 2 1 1 1 1 1
1 2 0 1 2 1 1 2 3 3 3
2 2 1 0 2 1 1 2 3 3 3
3 2 2 2 0 2 1 2 3 3 3
4 2 1 1 2 0 1 2 3 3 3
5 1 1 1 1 1 0 1 2 2 2
6 1 2 2 2 2 1 0 1 1 1
7 1 3 3 3 3 2 1 0 2 2
8 1 3 3 3 3 2 1 2 0 2
9 1 3 3 3 3 2 1 2 2 0

Fig. 1. Left: visualization of the example graph. Right: sym-
metric matrix with shortest path distances di,j .
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3 Deterministic case

In this section we discuss the deterministic offline ver-
sion of the source detection problem, i.e., imax = 1 and
εi = 0 ∀ i ∈ V . This problem class deserves special at-
tention, because it is interesting in its own right, it is the
idealized limit case of stochastic online versions, and be-
cause algorithmic ideas can be iteratively used in more
complex settings. Note that it is purely combinatorial,
asking for subsets of V for which the oracle answer al-
lows to infer (or resolve) the source.

Of practical relevance is the possibility to verify a source
via querying the oracle. Under the assumptions above
one possibility is a local enumeration.

Definition 11 (Source Certificate) A node s ∈ V is
the source of the spreading process if and only if ts is
finite and ts < tj for all nodes j with (vj , vs) ∈ E.

We start by considering the special case with ts = 0 and
c = 1, where the oracle returns ri = ds,i for i ∈ V . To
solve the source detection problem we need to choose
a minimal cardinality subset of V in S1) for which we
question the oracle in S2). The answer shall enable us to
calculate the source in S3) no matter which vertex in V
actually is the source. This concept is known in graph
theory as the metric dimension of a graph [17,16,55,67]
and depends on the basis of a graph. Classically, the
metric dimension of a graph is defined for unweighted
graphs, i.e., `(e) = 1 ∀ e ∈ E. We generalize this to
weighted graphs (V,E) with weights `(e) > 0 for e ∈ E.

Definition 12 (B-metric Equivalence) Given a
subset B ⊆ V , two nodes i, j ∈ V are B-metric equiva-
lent if di,k = dj,k ∀ k ∈ B.

Definition 13 (Metric-Resolving Set) A setB ⊆ V
is metric resolving, if i, j ∈ V are B-metric equivalent if
and only if i = j.

Thus, B is metric-resolving if it uniquely defines all v ∈
V by their shortest path distances to the elements of B.

Definition 14 (Metric Basis) A (metric) basisB is a
metric-resolving set with minimal cardinality.

Definition 15 (Metric Dimension) Given a weighted
graph G = (V,E), the metric dimension is the cardinal-
ity of one of its metric bases.

There are different ways to check if a set B is metric-
resolving. Equivalently to Definition 13, one can check if
either

∑
k∈B |dj,k−di,k| = 0 or (anticipating the stochas-

tic regression case) if
∑
k∈B(dj,k−di,k)2 = 0 for all pairs

of nodes i < j ∈ V . If the value is strictly positive for
(the minimum of) all pairs, then B is metric-resolving.

Example 16 The graph from Example 10 has metric di-
mension 5 and one metric basis is B := {1, 2, 6, 7, 9}.
Figure 2 shows that B is a resolving set, as there are no
zeros on the off-diagonal. One can show (e.g., by enu-
meration) that no basis with fewer nodes exists.

1

2 3

4

5

6

789

0

i
j

0 1 2 3 4 5 6 7 8 9

0 0 2 5 1 4 17 24 16 24 14
1 2 0 5 1 4 17 24 16 24 14
2 5 5 0 2 5 12 13 5 13 9
3 1 1 2 0 3 14 19 11 19 11
4 4 4 5 3 0 5 12 8 12 4
5 17 17 12 14 5 0 5 5 5 1
6 24 24 13 19 12 5 0 4 8 4
7 16 16 5 11 8 5 4 0 4 4
8 24 24 13 19 12 5 8 4 0 4
9 14 14 9 11 4 1 4 4 4 0

Fig. 2. Left: the graph from Example 10 with the
basis in gray. Rigth: symmetric matrix with entries∑

k∈B(dj,k − di,k)2 for the metric basis from Example 16.

Deciding whether a graph has metric dimension less than
a given value is NP-complete [39]. Hence, determining
the metric dimension even of an unweighted graph is
difficult [31]. This computational complexity refers to
step S1, the experimental design problem. To find a basis
one can enumerate all possible vertex sets from small to
large cardinality until a basis is found. In [31] an (1+(1+
o(1)) log(n))-approximation algorithms is given which
runs in O(n3), with n = card(V ). The metric dimension
can not be approximated within o(log(n)) [30]. If a basis
has been found in S1) and the oracle queries returned rk
for all k ∈ B in S2), the source s ∈ V can be uniquely
determined in S3) by calculating di,k for all i ∈ V and
k ∈ B and comparing it to rk = ds,k.

Example 17 Assume that for the basis B from Exam-
ple 16 the oracle returns r{1,2,6,7,9} = (3, 3, 1, 2, 2). Com-
parison with the full distance table on the right hand side
of Figure 1 reveals the source node s = 8.

We are interested in a generalization of this concept to
arbitrary and a priori unknown velocity 1/c > 0 and
offset ts ∈ R. Again, we want to be able to uniquely
determine the source, now for arbitrary c > 0, ts, and
s ∈ V . While the concepts of a metric basis and of doubly
resolving sets [15,43] can be found in the literature, the
spread basis is a novel concept.

Definition 18 (B-spread Equivalence) For B ⊆ V ,
two nodes i, j ∈ V are B-spread equivalent if

∃ti, tj ∈ R, ci, cj > 0 : ti+cidi,k = tj+cj dj,k k ∈ B.

Note that with the choice of t = (tj− ti)/ci and c = cj/ci
this is equivalent to

∃t ∈ R, c > 0 : di,k = t+ c dj,k ∀ k ∈ B.
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Definition 19 (Spread-Resolving Set) A set B ⊆
V is spread-resolving, if i, j ∈ V are B-spread equivalent
if and only if i = j.

Definition 20 (Spread Basis) A spread basis B is a
spread-resolving set with minimal cardinality.

Definition 21 (Spread Dimension) Given a weighted
graph G = (V,E), the spread dimension is the cardinal-
ity of one of its spread bases.

Although the interpretation of a velocity 1/c is not well
posed for c = 0, we will require c ≥ 0 instead of c > 0 in
the following minimization problems to avoid open sets.
To find a spread basis we consider the objective function

Jj(t, c, rS) =
∑
k∈S

(t+ c dj,k − rk)2. (1)

Minimizing this objective with rk = di,k and constraint
c ≥ 0 results in an optimal objective value φi,j(S) de-
pending on i, j, and S. As above, an equivalent criterion
to check if a set S ⊂ V is spread-resolving is to check if

φ∗(S) = min
i,j 6=i∈V

φi,j(S) = min
i,j 6=i∈V

min
t,c≥0

Jj(t, c, di,S) (2)

is strictly positive, compare Example 23.

Proposition 22 (Sign symmetric objective) For
any subset S of V the objective values φi,j(S) are sign
symmetric, i.e., for i, j ∈ V we have

φi,j(S) = 0 ⇐⇒ φj,i(S) = 0

φi,j(S) > 0 ⇐⇒ φj,i(S) > 0.
(3)

PROOF. For φi,j(S) = 0 with c > 0 and ts we have by
equations (1) and (2):

c dj,k + ts = di,k ∀ k ∈ S.

Reformulating this results in

1/c di,k − ts/c = dj,k ∀ k ∈ S

with new slope 1/c > 0 and offset −ts/c. Then by equa-
tions (1) and (2) again we have φj,i(S) = 0. The second
part follows from the first due to φj,i(S) ≥ 0.

Example 23 For the graph from Example 10 the metric
basis B = {1, 2, 6, 7, 9} is not spread-resolving. E.g., for
ts = c = 1 we have d8,k = ts+d6k . The graph has spread
dimension 7 and Bsp := {1, 2, 3, 6, 7, 8, 9} ia a spread
basis. Figure 3 shows that Bsp is spread-resolving, as
only diagonal values are zero, and that B is not spread-
resolving, as φ6,8(B) = φ8,6(B) = 0.

i
j

0 1 2 3 4 5 6 7 8 9

0 0.00 8.00 8.00 6.86 4.86 1.71 0.75 2.75 2.75 2.75
1 1.71 0.00 1.88 5.73 0.36 0.59 3.43 8.00 8.00 8.00
2 1.71 1.88 0.00 5.73 0.36 0.59 3.43 8.00 8.00 8.00
3 1.71 6.69 6.69 0.00 3.67 0.75 3.43 8.00 8.00 8.00
4 1.71 0.59 0.59 5.18 0.00 0.35 3.43 8.00 8.00 8.00
5 1.71 2.75 2.75 3.00 1.00 0.00 3.43 8.00 8.00 8.00
6 0.37 8.00 8.00 6.86 4.86 1.71 0.00 3.33 3.33 3.33
7 0.59 8.00 8.00 6.86 4.86 1.71 1.43 0.00 6.00 6.00
8 0.59 8.00 8.00 6.86 4.86 1.71 1.43 6.00 0.00 6.00
9 0.59 8.00 8.00 6.86 4.86 1.71 1.43 6.00 6.00 0.00

i
j

0 1 2 3 4 5 6 7 8 9

0 0.00 6.80 6.80 1.20 4.00 1.20 0.67 2.00 0.67 2.00
1 1.20 0.00 1.85 0.35 0.32 0.35 2.80 6.80 2.80 6.80
2 1.20 1.85 0.00 0.35 0.32 0.35 2.80 6.80 2.80 6.80
3 1.20 2.00 2.00 0.00 0.67 0.00 2.80 6.80 2.80 6.80
4 1.20 0.55 0.55 0.20 0.00 0.20 2.80 6.80 2.80 6.80
5 1.20 2.00 2.00 0.00 0.67 0.00 2.80 6.80 2.80 6.80
6 0.29 6.80 6.80 1.20 4.00 1.20 0.00 3.14 0.00 3.14
7 0.35 6.80 6.80 1.20 4.00 1.20 1.29 0.00 1.29 5.65
8 0.29 6.80 6.80 1.20 4.00 1.20 0.00 3.14 0.00 3.14
9 0.35 6.80 6.80 1.20 4.00 1.20 1.29 5.65 1.29 0.00

Fig. 3. Top: matrix with objective values φi,j(B
sp) for the

spread-basis from Example 23. Bottom: matrix with objec-
tive values φi,j(B) for the metric basis from Example 16.
Both are not symmetric, as φi,j can differ from φj,i.

Our considerations suggest a (not necessarily efficient)
approach to find a spread basis. In (2), one can de-
tect infeasibility or solve the inner minimization prob-
lem analytically and enumerate the outer minimization
problem over all (modulo symmetry because of Proposi-
tion 22) pairs of nodes and all subsets S of V . Checking
if φ∗(S) > 0 allows to find a spread-resolving set S of
minimal cardinality, similar to the metric case.

To close the section, we collect some results on bounds
for the spread dimension. We are interested in behavior
for large n = #V , hence we assume n ≥ 4 to avoid the
discussion of special cases for the following results. If all
edges have equal length, a trivial upper bound on the
spread dimension is n − 1. This bound is active for the
special case of complete graphs.

Proposition 24 (Dimension of Complete Graphs)
Let G be a complete graph with equal weight ` > 0 on all
edges. Then the spread dimension of G is n− 1.

PROOF. We have rs = ts and the same oracle answer
ri = ts + c` > ts for all i ∈ V \{s} and for all choices
ts and c > 0. Hence, the source s can only be identified
if either s ∈ B, or if s is the only node in V \B. As
the spread basis needs to identify all possible s, we have
necessarily card(B) = n− 1.
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If the edge weights are not identical, we may even need
all n nodes in the spread basis. Thus, complete graphs
are the worst case in terms of an upper bound for the
spread dimension. However, also other topologies, such
as star graphs, may have large spread dimensions.

By definition, the metric dimension is a lower bound for
the spread dimension. Furthermore, we have the follow-
ing lower bound for all graphs.

Proposition 25 (Lower Bound for Dimension)
Let G be a graph as in Definition 1 with n ≥ 4. Then the
spread dimension of G is at least 3.

PROOF. Assume a spread basis B = {i, j} of cardi-
nality two. Choose v, w ∈ V \B with v 6= w.

If dv,i = dv,j and dw,i = dw,j hold then with

c :=
dv,i
dw,i

=
dv,j
dw,j

we obtain dv,i = cdw,i and dv,j = cdw,j , contradicting B
being spread-resolving.

Let hence w.l.o.g. v ∈ V \B be such that dv,i > dv,j .

Now we can choose ts = −dv,jc and c =
dj,i

dv,i−dv,j > 0

and obtain for v, j ∈ V

dj,k = dv,kc+ ts = (dv,k − dv,j)
dj,i

dv,i − dv,j
∀ k ∈ B,

contradicting Definition 19 of a spread-resolving set.

Again, there are graphs for which this bound is sharp,
independent of n.

Proposition 26 (Lower Bound 3 is Active) Let
V = {1, . . . , n} and E = {{1, 2}, {2, 3}, . . . , {n − 1, n}}
for n ≥ 4. The chain graph has spread dimension 3 and
B = {1, 2, n} is a basis.

PROOF. Let B = {1, 2, n}. First we note that the dis-
tance between two nodes i, j ∈ V is di,j = |i− j|.

Let w.l.o.g. a < b ∈ V and ∆ = b− a > 0. We consider
the three equations

da,k = ts + c db,k ∀ k ∈ B

from Definition 18 and show that no ts, c > 0 exist which
satisfy all of them.

If a > 1, we have the distances of a to the basis as
da,1 = a− 1, da,2 = a− 2, da,n = n− a and distances of

b accordingly db,1 = a− 1 + ∆, db,2 = a− 2 + ∆, db,n =
n−a−∆. While the first two equations result in ts = −∆
and c = 1, the equation for k = n is incorrect with these
values.

If a = 1, we have distances 0, 1, n−1 and b−1, b−2, n−b,
respectively. Here the first two equations result in ts =
b−1 and c = −1, but negative c values are not permitted.

Thus, B is a spread-resolving set. With Proposition 25,
it is also an spread basis.

Summarizing, the spread dimension can be anything be-
tween 3 and n for graphs with n nodes. The examples
of chain and star graphs show that it is not the absolute
number of edges, but rather the graph topology that im-
pacts the spread dimension. Tailored results for specific
graph topologies are interesting, but beyond the scope
of this paper.

4 Stochastic case

In this section we consider the more general case with
normally distributed random measurement errors εi.
The measurements rk become random variables, and
thus also the estimated parameters ts, c, and s ∈ V . It
may make sense to measure multiple times at a partic-
ular node. We start by updating some definitions.

Definition 27 (Stochastic Source Certificate) For
a given α ∈ (0, 1) we call a node s the probable source of
the spreading process, if ts is finite and if a given statis-
tical test passes with an error probability 1− (1−α)(1/N)

for the hypothesis ts < tj for all nodes j for which an edge
(vj , s) ∈ E. Here N is the number of edges (vj , s) ∈ E.

We start by looking at the source inversion (resolving)
problem S3) from Definition 9.

Definition 28 (Source Estimator) Given a multiset

(nodes can be queried multiple times) of nodes Ŝ and the
corresponding oracle answers r

Ŝ
, we define the source

estimator similar to (1) as

j∗ := arg min
j∈V

J∗
j,Ŝ

:= arg min
j∈V

min
ts,c≥0

J
j,Ŝ

(ts, c) (4)

:= arg min
j∈V

min
ts,c≥0

∑
k∈Ŝ

(c dj,k + ts − rk)2 (5)

as the most likely source for Ŝ in a least squares sense.

For fixed source estimate j ∈ V , the solution of the linear
regression problem can be derived analytically [11, pages
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4–5 for the unconstrained solution] as

c(j, Ŝ) = max

(
0,

∑
i∈Ŝ(ri − r̄)(dj,i − d̄(j))∑

i∈Ŝ(dj,i − d̄(j))2

)
, (6)

ts(j, Ŝ) = r̄ − c(j, Ŝ) d̄(j) (7)

with r̄ = mean(r
Ŝ

) and d̄(j) = mean(d
j,Ŝ

). This allows

to evalute J∗
j,Ŝ

for all j ∈ V and derive an estimate j∗

via enumeration, similar to the deterministic case. If the
source can be resolved with a certain probability depends

obviously on the choice of the multiset Ŝ.

Definition 29 (Stochastic Spread-Resolving Set)
Given a, b ∈ R+, a source estimate j∗ ∈ V , a resolution
radius γ > 0, and values J∗

j,Ŝ
∀ j ∈ V , we define

Bj
∗

γ = {i ∈ V : dj∗,i ≤ γ } (8)

and call the multiset Ŝ stochastically spread-resolving
(SSR), if an F-Test is successful for a confidence α with(

min
j∈V \Bj

∗
γ
J∗
j,Ŝ

)
− J∗

j∗,Ŝ

J∗
j∗,Ŝ

b

a
≥ F−1a,b (α) (9)

Note that this approach is heuristic, because the statistic
is not F-distributed.

Example 30 (Stochastic Source Inversion) We
consider our example graph with oracle queries at

Ŝ = {1, 4, 6, 7, 9} resulting in

r
Ŝ

= (1.44327, 0.31493, 3.43784, 5.48041, 4.77700).

We can calculate best fit regression lines for all ten nodes:

node c ts objective value
0, 6, 7, 8, 9 1e− 10 3.09069 19.09375

1 1.49215 0.40482 3.95344
2 2.12480 −1.15892 1.03461
3 3.39669 −5.06137 5.24874
4 1.65808 0.10614 0.39891
5 3.39669 −1.66468 5.24874

The smallest objective value is obtained for node 4. How-

ever, Ŝ does not spread-resolve nodes 3 and 5 (e.g., for
ts = c = 1 we have d3,k = ts+cd5,k), resulting in not dis-
tinguishable optimal solutions (objective, c) with different
ts. For a = b = 1, α = 0.05 and the ball B2

1.5 = {1, 2, 4}
the F-test fails with 12.158 and a cutoff value of 161.45.

Thus Ŝ is not SSR, and 4 is not a probable source, which
is accurate as rB was simulated for s = 2, c = 2, ts = −1,
and a standard deviation of 1.

For the experimental design problem S1) in Definition 9
we use A-optimality, i.e., we choose oracle queries that
minimize the following function.

Definition 31 (Set Variance) For a given multiset Ŝ,
variances σj, and λ ∈ [0, 1] we define the set variance

Φ(Ŝ) :=
∑
j∈V

λ
Var[c(j, Ŝ)]

σ2
j

+ (1− λ)
Var[ts(j, Ŝ)]

σ2
j

, (10)

calculated using the variances of the parameter estimates
(6-7) according to [72, Section 2.4],

Var[c(j, Ŝ)] =
σ2∑

i∈Ŝ(dj,i − d̄j)2

Var[ts(j, Ŝ)] =
σ2
∑
i∈Ŝ d

2
j,i

|Ŝ|
∑
i∈V̂ (dj,i − d̄j)2

with an unknown, but fixed σ2.

To prove convergence, and also to avoid observed un-
wanted numerical behavior, we restrict the multiplicities

of the multiset Ŝ. The number of queries per node must
not differ by more than 1. This avoids that specific nodes
are queried significantly more often than others.

Definition 32 (Feasible Oracle Queries) Let V be

given. A multiset Ŝ of V is called feasible, if the multi-

plicities of all i ∈ V within Ŝ do not differ by more than

1. We denote by V Ŝ the subset of V containing all nodes

that can be added to a feasible Ŝ and maintain feasibility.

With this setup, we can now formulate a source detection
algorithm realizing Definition 9.

The goal of Algorithm 1 is to find a probable source j∗

with a small number of oracle queries, assuming consid-
erable practical costs (e.g., increased risk of side effects
for intracardiac measurements). Concerning the com-
putational complexity per iteration of Algorithm 1, the
main calculations happen in Lines 5, 6, and 10. The in-
ner optimization problems can be solved analytically,
compare (6-7), with an effort proportional to |V |. This
is similar to calculating the set variance in (10). The
overall effort to evaluate all objective functions J∗

j,Ŝ
and

minimizing over V \Bj∗γ in Line 8 and over V Ŝ in Line 10

is then propotional to |V |2, where clever look-up tables
can be applied to increase performance. Note that the
distance resolution in Line 7 is calculated by dividing
the estimated standard deviation by the estimated slope

c(j∗, Ŝ).

Given the general applicability of Algorithm 1 and the
stochasticity of the task, we can not expect that the algo-
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Algorithm 1 Stochastic Source Detection

Input: Graph (V,E) with shortest distances d, access
to oracle V, parameters a, b, α, λ, variance weights σj
Output: Probable source j∗, SOVR set Ŝ
1: i1, i2 ← arg min

i1 6=i2∈V
Φ({i1, i2}) . See Def. 31

2: Ŝ ← {i1, i2} . Initialize set Ŝ
3: for i in 3 . . . imax do
4: r

Ŝ
← V(Ŝ) . Update oracle V query

5: Calculate c(j, Ŝ), ts(j, Ŝ) ∀ j ∈ V . See (6-7)
6: Calculate objectives J∗

j,Ŝ
and j∗ . See (4-5)

7: Calculate γ =
J∗

j∗,Ŝ

(|Ŝ|−2)c(j∗,Ŝ)
. For SOVR test

8: if Ŝ is SOVR then . See (8-9)
9: break

10: i+ ← arg min
j∈V Ŝ

Φ(Ŝ ∪ {j}) . See Defs. (31-32)

11: Ŝ ← Ŝ ∪ {i+} . Add node to Ŝ

rithm has a deterministic bound on the number of neces-
sary iterations. However, the well-posedness follows from
the following result.

Corollary 33 (Convergence in the limit) Assume
we remove Lines 8–9 in Algorithm 1. Then there is an
imax such that the output of Algorithm 1 is j∗ = s.

PROOF. In Line 6 of Algorithm 1 we calculate (4-5)

j∗ = arg min
j∈V

J∗
j,Ŝ
.

We want to show that j∗ = s, i.e., that

J∗
j,Ŝ

= min
ts,c≥0

∑
k∈Ŝ

(c dj,k + ts − rk)2

is smallest for j = s, if Ŝ is large enough. As Ŝ is aug-
mented by one node in every iteration in Line 11, this
correlates to a longer runtime and a larger imax.

We use Definition 5 and the true model for s for

rk = ds,kc+ ts + εk

and the analytical solutions (6-7) to obtain

J∗
j,Ŝ

=
∑
k∈Ŝ

(c(j, Ŝ) dj,k + ts(j, Ŝ)− rk)2

=
∑
k∈Ŝ

(c(j, Ŝ) dj,k + r̄ − c(j, Ŝ) d̄(j)− rk)2

=
∑
k∈Ŝ

(c(j, Ŝ) (dj,k − d̄(j)) + (r̄ − rk))2

=
∑
k∈Ŝ

(
c(j, Ŝ) (dj,k − d̄(j))

−c(ds,k − d̄(s))− (εk − ε̄)
)2
.

We look at c(j, Ŝ) seperately and use

f(x
Ŝ
, j) =

∑
i∈Ŝ(xi − x̄)(dj,i − d̄(j))∑

i∈Ŝ(dj,i − d̄(j))2

as abbrevation:

c(j, Ŝ) = max
(

0, f(r
Ŝ
, j)
)

= max
(

0, c f(d
s,Ŝ
, j) + f(ε

Ŝ
, j)
)

The term ε̄ in f(ε
Ŝ
, j) is a Gaussian distribution

N (0, σ2/|Ŝ|). As the probability P (|ε̄| < γ), γ > 0
tends towards one there is no influence of this term
in the limit. Then f(ε

Ŝ
, j) can be rewritten with

notation gi = (dj,i − d̄(j))/
∑
i∈Ŝ(dj,i − d̄(j))2 as∑

i∈Ŝ εigi ∼ N (0, σ̂2) with variance

σ̂2 = σ2
∑
i∈Ŝ

g2i = σ2/
∑
i∈Ŝ

(dj,i − d̄(j))2.

As also this Gaussian stochastically converges towards 0
(as ε̄ above), it has no influence. Inserting the remaining

parts of c(j, Ŝ) back into the objective yields

J∗
j,Ŝ

=
∑
k∈Ŝ

(hj,k − εk)
2

=
∑
k∈Ŝ

h2j,k − 2hj,kεk + ε2k.

As above, the term ε̄ is neglected because of its stochastic
convergence to zero and we used

hj,k = max
(

0, c f(d
s,Ŝ
, j)
) (
dj,k − d̄(j)

)
−c
(
ds,k − d̄(s)

)

8



The difference between the true source objective and any
other objective is in this term. Because f(d

s,Ŝ
, s) = 1

we have hs,k = 0.

For all other objectives the term
∑
k∈Ŝ h

2
j,k grows at least

linear in the size of Ŝ because with V as spread-resolving
set
∑
k∈V h

2
j,k is bounded from below by a positive value

and we add elements to Ŝ in chunks of V .

The term −2
∑
k∈Ŝ hj,kεk is Gaussian N (0, σ̃2) with

variance σ̃2 = 4σ2
∑
k∈Ŝ h

2
j,k which grows at most lin-

early in the size of Ŝ because
∑
k∈V h

2
j,k is bounded

from above.

The last term is χ̃2 distributed with |Ŝ| degrees of free-
dom. In the limit this tends to a Gaussian distribution
with mean |Ŝ| and variance 2|Ŝ|. For the true source ob-
jective this is the only existing term.

Substracting the true source objective from any
other objective the result is Gaussian N (µ, σ̂2) with

µ =
∑
k∈Ŝ h

2
j,k and σ̂2 = σ̃2 +2|Ŝ|. The probability that

it is greater than zero tends to one because the mean
grows at least linearly and the variance grows at most
linearly.

5 Numerical Results

5.1 Implementation

We have implemented Algorithm 1 in octave 5.2.0 [23].
The code is available with a permissive license on the
website https:\\github.com\TobiasWeber\IMLR.

The implementation is a set of octave functions and
scripts that should work in any octave installation
with the statistics package. For Algorithm 1 only
core octave was used. Data structures for graph repre-
sentation were taken from the octave network toolbox
[12], where also simple graph information and manipu-
lation algorithms can be found. However, the algorihm
works standalone as we implemented a different short-
est path algorithm for efficiency reasons. It is closely
related to the fast matrix multiplication shortest path
algorithms and more suited to the octave programming
language than the Dijkstra algorithm in the toolbox.
For the numerical random scenarios and errors we use
the statistics package of octave.

Remark 34 (Treating infinities) There are two dif-
ferent sources of infinite values.

For directed graphs that are not strongly connected or
graphs that are not connected, some pairs of nodes might

have no shortest path between them, or just in one di-
rection. The infinity pattern can be exploited to find the
source by a clustering into connected subgraphs. These
subgraphs can be used in step S3), and determined in an
extra run of S1) by replacing infinity by 1 and finite val-
ues by 0.

Also the variances Var[c(j, Ŝ)] and Var[ts(j, Ŝ)] in
Def. 31 may be infinite. As we are minimizing, this is
not a problem though, if implemented carefully. If all

variances in V Ŝ are infinite, we “minimize” by counting
the non finite values in the sum over the variances and
choose the “solution” with the least infinities (or NaNs).

In the following and if not stated otherwise, we use hy-

perparameters α = 0.05, a = 1, and b = |Ŝ| − 4 (see
Def. 29) and λ = 0 and σj = 1+J∗

j,Ŝ
(see Def. 31). Here,

the σj were chosen to have larger weight on nodes with
a smaller objective function value.

5.2 Illustration on Example Graph

We use our example graph with the same spreading pro-
cess as in Example 30 (s = 2, c = 2, ts = −1) to illus-
trate the behavior of Algorithm 1. The output for an
instance with “average” behavior in terms of iteration
count is as follows.

iter i+ j∗ c(j∗, Ŝ) ts(j
∗, Ŝ)

J∗

j∗,Ŝ

|Ŝ|
min

j∈V \Bj
∗
γ

J∗
j,Ŝ

|Ŝ|
α∗

1, 2 0, 5 5 3.34 −0.38 0.00 0.00 1.0000
3 1 2 3.79 −4.62 0.14 0.14 1.0000
4 7 1 2.09 −1.67 0.25 0.32 1.0000
5 2 4 2.97 −3.89 0.37 0.55 0.6137
6 4 2 2.25 −2.19 0.52 0.72 0.4716
7 8 2 2.44 −2.34 0.53 0.72 0.3800
8 3 2 2.48 −2.30 0.53 0.70 0.3255
9 9 2 2.71 −2.52 0.74 0.90 0.3434

10 6 2 2.72 −2.48 0.70 0.85 0.3054
11 2 2 2.56 −2.10 0.73 0.95 0.1905
12 1 2 2.60 −2.24 0.72 1.21 0.0494

The initialization in Line 1 results in {i1, i2} = {0, 5}.
Until iteration 10 all nodes are selected once. In itera-
tions 11 and 12 a second query at nodes 2 and 1 results in
objective function values that are far enough apart such
that the heuristic termination criterion (9) is fulfilled.
In this instance the feasibility requirement in Def. 32
leads to oracle queries that might not be necessary. The
last column depicts the converging α∗ value, obtained
by evaluating (9) (stopping criterion is that α∗ is below

0.05). The parameters c(j∗, Ŝ) and ts(j
∗, Ŝ) converge

slowly towards the real values and are still inaccurate at
termination. The resulting regression line is a good fit
for the measurements, though, compare Figure 4.
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Fig. 4. Regression after iteration 12 at the true (and esti-
mated) source node s. Despite significant outliers, the esti-
mated spreading approximates the true spreading quite well.

In summary, the strict termination criterion and feasibil-
ity requirement for oracle queries seem to be robust and
avoid early termination, even when by chance a good fit
is achieved as in the iterations 2 and 3.

5.3 Problem Instances

We used graph instances that we collected in three sets.

Col. The first set is an operations research library [7]
with 30 instances from [28] and 79 DIMACS graph col-
oring instances [37] from different sources, e.g., [36,46].

Misc. The second set comprises miscellaneous instances.
It contains three simple water network instances from
the epanet software for modeling of water networks
[61], eight train networks from the lintim software [1],
five instances from Mark Newman’s webpage [58] (orig-
inal sources [70,51,75,42]), seven instances from the
Weizmann laboratory collection of complex networks
[2,53,57,56], and 41 instances from the Pajek dataset [6].

Snap. The last set of instances is a subset of the Stan-
ford large network dataset collection (Snap). It con-
tains 16 graphs derived from an internet topology [47],
9.629 graphs describing user interaction on the music
streaming service deezer [62], five graphs describing
email interactions of members in a large European re-
search institution [48], and ten graphs as friend networks
of Facebook users [49].

All instances were chosen to have up to 1000 nodes and
a possible spreading process application. Some of the in-
stances are directed graphs, some are weighted, others
are not connected. If not provided, all edge weights were
set to one. For all of the different sources and their dif-
ferent graph formats parsers in octave are available. We
conducted 100 randomized test runs on each instance
(only the 9629 deezer graphs were only run once). For
each run s was chosen randomly, just as c (exponential
distribution with mean 1) and ts (Gaussian with mean
0 and standard deviation 10). We used σ = 1

5c as stan-
dard deviation for the random error of oracle queries.

5.4 Benchmark Library: Convergence

To evaluate the convergence behavior of Algorithm 1, we
assess the quality of the detected source j∗ in comparison
to the true source sk of instance k. We use the following
normalization and evaluation measure.

Definition 35 (Normalization) LetQ be the set of all
instances (test runs) and k ∈ Q a specific one.

Let ik be the number of iterations until Algorithm 1 ter-
minated for instance k. We then transform all iterations
i ∈ {imin = 3, . . . , ik} to normalized iterations in via
in = (i − imin)/(ik − imin) ∈ [0, 1], omitting the depen-
dence on k for notational simplicity. Then we define

q(k, in) :=

∣∣∣{j ∈ V : J∗
j,Ŝ
≤ J∗

s,Ŝ

}∣∣∣
| V |

(11)

as the uniqueness level of a given true source s for an

oracle query set Ŝ. It depends on the instance k ∈ Q and
on the normalized iteration counter in of Algorithm 1.

The level q(k, in) ∈
[

1
|V | , 1

]
is evaluated for the least

squares function J∗
j,Ŝk,in

. If q(k, in) = 1
|V | then j∗ = s.

First, Table 1 shows the median and mean distances be-
tween j∗ and s after termination (i.e., in = 1) of Algo-
rithm 1, indicating its accuracy. There are no significant

Table 1
Distance between j∗ at in = 1 and s for different test sets
Q. Note that for test set Misc with weighted graphs the
distances of j∗ to swere divided by the maximum non-infinite
shortest path lengths, and the special infinity treatment was
applied, see Remark 34. Mostly, Algorithm 1 returned j∗ ≈ s.

Set Q Median Mean Max # Inf

Col 0.000 0.0183 2.000 0
Misc 0.000 0.0036 0.137 1
Snap 0.000 0.0078 3.000 0

differences between the test sets, indicating the general
applicability of Algorithm 1. As the following results are
very similar for all test sets, we present them from now
on forQ as the union of the test sets Col, Misc, and Snap.

Second, to investigate the efficiency of Algorithm 1, we
illustrate in Figure 5 the uniqueness level q as a function
of normalized iterations and instances k ∈ Q. Both plots

indicate that for the chosen sets Ŝk,in the termination
criterion is a good choice and that Algorithm 1 is well-
posed in the sense that at termination, the true source
sk is detected with high probability (as q(k, in = 1) ≈ 0
for almost all k ∈ Q). From Figure 5 we deduce on the
one hand that an earlier termination of Algorithm 1, as
seemed plausible from the example in Section 5.2, would
often result in j∗ that are not minimal with respect to
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Fig. 5. Using Definition 35, q(k, in) is visualized for all instances k ∈ Q. Left: a color gradient indicates for how many instances
k ∈ Q the value q(k, in) is in a given box. While for small iteration numbers in the values J∗

sk,Ŝk,in
are almost randomly

distributed among all j ∈ V , for large iterations we have J∗
sk,Ŝk,in

≤ J∗
j,Ŝk,in

for almost all instances k and all j ∈ V , indicating

the probable proximity of j∗ to the true source sk of instance k. Right: for different values of δ the lines plot the fraction
|Q1(in)|/|Q| with Q1(in) := {k ∈ Q : q(k, in) ≤ δ + 1

|V |}. E.g., for δ = 0 the lowest blue line depicts the fraction of instances

for which at iteration in the source sk was the unique minimizer of J∗, increasing from approximately 5% to 95%.

the least squares regression. On the other hand, more
iterations are not necessary.

5.5 Benchmark Library: Number of Iterations

In this section we have a closer look at how the itera-
tion numbers ik until Algorithm 1 terminated relate to
properties of the graphs. Figure 6 (left) shows them for
different graph sizes n = |V |. For most k ∈ Q we have
ik ≤ 1

2n. As the spread dimension is the number of neces-
sary oracle queries (iterations in the online case), this is
plausible when looking at the upper bound from Propo-
sition 24 for complete graphs. Note that the spread di-
mension is not a strict lower bound on ik due to the ad-
vantage that in the online setting we can place oracle
queries with knowledge gained in previous iterations.

For small graphs (n ≤ 60), we could determine the
spread dimension by brute force enumeration. The re-
sult in Figure 6 (right) confirms the impression that the
number of iterations of Algorithm 1 is in many cases be-
low the spread dimension, and only in few cases above.
Thus it seems valid to see ik, at least for the chosen vari-
ance of measurement errors, as an approximation of the
spread dimension.

This result does not consider other graph properties.
An investigation of the topological diameter and of the
connectivity (number of edges divided by n) of the graph
did not reveal obvious correlations (negative results are
not shown here, the color gradients were rather erratic).
Known results for the metric dimension β, which is a

lower bound for the spread dimension as discussed in
Section 4, indicate that the graph topology could have
a strong impact (on the lower and not necessarily active
bound). E.g., for the diameter d it was shown that

n ≤
(⌊

2d

3

⌋
+ 1

)β
+ β

dd/3e∑
i=1

(2i− 1)β−1

by [32, Theorem 3.1]. Also the simpler, but less strict
inequality

n ≤ dβ + β

from [39] emphasizes the role of the diameter. Not find-
ing a correlation between the diameter d and ik might
indicate that the diameter is not as relevant for the
spread dimension as it is for the metric dimension or
that ik differs from the spread dimension for specific
graphs. Note also that the spread dimension depends
on the edge weights of the graph. Two graphs with the
same edge sets can have different spread dimensions, if
the edge weights are different. The connection between
graph properties on the one hand and spread dimension
and iteration numbers on the other hand should be in-
vestigated in future research.

6 Conclusion

We formalized the source detection problem in graphs
and discussed some of its theoretical properties. We
showed that the well-known concept of the metric basis
and metric dimension of a graph is related to the specific
case of deterministic source detection. We generalized
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Fig. 6. Color gradients showing how many instances k ∈ Q needed (on the y-axis) how many iterations until termination of
Algorithm 1. Left: Plotted over the graph size n = |V |, suggesting a linear relation ik ≤ c1n for a constant c1 and most k ∈ Q.
Right: Plotted over the spread dimension β, suggesting a linear relation ik ≤ c2β for a constant c2 and most k ∈ Qsmall where
Qsmall ⊆ Q contains all graphs in Q with n ≤ 60. Up to this size a brute force enumeration of the spread dimension was
computationally feasible.

this concept towards spreading processes by the novel
concept of the spread dimension, and towards stochastic
measurement errors via stochastic spread-resolving sets.
These concepts can and should be further investigated
from a graph theoretic point of view.

As a second main contribution, we developed a new so-
lution algorithm to the problem. Algorithm 1 can solve
problems belonging to a very general problem class. It
consists of a source estimation and of an experimental
design part. For the source estimation we proved con-
vergence to the true source under a constraint on the

query set Ŝ. To choose oracle queries for this set we pro-
posed a heuristic solution based on the concept of A-
optimality in experimental design and a constraint on
multiple measurements. It is unclear how this heuristic
can be further improved. A detailed study on relaxing
Definition 32, e.g., by allowing the numbers of queries
to differ by k > 1, seems promising.

A third contribution is a numerical study based on a
novel benchmark library for source detection problems.
The results indicate well-posedness of Algorithm 1 and
a relation between the graph size n and the spread di-
mension on the one hand, and the number of iterations
until termination on the other.

Summarizing, Algorithm 1 proved to be robust over a
wide variety of different graphs (weighted/unweighted,
directed/undirected, connected/unconnected) and for
stochastic disturbances. So far, two of the three main

parts (termination and choice of Ŝ) are only heuristic,
whereas the link to quadratic regression is well-posed in
the limit. Another future direction of research is hence
the application to practical source detection problems

with real world data. Also larger problem instances
with n > 1000 and special cases should be further in-
vestigated. For those it will be worthwhile to investigate
graph decomposition approaches. Promising concepts
from graph theory are the modular decomposition and
to a lesser degree the split decomposition of a graph.
A very simple and efficient meta algorithm for a graph
with more than one (strongly) connected component
is to query a node in each connected component once,
until the oracle answer is finite. Then the source in this
connected component and the rest of the search can
continue there, e.g., with Algorithm 1.

In general, the class of source detection on graphs is
important from a practical point of view, especially given
the omnipresence of networks in modern life. At the same
time, this new problem class may stimulate theoretical
and algorithmic research.
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