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Abstract Lagrangian relaxation schemes, coupled with a subgradient procedure, are frequently em-
ployed to solve chance-constrained optimization models. The subgradient procedure typically relies on
a step-size update rule. Although there is extensive research on the properties of these step-size update
rules, there is little consensus on which rules are most suited in practice. This is especially so when the
underlying model is a computationally challenging instance of a chance-constrained program. To close
this gap, we seek to determine whether a single step-size rule can be statistically guaranteed to perform
better than others. We couple the Lagrangian procedure with three strategies to identify lower bounds
for two-stage chance-constrained programs. To this end, we consider two instances of such models that
differ in the presence of binary variables in the second-stage. With a series of computational experiments,
we demonstrate—in marked contrast to existing theoretical results—that no significant statistical differ-
ences in terms of optimality gaps can be detected between six well-known step-size update rules. Despite
this, our results demonstrate that a Lagrangian procedure does provide computational benefit over a
naive solution method—regardless of the underlying step-size update rule.

Keywords Chance constraints · Stochastic optimization · Lagrangian decomposition · Subgradient ·
Clustering

Notation

Indices and Sets
ω ∈ Ω set of scenarios; {ω1, ..., ω|Ω|}
t ∈ T set of time periods; {1, 2, . . . , |T |}

Parameters
Rt ∈ R+ reward received at time t
Cω

t ∈ R+ cost incurred at time t in scenario ω
pω ∈ [0, 1] probability of scenario ω
uω

t ∈ R+ a realization of uncertainty revealed at time t in scenario ω
xt ∈ R first-stage decision that provides a reward at time t
yω

t ∈ R second-stage decision that results in a cost at time t in scenario ω

λ ∈ R+ a Lagrange multiplier
∆ ∈ R+ a step size to update λ
γ ∈ R a subgradient
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ζ ∈ R+ difference between successive λ values in Algorithm 1
ψ ∈ R+ a threshold for the optimality gap in Algorithm 1
ι ∈ R+ a threshold for ζ in Algorithm 1
iter maximum number of iterations in Algorithm 1-3
time maximum time limit for Algorithm 1-3 [seconds]

ρ ∈ R+ regularization parameter in model (9)
m ∈ N number of scenarios used in model (9)
x̂t ∈ R proximal term at time t in model (9)
κ rate of growth of sample size m in Algorithm 2 and Algorithm 3

Z optimal objective function value for model (1)
Z a lower bound for model (1)
ZD an upper bound for model (1)
ZD(λ) optimal objective function value for model (3) for given λ
ZD(λ),ZD(λ) lower and upper bounds for model (3) for given λ
Z optimal objective function value for model (6)
δ ∈ R+ optimality gap between ZD and Z; δ = ZD−Z

ZD
.

1 Introduction

Consider the following formulation of a generic two-stage stochastic linear program with chance con-
straints:

Z = max
x,y

∑
t∈T

Rtxt − E
[
Cω

t y
ω
t

]
(1a)

s.t. P
(
xt ≤ yω

t + uω
t ,∀t ∈ T

)
≥ 1− ε (1b)

xt ≥ 0, yω ∈ Y ω,∀t ∈ T, ω ∈ Ω. (1c)

Here, xt is a first-stage decision that provides a reward Rt, ∀t ∈ T . Following this decision, the
uncertainty is realized via a scenario ω ∈ Ω. Next, we make a so-called recourse, or second-stage, decision
yω

t while paying a cost Cω
t , respectively ∀t ∈ T, ω ∈ Ω. Then, the objective function in equation (1a)

seeks to maximize the overall profit by rewarding first-stage decisions and penalizing the expected cost of
second-stage decisions. Constraint (1b) is a typical joint chance constraint (JCC); here, uω

t is data that
is revealed after the uncertainty ω is realized. The JCC ensures that the joint probability of satisfying
this inequality is no less than 1−ε, where ε > 0 is a risk threshold. In other words, the JCC ensures that
the inequality is satisfied with a high probability for all time periods t ∈ T . Constraint (1c) enforces a
non-negativity restriction for the x variables, and that the y variables belong to some set Y , ∀ω ∈ Ω.

Chance constraints were first studied by Charnes and Cooper [8], and have been actively investigated
in the past few decades. One-stage chance-constrained programs, that allow only non-adaptive decisions,
are relatively easier to solve as strong integer programming reformulations resulting from strong linear
programming (LP) relaxations are available, see, e.g., [3, 15]. Two-stage chance-constrained programs,
where the y variables adapt to the scenario that is realized, require specialized algorithms for their
solution since direct methods are often computationally intractable. Examples of such methods include
decomposition methods [17], heuristics [34], or approximations [30]. Model (1) is an example of a typical
two-stage chance-constrained model that requires the use of similarly tailored solution methods. Further,
the set Y can include integer variables, and coupling this set with a JCC leads to an even greater
requirement of computational effort [29].

The above description of model (1) is generic and includes a few modeling assumptions; these are
also reflected in our work. First, we assume a discrete representation of the uncertainty is available via
finitely many scenarios in the set Ω. This is possible via a Monte Carlo sampling procedure, or via a
sample average approximation (SAA) of the expectation and the chance constraint [18]. For a detailed
analysis of this assumption, see [33]. Second, we assume that the entire spectrum of uncertainty is known
after the first-stage decision is made. This is a standard representation of two-stage stochastic programs;
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in contrast, a multi-stage stochastic model allows the uncertainty to unfold at successive time periods.
Multi-stage stochastic models are significantly more difficult to solve than two-stage models, see, e.g., [1].
Third, we assume that the x variables are not directly related across time periods, except via the JCC.
This assumption is relatively mild and can be relaxed; however, we maintain it for simplicity of exposition.

The JCC in constraint (1b) can be reformulated as follows.

xt − yω
t ≤ uω

t +Mω
t z

ω,∀t ∈ T, ω ∈ Ω (2a)∑
ω∈Ω

pωzω ≤ ε (2b)

zω ∈ {0, 1},∀ω ∈ Ω. (2c)

Here, Mω
t is large enough such that equation (2a) is vacuous when zω = 1. Constraint (2b) is a

knapsack constraint. For equally likely scenarios, this constraint reduces to
∑

ω∈Ω zω ≤ ⌊|Ω|ε⌋, where
⌊·⌋ rounds its argument down to the nearest integer. With the reformulation of the JCC as in equation (2),
model (1) can be directly solved using a commercial mixed-integer programming (MIP) solver; however,
the computational effort can be prohibitive.

The aim of this work is to investigate the computational performance of a series of procedures that
provide lower and upper bounds for model (1) with the JCC represented as equation (2). For lower bounds
of model (1), we summarize, extend, and compare three methods based on regularization, aggregation,
and sorting techniques, respectively. For upper bounds of model (1), we use a Lagrangian relaxation
procedure that we solve with a subgradient algorithm using six step-size update rules. The theory of
these procedures is largely developed; however, as we show later in this work, this theory is not always
reflected consistently in computational practice. Specifically, differences arise since in practice we solve
models with a given time limit; and, the theoretical “best” bounds are not always achieved in this time
limit. To this end, we are interested in the following two questions:

Q1 Given a computationally intractable chance-constrained program, is there any merit for a bounding
procedure that is also computationally challenging?

Q2 Which bounding procedures are the most effective in practice and when?
Questions Q1 and Q2 are fundamental when facing a choice of bounding procedures for chance-

constrained optimization models. We provide a set of guidelines that assist in this choice. With this
background, the following are the key contributions of this work.

(i) We bridge the gap between theory and computational practice of six well-known step-size rules
for the subgradient method of a Lagrangian relaxation. Our results demonstrate that although
there is theoretical evidence for some rules performing better than others, this is not always
reflected in practice. Indeed, we show that within a given time limit—even when the time limit
is sufficiently large—a single rule cannot be statistically validated as the best performer for a
chance-constrained optimization model.

(ii) For instances of model (1) with significant computational challenges, only conservative upper
bounds can be derived from a Lagrangian procedure. However, our results demonstrate that
even then there is improvement over a naive solution method no matter which step-size rule
is employed. For example, with one choice of a step-size rule, over the 32 instances that we
consider, the Lagrangian procedure, coupled with a lower bounding scheme, provides an average
reduction of 20.9% in optimality gaps.

(iii) For lower bounds of model (1), we investigate three methods based on regularization, aggre-
gation, and sorting techniques, respectively. Over the 32 instances that we consider, the three
methods provide an average improvement over the naive solution method in terms of the best
feasible solution by 16.2%, 0.5%, and 10.3%, respectively, even when using only half or less of
the time consumed by the naive solution method.

(iv) We demonstrate that regularization with aggregated scenarios does not always benefit over regu-
larization with independent identically distributed (i.i.d) scenarios. In the absence of customized
aggregation procedures, choosing i.i.d. scenarios for the SAA of model (1) is advisable.

(v) Finally, our results show that good lower and upper bounds used together—even when the
bounding procedures are terminated prematurely—result in smaller optimality gaps than those
obtained naively. Over the 32 instances that we consider, the average gap between the best lower
and upper bounds improves to 30.3% from 37.0% obtained naively.
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The structure of the rest of this article is as follows. In Section 2, we study upper bounds using
the Lagrangian relaxation procedure with the subgradient algorithm investigating six step-size rules. We
compare the six bounds statistically using the best available upper bounds in a time limit. In Section 3, we
summarize three lower bounding procedures using methods of regularization, aggregation, and quantiles,
respectively. In Section 4, we briefly introduce two existing models that serve as our computational case
studies in Section 5. We analyze the lower and upper bounds in Section 5.3 and Section 5.4, respectively;
further in Section 5.4, we statistically compare the step-size rules. Finally, we perform an additional set
of statistical comparisons—between the naive solution method and the Lagrangian procedure integrated
with the best lower bounds—in Section 5.5. We conclude with a discussion in Section 6.

2 Upper bounds for model (1)

2.1 Lagrangian relaxation

Relaxing constraint (1b) via a Lagrangian dual procedure results in the following model that we call as
the dual model for model (1).

ZD(λ) = max
x,y,z

∑
t∈T

Rtxt − E[Cω
t y

ω
t ] + λ

(
ε−

∑
ω∈Ω

pωzω
)

(3a)

s.t. (1c), (2a), (2c). (3b)

We have the following basic bounding principle (BBP) for the Lagrangian dual model:

Z ≤ ZD(λ),∀λ ≥ 0.

The BBP follows from the fact that an optimal solution for model (1) is feasible for model (3), and
with a non-negative λ the objective function value in equation (3a) is more than that of equation (1a);
see, e.g., [7]. Given an optimal solution (x, y, z) of model (3) for a λ ≥ 0, the BBP holds with equality—
Z = ZD(λ)—if the following two sufficient conditions are met:

(i) ε ≥
∑

ω∈Ω pωzω, and
(ii) λ

(
ε−

∑
ω∈Ω pωzω

)
= 0.

Then, the Lagrangian dual solves model (1). However, even for LP models, these conditions rarely hold
true in practice. For a numerical solution of MIPs—such as model (1) and model (3)—we require the use
of an optimization solver, e.g., CPLEX or Gurobi, that works by branching. Then, the solutions provided
by the solver are either provably optimal to a small tolerance, or are the best known feasible solutions
in a given amount of time.

In this time limit, if the dual problem is solved to optimality, the BBP holds (although not necessarily
with equality). Further, this is true in the presence of integer variables as well. If we have a lower bound
for model (1) available, we can construct a range for the optimal objective function value of model (1).
This is true even if the optimization models for the lower bounding procedure are solved suboptimally.
However, if the dual problem is solved suboptimally, only a weak, or conservative, bounding procedure
results. Let ZD(λ) and ZD(λ) denote the lower and upper bounds of the dual model reported by the
optimization solver. The following simple example serves to illustrate the point of this discussion.

Example 1 Consider the following MIP:

Z = max
x,y

2x+ 3y

s.t. x+ y ≤ 1
3x+ y ≤ 3
x, y ∈ {0, 1}.

The optimal solution is x = 0, y = 1 with Z = 3. Consider the following Lagrangian dual model:
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ZD(λ) = max
x,y

2x+ 3y + λ(1− x− y)

s.t. 3x+ y ≤ 3
x, y ∈ {0, 1}.

Assume that the branch-and-bound solver terminates with the following feasible solution for the La-
grangian dual model: x = 1, y = 0 that provides ZD(λ) = 2,∀λ ≥ 0. We note that this solution is feasible
for the true model. A corresponding upper bound is available from x = 0, y = 1 with ZD(λ) = 3,∀λ ≥ 0.
Since ZD(λ) < Z, the feasible solution reported by the solver cannot be used for the BBP. Further, since
the precise value of ZD(λ) ∈ [ZD(λ),ZD(λ)] is unknown, the BBP is of no value.

Example 1 demonstrates that, unfortunately, in practice we cannot provide a strong optimality cer-
tificate as that given by the theoretical bound in the BBP. Thus, we modify the BBP conservatively as

Z ≤ ZD(λ),∀λ ≥ 0,

and denote it as the modified basic bounding procedure (mBBP). It follows from the mBBP that smaller
values of ZD(λ), or ZD(λ), are of particular interest to us. Solving the optimization problem

Z = min
λ:λ≥0

ZD(λ) (6)

achieves this, and we do so via the classical subgradient algorithm of Shor [27]. To this end, there are
two key quantities of interest.

(i) First, the one-dimensional quantity ε −
∑

ω∈Ω pωzω is a subgradient of the function ZD(λ) for
any λ ≥ 0 at which z is an optimal solution for model (3). The subgradient essentially determines
the direction of descent towards the optimal λ. We denote this subgradient by γ.

(ii) The second quantity is the step size that determines the magnitude of decrease in the descent
direction. A number of strategies to determine good step sizes have been designed, see, e.g., a
series of works by Polyak [21,22]. We denote the step size by ∆.

Then, at iteration k we update λ by taking a step in a direction opposite to the subgradient: λk+1 ←
max{λk −∆kγk, 0}.

This straightforward Lagrangian relaxation procedure of a chance-constrained optimization model
is well-studied in various contexts. The progressive hedging algorithm of Rockafellar and Wets [24],
as further developed in [34], is also based on this scheme as follows. In the absence of the first-stage
variables x, model (3) separates across the scenarios. Thus, we include a so-called non-anticipativity
constraint that creates copies of the x variables as follows: xt = x̄t

ω,∀t ∈ T, ω ∈ Ω. Then, relaxing both
the non-anticipativity and the knapsack constraints completely splits the problem across the scenarios;
these separable problems are solvable in parallel to further reduce computational effort. Similar ideas
are employed in work on decomposition algorithms for chance-constrained optimization models [4, 10].
Such schemes find particular application in the power systems literature. Ozturk et al. [20] study a
Lagrangian relaxation procedure of a stochastic unit commitment problem with chance constraints.
Singh and Knueven [28] study a similar procedure for a hybrid storage system with chance constraints.

The above cited works bound chance-constrained, or general stochastic, optimization models with the
following motivation. The original optimization model—such as model (1)—is difficult to solve naively.
Relaxing a set of constraints by a dual procedure results in a relatively easier optimization model—such
as model (3)—that is computationally more tractable. Then, these works seek to iteratively determine the
best bounds from the relaxation by solving model (6). Even when arg minλZD(λ) cannot be computed,
such schemes provide significant value. This value is especially evident when the Lagrangian models
are completely [34] or nearly-completely [31] decomposed into independent subproblems, such as in the
progressive hedging algorithm. Further, some error bounds given a suboptimal λ are also known, see,
e.g., [6].

As we mention in Section 1, we are interested in a different setting than the works cited above.
Specifically, we study the situation where the relaxed model is also computationally challenging to solve,
such that not only arg minλZD(λ) is difficult to compute but also the individual models in the sequence
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of Lagrangian problems are only solved suboptimally. To this end, our work on upper bounds specifically
focuses on the gap between theory and practice in relation to the parameter ∆ for the two-stage chance-
constrained program given by model (1). Below are six well-known strategies to update this step-size
parameter that we consider in this work.

2.2 Subgradient methods

We consider the following six strategies to update the step-size parameter ∆.

(i) First, we consider a constant step size; i.e., ∆k = ∆ > 0. In Section 5.4, based on a preliminary
analysis we use ∆k = 0.58. We denote this rule as Rule I.

(ii) Second, we consider a constant step length. The quantity |γk|∆k provides the step length or the
total amount we change λ by. We then have ∆k = α

|γk| , with α > 0. In Section 5.4, we use
∆k = 200

|γk| . We denote this rule as Rule II.
(iii) Third, we consider a sequence ∆k where the sum diverges, but the squared sum is finite; i.e.,

∆k ≥ 0, with
∞∑

k=1
∆2

k <∞,
∞∑

k=1
∆k =∞.

An example of a sequence that satisfies this criterion is ∆k = a
b+k , where a, b > 0. In Section 5.4,

we use ∆k = 3
2+k . We denote this rule as Rule III.

(iv) Fourth, we consider a sequence ∆k where the sum diverges as in Rule III, however the step size
shrinks to zero; i.e.,

∆k ≥ 0, with lim
k→∞

∆k = 0,
∞∑

k=1
∆k =∞.

An example of a sequence that satisfies this criterion is ∆k = a
kn , where a > 0 and 0 < n ≤ 1.

In Section 5.4, we use ∆k = 1√
k

. We denote this rule as Rule IV.
(v) Fifth, analogous to Rule IV, we consider step lengths that diminish but are not summable; i.e.,

∆k = αk

|γk|
, with αk ≥ 0, lim

k→∞
αk = 0,

∞∑
k=1

αk =∞.

In Section 5.4, we use ∆k = 300/k
|γk| . We denote this rule as Rule V.

(vi) Finally, we consider the step size proposed by Polyak [23, Chapter 5]:

∆k = θk
(ZDk −Z)

γ2
k

,

where ZDk is an upper bound for the optimal objective function value for model (3) at iteration
k given a λ ≥ 0, Z is any lower bound for model (1), and θk > 0 is a scalar. From the mBBP
we are assured that ∆k ≥ 0 for any lower bound Z. In Section 3, we provide three ways to
compute the lower bounds, Z. Following the suggestion by Held et al. [11], in Section 5.4 we use
θ1 = 2 and progressively half this value if there is no improvement in ZD(λ) in two iterations.
We denote this rule as Rule VI.

We summarize the above discussion in Algorithm 1. In Step 1, we begin with the LP relaxation of
model (1) to provide an initial upper bound for model (1). We terminate the algorithm in Step 9 if one
of the following happens: (i) the gap between the estimated upper bound and the input lower bound
is less than a threshold, δ, (ii) a time limit, time, is reached, or (iii) the values of λ do not change by
more than a threshold, ζ, between two iterations. In the last two cases, the algorithm converges without
finding the optimal objective function value Z of model (6). Then, we report the available optimality
gap and the conservative upper bound ZD. As we mention in Section 2.1, we are especially interested in
the second of these three cases.
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Algorithm 1 Lagrangian relaxation procedure of model (1)
Input: iter; Z; time; θ; ψ; ι; step-size rule r.
Output: ZD; δ.
1: Solve LP relaxation of model (1); ZD ← optimal objective function value; λ ← optimal dual of constraint (2b).
2: k ← 1.
3: while k ≤ iter do
4: Solve model (3); ZD ← min{ZD,ZD(λ)}; γ ← ε−

∑
ω∈Ω

pωzω with optimal zω .
5: If no change in ZD between current and previous two iterations, θ ← θ

2 .
6: Update ∆ according to step-size rule r.
7: λnew ← max{0, λ−∆γ}; ζ ← |λnew − λ|; λ← λnew

8: δ ← ZD−Z
ZD

.
9: If δ ≤ ψ or time ≥ time or ζ < ι, STOP.

10: k ← k + 1; update time to the cumulative wall-clock time.

2.3 Statistical validation

In practice, high quality bounds that are achieved quickly are of greater interest than provably optimal
bounds that require significant computational effort. For example, although Polyak’s works [21,22] pro-
vide strategies that are guaranteed to converge to the optimal λ for convex optimization models, they
often require improvisation in practice [11]. Model (3) is non-convex due to the presence of the binary
variables z; see, also, [6].

In this work, we seek to identify step-size rules that perform “better” than others in practice. Further,
we are motivated by the setting where the individual problems in the sequence of Lagrangian models
can only be solved suboptimally. To this end, we employ 20 batches of two computationally expensive
instances of chance-constrained programs from existing works to develop statistical guarantees; i.e., for
both instances of model (1), given the parameters, we sample the uncertainties 20 times each. Both of
these instances could not be solved to optimality in the existing works. In this section, we present a
hypothesis test that we use to validate the performance of Algorithm 1 statistically, and we present the
results of this test on the two instances in Section 5.4.

Let µr denote the expected gap computed by Algorithm 1 for step-size rule r. Consider the following
null and alternate hypotheses:

H0 : µr ≥ µs, H1 : µr < µs. (7)

We employ a Welch t-test with a test statistic T that has a Student-t distribution with ν degrees of
freedom as follows:

T = r − s√
s2

r

20 + s2
s

20

, where T ∼ tν , with ν =


(

s2
r

20 + s2
s

20

)2

1
19

(
s2

r

20

)2
+ 1

19

(
s2

s

20

)2

 . (8)

In equation (8), r and s denote the average gap over the 20 batches for step-size rules r and s,
respectively. Analogously, sr and ss are the corresponding sample standard deviations of the gaps. For a
5% level of significance, we reject the null hypothesis if T < t0.05,ν , where t0.05,ν denotes the 5-percentile
quantile of the t-distribution with ν degrees of freedom. Rejecting the null hypothesis suggests rule r
performs better than rule s.

3 Lower bounds for model (1)

A corresponding lower bound, Z, for model (1) is available via any feasible solution. Good quality feasible
solutions that provide large values of the objective function are of interest to us for at least two reasons.
First, the presence of a lower bound, in addition to the upper bounds, from Section 2 helps determine
an optimality gap for model (1). Second, step-size Rule VI requires a lower bound. In this section, we
summarize three methods to determine lower bounds for model (1). Each of the three methods has their
own merits as well as shortcomings that we acknowledge below.
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3.1 An iterative regularization bound

In [29], the authors provide an iterative regularization-based (IR) heuristic that achieves statistically
validated lower bounds for a chance-constrained optimization model. This regularization method is mo-
tivated by classical descent algorithms in the continuous optimization literature (see, e.g., [7]), with a
notable difference of the use of independent samples of scenarios at each iteration. Traditional regular-
ization methods work by modifying the objective function via a proximal term, see, e.g., [32]. Singh et
al. [29] exploit this idea to break symmetries in MIP models and achieve good quality feasible solutions
quickly. Although the authors do not provide any guarantees of convergence, they achieve lower bounds
that are nearly double of those obtained via a naive solution method on their test instances [29]. Thus,
the method is promising; however, to the best of our knowledge, it has not been tested on other instances
of chance-constrained models. We test the computational performance of this method in Section 5.3.

Algorithm 2 summarizes the IR procedure of [29], where the authors assume equally likely scenarios.
Model (9) is the regularized model, where ρ > 0 is a regularization parameter and x̂ is a proximal term.
The IR iteratively solves SAAs of model (9) of progressively increasing size, m; i.e., all the considered
scenarios have a probability of 1/m.

max
x,y

∑
t∈T

(
Rtxt − E[Cω

t y
ω
t ]

)
−

∑
t∈T

ρ|xt − x̂t| (9a)

s.t. (1c), (2a)− (2c). (9b)

Algorithm 2 Iterative regularization bound of [29] for model (1)
Input: m; κ; time; iter; ρ; Oracle to generate independent scenarios for model (1); instance of model (1) with |Ω| scenarios.
Output: Z.
1: Z ← 0; k ← 1.
2: while time ≤ time and k ≤ iter do
3: if k = 1 then
4: Generate m independent scenarios from Oracle; solve SAA of model (1) with these m scenarios; x̂← optimal x.
5: else
6: Generate m independent scenarios from Oracle; solve SAA of model (9) with these m scenarios; x̂← optimal x.
7: Solve input instance of model (1) with x fixed to x̂; zm ← objective function value.
8: Z ← max{zm,Z}.
9: m← ⌈(1 + κ)m⌉.

10: k ← k + 1; update time to wall-clock time.

3.2 An aggregation bound

A large number of scenarios in the set Ω lead to computational difficulties in solving model (1). Choosing
a new, smaller, set of scenarios that “represents” Ω is one way to handle this computational difficulty.
This idea is again related to the classical scenario aggregation, or progressive hedging, technique proposed
in [24]; although clustering techniques for general data points are well-studied in other disciplines, see,
e.g., [12, 25]. In this section, we develop a second lower bound by integrating a clustering procedure
within the IR bound.

To this end, we begin with a large pool of scenarios that we aggregate (or, cluster) into a set of a
few representative scenarios. Several methods are available to determine these representative scenarios,
see, e.g., [14] for a comparison of these methods and their respective performance on energy system
models. We then solve this relatively smaller problem to obtain an optimal solution for the first-stage
x variables. Next, we solve the original problem with the x variables fixed to this value; the resulting
objective function value provides a lower bound for Z. Ideally, both of these problems are solved quickly.
However, the procedure fails if the second problem is infeasible. For models with relatively complete
recourse—where the second-stage problem is feasible for any choice of the first-stage variables—this
procedure guarantees a feasible solution.
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The scheme we describe above can be further improved, and we do so in Algorithm 3. To this end,
we use the IR procedure of Algorithm 2 but instead of sampling m identically distributed samples in
Step 8, we use the above-described clustering procedure to generate m samples. In Section 5.3, we
use the so-called hierarchical aggregation method presented by Hoffmann et al. [13] for the procedure
cluster(M,m). Given a pool of samples of size M , this procedure returns m aggregated scenarios with
respective weights for each scenario. These weights determine the probability, or relevance, of each of
these m scenarios; i.e., the scenarios are no longer equally likely. We denote this lower bound as the
aggregation procedure (AP) bound.

Algorithm 3 Aggregation bound for model (1)
Input: m; κ; time; iter; ρ; p; Oracle to generate independent scenarios for model (1); procedure cluster(a, b) that

aggregates set of a scenarios into set of b scenarios and their respective weights, a > b; instance of model (1) with |Ω|
scenarios.

Output: Z.
1: Generate p >> |Ω| independent scenarios from Oracle.
2: Z ← 0; k ← 1.
3: while time ≤ time and k ≤ iter do
4: if k=1 then
5: Use cluster(p,m); solve SAA of model (1) with these m scenarios and their respective weights; x̂← optimal x.
6: else
7: Use cluster(p,m); solve SAA of model (9) with these m scenarios and their respective weights; x̂← optimal x.
8: Solve input instance of model (1) with x fixed to x̂; let zm denote the objective function value.
9: Z ← max{zm,Z}.

10: m← ⌈(1 + κ)m⌉.
11: k ← k + 1; update time to wall-clock time.

3.3 A quantile bound

Another lower bound is available from a procedure described and implemented in [28]. Here, Singh and
Knueven [28] modify the quantile-based bound of Ahmed et al. [2]—originally used to generate upper
bounds—to generate lower bounds from feasible solutions. We first note that a feasible solution for the
z variables for model (1) is available by choosing an arbitrary number, k, of scenarios ω as 1 and the
rest as 0, where k is the cardinality of the set {ω :

∑
ω∈Ω pω ≤ ε}. For equally likely scenarios, we have

k = ⌊|Ω|ε⌋.
In [28], the authors consider equally likely scenarios and first solve model (1) separately for each

scenario ω by fixing zω = 0; i.e., a set of |Ω| subproblems. Similar to the progressive hedging subproblems
that we discuss in Section 2, each of these subproblems are computationally cheap to solve and can also
be solved in parallel. Then, the procedure chooses zω = 1 for the worst performing ⌊|Ω|ε⌋ scenarios; i.e.,
those with the lowest objective function values. Solving model (1) for this fixed value of z provides a
lower bound, Z. On the test instances defined in [28], the authors are able to complete this procedure for
|Ω| = 1200 in about half a minute. However, if this final problem is computationally intensive—despite
the z variables being fixed—this heuristic is not effective. As we demonstrate later in our work, this
can indeed happen. We denote this bound as the quantile procedure (QP) bound, and summarize this
discussion in Algorithm 4.

Algorithm 4 Quantile bound of [28] and [2] for equally likely scenarios for model (1)
Input: instance of model (1) with |Ω| scenarios.
Output: Z.
1: Solve model (1) separately for each ω in the input instance with zω ← 0.
2: Sort corresponding objective function values in ascending order; zω ← 1 for first ⌊|Ω|ε⌋ scenarios, zω ← 0 for rest.
3: Solve input instance of model (1) with z fixed from Step 2.
4: Z ← objective value.
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4 Two instances of model (1)

4.1 A hybrid solar-battery storage system

We first consider the chance-constrained optimization model presented in [28]. The authors consider
equally likely scenarios, and in what follows we do so as well. This model seeks to maximize the profit
from a day-ahead promise of power minus the cost of operating a battery. Energy is produced only via
a photovoltaic power station, and excess production is stored in the battery. The JCC ensures highly
reliable operations despite the limited knowledge of future solar power forecasts. The set Y determines
the standard operating regime for the battery — ramping rates and storage limits. This set does not
contain any binary variables. We denote this instance of model (1) as Model I.

4.2 A hybrid wind-conventional generator system

Next, we consider the adaptive chance-constrained optimization model presented in [29]. This model has
equally likely scenarios as well. The model seeks to maximize profit given by revenue from a day-ahead
bid for power minus the expected generation costs. Energy is generated via a natural gas generator. The
JCC again ensures highly reliable operations for the day-ahead market. The set Y consists of nearly-
standard operating constraints for a generator — ramping, startup and shutdown rates, and minimum
and maximum power generation limits. These constraints form part of so-called unit commitment models.
The set Y now contains binary variables; i.e., model (1) contains binary variables additional to the binary
z variables of equation (2). Thus, this instance of model (1) is more challenging than Model I. We denote
this instance as Model II.

5 Computational results

5.1 Computational setup

All computational experiments are carried out on two high performance computing clusters at the Re-
gionales Rechenzentrum Erlangen with Intel Xeon E3-1240 v5 processors with 32 GB of RAM with
GAMS version 24.8.5. We use Gurobi version 7.0.2 for solving all the optimization models. We solve
model (1) naively to an optimality gap of 0.1% using a time limit of 4200 seconds. We solve each itera-
tion of the Lagrangian relaxation of model (3) to an optimality gap of 0.01% using a time limit of 2100
seconds per iteration. We allow at most ten iterations for the Lagrangian relaxation procedure with a
total time limit of 4200 seconds. We stop the procedure if the total time after completion of any itera-
tion exceeds 2250 seconds; else, the procedure could exceed the total time limit of 4200 seconds. In this
way, our results for the Lagrangian relaxation are conservative. Thus, in Algorithm 1, we use iter = 10,
time = 2250, θ = 2, ψ = 0.001 and ι = 0.0001.

For the IR and AP bounds in Algorithm 2 and Algorithm 3, respectively, we use m = 20, κ = 0.1,
time = 1800, iter = 30, ρ = 0.1 and p = 7200. In Algorithm 2 and Algorithm 3, we solve the SAAs of
model (1) to an optimality gap of 4% with a time limit of 2100 seconds, the SAAs of model (9) to an
optimality gap of 0.05% with a time limit of 2100 seconds, and the models with the x variables fixed
to an optimality gap of 0% with a time limit of 1800 seconds. For the QP bound in Algorithm 4, we
solve all the subproblems to an optimality gap of 0.01% using a time limit of 2100 seconds; although the
iterations in Step 1 of Algorithm 4 are solved very quickly.

We use four sets of scenario-size regimes for both Model I and Model II: |Ω| = {100, 600, 900, 1500}.
For each of the regimes, we sample scenarios independently using procedures detailed in [29] and [28]
for Model I and Model II, respectively. The parameters in the set Y are unchanged from those in the
original works. We use four regimes of the reliability threshold: ε = {0.01, 0.03, 0.05, 0.07}; i.e., we have
16 instances for both Model I and Model II.
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5.2 Analysis: naive solve

First, we present results using a direct naive solution method of Model I and Model II. Table 1 sum-
marizes our computational experiments. Naturally, instances with a larger number of scenarios are com-
putationally more challenging to solve. Increasing the reliability threshold, ε, leads to a greater number
of combinatorics that is further reflected in an increased computational effort. Except for the smallest
instances of Model I with |Ω| = 100, none of the instances are solved to optimality. As we mention before,
Model II is computationally more challenging to solve than Model I. For each of the 16 instances we
consider, the optimality gap—see fifth column of Table 1—is larger for Model II as compared to Model I.
The average gap for the naive solution method over the 16 instances for Model I and Model II is 12.9%
and 61.0%, respectively.

|Ω| ε Objective Time Gap

100 0.01 278.54 53 -
0.03 280.05 284 -
0.05 280.98 401 -
0.07 283.99 615 -

600 0.01 246.57 T 6.85%
0.03 232.13 T 16.47%
0.05 232.30 T 19.20%
0.07 246.98 T 15.73%

900 0.01 224.91 T 16.14%
0.03 224.83 T 19.83%
0.05 225.12 T 21.15%
0.07 224.83 T 23.29%

1500 0.01 238.57 T 10.37%
0.03 230.36 T 17.37%
0.05 233.60 T 18.70%
0.07 230.33 T 21.53%

(a) Model I

|Ω| ε Objective Time Gap

100 0.01 6,052.86 T 29.51%
0.03 6,337.38 T 37.08%
0.05 6,605.23 T 43.46%
0.07 6,946.04 T 47.83%

600 0.01 4,441.43 T 53.30%
0.03 4,150.03 T 62.99%
0.05 4,234.92 T 66.95%
0.07 4,326.37 T 70.06%

900 0.01 3,823.28 T 60.78%
0.03 3,133.00 T 72.81%
0.05 2,921.09 T 77.85%
0.07 3,254.70 T 78.05%

1500 0.01 3,745.73 T 61.84%
0.03 3,849.86 T 66.37%
0.05 3,550.13 T 72.92%
0.07 3,696.89 T 74.96%

(b) Model II

Table 1: Computational results for a naive solution method on instances of model (1). An entry of “T” denotes the instance
could not be solved to optimality in the time limit, while an entry of “−” denotes the instance solved to optimality. For
details, see Section 5.2.

The set of scenarios we use is different than those used in the previous works [28, 29], and our gaps
in Table 1 are larger than those reported previously. Further, our computational setup is different than
that in [28, 29] as well. Thus, to further validate the trend we report, we repeat this experiment using
20 independent batches of scenarios for both Model I and Model II. We do this for all four scenario-size
regimes with ε = 0.05. Table 2 presents the 95% confidence intervals for the objective function value, the
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time, and the optimality gap. The observations we report above again follow, thereby suggesting that
the computational difficulty is not biased by the particular scenarios we sample.

|Ω| Objective CI Time CI Gap CI [%]

100 (280.94, 282.29) (387, 453) (0.01, 0.04)
600 (239.28, 244.64) T (14.77, 16.49)
900 (234.08, 240.19) T (49.19, 86.23)
1500 (233.42, 237.98) T (14.16, 37.89)

(a) Model I

|Ω| Objective CI Time CI Gap CI [%]

100 (6,385.63, 6,529.70) T (42.69, 43,53)
600 (4,588.53, 4,755.71) T (62.13, 63.38)
900 (4,296.65, 4,417.90) T (65.62, 66.55)
1500 (2,879.22, 3,308.35) T (74.92, 78.17)

(b) Model II

Table 2: Computational results for a naive solution method on 20 instances of model (1) for ε = 0.05. CI denotes the 95%
confidence interval. For details, see Section 5.2.

The large optimality gaps for both the instances further warrant the need for heuristics and approxi-
mations for such chance-constrained programs. In the proceeding sections, we present our computational
experiments to reduce the optimality gaps for both the instances. We begin with lower bounds.

5.3 Analysis: lower bounds

In this section, we compare the three lower bounding heuristics of Section 3 for Model I and Model II.
Table 3 summarizes our results. In the practical implementation, we deviate slightly from Algorithm 2 and
3 for the IR and AP bounds, respectively. We add the time required for Step 7 and 8 in Algorithm 2 and
3, respectively, after the completion of the algorithms. This affects only the last row of Table 3(a) where
the total time slightly exceeds the limit of 2100 seconds; for further details on our implementation, see
our code that is publicly available at https://github.com/charlotteritter/ArticleSubgradient.
In Table 3, entries marked with a ✗ denote the instance is infeasible for the corresponding heuristic;
i.e., the heuristic fails. The “Improvement” columns denote the relative improvement of the heuristic
with respect to the best known feasible solution obtained by the naive solution method (Table 1); i.e,
100 heuristic - naive

naive %, where heuristic and naive are the objective function values in Table 3 and Table 1,
respectively.

Similar to the naive solution method, the IR and AP bounds require greater computational effort
for instances with a larger number of scenarios and regimes with a higher tolerance threshold. This is
because Step 7 of Algorithm 2 and Step 8 in Algorithm 3, require a solution of model (1) which can
be challenging despite the fixed first-stage variables. The largest instance—see last row of Table 3(a)—
requires over 2100 seconds for the IR bound. Still, even for this particular instance, this computational
effort is half of what we use as the time limit for the naive solution, and, yet, we achieve an improvement
over 10%. Further, for the IR bound, 10 and 12 of the 16 instances obtain bounds at least as good as
that obtained naively in Table 1 for Model I and Model II, respectively. The average improvement over
the 16 instances, for Model I and Model II using the IR bound is 2.8% and 29.6%, respectively. The
larger instances of model (1) are particularly suited for the IR bound. For the eight instances of the
|Ω| = 900 and |Ω| = 1500 regimes, the average improvements for Model I and Model II are 7.4% and
54.5%, respectively. We emphasize that this improvement is achieved in less than half the time required
by the naive solution method.

In terms of the computational effort required, the AP bound behaves similar to the IR bound. However,
as we observe from Table 3, the AP bound is often unsuccessful in obtaining a feasible solution. For
Model I, the AP bound is only successful for four of the 16 instances and is always worse than the naively
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IR AP QP

|Ω| ε Objective Time Improvement Objective Time Improvement Objective Time Improvement

100 0.01 253.92 123 -8.84% 232.26 127 -16.62% 278.54 53 0.00%
0.03 258.16 191 -7.82% 232.54 451 -16.96% 279.16 61 -0.32%
0.05 265.16 245 -5.63% 232.79 429 -17.15% 280.43 57 -0.20%
0.07 265.43 289 -6.54% 277.26 693 -2.37% 283.71 58 -0.10%

600 0.01 238.39 669 -3.32% ✗ 244 248.50 13 0.78%
0.03 240.03 768 3.40% ✗ 552 251.93 16 8.53%
0.05 254.61 829 9.60% ✗ 583 252.48 18 8.69%
0.07 258.43 873 4.64% ✗ 846 253.08 21 2.47%

900 0.01 234.38 1024 4.21% ✗ 267 244.89 30 8.88%
0.03 239.71 1115 6.62% ✗ 630 245.71 46 9.29%
0.05 253.70 1194 12.70% ✗ 573 245.97 254 9.26%
0.07 255.05 1246 13.44% ✗ 948 246.22 194 9.51%

1500 0.01 235.36 1815 -1.35% ✗ 429 233.37 69 -2.18%
0.03 239.46 1970 3.95% ✗ 836 235.44 61 2.21%
0.05 253.49 2083 8.51% ✗ 739 235.63 59 0.87%
0.07 254.93 2137 10.68% ✗ 1260 239.96 56 4.18%

(a) Model I

IR AP QP

|Ω| ε Objective Time Improvement Objective Time Improvement Objective Time Improvement

100 0.01 4,951.30 T -18.20% 4,578.96 T -24.35% 6,051.36 T -0.02%
0.03 5,304.93 T -16.29% 4,694.28 T -25.93% 6,648.47 T 4.91%
0.05 5,624.33 T -14.85% 4,850.88 T -26.56% 7,122.64 T 7.83%
0.07 6,113.24 T -11.99% ✗ T 7,620.29 T 9.71%

600 0.01 4,602.68 T 3.63% 4,431.45 T -0.22% 4,371.01 T -1.59%
0.03 4,980.82 T 20.02% 4,725.91 T 13.88% 4,777.36 T 15.12%
0.05 5,633.56 T 33.03% 5,138.94 T 21.35% 4,648.14 T 9.76%
0.07 6,144.55 T 42.03% ✗ T 4,949.73 T 14.41%

900 0.01 4,547.32 T 18.94% 4,376.98 T 14.48% 4,267.61 T 11.62%
0.03 5,083.08 T 62.24% 4,553.03 T 45.32% 4,534.42 T 44.73%
0.05 5,601.94 T 91.78% 4,941.90 T 69.18% 4,477.66 T 53.29%
0.07 6,113.63 T 87.84% ✗ T 4,660.55 T 43.19%

1500 0.01 4,603.75 T 22.91% 4,470.61 T 19.35% 4,069.86 T 8.65%
0.03 5,081.49 T 31.99% 4,683.39 T 21.65% 4,104.78 T 6.62%
0.05 5,543.66 T 56.15% 5,104.65 T 43.79% 4,058.15 T 14.31%
0.07 6,056.66 T 63.83% ✗ T 4,589.12 T 24.13%

(b) Model II

Table 3: Computational results for three lower bounding heuristics on instances of model (1). A ✗ indicates the instance
is infeasible for the heuristic. For details, see Section 3.

obtained objective function value. Yet, analogous to the IR bound, the AP bound is useful for the more
challenging instances of Model II. Although four of the 16 instances are infeasible within the give time
limit, the average improvement over the other 12 is 14.3%. For the six feasible instances of the |Ω| = 900
and |Ω| = 1500 regimes, the average improvements for Model II increase to 35.6%.

The QP bound is obtained fast for Model I. For Model I, 12 of the 16 instances obtain bounds at least
as good as that obtained naively in Table 1(a). Except for two instances, all instances are solved in less
than about a minute. Although the QP bound is not obtained as quickly as for Model I for Model II, it
still manages to achieve solutions that are comparable or better than that obtained by the naive solution
method. For Model II, 14 of the 16 instances obtain bounds at least as good as that obtained naively
in Table 1(b). The average improvement over the 16 instances for Model I and Model II using the QP
bound is 3.9% and 16.7%, respectively.

To get more representative results, we repeat the calculation of the three different lower bounds on
the same 20 independent batches of scenarios that we use in Section 5.2 for all four scenario-size regimes
for Model I and Model II. We do this for ε = 0.05. Table 4 presents the 95% confidence intervals for the
objective function value, the time, and the improvement in relation to the naive solution of the three
lower bounding techniques. Here, the trend we report in Table 3 is further validated. For Model I, the
QP bound is computed very quickly; however, compared to the IR bound over the larger instances, the
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IR AP QP

|Ω| Objective CI Time CI Improvement CI [%] Objective CI Time CI Improvement CI [%] Objective CI Time CI Improvement CI [%]

100 (261.70, 263.43) (244, 245) (-7.08, -6.35) (232.76, 232.97) (430, 431) (-17.45, -17.08) (279.93, 281.63) (4, 4) (-0.44, -0.05)
600 (253.65, 254.17) (822, 827) (3.80, 6.20) ✗ ✗ ✗ (246.37, 249.76) (44, 48) (1.43, 3.72)
900 (253.61, 254.10) (1194, 1198) (5.39, 8.37) ✗ ✗ ✗ (244.88, 247.96) (73, 81) (2.13, 5.37)
1500 (253.72, 254.29) (2087, 2096) (6.73, 8.87) ✗ ✗ ✗ (239.06, 243.83) (165, 184) (1.60, 3.28)

(a) Model I

IR AP QP

|Ω| Objective CI Time CI Improvement CI [%] Objective CI Time CI Improvement CI [%] Objective CI Time CI Improvement CI [%]

100 (5,650.76, 5,871.67) T (-12.45, -9.07) (5,110.87, 5,342.39) T (-20.98, -17.07) (6,729.79, 6,852.93) T (4.60, 5.77)
600 (5,494.22, 5,612.70) T (17.37, 20.57) (5,061.44, 5,184.64) T (7.66, 11.92) (4,700.14, 4,896.32) T (-0.21, 5.96)
900 (5,545.61, 5,621.69) T (26.29, 30.22) (5,144.17, 5,241.68) T (17.57, 20.95) (4,344.65, 4,563.58) T (-0.60, 5.23)
1500 (5,574.85, 5,638.68) T (69.50, 103.09) (5,148.49, 5,215.68) T (56.35, 88.31) (3,184.35, 3,477.76) T (-0.92, 23.07)

(b) Model II

Table 4: Computational results for three lower bounding heuristics on 20 instances of model (1) for ε = 0.05. CI denotes
the 95% confidence interval. For details, see Section 5.3.

improvements for QP are much smaller. For example, consider the |Ω| = 1500 regime for Model I. The
QP bound has an improvement of at most 3.3%, while the IR bound has an improvement that is at least
double (6.7%). We further observe that the AP bound is practically useless for Model I. For all instances,
in each of the 20 batches with |Ω| ≥ 600, we fail to obtain a feasible solution with the AP bound.

As in Table 3(b), we reach the time limit in Table 4(b) for all methods for the computationally more
challenging Model II. However, in contrast to Table 4(a) we observe that the QP bound lags behind not
only the IR bound but also the AP bound. For larger instances of Model II, the upper limit of the CI
for the QP bound is lower than the lower limit of the CI for both the IR and AP bounds. The IR bound
performs the best here, consistently delivering the highest improvement CIs for all instances except the
smallest instance with |Ω| = 100. For the smallest instance, the QP performs better for both Model I and
Model II, further validating our empirical claim that the IR and AP bounds are most suitable for the
larger instances. Finally, we also observe that the improvement by the IR bound is significantly higher
for Model II than for Model I. This is especially evident from the last rows of Table 4(a) and Table 4(b)
where the improvements in Model II increase by an order of magnitude, e.g., from 6.7% to 69.5%.

Summarizing, the computational difficulties associated with the challenging structure of Model II are
reflected in the three heuristics we study as well. We now revisit Q1 and Q2 from Section 1. All instances
of Model II consume the entire time limit for each of the three heuristics; yet, to answer Q1, they show
significant merit compared to a naive solution method. To answer Q2 for the lower bounding procedures,
we observe that the IR bound is the most effective in terms of obtaining large lower bounds for both
Model I and Model II. The AP bound is not effective for Model I, however it has value for Model II. For
Model I, the QP bound is also efficient in the sense of achieving good quality bounds quickly in only a
fraction of the time required by the IR bound.

We further conclude that regularization with aggregated scenarios, at least using the hierarchical
aggregation procedures described in [13], has no significant advantage compared to regularization using
i.i.d. scenarios. Future work could examine specialized aggregation techniques that assist in regularization
methods for chance-constrained programs. Quantile-based bounds are particularly effective for models
that are easy to solve when the binary z variables are fixed. On the other hand, regularization-based
heuristics offer advantage when the second-stage model is easy to solve given the first-stage variables.
Future work could also study lower bounding procedures that begin with a quantile-based bound and
then proceed to regularization-based heuristics.

5.4 Analysis: comparison of the six step-size rules

In this section, we statistically validate the performance of the six step-size rules of Section 2.2. For each
of the four scenario-size regimes, and for the two tolerance threshold regimes of ε = 0.01, 0.05, for both
Model I and Model II, we compare the gaps of the Lagrangian relaxation procedure given by Algorithm 1.
In Algorithm 1, we use Z as the maximum of the three lower bounds computed in Section 5.3 for the
corresponding instance. We are interested in determining step-size rules that reject the null hypothesis
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of the Welch-t test of equation (7). Table 5 summarizes the results of this test for Model I and Model II.
Here, we use the same 20 batches of scenarios that we report in Section 5.2 for each of the four scenario-
size regimes. A ✓ denotes that we have statistically significant evidence to reject the null hypothesis of
equation (7), while a ✗ denotes that we are unable to do so; i.e., a ✓ suggests Rule r performs better
than Rule s. Thus, every entry in Table 5 results from the solution of 20 sets of optimization models.

(r,s) |Ω|

100 600 900 1500

(I,II) ✓ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,VI) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,VI) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗

(r,s) |Ω|

100 600 900 1500

(III,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,II) ✓ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,VI) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,II) ✓ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,VI) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗

(r,s) |Ω|

100 600 900 1500

(V,I) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,II) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,III) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,IV) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,VI) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,I) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,II) ✓ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,III) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,IV) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,V) ✓ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗

(a) Model I

(r,s) |Ω|

100 600 900 1500

(I,II) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,V) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(I,VI) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(II,VI) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗

(r,s) |Ω|

100 600 900 1500

(III,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,II) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,V) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(III,VI) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,II) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(IV,VI) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗

(r,s) |Ω|

100 600 900 1500

(V,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,II) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(V,VI) ✗ | ✓ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,I) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,II) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,III) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,IV) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗
(VI,V) ✗ | ✗ ✗ | ✗ ✗ | ✗ ✗ | ✗

(b) Model II

Table 5: Statistical performance of step-size rules for Algorithm 1 for ε = 0.01 | ε = 0.05. An entry of (r, s) in the first
column denotes that the null hypothesis is H0 : µr ≥ µs. Rejection of the null hypothesis is denoted by a ✓, while a failure
to reject is denoted by a ✗. For details, see Section 2 and Section 5.4.

First, we analyze the results for ε = 0.05 that we report on the right side of the entries of Table 5.
For Model I, Rule VI has statistically significant evidence to perform better than all other rules for the
smallest regime of |Ω| = 100. Rule VI—given by Polyak [22] and further modified by Held et al. [11]—is
one of the most employed subgradient step-size rules with a rich history of extensions [9,16,19]. However,
for Model II, the computational evidence in favor of any particular rule is not convincing; e.g., Rule I,
Rule II, Rule III, Rule IV, Rule V, and Rule VI have only three, zero, three, two, two, and zero instances,
respectively, that perform better than any of the other five rules (over the 32 instances). Thus, overall,
the only statistically validated conclusion we can draw is that Rule V and Rule VI perform well on
instances that are the cheapest computationally; i.e., those for Model I with |Ω| = 100. For all of the
other instances, however, we have very few rejections and thus little evidence for which rule performs
the best.

The above results bring us to the two questions we raise in Section 1. For computationally challenging
instances of Model I and Model II, iterations of model (3) are often not solved to optimality in the given
time limit. Depending on the step size, this suboptimality happens at different iterations of Algorithm 1.
This observation is especially visible for Rule IV where for all the scenario regimes, except |Ω| = 100, even
the first iteration of Algorithm 1 is not solved to optimality. Although our computational setup ensures
that at least two iterations of Algorithm 1 are completed in the given time limit (albeit, suboptimally),
we observe that the smallest upper bound is almost always obtained at the first iteration itself. Thus,
the upper bound is often the same for all six rules. The first iteration is likely assisted by the dual values
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of λ from the LP relaxation in Step 1 of Algorithm 1. Hence, there is inconclusive evidence to determine
a single rule that performs better than others.

To further validate this observation, we conduct additional computational experiments. First, we
repeat this experiment for Model I and Model II at a 90% significance level (not shown), however the
results are practically unchanged. Second, we perform the same experiments and tests for a tolerance of
ε = 0.01. These results are listed as the left entries in Table 5. However, this new experimental design
does not significantly change the results we reported previously. For Model I, there are only five rejections
over all the sets of instances—and all of these are for the |Ω| = 100 regime. For Model II, there is not even
a single rejection. This again provides a validation to our observation that no single rule performs better
than the others. Third, we repeat these experiments using a time limit that is an order of magnitude
larger than our previous limit; i.e., in Algorithm 1 we set time = 41000 seconds. Further, in this setup,
we solve the first two iterations of Algorithm 1 with a time limit of 5000 seconds each, and allow all other
iterations a time limit of 15000 seconds. Thus, we are ensured that at least five iterations of Algorithm 1
are completed for each of the six rules. We summarize these results in Table 6.

(r,s) |Ω|

100 600 900 1500

(I,II) ✗ ✗ ✗ ✗
(I,III) ✗ ✗ ✗ ✗
(I,IV) ✗ ✗ ✗ ✗
(I,V) ✗ ✗ ✗ ✗
(I,VI) ✗ ✗ ✗ ✗
(II,I) ✗ ✗ ✗ ✗
(II,III) ✗ ✗ ✗ ✗
(II,IV) ✗ ✗ ✗ ✗
(II,V) ✗ ✗ ✗ ✗
(II,VI) ✗ ✗ ✗ ✗

(r,s) |Ω|

100 600 900 1500

(III,I) ✗ ✗ ✗ ✗
(III,II) ✗ ✗ ✗ ✗
(III,IV) ✗ ✗ ✗ ✗
(III,V) ✗ ✗ ✗ ✗
(III,VI) ✗ ✗ ✗ ✗
(IV,I) ✗ ✗ ✗ ✗
(IV,II) ✗ ✗ ✗ ✗
(IV,III) ✗ ✗ ✗ ✗
(IV,V) ✗ ✗ ✗ ✗
(IV,VI) ✗ ✗ ✗ ✗

(r,s) |Ω|

100 600 900 1500

(V,I) ✓ ✗ ✗ ✗
(V,II) ✓ ✗ ✗ ✗
(V,III) ✓ ✗ ✗ ✗
(V,IV) ✓ ✗ ✗ ✗
(V,VI) ✗ ✗ ✗ ✗
(VI,I) ✓ ✗ ✗ ✓
(VI,II) ✓ ✓ ✗ ✓
(VI,III) ✓ ✗ ✗ ✓
(VI,IV) ✓ ✗ ✗ ✓
(VI,V) ✓ ✓ ✗ ✓

(a) Model I

(r,s) |Ω|

100 600 900 1500

(I,II) ✓ ✗ ✗ ✗
(I,III) ✗ ✗ ✗ ✗
(I,IV) ✗ ✗ ✗ ✗
(I,V) ✗ ✗ ✗ ✗
(I,VI) ✗ ✗ ✗ ✗
(II,I) ✗ ✓ ✓ ✓
(II,III) ✗ ✓ ✓ ✓
(II,IV) ✗ ✓ ✓ ✓
(II,V) ✗ ✓ ✓ ✓
(II,VI) ✗ ✓ ✓ ✓

(r,s) |Ω|

100 600 900 1500

(III,I) ✓ ✗ ✗ ✗
(III,II) ✓ ✗ ✗ ✗
(III,IV) ✗ ✗ ✗ ✗
(III,V) ✓ ✗ ✗ ✗
(III,VI) ✗ ✗ ✗ ✗
(IV,I) ✓ ✗ ✗ ✗
(IV,II) ✓ ✗ ✗ ✗
(IV,III) ✗ ✗ ✗ ✗
(IV,V) ✓ ✗ ✗ ✗
(IV,VI) ✗ ✗ ✗ ✗

(r,s) |Ω|

100 600 900 1500

(V,I) ✗ ✗ ✗ ✗
(V,II) ✓ ✗ ✗ ✗
(V,III) ✗ ✗ ✗ ✗
(V,IV) ✗ ✗ ✗ ✗
(V,VI) ✗ ✗ ✗ ✗
(VI,I) ✓ ✗ ✗ ✗
(VI,II) ✓ ✗ ✗ ✗
(VI,III) ✗ ✗ ✗ ✗
(VI,IV) ✗ ✗ ✗ ✗
(VI,V) ✓ ✗ ✗ ✗

(b) Model II

Table 6: Analogous results to Table 5 for ε = 0.05 but with a time limit of time = 41000 in Algorithm 1.

Compared to Table 5, we now have seven additional instances in Table 6(a) for Model I where we
can reject the null hypothesis. For Model II, there are 16 such additional instances in Table 6(b). This
supports our premise that the previous time limit was not sufficiently high enough to allow for rejections.
For Model I in Table 5(a), Rule VI is statistically the best performer, however only for the smallest
scenario regime of |Ω| = 100. Now—given additional time as in Table 6(a)—Rule VI has rejections in
its favor compared to all other rules for two scenario regimes |Ω| = {100, 1500}. For Model II, given
this markedly larger amount of additional time, Rule II has statistically significant evidence to perform
better than all other rules for all regimes except the smallest one of |Ω| = 100. We examine this particular
scenario regime in greater detail. Here, Algorithm 1 manages to complete between five and eight iterations
for the different instances. However, as opposed to the larger instances where the first iteration typically
provides the best bound, here the best iteration varies. This behavior is expected from smaller-sized

16



Lagrangian models as the bounds can improve in later iterations, especially when iterations are solved
optimally. Observing the sets of instances for this regime, we find different rules performing better; thus,
there is no statistical best performer for this regime.

Summarizing, the above results suggest that statistical evidence in favor of a step-size rule only
appears when given a sufficiently high time limit. Even then, given differences in the structure of the
underlying optimization models, different rules can perform better. Revisiting Q1, we can say that for
applications where this large time limit is not a concern, our results suggest investing in the determination
of a good step-size rule. Then, the answer to Q2 is that Rule II and Rule VI—although neither can be
declared as the best—are strong candidates. Indeed, the constant step-length rule given by Rule II has
been used in several applications; see, e.g., [26,35]. Polyak’s step-size Rule VI, as we mention before, has
also been widely used, as well as studied; see, e.g., [5, 22]. However, for several applications, the nearly
half-a-day time limit we consider could be impractical. Then, our answer to Q2 changes. Here, our results
suggest that a practitioner could well choose nearly any of the step-size rules and achieve results that
have no statistical differences from other rules.

5.5 Analysis: comparison of a naive solution method and Algorithm 1

As we mention in Section 1, one of the goals of this work is to investigate whether a Lagrangian relaxation
procedure using an appropriate step-size rule improves the computational tractability of model (1). In
this section, we bring together the results and analysis of the previous sections and analyze in detail
the output of Algorithm 1. We do so using the same batch of scenarios as those in Table 1. We choose
r = Rule VI for the computational experiments in this section. Similar to the results in Section 5.4,
we run Algorithm 1 with Z set to the largest of three lower bounds of Table 3. Table 7 summarizes
our results. Here, the columns “Objective” and “Gap” denote the two outputs of Algorithm 1, ZD

and δ, respectively. The “Improvement” column denotes the relative reduction in the optimality gap
compared to the optimality gap obtained naively; i.e., 100 gapnaive−gapLR

gapnaive
%, where gapnaive and gapLR are

the optimality gaps in Table 1 and Table 7, respectively. Thus, a positive value of “Improvement” means
Algorithm 1 succeeds in reducing the optimality gap compared to that obtained naively.

For Model I, except for the four instances in the first four rows of Table 7(a) and one additional
instance of |Ω| = 1500, ε = 0.01, Algorithm 1 always presents an improvement. For Model II there
are a total of three such instances; all are in the |Ω| = 100 regime. The instances of |Ω| = 100 are
the computationally least demanding instances; for Model I, all four of these instances are solved to
optimality naively, see Table 1. Excluding these instances, the value of the algorithm is immediately
visible in the larger and computationally more challenging instances. For Model I—see Table 7(a)—
the average improvement over the 16 instances is 29.4%. For Model II—see Table 7(b)—the average
improvement over the 16 instances is 12.3%.

Next, we revisit the sufficient conditions that we discussed in Section 2 for the BBP to hold with equal-
ity. These conditions ensure that the Lagrangian procedure identifies an optimal solution for model (1).
For one of the 32 instances—which is also computationally the least expensive— the conditions do hold.
This is the first row in Table 7(a) and Table 1(a) with an objective of 278.54. In this particular instance,
the lower bound and the upper bounds from Algorithm 1 are identical (subject to a tolerance). Thus,
there is no additional contribution from the BBP. Instead, if the lower bound was not tight, this con-
tribution would have been immediately apparent. Then, we could conclude that the optimal objective
function value of this instance is indeed that reported by Algorithm 1 even without knowledge of the
lower bound. That being said, as we mention in Section 2 and as our computational experiments show,
in practice, the BBP rarely holds with an equality.

Next, we address question Q1 from Section 1 that we reformulate as: does Algorithm 1, coupled with a
suitable step-size rule and a suitable lower bounding heuristic, improve the optimality gaps as opposed to
a naive solution method? In Table 7 we already provided evidence and conditions to answer this question
in the affirmative with a “yes” for r = Rule VI. These results include a single batch of scenarios for the
16 instances each for Model I and Model II; thus, they are insufficient to make a statistical conclusion.
We now repeat this experiment, as we did in Section 5.3 and Section 5.4, using the same 20 batches
of scenarios for each of the four scenario-size regimes. We use ε = 0.05, the computational setup for
Algorithm 1 as described in Section 5.1, and again set Z as the maximum value obtained from the three
lower bounding procedures of Section 3. We then apply a Welch t-test similar to that in Section 2 but
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|Ω| ε Objective Time Gap Improvement

100 0.01 278.54 101 - -
0.03 284.30 69 1.81% -
0.05 290.47 135 3.45% -
0.07 296.99 63 4.47% -

600 0.01 252.55 T 1.60% 76.64%
0.03 273.42 T 7.86% 52.28%
0.05 284.88 T 10.63% 44.64%
0.07 291.25 T 11.27% 28.35%

900 0.01 264.84 T 7.53% 52.47%
0.03 277.81 T 11.56% 41.70%
0.05 286.26 T 11.37% 46.24%
0.07 292.49 T 12.80% 45.04%

1500 0.01 266.12 T 11.56% -11.48%
0.03 279.52 T 14.33% 17.50%
0.05 287.34 T 11.78% 37.01%
0.07 293.32 T 13.09% 39.21%

(a) Model I

|Ω| ε Objective Time Gap Improvement

100 0.01 8,898.50 T 32.00% -8.44%
0.03 10,617.61 T 37.38% -0.83%
0.05 12,207.23 T 41.65% 4.16%
0.07 14,632.89 T 47.92% -0.19%

600 0.01 9,646.32 T 52.29% 1.91%
0.03 11,334.21 T 56.05% 11.01%
0.05 12,939.53 T 56.46% 15.67%
0.07 14,556.63 T 57.79% 17.52%

900 0.01 9,819.28 T 53.69% 11.67%
0.03 11,506.56 T 55.82% 23.33%
0.05 13,147.37 T 57.39% 26.27%
0.07 14,764.62 T 58.59% 24.93%

1500 0.01 9,904.72 T 53.52% 13.45%
0.03 11,594.00 T 56.17% 15.36%
0.05 13,228.31 T 58.09% 20.34%
0.07 14,845.89 T 59.20% 21.02%

(b) Model II

Table 7: Computational results of Algorithm 1 on instances of model (1) using r = Rule VI and Z = the maximum of
the three lower bounds in Table 3. The “Gap” column denotes the relative optimality gap between Z and the upper bound
obtained using the Lagrangian procedure of Algorithm 1. The “Improvement” column denotes the relative reduction in the
optimality gap as compared to Table 1. A “-” indicates that an improvement cannot be computed as the instance solved
to optimality naively. For details, see Section 5.5.

with the null and alternate hypotheses modified for step-size rule r as follows:

H0 : µr ≥ µnaive H1 : µr < µnaive, (10)

here µr is the optimality gap reported by Algorithm 1 for step-size rule r and µnaive denotes the optimality
gap from the the naive solution method. Rejecting the null hypothesis suggests that there is sufficient
evidence to conclude that Algorithm 1, with step size r, performs better than the naive solution method.
As in equation (8), the test statistic T has a Student-t distribution with ν degrees of freedom, where

T = r − naive√
s2

r

20 + s2
naive
20

, where T ∼ tν , with ν =


(

s2
r

20 + s2
naive
20

)2

1
19

(
s2

r

20

)2
+ 1

19

(
s2

naive
20

)2

 . (11)

In equation (11), r and naive denote the average gap over the 20 batches for step-size rule r and the
naive solution method, respectively. Analogously, sr and snaive are the corresponding sample standard
deviations of the gaps. For a 5% level of significance, we reject the null hypothesis if T < t0.05,ν , where
t0.05,ν denotes the 5-percentile quantile of the t-distribution with ν degrees of freedom. In Table 8,
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we present the results of this statistical test; i.e., every entry results from the solution of 20 sets of
optimization models.

r |Ω|

100 600 900 1500

I ✗ ✓ ✓ ✓
II ✗ ✓ ✓ ✓
III ✗ ✓ ✓ ✓
IV ✗ ✓ ✓ ✓
V ✗ ✓ ✓ ✓
VI ✗ ✓ ✓ ✓

(a) Model I

r |Ω|

100 600 900 1500

I ✓ ✓ ✓ ✓
II ✗ ✓ ✓ ✓
III ✗ ✓ ✓ ✓
IV ✗ ✓ ✓ ✓
V ✗ ✓ ✓ ✓
VI ✗ ✓ ✓ ✓

(b) Model II

Table 8: Statistical performance of step-size rules for Algorithm 1 for ε = 0.05. An entry of Rule r in the first column
denotes that the null hypothesis is H0 : µr ≥ µnaive. Rejection of the null hypothesis is denoted by a ✓, while a failure to
reject is denoted by a ✗. For details, see Section 5.5.

Table 8(a) and Table 8(b) present consistent results for both Model I and Model II, respectively.
For all scenario regimes, except |Ω| = 100, for both models we have statistically sufficient evidence to
reject the null hypothesis. These results provide further validation for our conclusions from Section 5.4,
that the improvement of Algorithm 1 over the naive solution method is particularly noticeable in the
computationally more intensive regimes; i.e., for these upper bounds, we answer Q1 with a convincing
“yes”. For computationally less intensive regimes, our results suggest there is no significant benefit to use
a Lagrangian procedure; this is again intuitive. Further, in line with our conclusions in Section 5.4, our
results suggest that there is an improvement regardless of the chosen step-size rule. This answers Q2.
For computationally intensive regimes, a Lagrangian relaxation procedure is always effective over a naive
solution, and that too for any step-size rule. However, we note with caution, as our results in Section 5.4
suggest, that the extent of this improvement is dependent not only on the chosen step-size rule but also
on the underlying structure of the model.

6 Summary

We study a Lagrangian relaxation of a general two-stage chance-constrained optimization model. We
show that there exist considerable differences between theory and practice, especially for computationally
challenging instances of such models. Specifically, well-studied schemes to update step-sizes in the classical
subgradient method do not always perform well in practice. To further validate this observation, we
employ a series of statistical tests by solving batches of scenarios. In marked contrast to rules that
are known to perform better than others in theory—for example in rates of convergence—our results
show that no single rule can be uniformly declared as the best performer in practice. Nonetheless, our
results demonstrate that such schemes show significant improvements over naive methods even when
iterations in the Lagrangian procedure are solved suboptimally; i.e., our results are highly conservative.
Future work could examine necessary or sufficient conditions to use the optimistic bound, rather than
the conservative bound, resulting from the Lagrangian procedure.
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We also study three lower bounds for such chance-constrained models. We find a quantile-based bound
to be highly effective in achieving fast solutions, however regularization-based bounds are better when
more compute time is available. We also find no benefit in constructing representative scenarios using
hierarchical clustering methods over i.i.d. scenarios. This suggests another line of future work where
customized aggregation schemes for chance-constrained programs could be developed. A third direction
of future work is the development of iterative algorithms that compute lower bounds at each iteration of
the Lagrangian procedure.

All our codes are publicly available at: https://github.com/charlotteritter/ArticleSubgradient.
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