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Abstract

Survival analysis is a family of statistical methods for analyzing event
occurrence times. In this paper, we address the mixed-integer opti-
mization approach to sparse estimation of the Cox proportional-hazards
model for survival analysis. Specifically, we propose a high-performance
cutting-plane algorithm based on reformulation of bilevel optimization
for sparse estimation. This algorithm solves the upper-level problem
using cutting planes that are generated from the dual lower-level prob-
lem to approximate an upper-level nonlinear objective function. To
solve the dual lower-level problem efficiently, we devise a quadratic
approximation of the Fenchel conjugate of the loss function. We also
develop a computationally efficient least-squares method for adjusting
quadratic approximations to fit each dataset. Computational results
demonstrate that our method outperforms the L1-regularized estima-
tion method in terms of accuracy for both prediction and subset
selection. Moreover, our quadratic approximation of the Fenchel conju-
gate function accelerates the cutting-plane algorithm and improves the
generalization performance of sparse Cox proportional-hazards models.

Keywords: Cox model, sparse estimation, cutting-plane algorithm,
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1 Introduction

1.1 Background

Survival analysis [30] is a family of statistical methods for analyzing survival
time, which is length of time between the start of an observation and the
occurrence of an event of interest. Successful applications of survival analy-
sis can be found in various real-world domains [66], such as gene expression
analyses [60, 63], customer relationship management [46, 61], and credit risk
evaluations [19, 35]. One of the main challenges inherent to such time-to-
event data is the presence of censored instances, which do not experience
occurrence of the event before the end of the observation period. Tailored
statistical methods are widely used for analyzing time-to-event data with cen-
sored instances [30, 36, 66]. These methods are categorized into three types
of statistical models [66]: parametric, nonparametric, and semiparametric
models.

A primary purpose of survival analysis is to estimate a survival (or haz-
ard) function, which represents the probability that an event of interest has
not occurred by a certain time. Parametric models assume that the survival
time follows a specific probability distribution (e.g., exponential, Weibull, logis-
tic, or normal), and that its parameters are tuned using tobit regression [57],
Buckley-James regression [12], or an accelerated failure time (AFT) model [48].
By contrast, nonparametric models estimate a survival function without such
assumptions regarding distributions; these include the Kaplan-Meier esti-
mator [28], the Nelson-Aalen estimator [1, 43], and life-table analysis [17].
Semiparametric models, which are a hybrid of parametric and nonparametric
models, can provide estimates that are more flexible than those from paramet-
ric models, and more stable than those from nonparametric models. Recently,
machine learning techniques have been applied to survival analysis [29, 66].

1.2 Related work

We focus on sparse estimation of the Cox proportional-hazards (PH)
model [14], which is the most commonly used semiparametric method for
survival analysis. The Cox PH model can examine how multiple features
(explanatory variables) affect survival times. There are several strategies
for selecting relevant features for the Cox PH model [10, 13]. In particu-
lar, various regularization methods have been applied to sparse estimation
of the Cox PH model. These include lasso (L1-regularization) [24, 37, 56],
SCAD [22], adaptive lasso [69], correlation-based regularization [64], and elas-
tic net [23, 44, 51]. However, these regularized estimation methods, which
produce biased estimates due to the regularization term, are likely to yield
low-quality solutions.

We address the mixed-integer optimization (MIO) approach to sparse esti-
mation. First proposed for linear regression in the 1970s [2], this approach
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has recently gained increased attention due to advances in optimization algo-
rithms and computer hardware [5, 16, 26, 33, 59]. In contrast to many heuristic
optimization algorithms, the MIO approach has the advantage of selecting the
best subset of features with respect to given criterion functions [40, 41, 45, 52].
MIO-based methods for sparse estimation have been extended to logistic
regression [6, 50], ordinal regression [42, 49], count regression [47], support
vector machine [38, 55], dimensionality reduction [3, 67], and elimination of
multicollinearity [4, 7, 53, 54].

Bertsimas et al. [9] recently proposed a high-performance cutting-plane
algorithm that exactly solves MIO problems for sparse binary classification.
They reformulated the problem as a bilevel optimization problem comprising
lower- and upper-level problems. To solve the upper-level problem, its nonlin-
ear objective function is iteratively approximated by generating cutting planes
from solutions to the lower-level problem, based on the strong duality theory.
Kamiya et al. [27] extended the cutting-plane algorithm to the multinomial
logit model for multiclass classification. They also devised a quadratic approxi-
mation of the lower-level objective function, which improved the computational
efficiency of the cutting-plane algorithm and the generalization performance
of resultant classification models.

1.3 Contribution

Our goal in this paper is to develop a high-performance cutting-plane algo-
rithm for sparse estimation of the Cox PH model. To our knowledge, we are
the first to apply the cutting-plane algorithm [9, 27] to sparse estimation for
survival analysis. Using the Fenchel conjugate [68] of the loss function, we
first derive a dual formulation of the L2-regularized estimation of the Cox PH
model. We next formulate a bilevel optimization problem for sparse estimation
of the Cox PH model. To solve the upper-level problem, we design a cutting-
plane algorithm in which the dual lower-level problem is repeatedly solved
to generate cutting planes for approximating an upper-level nonlinear objec-
tive function. Moreover, we devise a quadratic approximation of the Fenchel
conjugate function to accelerate the cutting-plane algorithm. We also imple-
ment a computationally efficient least-squares method to allow calibration of
quadratic approximations to each dataset.

We assess the efficacy of our method through computational experi-
ments using synthetic and real-world datasets. With the synthetic datasets,
our method outperforms the L1-regularized estimation method in terms of
accuracy for both prediction and subset selection. Moreover, our quadratic
approximation of the Fenchel conjugate function accelerates the cutting-plane
algorithm and enhances the generalization performance of sparse Cox PH
models. Application to real-world datasets demonstrates that our method is
well-suited to survival analysis in various real-world domains.
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1.4 Notation

Throughout this paper, we denote the set of consecutive integers as [n] :=
{1, 2, . . . , n}. We write a p-dimensional column vector as x := (xj)j∈[p] ∈ Rp,
and an n× p matrix as X := (xij)(i,j)∈[n]×[p] ∈ Rn×p.

2 Problem formulation

This section presents optimization formulations for sparse estimation of the
Cox PH model.

2.1 Cox proportional-hazards model

Suppose that we are given a dataset {(ti, δi,xi) | i ∈ [n]} consisting of n
instances. Here, ti ∈ R+ is the event (or censored) time to be predicted,
δi ∈ {0, 1} is the event indicator, and xi := (xij)j∈[p] ∈ Rp is a vector composed
of p features for each instance i ∈ [n]. We assume that these data instances
are numbered in order of the event time as

t1 ≤ t2 ≤ · · · ≤ tn.

The event indicator is defined as

δi :=


0 if the observation is censored

(i.e., ti is the censored time),

1 otherwise (i.e., ti is the event time)

(i ∈ [n]).

We introduce the following notation:

X := (xij)(i,j)∈[n]×[p] =


x>1
x>2
...
x>n

 =

x(1) x(2) · · · x(p)

 ∈ Rn×p.

We then consider the linear regression model

y := (yi)i∈[n] = Xw =
(
w>xi

)
i∈[n] ∈ Rn,

where w := (wj)j∈[p] ∈ Rp is a vector of regression coefficients to be estimated.
In the Cox PH model, the instantaneous rate of event occurrence is represented
by the hazard function, which is defined for time t ∈ R+ as

h(t | xi) := h0(t) exp (yi) = h0(t) exp
(
w>xi

)
(i ∈ [n]),

where h0(t) is a baseline hazard function.
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The partial likelihood [15] of the Cox PH model is then defined as

n∏
i=1

(
h(ti | xi)∑n
k=i h(tk | xk)

)δi
=

n∏
i=1

(
exp

(
w>xi

)∑n
k=i exp (w>xk)

)δi
, (1)

which indicates the probability that events will occur in order of the observed
event time. In Eq. (1), we assume that there are no ties between event times
of uncensored instances, whereas some approximation methods [11, 21] can be
applied to the partial likelihood (1) with ties.

The log partial likelihood is expressed as

log

n∏
i=1

(
exp

(
w>xi

)∑n
k=i exp (w>xk)

)δi
=

n∑
i=1

δi

(
w>xi − log

(
n∑
k=i

exp
(
w>xk

)))
.

To estimate the vector w ∈ Rp of regression coefficients, we therefore minimize
the loss function

L(y) :=

n∑
i=1

δi

(
log

(
n∑
k=i

exp(yk)

)
− yi

)

=

n∑
i=1

δi

(
log

(
n∑
k=i

exp
(
w>xk

))
−w>xi

)
, (2)

which is known to be convex (see, e.g., Section 3.1.5 in Boyd and Vanden-
berghe [8]).

To improve generalization performance, we use the L2-regularization
term [39]

1

2γ
‖w‖2 =

1

2γ

p∑
j=1

w2
j ,

where γ ∈ R+ is a user-defined regularization parameter. The L2-regularized
estimation of the Cox PH model is then posed as

minimize
w∈Rp

L(Xw) +
1

2γ
‖w‖2. (3)

2.2 Dual formulation of the L2-regularized estimation

We next derive a dual formulation of problem (3) required for implementing
our cutting-plane algorithm. To accomplish this, we begin with the Fenchel
conjugate [8] of the loss function (2):

L∗(α) := max
y∈Rn

(
α>y − L(y)

)
,

where α := (αi)i∈[n] ∈ Rn.
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Theorem 1 (Wilson et al. [68]) The Fenchel conjugate of the loss function (2) is
expressed as

L∗(α) =

n∑
i=1

(δi + αi) log(δi + αi) +

n−1∑
i=1

αi log

(∏n
k=i+1

(
δk +

∑n
`=k α`

)∏n
k=i+1

∑n
`=k α`

)

−
n∑
i=1

δi log

(
δi +

n∑
k=i

αk

)
(4)

with the domain defined as
n∑
i=1

αi = 0, (5)

n∑
k=i+1

αk ≥ 0 (i ∈ [n− 1]), (6)

δi + αi ≥ 0 (i ∈ [n]). (7)

Proof See the supplemental material in Wilson et al. [68], where the inequalities in
Eqs. (6)–(7) are strict. From Theorem 5, however, the Fenchel conjugate function (33)
is guaranteed to be bounded by Eqs. (6)–(7), because

ζi log(ζi) =

(
n∑
k=i

αk

)
log

(
n∑
k=i

αk

)
→ 0

(
n∑
k=i

αk ↘ 0

)
,

(δi + ζi − ζi+1) log(δi + ζi − ζi+1) = (δi + αi) log(δi + αi)→ 0 (δi + αi ↘ 0),

where ζ := (ζi)i∈[n+1] ∈ Rn+1 is defined by Eq. (32). Eqs. (6)–(7) thus provide a
valid domain definition. �

Theorem 2 Strong duality holds for problem (3), and the dual formulation of
problem (3) is

maximize
α∈Rn

− L∗(α)− γ

2
α>XX>α (8)

subject to

n∑
i=1

αi = 0, (9)

n∑
k=i+1

αk ≥ 0 (i ∈ [n− 1]), (10)

δi + αi ≥ 0 (i ∈ [n]). (11)

Proof Problem (3) can then be reformulated as

min
(w,y)∈Rp×Rn

(
L(y) +

1

2γ
‖w‖2

)
s.t. y = Xw. (12)

By Slater’s condition [8], strong duality holds for this problem. The Lagrange dual
of problem (12) is formulated as

min
(w,y)∈Rp×Rn

max
α∈Rn

(
L(y) +

1

2γ
‖w‖2 −α>(y −Xw)

)
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= max
α∈Rn

(
min
y∈Rn

(
L(y)−α>y

)
+ min
w∈Rp

(
1

2γ
‖w‖2 +α>Xw

))
,

where the first inner minimization problem is converted as

min
y∈Rn

(
L(y)−α>y

)
= − max

y∈Rn

(
α>y − L(y)

)
= −L∗(α).

The optimal solution to the second inner minimization problem is obtained from its
optimality condition as

∇w
(

1

2γ
‖w‖2 +α>Xw

)
=
w

γ
+X>α = 0 ⇒ w? = −γX>α,

reducing the second inner minimization problem to

1

2γ
‖w?‖2 +α>Xw? = −γ

2
α>XX>α.

Imposing domain constraints (5)–(7) on the Lagrange dual problem completes the
proof. �

2.3 Bilevel optimization formulation for sparse estimation

Let z := (zj)j∈[p] ∈ {0, 1}p be a vector composed of binary decision variables
for subset selection; namely, zj = 1 if the jth feature is selected, and zj = 0
otherwise. We pose sparse estimation of the Cox PH model as

minimize
(w,z)∈Rp×{0,1}p

L(Xw) +
1

2γ
‖w‖2 (13)

subject to zj = 0 ⇒ wj = 0 (j ∈ [p]), (14)
p∑
j=1

zj = θ, (15)

where θ ∈ [p] is a user-defined parameter for specifying the subset size through
constraint (15). If zj = 0, then the jth regression coefficient must be zero
due to the logical implication (14), which can be imposed by using indi-
cator constraints implemented in modern optimization software. The logical
implication (14) can also be represented as

−Mzj ≤ wj ≤Mzj (j ∈ [p]),

where M ∈ R+ is a sufficiently large positive constant.
It is very difficult to handle problem (13)–(15), which is a mixed-integer

nonlinear optimization problem. Following Bertsimas et al. [9], we thus con-
sider reformulation of the bilevel optimization to separate problem (13)–(15)
into discrete and continuous optimization problems. Specifically, the upper-
level problem for subset selection is written as the integer optimization
problem

minimize
z∈{0,1}p

f(z) (16)



Springer Nature 2021 LATEX template

8 Cutting-plane algorithm for sparse estimation of the Cox PH model

subject to

p∑
j=1

zj = θ, (17)

and the lower-level problem for calculating the objective function is expressed
as the nonlinear convex optimization problem

f(z) = minimize
w∈Rp

L(Xw) +
1

2γ
‖w‖2 (18)

subject to zj = 0 ⇒ wj = 0 (j ∈ [p]). (19)

Theorem 3 For z ∈ {0, 1}p, the dual formulation of problem (18)–(19) becomes

f(z) = maximize
α∈Rn

− L∗(α)− γ

2

p∑
j=1

zjα
>x(j)x

>
(j)α (20)

subject to

n∑
i=1

αi = 0, (21)

n∑
k=i+1

αk ≥ 0 (i ∈ [n− 1]), (22)

δi + αi ≥ 0 (i ∈ [n]). (23)

Proof According to z ∈ {0, 1}p, we define the submatrix of features as

Xz :=
(
x(j)

∣∣∣ j ∈ [p], zj = 1
)
∈ Rn×p(z),

where p(z) :=
∑p
j=1 zj . Then, the lower-level problem (18)–(19) can be rewritten as

minimize
w∈Rp(z)

L(Xzw) +
1

2γ
‖w‖2. (24)

From Theorem 2, the associated dual formulation is represented as

maximize
α∈Rn

− L∗(α)− γ

2
α>XzX

>
z α (25)

subject to Eqs. (21)–(23). (26)

Note here that

α>XzX
>
z α =

p∑
j=1

zjα
>x(j)x

>
(j)α,

which completes the proof. �

Theorem 3 allows us to redefine f(z) as the optimal objective value of
problem (20)–(23) for real-valued vector z ∈ [0, 1]p. In this case, following
Bertsimas et al. [9], we can see that f(z) is a convex function with a subgradient
given by

g(z) := −γ
2

(
α?(z)>x(j)x

>
(j)α

?(z)
)
j∈[p]

∈ ∂f(z) ⊆ Rp, (27)
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where α?(z) ∈ Rn is an optimal solution to the dual lower-level problem (20)–
(23).

3 Cutting-plane algorithm

This section describes our cutting-plane algorithm for sparse estimation of the
Cox PH model. To accelerate the cutting-plane algorithm, we also derive a
quadratic approximation of the Fenchel conjugate function.

3.1 Algorithm description

We now extend the cutting-plane algorithm [9] to sparse estimation of the
Cox PH model. Our algorithm, which is based on a reformulation of bilevel
optimization, aims to solve the upper-level problem (16)–(17).

Let ξLB ∈ R be a lower bound on the optimal objective value f? of prob-
lem (16)–(17) (i.e., ξLB ≤ f?). For example, this bound can be calculated by
solving problem (3). Our cutting-plane algorithm starts with the initial feasible
region

F1 :=

{
(z, ξ) ∈ {0, 1}p × R

∣∣∣∣∣
p∑
j=1

zj = θ, ξ ≥ ξLB

}
, (28)

where ξ ∈ R is an auxiliary decision variable that corresponds to a lower
estimate of f(z).

At the kth iteration (k ≥ 1), our algorithm solves a surrogate version of
the upper-level problem (16)–(17)

minimize
(z,ξ)∈{0,1}p×R

ξ (29)

subject to (z, ξ) ∈ Fk, (30)

where Fk is a feasible region at the kth iteration such that Fk ⊆ F1. Because
the objective value is bounded below by Eq. (28), there exists an optimal
solution (z(k), ξ(k)) to problem (29)–(30).

We next solve the dual lower-level problem (20)–(23) with z = z(k), thus
obtaining the objective value f(z(k)) and its subgradient g(z(k)) from Eq. (27).
If f(z(k)) ≤ ξ(k)+ε holds with sufficiently small ε ≥ 0, then z(k) is an ε-optimal
solution to problem (16)–(17), namely,

f(z(k)) ≤ f? + ε.

In this case, we terminate the algorithm with the ε-optimal solution z(k).
Otherwise, we add a linear underestimator of f(z) to the set of constraints:

Fk+1 ← Fk ∩ {(z, ξ) ∈ {0, 1}p × R | ξ ≥ f(z(k)) + g(z(k))>(z − z(k))}. (31)

Note that because ξ(k) < f(z(k)), this update cuts off the solution (z(k), ξ(k)).
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We set k ← k + 1 and then use the refined feasible region (31) to again
solve the surrogate upper-level problem (29)–(30). We repeat this procedure
until we find an ε-optimal solution ẑ.

Algorithm 1 summarizes our cutting-plane algorithm. Note that the sur-
rogate upper-level problem (29)–(30) is a mixed-integer linear optimization
problem, which can be solved to optimality using optimization software. Fol-
lowing Kobayashi et al. [31, 32], we can prove the finite convergence of the
algorithm.

Theorem 4 (Kobayashi et al. [31, 32]) Algorithm 1 terminates in a finite number
of iterations and outputs an ε-optimal solution to problem (16)–(17).

Proof See Kobayashi et al. [31, 32]. �

Algorithm 1 Cutting-plane algorithm for solving problem (16)–(17)

Step 0 (Initialization): Let ε ≥ 0 be the tolerance for optimality. Define
the feasible region F1 as in Eq. (28). Set k ← 1 and UB0 ←∞.
Step 1 (Surrogate upper-level problem): Solve problem (29)–(30). Let
(z(k), ξ(k)) be an optimal solution, and set LBk ← ξ(k).
Step 2 (Dual lower-level problem): Solve problem (20)–(23) with z =
z(k) to obtain f(z(k)) and calculate g(z(k)) as in Eq. (27). If f(z(k)) <
UBk−1, set UBk ← f(z(k)) and ẑ ← z(k); otherwise, set UBk ← UBk−1.
Step 3 (Termination condition): If UBk − LBk ≤ ε, terminate the
algorithm with the ε-optimal solution ẑ.
Step 4 (Cut generation): Update the feasible region as in Eq. (31). Set
k ← k + 1 and return to Step 1.

3.2 Quadratic approximation of the Fenchel conjugate
function

Note that Step 2 of Algorithm 1 solves the nonlinear convex optimization
problem (20)–(23) in every iteration to generate cutting planes. To accelerate
this computation, we use a quadratic approximation of the Fenchel conjugate
function (4) in the objective function (20).

Define ζ := (ζi)i∈[n+1] ∈ Rn+1 as

ζi :=

n∑
k=i

αk (i ∈ [n]), ζn+1 := 0. (32)
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The following theorem aids in converting the multivariate conjugate func-
tion (4) into the sum of univariate functions.

Theorem 5 The Fenchel conjugate function (4) is represented by ζ ∈ Rn+1 as

L∗(α) =

n∑
i=1

(δi + ζi − ζi+1) log(δi + ζi − ζi+1)

+

n∑
i=1

ζi log(ζi)−
n∑
i=1

(δi + ζi) log(δi + ζi) (33)

with the domain defined as

ζ1 = 0, (34)

ζi+1 ≥ 0 (i ∈ [n− 1]), (35)

δi + ζi − ζi+1 ≥ 0 (i ∈ [n]). (36)

Proof See Appendix A. �

From Theorem 5, we can express the Fenchel conjugate function (4) as the
sum of univariate functions

L∗(α) =

n∑
i=1

(δi + αi) log(δi + αi) +

n∑
i=1

ζi log(ζi)−
n∑
i=1

(δi + ζi) log(δi + ζi)

=

n∑
i=1

f1(αi | δi) +

n∑
i=1

f2(ζi | δi),

where

f1(α | δ) = (δ + α) log(δ + α), (37)

f2(ζ | δ) = ζ log(ζ)− (δ + ζ) log(δ + ζ) (38)

for δ ∈ {0, 1}. We approximate these univariate convex functions by quadratic
functions as

f1(α | δ) ≈ f̃1(α | δ) := q
(δ)
11 α

2 + q
(δ)
12 α+ q

(δ)
13 , (39)

f2(ζ | δ) ≈ f̃2(ζ | δ) := q
(δ)
21 ζ

2 + q
(δ)
22 ζ + q

(δ)
23 , (40)

where q
(δ)
1 := (q

(δ)
11 , q

(δ)
12 , q

(δ)
13 )> ∈ R3 and q

(δ)
2 := (q

(δ)
21 , q

(δ)
22 , q

(δ)
23 )> ∈ R3 are

coefficient vectors of quadratic functions for δ ∈ {0, 1}. Accordingly, we obtain
a quadratic approximation of the Fenchel conjugate function (4) as

L∗(α) ≈ L̃∗(α) :=

n∑
i=1

f̃1(αi | δi) +

n∑
i=1

f̃2(ζi | δi)
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=

n∑
i=1

f̃1(αi | δi) +

n∑
i=1

f̃2

(
n∑
k=i

αk

∣∣∣∣∣ δi
)
. ∵ Eq. (32)

Consequently, the nonlinear convex optimization problem (20)–(23) is
reduced to the quadratic optimization problem

f(z) ≈ maximize
α∈Rn

− L̃∗(α)− γ

2

p∑
j=1

zjα
>x(j)x

>
(j)α (41)

subject to Eqs. (21)–(23). (42)

Accordingly, we can revise Step 2 of Algorithm 1 as follows:

Step 2 (Approximate dual lower-level problem): Solve problem (41)–
(42) with z = z(k) to obtain f(z(k)) and calculate g(z(k)) as in Eq. (27).
If f(z(k)) < UBk−1, set UBk ← f(z(k)) and ẑ ← z(k); otherwise, set
UBk ← UBk−1.

3.3 Least-squares method for quadratic approximation

We implement a computationally efficient method for determining appropri-

ate values of coefficients (i.e., q
(δ)
1 and q

(δ)
2 for δ ∈ {0, 1}) of quadratic

functions (39)–(40) for each dataset. Let α? := (α?i )i∈[n] ∈ Rn be an opti-
mal solution to the dual lower-level problem (8)–(11), which can be solved
using nonlinear optimization software. According to Eq. (32), we define ζ? :=
(ζ?i )i∈[n+1] ∈ Rn+1 based on α?. We then solve the following least-squares
problems for minimizing the sum of squared approximation gaps based on α?

and ζ?:

minimize
q
(δ)
1 ∈R3

∑
i∈Nδ

(
f1(α?i | δi)−

(
q
(δ)
11 (α?i )

2 + q
(δ)
12 α

?
i + q

(δ)
13

))2
, (43)

minimize
q
(δ)
2 ∈R3

∑
i∈Nδ

(
f2 (ζ?i | δi)−

(
q
(δ)
21 (ζ?i )2 + q

(δ)
22 ζ

?
i + q

(δ)
23

))2
, (44)

where Nδ := {i ∈ [n] | δi = δ} for δ ∈ {0, 1}. It is well known that such
least-squares problems can be solved analytically [8].

Figure 1 shows examples of quadratic functions (dashed curves) for
approximating the univariate convex functions (37)–(38) (solid curves). Here,
quadratic approximations were computed using the least-squares method (43)–
(44) for a synthetic dataset with (σ2, ρ) = (4.0, 0.70); see Section 4.3 for details
of the dataset.

4 Computational results

This section evaluates the effectiveness of our method for sparse estimation
through computational experiments using synthetic and real-world datasets.
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Fig. 1: Examples of quadratic approximations of f1(α | δ) and f2(ζ | δ)

All computations were performed on a Windows computer with an Intel Core
i7-10700 CPU (2.90 GHz) and 16 GB of memory.

4.1 Methods for comparison

We compare the performance of the following methods for sparse estimation
of the Cox PH model:

CPA: The cutting-plane algorithm (Algorithm 1);
CPA+: The cutting-plane algorithm (Algorithm 1) using the quadratic
approximation problem (41)–(42), where quadratic functions (39)–(40) were
determined by the least-squares method (43)–(44);
L1Rgl: L1-regularized estimation [56].

We implemented these methods in Python. In the cutting-plane algorithms,
the mixed-integer linear optimization problem (29)–(30) and convex quadratic
optimization problem (41)–(42) were solved using the optimization software
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Gurobi Optimizer 9.5.01, and the nonlinear convex optimization problem (20)–
(23) was solved using the optimization software Ipopt 3.1.12 [65]. We used the
lazy constraint callback to add linear constraints (31) during a branch-and-
bound procedure. We set ε = 10−2 as the tolerance for optimality and selected
γ ∈ {100, 10−1, 10−2} as the L2-regularization parameter. We implemented
regularized estimation methods using the Python lifelines library3 [18], and
tuned the L1-regularization parameter such that the number of features with
nonzero regression coefficients was θ.

4.2 Performance evaluation methodology

We partitioned a whole set of data instances into training and testing datasets.
Using a training dataset, we selected a subset Ŝ of features and then trained the
L2-regularized Cox PH model (3) with the selected features to obtain a vector
ŵ := (ŵj)j∈[p] ∈ Rp of regression coefficients. Here, regularization parameters
were tuned through hold-out validation using the training dataset. After that,
we evaluated the out-of-sample prediction accuracy by applying the trained
Cox PH model to a testing dataset.

The accuracy of subset selection is measured by the recall [62], defined as

Recall :=
|S? ∩ Ŝ|
|S?|

,

where S? is the index set of relevant features, given for synthetic datasets
as in Eq. (45). The out-of-sample prediction accuracy is quantified by the
concordance index (C-index) [25, 58], a rank-correlation measure often used
for censored survival data. The C-index is defined as

C-index :=

∑n
i=1

∑n
k=1 δi1(ti < tk)1(ŵ>xi > ŵ

>xk)∑n
i=1

∑n
k=1 δi1(ti < tk)

,

where 1( · ) is the indicator function; namely, 1(P ) = 1 if the proposition P is
true, and 1(P ) = 0 otherwise.

We assess the computational efficiency of subset selection by

#Iter: the number of iterations of the cutting-plane algorithms, and
Time: the computation time in seconds required for subset selection.

4.3 Generation of synthetic datasets

Following previous studies [5, 26], we prepared synthetic datasets according to
the following steps, with p = 30 set as the number of candidate features. First,
we defined a vector of true coefficients and the index set of relevant features as

w? := (1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, . . . , 1, 0, 0, 0, 0, 0)> ∈ R30,

1https://www.gurobi.com/products/gurobi-optimizer/
2https://github.com/coin-or/Ipopt
3https://lifelines.readthedocs.io/en/latest/

https://www.gurobi.com/products/gurobi-optimizer/
https://github.com/coin-or/Ipopt
https://lifelines.readthedocs.io/en/latest/
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S? := {1, 7, 13, 19, 25}. (45)

Next, we sampled feature vectors from a multivariate normal distribution
as xi ∼ N(0,Σ), where Σ ∈ R30×30 is the covariance matrix. The (i, j)th
entry of Σ is ρ|i−j|, where ρ ∈ {0.35, 0.70} represents the correlation strength
between features. We also sampled the error term from a univariate normal
distribution as εi ∼ N(0, σ2), where σ2 ∈ {1.0, 4.0, 9.0} is the variance. We
then calculated the hazard function with baseline h0(t) = 1 as

h(xi, εi) := exp

(
(w?)>xi√
(w?)>Σw?

+ εi

)
(i ∈ [n]).

Finally, we renumbered the data instances as

h(x1, ε1) ≥ h(x2, ε2) ≥ · · · ≥ h(xn, εn),

and specified event times and indicators as

(ti, δi) =

{
(i, 1) if i ∈ [d],

(d+ 1, 0) otherwise
(i ∈ [n]),

where d ∈ [n] is the number of uncensored instances.
We set n = 200 as the number of training data instances and generated

sufficiently many data instances for the testing datasets. We set d := 0.7 ·n as
the number of uncensored instances.

4.4 Results for synthetic datasets

Table 1 gives the computational results with the subset size parameter θ = 5
for the synthetic datasets. We repeated data generation and performance eval-
uation 10 times and calculated mean values. In the table, values in parentheses
are standard errors for the C-index and Recall. The largest C-index and Recall
values for each problem instance are shown in bold.

Our cutting-plane algorithm with the quadratic approximation (CPA+)
delivered the overall best performance in terms of accuracy for both prediction
(C-index) and subset selection (Recall). The cutting-plane algorithm without
the quadratic approximation (CPA) required much longer computation times
than CPA+ did. When (σ2, ρ) = (4.0, 0.35) for instance, the computation times
spent by CPA and CPA+ were 151.0 s and 8.7 s, respectively. Although the L1-
regularized estimation method (L1Rgl) was very fast, its prediction and subset
selection performance was often worse than with the cutting-plane algorithms.

These results show that our cutting-plane algorithm performs well in terms
of accuracy for both prediction and subset selection. Moreover, our quadratic
approximation of the Fenchel conjugate function not only accelerates the
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Table 1: Result for the synthetic datasets (n = 200, p = 30, θ = 5)

σ2 ρ Method C-index Recall #Iter Time

1.0 0.35 CPA 0.743 (±0.003) 0.980 (±0.019) 163.3 29.7
CPA+ 0.743 (±0.003) 0.980 (±0.019) 206.1 4.3
L1Rgl 0.743 (±0.003) 0.980 (±0.019) — <0.1

0.70 CPA 0.750 (±0.005) 0.880 (±0.042) 338.1 59.3
CPA+ 0.752 (±0.004) 0.880 (±0.042) 514.1 12.0
L1Rgl 0.745 (±0.005) 0.840 (±0.038) — <0.1

4.0 0.35 CPA 0.601 (±0.007) 0.640 (±0.062) 833.8 151.0
CPA+ 0.612 (±0.008) 0.760 (±0.068) 409.4 8.7
L1Rgl 0.609 (±0.006) 0.720 (±0.058) — <0.1

0.70 CPA 0.613 (±0.004) 0.440 (±0.074) 461.9 80.3
CPA+ 0.613 (±0.005) 0.420 (±0.072) 171.1 3.7
L1Rgl 0.604 (±0.004) 0.420 (±0.060) — <0.1

9.0 0.35 CPA 0.550 (±0.005) 0.440 (±0.055) 852.9 155.1
CPA+ 0.556 (±0.005) 0.500 (±0.071) 919.1 19.9
L1Rgl 0.547 (±0.004) 0.440 (±0.055) — <0.1

0.70 CPA 0.567 (±0.004) 0.300 (±0.051) 185.6 31.9
CPA+ 0.569 (±0.004) 0.320 (±0.058) 156.6 3.7
L1Rgl 0.556 (±0.005) 0.260 (±0.049) — <0.1

cutting-plane algorithm but also aids in achieving high generalization perfor-
mance; this observation is consistent with computational results reported by
Kamiya et al. [27] for the multinomial logit model.

4.5 Results for real-world datasets

We used three real-world datasets provided by the Python lifelines library
for survival analysis. Table 2 shows details of the datasets, where n and p
are the numbers of data instances and candidate features, respectively. We
omitted data instances with the same event time and removed variables unsuit-
able for prediction. Categorical variables were transformed into sets of dummy
variables. The first 300 instances (in the canada and gbsg2 datasets) and
30 variables (in the canada dataset) were extracted, and each dataset was
randomly partitioned into training (70%) and testing (30%) datasets.

Table 3 shows the computational results with the subset size parameter
θ = 5 for the real-world datasets. We repeated random dataset partition and
performance evaluations 10 times and calculated mean values. In the table,
values in parentheses are standard errors for the C-index. The largest C-index
values for each dataset are shown in bold.

Our cutting-plane algorithm with quadratic approximation (CPA+)
attained the best prediction accuracy (C-index) for the canada and gbsg2

datasets, whereas the cutting-plane algorithm without quadratic approxima-
tion (CPA) had the best C-index value for the lung dataset. By contrast, the
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Table 2: Real-world datasets

Name n p Description

canada 300 30 History of Canadian senators in office
gbsg2 300 12 Observations from the GBSG2 study of 686 women
lung 149 23 Survival in patients with advanced lung cancer

Table 3: Results for the real-world datasets (θ = 5)

Dataset n p Method C-index #Iter Time

canada 300 30 CPA 0.514 (±0.011) 30.9 5.4
CPA+ 0.526 (±0.019) 84.2 3.7
L1Rgl 0.508 (±0.006) — <0.1

gbsb2 300 12 CPA 0.690 (±0.023) 10.0 1.6
CPA+ 0.693 (±0.022) 18.6 0.4
L1Rgl 0.633 (±0.022) — <0.1

lung 149 23 CPA 0.582 (±0.045) 82.3 9.5
CPA+ 0.568 (±0.043) 222.3 3.2
L1Rgl 0.571 (±0.039) — <0.1

L1-regularized estimation method (L1Rgl) provided poor prediction accuracy
for all these datasets. These results show that our cutting-plane algorithm can
work well on real-world datasets.

5 Conclusion

We investigated sparse estimation of the Cox PH model for survival analy-
sis. For this purpose, we developed a cutting-plane algorithm that selects the
best subset of features for the Cox PH model. To improve the computational
efficiency of the cutting-plane algorithm, we applied quadratic approximation
to the Fenchel conjugate function. We also effectively used the least-squares
method to construct quadratic approximations that work well on each dataset.

In computational experiments conducted using synthetic and real-world
datasets, our method was superior to the L1-regularized estimation in terms of
accuracy for both prediction and subset selection. Our quadratic approxima-
tion of the Fenchel conjugate function made the cutting-plane algorithm much
faster and successfully improved the out-of-sample prediction performance.

Our study broadens the potential of MIO methods for sparse estimation
in survival analysis. Although our method is likely to find high-quality sparse
solutions for the Cox PH model, applying it to large datasets is computation-
ally expensive. It is thus more practical to choose between our method and
heuristic algorithms according to the task at hand.

A future direction of study will be to improve the algorithm’s performance
for sparse estimations. For example, we can use stochastic algorithms [9, 34]
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to quickly find approximate solutions to the upper- and lower-level prob-
lems. We can also impose appropriate constraints [20] on regression coefficients
to enhance the generalization performance of constrained Cox PH models.
Another direction of future research will be to extend our method to other
statistical models for survival analysis.

Appendix A Proof of Theorem 5

It is clear from Eq. (32) that

αi =

n∑
k=i

αk −
n∑

k=i+1

αk = ζi − ζi+1 (i ∈ [n]). (A1)

Therefore, it follows from Eqs. (32) and (A1) that the domain constraints (5)–
(7) on α ∈ Rn can be converted into Eqs. (34)–(36) on ζ ∈ Rn+1.

It is clear from Eq. (A1) that the first term of the Fenchel conjugate
function (4) can be rewritten as

n∑
i=1

(δi + αi) log(δi + αi) =

n∑
i=1

(δi + ζi − ζi+1) log(δi + ζi − ζi+1).

The remaining terms of the Fenchel conjugate function (4) are transformed as
follows:

n−1∑
i=1

αi log

(∏n
k=i+1

(
δk +

∑n
`=k α`

)∏n
k=i+1

∑n
`=k α`

)
−

n∑
i=1

δi log

(
δi +

n∑
k=i

αk

)

=

n−1∑
i=1

(ζi − ζi+1) log

(∏n
k=i+1 (δk + ζk)∏n

k=i+1 ζk

)
−

n∑
i=1

δi log (δi + ζi) ∵ Eqs. (32) and (A1)

=

n−1∑
i=1

(ζi − ζi+1)

n∑
k=i+1

(log(δk + ζk)− log(ζk))−
n∑
i=1

δi log (δi + ζi) . (A2)

The first term of Eq. (A2) is further transformed as follows:

n−1∑
i=1

(ζi − ζi+1)

n∑
k=i+1

(log(δk + ζk)− log(ζk)︸ ︷︷ ︸
τk

)

=

n−1∑
i=1

ζi

n∑
k=i+1

τk −
n−1∑
i=0

ζi+1

n∑
k=i+1

τk ∵ Eq. (34)

=

n−1∑
i=1

ζi

n∑
k=i+1

τk −
n−1∑
i=1

ζi

n∑
k=i

τk − ζnτn
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=−
n∑
i=1

ζiτi = −
n∑
i=1

ζi(log(δi + ζi)− log(ζi)).

Therefore, Eq. (A2) is rewritten as

−
n∑
i=1

ζi(log(δi + ζi)− log(ζi))−
n∑
i=1

δi log (δi + ζi)

=

n∑
i=1

ζi log(ζi)−
n∑
i=1

(δi + ζi) log(δi + ζi),

which completes the proof.
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