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Abstract

In this paper we study the nonconvex constrained composition optimization, in which the objective contains
a composition of two expected-value functions whose accurate information is normally expensive to calculate.
We propose a STochastic nEsted Primal-dual (STEP) method for such problems. In each iteration, with an
auxiliary variable introduced to track the inner layer function values we compute stochastic gradients of the
nested function using a subsampling strategy. To alleviate difficulties caused by possibly nonconvex constraints,
we construct a stochastic approximation to the linearized augmented Lagrangian function to update the primal
variable, which further motivates to update the dual variable in a weighted-average way. Moreover, to better
understand the asymptotic dynamics of the update schemes we consider a deterministic continuous-time system
from the perspective of ordinary differential equation (ODE). We analyze the KKT measure at the output by
the STEP method with constant parameters and establish its iteration and sample complexities to find an e-
stationary point, ensuring that expected stationarity, feasibility as well as complementary slackness are below
accuracy €. To leverage the benefit of the (near) initial feasibility in the STEP method, we propose a two-stage
framework incorporating a feasibility-seeking phase, aiming to locate a nearly feasible initial point. Moreover,
to enhance the adaptivity of the STEP algorithm, we propose an adaptive variant by adaptively adjusting its
parameters, along with a complexity analysis. Numerical results on a risk-averse portfolio optimization problem
and an orthogonal nonnegative matrix decomposition reveal the effectiveness of the proposed algorithms.

Keywords: Composition, nonconvex constraints, augmented Lagrangian function, stationarity, feasibility, com-
plementary slackness, iteration complexity, sample complexity
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1 Introduction
In this paper, we consider the nonconvex constrained composition optimization
min {T(z) = (f o h)(@)} + A (2)
st. gi(x) <0, i=1,...,m, (1.1)

where X C R” is a closed convex set, f : R” — R with f(:) = E¢[F(;€)], h : R" — R™ with h(-) = E4[H(; 9)]
and g;,7 = 1,...,m are continuously differentiable but possibly nonconvex, and A : R” — R is a proper convex
lower semicontinuous function. Here, ¢, ¢ are random variables independent of x € X and each other in the
probability space Z;, =, respectively, and mappings F(-;€) and H(-; ¢) are differentiable almost surely for £ € =,
and ¢ € Z;. Without loss of generality, we assume that the feasible set X := {x € X | g;(z) < 0,i =1,...,m} is
nonempty. We also assume that A is simple in the sense that for any @ > 0 and € R", the proximal operator
argmin, ¢y {A(z) + ||z — Z||3/(2a)} can be efficiently computed. This premise is widely used in the literature
related to composite optimization, such as [4,45]. It holds true in many scenarios and interested readers are
referred to [32] for more details. Problem (1.1) covers a wide range of applications, such as the single-layer stochastic
optimization (corresponding to identity mapping f and 7 = 1), risk-averse optimization [7,43,45], reinforcement
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learning [45] and meta-learning [7], where the explicit constraints can be added to characterize some prior knowledge
or field knowledge as [27]. We present in Appendix A some specific application examples that can be formalized
into (1.1).

Challenges often arise when solving problem (1.1). Due to the nested structure of (f o h), it is generally
impossible to obtain an unbiased estimate of its gradient based on stochastic information of f and h. Moreover,
the existence of nonconvex constraints makes it impractical to keep feasibility through simple projection. Study
on stochastic composition optimization has attracted much interest. In [43] a stochastic compositional gradient
descent (SCGD) algorithm is proposed for minimizing a composition of two expected-value functions, denoted
as I'(z), over a convex set which is assumed easy to project onto. SCGD employs an extra variable y to track
the expected value of inner function values. By updating y in a moving average way and x through a stochastic
quasi-gradient iteration, the basic SCGD converges at the rate of O(k~/4) in terms of E[['(*) — I'(*)] when T
is convex, and O(k~2/3) in terms of E[||2* — 2*|?] in the strongly convex case, where &* is a moving-average of
{x*}. Based on extrapolation/momentum acceleration, accelerated SCGD enjoys an improved convergence rate
of O(k=2/T) when T is convex, and O(k~*®) in the strongly convex case. Later, [45] extends the accelerated
SCGD to an accelerated stochastic compositional proximal gradient (ASC-PG) method to handle the nonsmooth
regularization penalty. ASC-PG enjoys the same convergence rate and sample complexity as the accelerated
SCGD when the objective is (strongly) convex, while O(e~*5) complexity to achieve the expected gradient norm
less than e for smooth (possibly nonconvex) unconstrained case. [53] further generalizes SCGD type methods
for two-layer optimization to algorithms for multi-layer problems with complexity theories analyzed. Meanwhile,
in [42] an adaptive solver is designed for unconstrained (possibly nonconvex) smooth problems by integrating
Adam [19] and mini-batch technique into the accelerated SCGD. All the aforementioned algorithms require step
sizes along variables in different time scales in order to derive desired properties. Recently, by lifting the problem
into a higher dimensional space, [15] proposes a single time-scale algorithm for two-layer nested stochastic smooth
nonconvex optimization with convex set constraints, which is further generalized into multi-level cases by [1]. Later,
Ruszezynski [37] adds linear corrections to path-averaged inner function estimates on the basis of [15] and proposes
a stochastic subgradient algorithm for nonconvex nonsmooth multi-level composition optimization with convex
set constraints, but no convergence in terms of the gradient norm is analyzed until being provided in [1] later.
Based on the estimations of the inner function in [37] and quasi-gradient updates of x in basic SCGD [43], [7]
further discusses the validity of the linear correction in [37] from the view of ODE and establishes the convergence
rate regarding gradient norm for unconstrained smooth stochastic compositional optimization. Adam-type and
multi-level variants are also proposed and studied in [7].

Apart from works aforementioned, algorithms for several special cases of stochastic composition optimization
have also been developed recently. For instance, two-layer problems with a linear inner function are considered in
both [10] and [45], while the latter one shows the convergence rate of O (K1) (resp. O (K~'/2)) in the strongly
convex (resp. general convex) case, which matches the optimal rate for single-layer stochastic optimization. [58]
studies the unconstrained multi-level compositional optimization with functions in finite-sum form and proposes a
proximal algorithm with nested variance reduced gradient. More related work can also be found in [11,17,23,55,57].
Prox-linear type algorithms are studied in [41,59] for nonsmooth stochastic compositional optimization with a
deterministic outer function. There is also some work focusing on the cases where samples are corrupted with
Markov noise rather than the common zero-mean noise, such as [44]. In a different way, [60] studies the convex nested
stochastic composite optimization and transforms each layer function, which is assumed convex and monotonously
non-decreasing, into a minimax problem, then proposes stochastic sequential dual (SSD) methods for two-layer and
multi-layer problems. A similar idea is used in [10] for kernel estimation. Except above methods directly aiming for
stochastic composition optimization, algorithms proposed for stochastic bilevel problems, such as STABLE [5] and
ALSET [6], can also be applied to minimize I" (x) + A () over R™ as mentioned in [6]. Note that all the literature
above assumes that the feasible region is easy to project onto. In [55] an ADMM-type method is studied for convex
stochastic composition optimization with linear equality constraints. To the best of our knowledge, however, study
on stochastic composition optimization with general constraints, such as (1.1), is still limited.

When it comes to general constrained optimization, for which we assume the feasibility of iterates can not be
realized through a simple projection, without considering the stochastic nested structure in the objective of (1.1),
there has been a surge of works in past decades [28]. And motivated by recent progress in convex constrained
stochastic optimization [4, 20, 49], some research effort has been devoted to more general constrained stochastic
optimization, such as penalty methods for nonconvex equality constrained stochastic optimization [46], inexact
constrained proximal point algorithm for nonconvex inequality constrained stochastic problem [4], stochastic descent
methods for the Lagrangian minimax form of nonconvex constrained stochastic problem [25,34,51], SQP type
methods for nonconvex smooth constrained optimization with deterministic equality constraints [3,9] and so on.



A stochastic primal-dual method (SPD) for nonconvex optimization with many nonconvex constraints has been
studied in a recent paper [18]. At each iteration, SPD [18] minimizes a linearized augmented Lagrangian function
constructed based on the unbiased stochastic gradient of the objective and information of a randomly subsampled
set of constraints, to cope with the difficulties caused by the possibly nonconvex feasible set. Nevertheless, these
algorithms for constrained optimization only apply to problems with single-layer expectation in the objective and
are not suitable for (1.1) with a nested structure due to the absence of unbiased stochastic gradients.

1.1 Contributions

To tackle the challenges posed by the nested structure and potential nonconvexity of the objective and constraints
in the nonconvex constrained composition optimization problem (1.1), we propose a STochastic nEsted Primal-dual
(STEP) algorithm. The goal is to find an e-stationary point, where the expected norm of the KKT (Karush-Kuhn-
Tucker) measure in terms of stationarity, primal feasibility, and complementary slackness, measured in Euclidean
norm, is below the desired accuracy level e. By introducing an auxiliary variable to track inner layer function values
and applying subsampling strategies to calculate stochastic gradients, we construct a stochastic approximation to
the linearized augmented Lagrangian function to update primal variable, based on which to further update the
dual variable in a weighted-average way. In addition, to gain insights into asymptotic dynamics of the stochastic
update schemes, we analyze a deterministic continuous-time system. Under mild conditions, we establish that the
iteration and sample complexities of the proposed algorithm with constant parameters to find an e-stationary point
are bounded by O(e~*) and O(e~%) (Theorem 3.7). When the initial guess of the primal variable is (nearly) feasible,
we can reduce the previous orders to O(e~3) and O(e~%), respectively. Building upon this result, we propose a two-
stage algorithm called STEP+, which can find an e-stationary point within O(e~?) iterations and O(e~°) samples
(Corollary 3.8). Furthermore, if (1.1) is reduced to the case with merely convex set constraints, i.e., m = 0, the
previous orders can be further improved to O(e~2) and O(e~*) respectively (Remark 3.1). Notably, the sample
complexity is consistent with the best existing result depicted in Table 1. We also propose an adaptive STEP
algorithm, adaSTEP, which uses adaptively updated parameters, and address its complexities. Finally we report
the promising numerical performances of the proposed algorithms on solving a risk-averse portfolio optimization
problem and an orthogonal nonnegative matrix decomposition. To the best of our knowledge, this is the first work
on algorithms for stochastic composition optimization with nonconvex constraints.

In Table 1 we provide an overview on our algorithms in this paper and related ones in the literature for nonconvex
stochastic composition optimization. It includes information on total sample complexities and problem types as
well as associated assumptions for the listed problems. Here, we would like to highlight some key differences
between our problem settings and those listed in the table. The problem (1.1) we consider here contains a more
general (possibly nonconvex) feasible set X = {x € X | ¢; (z) <0,i=1,...,m}. Compared with the convex set
assumed in NASA [15] and STABLE [5] and the full space R™ in other literature, the feasibility of iterates with
respect to the general set X can be more challenging to maintain, which raises additional difficulties when solving
(1.1). Furthermore, unlike existing work that assumes A = 0 or A is an indicator function, we allow for a more
general nonsmooth regularizer, which broadens the scope of problems that our algorithm can handle. In addition,
the uniform Lipschitz smoothness assumed in other work is more stringent than the Lipschitz smoothness required
in this paper. Besides, in our paper it only requires standard unbiasedness and variance-boundedness of SFQO
(Stochastic First-order Oracle to access approximate gradients) and SZO (Stochastic Zeroth-order Oracle to access
approximation function values) which is weaker than the boundedness of fourth (central) moment of SFO and
uniform boundedness of SFO in other works.

1.2 Notations and organization

We reserve some space for notations used throughout the remainder of the paper. We define [k] := {1,...,k}
for any positive integer k and R} := {v € R™ : v > 0}. For any u € R, its positive and negative parts are
denoted by [u], := max(0,u) and [u]_ := max(0, —u), respectively, while for any v = (v1,...,v,)" € R", we
define [v]+ == ([v1]4,.- -, [va]4)T and [v]- := ([v1]—,. .., [vn]-)T, respectively. For a differentiable function F, its
gradient at x is denoted by VF (z). For a function F (x,y) differentiable in y, we denote its partial derivative with
respect to y at (z,y) as V, F (x,y). For simplicity, we denote g = (g1, ..,9m)" and J, = Vg = (Vgi,...,Vgm)T.
Given z,y € R”, define the inner product (z,y) := 2Ty and Hadamard product = ® y := (z1y1,...,Tn¥n)".
Without specification we use || - || to denote the Euclidean norm and || - ||p to denote 4/(-, D-) for a given positive
semidefinite matrix D € R"*". Given a point # € R™ and a nonempty set Y C R", d(z,Y) := inf ey ||z — 9|
refers to the distance between z and Y. The distance between two nonempty sets X,Y C R”™ is denoted by
d(X,Y) := infyexyey |z — y||. For brevity, we denote the square of distance as d?(-,-) := [d(-,-)]*. Given a
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Algorithm Complexity X A Smoothness  Ass. (SFO)
a-SCGD [43] O(eT) R™ X @ fourth moment
ASC-PG [45] O (e7*) R™ x ® uniform
SCSC [7] O (e%) R™ X & standard
ALSET [6] O () R" X O standard
NPAG [58] O (e® R™ v ® standard
STABLE [5] O (e convex X P fourth moment
NASA [15] O (e?) convex X O standard
STEP (Remark 3.1) O (e ") convex v O standard
=6 (.0

STEP (Theorem 3.7) 8 Eisg Ezo i ;V(; nonconvex v O standard
STEP+ (Corollary 3.8 ) O (e7°) nonconvex v’ O standard

Table 1: Complexities of different algorithms for minimizing the nonconvex objective function I'(x) + A(z) within a
feasible region X C R™. Here, “Complexity” refers to the total number of SFO-calls and S ZO-calls to achieve some
optimality measure, i.e. the KKT measure (for STEP, see Definition 2.2), (generalized) gradient of (nonsmooth)
objective for other works below €. In the “Smoothness” column, we list the smoothness assumption on I', where “®”
represents the uniform Lipschitz smoothness, i.e. for all &, |VF (2;€) — VF (y;€)|| < Lg1 ||z — y|| with Ly > 0,
while “O” represents Lipschitz smoothness, i.e. |Vf(z) = Vf (y)|| < Ly ||z —y|. In the last column, “standard”
boundedness of SFO refers to the assumption that the variances or second moments of VF (y;£) and VH (z; ¢)
are bounded for any y € R® x € R", while “uniform” refers to the boundedness of VF (y; £) and VH (z; ¢) for any
y€R? z € R" and any ¢ € Z;,£ € Z,,.

nonempty set X C R™, 1x refers to the indicator function of X, i.e., 1x(x) equals 0 for z € X and +oco, otherwise.
For random variables ¢ and ¢, E[£] represents the expectation of £ and E [€ | (] represents the expectation of &
conditioned on ¢. Besides we use superscript * to represent the iteration index for vectors, and the subscript 5 for
scalars.

The rest of the paper is organized as follows. In Section 2, we present the detailed description of a stochastic
nested primal-dual method for (1.1). Theoretical properties of the proposed algorithm are established in Section 3.
We first bound the dual variables through a proper parameter setting scheme, then analyze the theoretical bounds
on the KKT measure in terms of stationarity, feasibility as well as complementary slackness, and then deduce the
iteration and the sample complexities accordingly. We also propose a two-stage STEP algorithm with complexity
analysis. In Section 4 we present an adaptive STEP algorithm by adopting parameters that are updated adaptively,
and present the complexity analysis accordingly. In Section 5, numerical experiments on a risk-adverse portfolio
optimization problem and an orthogonal nonnegative matrix decomposition are reported. Finally, we give some
conclusional remarks.

2 Algorithm description

In this section we will present details of a stochastic nested primal-dual method for (1.1). In the following we
assume that only stochastic oracles to V f(y), Vh(z), h(x) can be obtained, while g;(z), Vg;(x), i € [m], can always
be calculated accurately at any inquired point z € R”.
In general, it is challenging to obtain a global or even a local minimizer for nonconvex constrained optimization.
As a result, the focus often shifts towards seeking more tractable solutions. It has been shown that under certain
constraint qualifications [28], a local minimizer satisfies first-order necessary conditions, known as Karush-Kuhn-
Tucker (KKT) conditions. Points satisfying KKT conditions are referred to as KKT points. In this paper we
do not explicitly specify the constraint qualifications. Instead, we assume the existence of a KKT point of (1.1).
Before giving its definition, we need following concepts. The normal cone [16] of a convex set X at a point z € X
is denoted by
Nx () :={v | {(v,y—x) <0,Vy € X}. (2.1)

For the proper lower-semicontinuous convex function A : R™ — R, its subdifferential [36] at x is defined as
OAN(z) ={deR"|A(y) > A(z)+(d,y —z),Vy € dom A CR"}.

And each element of JA (z) is called a subgradient of A at x.



DEFINITION 2.1. A point 2* € X is a KKT point of (1.1), if there exists z* = (zF,...,25)" € R™* such that
0e VI (z")+0A (x +Zz Vgi (z*)+Nx (), g(z*)<0, z"og(z")=0.

As is well known, the augmented Lagrangian (AL) function plays an important role in characterizing the
optimality conditions for constrained optimization and helping design effective algorithms. For any z € X, the AL
function [35] associated with (1.1) can be defined as !

Ls(x,2z) = Dg(x, z) + Alx), (2.2)
where 8 > 0,
8,2 :
. uwv + 5u®, if fu+v >0,
Dg(w,z) :==T(z) + Vg(z,2), ¥s(z,z) ZW 9i(), 2;) withipg(u,v) = { 2 otherwise. (2.3)

Let Pg,1,Pr2 be two randomly sampled sets from Z; with sizes Pj; and Py . Calculate function values and
gradients of H: {H(z%;¢),¢ € Pr1}, {VH(2*;$), ¢ € Pr2}. Similar to [43], we use an auxiliary variable y to track
the inner layer function value and update it in a moving average way:

Mk
Y= Lmm) g+ 5 > H(a%9) (24)
k.1 PEPK,1
with 7 € (0,1]. Then we randomly generate a sample set J from =, with J; := |Jx| and compute a set of

gradients {VF(y**1;¢),¢ € Ji} based on which we obtain

T

vk Z VH (z*; ¢) ZVF B (2.5)

¢>€7’k 2 EGJk

By getting access to Vg;(x*), gi(x*¥),i € [m], we can further calculate
VGF =V, Vg (2, 2 Z Bgi (x zf]+Vgi (z*). (2.6)
i=1

It is easy to see that VI'* is a stochastic approximation to VA(z*)TV f(y**1) and also an approximation to true
gradient VI'(z%), since VI'(2*) = Vh(2*)V f(h(2¥)). Thus, if y*** is sufficiently close to h (z¥), (VI'* + VG*) will
be a good approximation to V,Dg(x*, z¥). Then it is straightforward to have

= = 1
Ls(x,2%) = Dg(a*, 2%) + (VI* + VGF, x — 2¥) + THJJ — 2F|? 4+ A(z)
Qg
with a > 0, which leads to the proximal subproblem we need to solve to update the primal variable:

o+ = argmin { (VD4 9G¥ ) + oo o= ot + A(x)} . (2.7)

It is noteworthy that different from classical double-loop AL methods, only an approximation to the original AL
function is minimized in (2.7). This idea is motivated by linearized AL methods, such as [47,48,50], which can make

I According to formulas (7)-(9) in [35], the associated AL function of (1.1) is defined as
1 m
Lr(z,2) :=D(x) + Az) + 1x(2) + > (=i + 2rgi(@)]} - =)
i=1
with r > 0. Since for any i € [m],

zZz .
-t otherwise,

{ zigi(x) + rlgi(x)]?,  if 2rgi(z) + 2z > 0,
2
4r?

% ([zl + 2rgi(ac)]i — 212) =

we can simplify the AL function as (2.2) by defining 8 = 2r and restricting dom Lg(-, z) to be X.



the whole algorithm become a single-loop algorithm. Recall that in classical AL methods the Lagrange multiplier
is calculated as

k
z
2P = 2Pl where 2P = 2% 4 Bmax <79 (:Uk+1)) .

B

Differently, however, since the subproblem (2.7) is built on an approximation to the AL function, it seems unnec-
essary to follow above regime to update z. Instead, to control the deviation between z* and z#*! we can adopt the
following moving average way to update the dual variable:

SR+l :@gkﬂJr <1 /J'k> Sk

B g

(o Gaien) - (-5)-
/B(z+ﬁa</3’g(x ))) T\

=2+ pi - max <—Zﬁk,g (:vkﬂ)) , (2.8)

where py, € (0, 3]. This strategy can help to derive the boundedness of z* in next section.

In order to better understand the asymptotic dynamics of the stochastic discrete-time update schemes (2.7)
and (2.8), let us consider a corresponding continuous-time system in deterministic setting. We take a special case
of (1.1) as an example, where X = R™ and A = 0. Consider the tendency of Lg(z,2) following the trajectories
x = x(t) and z = z(t) defined by a system of ordinary differential equations:

i (1) = —a (Vh(e ) VI (y() + Vs (2 (1),2). (2.9)
Z2(t) = pV. Vg (2,2 (1)), (2.10)

where o > 0,p > 0 and y(t) is an approximation to h(z(t)). By [13], (2.9) and (2.10) can be regarded as the
continuous analogues of (2.7) and (2.8), respectively. From (2.9) and the Young’s inequality, it holds that

&L (0(1),2) = IVeLale (1), 2] (1)
= a[VaLs (@ (t),2)]" [Vals (@(1),2) + Vh (@ ()" VF (y (1) = V(e )"V (b (0 1))]
< = al[VaLs (@ (1)) +allVals (2 (6), ) |V (1) VF (w(®) = Th (@ (0)7 VS (1 (1)

< VL (), AP+ S [V (@) 9 (1)~ Th (@) 9 (b )] (2.11)

Then 4 Ls(x(t),2) can be nonpositive when the second term of the right hand side of (2.11) is no larger than
the first one. Especially when V,Lg(z(t),z) # 0, which normally implies that (z(t),z) is not a saddle point for
mingern maxzecrm Lg (x, %), Lg(x(t),z) can be monotonically decreasing provided that y(t) is sufficiently close to
h(z(t)). Meanwhile, it follows from (2.10) that Lg(x,2(t)) keeps monotonicity with respect to ¢, due to the fact
that

d .
Lo, 2(t) = VaLg(, 2())T4(t) = pll VLo, 2(1))]* = 0.

We are now ready to present the stochastic nested primal-dual method for (1.1) in Algorithm 2.1. To simplify the
convergence analysis, we will adopt constant parameters in Algorithm 2.1. A variant of algorithm with adaptively
updated parameters will be introduced in Section 4.



Algorithm 2.1 STochastic nEsted Primal-dual (STEP) method for (1.1)

Input: Initial points 2° € X,y € R? 20 = 0 € R™, parameters 3 > 0, {ax} C (0,+0), {n} € (0,1], {px} C
(0, 8] and a positive integer K
Output: 7! and z := [Bg(2f*1) + 2f+1], where R is uniformly randomly chosen from {1,..., K}
1: for k=0to K do
2:  Choose independent identical-distributed samples Py 1 C Z;, Pr.2 C Z;, Jr € =, according to the probability

distribution function on the respective probability space.

3. Compute y**! through (2.4).

4:  Compute VI'* and VG* through (2.5) and (2.6), respectively.
5. Compute z**! through (2.7).

6:  Compute zF*! through (2.8).

7: end for

It is straightforward to obtain the nonnegativity of z* from z° = 0, p C (0, 8] and (2.8). So we state the lemma
with the proof omitted.

LEMMA 2.1. For any k >0, zF € R7.

Since the iteration process of STEP is random, we aim for an e-stationary point of (1.1) with the expected KKT
measure below a given tolerance ¢ > 0.

DEFINITION 2.2. Let x € X be generated by a random process. Then x is called an e-stationary point of (1.1) for
a given € > 0, if there exists z € R such that

E|d (VF (x) + A (x) + zm:zngi (z)+Nx (x),O) ] <e, (2.12)
L i=1

E|[llg@)],] | <e (2.13)

Elllz ®g(x)||] <e (2.14)

where the expectation is taken with respect to all the random variables related to the generation of x.

3 Theoretical analysis

Our focus in this section is to study theoretical properties of the STEP algorithm. The goal is to establish its
iteration and sample complexities to find an e-stationary point of (1.1).

3.1 Preliminaries

We first lay out some preliminary assumptions and lemmas preparing for later analysis on theoretical complexities
of the STEP method. Throughout the remainder of this paper, we make the following assumptions.

Assumption 3.1. F(-;&) and H(-; ) are differentiable almost surely for & € 2, and ¢ € E;, respectively. The
objective function value of (1.1) over X is lower bounded by C*. Functions f,V f, h and Vh are Lipschitz continuous
with constants Lo, Ly, Lo and Ly, respectively. Functions g;,i € [m], are Ly o-Lipschitz continuous and
Vgi,i € [m], are Ly 1-Lipschitz continuous. That is for any x,z € R™ and y,y € R",

1f W) = F @I < Lyolly =gl IV () = V@I < Lyally =gl (3.1)
1h () = h (@) < Lo llz =2, [Vh(z) = VA (2)|| < L [l — 2],
lgi (2) = gi (@) < Lgollz =2, [[Vgi () = Vi ()| < Ly |z = 2| ;i € [m]. (3-3)

Assumption 3.2. There exist positive constants G and G such that

[gi(xk)]+ < G and |OA(z®)|| < Ga, VEk>0;Vi€ [m]. (3.4)



From Assumption 3.1 it holds that for any x € R™ and y € R”,
IVF @I < Lo, VR (@) < Lo, IVgi ()| < Lgo, Vi€ [m] (3.5)

It is worthy to mention that those two assumptions are not more stringent compared with existing literature.
For example, (3.1)-(3.2) are also required in ALSET [6] and NASA [15], while the work on constrained stochastic
optimization [3] also assumes (3.3). In addition, the boundedness on [g;], and [|OA]| is also required in [3] and
ASC-PG [45] respectively. In [49] it assumes the boundedness of |g;| which is stronger than ours.

Under Assumption 3.1 we have the following lemma.

LEMMA 3.1. Under Assumption 3.1, it holds that for any x,T € R" and y € R",
[VR @7 VF @) = VR @) VS W)|| < Ly llh@) = yll, VT @) = VT @) < L o - 2],

where Lf = Lh,OLf717 Ly = L%L,OLfyl + Lf70Lh71.
Proof. Tt follows from (3.1) and (3.5) that

|VR @ VF (@) = Vh @) VF W)|| < IVR@IIVS (0 (@) =V @ < LuoLsa [h@) — v
And (3.1)-(3.2) and (3.5) indicate

IVT (2) = VT @) = ||Vh @) V£ (b (2) = VA @) V1 (@)
< VR @IV (B () = Vf (b @)+ IVA (@) = Th @) |91 (b (@)
< LnoLsa | (@) = (@) + LnaLyollo 7]
< (LhoLsa +LnaLyo) o — 2.
The proof is completed. ]

Besides the nonnegativity of z* shown in Lemma 2.1, we can also guarantee its boundedness under proper
setting of pi. Without loss of generality, we assume

i € (0,%] c0,8, k=0,...,K,
where p > 0 is independent of K.
LEMMA 3.2. Under Assumption 3.2, it holds that for any k € [K + 1],

k-1
2k < GZpt <2Gp, Vi€ [m]. (3.6)

t=0
Proof. We will show the result by induction. First, by the update formula of z* we have

=t (200 (@) ) = o (), <0G < G Vi e

Assume (3.6) holds for k. It follows from Lemma 2.1 that for any ¢ € [m],

k—1 k .
b pmax (T, (51)) < § 2 S CLimg pr < G imorn ! o (o) <0
‘ ' g7 2P 4 prgi (M) < 2F + G <G Yo pi, otherwise.

Together with Zf:_ol pr < pk/K < 2p for any k € [K + 1], it yields the conclusion. O

Applying the nonnegativity and boundedness of z*, we can provide estimations of one-iteration increment of z
and the smoothness of g (x, z) with respect to = for fixed z as follows.



LEMMA 3.3. Under Assumptions 3.1 and 3.2, we have that for any k =0,1,... K,

k1 k| o PG (2P ,
|zt _Zi|SK<B+1)’ Vi € [m], (3.7)
VoW (2,27) = Vo 0p (2%, 2%)| < Ly||z — a*|, VzeR, (3.8)

where Lg = L2 gm + BGLg1m + 2Ly, Gpm.
Proof. Firstly, it follows from Lemmas 2.1 and 3.2 that for any i € [m],

_ .k z 2Gp e o (kA
max( Ziygi ($k+1)>’<{pk5 S PRTEs if gi(z"™) <0,

’Z(CJrl .
! B Pk [9i (a:k+1)]+ < piG, otherwise.

ZﬂZPk

which yields (3.7).
Secondly, it follows from (2.6), (3.3) and (3.4) that for any = € R”,

||V$\I'5 (x,2) — Vg (xk, z) H

<

I

s
Il
_

‘[591' () + 2], Vi (2) — [Bgi (a%) + Zi]+ Vi (zF) H

|
,MS

N
Il
=

|[189: (@) + 21, = [Boi (+%) + 2] Vg (2) + [Bgs (+%) + 2] , [Vai (@) = Vi (")

o

©
I
—

Bloi (@) = g ()] V9 @)1 + [Bgi (%) + 2], Lo [l — 2]

3

< 2 [BLgo o = a*|[ + (BG + [zl) Lo [l — 2]

i=1
= (BL: ym + BGLg1m + Lg1|z1) Hx—ka (3.9)
which together with Lemma 3.2 indicates (3.8). O

To proceed our analysis we need another assumption, which is commonly used in stochastic optimization.

Assumption 3.3. There exist positive constants o, 0p,0,0n,1 such that for any x € R", y € R™,
(1) Be[VF (5:)] = VF () B[ VF (1:6) =V W)I°] < 0 ;
(2) Eo[H (239)] = h(2) . Eg|| H (;¢) — h(2)|*] < 07 o ;
(3) Bo[VH (x;0)] = Vh (), Ey[| VH (z;6) = VA (2)|"] < of ;.
In the following, define the filtration
HE = {mo,yo,zo, ... ,xk,yk,zk} and ﬁk = {J;O,yo,zo, ... ,xk,yk,zk,ka} , k>0.
The next lemma characterizes properties of the stochastic approximation VI'*.

LEMMA 3.4. Under Assumptions 3.1 and 3.3, it holds that for any k=0,..., K,
E Mvrk —Vh (aM) VS () HZ] <o?, (3.10)
E[[[Vr* - 9T (o9)[*] < 2L3E [|I0 (%) — g+ |°] + 202, (3.11)

where of, = 2(Lfc’0 + 0120)0,2171/]3;672 + QL%L’O(T]%/J;C, Ly is defined in Lemma 3.1 and the expectation is taken with
respect to all the random variables generated up to kth iteration.



Proof. Tt indicates from (2.5) that

o ,
__ r T
1 T —k
=E, Py Z VH (z 7 ZVF ("€ | = Vh (&) VY| | H
¢€7’k2 EeTr
B T
_ k 1 k+1 Evik
<Egp.s |2 ngpj VH (a%,0) =Vh(a") | |- > VE (L || A
k.2 £€Tk
i 2
+Ejk7pk,2 2 Z VF k+1 Vf (yk+l) |ﬁk
EGJk
2 2
<2Ep,, ||[5— > VH (" ¢) - Va(")| |H"| Es Z VE (o) | H
¢€73k2 £€Jk
2
+2|Vh ()| By, ZVF L~V (Y| A
£€Jk
0.2 2 0_2
Pk, Lf0+J +2Lh0J (3.12)

where the first inequality comes from ||A + B||* < 2 ||A||*+2 || B||?, the second equality comes from the independence
of Pi2 and Ji, the last inequality uses the independence of (Jy, Pk 2) and ﬁk, Assumption 3.3 and (3.5). Taking

expectation of (3.12) with respect to all the samples related with ﬁk, we obtain (3.10).
In addition, by the definition of VI'*, Lemma 3.1 and (3.10), it holds that

E [V - vr (o) 7] <2 [Hw (@) VF () - V(@) 97 ) [r @) v ) - vrkm
<2L} o L3, E [||h (2*) — 5"+ °] + 202,

which derives (3.11). O

3.2 Iteration and sample complexities

In this part we aim for characterizing iteration and sample complexities of the STEP method to find an e-stationary
point of (1.1). To achieve this goal, we need to analyze the KKT measure defined in Definition 2.2 in terms of
stationarity, feasibility and complementary slackness separately.

In the following, we will first analyze the stationarity measure. Without any specification, the expectation is
taken with respect to all random variables generated up to the latest iteration.

’

LEMMA 3.5. Under Assumptions 3.1-3.3, it holds that for any k =0,..., K
E [d® (VT (") + 0A (zF11) + V, U g (251, 2 4Nk (2711),0)]

2
<3 <Lp +Lg+ O}) E[[l"4 = ¥ |*] + 6L3E [[ly"+! = h (a%)|"] +3L2,gmE [[|5+1 = 4[] + 602,
k

where op, is defined in Lemma 3.4.
Proof. For any k > 0, it follows from optimality conditions for (2.7) that
1

_Vrk-_vak - —
ag

(zkH — xk) € OA (:UkH) +Nx (xkﬂ).

10



Applying this relation and V,¥g (gck, zk) = VG* we obtain
d (VT (21 + 0A (") + Vv, Ty (JL‘k+1, D) Ny (Jckﬂ),O)

< HVF (a"T) + V, Ug (2P, A — VTF - VGF - 1 Casmry

A

< [V (@) = VI (@) || + VT (%) = VF’“||+||V D (1) = VW (a2 |
(Vs (44, 4) = Vs (4,2 |+ [l k)
(675

)

< (LF + L+ alk> [t — k|| + || VT (2%) = VT¥|| + Lo Y |28t = 2F

i=1

where the last inequality is indicated by Lemma 3.1, Lemma 3.3 and

HV;D\IJ,g (mk+1,zk+1) Va \IIB k! zk

I A

Mg i

|28 = 2F[ IV gi(@™ )| < Lgpo || = 2%, -

i=1

Together with (3°1", a;)’ < mY ", a? for any ai,...,a, € R, it implies that
E [dz (VI‘ (xk+1) + 0A (xk+1) +V,Upg (xk+17 zk'H) 70)]

2
<3 <LF Lo+ al) E [l = o* "] + 3E[||VT (a*) — F0¥°] + 322 gmE [[l 2542 — 4],
k

which together with (3.11) yields the conclusion.
Motivated by Lemma 3.5, we can further estimate the increment of two successive iterates.

LEMMA 3.6. Under Assumptions 8.1-8.3, it holds that for any k =0,..., K,

o Lr+ Lg E [kaH —kaQ}
Qak 2
k+1
L

<E [Eg (zk,zk) —Lg (xk+1,zk+1)] +E
Proof. By Lemmas 3.1 and 3.3, Dg (w, zk) is (Lp + Lg)-smooth in x for any k. Then we have

|

i max (G,
i=1

+ apL3E | = b () |*] + axot,.

Lr + Lg kaﬂ

Dy (441, 25) < Dy (2, 2) + (VI (o) + Vo (o, 26) 41— o) 4 L0 7.

— X

It follows from optimality conditions for (2.7) that there exists a vector v € Nx (ka) satisfying

yovrt_vek - L
(697

(wk'H — xk) € 0A (xk'H) ,

which by the convexity of A and (2.1) indicates

A (xk'H) <A (mk) + <—v —Vrk -vaGk — ai (.Z‘]H_l — xk) ,xk'H — mk>
k
<A (a:k) — <§Fk + VGF, zF 1 — xk> - ai ||kar1 - kaQ.
k

Summing up (3.14) and (3.15) and by Lg (z,2) = Dgs (z,2) + A (x) we have

Ls (l,kJrl’ Zk)

11

i H[ Bgl kH k+1}+ - [Bgi (xkﬂ) + Zf::l+i| Vyi (Ik+1) H

(3.13)

(3.14)

(3.15)



S[-‘fﬁ (xk’zk) + <VF (xk) + V;E“Ilﬁ (l’k,zk) _ﬁl—\k _ﬁGk,xk‘-‘rl _ xk> + ([/F;_IJ’B _ C:) ka-‘rl _ l'kHQ
k

<L (o4, 2) + 29T (o) - TTH ¢ (LF;Lﬂ - 2;) 25+t — ¥, (3.16)

where the last inequality follows from V, g (2%, 2%) = VG* and (u,v) < ¢ [[ul|® + &% [[v[|* for any a > 0. Taking
expectation with respect to all the samples generated up to kth iteration on both s1des of (3.16) and applying
(3.11), we obtain

E[Ls («",2M)]

Lr+ L 1
<E [£5 (a5, 25)] + ax L3E [|| (%) = 71 |°] + axod, + <F25 - zak) B[ =aM]. @317

We next consider the term Lg (2%, 2%) — L5 (z*1, 2*1) and note

£ (241,24 = £ (P, 4) = 3 [ (g1 (241)  2F) — i (g (24,2601

1=

=

It can be derived from the definition of ¢ (u,v) in (2.3) that for any u € [0, G] with G > 0 and (v1,v2) € R2,
[g (u,v1) — g (u,v2)| = Juvy —uvs| = u vy —va| < G lvr — vo.

And for any u < 0 and (vq,v2) € R, we have

[¥s (u,01) = g (u, va))|

luvy — uvg| = —u|vy — vs <M|vl—v2| if fu+wv1 >0,Bu+ vy >0,
_ —%—uvl—ﬁ2<uvg+5u2—uv1—ﬁu2——u|v1—v2|S%h}l—vg\, if Bu+v1 > 0> Bu+ v,

f;—ﬁfuvgfg 2<U’U1+§U27UU27§U2:*UIU1*’U2|S%hﬂ*?}g‘, if fu+wvy > 0> Pu+ v,

|0125v2| z%h}l—vﬂ < %1’”2)@1—02\, if fu+v1 <0,Bu+wvy <0,

where equalities in the second and third cases use the monotonically decreasing property of 93 (u,v) in v > 0 when
u < 0. Therefore, by letting u = g;(z*+1), v; = z and vy = szr in above relations, it implies that

‘C,B (xk+17zk) Z‘Cﬂ (.’L‘k+1 k+1 Z |1/),8 gz k+1 , f) '(/},H (gZ ( k+1) ; Zi:-‘rl)’

k k+1
Zi

Zﬁg(xk+172k+l Zmax( B Zlﬁ >‘zk zf+1|, k=0,...,K, (3.18)

which together with (3.17) yields the conclusion. O
The following lemma provides us an estimate on the difference between y**! and h (wk)

LEMMA 3.7. Under Assumptions 3.1-8.3, it holds that for any v > 0 and k € [K],

E [y = n(@)°] < 0 +7) 0 - m)*E ||y - (’“‘1)!!2]+%0i,o(1+w) (3.19)

(1) (U= ) L3 o [l = o1
Proof. By Young’s inequality we can obtain that for any v > 0,
E[[lg™" = b @) 71 ] < Q) B[l = b (@) + (1= me) (r (%) = ()7 2]
+ (1) E (@ =m0 (h (@) = b @) [P 7]
< (L) E [l = b () + (1= m) (b (%) = (250)) || 1]

12



(4 (1= ) L2, J2* — 251

Notably, (2.4) and Assumption 3.3 imply

B [ly = b (2%) + (1= m) (b (%) = h (1) [* | 2]

1
=E | [|(1—1n) (yk—h(xk_l))—i—nk B Z H(xk;(b)—h(xk) \Hk
bl gep
k,1
2,k b1y (2, 20ho
< (1- —h(z"~ + N =,
(1 —=m)” [Jy* = h (") || By
which yields the conclusion by taking expectations with respect to all the samples generated in H*. O

R+1

Now we are ready to state the main theorem regarding the stationarity of x associated with Zz.

THEOREM 3.1. (Stationarity) Under Assumptions 3.1-3.3, set § = K'/* and
Pk = %7 Pk,l =P = |—K1/4~|a Pk,2 =P = [Kl/ﬁv Jp=J = |—K1/2~|a
ap = & :=min (&1, q2), Nk = 7 := 2&max (L?c, SL%%O) s Y=Y = 8L%70d (3.20)

fork=0,...,K, where ay := [2max(L},8L}, o)] ™", g := [2Lr + 2Lg + (12 + L3 )L, o]~ '. Then it holds that

E -0 (K*%) , (3.21)

42 <VF (xRH) + OA (xRH) + Z%Vgi (xR+1) Ny (xR+1)’0>

=1

with zZ = [Bg(xBH1) + 2B+, .
Proof. Tt follows from Lemma 3.5 that

m

E [dz <V1" (1) + OA (27 + Z [Bg; (z™1) + ziR“]JrVgi () +Nx (:cRH),O)}

=1

E

¢ (VF (@71) +0A () + D [Bgi (1) + 271 Vg (271) +Nx (ar“l)’oﬂ

T 10

<3 Lo+ L 1 2E k+1 k|2 6L?‘KE kL _ gy (2F) |12
<% v+ L+ o [Hl’ ~T||}+K; [||y - (ff)”}
3L2 ym & 6 &
b e S p [ ) 4 30,
k=1 k=1
3 & 1\° 2 2
SEZE LF+L[3+Q> 2% — 2*||” + 2LF ||y* T = (2F) ]
k=1
3L310m

_|_
=
] >

B[]+ - 2*[*] + 6ot (3.22)

where the last inequality follows from the constant setting of ay and
2

2 2 2 2y h,1 2 012‘
op, =07 ::Q(Lfﬁo—l—af) —=+2L

—  k=0,1,..., K. 2
P2 h,OJ7 07 ’ ’ (3 3)

We next analyze terms of the right hand side of (3.22). Firstly, it follows from P, = J > K'/2 and (3.23) that

11 ;
6a%=0<P2+J) :O(K‘f). (3.24)

13



Secondly, applying (3.7) we obtain

2 K m
R %) SRR

k= k=1

3Lg om Z

% (5)
3L2 G2 2m 2
_ 2l P 2P L1
K2 8
=0 (K7?). (3.25)
We now estimate the remaining terms of (3.22) regarding ||z**1 — 2¥||? and ||y*** — h(z*)||2. Multiplying (3.19)
by (1+ @L}) and plugging it into (3.13), by Lemma 3.2 we have the following inequality for any k € [K]:

1 Lr+Lg k4l k|2 k41l kY (]2
B | (g5~ ) ok ) - o)

<E [Lp (2", 2F) - L5 (xk“,szrl)] 1 G max (1, 2;) E[[[5+ — 24||,] + ao?

+ (1 +aL3) 1+7) (1= E[[ly* = n @] + 0+ azd) (1 +571) (1= ) L3 oE [[|2* — o]
+ (1+aL?) (1+9) 7 ;0
Summing up the above inequality over k = 1,..., K leads to

1 Lr+Lg K+1 _ K2 K41 _ K\||2
B (5 - 2 ) e+ = oI 4y o))

K-1

+) E [(1_ — # ~(1+aL?) (1+3 )1 -79)° Li,o) "+ — kaz]
k=1
K-1

+ > E[(1- (1 +ar) (1+5) =2 [ = n ()]

£
Il
-

K
E[Ls (2", 2") — Lg (25, 25| 4+ G max ( ) SR [||F =2, ] + aKof
k=1

_ _ _ _ __ _ 2
+(1+aL) 1+ 7) (0=’ E [y = h (@) + (1 +aL3) (1+57) (L= 7)’ L3 oF [ = 2°|]
Ufzz,o

P
Under parameter settings in (3.20), we can deduce from Ly = Ly, oLy defined in Lemma 3.1, & < & and & < &
that 0 < <1,

+(1+aLl}) (1+9)7°K (3.26)

(rard)aena-n-1<((+ D a-n) —1<1-T-T
<~ = —amax (L},8L} ) (3.27)

and

L? 1
0<(1+aL?)(1+3 ) (1-7)°Lig< (1+aLl?) (1+3 )L, < (1 + % +L?@1>Li70 +2z

=
3 L?cl 1 1 LF+L[3
et s L2 i
—<2+ 8 ot 35S 1a 4
(3.28)

Applying (3.27)-(3.28) to relax the coefficients of ||z*! — l‘kH2 and ||y — h (2F) H2 on the left side of (3.26), we
obtain

K
58| (g - T k- M ama (£5:827.0) [+ — 0 (1) ]

14



<E[Ls(a',2") = Lo (@] 4+ (14 6L3) (14+57) (L= 1) L3 oF [[|o* = 2°|] (3.29)

+(1+aL3) (19 0 -)E [y —h @] +¢ (1 n 2;) SB[+ -]

2
Oh,0

P + aKof.

+ (1 +al}) 1+3) 7K
To give a more concrete bound on the right hand side of (3.29), we come to analyze two of its terms separately:
_ __ _\2 2
Lg (21,25 and (1+ aL?c) (1+5 ") (1-n) L,Ql’OIE [Hxl — ;UOH } +E[£5 (2", 2")].

Firstly, due to ¥s (u,v) > _2—1; for u,v € R and f = K/*, it yields from Assumptions 3.1, 3.2 and Lemma 3.2 that

m m K412
£ (&4 =T (@) £ A @R 4 D ws s () ) 20 3 =
4mG?p?
-5
>C* —2G*p*m. (3.30)

*

Secondly, Lemmas 3.2 and 3.6 indicate that

1 Lr+ L _ _
(2& - FQﬂ) E [|le! - o°|"] <E[25 (", 2) - £5 (a.21)] + ok + GL3E [[ly* — b (") ]

o (e Z)E]l - ),).

Then it together with (3.28) yields
(1+aL3) (L+77) (0= ) L0 [l = 2] + E[£s (a7, 2"))

< L5 (2029 + a0 + @ (1 + 2”) B[l - 2], ] +aL2E |y — h ()]

5
0 .0 ~ 2 2 2£ ~ 712 1 0\ |2
Sﬁg(x,z)+ozap+2Gmp 1+3 —|—oszIE{||y h(m)“}
<T (2°) + A (2°) + gGQm +aok + 2G*mp (1 + 2;) +aL3E [y~ h («°)]], (3.31)

where the second inequality is due to z° = 0 and Lemma 3.2, and the last inequality uses

£5 (2% = T () +A () + gi ([0 (e9)],) <T () +A () + Deom (3.32)

Hence, plugging (3.30) and (3.31) into (3.29) we obtain
K
S8 | (5~ ) et -t (25,82 0) [~ )]
k=1

2
Oh,0
P

B

2
SGPm o+ a (K +1) of +2G%mp (1 + p) +(1+al}) 1+ 7K

<T (xo) + A (xo) —C* +2G?*p*m + 3
larazp s a-nr+ar] B[l -]+ e (14 2) Sr [l - )
k=1

B
2

2
G*m+a (K +1) ot +2G*mp (1 + p)

<T (xo) + A (J;O) —C* +2G?*p*m + 3
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- 2
R[S+ [+ aL3) 0+ ) K+ 7

+E [||y0 —h(xo)]ﬂ +G <1+ 20
1

b>
<T (%) + A (2%) = €7 +2G2p*m + §G2m+ & (K +1) 0% +2G?mp (1 + 2;)
? 20\ Tho
s =0 @O+ G (14%) 5+ 1)
1
1 1 a’K
= 1 *K . - |
(9( +h+a (P2+J>+ B ) )

where the second inequality holds due to 0 < 7 < 1,
_ _ 2, - _ _
(1+aL?) 1+ (1 -7)°+al? <1—amax (L%, 8L ) +aLl} <1
from (3.27), and

B[l @) ] =B ||a-n (-1 6+ | 5 X HE50) - b ()
" ¢€Po1

2
o
< (=) [|ly° = h ()| + 7 A

the third inequality follows from

K K
DE[F =] <> E
k=1 k

it
=1 ]

n pG 2%
EK(5+Q

3

< Gmp (25'0 —I—l)

by (3.7), and (1+aL?)(1+7) < (3/2)* < 3 from 7 = 8L}, ya,a < @, and the last equality follows from (3.23)
and 7 = 2amax (Lfc7 8L,2L,0). Thus, (3.33) implies that

3 K 1\? 2 2
2" (LF+LB+Q> [t —®||" + 2LF [y — b (2") ]
k=1
3 Lr+Lg+1)? 2\ & 1 Lr+L 2 2
< ¢ max <(41_LFZL(;), a) I;E [(40( - F45) |2+t — 2%|” + @ max (L%,8L7 ) |y" T =R ()|
K
54 1 Lr+ L 2 2
<% EKM_F4 ﬂ) |25+t — o*|® + amax (L2,8L2.) Hyk+1—h(q:k)H]
_ofits 1 1 a
_O(Ka +P2+J+P1>
_o(it8 1+ 1 1 as) -1
_O(Kd1+Kd2+P2+J+P1>_O(K z), (3.34)

where the second inequality follows from Lr + Lg < (2a2)~! < (2a)~!, the second equality comes from & :=
min (@, @) defined in (3.20), and the last equality holds due to 3 = K4, a; = O(1),as = (’)(Lgl) =01 =
O(K~'*) and P, = J > VK, P, > K'/*. Plugging (3.24), (3.25) and (3.34) into (3.22), we obtain (3.21). O

Recall that y**+1 was initially introduced to track the function value h(z*). As observed from (3.34), we can
see that
1

Efly™*! = h(=")|?] = O(K %),

This result provides a theoretical explanation that y**! can be close to h(z*) in expectation when K is sufficiently

large. It aligns with our expectation discussed for (2.11). Besides, (3.32) indicates that the value L£z(2°,2°) plays
a crucial effect in determining orders obtained in (3.34) and (3.21). Notably, when the initial point 20 is feasible
for (1.1), L£(z°, 2°) becomes independent of parameter 3. Therefore, improved results can be derived as shown in
the corollary below. The proof is straightforward, following a similar analysis to that of Theorem 3.1, and thus we
omit it here.
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Corollary 3.2. Under Assumptions 3.1-3.3 and same parameter settings as Theorem 8.1 except with
B=KY3 Po1=P = [K'Y3), Poo=Py:=[K*?), Jpy = J := [K¥?]
for k=0,...,K, if initial point 2° is feasible to (1.1), it holds that

i=1

with 7z = [ﬁg (xR+1) + ZR+1LU and E[||yR+1 _ h(a:R)||2] _ O(K_Q/?’).
Remark 3.1. Let us consider the convex set constrained optimization problem

gcnéi)r(l I'(z) + A(z). (3.35)

Without the constraints g(z) < 0, the term in (3.22) associated with ||2*T! — 2¥||? will vanish. And of course B will
not appear. In this case, if we slightly modify the parameter settings in Theorem 3.1 by letting

Pk’lEplZ:K,Pk)QEPQZ:K7JkEJI:K7 kZO,...,K7
we can obtain
E[d? (Vvr (J:R+1) +0A (mR+1) + Nx (zR+1) ,0)] =0(K™1).

Then the iteration and sample complezities to find an e-stationary point of (3.35), i.e. satisfying (2.12), are bounded
by O(e72) and O(e=*), respectively, where the sample complezity is same as NASA [15].

We now consider the feasibility measure ||[g(z%+1)]|. As in general it may be impossible to find a feasible
solution for a constrained optimization problem, to guarantee near-feasibility we give another assumption.

Assumption 3.4. (NonSingularity Condition, NSC) There exists a parameter v > 0 such that
v llo @)1, | < a (( @) g @), +N5 (2).0) (3.36)

holds for all x* with k € [K + 1].

In the linearly constrained case with X = R", i.e. g (z) = Az+b, A € R™*" b € R™, NSC can be guaranteed by
the linear independence of {Vyg; () | ¢ € [m], g;(x) > 0}. For general inequality constraints, it has been verified in
[24] and [18] that the multi-class Neyman-Pearson classification (mNPC) problems and constrained form of weighted
maximin dispersion problem satisfy the NSC condition, respectively. Regarding general equality constraints, the
NSC condition has been shown to hold for generalized eigenvalue problems and clustering [38], and also hold for
linear equality constraints with box/ball constraint [22]. In the case X = R™, the NSC condition can be implied
by the strong LICQ used in [9], which requires the singular values of Jy(x) be bounded below and away from zero.

THEOREM 3.3. (Feasibility) Under the conditions of Theorem 3.1 and Assumption 3.4, it holds that

e {Jis @[] =0 (x72).

Proof. For any k > 0, denote

m

> [Bgi (+%)], Vi (z") +u+ |

=1

(uk, vk) = argmin
u€OA(zk) wENX (z*)

Then it follows from Assumption 3.4, (2.1) and (3.4) that for any k € [K + 1],
1

|lo @], ] < —Bd (8 @) 9 (24)],, +Nx (a),0)

Z Bgi («)], Vgi (a*) + 0"
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<

S5 8 ()], Vi () 4

1

+ r|uk||)

< % (d <§: [Byi (a:k)]Jrng (z ) + OA (z )—|—NX (xk),0> +GA>
<ot () 30 B (08 41T o) 00 () e (4.0 o 60+

55 2 10 ), — [ 04) 4411190 ()

IN
]
m‘“
N
Q.
/N
3

i=1 i=1

VI (2) + > [Boi (¢%) + 2F], Vi (2%) + 07 (2*) +Nx («F), >+Lg02|z|+Lf0Lho—|—GA>

where the fifth inequality follows from d (a + A,0) < |la|| + d (4,0) for any a € R™ and A C R", and the last
inequality uses VI (z) = Vh (2)" V[ (h(x)). Applying Lemma 3.2 we further obtain that

Jlo ).
< % d? (vr (") + > [Bgi (¢%) + 2F], Vi (2%) + 07 (2*) +Nx () ) <Z |2F |> oLno+GA
=1
< 524y2 d? (vr (%) + A (%) + ) [Bgi (a%) + 2F], Vi (2%) +Nx (M),o) +4m?L} G?p® + L3 oL o + G4 |-
=1

Hence, it indicates from (3.21) and 8 = K'/* that

[H SONTEFS [N

VQBQK ZIE ( ( k“) + Z [5gi (:17]”1) + zf+1]+Vg,; (ka) + OA (ka) +Nx (xkﬂ),O)]
i=1
4 K
+ 22K Z [4m®L] oG?p? + L} o Li, o + GA ]
k=1

= SZQE ldz (VF (1) 3 (B (1) + 2], Ve (27 4+ 04 (1) 4 <wR*1>’°>1

i=1

252 [4m?L? (G?p* + L} oL o + GA]
—0 (K +K ) =0 (K—%) .
The proof is completed. O

Similar to Corollary 3.2, if 2¥ is feasible we can obtain the following result.

Corollary 3.4. Under Assumptions 3.1-3.4, and parameter settings of Corollary 3.2, if x° is feasible to (1.1), it
holds that E[||[g(zFt1)]1||2] = O(K~3) for any K > 1.

We are now ready to estimate the complementary slackness measure ||z ® g(z%+1)]|.

THEOREM 3.5. (Complementary slackness) Under conditions of Theorem 3.1 and Assumption 3.4, it holds
that with z = [Bg(xfH1) + 241,

B[z 00 ()] = 0 (K1),
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Proof. On the one hand, we have

[Bg; (z") +Zﬂ+ [9: (z7)]_ = { (; (Bgi («%) + 2f) gi (%), if — % < gi (2%) <0;

otherwise .
Then it follows from —u (bu + a) < Z—Z for any v € R and b > 0 together with Lemma 3.2 that

k|2 2 2
30c () + 241, [o ()< 20 < O

which further yields

E iél 2R _] Z i o) k+1]+ [g: (xk+1)]_‘| < mC;2P2 —0 (K‘i). (3.37)

i=1 k=1 i=1

On the other hand, applying |z¥| = 2% < 2Gp from Lemma 3.2 and |ul|, < v/m |Ju] for all u € R™, we have

[ m

E ZZZR+1 [gi (xR+1)]+
Li=1

m

2Gp ) [o: («")],

<E <E{2Gp\ﬁH ) +H}:O(K*%), (3.38)

where the equality follows from Theorem 3.3 and (E [u])® < E[u2] for any random variable u € R. Combining (3.38)
with 8 = K4 and Theorem 3.3, we have

oo S e RHL[QZ_@RHM

which together with (3.37) yields

Efllz© g(z")[1] = E lZzi g @ | =B |37 [g: (], | +E Y 2 [0 (xR“)J—] oK),
i=1 i=1 i=1
Applying ||| < ||-||;, we complete the proof. O

Similar to Corollary 3.2, we have the following result.

Corollary 3.6. Under Assumptions 3.1- 3.4, and parameter settings in Corollary 3.2, if x° is feasible to (1.1), it
holds that B[||z ® g(#®T1)|[] = O(K~3) with z = [Bg(xB1) + 2B+,

We now summarize the previous analysis into the theorem below characterizing both iteration and sample
complexities of the STEP method to find an e-stationary point of (1.1). Here the sample complexity refers to the
total number of samples that are used to compute gradients of F' as well as function values and gradients of H as
n (2.4) and (2.5).

THEOREM 3.7. (Iteration and sample complexities) Under conditions of Theorem 8.1 and Assumption 3.}
and given € > 0, the STEP method can find an e-stationary point of (1.1) after O(e~*) iterations with associated
sample complexity bounded by O(e=%). If initial point 20 is feasible, under same conditions as Corollary 3.2, the
total number of iterations of the STEP method to find an e-stationary point of (1.1) is in order O(e~3) and the
sample complexity is bounded by O(e=5).

Proof. 1t is straightforward to obtain the iteration complexity from Theorems 3.1, 3.3 and 3.5, as well as Corollaries
3.2, 3.4 and 3.6 when 20 is feasible to (1.1), by the fact that (E [u])* < E [u?] for any random variable u. Regarding

the sample complexity, as the total number of samples is Ef:o (Jx + Pi1 + Pr2), by (3.20) and parameter settings
in Corollary 3.2 we can derive the conclusions. O

19



Remark 3.2. In Theorem 3.7 we characterized the sample complexities in terms of the total number of samples
used to evaluate function information including the function values and/or gradients of H and F. If we count
in the calculation of function values and gradients of all m constraints at each iteration as well, 2mK function
information evaluations will be added, which can still keep the related calculation complexity in the same order as
the sample complexity in Theorem 3.7. Moreover, Algorithm 2.1 and its theoretical convergence can be extended
to the case of equality-constrained optimization with some modifications, as demonstrated in [39]. The numerical
performance of the generalized algorithm in the equality-constrained case is also validated in Section 5.2, providing
empirical evidence of its effectiveness.

It is noteworthy that feasible points for certain types of nonconvex constraints can be obtained at a relatively
low cost. For example, let us consider the orthogonal nonnegative decomposition [12,30,33], where the constraints
are U € R™*" and UTU = I,, with integers r < m. In this case, satisfying the constraints can be achieved by
setting U = (e, ..., em), where ¢; € R™ has only one nonzero entry equal to 1 at the i-th coordinate. For more
general constraints, although a feasible point can be hard to find, it is manageable under certain conditions to
locate an approximately feasible initial point, with which previous analysis in Corollaries 3.2, 3.4 and 3.6 still hold.
We here provide a two-stage algorithm combining an initial feasibility-seeking phase with the optimization phase
as indicated by Algorithm 2.1. We give the outline of the two-stage algorithm (Algorithm 3.1).

Algorithm 3.1 STEP+
Input: Initial points y° € R™, 20 = 0 € R™, parameters 3 > 0, {az} C (0, 4+00), {me} C (0,1], {px} C (0, 5] and a
positive integer K
1: Call the gradient descent method [31] on min,[||[g(z)]+]|?>/2 + 1x(x)] to find a point 2° € X such that
A7, [g(2)) s + Nx (%), 0) < K176,
2: Call the Algorithm 2.1 with initial point x°.

Corollary 3.8. (Iteration and sample complexities) Assume that (3.36) holds at x°. Under conditions of
Corollary 3.2, given € > 0, the STEP+ method can find an e-stationary point of (1.1) after O(e~3) iterations with
associated sample complezity bounded by O(e~®).

Proof. 1t follows from Assumptions 3.1 and 3.2 that the gradient of ||[g(z)]+||?/2 is Lipschitz continuous with
modulus (GLg1+L? ). Together with the convexity of X and Proposition 2.5 of [31], it implies that [[|[g(z)]+ [|/2+
1x ()] is weakly-convex. Besides, its value is lower bounded by 0. By setting K = [e¢~3], we obtain from Table 2
of [31] that a (full) gradient descent method can find a point z° € X such that d([J,(z°)]7 [g(z°)]+ + Nx (2°),0) <
K~1/6 within O((K~1/6)=2) = O(e™') iterations and evaluations of (g, Vg). Applying (3.36), we further have
1 2
()] < ;d([Jg(fo)]T[g(xo)]Jr +Nx(2%),0)] = O(K'?).

It together with (3.32) and 3 = K'/? yields that the iteration and sample complexities are O(¢~3) and O(e~?),
respectively, for the second stage similar to Corollaries 3.2, 3.4 and 3.6. By summing up the complexities in two
stages, we obtain the result. O

4 Adaptive STEP

In the section, we will propose an adaptive variant of algorithm, adaSTEP, in Algorithm 4.1.
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Algorithm 4.1 adaSTEP
Input: Initial points z° € X,y € R", 20 = 0 € R™, parameters {8} C (0, +00), {ax} C (0,+00), {me} C (0,1],
{pr} € (0,8%], u > 0, and a positive integer K, pu > 0
Output: 27! and 27! := [Brg(xf*!) + 2f*+1], where R is uniformly randomly chosen from {1,..., K}
1: for k=0to K do
2:  Choose independent identical-distributed samples Py 1 € Z;, Pr2 C =y, Jr € =, according to the probability
distribution function on the respective probability space.
3. Compute y**+1 through (2.4).
: Compute VI'* through (2.5), and VG* := V, Uz, (2*, 2), respectively.
Compute z¥*! through

) — = 1 2
il = arzgerim {<VFk + VGk,:z> + 3 ||£E - kaDk + A(:c)} ; (4.1)

where Dy, := diag(s*) + a; 'T with

& _ _ 1/4

. (VI + VG1)?2 )

st = — — . (4.2)
: <§ (max(1, [VT* + VG|))*

1

6:  Compute 2Ft!:=2F 4+ pp max(—z,—:,g(xk“)),

7: end for

In Algorithm 4.1 we adopt a set of adaptive parameters motivated by [49]. In (4.2), u? and u'/* denote
componentwise square and fourth-root for any non-negative vector u. For any k, we have the following bound for
the i-th component of s*:

k PR— JR—
Ft t i 2
0<sh<p(d> (v jVGl)
=0 (max(l, IVt + VG|

1/4
. <k + 1),
) ) 8

which implies that ||s*|| < uy/n(k + 1)1/, Note that Dy, is adaptive to the stochastic gradient and dependent on
1> 0. Thus Algorithm 4.1 can also adjust its adaptiveness by properly choosing the value of pu.

In Algorithm 4.1, the nonnegativity of z* still holds due to z° = 0, px, C (0,3%). We assume that {8} is an
increasing sequence, and

pr € (0,% C0,8)], k=0,....K,

where p, By > 0 are independent of K. Then Lemma 3.2 holds obviously and Lemma B.1 is true. As the main
proof sketch is similar to the analysis in the previous section, we present the main results below and provide the
detailed proofs in Appendix C.

THEOREM 4.1. Under Assumptions 3.1-3.3, set

B = Bolk + 1)Y4, pj = % Poy =P = [KY4], Poo=Py = [K'V?], Jp = J = [KV/?],

o = [2Lp + 2L, + (12 + L3 ) L3 o] 71, mi, 1= 204 max (L3,8L3 ) , i == 8L3 gou, (4.3)
for k>0, where

ay' —2Lp — (124 L%,)L3 , — 2mGpLg,

e 2 or2 \-1
ay = [QmaX(Lf,8Lh,,o)] , Bo > mL;O +mGLy . , Bo > 0.
Then it holds that
E ldz (vr (@) + 0A (741) + 3 g (2741 4Ny (:ﬁ“),o) —o (K1), (4.4)
i=1

with zR = [Brg(afTh) + 2FF1], .
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THEOREM 4.2. Under the conditions of Theorem 4.1 and Assumption 3.4, it holds that

e [Jlotn, ] -0 () @
and
E[|z% og (@™ ] =0 (K1) (4.6)

We now summarize Theorems 4.1 and 4.2 into the theorem below characterizing both iteration and sample
complexities of Algorithm 4.1 to find an e-stationary point of (1.1).

THEOREM 4.3. Under the conditions of Theorem 4.1 and Assumption 3.4 and given € > 0, Algorithm 4.1 can find
an e-stationary point of (1.1) after O(e~*) iterations with associated sample complexity bounded by O(e~%).

Remark 4.1. As can be observed from (6.17) and (6.18), the complezity of Algorithm 4.1 is still affected by B +1,
which is in the order of O(K'*), and it cannot be improved by requiring the feasibility of x°. Although in (4.3),
we set p and batch-sizes as constants dependent on K to simplify the analysis, similar results still hold for varying
pr. and batch-sizes, e.g. py, = p/(k+1)2, Py = [(k+ 1Y), Poo = Jp := [(k+1)1/2].

5 Numerical experiments

5.1 Risk-averse portfolio optimization

In this section, we would like to carry out some numerical experiments for solving the following risk-averse portfolio
optimization problem [7,55,58]:

xréliArL I (z):=—Eg[ry (x)] +AVar[ry (x)] s.t. Az <b, (5.1)
where A" = {z € R | 2?21 xj = 1}, x is the decision variable with each component x; representing the percentage
of the total investment allocated to asset j, j = 1,...,n, 14 () is the random return under portfolio , Var [rg ()] is
the variance of r4 (x), A = 0.2 is the mean-variance trade-off parameter and A € R™*" b € R™. We can reformulate
(5.1) into the form (1.1) by defining h (z) = Ey [H (x; ¢)] with H(x;¢) = [rd)(x),ri(as)}T and f : R? — R with
f(y) = —y1 +Ay2 — A\y?. As indicated by [40], the (non)linear constraints have been commonly imposed in portfolio
optimization, such as bounds on individual asset positions (Az < b). The reason to consider linear constraints here
is that the algorithm com-SVR-ADMM to be compared, which currently is the only algorithm in the literature
for functional constrained stochastic compositional optimization problems, is designed to solve (1.1) with linear
constraints. All the implementations are conducted in MATLAB version R2019a on a laptop of 8GB RAM and
Intel(R) Celeron(R) CPU N2940 @ 1.83GHz 1.83 GHz.

We compare our algorithm STEP with com-SVR-ADMM (Algorithm 2 in [55]) on four real world portfolio
datasets: industrial-49, -48, -38 and -30 datasets from the Keneth R. French Data Library 2, which are commonly
used in numerical experiments for stochastic compositional optimization [7,58]. More specifically, we assume
that the random return is defined as ry (x) = Rgx, where Ry is chosen from “Average Value Weighted Returns
(Monthly)” of the aforementioned portfolio datasets with ¢ as a discrete random variable from {1,..., P}. Here, P
is equal to 1148 in industrial-49 dataset portfolios and 1149 in other three datasets. With these settings, we have

1L T 2 1 & T N2
By [rs ()] =5 Y Rz, Eyrg(2)] = P > (Rfx)". (5.2)
¢=1 o=1

And the constraints are randomly generated by the following MATLAB scripts
m = 100; rand(’state’, 4); x00 = rand(n, 1); x00 = £00/sum(z00); A = rand(m,n);b = A % 00 + rand(m, 1);

through which we can make sure a nonempty feasible set for (5.1). For both com-SVR-ADMM and STEP, based
on the result evaluated by fmincon, and the theoretical parameter settings in [55] and in this paper, we have
fine-tuned parameters for each of the two algorithms when solving (5.1). Below are the specific settings for both
algorithms.

2http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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e com-SVR-ADMM:

0 = 200,19 =b— Ai°,\° = 0,5 =20, K = 100, p = (K8)"*,
ns = 1/(200n(s + 1))/, G =1, /(s + k/(K — 1))

fors e {1,...,8},k€{0,..., K—1}, where @ is the slack variable transforming inequality constraints Az < b
into Az 4+ w = b,w € R, 7% and A° are the initial point and initial guess of multiplier vector, S and K are
the numbers of outer-loops and inner-loops respectively, and I,, refers to n-dimensional identity matrix.

e STEP:

2¥ =200,y = h (2"),2° = 0, K = 2000, 3 = K%,
me =K% oy =1/ (50n(k +1)"%), pr. = B, Poq = [(k+1)°**], Pog = [(k + 1)

fork=0,...,K —1.

The maximum number of iterations for both is set to 2000.

Figures 1-4 show the average changes of the objective function value and constraint violation ||[Az — b]4||1/m
by two algorithms with respect to cputime and the number of data-pass Zszo (Jg + Pra + Pr2) in 10 repeated
tests on four industry portfolios. And for each industry portfolio we only show the performances under a single
set of randomly generated constraints (A,b) based on the observation that both algorithms perform similarly
under other constraints randomly generated by same method. Noting that the risk-averse portfolio optimization
problem in our test is a convex optimization problem, we choose the objective value and constraint violation to
measure the numerical performances [49,50]. From Figures 1-4, we can see that objective function values by STEP
decrease faster. Although the constraint violations by both algorithms are gradually approaching similar values,
com-SVR-ADMM oscillates more dramatically than STEP.
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Figure 1: Comparison on 49-Industrial Portfolio Dataset for solving (5.1)

5.2 Orthogonal nonnegative matrix decomposition

In this subsection we consider the following orthogonal nonnegative matrix decomposition problem [12,30, 33]:

min |X —UV|Z%, st. UTU =1, (5.3)
(U,V)G]RTXTXR:_X"
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where X € R} is an unknown matrix estimated by X = E[X] based on some unbiased samples {X} [15],
I, € R™" with r < min{m,n} is the identity matrix. Note that nonnegativity and orthogonality can guarantee
the sparsity of matrix U ( [29, Lemma 1]). Then there is no need to add a regularizer such as >, ; [U; ;| in (5.3).
Although a feasible point of (5.3) can be easily obtained, we focus on performances of algorithms initialized with an
infeasible point in this section. All the implementations are conducted in MATLAB version R2022a on a desktop
computer of 64GB RAM and 12th Gen Intel(R) Core(TM) i7-12700 2.10 GHz.

Orthogonal nonnegative matrix decomposition (5.3) is a nonlinear constrained optimization problem with
the stochastic composition objective function T'(U,V) = f(h(U,V)), where f(Y) := ||Y]|% and h(U,V) =
E[H(U,V; X)] with H(U,V;X) := UV — X. Noting that Vy['(U,V) = 2(UV — E[X])VT and VyI'(U,V) =
2UT(UV — E[X]) are linear in X, the unbiased estimation of VI can be obtained by 2YV? and 2UTY with
Y =) xep, (UV = X)/P1 = E[X]. But in the numerical tests on (5.3), we can still observe the convergence of
STEP with the biased estimation

Tk = 2y (V)T Tk = 2UF)TY, with YA = (1 — o)V + 1;7—’“ S (WFVE - X),m € (0,1),
k.1 XEPr 1

which complies with the convergence analysis in Section 3. We also notice that in later iterations it is more stable
compared with the case when the estimation is unbiased (i.e. np = 1). Hence, we keep the biased estimation for
STEP in formal comparison.

Except STEP, the existing methods [12,29, 30,33, 54] for (5.3) only consider the case with known X. Hence,
we first apply a sample averaging approximation (SAA) on E[X], i.e. replacing E[X] by Xy = Eie[N] X;/N
with sample size N = 100. The OPNMF? method studied in [54] aims for solving the orthonormal projective
nonnegative matrix factorization, which is equivalent to (5.3) [12,29]. We thus compare STEP and adaSTEP with
OPNMTF on the above SAA problem. We choose two datasets to compare: Iris (provided by MATLAB) and tr23%,
with synthetic noise randomly generated according to the rules in [33]. The dimensions of the problem are set as
(m,n,r) = (4,150,3) for dataset Iris and (m,n,r) = (204,5832,6) for dataset tr23, respectively. Moreover, for
both datasets the noise for each entry is drawn from a normal distribution with zero mean and fixed standard
deviation € := 0.01, since the performance of OPNMF will be significantly influenced by deviation larger than 0.01
according to figure 4 in [33]. As a multiplicative method, OPNMF is free from cumbersome parameter adjustment.

3Code available at https://folk.ntnu.no/yangzh/pnmf/index.html
4tr23 is one of the well-known preprocessed document databases in evaluating the performance of CLUTO’s clustering algorithms.
It can be downloaded from http://glaros.dtc.umn.edu/gkhome/cluto/cluto/download/
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It only needs sufficient iterations and a tiny increment on the denominator of its update formulas to keep numerical
stability. For STEP and adaSTEP, parameter settings on two datasets are set as below.

o Iris. K =5000,0; =2(k+1)"% n.=(k+1)7%% pp=(k+1)""PK"1 P, =[(k+ 1)%1,
— STEP: oy, = 8.658 x 1073;

~ adaSTEP: oy, = 348x10°2 ) — |
o tr23. K = 10000, 8 = 20(k + 1)>% mp = (k+1)70%, pp = (k+ 1) “PK 1 Py = [(k+1)*"],

— STEP: aj, = 9.388 x 1074,

— adaSTEP: oy = %7” =1

for k=0,..., K —1. The maximum iteration numbers of OPNMF on two datasets are also set as 5000 and 10000,
respectively. And all algorithms are initialized at the same point which is randomly generated by U Y = rand(m,r)
and VO = (U)X .
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Figure 5: Comparison on Iris Dataset for solving (5.3)

The numerical test results are reported in Figures 5 and 6. The objective function value refers to || U*V* -X N%,

the constraint violation refers to ||[(U*)TU* — I,.||r, and the KKT residual refers to
1
min (d2F (vUr(U’f, VE) +20%Z + Ngr (UF), 0) +d2 (VVF(U’“, VE) 4 Ngroon (V5), 0)) ’
e X
where d%.(S,0) := minges ||U||% for any matrix set S, and V* := (U¥)T X for OPNMF. As can be observed from

Figures 5 and 6, STEP performs better w.r.t. the KKT residual although due to the simple matrix operations the
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multiplicative method OPNMF is faster. Moreover, the STEP method achieves better approximate solution within
the same number of data passes. Moreover, compared with the STEP method, its adaptive variant converges to the
similar level with stabler performance in whole process and faster decrease in early iterations, while it costs more
time on adjusting stepsizes adaptively. Actually, it is the adaptiveness in Dy that allows Algorithm 4.1 converges
with larger ay: we find that the performance of Algorithm 4.1 with p = 0 is inferior to the adaSTEP in Figures 5

and 6 under the same ay.
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Figure 6: Comparison on tr23 Dataset for solving (5.3)
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In this paper we propose a stochastic nested primal-dual (STEP) method for nonconvex constrained composition
optimization, whose objective involves a nested structure on two expectation functions and feasibility determined by
constraints are possibly hard to maintain at a given point. Motivated by recent progress on stochastic compositional
optimization, we introduce an extra variable to track inner layer function value and update it in a moving average
way. With this variable together with subsampled gradients for both layers’ functions, we calculate the stochastic
gradient for the nested function. To cope with the general possibly nonconvex constraints, at each iteration we
construct a stochastic approximation to the linearized augmented Lagrangian function to update the primal variable
and then update the dual variable in a moving-average way. Under a nonsingularity condition for constraint
functions, we establish the iteration and sample complexities of the proposed algorithm to find an e-stationary
point, and as a byproduct validate the reducing gap between the real value of inner function and its estimation.
Additionally, we propose and analyze a two-stage STEP algorithm with the first stage used to find a nearly feasible

point.

We also propose an adaptive STEP algorithm, allowing parameters updated adaptively, and establish



its iteration and oracle complexity accordingly. Finally, we conduct some numerical experiments on risk-averse
portfolio optimization and orthogonal nonnegative matrix decomposition. The results reveal promising numerical
performances of proposed algorithms.
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Appendix

A. Application examples

We next present several application examples that can be formulated into (1.1).
Chance constrained optimization. Shanbhag et al. [2] consider a type of chance constrained optimization
problems

max I(z):=P{¢ € K| c(z;¢) > 0}, (6.1)
TE
where X C R™ and KX C R? are convex and closed, ( : = — R? is a d-dimensional random vector following

a prescribed probability distribution, and ¢ : R® x R — R™. Problems in the form of (6.1) are common in
robust portfolio selection problems and set covering problems. It is proved in [2] that under certain conditions
(6.1) is equivalent to minimizing f(Es[H (x;&)]) over X with f being smooth and H(:;&) being nonconvex and
possibly nonsmooth. Furthermore, under certain conditions they extend the results for c(z;¢) = 1 — [¢Tz|? to
c(z;¢) =1 — |¢Tg(x)|? by adding auxiliary variables obtaining

ma;{(IP’{C €K |1—|¢Tg(x)]* > 0} & min f(Es[H(y;€)]), st y = g(x),z € X.
xTE
For general chance constrained optimization problem

min I'(z), s.t. P{¢ € K| ¢(z;¢) > 0} > p, (6.2)

rzeX

the results in [2] can also be applied to analyze the equivalence between (6.2) and its expectation-valued counterpart

min I'(z), s.t. f(Es[H(y; §)]) < 0(p),
zeX
where f is smooth and decreasing on R ;.
Risk-averse portfolio optimization. A class of risk-averse portfolio optimization problems, given by

min T (2) i= — [r (25 6)] + AVar[r (2:0)], (6.3)
has been commonly used to measure the performance of algorithms for (un)constrained stochastic composition
optimization [7,55,58], where I'(z) = f(h(z)) with f : R? — R defined by f(y) = —y1 +Aya — A\y? and h : R" — R?
defined by h(z) = Eg [H(z; ¢)] and H(x;¢) = [r4(x),73(x)]". In [7,55,58], various theoretical analyses have been
conducted for different cases of the problem. More specifically, [7] considers the unconstrained case, [55] focuses
on the linear constrained case, while [58] addresses the unconstrained case with a convex nonsmooth regularizer,
which includes the case of convex set constraints. However, in all of these studies, the unconstrained problem (6.3)
is tested numerically. In the formulation of problem (6.3), the variable x represents a portfolio, where the j-th
entry corresponds to the amount of investment or the percentage of total investment allocated to asset j. The term
r(z; ¢) represents the random return under portfolio x, and Var[r(z; ¢)] is the variance of r(z; ¢). The parameter
A € Ry denotes the mean-variance trade-off. According to modern portfolio theory [26], it is natural to require
x e A" = {z € R} | Z?=1 x; = 1}. Furthermore, as indicated by [40], the (in)direct use of constraints has
been commonly imposed by asset owners, regulators, risk managers, trading desks, and the portfolio managers in
quantitative portfolio management as follows:

miAn I (z) :=—-Ey[r(z;¢9)] + A Var[r (z;¢9)], s.t. g(z) <O0.

TEA™

Here x is the decision variable with each component z; representing the percentage of the total investment allocated
toasset j,7=1,...,n. And g : R® — R™ includes various constraints, such as bounds on individual asset positions
(Az < b), controls on volatility (Var [r (x;¢)] < @) and controls on the extent of re-balancing (¢! |x — x| < b with
| - | applied componentwisely). The functional constraints may also be induced by group sparsity requirements.
Consider

N
min T (2) =~y [r (2;0)] + A Var[r (2;0)] + ) _ [l
k=1
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where p > 0, © = (21,...,zN) with z; € R™, Z,ivzl ng = n. By adding a auxiliary variable y € RY, we obtain an
equivalent problem in the form of (1.1):

min T (2) = ~E, [r (a38)] + AVar [r (2:6)] + allylls s.t. lexl® = 52,k € [N,
:EGA”,yGRN

Low-rank matrix estimation. To address the low-rank decomposition of an unknown matrix X based on
unbiased samples X (i.e., E[X] = X), Ghadimi et al. [15] propose a formulation for low-rank matrix estimation
problems as follows:

Juin F (ELX) - 0VT) (6.4

where S C R™** x R"** with n > k, and f : R”*™ — R is a nonlinear loss function. This class of problems arises in
matrix completion and robust principal component analysis with random sampling [8]. With slight modifications on
objective function, [8] and [21] consider (6.4) with different S. Specifically, in [8], S is set as the Cartesian product of
R™** and a collection of some sparse matrix such as S, := {U € R™>™2 | ||S; || < ama, ||S. ;|| < amq,Vi, j} with
some positive integers mi, ms and « € (0,1]. In [21], it proposes the distributed low-rank decomposition by adding
equality constraints U; = U for i € [N] and separating (E(X),VT) in column. Additionally, in certain applications
such as independent component analysis, clustering and deep learning, including recommendation systems, it may
be necessary to enforce U = [ug,. .., ux] with u] u; = 0 for all i # j and |lu;]| = 1 for all i as well as U > 0 and
V' > 0. These requirements lead to a model in the form of (1.1), as indicated by Ge et al. [14] and Pan et al. [30].

Constrained minimax optimization. In [52], Yang et al. consider a minimax optimization problem with
expectation constraints

. E .
mipmax B, [c(x, y;w)],
s.t. Eg;[hi(z;&)] <0,i=1,2,...,mq,

]ECJ[gj(y7Cj)] S 07 ] = 1725"'7m2-

IEN:=YN{y|E;lg(:¢)] <0,5=1,2,...,ma}| < oo, by defining

oz, y1;w)

H(z;w) = with {yl,...,yN}:Yﬁ{y|E4j[9j(y§Cj)]SO,j:1,2,...,m2},
c(z, yn; w)

h(z) := Ey[H (z;w)], f(u) == max{uq,...,un},

we can transform the original minimax problem into the form of (1.1).

Recurrent neural network (RNN) with perplexity loss function and regularity requirements. In
the field of natural language processing (NLP), perplexity is commonly used to measure the performance of an
NLP model [56]. Perplexity is defined as the exponential of the averaged cross-entropy loss. Given a set of data
{z},yP,t € [T],n € [N]}, the training process aims for finding the best model parameter 6* that minimizes
exp[wr EnN:1 ZtT:1<—y?, log(r(z},0)))]. Here r(z},0) refers to the output of the model with parameter 6 given
the input =7, and y} is the given label under one-hot encoding. If the model is based on the classical Elman RNN
and certain regularity requirements are imposed on the model parameters, an optimization problem in the form of
(1.1) can be obtained:

N T
. 1 n n
9;:(vg}zljr,lv,b,c) (N ; ;<_yt ,log(r} )>> + A(6),

st. P =Vhi +e¢ by =c(Whi_{+ Uz} +b), t€[T],n € [N],

where Al := 0 for all n € [N].

B. Auxiliary lemmas

The auxiliary lemmas presented in this appendix are used in Section 4. Let {2*} and {z*} be generated by
Algorithm 4.1.
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LEMMA B.1. Under Assumptions 3.1 and 3.2, we have that for any k=0,1,... K,

|2 — 2| < pG<B +1>, Vi € [m],
k

V2¥s, (xaz ) — V¥, (xkvzk)” < Lg,|lz — kaa Vx € R",

where Lg, = L2 gm + BrGLg1m + 2Ly 1Gpm.
It is straightforward to obtain Lemma B.2 following a similar analysis to Lemma 3.5.

LEMMA B.2. Under Assumptions 3.1-8.8, it holds that for any k =0,..., K,
B [d? (VT (5) 4 0 (5541) + V0, (57,24 4 (541),0)]
+6L3E [|[y = b (a*)[°] + 3L2gmE [[]2541 = 24°] + 60,

2
<3| (Lo + Loy + 2+ 1651 [+ = o¥|
k

where or, is defined in Lemma 3.4.
LEMMA B.3. Under Assumptions 3.1-3.3, it holds that for any k =0, ..
1 Lr + ng k1 k112
(2%_2'@)1@[”% ~ ]

L K,

zf+1> |zk B zf+1|

m k
;max < ﬁ ﬂ

2 k+1 kY (|2 2 2 L, 1 1
+ o L3E [Hy — h(m )|| } + agor, +mGT max 762,2,0 A + Br+1 — Br| - (6.5)
+

<E I:Eﬁk (xkyzk) - £5k+1 (xk+1’zk+1)] +E

DO |

Proof. Similar to Lemma 3.6, we can obtain
1 Lr+L
(_ r+ ﬁk)E[ka-&-l_xkuz}

20ék 2
2 1 Lr+L 2
<B [ g + (g0 g ) B [l - o]
- ZF A
<E [Lg, (xk,zk) — L, (xk+1,zk+1)] +E Zmax G, Fz, Zﬁ ‘zf - zf+1|
i=1
+ ay L3E [y = b (") [°] + axo, (6.6)
We now focus on the term Lg, ,, (a1, 25 T1) — L5 (2F+1 2%1). Note
£5k+1 ($k+1ﬂzk+1) - ‘Cﬁk (xk+172k+1 Z wﬁk-u gl k+1) ) 1k+1) - wﬁk (gi (xk+1) ) f+1)] . (67)
i=1

It can be derived from Sy4+1 > B > 0 and the definition of ¢ (u, v) in (2.3) that for any u € (—oo, G] with G > 0
and v € [0,2Gp]:
(i) if Bru + v > 0, then
0

2
B 00) = 0, 00) < (104 25202 ) = (w0t B2 = 2 = o) < G (3.2 ) s - ),
0

where the last inequality comes from u € [—v/B, G] C [-2Gp/ By, GI;
(ii) if Bgu 4+ v < 0, then uw < 0 and Brri1u+ v < Bru + v < 0, which implies that

_ _v (11 (1 -7 )
l/Jﬁk+1 (U;'U) /(/)Bk (U7’U)— 9 (Bk 6k+1> 2G ka ﬁk-l—l ’

Hence for any i € [m] we have

+ Brt1 — ﬁk:| ;

k+1 1 1

1 2
k+1y k41 k+1 2 2
(g (2 , - i (@ , < G max ,2p -
Vs (g ( ) % ) Vs (g ( ) i ) (2 ﬁ ) [/Bk Bt
which, together with (6.6) and (6.7), yields the result.
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C. Proofs of theorems

C1. Proof of Theorem 4.1
Proof. Tt follows from Lemma B.2 that

E d2 (VF (xR-H) +6A R+1 +Z 51391 R—H R+1]+Vgi (.Z‘R+1) +NX ($R+1),0>]
=1

3 K
g}ZE

3L§ om

2
(Lr+Lgk++||sk||> 5+ — oM 1 203 [y — b ()|

K
2 6
E:E{Mf+l RO (6.8)
k=1
Moreover, through a similar analysis to (3.24) and (3.25) we derive
3L2 ym &

i ;ﬁmfﬂmﬂ+;§¥ﬁ_o@1@.

=1

Hence, to estimate the upper bound of (6.8) we only need to analyze the first term in the right hand side.
Multiplying (3.19) by (1 + akac) and plugging it into (6.5), we obtain from Lemma 3.2 that for any k € [K],

L Lr+Ls k1 _ k|2 k+1 _ k
| (ga ~ g ) R = = )

_Ewmcwchmuwﬂaf“ﬂ+Gmw( 2B [+ - ] + et
(1 arL3) (L+7) (L= m) E [o* = b (@] + (1 anLd) (1457 (1= ) L3 o [ — o]
5070 p? 1 1
+(1+axl}) (1+ ) nk? +mG? max (2 gz 2 2) {ﬁk " B + Br+1 — Bk] .

Summing up the above inequality over k£ = 1,..., K implies

1 Lr+ L 2 2
B | (g~ ) e = - n )|

2&[{ 2

= 1 Lr+1L 2
+YE Kmk St I (1) (L) (- nkH)?Lz,O) e+ — ¥ ]

+ E {(1 — (1 + OékJrlL?c) (T +veq1) (1= ﬁk+1)2) H?/kJrl —h (xk) HQ}

K
E [ﬂgl (J:l,zl) —Lggn (a:K+1,ZK+1)] + Gmax( ) ZE sz"'l kH1] —‘rO’% Zak (6.9)
k=1

+(1+arL3) 1 +7) (1 —m)? [Hy —h ()] } + (14 arL3) L+ ") (L —m)’ L} o [||x1 —x0||2]
- 1 1

2 2
1
—|—E 1+ ail?) (14 —|—mG2maX< 22) {—
k:l( * f)( %)nk P 2’ 5 P B1

+ Br+1 — 51} -

Br+1

Under parameter settings in (4.3) and the definition of Lg, , we can deduce oy, < @; for any k > 0, which together
with Ly = Ly,0Ly 1 defined in Lemma 3.1 implies that 0 < 7, <1 for any k£ > 0, and for any k& > —1,

2 2
k k n
(14 ape1L?) (L +vp1) L —mps)® =1 < ((1+ ";1) (1_77k+1)) T R == o |

= —Q}4+1 Max (L?c7 SL%L’O)
(6.10)
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and

0< (T+apal}) (1) U= mep)* Lio < (1+ aeaL3) (1+90) Lho

L2 1
1+?+L‘fc¥1 Lh0+

Bagt1
3 L 1 1 Lr+ Lg
<2 L? < — ML 6.11
= <2+ 8 h0+8ak+1 = Ao 4 (6.11)

At the same time, it follows from a; ' — Ly — Lg, = Lr + Lg, + (12 + L?u)L%,o = (Lr + 2mGpLgy1 + (12 +
L3 1)L} o) + (mL2 o +mGLy1)Bo(k + 1)1/ that for any k > 1,

-1 1/4

—Lr—L

Lepn = 0= P o <k+2) <8 (6.12)
“Lr— Ly, k1 5

which together with (6.11) implies that

_ 1 Lr+ L 1
(1 + akn L) (1+700) (- Met1)” Lj o~ ( - 2'8k> < % <

20, —(Lr + Lﬁkﬂ)) (6.13)

(77|

Applying (6.10) and (6.12)-(6.13) to relax the coefficients of ||+ — :L’k||2 and ||y*+! — h (2%) ||2 on the left side of
(6.9), we obtain

K
1 Lr+ Lg, 2 2
S8 (o ) Rt e ma (15,8220 |3 < ()]

<E (L5, (11,2) ~ Loy (50N 4 (Lt an L) (14 777) (1= m)? L o [l — 20
2 K
1+ azd) @) =B [l - ()] +6 (14 2) SR [k - )
k=1

K
1 2 1 1
+ 1+a L2 (1+ ——l—a « +mG2max< 22> {——l— — } 6.14
3:1 k V)1 ) pkzl k 2 B Brn Br+1— B (6.14)

Similar to (3.30), we can attain

2 GQ 2
’CﬂK+1 (mK+17ZK+1) >0 - mg P '
0

And for (1+a,L3)(1 + i H( - m)?Li, oE[llz' — 2°)?] + E[Ls(z", 21)], it follows from Lemmas 3.2 and B.3 that

(6.15)

<1LF+LBO

e 5 ) E [||ac1 - o:0||2} <E[Lg, (2°,2°) — Lg, (21, 21)] + apo? + apL3E [||y1 — h(2) |ﬂ

2p 10 2 1 Ls_
+G<1+60)E[||z 2||.] +ma max<2 gan’ ) {60 ] /30].
Then it together with (6.11) and (6.12) yields

(14 ) (1+ar) (=) B [t o] + B [£a, (21,))

<Lg, (mo,zo) +apot +G (1 + Zp) E [Hzl — zOHJ + aoLch [Hyl —h (mo) Hz}
0
2 1 2\ L_ L g
+ mG max<2 5 ,2p )[50 BlJrﬂl 50}

<Tr (xo) +A (a: ) bo sz + oo + 2G%mp (1 + B > + aoL?E [Hy1 —h (Jco)‘ﬂ
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+mG2maX<1 222) [11+5 5} (6.16)
2’ B3 Bo B T '

where the second inequality is due to z° = 0 and Lemma 3.2, and

L3 (°,29) =D (%) + A (%) + 2 S (] (I @9)],)" <T (%) + A () + Rc2m (6.17)

i=1

Hence, plugging (6.15) and (6.16) into (6.14) we obtain

S 1 Ly + Lg, ) |
Z]E [(G%H _br . Bk+1> [+ — mkH2 + g max (L7, 8L ) [yt = b (wk)HQ]
k=1

2G2p2m ﬂo
Bo

K
+ [+ aad) (1 +9) (1= m)* + a0 B3| E |o* = 0 (=) |] + & (1 + ;’:) SE[) - 24,
k=1

<r (xo) + A (xo) - C* +

K 2

2p o

m+apg ak+2G2mp<1+ﬂO>+E 1+aka)(1+fyk)n%i0
k=0 k=1

—|—mGZmaLX<1 P’ 22)[1 L + Br+41 — /60}
2 52 Bo  Br+1
2G2p2m ﬂo

§F(x0)+A(xo) - C*+

K 2
2p Y

m+UFZak+2G2mp <1+ )+Z (1+ i L3) (1 + ) 0
Bo = Bo) = " P

+EMw—<>n] 6 (14 2) S E 4 -

+ mG? max o ,2p° ! L + B B
5 5 K+1 — Po

Bo  Bri1
2 2

gF(x0)+A(:c°)—C*+2Gpm BO m+aFZak+2G2mp<1+ )
Bo 2 = Bo
0%, s K 0%

0_p Ih,0 2, “h0
#2208 G (1422) St
+mG2max( ) ﬁi ,3 o + Br41 — 50}

1
_ 3/4 1/4
(’)(1+K <P2+J>+ Pt K ) (6.18)

where the second inequality holds due to 0 < 7 < 1, (1 + a1 L3)(1 4+ 71)(1 —m)* + aL? < 2 from (6.10) and
ag < ai , and

2

E[[ly' - n ()] =E

(I —=mno) (yo—h(:co —1—770( Z H ( 0))

¢>€730 1

0.2
< =m0 )+ 52,

the third inequality follows from

K K
D B[ -] <> E
k=1 k=1

ZpG (50 +1>

i=1

< Gmp (Zp +1>
0

by Lemma B.1, and (1 + . L7)(1 + ) < (3/2)* < 3 from ~ = 8L jok, i < @y, and the last equality follows
from (3.23) and (4.3).



Therefore, (6.18) implies that

3 K
72 E

k=1

2
(Lr +Ls, + aik + s’“ll) 2%+ — a¥||* + 2L [|y* 1 — b (2*) HQ]

2
« Le+ Lo, + 3 + "]
3 ( r B or 2
< — E ,
5K kz::l max GaiH B Lr+L65k.+1 gt
1 Lr+ Lg 2 2
<<6ak+1 TG kH) [+ = 2®||” + gy max (LF,8L7 o) [|y**" — h ()] )1

2
<9 (34 1/n :
ag 1 K mﬂg(Lg 0+ GLgy1)

K
ZE K I LF+Lﬁk+1> HQEHI _;ckH2+C¥k+1 max (L?,SL%,O) Hykﬂ _h(xk)Hz]
Pt Barg41 6

1 1 1 1
—3/4 K—l 2) _ K32

where the second inequality follows from

py/n /1

k 1/4
s < pv/n(k + 1)V4 < Lp. =
5"l < pv/n(k +1) mBo(L2o+ GLy1) ™ = mBo(L2 o+ GLy1)

(LF + Lﬁk+1 )a

Lr+ Lg, + a,:l <Lr+Lg,,, + a];il, Lr+Lg,,, < (2ak+1)_1 and ag41 > aky1, and the last equality holds due
to Py = J > VK, P, > K'/* Then plugging (6.19) into (6.8) yields the result. O

C2. Proof of Theorem 4.2

Proof. Similar to Theorem 3.3, for any £ > 1 we have

Jio 0.

< 2 ()0 0443 i () 4 41, T ) 40 ()0 a4+ it

2

B 52—11’2

Hence, it indicates from (4.4) and B = Bo(k + 1)'/* that

o] - KZEU\ L]
_22@K

4m2L2 G2 2+L 2 +G2
Z QB%K oL p h,o A}

i=1

d2 (vr (karl) + zm: [Bkgz ($k+1) 4 Zf—i_l]_i_vgi (karl) + OA (karl) +NX (xk+1)70>‘|

i=1

< VQ‘;SE d
4

ST

—o (ke =0 (K1),

2 (VF (1) + Em: [Brgi (1) + zf“]JrVgi () + 0A (271 + N (:rR“),O)}

i=1

[4mPL2 (G2? + L2 L2, + G2]

where the second inequality uses Zszl \/klﬁ <2(VK +1—-1) < 2V/K. We thus obtain (4.5).
Furthermore, it is straightforward to derive (4.6) following a similar proof to Theorem 3.5. O
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