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Abstract

Problem definition: We address the portfolio optimization problem with contextual infor-
mation that is available to better quantify and predict the uncertain returns of assets. Motivated
by the distinct regimes for the finance market, we consider the setting where the uncertain re-
turns and the contextual information jointly follow a Gaussian Mixture (GM) distribution.
Methodology /results: We establish that the problem is equivalent to a nominal portfolio
optimization problem where the mean and the covariance matrix are adjusted by the contextual
information. To reduce the sensitivity of the model performance with respect to the inherent
model parameters within the Gaussian Mixture Model (GMM), we propose the robust con-
textual portfolio optimization problem. By considering a projection of the ambiguity set, a
tractable formulation is derived to approximate the exact model. We conduct numerical ex-
periments in both US markets and the global Exchange-Traded Funds market, and the results
demonstrate the advantage of our proposed model against other benchmark methods. Man-
agerial implications: We introduce a framework that provides a tractable solution to the
portfolio optimization problem with contextual information. Computational results affirm its
superiority, outperforming alternative approaches across multiple metrics.
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1 Introduction

The portfolio optimization problem, one of the most important problems in computational finance,
has garnered significant attention from both the research community and industry over many
years (Benati and Rizzi, 2007; Birge, 2007; DeMiguel et al., 2009a; Konno and Yamazaki, 1991;
Markowitz, 1952; Perold, 1984; Rockafellar et al., 2000). Traditional models for the portfolio opti-
mization problem, such as the Markowitz model (Markowitz, 1952), operate under the assumption
that exact information of the considered assets (e.g., means and variances of the returns) is avail-
able. However, this modeling requirement is unrealistic and brings profound challenges in practice,
as achieving satisfactory performance would necessitate an impractically large amount of data to
reduce estimation errors, and even minor estimation errors would result in poor decisions (Britten-
Jones, 1999; Chopra and Ziemba, 2013). Moreover, asset returns are often affected by various
external factors, such as economic situation, governmental policy, business cycle, etc. (Eugene and
French, 1992; Flannery and Protopapadakis, 2002; Grinblatt et al., 1995). These factors are typi-
cally not considered in traditional models. Consequently, the unconditional distribution of returns
does not adequately capture the uncertainty of returns within any given investment period.

In recent years, robust optimization has been a popular approach to address the aforemen-
tioned issue of sensitivity concerning the model parameters (Ben-Tal et al., 2006, 2009; Bertsimas
and Sim, 2004; Pflug and Wozabal, 2007; Sim et al., 2021). In contrast to the traditional ap-
proach, the robust optimization scheme constructs an uncertainty set of parameters to describe
asset returns and optimizes the portfolio allocation based on the worst-case returns within this
set (DeMiguel and Nogales, 2009; Fabozzi et al., 2007; Goldfarb and Iyengar, 2003; Kakouris and
Rustem, 2014; Rujeerapaiboon et al., 2016; Ye et al., 2012; Zymler et al., 2011; Choi et al., 2016).
For readers interested in robust portfolio selection problems, we refer to the recent comprehensive
review by Ghahtarani et al. (2022). Additionally, there is an extensive literature on distributionally
robust portfolio optimization, with diverse choices of distributional ambiguity set, e.g., moment-
based (Zhu and Fukushima, 2009; Nguyen et al., 2021a), event-wise (Chen et al., 2020), optimal
transport-based (Blanchet et al., 2022) and Wasserstein ambiguity sets (Pflug and Wozabal, 2007;
Blanchet et al., 2021). Even though these approaches yield reliable solutions in practice, the re-
sulting decisions tend to be conservative. Moreover, not accounting for external factors makes the

uncertainty set unnecessarily large. This set aims to include the various model parameter scenar-



ios across different contexts. Consequently, the output decision is overly conservative as it safely
anticipates a wide range of model parameters.

To overcome this challenge, this paper proposes the incorporation of contextual information
into the portfolio optimization problem. Contextual decision-making under uncertainty has be-
come increasingly popular in recent years (Athey et al., 2019; Ban and Rudin, 2019; Bertsimas and
McCord, 2019; Bertsimas and Kallus, 2020; Chenreddy et al., 2022; Kallus and Mao, 2022; Kannan
et al., 2022; Sen and Deng, 2018; Chen et al., 2022; Cao and Gao, 2021) as it takes into consid-
eration the interrelationships between the external uncertain factors (that are not included in the
optimization model) and the uncertain parameters of the optimization model. By considering the
external factors, commonly referred to as side information (Srivastava et al., 2021) or contextual in-
formation (Pagnoncelli et al., 2022), the decision-maker is able to faithfully adapt her optimization
model to the given context. This approach allows the decision-maker to more accurately quantify
the uncertain model parameters utilizing the available side information prior to making her deci-
sions (Elmachtoub and Grigas, 2022; Kannan et al., 2020; Nguyen et al., 2021b). While various
non-parametric approaches exist for estimating the interrelationships between the side information
and the uncertain parameters (Nguyen et al., 2021b; Srivastava et al., 2021), they may suffer from
high estimation variance compared to the parametric approaches. The latter is often preferable
when one has domain knowledge about the distribution of the uncertain parameters. In particular,
the Black-Litterman model, as presented by Black and Litterman (1990, 1992), translates the side
information, or general view on the relative performance of assets, into the explicit return fore-
casts within a Bayesian analytic framework. However, this model heavily relies on the prior return
forecasts and structured view errors, as noted by Cheung (2010).

The Gaussian Mixture Model (GMM) stands out as a powerful and flexible parametric modeling
framework for financial markets as it can effectively approximate skewed return distributions and
elegantly model different market regimes (Akgiray and Booth, 1987; Arditti, 1967; Ball and Torous,
1983; Seyfi et al., 2021). Numerous studies have long observed that the underlying distribution
of asset returns is skewed (Beedles, 1986; Fabozzi et al., 2005; Neuberger, 2012; Popova et al.,
2007) and possesses a heavier tail than a Gaussian distribution (Cont, 2001; Fama, 1965; Praetz
and Wilson, 1978; Zi-Yi, 2017). Thus, GMM emerges as a natural choice for bridging the gap

between these empirical observations and the classical portfolio optimization models. Specifically,



when the number of mixtures equals one, the GMM degenerates to the classical model where
asset returns follow a Gaussian distribution (Markowitz, 1952). In contrast, when the number
of mixtures coincides with the number of samples, the model is equivalent to the Kernel Density
Estimation (KDE) method with Gaussian kernels (Epanechnikov, 1969; Liu et al., 2022; Silverman,
2018). In real-world financial markets, Kon (1984) observes that a handful number of Gaussian
mixtures are sufficient to approximate the distribution accurately. Additionally, GMM has attracted
considerable interest due to its straightforward interpretation of market regimes, as asset returns
exhibit varied behaviors across different market regimes (Ang and Bekaert, 2004). For example, Ang
and Bekaert (2002) and Campbell et al. (2002) observe that the correlations among asset returns
tend to intensify during bear markets. In this case, GMM is adept at constructing these regime-
dependent structures by associating different regimes with distinct clusters (Gupta and Dhingra,
2012; Rydén et al., 1998). Botte and Bao (2021) pioneered the integration of side information
with asset returns into the GMM framework. Intuitively, equity markets have the tendency to
behave dynamically as the macroeconomic shifts, which creates distinct regimes. Their empirical
review demonstrates that the equity markets returns, along with several economic indices such as
interest rate, inflation rate, etc., can be modeled into GMM with several clusters. They also apply
economic research to the fitted model and find that each cluster aptly represents a specific regime
in history, e.g., prosperity, crisis, and inflation. However, although this empirical study inspires
the use of GMM with side information to estimate the current regime, it remains unclear how one
could integrate this approach into portfolio optimization.

Motivated by this empirical observation, we propose a new robust contextual portfolio opti-
mization problem. Our model assumes that both the uncertain returns and side information follow
a Gaussian Mixture (GM) distribution, and it leverages robust optimization to reduce the sensi-
tivity of model parameters in the fitted Gaussian Mixture model to provide reliable decisions. We
remark that the same modeling assumption in which the uncertain returns follow a GM distribu-
tion has been studied by Buckley et al. (2008), where the authors consider a two-component GMM
and analyze several objectives such as the Markowitz mean-variance, the Sharpe ratio, and an
exponential utility. Hentati-Kaffel and Prigent (2014) study the optimal portfolio under arbitrary
utility functions. The numerical experiment on historical data suggests that the GMM model leads

to significantly different portfolios compared with those obtained from a Gaussian return model.



Robust portfolio optimization with two-component GMMs is studied by Gambacciani and Paolella
(2017), who propose an approach for estimating asset returns using a fast new variation of the
minimum covariance determinant (MCD) method. Arabaci and Kocuk (2020) derive formulations
for the robust portfolio optimization problems under the assumption that the stock returns follow a
two-component GM distribution. Shi and Kim (2021) explore different coherent risk measures and
show that the mean-risk portfolio optimization problem with GMMs admits a closed-form solution
by fixing the location and skewness parameters. Recently, Luxenberg and Boyd (2022) investigated
the portfolio optimization problem with exponential utility under the GM return assumption. They
show that the problem admits a convex reformulation and can be solved efficiently using the off-the-
shelf solvers. However, none of these papers have considered exploiting contextual information and
using robust optimization under the generic GMM setting to improve the performance of portfolios.

We summarize the main contributions of the paper:

1. We consider the contextual portfolio optimization problem, which assumes both the uncertain
returns and side information follow a GM distribution. We show that this problem can be
reformulated as a classical portfolio optimization problem where the mean vector and the

covariance matrix are adjusted according to the value of side information.

2. We devise a robust counterpart to the original problem to mitigate the unfavorable effect of
parameter estimation errors in the Gaussian Mixture Model. We show that under certain
assumptions, the solution to the robust contextual portfolio optimization problem offers at-
tractive out-of-sample performance. While the problem is computationally challenging, we
derive a tractable conservative approximation in second-order cone programming, which can

be solved efficiently using the off-the-shelf solvers.

3. To demonstrate the practical viability of our proposed method, we numerically examine the
performance of the Robust Contextual Gaussian Mixture model. Compared with the bench-
mark methods, our proposed approach achieves a higher average return and a better annual-

ized Sharpe ratio in the out-of-sample test.

The remainder of the paper is organized as follows. Section 2 proposes the contextual portfolio
optimization problem where the uncertain returns and the side information follow a GM distribu-

tion. Section 3 develops the robust counterpart of the contextual portfolio optimization problem



and derives its tractable conservative approximation. We conduct experiments in Section 4 and

provide some concluding remarks in Section 5. Some technical proofs are deferred to the appendix.

Notations. We use bold lowercase and uppercase letters for a vector and a matrix, respectively.
All random variables are designated by a tilde sign (e.g., é), while their realizations are denoted
without tildes (e.g., £). The set of all positive definite and positive semidefinite matrices in R™*"™
are denoted as S} | and S'}, respectively. The probability simplex in ]Rff is denoted by Ag. Unless
otherwise specified, we use || A|| for the spectral norm of matrix A, and ||v|| for the Euclidean norm
of vector v. We use A\(A)min to denote the smallest eigenvalue of matrix A € S". The density
function of the multivariate normal distribution is denoted as N (x|u,X) while  and X are the

mean and covariance matrix of the distribution, respectively.

2 Contextual Portfolio Optimization under Gaussian Mixtures

Model

We define # € R™ to be the random returns of n assets in a specific period and § € R? to be the
side information observed at the beginning of the period. In this paper, we are interested in solving
the contextual portfolio optimization problem

min Egl—7'w|8=s]+n Vg[f w|3=s], (1)
wWEAR

where the decision variables w € R" correspond to the allocations to the considered assets. Intu-
itively, problem (1) aims to maximize the conditional expectation of portfolio returns while ensuring
the portfolio risk, captured by the conditional variance, is small. The parameter n € R, controls
the level of risk aversion of the decision maker, and the subscript G signifies that (7, §) jointly

follows a Gaussian Mixtures (GM) distribution G with K components. That is,
(7.8) ~ G ({uh =5 P ).

where p* = (uk, u¥) € R"¥ denotes the mean vector of the k-th component of GMM. Here, the
subscripts r and s indicate that p* and p¥ are the mean vectors of 7 and & in the k-th component,

respectively. We adopt these subscripts for the other variables in a similar manner. The covariance



matrix of the k-th component is denoted by

k k
Err zrs
k k
Esr Ess

k _ +d
¢ = e SiTe.
The mixture weights are represented by p € Ag where p* € [0, 1] represents the weight of the k-th
component. We further define the k-th precision matrix, which is the inverse of the k-th covariance
matrix, as
AN

‘Ilk — (Zk)fl _ A A
‘I’ST WSS

n+d
S

Given that the random vector (7, §) follows a GM distribution, the following lemma shows that

the conditional distribution of 7 given § = s is also a GM distribution.

Lemma 1 (Conditional Gaussian Mixture Distribution). Consider a random vector (¥, 3) € R*+4

governed by the GM distribution G({p*, =*, p*HE ) for some {p*, %, p*}E . Conditioned on

K
-~ k k k
r~G ({Pﬂs’ 2r|s7p7“|s}k1> )

V’]:|s = “’1]? + Efs(zgs)_l(s - ”I;)a

s = s, we have

where

sk, = 3 oshsh) sk = (8h) 7! and 2)
o= PPN (s|pk, =)
rls T

SIS PN (slid B )

Proof. Proof of Lemma 1. We first consider the case where the random vectors 7 and s are jointly
Gaussian (i.e., K = 1) with the density function N ((r, s)|u, X). The marginal distributions of
and § are N (r|u,,X,,) and N(8|us, Xss), respectively. The density function of the conditional
distribution of 7 given s is (Bishop and Nasrabadi, 2006, Section 2.3.2, Equations (2.94)-(2.98))

p(T’S) =N (T’u’r|s72r|s) )

where Hr|s = Hr + Ers(zss)_l(s - us) and Er|s =X — Ers(zss)_lzsr-
We now extend this result to the case of GM distribution, where the marginal distribution of §

is
K
p(s) = p"N(s|uk, =%).

k=1



Here, the conditional density function becomes

K pEN ((r, 8) |k, =F K KN (s|pk, 3k,
p(r]s) = p(r,s) _ Z pK ((7’ s)|ﬂj j) _ Z ]; (s|ﬂ j )j N(r | N]:|sa27]f|s>-
p(s) k=1 ijl p]'/\[(s‘y’s? 285) k=1 Zj:l p]N(3’N87 Ess)

Thus, this is a GM distribution with components N (7 | H7]f|37 Eff"s), k € [K], and mixture probabil-
ities
PPN (s|pf, 25)

Zf:lij(SlﬂgaEgS)

, ke [K],

which completes the proof.
O

From the above lemma, we know that the conditional distribution of the vector 7 also follows a
GM distribution, given any observed contextual information s. This leads to our first main result

as follows:

Theorem 1. Let the conditional parameters pfls, ,u’:|5 and Zf|s be defined in (2), and let be =
<2f|s + (ufls — ur|s)(u7’f‘s - ,ur‘s)T>. Given 8§ = s, the conditional mean vector and covariance

matriz of T are

K K
I'Lr\s - pr|5ur‘5 and QTlS - pr|sﬂr‘57
k=1 k=1

respectively. Hence, the contextual portfolio optimization problem (1) is equivalent to the quadratic

program
K
. T T
min Zpﬁs (—w p,ff|8 +n-w Qf|8w) . (3)

Proof. Proof of Theorem 1. The mean portfolio return in (1) can be written as

K
=T 3 § : koo T,k
EG[T w ’ s = S] = Dp|sW - Moy s-
k=1



Meanwhile, the variance term can be reformulated as
Ve[f w |3 =s]=Eg[(F w)? | §=5] - Eg[F w|3=s]

= wTEG[f,FT | 5= S]UJ - wT/'l'r|sI*l’7T|sw

K
T Z k k ko kT T T
w ( Dr|s (2r|s + Hop|str|s )) W—W Hop|sHbp) W
k=1

K

= wT <valfs (2%5 + (“f\s - “r|5)(/1'7lf|s - MTlS)T>) w
k=1

= wTQr\swa

where the fourth equality holds since p,|, = Zszl pf|sufls and the fifth equality holds because
Q= 25:1 pf|sﬂks. Thus, the claim follows.

7|

O

Given perfect information on the parameters {u*, ¥, pk}szl, the contextual portfolio optimiza-
tion problem constitutes a tractable convex quadratic optimization problem. However, in practice,
the exact values of the underlying GM distribution parameters are not available to the portfolio
manager and typically have to be estimated using the empirical-based GM learning algorithms.
While the empirical-based estimators may work well on the training dataset, they often fail to
achieve an acceptable out-of-sample performance as they do not carefully consider the possible es-
timation errors from the learning algorithm. In the next section, we propose a robust counterpart
of the contextual portfolio optimization problem that mitigates the adverse effect of estimation

errors and produces reliable decisions.

3 Robust Contextual Portfolio Optimization

In the empirical risk minimization (ERM) setting, decision makers naively adopt the empirical
estimators p*, fi¥, and % from the GM learning algorithm to compute the empirical conditional
means ﬂf‘s, covariances f]ﬁs and probabilities ﬁﬁs, Vk € [K]. Then those empirical conditional

estimations are plugged into (3), which yields the empirical portfolio optimization problem

min prls (f'wT[Lfls +n- 'wTQfls'w) , (4)



where fi,1 = S, ph Ak, and fz';|s = 3k + (- fir)s) (A1), = fygs)T. Though the ERM
method is easy to implement, it suffers from the notorious overfitting issue and may incur extremely
poor performance in the out-of-sample test. In this paper, we address the unfavorable effects of
data overfitting by employing the idea of Robust Optimization (RO). In contrast to the ERM
scheme, the RO approach does not impose the exact specifications of mean vectors, covariance
matrices, or mixture probabilities of the GM distribution. Instead, it considers an uncertainty set
Y that contains all plausible parameter estimations consistent with the historical observations, with
the goal of obtaining an optimal portfolio strategy that minimizes the worst-case mean-variance
objective function. In particular, we consider the robust counterpart of (3) given by
K
min sup prls (—wTuf‘s +n- wTQf‘sw> , (5)
WEAR (pk b SR €Y iy
where
T P e A e BT e A BT
p € Ak, pk e R, 3k ¢ g1t Vk € [K]
Therefore, the model is immunized against detrimental estimation errors of the model parameters
in the nominal problem (3). In this paper, we assume that there exists an algorithm that can
compute the radii of the norm balls in ) so that the unknown true parameters {Mk*, 3L pk*}szl

reside in ) with high probability.

Assumption 1. Given N samples drawn i.i.d. from the true GM distribution G ({uk*, Ek*,pk*}§:1>,
there exists an algorithm that outputs an estimation G ({[Lk, Sk,ﬁk}szl) satisfying |pk* — k| < ¢y,
| — @¥|l2 < €, and |EF" — BF|| < ex, VE € [K] with probability 1 — 8, where the radii ¢y, €,
and ex and the tolerance § may depend on parameters of the true GM distribution and the number
of samples. In addition, for any component in the true GM distribution, the smallest eigenvalue of

the covariance matriz is bounded below by a positive constant «, i.e., o = Zk*,sz € [K].

Since the paper focuses on tractable formulations of robust portfolio optimization with GMM
rather than its statistical performance guarantees, the technical detail behind this assumption
is beyond our scope. Nevertheless, we highlight several relevant results as follows. For mix-
tures Q(v/log K)-separated spherical Gaussians, it is shown in Kwon and Caramanis (2020) that
with proper initialization and N > @((minkE[K] p") Y (n + d)/€?), the Expectation Maximiza-

tion (EM) algorithm converges in T = O(log(1/¢)) iterations, where at the T-th iteration the

10



estimates pF, ¥, (6%)2, are accurate to within €, = maxje(x] pFe, €4 = MaXpe(K] oF*e, ey =
(maxyek) o")%¢/+/n + d, respectively, with a tolerance level § that depends polynomially in T,
n + d, and K. Note that instead of requiring N > O((minke[K] p*) 71 (n 4 d)/€?), we can decrease
€ with N while keeping the confidence level 1 — 4. When there are only K = 2 components, Hardt
and Price (2015) show there exists an algorithm with polynomial sample complexity that learns
arbitrary mixtures of Gaussians without any separation condition. Otherwise, the best-known re-
sult for learning general mixtures of K Gaussians with polynomial sample complexity is derived in
Sanjeev and Kannan (2001) with Q((n + d)'/*) separation condition and in Kannan et al. (2005);
Achlioptas and McSherry (2005) with Q((poly(K)) separation condition. As for sample complexity,
Ashtiani et al. (2018) shows that O(K (n+ d)?/e?) samples are sufficient and necessary to learn the
mixture of K Gaussians up to error € in total variation distance. Even though their proposed algo-
rithm requires few samples, the computational complexity depends exponentially on the dimension
n + d and cluster number K.

While problem (5) is an intuitive model that would provide a robust allocation for the contextual
portfolio optimization problem, solving (5) is computationally challenging. The following lemma

and theorem show that one can compute an upper bound of (5) tractably using second-order cone

programming.

Lemma 2 (Upper bounds). Consider {fiF, ,3F

rls? <'r|s’

Q’f_‘s}kK:l defined in Theorem 1 and equation (4)
based on {p*, (i¥, 5K | Let ayp = max{o, \(EF)min—ex}, B = [ B +ex, and v = [|s—p1F||+e,,
for every k € [K]. We have, for any {p*, u*,X*} | € Y, the corresponding {,uf‘s, Ef‘s,ﬂf‘s}ﬁil

satisfies

k
S Py

N 3 B\ A
Il = ikl < o I2H, = S0, < ( s, and ||Qk, - O

rls g rls rls

11



where

phi= (25 ) et 5 (Rl ol s,
k

Ak
2 i k A k
. € + 20.€ S ey — |3 . .
ph = (" +¢p) m;; k M’Zk 4 s tes Z| | SS|N($|M§,E§S) LN <8\M'§,2’§5> -
20/ (2may,) 20,
= (a;) es+ | of+ > @Bl + ook + pbllid Il ] | 2 H“r|s |+
le[K]

k N4 /N £ VA4
<pu + > (Dl + oy + pplluﬂsII))-

LE[K]
Proof. Proof of Lemma 2. Based on Lemma 9, we know that if ||u* — a¥|| < ¢, then we have

. . 2
Hufls—ﬂk | < pﬁ. Furthermore, from the lemma, if | S* —3F|| < ex then ||ZF Ef‘SH < (%) €x.

r|s rls

Combining this result with Lemma 11, which provides an upper bound on the term

)

k k T (nk N ~ - N\T
H(l’/r\s - ﬂ'r|s)(“r|s - “r\s) - (l"r|s - l'l'r|s)(“r|s - ur\s)

we get,

k
< py-

|35+ by = po )l — )T = 98,

Thus, the claim follows.

O

Theorem 2 (Conservative Reformulation). Consider the setting in Lemma 2 and let pp = p*N (s|ﬂ]§, f}]§5> .

The optimal value of the second-order cone program

inf v
s.t. we A, ul,uQeRf,TERK,VER
—w" b+ phfw] - w” <Q’;‘S + p’gIn) w< 7 Vke[K] (6)

T—u +u—re<0

uf (ppe + @) +ud (ppe — §) <0

constitutes an upper bound to problem (5), where p, = maxke[m{p’;} and p’; is defined in Lemma

2.

12



Proof. Proof of Theorem 2. Since pf;'|5 is non-negative for every k € [K], the objective function of

problem (5) is upper bounded by

K
k T,k T
sup Zprls sup —w 7w QT‘S ,
Py 1 Ik~ <ok
||ﬂf.‘s—flf‘s\\§p§
where ), == {p € Ak : {p*, u¥, Ek}é{zl € YV} is the projection of the uncertainty set ) onto the p
axes.

We first deal with the inner optimization problems. For the k-th problem, its dual problem can

be derived as

inf —w il + pf el +n (Y + YE, pu) + (Y - Y5, Q5
st. YFYFest o
Y-V w - 0.
w’ 1

Strong duality holds between the primal and dual pair because problem (7) has a nonempty interior.
In addition, it can be verified that (Y;*,Yy) = (ww',0) is optimal to problem (7); see Lemma 6.
Thus, the semidefinite program can be solved analytically. Let 7 denote the optimal value of
problem (7):

mi = —w @+ phllll + 0w (O, +pELL) w. (8)
Therefore, problem (5) is upper bounded by

Plugging the definition of pfls, we obtain the following maximization problem

sup f: kN 5|N5a )Tk’
= SIS N (s |us,2és)
st pP € Ag, pb e R Bk ¢ s, Vk € [K]

PP — pF| < €, lF — ¥ < €, [|BF — BF|| < e, VE € [K].

Now we define a new variable p), = p* A (s|uk, £¥,) and its empirical estimator ¢y = < |k, 3k )

for each k € [K]. Based on Lemma 7, setting pp as Lemma 2, the above optimization problem is

13



upper bounded by

sup {Z e ||sa—¢||oogpp}. (10)

Problem (10) is also known as a linear-fractional program (Bajalinov, 2003). Since the feasible
region is non-empty and bounded, we can apply the Charnes-Cooper transformation (Charnes and

Cooper, 1962) with

0= P gt
el el

which reformulates the linear-fractional program (10) as an equivalent linear program

sup T2

st. LeRE, teRy

L< (pe+@)t (11)
—£< (pe—p)t
ele=1.

Dualizing this problem leads to the following minimization problem with the same optimal

value:
inf v
st. u,us eRE veER
b (12)
T—ul +uy—rve<0
uj (ppe + @) +ug (ppe — @) < 0.
Here, strong linear programming duality holds because problem (11) is feasible. For each 74 € [K]
in problem (11), its optimal value can be obtained by solving the corresponding optimization
problem (7). Combining the minimization problems yields the desired reformulation (6), which

completes the proof.

O]

We remark that when the radii €, €,, and ex; are brought down to 0, the upper bound (6)
reduces to the true robust model (5), which is equivalent to the deterministic model (3) under the

empirical estimates pF and 3¢ rls> Vk € [K]. Thus, our proposed approximation (6) is not

r|s’ p’r\s
overly conservative—it will become more accurate as we observe more samples and we decrease
the radii accordingly with V. Under Assumption 1, the optimal solution of the approximation also

enjoys the following out-of-sample performance guarantee.

14



Corollary 1 (Out-of-sample Guarantee). Let v and w be respectively the optimal objective value

and solution of the second-order cone program (6). Then, with probability at least 1 — &, we have
Eg+[—7 " | § = s] + Vg [F W | § = s] < 7,
where G* =G ({uk*, Ek*,pk*}é{:l) is the true GM distribution.

Proof. Proof of Corollary 1. We define the set of GM distributions whose parameters are close to

the empirical estimates as

6—{e(fru e ) P 5 < e = ) < [2F BH < e, VR e [K)

=1 pe Ak, pF e R Bk e s Yk € [K]

By Assumption 1, we have G* € G with probability 1— 4. Observe now that for any fixed allocation
w, one can rewrite the objective function of the robust problem (5) as the distributionally robust
model

sup Eg[—7 w | § = s] + nVg[r w | § = s],
Geg

which is upper bounded by the optimal value of the conservative approximation (6) with fixed w.

Thus, the inequality

T

Eg+[—7 " | § = 8] + nVg+[F 0 | § = s] < sup Eg[—7 ' | § = s] + nVg[F

Geg
holds with probability 1 — §. The claim then follows since the right-hand side is upper bounded

~

by ».

4 Numerical Experiments

In this section, we present the numerical experiments and examine the performance of our proposed
Robust Contextual Gaussian Mixture Model (RCGMM) along with several benchmark methods.
All models are implemented in Python 3.10 with package CVXPY 1.3.1 and solved by MOSEK
10.0 (MOSEK ApS, 2019). All experiments were run on a 3.2GHz AMD Ryzen 7 5800H CPU
laptop with 16GB RAM.
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Historical Returns and Side Information: We conduct our experiments on four dis-
tinct datasets, sourced from two reputable repositories: Ken French’s website (https://mba.
tuck.dartmouth.edu/pages/faculty/ken.french/data\_library.html) and yfinance (https:
//pypi.org/project/yfinance/). From Ken French’s website, we obtain the datasets comprising
10 Industry Portfolios, 12 Industry Portfolios, and 25 Portfolios Formed on Size and Book-to-
Market, from July 1954 to June 2019. Additionally, we collect the dataset of the returns of iShares
Exchange-Traded Funds from yfinance across nine regions from April 1996 to June 2019. The
iShares Exchange-Traded Funds are from the following nine regions: EWG (Germany), EWH
(Hong Kong), EWI (Italy), EWK (Belgium), EWL (Switzerland), EWN (Netherlands), EWP
(Spain), EWQ (France), and EWU (United Kingdom). All the data are monthly data. These
datasets and repositories have been extensively employed as benchmarks for evaluating the perfor-
mance of portfolio optimization strategies (DeMiguel et al., 2009b; Pun et al., 2023; Rujeerapaiboon
et al., 2016; Park et al., 2022; Gregory et al., 2013; Blanchet et al., 2021; Pagnoncelli et al., 2022).
Interested readers are referred to the appendix of (DeMiguel et al., 2009b) or Ken French’s website
for detailed descriptions of the portfolio datasets.

For the datasets from Ken French’s website, we select the following five popular and publicly avail-
able macro indices as side information: 1) US GDP growth rate, 2) US CPI growth rate, 3) US
Federal Interest rate, 4) US Unemployment rate, and 5) US Industrial Production Index growth
rate. On the other hand, the iShares dataset includes global information from various regions, and
we incorporate the US GDP growth rate and the US Federal Interest growth rate as side infor-
mation for it. All side information data is downloaded from FEconomic Research: Federal Research

Bank of St. Louis at the website https://research.stlouisfed.org.

Benchmark Methods: In the numerical experiment, we compare the following methods:

1. Robust Contextual Gaussian Mixture model (RCGMM): This is our proposed method, where

the portfolio allocation is the solution of problem (6).

2. Equally-Weighted (EW) model: The EW portfolio allocates an equal weight to every asset
when they are rebalanced. This method is also known as the 1/n-portfolio and a detailed

analysis can be found in DeMiguel et al. (2009b).

16



3. Mean-Variance (MV) model: The MV model, proposed by Markowitz (1952), is one of the

best-known portfolio selection methods. The model solves the optimization problem

: =T =T
wrglAnnE@[—r w]+n-V[r w],

where P denotes the empirical distribution.

4. Non-robust Gaussian Mixture model (GMM): It is the contextual model (1). We have shown

that it is equivalent to the quadratic program (3).

5. Conditional Mean-Variance (CMV) model: The CMV model assumes Gaussian returns, and
solves the following optimization problem:

. T 1~ ~T 1~
wnéknnIE]@, [—'r w|s = s] +n-V; [r w|s = s] .

The model incorporates side information into the MV model, which can also be regarded as

the Non-robust Gaussian Mixture model with K = 1.

6. Regularized Nadaraya-Watson (RNW) model: The NW regression method (Nadaraya, 1964;
Watson, 1964) is a non-parametric regression scheme which approximates the conditional

expectation with

SN K (55) (< w)
Sk (25)

B[~ wls = s| ~ B [-7Tw]s = 5| =

where E[—fTw\é = s| is the Nadaraya-Watson estimator, K is a prescribed kernel function
and h > 0 is the bandwidth parameter of the kernel. This method does not require any
specific assumptions of the distribution, such as Gaussian, of the return on assets. In addi-
tion, the model can be efficiently robustified by introducing a conditional standard deviation
term (Srivastava et al., 2021). Employing the result from (Srivastava et al., 2021, Corollary
3), the regularized NW problem can be reformulated as a second-order cone program. We

implement this second-order cone program as a benchmark method for the experiment.

7. Optimal Transport based Conditional Mean-Variance (OTCMYV) model: It is the distribu-
tionally robust counterpart of the CMV model which adopts the Wasserstein ambiguity set

together with a positive probability on the side information, introduced by (Nguyen et al.,
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2021b). Based on the result from (Nguyen et al., 2021b, Proposition 3.3), the model is equiv-

alent to a second-order cone program and hence can be solved by the off-the-shelf solvers.

Experiment Setup: For each dataset, we compute the weights of the risky assets and one
risk-free asset where its rate is given by the 90-day Treasury-bill yield. At each time period, we
fit the GM distribution {u*, X" ,pk}sz1 by applying the built-in GMM learning algorithm from
scikit-learn library based on the rolling samples at the corresponding time window. We select the
hyper-parameters, including the cluster number K, following a cross-validation procedure at the
initial window. Specifically, we divide 70% of the training set as the subtraining set and keep the
remainder 30% as the validation set. Regarding the cluster number K for GMM and RCGMM,
we select it from {1,2,3,4,5} and then keep the value of K fixed and proceed to determine the
radii of the uncertainty sets. We select 1 via cross validation from the exponential of a set of
10 points that are equidistant in the range [—2,2]. To avoid determining too many parameters,
we focus our efforts on selecting p,, ps; while maintaining p, to zero. We first set px; to zero and
search for the best p, in {0.1,0.05,0.01,0.005,0.001}, and then we pick the best py; within the
same range while fixing p, to be the chosen one. For the other parameters in the benchmarks, we
adopt a cross-validation method to select the best parameters. Explicitly, we select the bandwidth
h from {10, 50, 100, 500, 1000} and the parameter A which controls the degree of regularization from
{0.1,0.5,1,5,10} for RNW benchmark. For OTCMYV benchmark, we choose the probability bound
e from {0.1,0.2,0.5} and parameter a from {1.1,1.2,1.5}, as suggested by (Nguyen et al., 2021b).
All the parameters selected at the initial window are based on the performance of the Sharpe ratio,
that is, we pick the one that maximizes the Sharpe ratio evaluated on the validation set. We set
the window size of the datasets from Ken French’s website (10 Industry Portfolios, 12 Industry
Portfolios and 25 Portfolios Formed on Size and Book-to-Market) to 35 years, and of the iShares

dataset to 7 years since the iShares dataset only contains 23 years of data.

Experiment Results: We test the benchmarks based on the following six metrics on the
out-of-sample returns: the annualized average return, the annualized Sharpe ratio, the certainty
equivalent (CEQ), the maximum drawdown, the turnover, and the 10th percentile. The Sharpe

ratio measures the risk-adjusted return of the portfolio, and the annualized Sharpe ratio is computed
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annualized Sharpe ratio = v/12 x mean{r; }ie(r)/std{7: }ic[r),

where {r;};c[r) are the returns computed based on the benchmarks. The CEQ represents the risk-
free rate that investors are willing to take compared to one particular risky strategy. The maximum
drawdown quantifies the maximum observed loss, and the turnover measures the trading frequency.
The precise definitions of them can be found in the appendix of (Pun et al., 2023). Generally, a
good portfolio should have large annualized Sharpe ratio and certainty equivalent, along with small
maximum drawdown and turnover.

The performance of the benchmarks across the four datasets is presented in Tables 1-4 respectively.
We can see that our proposed RCGMM consistently outperforms all the other benchmarks in terms
of the annualized average return, annualized Sharpe ratio, and CEQ across all four datasets. Fur-
thermore, we can observe that RCGMM is strictly better than the GMM benchmark across all
the metrics, affirming that robustness brings a positive impact on the performance. The compari-
son between the CMV and MV benchmarks further indicates that incorporating side information
yields a higher annualized average return, annualized Sharpe ratio, and CEQ. Moreover, across all
four datasets, GMM achieves a larger annualized average return than CMV, which suggests the

superiority of the Gaussian Mixture model over the traditional Gaussian model.

Models
RCGMM EW MV GMM CMV RNW  OTCMV
Statistics

Annualized Average Return (%) | 10.9237 10.7021 5.2191 10.2531 7.4453 10.8735 10.3211

Annualized Sharpe ratio 0.5361 0.4821  0.2209 0.4582 0.3288  0.4772 0.4828
CEQ 1.0081 1.0079  1.0042 1.0076 1.0057 1.0080 1.0077
Maximum drawdown 0.1420 0.1582 0.0382 0.1606 0.1528 0.1388 0.1499
Turnover 0.9963 0.0242 0.0231 1.1664 5.0969 0.0703 0.0403

10th Percentile 0.9718 0.9652 0.9911 0.9694 0.9799 0.9623 0.9675

Table 1. Statistics of different models for 10 Industry Portfolios.
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Models
RCGMM EW MV GMM CMV RNW  OTCMV
Statistics

Annualized Average Return (%) | 11.0974 10.7277 5.2190 10.1093 7.3693 10.8271 10.3713

Annualized Sharpe ratio 0.5404  0.4699 0.2209 0.4498 0.3202 0.4732 0.4728
CEQ 1.0082 1.0079  1.0042 1.0075 1.0056 1.0079 1.0077
Maximum drawdown 0.1602 0.1639 0.0382 0.1875 0.1474 0.1388 0.1540
Turnover 1.1277 0.0236  0.0231 1.1600 6.0975 0.0737 0.0415

10th Percentile 0.9705 0.9637 0.9911 09713 0.9801 0.9623 0.9672

Table 2. Statistics of different models for 12 Industry Portfolios.

Models
RCGMM EW MV GMM CMV RNW OTCMV
Statistics

Annualized Average Return (%) | 12.3440 12.1779 5.2580 8.6069 8.3559  3.0245  11.9158

Annualized Sharpe ratio 0.4985  0.4526 0.1880 0.3765 0.3832 -1.6561  0.4599
CEQ 1.0088 1.0085 1.0042 1.0064 1.0063  1.0025 1.0084
Maximum drawdown 0.1890 0.1913 0.0531 0.2016 0.2112 0.0043  0.1859
Turnover 0.3586 0.0183 0.0384 1.0353 13.8679 0.0047  0.0310

10th Percentile 0.9577 0.9530 0.9871 0.9792 0.9832 0.9999 0.9574

Table 3. Statistics of different models for 25 Portfolios.

5 Conclusion

In this paper, we presented a new robust contextual optimization framework for portfolio opti-
mization. Inspired by the regime modeling technique used for modeling financial markets, our
framework models the uncertain returns of considered assets and the side information to follow a
GMM. We derived a tractable conservative approximation for the robust optimization problem as a
second-order cone program, which can be solved efficiently using off-the-shelf optimization solvers.
By exploiting the side information and alleviating the effect of estimation errors, our experimental
results demonstrated the significant advantage of our approach over the state-of-the-art models.

Our research opens up several promising directions for future research, such as specialized compu-
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Models

RCGMM EW MV  GMM CMV RNW OTCMV

Statistics
Annualized Average Return (%) | 8.4336  8.3857 1.4338 5.8143 2.7015 1.2378  8.1053
Annualized Sharpe ratio 0.3634 0.3493 -0.1715 0.2872 0.0892 -1.9847  0.3460
CEQ 1.0056 1.0055 1.0011 1.0041 1.0021 1.0010 1.0054
Maximum drawdown 0.1821 0.2061 0.0650 0.1902 0.0542 0.0003  0.2000
Turnover 0.1102 0.0203 0.0717 0.9253 5.8851 0.0003  0.0225
10th Percentile 0.9498  0.9493 0.9870 0.9617 0.9815 1.0000 0.9507

Table 4. Statistics of different models for 9 iShares dataset.

tational schemes for robust contextual portfolio optimization and dynamic portfolio optimization

with GMMs.
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Appendix A: Proofs of Auxiliary Results

Lemma 3. Suppose matrices A and B are strictly positive definite with ol < A, ol < B. If
|IB — A|l < e, then the difference of their inverse is bounded by

_ _ €
ja - B <5

Proof. Proof of Lemma 3. Observing that
Al'-B'=AYB-A)B!
we have
AT =B~ = |AT/(B - A)B7!| < [ATY(B - A)[|BY| < [ATHII(B - A)|B~] < %

where the inequalities come from the fact that the spectral norm is submultiplicative.

O

Lemma 4. For any vectors a and b, the spectral norm of the difference of their outer products is
bounded by
T T
laa’ —bb' | < |la—bll(]al + [b]).

Proof. Proof of Lemma 4. We have
laa” —bb7 | = sup |(aa” —bb )z
< sup |laa"'xz —ab'z| + sup ||ab'x — bb x|

llz]=1 l[]=1

< sup |lall[(a—b) |+ sup [la—b||b" x|
llll=1 llll=1
= [lalllla = b][ + [la - b][[[b],

where the last equality follows from the definition of dual norm. Thus, the claim follows.

Lemma 5. Suppose p, fr € R and 3 e Sle_ satisfying ol < 3, < BI. If

[ —pll <€, |2 =3 <es,
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then Ya € R?, we have

) . .

e ey +2ae,y X+ exI| — X L

N (z|p, X —N(m ,E)‘g £+ ./\/(ac ,2),

(z|p, 2) Iz 2072 o Iz
where v = || — f1]| + €.

Proof. Proof of Lemma 5. Without loss of generality, we sort the eigenvalues of 3 in decreasing
order as A1, Ag, ..., \¢. Recall that the normal density function is given by

exp (—3(x —p)' T (z — p))
(2m)4|x|

N (z|p, X) =

)

where 7 is known as the circular constant. Thus, we can rewrite the density function by its definition

and obtain

‘J\/(xm, ) —N(w[ﬂ, 2)‘
_|exp (—3(x—p)'E= N —p)) P (_%(93 - )2 (- H))
- 2m)73| (2m)4|S)

i 1 S
_,/ 21)d| 2|3 \/>
WE exp (~3(e = )= @ - ) - VIElewp (~da - 0TS @ - )

(2ma)d| ]

Notice that the value of the denominator is given by data, and we only need to bound the

numerator. Applying triangle inequality yields

Viglew (<5 w0 = w - )) - VElew (~j@ -5 @) )

< |ViBlew (e - w2 e - m) —/ISlexp (—;@c S m) ]

5| exp< %
exp< P ,u))—exp(—;(m— DTS e - >‘

VIET - ﬁ e (~3e - )5 e ). (13)

The above expression involves two absolute terms, and we then derive upper bounds for them.

=\/I%|

For the first term, since £~!, 3! ¢ S¢ ., the products —4(x — p) =7 1(z — p) <0 and —3(z —
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)T (x — 1) < 0. In addition, one can verify that the exponential function f(a) = exp(a) is

Lipschitz continuous with constant 1 when a < 0. Thus, we have

G R IR CE) B CHER AR |
<|(-5e-wte-w) - (<ye- = e i)
<|(-je-w e w) - (<ye-w = e )|+

(- e-w) - (5@-n= e )|
GRS ] RS PR SR C ]

Based on Lemma 3, we know that ||(£~! — £71)|| < . This spectral norm constraint can be

equivalently written as

This result further implies that

M ) ]| N (PP RS S C PR

2
€y T 1 1] .
Sogz@ ) L@ —p)+olp—AllIE Q2 —p -4
€x 1 o R
< (@—p) Iz —p)+ e S22 — p— )|

2c 2

€y N s _ R
S@(Hw—ullﬂu)zﬂullﬁ "l = all + €)
<6272 Y
— 202 «
_6272+2a6/ﬁ

202 ’
where 7y is defined in the statement of the Lemma.

For the second term, we notice that exp (—%(m — ﬂ)TfJ_l(a: — ﬂ)) is determined by the GMM

VE -/ m\. Applying

learning algorithm; thus, we only need to determine an upper bound for
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algebraic transformations yields
=

=+ /3

IRV

=1 i=1 =1 i=1
d d
< Ai +ex) — Ai
s (- 1)
1 ( -
= YS+exl|— |2
WY | sI| - [X]
In summary, we conclude that
W (@, =) - N (@], 3|
1 62’72+2046’7 2+62I—ﬁ) 1 T R
- 5oz H + ’ ‘ ‘A ’exp _§(w_u)"|'2 1(x_M)
(2ma) a 21/ (27a2)d|3]

:6272 +2ae,y | +es|— |2\N (wm 2)
2024/ (2ma)d 204 A

which coincides with the result in Lemma 5.

O]

Lemma 6. Suppose w € R", Q € S and p > 0, then (Y1,Ys) = (ww?',0) is optimal to the

following semidefinite program:

inf (Y1 + Y3, pl,) + (Y1 — Y2,Q)
st. Y1,Y,€8%

Y1 -, w
T 1

> 0.

w

Proof. Proof of Lemma 6. It can be verified that Y7 = ww' and Ys = 0 are feasible to the
semidefinite program. In addition, for any Y7,Y> = 0, the semidefinite constraint in (7) can be

equivalently written as

Y- Yo - ww'.
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Therefore, we have
(Y1 + Yo, pl) + (Y1 — Y2, Q)
> <wa + 2Y5, pIn> + <wa, Q>
> (ww, oL, + Q).

where the last inequality attained if and only if ¥; = ww ' and Y> = 0. Thus, the claim follows.

O]

N € 2+2 € 2§a+ I—- ﬁlfa y 3 y 3
Lemma 7. When pk > (p"+¢p) <2272€’“\/(;:a:;: + | Ezza% 12l pr (S|H§, 2§S>>+6p/\/ (SW?,Z];S),
the optimal value of problem (9) is upper bounded by problem (10), where oy, = max{a, )\(ﬁ]k)min -

e} and By = | 2] + ex.

Proof. Proof of Lemma 7. Based on Assumption 1 and Lemma 5, we know that [p* — p*| < ¢, and

k sk ~kosk esVi+H20menTk Sk tesI|— |2k, JAES) .
‘J\/‘ (s|pk, x%) —N(s|us,258) < 2a§k\/(27ra:)d | 622(1% | |N<s\u8,283). For notational
2 sk Ik N 2 ..
simplicity, we first define r = 6272’“”%6“% [Hstent)= D] pr (8\u§, Z’;S). Noticing that the terms
2ak\/(27rak)d 20

P, o, N (s|pk, =), and & (s|ﬂ’§, f)’;s) in problem (9) are all non-negative, we have
PN (sluk 38) — P (sl )

< max {(ﬁk +€p) (./\/ (S|ﬂ]§7 53{;2) + 7”) —ﬁk/\/ (S|ﬂ]§7 2§s> )
PN (sl S5) = 6 = o) (N (sl 25) =) }

=max {ep/\f (s|ﬂ5, 2’;8) + P 4 epr, N (s|ﬂ5, 2’;8) + prr — epr}

:EPN (s“llsc’ 2A)Iscs) + ﬁkr + Ep’l“

2 S Sk

. exYr + 20€,7k |2 —I—EEI| — |2 | k& &

=(" + &) ( 2o (2mﬂ)d e S (sl B | e (slind B
k k k

which completes the proof.

Lemma 8. Suppose |2 — 3| < ex;, then we have

k L k L
||Ers - 27‘5” < €3, ||ESS - 255” < e€x
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Proof. Proof of Lemma 8. By the definition of spectral norm, we have

k Sk k L
||Ers - 27‘8“ = SU‘El ||(27"s - Ers)wH

. 0
= sup ||(ZF -2k
lyll=1 y
< sup [|(B* - h)z|
llz[I=1
=[|=* — |
<es.

The derivation for ||k, — 32k || follows the same strategy, and we omit for brevity.

O]

Lemma 9. Suppose ||u* — i¥| < ¢, |ZF — SF|| < ex. By setting aj, = max{a, \(E¥)min — s},

B = Hﬁ]kH + ex:, we have

k Bk Oék+5k
I = sl = (25 ) ot 5 (Ll ol s,

k
B
H2r|s rlsH < (ak €s.

Proof. Proof of Lemma 9. We first derive the error bound for the conditional mean.

”“ﬁs - ﬂ’;\s” :Hﬂf + 2&8(2’;8)71(8 - “I;) - ﬂ?lf - 27]?3(2155)71(8 - l:"]sC)H
<l — Bl 4+ 15 (2007 (s — ud) = BE(3L) (s — A

Seu+ sl 125200 7! = BEEL) T+ IS (EE) Rl - S(E0) AL

where the last inequality comes from the fact that the norm of the sub-vector is less than the norm
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of the whole vector. For the second term, we have

IZR (B8~ = BR80T SIBR (B0~ = S0 7+ IE5(25) 7 = SR

<L) - 112 = Sl + I 1(S5) ™ = (2507

where the third inequality comes from Lemma 3. Next, we employ this result to the third term

and obtain

B8 (380~ s — SR (B5) AL

<||BE(BE) Tk — BE (2R T Ak 4 BE (B ) Tl — sk (k) T Ak
<||IBE(SE) T -k — )+ =R (2R T - SR EE) T a8
B ay, +5k
<7
_ak€” +—— o2 ST

Combining the results for the second and third terms, we have

ko ok Br ; +5k
I = sl < (25 ) et 5 (Ll ol s

k

We then derive the error bound for the conditional covariance. Take ¥* and ¥* into Lemma 3,

we obtain

|k — k) < 2=
k

By Lemma 8, we know that the norm of a submatrix is less than the whole matrix, i.e.,
k Tk 22
||‘Ilrr - ‘IJ'rTH <=
Ok
By Lemma 1, the conditional covariance matrix is equivalent to the inverse of (\Ilfr)_l. Hence, we

apply Lemma 3 again and obtain

Hzrls r\s” < <6k) €.

&7

This completes the proof.
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Lemma 10. Suppose \pf|s —ﬁf|s\ < p'; and Huf‘s T|SH < pﬂ for all k € [K]. Then,

k k ~k k\ k ki nk
Z Dr|sHy)s — Z pr|sy’r|s < Z (pr|s +pp)p,u +pp””r\s”‘

ke[K] ke[K] ke(K]

Proof. Proof of Lemma 10. We have

k k
Z Pr|sHr|s — Z Pr|s“r|s

k k k ~k
Z PrisHr|s — Z Prjskr|s|| +

kE[K]

ke[K]

ke|K] ke[K] ke[K] ke[K]
<
ke[K]
k k ki nk
< Z (pr|spu+ppHp’r|sH)
ke[K]
<O (BF+ op)ok + opll k-
ke[K]

Thus, the claim follows.

Lemma 11. Suppose ]p’:‘s —ﬁf|s\ < pk and ||uf|S — ik

r\s’

kel PHstrys and firls = geq) Y 1y, Then, we have

H(“fb - Hr\s)(uﬁs - ”r|s)T - (ﬂf|s - ﬂr\s)(ﬂﬁs - ﬂr|s)TH

<o+ (Prjs + Pp)P) + Pf)\|ﬂ£|s\| 2 ‘ 1), — fs
Le[K]

Proof. Proof of Lemma 11. From Lemma 4, we get

Le[K]

H(/’l’ﬁs - “r\s)(uﬁs - l'l'r|s) (ﬁl’ |s ﬂr\s)(ﬂﬁs - l}'r|s)TH

< H(Hf|5 - p’r\s) - (ﬂf|s - ﬂr\s

Applying Lemma 10, we obtain

H(Mf\s - ”r|s) - (ﬂf\s - ﬂr|s)
Le[K]

The claim then follows from upper bounding H (uﬁs — Hr|s)

Pp)0y+ ol -
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H “7“3 l“l'T|S

with Hﬁ‘f‘s - I)'T|s

+ Hl“l'r|3 /J'r|s

~k ~k
Z Pr\s“r\s Z Pr(str)s

ke[K]

k k ~k k ko~ k
Z pr|s(y’7‘|s - u’r|s) + Z (pr|s 7pr|s)p'7‘|s

O

| < pﬁ for all k € [K]. Define p, s =

k ~l (AN VA4
+{ oh+ D Bre + o0)et + oyl

).

k N (A4 A4
< Pu + Z (p'r\s + pp)pp + pp||l‘l"r‘|s||'

Al
+pﬁ+zf€[K] (pr\s+



