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Abstract In this paper, we extend a nonconvex Nesterov-type accelerated gradient (AG) method to
optimization over the Grassmann and Stiefel manifolds. We propose an exponential-based AG algorithm
for the Grassmann manifold and a retraction-based AG algorithm that exploits the Cayley transform for
both of the Grassmann and Stiefel manifolds. Under some mild assumptions, we obtain the global rate
of convergence of the exponential-based AG algorithm. With additional but reasonable assumptions, the
same global rate of convergence is obtained for the retraction-based AG algorithm. In these proofs, the
special geometric structures of the two manifolds are fully utilized. Details of computing the geometric
tools as ingredients in our AG algorithms are also discussed. Preliminary numerical results on three
synthetic problems show the efficiency of our AG methods.
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1 Introduction

In this paper, we consider optimization on the Grassmann and Stiefel manifolds:

fT=min f(z), (1)

rzeEM

where M is either the Grassmann manifold Gr(n, p) or the Stiefel manifold St(n,p) and f is a continuously
differentiable function over M. The Grassmann manifold is defined as

Gr(n,p) == {X C R" | X is a subspace, dim(X) = p}.
The Stiefel manifold is defined as
St(n,p) == {X e R™? | XTX = ,}.

Since any X € Gr(n,p) can be represented by X = span(X) for some X € St(n,p), problem (1) is also
known as optimization with orthogonality constraints [15]:

min  f(X) st. X' X =1,
X ERnxp

where the underlying constrained manifold is Gr(n,p) if f(X@Q) is invariant for all p x p orthogonal ma-
trices . Optimization with orthogonality constraints has broad applications in science and engineering,
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including linear and nonlinear eigenvalue problems, low-rank matrix optimization, principal component
analysis, electronic structures computations, machine learning, computer vision, image processing, model
reduction, etc. The reader is referred to [2, 6, 9, 15, 26, 37, 44] and references therein for concrete ex-
amples of applications. Moreover, the Grassmann and Stiefel manifolds are fundamental in Riemannian
optimization partly because they are also closely related to other manifolds such as the fixed-rank man-
ifold [10, 19], the affine Grassmann manifold [34], the symplectic Stiefel manifold [21, 22, 23], and flag
manifolds [46, 53].

Edelman, Arias, and Smith’s work [15] is a landmark achievement in the field of optimization on the
Stiefel and Grassmann manifolds. They deeply studied the geometry of the two manifolds and developed
conjugate gradient (CG) and Newton methods on them. Absil, Mahoney, and Sepulchre’s monograph
[2] lays the foundation for general Riemannian optimization and focuses on the Stiefel and Grassmann
manifolds. Wen and Yin’s efficient gradient method [44] is a high benchmark in the algorithmic aspect
of this field. Fundamental work on the Grassmann manifold also includes [1, 39]. In recent years, more
and more advanced algorithms for optimization over the Stiefel and Grassmann manifolds have been
developed, including gradient-type methods [32, 20], CG methods [38, 50, 52|, second-order methods
(28, 29, 27, 25|, proximal gradient and proximal Newton methods [12, 13, 30, 41], stochastic variance
reduced gradient methods [40, 33], etc.

In this paper, we focus on accelerated gradient methods on manifolds. Nesterov’s accelerated gradient
(AG) method [36] is extremely effective for convex optimization in Euclidean spaces. So in recent years,
many researchers have tried to extend this method to Riemannian manifolds. For geodesically convex
optimization on manifolds, global rate of convergence and local linear convergence of AG methods can be
established [49, 4]. But for the Grassmann and Stiefel manifolds, geodesically convexity is meaningless
because there is no non-trivial convex function on a compact manifold [45]. In [42], the simplest form of
Nesterov’s AG method is generalized to optimization on the Stiefel manifold without guarantee of global
rate of convergence. Accelerated proximal gradient methods for composite optimization on manifolds
have also been proposed without guarantee of global rate of convergence [30, 31]. Generally speaking,
theory of global rates of convergence is far more developed in the convex case [7, 16, 43, 48] than in the
nonconvex case [11, 3].

Ghadimi and Lan proposed an AG method for solving general nonconvex smooth optimization in
Euclidean spaces [24]:

2 = (1= Ae)yr—1 + Ap2r—1,
Ye = 2k — oV f(ak), (2)
zp = zp—1 — BV f(z).

This is a variation of Nesterov’s original AG method and they are equivalent to each other for special
ag, Bk, and ;. By a specific stepsize policy, Ghadimi and Lan proved that their method can achieve
[IVf(zg)]] < O(ﬁ), the same global rate of convergence as that of gradient methods. This is the
best-known global rate of convergence for general nonconvex smooth problems by using only first-order
information (without any assumption on the Hessian) for both Euclidean and Riemannian cases.

We aim to extend Ghadimi and Lan’s AG method (2) to optimization on the Grassmann and Stiefel
manifolds. The main tools used in our extension are retractions (including the exponential map) and
vector transports (including the parallel transport) [2]. There are plenty of choices for retractions and
vector transports on the Grassmann and Stiefel manifolds. In this paper, we adopt the Cayley transform
retraction and vector transport [44, 50, 52]. The main reason is that the Cayley transform is not only
practical in computation but also rich in theory. Note that our method radically differs from the recently
proposed accelerated first-order method in [14]. Although the latter can achieve a faster global rate of
convergence O(#), it requires assumptions on the Hessian of the objective function. Moreover, that
method carries out acceleration in tangent spaces, i.e., acceleration for the pullback function, which is
the composite function of the objective function and the exponential map. This compels that method to
evaluate the gradient of the pullback function, which is sometimes inconvenient in computation.

The contributions of this paper are in two aspects. The first contribution is in algorithmic design. We
propose two novel Riemannian versions of the nonconvex AG method (2). The first algorithm, designed
specially for the Grassmann manifold, is implemented with the exponential map and the parallel trans-
port. The second algorithm, designed for both of the Grassmann and Stiefel manifolds, is implemented



with the Cayley transform retraction and vector transport. In order to obtain a practical retraction-based
AG algorithm, we also derive efficient low-rank formulas for the inverse maps of the Cayley transform
retraction and vector transport. The second contribution is purely theoretical. We prove the global rate
of convergence in form of ||V f(zx)|] < O(ﬁ) for our new AG methods. The exponential-based AG
algorithm possesses this global rate of convergence only under mild assumptions. The retraction-based
AG algorithm possesses this global rate of convergence as well with additional reasonable assumptions
on retraction and vector transport. Our proof fully utilize the special geometric properties of the Grass-
mann and Stiefel manifolds. To our knowledge, this is the first result for global rates of convergence of
Nesterov-type AG methods for nonconvex optimization on manifolds.

The rest of this paper is organized as follows. In Section 2, we review basic geometry and optimization
tools on the Grassmann and Stiefel manifolds. Our new AG algorithms are proposed in Section 3. We
prove the global rate of convergence of the proposed algorithms in Section 4. Details of computing
geometric tools are discussed in Section 5. Preliminary numerical results are shown in Section 6 and
conclusions are made in Section 7.

2 Preliminaries

2.1 Basic geometry of the Grassmann and Stiefel manifolds

We review some basic geometry of the Grassmann and Stiefel manifolds according to [15, 6]. The
Grassmann manifold Gr(n,p) and the Stiefel manifold St(n,p) have the following quotient manifold
structures:

Gr(n,p) =~ O(n)/(O(p) x O(n — p)),
St(n,p) =~ O(n)/O(n — p),

where O(n) = {Q € R™" | QTQ = I,} is the n x n orthogonal group. In this view, Gr(n,p) and
St(n,p) are quotient manifolds of O(n) and O(n) is the total manifold of Gr(n,p) and St(n,p). These
three manifolds can be connected together via the following maps:

735G : St(n,p) — Gr(n,p) : X — span(X),

795 :0(n) — St(n,p) : Q = QI ,,

706 = 715G 0 795 . O(n) — Gr(n,p) : Q — span(QI, p).
Let Q € O(n), X = 795(Q), and X = 79%(Q). Then X = span(X) and Q = [X,X,] for some
X, € R("=P) guch that X "X, =0and X[ X, =1,_,.

Let so(n) be the Lie algebra of O(n), i.e.,
so(n) :=T7,0(n) = {Q e R"™" | QT = —Q},
The tangent space at an arbitrary @ € O(n) is given by
ToO(n) ={QN | Q € so0(n)}.

Let O(n) be endowed with the Riemannian metric

(Q9.Q0) := %Tr((QQ)T(QQ)) _ %Tr(QTQ) _ —%Tr(QQ). 3)

Under this metric, the tangent spaces Ty Gr(n, p) and TxSt(n,p) can be represented as

nOC¢ _ 0 —AT (n—p)x
reGitnp) = H5 0w ={Q( § 7o) |aermoml, (1)
708 _ S _AT (n—p)x
TxSt(n, p) = HE " O(n) = Q(A / > | 5 €s0(p), AcRMPPL, (5)



where H] M denotes the horizontal space to M at z with respect to the quotient map =. We can also
represent T'x St(n,p) directly as

TxSt(n,p) = {XS +X,A|Ses(p), Ac Rm—pw}. (6)
Therefore o
TGr(n, p) ~ HE " St(n,p) = {XLA | Ae RW-P)XP}. (7)

On a quotient manifold M/ ~, the unique horizontal vector 1 € HZ M such that 1.,y = dr,(n?) €
Tr(z)(M/ ~) is called the horizontal lift of 7., to T, M at x, where dn, is the differential of m,. If
nx and £y are two arbitrary tangent vectors in Ty Gr(n,p), then by (4) and (7) we have 0%y = X A,
¢ =X B, 772/2 = @2, and 55 = (@B, where

0 —AT 0 —-BT
2[._<A / ),93._<B : ) ®)
If nx and £x are two arbitrary tangent vectors in T'x St(n, p), then by (5) we have 7]22 = QA and fg = Q*8B,
where - T
- Sn —A — SE —-B
m._(A / ),%._(B ’ ) (0)

The Riemannian metric (3) on O(n) induces naturally the following Riemannian metrics:

(nx,Ex) == (5, &) = *TT(QLT%) Tr(A"B) = Tr((n%) "€%), V¥ nx,&x € TwGr(n, p),

1
(nx,&x) = <77Q §Q> *TT(Q[TSB) = in(SnTSE) +Tr(A"B)
= Te(nk (1~ 5 XX7)ex), ¥ nx, x € TxStln, ).
With these metrics and the notation G = (%X;)) for the derivative of f, the Riemannian gradients V f
on Gr(n,p) and St(n, p) have the following unified expression in the Stiefel manifold representation:
VFX)=G—-XG'X.

Note that in the Grassmannian case it also holds Vf(X) = G — XX TG because G'X = X 'G. The
above metrics also induce the following canonical norms:

1
Inxlle == v/ {nax,nx) = \f Tr(ATA) = EIIQLIIF = ||Allr = [[nkllr, ¥ nx € TxGr(n,p),

1 1 1
ci= , = —/Tr(ATA) = —=||1A|r = —=||9||r + ||A]|r, V € TxSt(n,p).
Inxle == V/Ereo] = s /TT20) = |1l = —=|15,/le + [[4lle. ¥ nx € TSt(n.p)
The exponential map exp on O(n) is given by

P (Q0) = Qexpm(€) = expm(QRQT)Q, (10)

where expm(A) := > Zl,A’ is the matrix exponential for any square matrix A. This formula implies that

the exponential maps exp on Gr(n, p) and St(n, p) can be expressed in the orthogonal group representation
uniformly as

exp, (112) = expo (1) = Qexpm(2) = expm(QAQ)Q, (11)
where x = X = span(X) € Gr(n,p) or x = X € St(n,p). In the case of Gr(n,p),

QAQT = X AXT - XATX| =0l X" — X (%)



In the case of St(n,p),
QUQT = XS, X" + X, AXT — XATX]

- (In — %XXT) (XS, + X, A)XT — X(XS, + X, A)7 (In - %XXT)

1 1
- (In - 5XXT)nXXT ~ Xk (In - 5XXT).

The parallel transport P of £x along the geodesic y(t) := expy(tnx) on the Grassmann manifold
Gr(n,p) is given by
PI% = Qexpm(2)B = expm(QAQT)QB. (12)

Unfortunately, the parallel transport on the Stiefel manifold St(n, p) has no closed-form formula in general.

2.2 Retraction and vector transport

In practical Riemannian optimization algorithms, the exponential map and parallel transport are
often replaced by a retraction and a vector transport. The definitions of retraction and vector transport
are stated as follows [2]:

Definition 1 A retraction R on a manifold M is a smooth map from the tangent bundle TM =

U ToM of M with the following properties, where R, is the restriction of R to T, M.
zeM
1. R.(0;) = x, where 0, is the zero element of T, M.

2. With the identification Ty, To M ~ T, M, R, satisfies d(Ry)o, = idr, pm, where d(Ry)o, is the
differential of R, at 05, and idr, A is the identity map on Ty M.

Definition 2 A vector transport T on a manifold M is a smooth map
TMSTM —=TM: (n,&) —Ty(§) € TM
with the following properties for all x € M, where @ is the Whitney sum
TM&TM = {(02,&) | 12, & € TuM, z € M}

1. There is an associated retraction R such that Ty, (§:) € Tr,(n,)M for all ng, & € T M.
2. To, (&) = & for all & € Tp M.
3. Ty (s + () = aTy, (&) + 0Ty, (C) for all a,b € R and 13, &y, ¢ € T M.

Now we introduce a quite useful retraction on the Grassmann and Stiefel manifolds, the Cayley
transform retraction, and its associated vector transport.
According to [2, 44, 52], this retraction is given by

RQ(QQ) = Qqsct(ﬂ) = ¢ct(QQQT)Q7 (13)
Ry (2) = R (i) = Qéet (A) = 6e(QAQT)Q, (14)

where R is on O(n), R is on Gr(n,p) or St(n,p), and
6(@) = (L= 32) " (1 + 32) (15)

is commonly known as the Cayley transform.
According to [50, 52], a vector transport 7 associated with the above retraction is

T (€a) = Ty (€8) = Qoet (A)B = 6 (QAQT)QB. (16)
By (15) and the skew-symmetry of 2, it is easy to see that ¢t () is orthogonal. Then 7, (-) is indeed
isometric with respect to both of the canonical norm || - || and the 2-norm || -||2, i.e., || Tn, (€x)llc = ||€z|c

1

and [|7;, (€2)[l2 = [|€x|]2. The isometry of 7, implies that the inverse vector transport 7, * exists for

any 7.



Algorithm 1: Exponential-based AG method on Grassmann manifold
Input: Yy = Zy € Gr(n,p), {ax}, {8}, {Me}: 0<ar < B, A1 =1, Ay € (0,1) for k > 2.
1 fork=1,2,... do

2 Compute
me = (1= X)expz!  (Yio1), (17)
X = expy, (). (18)
3 Compute V f(X}) and
Yy = expy, (—aV (X)), (19)
Ty = expy,  (—BRPP 1NN F(X,). (20)

Algorithm 2: Retraction-based AG method on Grassmann/Stiefel manifold
Input: Yy = Zy € M where M := Gr(n,p) or M := St(n,p), {ar}, {Br}, { e} 0 < ap < B,
A =1, M €(0,1) for k > 2.
1 fork=1,2,... do

2 Compute
e = (1= )Rz, (Yio), (21)
Xr =Rz, _, (k). (22)
3 Compute V f(Xj) and
Y = Rx, (- V f(Xk)), (23)
Zy = Rzkfl(—ﬂ;ﬂ;;lVf(Xk)). (24)

3 Accelerated gradient algorithms

In this section, we present our Riemannian generalization of the AG method (2) for optimization on
the Grassmann and Stiefel manifolds.

We propose two versions of Riemannian AG algorithms. Algorithm 1 is designed exclusively for the
Grassmann manifold. This algorithm is implemented with the exponential map (11) and the parallel
transport (12). Algorithm 2 is designed for both of the Grassmann and Stiefel manifolds. This algorithm
is implemented with the Cayley transform retraction (14) and its isometric vector transport (16). In
Section 5, we will discuss how to efficiently compute the exponential map with its inverse, i.e., the
Riemannian logarithm, the parallel transport on the Grassmann manifold, and the Cayley transform
retraction and vector transport with their inverses on both of the Grassmann and Stiefel manifolds.

Both of Algorithms 1 and 2 can be categorized into the class of three-point-type Riemannian AG meth-
ods, because they generate three sequences { X }x>1, {Yitr>1, and {Zx }x>1. Compared with traditional
two-point-type Riemannian Nesterov AG methods such as (e.g., [30, 31, 42])

Yi = Rx,_, (—uVf(Xik-1)),
144/1+4t3_,
to= VA

Xy, = Ry, ("= Ry (Y1),

(25)

)

our methods need additional computational effort during each iteration, i.e., computing an inverse vector
transport and one more retraction, but we will show that our methods have guaranteed global rate
of convergence in the next section. Moreover, this additional computational cost in our methods is
O(np?) according to Section 5 and therefore it is negligible compared to the cost of function and gradient
evaluations if the rank is very low, i.e., p < n.



4 Convergence

In this section, we prove the global rates of convergence of Algorithms 1 and 2 based on the convergence
analysis in Section 2 of [24]. Before our convergence analysis, we make the following important remark,
which the reader need to keep in mind throughout this section.

Regarding Algorithm 1, we fix an orthogonal matrix Qz, € O(n) such that 7°%(Qz,) = Z, for the
initial point Zy. For convenience, we identify Z, with the specified orthogonal group representation @z,
and recursively identify

(18) . —
Xy =—= eXkafl(nk) with QXk = eXpQZk71 (ngzk—1)7

Y, (19

) expy, (—axVf(Xy)) with Qy, = %ka(—akfgka

and
(20) . _
7y 22k expy, | (~B PPNV (X)) with Qg =exDg,  (—Bilh, ),

where ngk is the horizontal lift of Vf(X%) at Qx, and ngk is the horizontal lift of PA,Z"'“(_X"Vf(Xk)
at Qz, .. We also identify m with 1y, Vf(Xy) with &, and P XR g £(X,) with B,

1
Then we make similar identifications for Algorithm 2. We will see that our convergence analysis will
benefit a lot from the orthogonal group representations of the geometric objects on the Grassmann and
Stiefel manifolds.

The following lemma will be useful in the subsequent two subsections.

Lemma 1 Let {7 }r>1 be the sequence of numbers defined by

1, k=1
. 3
EEY 1A =N), k>2
i=2
k
Then Y Tp2t = 1.
i=1 ¢
Proof. Using \y =1land1—\; = T_T—jl, we have
k k k
)\z ()\1 1 Ti 1 1 1
Te— = T — —(1— )—T(f—i— — = )21 0
P sz’ " 1 Zﬂ Tz—l) . T1 g(ﬂ Ti—l)

4.1 Convergence of Algorithm 1

In this subsection, we focus on Algorithm 1. Keep in mind temporarily that the manifold M in
question is the Grassmann manifold Gr(n, p).

To ensure that step (17) for computing 7y, in Algorithm 1 is well defined, we need Assumption 1 below.
This assumption is based on the concept of normal neighborhood (ball) in differential geometry. If exp,
is a diffeomorphism of a neighborhood V of the origin in T, M, then U = exp, (V) is called a normal
neighborhood of z. Furthermore, it is called a normal ball if V is an open ball of the origin in T, M.

Assumption 1 The sequences {Yy }r>1 and {Zy}k>1 generated by Algorithm 1 satisfy that Yy is in some
normal ball of Zy, in the context of Gr(n,p). Moreover, Yy, is also in some normal ball of Zy, in the context

of O(n).

Owing to the geodesic formulas (10) and (11), a normal ball in O(n) can be identified with a normal
ball of the restricted matrix exponential expm : s0(n) — O(n). By a normal ball of expm],,,,, we mean
the similar concept as follows. A normal ball of the restricted matrix exponential expm : so(n) — O(n)
is expm(B) such that expm is a bijective of an open ball B of the origin in so(n) onto its image. By



Gantmacher’s theorem [18], expm)|,,,, is bijective in the 2-norm open ball {X € so(n) | || X|[> < }. So,
the set Uy := {expg (1) | ng € TO(n), [Inglle < 7} is a normal ball in O(n) for all @ € O(n).

Besides Assumption 1, we need another two assumptions as follows.
Assumption 2 f is differentiable and V f is L-Lipschitz continuous in the following sense:
| PV f(x) — Vf(z)”C < Ldist(z, 2), (26)
where dist denotes the Riemannian distance.

It is not difficult to see that (26) implies f is also geodesically L-smooth [48, 49], i.e.,

F(a) < () +(VF(2),exp:(2) + Sdlist(a, 2)° (27)

Assumption 2 is commonly used in Riemannian optimization. It is reasonable for the Grassmann manifold
because of its compactness.

Assumption 3 Y (t) is in some normal ball of Zi(t) in the context of O(n) for all t € [0, By], where
Yi(t) == expy, (—tVf(Xy)), Zi(t) :=expy,  (—tP/*1 XKV f(X})). (28)

Assumption 3 means that Yj(t) is not very far from Zj(t) so that Y3 (¢) is within the domain of the
inverse exponential at Zy(t). Such kind of assumptions including Assumptions 1 and 3 are for technical
use and also frequently appear in Riemannian optimization.

The following technical lemma on the distance between the two geodesics Yy (t) and Zj(t) plays a
crucial role in the main convergence theorem for Algorithm 1.

Lemma 2 Suppose that Assumptions 1 and 3 hold and let Yi(t) and Zi(t) be defined by (28). Then
diSt(Yk(t), Zk(t)) < diSt(JXI€7 Zkfl), Vte [O>6k]-

Proof. According to the orthogonal group representation in the remark at the beginning of Section 4,
we can denote Zy—1 = Qz,_,, M = Qz,_,2, and PVZ’“‘leX’“Vf(Xk) = Qz,_,B, where 2 and B are of
form (8). Then we have

(11)

(18)
Xy == expy,_, (M) Qz,_,expm(A) := Qx,,

Vi(Xy) = P Ze p2eacXoy (X)) 221 Q0 expm(2)B = Qx, B,
(28 11
Z(t) L expy,  (—tPZ X0V (X)) 2L Qp expm(—t8) = Q1)) (29)
and
28 11
Yi(t) 22X expy, (—1Vf(X5)) ~2= Qux,expm(—1B) = Qz, _, expm(A)expm(—LB). (30)

By Assumption 3, there is a unique Q(t) € so(n) such that

Yil(t) = 8D, , (Qz, Q) 2= Qz, (mexpm(1)), (31)

where exp is the exponential map on O(n). So %HQ(t)HF = dist(Yx(t), Zx(t)), where dist is the distance
on O(n). Combining (29)-(31), we have

expm(Q(t)) = expm(¢B) - expm(2A) - expm(—tB) = expm(&(¢)), (32)

where
€(t) := expm(tB) - A - expm(—tB).



Since

_an.

1
= —||2|p =
e = —z5l12le = limel

<llexpz, , (Yi-1)lle < |[expz,_, (Yi-1)lle,

1
EIIQ(U

(L=l expyz, , (Yie)lle

where the last inequality follows from the property that a Riemannian submersion shortens distances (e.g.,
Proposition 2.109 in [17]), we have from Assumption 1 that &Xpq, (Qz.,€(t)) = Qz,_,expm(C(t)) is

in some normal ball of Z_; in the context of O(n) and therefore expm(€(t)) is in some normal ball of
expm|y,,,)- By Assumption 3, (29) and (31), we know that expm(£2(t)) is also in some normal ball of
expm|y,,,)- Thus, it follows from (32) that

Qt) = €(t) = expm(tB) - A - expm(—1tB).

Therefore ||Q(t)||r = ||2||r. Again, since a Riemannian submersion shortens distances, we obtain
18 ) = = A
KA 2 kt) = IR W0le = 1Rl

= [lmille =2 | ex Pz (Xk)le = dist(Xy, Zx_1).

This completes the proof. [

Now we present the main convergence result of Algorithm 1 as follows.

Theorem 1 Suppose that Assumptions 1-8 hold. Let { Xy }r>1 be generated by Algorithm 1 and {71 }x>1
be defined as in Lemma 1. If {ar}, {8k}, and {\} are chosen such that

1 LBk —
cri=1—Lp 72@6&@ <; TZ> >0, 1<k<N, (33)

then for all N > 1 we have
in (VAR < LZ0=S
i1 BrCr
Proof. Denote Ay 1=V f(Zr_1) — PAYZ’“’“_X’c V f(X&). Using inequality (26), we have
1Ak [le = [[VF(Zk-1) = PPV (XD, < Ll expg, (X0

(18) (17)
Lk |le

L(l - )\k)diSt(kal, Zkfl).

Using (27), we also have

F(Zi) € f(Zer) + (VN f(Ze-r),expy (Zi)) + gH eXPE:_l(Zk)Hi

(20)

F(Zh1) + (Vf(Zi—1), =B P+ XV f(Xi)) + §||5kPWZ’“’WX’“Vf(Xk)||i
= [(Zk-1) + Ak + PP X0V F(X), =B P X0V (X))
T A A (e O]

= f(Zk-1) — B (1 - Lﬂk) (| PZ+~ 1<_X’°Vf(Xk)H = Bi(Ag, PP X0V F( X))

< H(Zor) - By (1 _ LB) IV 7 (X + Bel | el eV £ (i)



Combining the previous two inequalities, we obtain

1(Z0) < F(Zir) — By (1—”’“) IV X + L — M) Bl [V 7 (X0 |odist (Vi1 Zo—r)

< 1z - (1= 22 ) 9 sce i + LR v

L(1 — )2

+ dist(Yy_1, Z_1)?

L(1

_ 2
= 1)~ 0 - LI Al + A s vy, 2

Then we have
dist(Vi, Z) 2202 dist ((expx, (—arVS(Xp)), expy, , (~BPZ NV (X))
< dist( expx, (~HVF(Xp)), expz,_,(~BPI XV (X))
+dist( expx, (~ByV (X)), expy, (~axV (X))
< dist(Xg, Zr—1) + (B — ar) |V f(X)|le
LOC (1 - A dist (Y1, Zir) + (B — ) IV F(X) e,

(34)

(35)

where the first inequality follows from triangular inequality and the second inequality follows from (28)

and Lemma 2. Dividing both sides of (35) by 74 and noting 7, = (1 — Ag)7x—1, we have
diSt(Yk,Zk) < diSt(Yk_l,Zk_l) i (Bk — ak)va(Xk)Hc

Tk o Th—1 Tk

Summing them up and noting Yy, = Zj, we obtain

dlSt(Yk,Zk < Tk Z 51 —

=1

v sx \|szrk—~@\|Vf<Xi>\|c.

Using the above inequality, Lemma 1, and Jensen’s inequality, we have
2

k
dist(Yi, Z1)? (Zm B, ) <Yn l—ww X))

i=1
k

(Bi — ;)?

N2
A

:Tk?
=

1
Replacing the above bound in (34) and using 7, = (1 — Ag)7x—1, we obtain

- 2T 11671 i — O 2
F(2) < $(Zir) — 51~ L8V Fx| 2+ T AT S B 0l g 2

2 i=1 v
k—1
< f(Zumr) - 51— LBV SO0+ 20 50 o2

: iTi
i=1

Summing up the above inequalities and using the definition of ¢ in (33), we have

f(Zn) < f(Z) - Zﬁk 1— LBV (Xi)II2 + Zmz E v s
k=1 %
a L~ (B —
= f(Z0) = > Br(1 = LBV F (Xl + 5 D W Zn IV F(X0)]|12
k=1 k=1

N
= [(Zo) — Zﬁkck\|vf(Xk)Hg~

k=1

10



Re-arranging the terms in the above inequality and noting that f(Zy) > f* we obtain

N
L min [|Vf(X3) |2 (Zﬂkck> > Berl [VF(X0)IZ < f(Zo) — £
k=1 k=1

This completes the proof. [

Corollary 1 Suppose that Assumptions 1-8 hold. Let {Xy}r>1 be generated by Algorithm 1 and set
_ 1 _ 2
ag = 5p and A\, = T If
A
Br € |:04k> (1 + 4k> ak:| )

< SLU(Z0) — 1)
v

then for all N > 1 we have
min[[VAX)? <

Proof. This is just a copy of Corollary 1 in [24]. O

4.2 Convergence of Algorithm 2

In this subsection, we focus on Algorithm 2. Now the manifold M in question is either the Grassmann
manifold Gr(n,p) or the Stiefel manifold St(n,p).

For Algorithm 2, we do not need to introduce the concept of retractive neighborhood (ball) [29]
because of the injectivity of the Cayley transform (15).

Lemma 3 The Cayley transform

Ger(2) : 50(n) = O(n) : Q> (I, - %9)71 (1. + %Q)

1s injective, and

9! (Q) =2(Q ~ L)(Q+ 1)~
Proof. Let Q = ¢( 1) = (I, - %Q)fl (In + Q) € O(n). Then we have Q(Q + I,,) = 2(Q — I,). Since
Q+1I,=2(I, — 5Q)  is invertible, @ = 2(Q — I,,)(Q + I,) " is uniquely determined. [

Now we present the following assumption to ensure that (21) for computing 7, is well defined and
that {||mk||c }k>1 is bounded so that g in (55) is well defined.

Assumption 4 The sequences {Yi}r>1 and {Zy}i>1 generated by Algorithm 2 satisfy that Yy is in the

image of Rz, (-) in the context of M and that {HRZk Yi)lle }k>1 is bounded.

The next assumption is a modification of Assumption 2, which is also reasonable because the Grass-
mann and Stiefel manifolds are both compact.

Assumption 5 f is differentiable and V f is L-Lipschitz continuous in the following sense:
|7,. 'V f(2) = Vf(2)]|, < Ldist(z, 2), (36)

where x = R,(n,). Moreover, [ is L-retraction-smooth, i.e.,

FR(1) < F(2) + ()2} + el (37)

Note that (37) can not be implied by (36) for a general retraction R other than the exponential map.

The following assumption is a weak analog to Assumption 3.

11



Assumption 6 Yj(t) is in the image of Ry, 1)(-) in the context of M for allt € [0, Bx], where
Yi(t) := Rx, (—tV (X)), Zi(t) := Rz, _, (—tT, 'V f(X)). (38)
Moreover, Yj(t) is also in the image of Rz, (1)(+) in the context of O(n) for all t € [0, Bx].
To obtain results similar to Lemma 2, we need an additional assumption.

Assumption 7 The following two inequalities hold:

120 V@), < [ Rz (Yr0)] (39)

and
B3 Vil + A8) = B3Y o ()] < YIRS o Vet + 20) = By (@), (40)

for some constant T > 0.

Assumption (39) means the inverse retraction in the quotient manifold has no larger magnitude than
that in the total manifold. It holds naturally for the exponential map because distance dist(Yy(t), Zx(t))
in the quotient manifold is no longer than distance dist(Y3(t), Zx(t)) in the total manifold. Assumption
(40) is reasonable for sufficiently large Y if Yy (¢) and Y (¢t + At) are sufficiently close to Zj(t) according
to Lemma 2 in [28] together with dist(Y(t), Yi(t + At)) < dist(Yx(t), Yi(t + At)). Furthermore, (40)
holds for the exponential map with sufficiently large T if the angle between exp}i( t)(Yk(t + At)) and

expgi(t) (Yi(t)) is not greater than a multiple of the angle between @2(0 (Yi(t+At)) and %};(t) (Yi(t))
due to the law of cosine and dist(Yy(£), Zx(t)) < dist(Yx (), Zx(t)) where t =t or £ = t + At.

The following lemma gives a sharp upper bound of the distance between two points in the retraction
curve in terms of the norm of the tangent vector.

Lemma 4 Let z(t) = R.(tn.). Then

dist(z(t0), 2(t1)) < (t1 — to)||n2]lc

for all t1 > tg. In particular,
dist(z, R.(n,)) = dist(z, 2(1)) < [|n:]lc-

Proof. According to the remark at the beginning of Section 4, we can denote z = @ and 7, = Q%2, where
A is of form (8) if M = Gr(n,p) and of form (9) if M = St(n,p). Using (14)-(15) and differentiating
R, (tn,) with respect to t gives
o\ -2
tn,)=Q( I, — = .
dtR =(t:) Q( 29{) 2

Then
2

| = 5 (1 - %ﬂz)%%) < STRT) = [}l

where the first equality and the inequality follow from the skew-symmetry of 2l. Thus we obtain

tnz)

d
—R_(tn.)

ty
dt < oledt = (81 — ¢ 2|lc-
()| at < [ il = (0 = t0)oc|

to

dist(z(to),z(tl))g/t1

This completes the proof. [

The next lemma is a retraction version of Lemma 2. Its proof follows from the same idea of that of
Lemma 2, but additionally utilizes Assumption 7.

Lemma 5 Suppose that Assumptions 4, 6 and 7 hold and let Yi(t) and Zi(t) be defined by (38). Then

1Rz, 0 )], < ([ Bz, (X0)l[, = lnelle, ¥t € [0, By

12



Proof. According to the remark at the beginning of Section 4 again, we can denote Zx_1 = Qz,_,,
e = Qz,_, 2, and T, 'V f(Xy) = Qz,_,B, where 2 and B are of form (8) if M = Gr(n,p) and of form
(9) if M = St(n,p). Then we have

Xi 2 Ry ) 2L Qs b () = Qs
VIXR) = T Tl ' VI(Xk) 222 Qu, L6t ()B = Qx, B
Zi(t) 2L Ry (T V(X)) 2L Quy bt (—1B) = Qu 0, (41)
and
(38) (14
Yk(t) (_tvf(Xk)) rd)ct(_t%) = QZJC71 qsct(m)d)ct(_t%)' (42)

By Assumption 6 and Lemma 3, there is a unique Q(¢) € so(n) such that

(13)

Yi(t) = R, ) (Qz,»2(1)) Q 2z, (1) Pt (1)), (43)

where R is the Cayley transform retraction on O(n). So %HQ( NIF = ||RZk(t) Yi(t ))HC is the length of
the inverse retraction from Zj(t) to Yy (¢) on O(n). Combining (41)—(43), we have

Dt (1)) = Gt (tB) - Gct (A) - Pt (—1B) = det (et (IB) - A - det(—1B)). (44)
This together with Lemma 3 implies
Qt) = ¢t (tB) - A - fer (—1B).
Therefore ||Q(t)||r = [|”A||r. By (39) in Assumption 7, we obtain

722k 0D, < [ Rz (0|, = 11200l = =12

(22)

= anHC HRZk 1 Xk)”c

This completes the proof. [

Lemma 5 alone is not enough for the convergence of Algorithm 2 because we can not completely copy
(35), a key inequality in the proof of Theorem 1. So, we need the following technical result.

Lemma 6 Suppose that Assumptions 4, 6 and 7 hold and let Y (t) and Zy(t) be defined by (38). If
{t,t + At} C [0, Bx] and

AL < ! 7
B¢/ 1+ gllmkll3 - IV £ (X0)ll2
then
7252 (Ve 0, < 17852 001, + 4+ e BV Al
where || - ||2 is in the sense of viewing a tangent vector as its horizontal lift in ToO(n).

Proof. We follow the notations in Lemma 5. By Assumption 6 and Lemma 3, there exists Z(¢, At) €
s0(n) such that
(13)

Esz(t) (QZk(t)E(t7 At)) QZk (t) ¢Ct (E(t7 At)) = Yk: (t + At)

Using Qx, = Qz,_, det(A) in the proof of Lemma 5 and the above equation, we have

QZIC71 (ﬁct(*t%)gﬁct(a(ta At))

(E(t, At)) = Yi(t + At)

_QZk_1¢ct( )¢ct(_(t+At)%)

ECOICON

13



This implies

To obtain the result, we give a perturbation analysis for Z(¢, At) as follows. Denote Fa; := ¢t (Z(¢, At))
and AF := Fa; — Fy. By (44) we have

Fo = ¢ci(E(1,0)) = ¢et (2t)) = ber (1B) - Per(RA) - der (—1B). (46)

This implies that F and ¢ () have the same eigenvalues. Then a simple spectral calculation with
noticing (15) and the skew-symmetry of 2 indicates that Fy + I,, is invertible and

_ _ 1/ 1 1 1
[1(Fo + 1) "Iz = [[(dee (A) + 1) 1||2S§ L IR = 54/ 1+ 7l [3- (47)

Combining (45) and (46) yields
AF = ¢et(tB) - Pt (A) - (et (= + AL)B) — dee (—1B)). (48)
By Lemma 3 we have

E(t, At) = ¢ (Fae) = 2(Far — In) (Fae + 1) ™!
=21, —4(Fa; +I,) "' =21, —4(AF + Fy + 1) *
=21, —4(Fy + I,) AF(Fo + I,) '+ I,)" %

Applying Taylor’s theorem of matrix-valued functions [35] to the above equation, we have

15t At) = (¢, 0)|| < 4[IAF| - [|(Fo + L) ~H* max [[(0AF(Fo+ 1) ™" + 1) 7| (49)
if |At| is sufficiently small, where || - || is an arbitrary norm. Combining (47) and (49) yields
- - (1+ ZllmelB)IAF]]
12(t, At) — Z(t,0)||2 < — 2 - - (50)
(1= 5y/1+ gkl 3 - [|AF][2)
Using (15), we have
t At -1
Gor(—(t+AOB) = 2(I, + 3B+ 5B) 1,
t —1A¢t -1 t -1
=2(+ (1+5%8) 58) (L+33) —©
Applying Taylor’s theorem of matrix-valued functions again to the above equation, we have
[ @et(=(t 4+ AL)B) — ¢ (—B)]|
t —12 t —L At -2
< (il 8[| (2 o+ 58) || max [[(2 01+ Sm) 2l | (51)
2 0<6<1 2 2
if |At| is sufficiently small, where || - || is an arbitrary norm. It is easy to see ||(I, + %%)71||2 < 1 since
B is skew-symmetric. Then (51) implies
B|2|At
e~ (1 + AE)B) — g (1B < —— D212 (52)

5-
(1= 311B]]2]At))
Since ¢t (2A) and ¢ (¢tB) are orthogonal, we have from (48) that

IAF]l2 = [|¢er(=(t + AL)B) = det (B[
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Combining the above equality with (50) and (52), we obtain

2
(1= 2Bl (1 + Lllmel B)IIBI 2 At
5
(1= 311BllalAt))” = §4/1+ Flinel 3 - 1B1[el A

IE(t, At) = Z(2,0)||2 <

If
1 B 1

By 1+ 31kl 3118l 34/1+ gllmell3 - [IVF(Xk)l2

|At] <

then (53) implies

(L + gllmal13)]1B 12| At|
(- b1y

= [+ Il DIV F (Xk)l[21At.

1=, At) = E(¢,0)[|2 < < (44 |Imel[3)]198] 12| At]

Hence, by (40) in Assumption 7 and the above inequality, we obtain

1Rz 0 (Yl + A0, < || Rz, ) Va (Dl + (1 Rz (Yol + A1) — R ).
|mmm H+TW%mfﬂ@+Am*Rmm(MmM
=[R2, (Y H+VA|tAt 2(t,0)]l
\/m =
< Bz V@) + =5 =[5 A0 —E(0)]
2nY
< [1BZ 0 Fe®)]], +“§ (44 [V F (X0l 21 At)

This completes the proof. [

Now we can give the main convergence result of Algorithm 2 as follows.

Theorem 2 Suppose that Assumptions 4-7 hold. Let { Xy, ni}i>1 be generated by Algorithm 2 and {7}
be defined as in Lemma 1. If {ar}, {8}, and { i} are chosen such that

1
3y 1+ gllmel 3 - [V f(Xk)l]2

0<Br—oar<

and N
Lo (B — a)?
— 1L, — 2L T M) | >0, 1<k<N, 54
P Br Ak Tk ; (54)
where )
V2 Y (4 + |||V f (X)) |2
= € [47 55
o= AV (X0le AT, 00), (55)
then for all N > 1 we have
Z
Cmin (VA2 < L2 (56)
""" k= 15k0k

Proof. Denote Ay 1=V f(Zr_1) — T, 'V f(Xx). Then we have

Aklle = IV f(Zk-1) = T, 'V (X3)||e < Ldist(Xg, Z—1)

< Llmlle 2= L1 = M| RZL, (Vi)
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where the first inequality follows from (36) and the second inequality follows from (22) and Lemma 4.
Using (37), we also have

F(Zr) < f(Zer) + (VF(Zr-1). By, (Zi) + §||R§:,1<Zk>||i

(24)

F(Zer) + (VF(Zr—1), =BT, 'V (X)) + 5\\6k7—1Vf(Xk>\!§
= f(Zk—1) + (D + T, 'V f(Xi), =BT,V f (X) >+ Hﬂk lvf(Xk)H

= f(Zr-1) — B (1 - ) |7, 1Vf(Xk)Hi — B A, TV F(Xk))

< H(Zor) - By (1 _ Lﬁ’“) 1V £ X0 + Bel | el eV £ (X0 e

Combining the previous two inequalities, we obtain

F(Z0) < F(Zuor) - B (1 - w’“) IV FXIP + L0~ MBIV XD R5: (V)]

< 120 - (1= 222 ) 1950 + 2R Iv ) 2

Ak)
T T )

L(1—\)?

= [(Zk1) = Be(1 = LBV (X2 + ——

1R7L (Vin)][2- (57)

Then we have

H (23)(24)

| Rz (v Ry (~enV £(X0) |

H Rz, (=BxTy Vf(Xk))(

= HRRZk L(=BR Tt Vf(Xk))(RXk(_Bkvf(Xk)))Hc
T
+ \/an (Br — o) (4 + |[nx| 13|V f(Xk)]]2

< AImklle + o(Bx — ar) [V £(Xi)lc
=1 =M)|Rz, (Vi) + 0Bk — )V F(Xi) e

where the first inequality follows from Lemma 6 and the second inequality follows from Lemma 5, (38)
and (55). Dividing both sides of the above equality by 7 and noting 7, = (1 — A\x)7x—1, we have

R, (V). ||R§k (Y1), Q(ﬂk*ak)ﬂvf(Xk)”c
Tk Th—1 Tk )

Summing them up and noting Yy = Zj, we obtain

[R5 0, < o3 B v (x ||C—QZTF-ﬁi;“iHVf(Xi)Hc.

i=1

Using the above inequality, Lemma 1, and Jensen’s inequality, we have

|RZ ()| <@er-(ﬁ o v sx) ||C—MZ Piw o
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Replacing the above bound in (57) and using 7, = (1 — A;)7—1, we obtain

F4) < FZues) — Bold — LBV SO + L1~ WP mcs 3 B0 o ez
- 1 1)21
< f(Zka) = Bre(1 = LBV F (X012 + Lo*m Y Ai’HVf(Xi)Hg-
i=1 iTi
Summing up the above inequalities and using the definition of ¢ in (54), we have
k
f(Zn) < f(Z) Zﬂk 1= LBV f(Xi)I2 +L922m2 E v s
— k=1 i=1
& (Br —aw)? (-
= f(Zo) = Y Be(1 = LBV (X012 + Le® Z Ve (Z n-) 197 ()12
k=1 k=1 i=k
N
= [(Z0) = > Brekl [V F(Xi)][2-

k=1

Re-arranging the terms in the above inequality and noting that f(Zy) > f* we obtain

min [V F(X)[2 <Zﬁk0k> < ZBkava(Xk)HC < f(Zo) = 1"

k=1 k=1

This completes the proof. [

Corollary 2 Suppose that Assumptions 4—7 hold. Let {Xy,ni}ti>1 be generated by Algorithm 2 and set

ak:ﬁand/\k—— If

A 1
ap < Br < [ 1+ min{ 25, ag, (58)

4
0 3 /14 Ymkl 2 IV £(Xk)]|2

where o is defined in (55), then for all N > 1 we have

min [V (0|2 < 2L

" i (59)

Proof. The result follows from the proof of Corollary 1 in [24] with some modifications. By the definition
of 7, in Lemma 1 we have
2 A

kk+1)  k’ (60)

Tk =

which implies

N9 N o1 1 2
ZTz—Z (i+1) 22(i_i+1>§k' (61

It follows from (54), (58), (60), (61), )\k <1, and p > 4 that

c,=1—L Bk"’ 6k_04k iv:
BT —
1

r A )\2 2
>1-1 <1+k>ak+ %%

4Q 16 Oék/\ka ' k‘:|

[ 1 1
>1—-LI|(1+— —
> < + 16>Oék+801k:|

11\ 13
—1-Lay (14— ==
ak<+16+8> 32
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Thus,

13 13 1
> > — = — > —
Brer 2 aner 2 soon = wrr 2 =7

Combining this with (56), we obtain (59). O

5 Computing geometric tools

In this section we discuss practical ways to computing the geometric tools involved in our AG algo-
rithms. Although the orthogonal group representation of size n x n simplifies our convergence analysis,
the Stiefel manifold representation of size n x p with efficient implementation is appealing in numerical
computation. In the rest of this section, let X € St(n,p), ¥ € St(n,p), X = span(X) € Gr(n,p), and
Y =span(Y) € Gr(n,p).

5.1 Geometric tools on the Stiefel manifold

According to [44], the Cayley tranform retraction (14) on the Stiefel manifold has the following low-
rank expression:

1 —1
R (nx) = X + U(Igp - 5VTU) VX, (62)

where
U= [nx - %XXTnX, X}, V= {X, %XXTnX - nx].

This formula follows from R$(nx) = ¢ (UV T)X and
T Lo N\t
b (UVT) =1, + U(Igp -5V U) vT. (63)
The inverse of this retraction is given in [51] as follows:
(REH™'(Y)=2Y(I, + X 'Y) ' 42X (I, + YT X)7! - 2X. (64)

By (63), the vector transport (16) on the Stiefel manifold has the following low-rank expression:

1 -1
T (Ex) = 6a(UV éx = éx + U Iy = 3VTU) V7 gx. (65)
Combining (63) and (65), we obtain the inverse of this vector transport:
Sty —1 T Lor\ T
(T5) 71 (6r) = 0l =UV )Gy = Gr = ULy + 5VTU) VTG, (66)
where Y = RS (nx). To our knowledge, (66) is new although it is straightforward from (65).

5.2 Geometric tools on the Grassmann manifold

According to [15], the exponential map (11) on the Grassmann manifold has the following low-rank
expression:
exp$(nx) = (XVeosE + Usin D)V ', (67)

where USV T is a thin singular value decomposition (SVD) of % . The Riemannian logarithm log§* () =
(exp§* )_1 () on the Grassmann manifold can be computed by Algorithm 5.3 in [6]. If X 'Y is invertible,
an equivalent approach for computing 1og§r()}) is given in [1]:

log$ (V) = U arctan(Z)V'T, (68)

where UXV " is a thin SVD of (Y — XX TY)(XTY)~L.
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A low-rank expression for the parallel transport of £x along the geodesic y(t) = exp§'(tnx) is also
given in [15]:
Pl =& — (XVsinSt + U(I, — cos St))U Ty (69)

Let ¢y = P} %y where Y = exp§*(nx). Combining (69) with X "¢k = XU = 0, we have
cosL-UTeh =UT¢h, siny-UTeh = -VIXT.
Then
UTeh =cosX - UT¢h —siny - VIXT(L.
Substituting this in (69) yields
PY Uy =& = —XXT + U, —cosE)(cosS-UT (Y —sinE - VIX (). (70)

To our knowledge, (70) is not found in the literature although it is not hard to derive.
According to [52], the Cayley transform retraction (14) on the Grassmann manifold has the following
low-rank expression:

. 1 1 1 -1
R (nx) = B () = X +nk — (5X + 7ok ) (I + 3 0%) Tnk ) (o) Tk (71)

Now we derive a formula for the inverse of this retraction. Let nx = (R§")~!()). This implies n% =
(R3)~1(Y Q) for some Q € O(p). Then we have from (64) that
e =2YQ(I, + X'YQ) ' +2X(I, +QTYTX)t - 2X. (72)
Using X "0t =0, we have
L=X"YQU,+X"YQ) '+ (,+Q Y x)!
=(L+X'YQ-L)L,+X'YQ) '+ (,+Q"YX)™!
=1, — (L, +X"YQ) '+ (I, +QTY X)L, (73)

This implies XTYQ QTYTX, ie, XTYQ is symmetric. Let XY = USVT be an SVD. It is easy to
see that Q = VUT. Then we have from (72) that

N =2¥VU (I, + USU ")t +2X(I, + USU )™ - 2X
=Y V(I, + )70 +2XU(I,+ %) 0" -
=Y V(I, + )70 —2XUS(I, + )70 "
=2(YV - XU (I, +%)71U".
Thus we conclude that
(R$H)HY) =2(YV - XUS)(I, + )70 T, (74)

where ULV forms an SVD of XY
A low-rank expression for the vector transport (16) on the Grassmann manifold is also given in [52]:

T (e = THER) = € — (X + 5ok ) (1 + 30 o) (o) Tek (75)

Now we derive a formula for the inverse of this vector transport. Let (y = 7;7?(5 x) where Y = R§ ().
Combining (75) and X "¢ = X Tplh =0, we have

1 -1
XT¢h = (1, + ;%) Tnk) (k) Tek
Substituting the above formula in (75) yields

(7;1%)71(4)1) =& =G - (X + %T]?()XTC{% (76)
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To our knowledge, (74) and (76) are new.

We close this section by mentioning a property on the relation between the exponential map and
the Cayley transform retraction. By the homogeneity of the exponential map and the Cayley transform
retraction [48], i.e., expi’(tQ(n’;(Q) = exp}(n%)Q and Rf(tQ(r];Q) = R$}(n%)Q), it holds that

expX (logi"(¥) = RX ((RE)™'())-

This means exp§* (10g§}r(y)) and RY((R$")™(Y)) have the same representation Y for Y = span(Y))
when computed at the same point X for X’ = span(X).

6 Numerical experiments

In this section, preliminary numerical results on three synthetic problems are reported to show the
efficiency of our AG methods. The experiments were executed in MATLAB R2021a on a Thinkpad P16v
Laptop with 13th Gen Intel(R) Core(TM) 19-13900H 2.60 GHz and 32.0GB of RAM. The matlab code
of all considered algorithms is available online!.

6.1 Implementation issues

In our numerical experiments, Algorithm 1 (ALG1l) and Algorithm 2 (ALG2) were compared with
(some of) the following algorithms: (i) GRAD — a basic gradient descent algorithm that uses the Cayley
transform retraction; (ii) OPTM beta 1.0 — the state-of-the-art algorithm of Wen and Yin [44]; (iii)
NAG1 — The traditional Riemannian AG algorithm (25) that uses the exponential map; (iv) NAG2 —
The traditional Riemannian AG algorithm (25) that uses the Cayley transform retraction; (v) NAGLS1
— NAGT1 with a backtracking line search; (vi) NAGLs2 — NAG2 with a backtracking line search. In
the case of the Grassmann manifold, all these algorithms were considered, and in the case of the Stiefel
manifold, only retraction-based algorithms among them were considered.

Now we briefly give some implementation issues about these algorithms. Corollaries 1 and 2 suggest
us to choose the stepsizes oy and B as ap = ﬁ and B = (1 + O(\g))ay to guarantee convergence for
Algorithms 1 and 2. However, a Lipschitz constant L is not easy to obtain in practice. Even if L is
known, this stepsize policy for ay and ) is usually not efficient. In our implementation, we set oy = %
and oy, as the Barzilai-Borwein (BB) stepsize [5] for k > 2. Specifically, we alternately use the following
two forms of the BB stepsize:

BB __ Tr(Sl;r—lskfl) BB __ |Tr(sl:—1Hk*1)‘

ap = ———2——— or ap = — 7
P Te(Sy_ Hi1)] k Te(H] | Hy 1) (77)

where S,_1 = X}, — Xp_1 and Hy_1 = Vf(X}) — ProjTXkMVf(Xk_l) with the projector Projy, —onto
the tangent space Tx, M at X;. By the way, the BB stepsize can be viewed as an overestimation of %
For the stepsize Bk, we simply set Br = (1 + wAg)ak, where w > 0 is a constant. Moreover, we restart by
setting Zj = Y), without executing (20) or (24) every 10 iterations to promote convergence.

In GRAD, we initialize a};‘i = % and set ap = a'}cni,u_i’z where > 1 is a constant and i is the
smallest nonnegative integer satisfying

F(Xk) < f(Xio1) —varl|Vf(Xe—1)|[3-

OpTM is a state-of-the-art gradient descent method with the Cayley transform retraction, the BB step,
and Zhang-Hager’s nonmonotone line search technique [47]. In NAG1 and NAG2, we adopt the same
stepsize strategy as in ALG1 and ALG2 and restart by setting X = Y} every 10 iterations. In NAGLS1
and NAGLS2, we add a backtracking line search, i.e., ay = aEB,u_i’“, where aEB is the BB stepsize (77)
with Sk_1 = —ap_1Vf(Xk—1) and Hy_; = ProjTinlMVf(Yk) —Vf(Xk—1), p > 1is a constant, and i
is the smallest nonnegative integer such that

F(Y3) <max{f(Xx-1), f(Yi-1)} = var ||V f(Xp—0)|[3,

Thttps://github.com/xjzhu2013/ManAG
2https://github.com/optsuite/OptM
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where v € (0, 1) is a constant. Our numerical experiments indicated an empirically better restart strategy
for NAGLs1 and NAGLS2: set Xj, =Yy if f(Xg) > f(Xp-1)-
The algorithmic parameters are chosen as follows: L = /n, =4, v =10"%, and w = 1.

6.2 Numerical results on the Grassmann manifold

Our test problem for optimization on the Grassmann manifold is the Karcher mean of subspaces [1]:

: 1= oo
min f(X) := I ;dlst (X,D;) st. X e Gr(n,p), (78)
where D; € Gr(n,p), ¢ =1,...,m. This problem can be reformulated as

m

1
min f(X) := o Z H loggr(Di)Hi st. X € Gr(n,p).
i=1

By the Gauss lemma in Riemannian geometry, the (Riemannian) gradient of f is

VIX) = -3 (o) ) = - D los (D)
i=1

i=1

where the Riemannian logarithm loggr() can be computed by the methods described in Section 5.2.
We set (n,p) = (1000,20) and m = 30. The data matrices D; and the initial point X, were generated
randomly by D; = orth(randn(n,p)) and Xy = orth(randn(n,p)). The stopping criterion was set as
||V f(X)|lr < 107% or k = 1000 uniformly for all the algorithms.

Table 1 and Figure 1 show the average results of 20 random runs on problem (78). In Table 1, “niter”
denotes the total number of iterations, “time (s)” denotes the running time in seconds, “fval” denotes the
final function value f(X}j), and “nrmg” denotes the final Frobenius norm of the gradient ||V f(Xx)||r.
The history of average norms of gradients is illustrated in Figure 1. ALG1, ALG2, and OPTM succeeded
in all tests while the others failed in all tests. GRAD failed because it converged too slowly. NAG1 and
NAG?2 diverged. The reason for the failure of NAGLs1 and NAGLS2 is that they encountered numerical
problems leading to no reduction in function value and gradient norm after a certain number of iterations.
ArLG1l and ALG2 outperformed OPTM because they spent less iterations and running time.

Table 1: Average numerical results of random runs on problem (78)

Algorithm | niter time (s) fval nrmg
ALl 342.8 8.7 16.44867878  8.4550 x 10~°
ALag2 277.3 6.7 16.44816662 8.7213 x 10~°
GRAD | 1000 234  16.67977471 8.0200 x 10~
OprTM 463.1 11.9 16.44854974  8.7822 x 1077
NAG1 1000 33.9 18.86868955  8.4062 x 1071
NAG2 1000 39.3 18.94373887  9.0697 x 10~1

NAGLsl | 1000 105.3  16.47323938 8.3203 x 1073

NAGLs2 | 1000 148.6  16.47072709 8.0326 x 103

6.3 Numerical results on the Stiefel manifold

Our first test problem for optimization on the Stiefel manifold is minimization of the Brockett cost
function [2]:
1
min f(X) := iTr(XTAXD) st. X € St(n,p), (79)

21



10t
——Algl
0 et . Algz | |
10 \d yerrol B Grad
——OptM
2 101 ———NAG1 |J
3 NAG2
© ——NAGIs1
g’ 102 ¢ NAGIs2 |3
£
2 103 :
107 F 1
0 200 400 600 800 1000 1200

iteration

Figure 1: History of average norms of gradients of random runs on problem (78)

where A € R™ " is a symmetric matrix and D = diag(di,...,d,) with dy > --- > d, > 0. We
set (n,p) = (2000, 10) and D = diag(10,9,...,1). The data matrix A and the initial point X, were
generated randomly by A = randn(n); A = A+ A’ and Xy = orth(randn(n, p)). The stopping criterion
was set as ||V f(Xg)||[r < 107* or k = 5000 uniformly for all the algorithms.

Table 2 and Figure 2 show the average results of 20 random runs on problem (79). ALG2, OpTM,
and NAGLS2 succeeded in all tests, while GRAD and NAG2 failed in all tests for the same reasons as in
problem (78). ALG2 and OPTM were the best among these algorithms from the perspective of running
time. NAGLS2 spent less iterations but more running time than AG2 because the former adopts a line
search, resulting in more function evaluations in each iteration.

Table 2: Average numerical results of random runs on problem (79)

Algorithm | niter  time (s) fval nrmg
ALc2 1414.3 3.5 —3414.232493  9.2989 x 10~°
GRAD 5000 22.1 —3414.080502  3.3793 x 107!
OpTM 2060.1 3.5 —3414.232493  9.1269 x 107°
NAG2 5000 10.8 —451.7045048  1.6845 x 1073

NAGLs2 | 1316.6 4.5 —3414.232493  9.2146 x 107°

Our second test problem for optimization on the Stiefel manifold is minimization of sums of hetero-
geneous quadratic functions [8]:

1 D
min f(X) = > XHAiXq st X €St(n,p), (80)

i=1

where 4; € R"*™ is a symmetric matrix and X(;) is the ith column of X for i =1,...,p. We set (n,p) =
(2000, 10) and generated A; and Xy randomly by A = randn(n); A; = A+ A" and Xy = orth(randn(n, p)).
The stopping criterion was set as ||V f(X)||r < 1074 or k = 1000 uniformly for all the algorithms.
Table 3 and Figure 3 show the average results of 20 random runs on problem (80). The behaviors of
these five algorithms are similar to those in problem (79). ALG2, OpTM, and NAGLS2 still succeeded in
all tests, while GRAD and NAG?2 still failed in all tests for the same reasons as in problems (78) and (79).
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Figure 2: History of average norms of gradients of random runs on problem (79)

ALG2 and OPTM spent the least and the second least amount of running time, respectively, although
NAGLS2 spent the least number of iterations. Now it can be summarized from our numerical results that
the proposed AG methods are superior to the traditional Riemannian version of Nesterov’'s AG method
(25) for optimization over the Grassmann and Stiefel manifolds.

Table 3: Average numerical results of random runs on problem (80)

Algorithm | niter time (s) fval nrmg
ArLc2 458.4 41.9 —629.1584579  8.5319 x 107°
GRAD 1000 171.5 —629.1156094  2.6324 x 10~!
OprTM 568.0 53.9 —629.1584579  9.0369 x 10°
NAG2 1000 91.5 —209.6486485  1.4979 x 10+2

NAGLs2 | 399.6 72.2 —629.1584579  8.6406 x 107

7 Conclusions

In this paper we extend a nonconvex Nesterov-type AG method to optimization over the Grassmann
and Stiefel manifolds. We have made two main contributions. On the one hand, we have proposed two
implementable Riemannian AG algorithms. The first one, designed specially for the Grassmann manifold,
is based on the exponential map and parallel transport. The second one, designed for both of the Grass-
mann and Stiefel manifolds, is based on the Cayley transform retraction and vector transport. Moreover,
efficient formulas for the inverse maps of the Cayley transform retraction and vector transport are ob-
tained. On the other hand, we have obtained the global rate of convergence of the proposed algorithms
under some reasonable assumptions. To our knowledge, this is the first result of global convergence rate
of the Nesterov-type AG methods for non-geodesically convex optimization on manifolds. Preliminary
numerical results on three synthetic problems illustrate the efficiency of the proposed algorithms. Our
future work will focus on the extension of the proposed AG methods to other specific or even general
manifolds.
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