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Abstract

In this paper, we study the mixed-integer nonlinear set given by a separable quadratic
constraint on continuous variables, where each continuous variable is controlled by an additional
indicator. This set occurs pervasively in optimization problems with uncertainty and in machine
learning. We show that optimization over this set is NP-hard. Despite this negative result,
we discover links between the convex hull of the set under study, and a family of polyhedral
sets studied in the literature. Moreover, we show that although perspective relaxation in the
literature for this set fails to match the structure of its convex hull, it is guaranteed to be a close
approximation.

1 Introduction

In this paper, given Z C {0, 1}", we study set
def n 2
X={(z,2) eR"x Z:||z||5<1, zo(e— z) =0},

where e is a vector of 1s and “o” denotes the Hadamard (entry-wise) product of vectors. Set
X is non-convex due to the binary constraints encoded by Z, as well as the complementarity
constraints « o (e — z) = 0 linking the continuous and binary variables. Observe that arbitrary
separable quadratic constraints of the form Z?:l(dixi)z < b can be modeled with X as well

through the change of variables ; def (d;/v/b)x;. Note that since any (x,z) € X satisfies |z;| < 1,
the complementarity constraints can be linearized as the big-M constraints

x| <z, i=1,...,n. (1)

Our overall goal is to understand and characterize the convex hull of X, denoted as conv(X).
Throughout the paper, for simplicity, we use the following convention for division by 0: a/b = 0 if
a=b=0,and a/b=o00 (—o0) if b=0and a > 0 (or a < 0).

1.1 Applications

Set X arises pervasively in practice. We now discuss three settings where it plays a key role.
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Sparse PCA Set X arises directly in sparse principal component analysis problems [11], 12}, (17,
25, a fundamental problem in statistics which can be formulated as

max ' Xx (2a)
st ||lz)|3 <1, |21 <k, zo(e—2z)=0, (2b)

where 3 > 0 and k£ € Z, is a parameter controlling the sparsity of the solution. Observe that
the feasible region given by constraints (2b]) corresponds exactly to X with set Z = {z € {0,1}":
Izl < k}. Thus, understanding conv(X) is critical to designing better convex approximations

of .
General convex quadratic constraints Given 3 > 0, consider the system of inequalities
y'Sy<b yo(e—2z)=0,ycR", zcZC{0,1}" 3)

System arises for example in mean-variance optimization problems [5], where the quadratic
constraint is used to impose an upper bound on the risk (variance) of the solution. While system
involves a non-separable quadratic constraint, a study of set conv(X) can be still used to
construct strong convex relaxations. Indeed, if 3 = D + R where R > 0, D > 0 and diagonal,
then we can reformulate system by introducing additional variables (zq,x) € R"*! as

Y al<l, zole—2)=0, zo(l—2)=0,z€Z (4a)
1=0

zZ20 — 1, \ (y’(R/b)y) S o, V (D”/b)|yz| S ZT; fOI" 7= 1, ey, (4b)

where constraints (4a)) correspond precisely to X and constraints (4b]) are convex and SOCP-
representable. Therefore, convex relaxations for system can be obtained by strengthening
constraints using conv(X).

Robust optimization Consider a robust optimization problem of the form

. 1
axa 51
min max a’y, (5)

where vector y are the decision variables, set Y C R™ is the (possibly non-convex) feasible region and
set Y C R"™ is an uncertainty set corresponding to the objective coefficients. Robust optimization
is a fundamental tool to tackle decision-making under uncertainty problems. Two popular
choices for the uncertainty set U, each with its own merits and disadvantages, are: the approach
of Ben-Tal and Nemirovski [7], where U is an ellipsoid; and the approach of Bertsimas and Sim [§],
where only a small subset of the coefficients a are allowed to change while satisfying box constraints.
Thus, a natural uncertainty set inspired by the aforementioned two approaches allows few
coefficients to change and imposes ellipsoidal constraint on the changing coefficients, that is, set

n
L{d:ef{aGR":EI(a:,z)ER”X{O,I}” st. a=a+wx, Z(dimi)QSb, ze€Z, xo(e—2z)=0,,

i=1
(6)
where a are the nominal values for the coefficients. The uncertainty set U is appropriate for example
when changes in coefficients a are caused by rare events, and the change in the coefficients (when
such changes occur) can be accurately modeled with a Gaussian distribution. A natural candidates



forset Zis Z={z¢e Z:> ", cizi <k}, where ¢; is a coefficient related to how likely the objective
coefficients associated with variable y; are likely to change. More sophisticated options of set Z can
also be envisioned to capture more complex relationships on the support of perturbed coefficients.
Since set U is non-convex, solving can be difficult and require sophisticated approaches
[9]. Nonetheless, understanding conv(X) may lead to the possibility of using standard duality
approaches to obtain deterministic counterparts of . We further discuss this problem in

1.2 Perspective relaxation and outline

A closely related set to X that is well understood in the literature is the mixed-integer epigraph

of a separable quadratic function with indicators, that is, Xep; def {(x,2,t) ER" x Z xR : ||z|j3 <

t, o (e — z) = 0}. Its convex hull can be described via the perspective relazation cl conv(Xepi) =
{(z,2z,t) € R" x conv(Z) x R : Y 22 /2 < t}, see [2, 10, 13}, [15] for the case Z = {0,1}" and
[6, 20, 21, 22}, 23] for cases with more general constraints. Thus, a natural convex relaxation for set
X is also given by the perspective relaxation

Rpersp def {(:c,z) € R" x conv(Z) : Zm?/zz < 1} . (7)
i=1

However, it is unclear to what extent relaxation Rpersp coincides with conv(X): Are they the same?
Does the structure of Rpersp even “match” conv(X)? Is Rpersp a strong relaxation? How can it be
improved?

All these questions can be precisely answered for polyhedral sets: for example, an inequality is
necessary for a polyhedron if it is facet-defining. However, since conv(X ) is in general non-polyhedral,
it is unclear (to date) how to formally answer the aforementioned questions. Ideally, one would
like to explicitly compute conv(X) and compare it with Rpersp. Unfortunately, as we show in
optimization over set X is NP-hard even when Z = {0,1}". Thus, an explicit computation of
conv(X) is unlikely. This result immediately implies that Rpersp 7 conv(X), but does not provide
insights into answering the remaining questions.

In this paper, we close this gap in the literature. In §3| we characterize provide an implicit
description of conv(X) in the original space of variables as the intersection of a family of polyhedral
sets; the description is implicit in the sense that the polyhedra are not explicitly given, but rather
defined themselves as convex hulls of a particular class of mixed-integer sets. Interestingly, this
family of polyhedra is well-studied in the literature. In §4] we review how to obtain facet-defining
inequalities for the underlying polyhedral sets, and also show that Rpersp corresponds to using a
strong nonlinear relaxation of these polyhedral sets. In §5]we propose an approximate deterministic
counterpart of the robust optimization problem with discrete uncertainty @, and in we
present computations with this proposed formulation.

2 NP-hardness

In this section we show that optimization of a linear function over set X is NP-hard. This result
indicates that a compact explicit computation of conv(X) is unlikely to be possible.



Consider the optimization problem

min @'z + 'z (8a)
st ||lz)3 <1 (8b)
xzo(e—2)=0 (8¢)
zeR" ze Z (8d)

Proposition 1. Problem is NP-hard even if Z = {0,1}".

Proof. Consider problem (8) where vector z is fixed, and let S = {i € {1,...,n}: z; = 1} (assume
S # (). Then, for this choice of z, problem reduces to

€5 = mmin Z c; + Z a;T; (9a)

ics ieS
sty af <1 (9b)
ies
x € RS, (9¢)

Since the Lagrangian dual of problem @D has no duality gap (as Slater condition holds), an
optimal objective value e€g can be computed as

eS:E cz-+maxming aixi—i—)\g a:?—/\
A>0 zcRS e
K3

€S i€s
1
:Zciqtr)r\lgé{—ﬁZa?f)\ (" 2z = —a;/N)
€S €S
=D = [> a (X =3¢/ Dies @)
€S €S

In other words, the optimal vector z of can be found by either setting z = 0 (with objective
value €y = 0), or by solving the optimization problem

(10)

Finally, as the partition problem can be reduced to problem ([10) with Z = {0,1}" (see [1]), problem
is NP-hard even in this case. O

Remark 1. If ¢ = 0 but there is a constraint of the form ||z|; = k, then can be solved by
sorting. Polynomial-time solvability of this case suggests that it may be possible to construct a
convex relaxation that guarantees integrality of the solutions under these conditions. In other
words, it may be possible to characterize the convex hull of the set

Y={zeR":|z|o <k, |z <1},

where |[zllo = > I{z,20} is the cardinality of the support of x. Indeed, set Y is permutation-
invariant, and its convex hull conv(Y’) is described in [16], or projection of the perspective relaxation
(i.e., conv(Y) = proj,(Rpersp); see Appendix |Al for the detailed proof). Note however that these
relaxations are not ideal for X, i.e., solutions of linear optimization problems over conv(Y) do not
coincide with the solutions of optimization problems over X if ¢ # 0. O



Remark 2. We point that ideal relaxations for X may be substantially more effective than relax-
ations such as Y described in Remark [1| even if ¢ = 0. For example, consider an optimization of
the form

min f(x, z) (11a)

T,z

st ||z]3<1, zo(e—2)=0,e 2<k (11b)
xeR" ze{0,1}", (11c)

where f: R™ x [0,1]™ — RU {00} is a convex function on the extended real line. Function f can be
used to capture several structural constraints of the optimization problem, e.g., setting f(x,z) =0
if Ax + Gz <band f(x, z) = co otherwise, allows for capturing arbitrary polyhedral constraints.
Ideally, we would like to compute the convex hull of the whole set (which includes interplay between
f and X), but realistically one instead computes relaxations for special substructures, such as the
ones induces by X. In particular, given any relaxation R of X, consider the relaxation of given
by

(erzli)relRf(:c,z) @xl ;r{uﬂcn2 . flxh 2h) st a' =22, 2! =22 (%,2°) e R (12)

emax min _ flehz) + AT (@2 —ab) + pu' (22 — 21) st (22,22) € R,
Ap x2l 2zl 2 22
where the last equivalence assumes that strong duality holds. Note that the problem decouples in
(x1,21) and (22, 22), and we see that the best relaxations of X are those that are tight when the
objective is given by the optimal (and unknown) A*, u*. Note that conv(X) is thus always a good
relaxation, since it is tight for any linear objective, whereas relaxations such as Y may not be tight
unless p* = 0. We present in Appendix [B] a detailed example illustrating this point. O

3 Implicit convexification

From Proposition |1} we know that an explicit characterization of conv(X) is unlikely to be possible.
In this section, we settle for a weaker structural result: in Theorem I} we state an explicit description
of conv(X) that relies on the convex hulls of polyhedral sets. Naturally, describing these polyhedral
sets is NP-hard as well; nonetheless, they are substantially easier to handle, thanks to the maturity
of polyhedral theory.

We first define the polyhedral sets that are key to characterizing conv(X).

Definition 1. Given o € R", define sets Py(cx), P(a) C R?" as

n
(r,z) e R" x Z: Z|ai$i| <
i=1

g afzi , and

=1

Pla) Ll conv (Po(a)).

Note that set P(a) is the convex hull of a union of a finite number of polytopes, one for each
z € Z. Thus, P(a) is a polytope itself. We defer to §4.1H4.2| the discussion on constructing
relaxations of set P(a). As Proposition [2[ below states, set P(a) is a relaxation of set X.

Proposition 2 (Validity). Set conv(X) C P(«) for all oo € R™.



Proof. 1t suffices to show that X C Py(a). Since z o (e — z) = 0 and z € {0,1}", we must have
x; = ;2 = xy/z; for all i = 1,...,n. Hence, we find that

n k n n n
3 el = Y lovEal < | Sz | SSa2 < || S,
i=1 i=1 i=1 i=1 i=1
where the first inequality is due to Holder’s inequality, and the second one is because of Y " ; ZL‘? <1

Hence, (x,2z) € Po(a) C P(av), concluding the proof. O

Moreover, we now show how to use P(a) to construct an equivalent convex formulation of the
NP-hard problem . Note that in Proposition |3| below, we set a = a.

Proposition 3 (Optimality). Problem s equivalent to

min a'z + ¢z (13a)
s.t. (x,z) € P(a), (13b)

that is, they both have the same optimal objective value and there exists an optimal solution of
that is also optimal for .

Proof. 1t suffices to show that problem is equivalent to

min a'z + ¢z (14a)
s.t. (z,z) € Py(a). (14b)

In any feasible solution of , we find that

(15)

n
a'x > —Z|aixi| > —
i=1

where the first inequality follows directly from the definition of the absolute value and the second
inequality follows from constraints (x, z) € Py(a). Moreover, both inequalities hold at equality
in an optimal solution, since otherwise, it is always possible to increase/decrease x; for some index
1 without violating feasibility while improving the objective value. Thus, projecting out variables
x, problem reduces to , which, as shown in the proof of Proposition (1}, is equivalent to
B). 0

Propositions [2| and 3| together come with an alternative representation of conv(X) which is
expressed as intersections of sets P(a) for all a € R™.

Theorem 1. The convex hull of X can be described (with an infinite number of constraints, one
for each o« € R™) as

cono(X) = (] Pla) (16)

acR”



Proof. Note that both conv(X) and (),cgn P(c) are convex and bounded. Thus, to show that
they are equivalent, we show that their extreme points coincide. In other words, it is sufficient to
show that the following two optimization problems

min { 'z + 'z : (z,2) € X} (17)

x,z

min{ adr+cz:(x,z)e ﬂ P(a)} (18)

x,z
acRn?

have the same solution for any (a, ¢). First, due to Proposition [2| we find that is a relaxation

of ([17). Second, the problem ming . { @'z + ¢z : (x,2) € P(a)} is a further relaxation of (18], as

it is obtained by dropping all the constraints but one. Third, due to Proposition [3| this further

relaxation is exact, and thus is exact as well. This concludes the proof. ]

The description of conv(X) can be highly nonlinear, since it involves an infinite number
of constraints. However, the significance of Theorem [l|is that to understand conv(X) it suffices
to study the polyhedral set P(a), which is arguably a simpler task due to advances in polyhedral
theory, and since this set does not involve complementarity or other constraints linking the discrete
and continuous variables. In and we discuss how to obtain strong relaxation of P(a) in
general. However, an alternative approach to obtain valid inequalities is to restrict the values of a,
as the examples below show.

Ezample 1. Let a = e; for some i € {1,...,n}, where e; is the standard i-th basis vector of R".
In this case,
P(e;) =conv ({(z,2z) e R" x Z : |z;] < /zi})
={(z,z) e R" x conv(Z) : |z;| < z;}.
Thus, we find that big-M constraints (I)) are derived from the partial convexification (), P(e;) 2
conv(X). O
Ezample 2. Suppose that Z = {z € {0,1}" : ||z]|1 = k}, and let o = e. In this case

P(e) = conv ({(m,z) eR" x {0,1}" : |z < V]Iz[1, |zl = k})
- {(:v,z) cR" % [0,1]" : |z|; < VE, ||z|h = k}

In particular we find that the inequality ||z|; < vk, which was studied in [12] in the context of
sparse PCA, is precisely the relaxation P(e) D conv(X). O

4 Relaxations

This section discusses how to describe or approximate P(a). Interestingly, this family of poly-
hedra has already been studied in the literature. In we review existing results on the facial
structure of P(ax). In we study the natural nonlinear relaxation of P(a), show that this re-
laxation is guaranteed to be strong, and establish links between this relaxation and the perspective
relaxation Rpersp-



4.1 Short review of relaxations via linear inequalities

We assume in this section that Z = {0,1}". Given o € R", the facial structure of polyhedron P(cx)
was first studied in [I], and the results were later refined in [19]. We now review these results, as
they can be used to generate valid inequalities for conv(X).

Define N {1,...,n}, and define the set function g : 2% — R as g(S) = /> ,cga?. Since

function ¢ is submodular, the submodular inequalities of Nemhauser et al. [I§] are valid for its
hypograph. In particular, letting p;(S) = g(S U {i}) — g(5), the inequalities

D izl < g(8) =Y p(S\{HI —z)+ > pil)z VSC N (19a)
=1

€S 1EN\S

S il < 9(8) = S pN A LA -2+ 3 pilS)z VS C N (19D)
=1

€S 1EN\S

are valid for P(a). However, coefficients p;(0) in (19a)) and p;(N \ {i}) in (19b]) are not tight.
Thus, inequalities are, in general, weak, and better inequalities can be obtained via lifting.
Specifically, given S C N, the base inequality

D laiwi| < g(8) =Y pi(S\{iH(1 - z) (20)
i=1

i€S

is facet-defining for conv ({(m, z) €R™ x {0,1}": S0 | |z < /> aizi, z=0Vie N\ S})
Inequality can then be lifted into a facet-defining inequality for P(a) through maximal lift-
ing. In this case, lifting is sequence independent and the resulting inequality can be obtained
in closed form, see [19, Theorem 4]. Similarly, inequality can be improved through lifting,
see [19, Theorem 5]. Any of the resulting valid inequalities of the form > 7 | |a;zi| < pr + whz
~where (pa, Ta) € R*! depends on a— are valid for conv(X) for all values of «, and can thus
be used to improve formulations. While the inequalities discussed here are facet-defining for the
case Z = {0,1}", they may be weaker for the case with more general constraints. Nonetheless, we
point out that strong valid inequalities have also been proposed for the case where Z is defined by
a knapsack constraint, see [24].

On separation: Given a relaxation R O conv(X) — for example, one may take R = Rpersp—, We
show that it is possible to separate extreme points of R from conv(X) by calling a separation oracle
for polyhedra P(a). Indeed, let (&, Z) be an extreme point of R. Then there exists coefficients
(@,€) € R?" such that (&, Z) is the unique solution to min(, .)cp a'xz+ ¢’z We now show that
separation of (Z, Z) from conv(X) is equivalent to separation from P(a).

Proposition 4. If (Z,Z2) & conv(X), then (Z,Z) ¢ P(a).

Observe that reverse claim, (Z, 2) ¢ P(a) => (&, %) & conv(X) always holds from Theorem 1]
Thus, Proposition [4 precisely characterizes which polytope is needed to separate an extreme point
of R.

Proof of Proposition [ Let (Z,Z) ¢ conv(X), and note that

T T

a'z+é < min @' x+&'x. (21)

R (z,z)€conv(X)

I\

a T—+c = min
(z,2)€



Indeed, any optimal solution to the right hand side problem in is feasible for R (since R is
a relaxation); since (&, Z) is the unique minimizer of this problem over R, the strict inequality
follows. Thus, we find that

@' T+¢€ 2Z< mn a'x+éx= mn @ x+¢' z= mn a' z+e' z,
(z,2z)€conv(X) (z,2)eX (z,z)eP(a)

where the last equality follows from Proposition In particular we find that (Z,2z) ¢ P(a),
concluding the proof. O

4.2 Nonlinear relaxation and approximation

Consider the natural nonlinear relaxation of P(«), obtained by simply dropping the integrality
constraints on variables z:

n
(z,z) € R" x conv(Z) : Z || <
i=1

While C(a) is hard to compute in general as it involves computing the convex hull of the feasible
region Z, it can be obtained easily for example if Z = {0,1}", Z = {z € {0,1}" : > | z; < k} for
some k € Z,, or more generally if the constraints defining Z are totally unimodular. Moreover, the
nonlinear constraint defining C'(a) is SOCP-representable. Thus, this continuous relaxation can
be used with many off-the-shelf solvers.

Optimization over relaxation C(a) has also been studied in the literature [3]. Specifically,
consider the convex relaxation of the problem given by

(=mina'z+cz (22a)
T,z
s.t. (x,z) € C(a), (22b)

Proposition 5. There exists an optimal solution (Z,Z) of where Z lies on an edge of conv(Z).
Moreover, if ¢z <0 for all z € Z, then (4/5)¢ > ¢* > (5/4)(, where (* is the optimal objective
value of problem —equivalently, problem (8)—, and (. is the objective value of the feasible
solution obtained by rounding Z to the best of the two extreme points of conv(Z) defining the edge
where it lies.

In other words, Proposition || states that the solution of is “close” to integral (e.g., if
Z = {0,1}", then Z has at most one fractional coordinate), that its associated objective value
is similar to the optimal objective value of the mixed-integer problem, and that rounding of this
solution yields a constant factor approximation algorithm under mild conditions.

Proof of Proposition[5. Projecting out variables & exactly the same as the proof of Proposition
we find that problem simplifies to

n

min E CiZi —

z€conv(Z)

Z a?z;. (23)

=1

=1

This particular continuous relaxation of the discrete problem with feasible region z € Z was studied
in [3]. The fact that there exists an optimal solution in an edge of conv(Z) follows from Proposition 5



in [3]: at a high level, the main idea of the argument is that any optimal solution (x*,z*) of .

is also optimal for
n n
min E ¢iz; s.t. E alz; = E a?zf, z € conv(Z),
z
i=1 =1

and the extreme points of conv(Z) N {z € R™: 37" a?z; = Y1 | a?zf} lies in edges of conv(Z).
The approximation ratio of (4/5) follows from Proposition 7 and Corollary 2 in the same paper:
the main idea is that since an optimal solution (x*,z*) of lies on an edge of conv(z), there
exists two points (z!, 21) and (2, 22) in Z such that (x*, 2*) is a convex combination of the two.
Then, using properties of the square root function, it is possible to establish that the best point
(2, 2%) has an objective value similar to (x*, 2*). O

Now consider the relaxation of conv(X), as defined in , obtained by replacing polyhedra
P(a) with their nonlinear relaxations C(a):

¢ N Cla) = {(a:,z) e R . (z,2) € C(a), Ya e R"}. (24)

acR?
Proposition |§| below states that the relaxation C is in fact equivalent to the perspective relaxation.
Proposition 6. C' = Rpersp-

Proof. Note that the set C' can be described with constraint z € conv(Z) and the single nonlinear
constraint

n
0 > max Z || — (25)
1

n
2.,
ma Z a2z,
1= =1
Since the function in is positively homogeneous in «, it follows that either the optimization
problem in unbounded (and the constrained is violated), or the optimization problem is bounded
(and the constraint is satisfied). Finally, a characterization on whether this problem is bounded or
not can be found in [14] Proposition 2]: problem is unbounded if and only if Y7 | 27/2; > 1.
Thus, concluding the proof.
O

Remark 3. Observe that the big-M constraints are not implied by relaxation C' = Rpersp-
Although these inequalities are not hugely beneficial (in light of Proposition , they should be still
added to the relaxation due to their simplicity (see Example . O

5 Approximate robust counterpart

We now turn our attention to the robust optimization problem with uncertainty set @, dis-
cussed in Instead of solving directly, which is difficult due to the discrete uncertainty set,
we propose to solve instead the perspective approximation

¢ = 2161}1/1(1 y+ 0B {w’y : ;(diwi)Q/zi <b, z€ conv(Z)} : (26)

Since we relaxed the inner maximization problem, it follows that (26)) is a conservative approxima-
tion of . Moreover, since z does not appear in the objective of the inner maximization problem,

10



the condition of Proposition [fis satisfied: for any fixed y the objective value of the inner maximiza-
tion problem in is at most 5/4 times the corresponding objective value in . Thus, if @’y > 0
for all y € Y, then solving results in a 1.25-approximation algorithm for . We now derive
a conic-quadratic formulation of problem . The condition is necessary to have non-negative
objective values and well-defined approximation ratios: otherwise, it would be possible to construct
an instance where ¢ = 0, and any suboptimal solution would have an infinite optimality gap.

Clearly, to solve , one needs to compute conv(Z), which is in principle a difficult task.
However it can be naturally accomplished if Z is a simple set, e.g., Z is totally unimodular
(where the natural relaxation describes the convex hull) or if Z = {z € {0,1}" : ¢z < k} with
all coefficients ¢; € Z N [0,u] (where conv(Z) can be expressed in an extended formulation us-
ing the path polytope with a network with (O)(nu) nodes and arcs). We now assume that
conv(Z) = {z €[0,1]" : Az < k} for a suitable matrix A € R™*™ and vector k € R™, and de-
note by A; the i-th column of A.

Proposition 7. Problem can be reformulated as the SOCP

. ~/
yr{:n)\nu a'y+ b+ pk + Zz; ti (27a)
st (yi)di)? < 4(ti +p ' AN i=1,...,n (27b)
yeyvy (27¢)
te R}, ARy, peRY. (27d)

Observe that since both A > 0 and ¢; + u > 0, (27b)) are rotated cone constraints and thus
is indeed SOCP-representable (provided that Y is). The derivation of Proposition [7|is based on
the following Fenchel duality result used in [4].

Lemma 1 (Fenchel dual). For any x € R and 0 < z <1,

2 2

T
— = maxpr — —2z.
z peR 4

Proof. If x = z = 0, then both sides of the equality are 0. If z = 0 and = # 0, then both sides
are equal to +o0o. Otherwise, an optimal solution of the maximization problem is p* = 27, and the

. L .2
corresponding objective value is -. O

11



Proof of Proposition[]. We find that

n
_ : ~/ T / N2 /e, T
£= 216111/1 a'y+ b+ p k+(m7z)er]111£>xc[07l]n {ym)\Z(dm) [zi — p Az}
AER |, peRT i=1

(" Slater condition holds and strong duality of Lagrangian relaxation)

yey (z,z)ER™ x[0,1]™
)\ER+,MERT,pER”

= min ay+\N+pk+ max {Z(yz — Adipi)zi + Z (0.25/\])? — p,TAi) zz}
i=1

(.- Lemma (dixi)Q/zi — pid;T; — p%zi/ll; and Sion’s minimax theorem)

_ S T - Wi/di)* 1,0\, b IO
= mig ay+ X \b+p k+ zg[l(%i(]n {Z (0.25 5y 7 AZ> 2 (o pf =vi/(A\dy))
AER} ,pueR™ =

yey

- (yi/di)?
=  min &'y+/\b+u—rk+2max{0,0.25yz)\l —MTAZ} .
AER,uERT i=1

(27 = L{0.25(y:/di)?> AT An)})

The formulation above corresponds directly to the SOCP formulation . 0

6 Computations

According to the results of the perspective is a simple relaxation that is guaranteed to be
strong (Proposition . Thus, we suggest its use in practice. Note that if set X appears directly
in an optimization problem (e.g., the first two applications discussed in , the perspective
is arguably already the state-of-the-art relaxation — thus we omit computations for those cases.
However, we illustrate its application to the robust optimization problem with uncertainty
set @ In particular, we consider a simple portfolio optimization problem with ¥ = {y € R" :
Yoiqyi=1,y>0}and Z ={z€{0,1}": > ", z; < k}. Since Z is totally unimodular, conv(Z)
is simply its natural continuous relaxation. Moreover, since z does not appear in the objective of
the inner maximization problem , Z is permutation-invariant and thus the perspective relaxation
guarantees exact solutions (Proposition |8 in the appendix), the formulation is exact in this case.

6.1 Methods

We compare three conservative approximations of — the first two are based on commonly used
methods in the literature.

Budgeted uncertainty This approach, inspired by [8], replaces the ellipsoidal constraint with
simple bound constraints and solves instead

mina’y + max {x’y:!:lfi\ﬁ\/g/dz’, > <k, xo(e—z):O}.

yey (z,z)eR"x{0,1}" |
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This optimization problem can be reformulated as the linear optimization [§]

n
min @’y + by + t;
Yyt Y s ;Z
st. (Vb/d)|lyi| <p -+t i=1,...,n
yeY, teRY, peRy.

Note that y > 0 in our experiments. Thus, we replace |y;| with y; in all constraints.

Ellipsoidal uncertainty This approach, inspired by [7], ignores the cardinality constraint and
solves instead

n
ina’ 'y ) (dixi)*<by.
glelir/layﬂ}é%{wy ;( ii)? <

This optimization problem can be reformulated as the SOCP [7]

min @’y + Vb -
Yyt

st.yeY, teRY, peRy.
Perspective approximation The approach we propose, described in

6.2 Results

We set n = 200 in our computations, and we set k € {5,10,20} and b € {5,10,20} in our compu-
tations. Each entry of @ and d is drawn from an uniform distribution on the interval [0, 1]. All
optimization problems are solved using CPLEX 12.8 with the default settings, in a laptop with
Intel Core i7-8550U CPU and 16 GB RAM. Solution times for all methods are less than 0.1 seconds
in all cases.

For each combination of parameters (b, k), we generate 10 instances and record for each method:
the nominal objective value a’y*, where y* is the solution produced; and the worst-case realization
given by

R”x{0,1}"
(w,2) R {0,1} pt P

a'y* + max {a:'y* : Z(dixi)Q/zi <b, Zzz <k xzo(e—z)= ()} . (28)

Note that computing the worst-case realization requires solving a mixed-integer optimization prob-
lem. However, since the perspective reformulation results in a strong relaxation and n = 200 is not
too large, problem can be comfortably solved to optimality using CPLEX. Figure |1| presents
the results, showing the nominal objective value and worst-case realization for each combination of
parameters and each instance.

We observe that the budgeted uncertainty approach consistently has the worst nominal perfor-
mance, although it tends to be better in terms of robustness than the ellipsoidal uncertainty. The
perspective approximation results in the “best” worse-case realizations for all the combinations of
parameters (as expected, since it delivers optimal solutions with respect to this metric). It also
results in the best solutions in terms of the nominal values, except for the case with k = 20 and
b = 5 (where the ellipsoidal uncertainty has slightly better nominal performance). Thus, in our
experiments, we can conclude that the perspective approximation is the best approach, delivering the
most reliable solutions without affecting (and in most cases improving) the nominal performance.
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Figure 1: Nominal value versus worst-case realization for different cardinality and budget parameters.
The budgeted uncertainty approach (red triangles) typically yields solutions with large nominal values,
particularly for large values of k. The ellipsoidal uncertainty approach (blue rhombuses) often results in
good nominal values (particularly for large k), but the worst-case realizations are large. The perspective
approximation (red circles) always results in the best worst-case realizations, and often in the best nominal

values.
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7 Conclusion

We gave an implicit description of conv(X), established links between the convexification of this
set and convexification of polyhedral sets, and studied the strength of the perspective relaxation
Rpersp- On the one hand, we showed in this paper that the perspective reformulation is insufficient
to describe conv(X), and that it can be interpreted as a nonlinear relaxation of the polyhedral
sets. On the other hand, we showed that while the perspective reformulation can be strengthened
using polyhedral theory as discussed in it is already quite strong. Our experiments on robust
optimization suggest that explicitly accounting for discrete nonlinear uncertainty sets can deliver
better quality solutions than existing approaches while preserving tractability.
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A The Equivalence in Remark

Let us consider
Y={zeR": |z|o <k, [lz|3 <1}, (29)

and its corresponding perspective relaxation

Rmmﬁg{@ﬁﬁeRnxmﬂP:E:ﬁﬂQSLEZQSk}. (30)
=1 =1

Proposition 8. We have that conv(Y') := proj,(Rpersp)-

Proof. By definition, we have set Y C proj,(Rpersp). To show the equivalence, since both sets Y
and Rpersp are compact. It is sufficient to show that for any a € R", we must have

def . T def . T
v1] = mina' * =1vy = min a x.
zeY ZEProj, (Rpersp)
First of all, let z; = 1 if x; # 0 for each i = 1,...,n. Then v; = mingcy is equivalent to

v :=min a’z
T,z

st ||lzl3 <1
xo(e—z)=0
n
xeR" ze{0,1}" Zzz <k,.
i=1
According to the proof of Proposition[I} without loss of generality, suppose that a1 > as > ... > ay,
we have v] = Zle az.

T

On the other hand, vs := miNgeproj (Rpersy) @ T 1S €quivalent to

Vg :=min a'x

reR"z€[0,1]" ) =z <k
=1

which is equivalent to

xeR"z€[0,1]" ) =z <k
i=1

17



For any given z € [0, 1], according to the Cauchy-schwartz inequality, we have

v9 > min —
z

n
§ { 2
(Il- Z
=1

s.t.z € [0,1]" Zzi <k.
i=1

Next, optimizing over z on the right-hand side of the inequality, we obtain that vo > \/2?21 a? =

v1. Note that the the equality is obtainable by letting z; = a;/ Z]Z:l a? for each i =1,...,k and

0, otherwise, and z; = 1 foreach ¢ = 1, ...,k and 0, otherwise. Thus, we have vy = Zle a? = 1.
This completes the proof. ]

B Detailed example

Consider the optimization problem

meRJ,rzlie%o,l}? x% + Bx% + (221 — x2)2 — 621 — 729 (31a)
stz 290 <1 (31b)

i+ <1 (31c)

z1(1—21) =0, z2(1 — 22) = 0. (31d)

Observe that variables z do not appear directly in the objective. We now discuss several relaxations

of .

B.1 Reformulation of the norm constraint

Consider three possible formulations of (31c)).
basic The constraint is directly formulated as (31c]).

p. inv. Reformulating the constraint based on the permutation-invariance of set Y given in
Remark (1| [I6]. This formulation calls for the introduction of five additional variables uy,ug,r, t1, to
and replaces constraint (31c)) with the system

u%%—uggl, UL > Ug, U +ug=x1+ 22, uy >2r+t;, 1 <t1+r, x9o <tog+r
up >0, uo =0, t1 >0, t5 > 0, r free.

persp. Using the perspective reformulation, as advocated in the paper, and replacing (31c) with
2 2
xi/z1 +a5/20 < 1.

B.2 Reformulation of the objective

Consider two reformulations of the objective.

18



basic The objective is directly formulated as (31al).

persp. Using the perspective reformulation, as commonly advocated in the literature, replacing

(31a)) with 22 /21 + 323 /22 + (271 — 12)? — 621 — Tg

B.3 Relaxation quality

Table |1| presents solutions and objective value of several combinations of the reformulations of .
Note that the ideal convex reformulation of (which in general cannot be obtained in practice)
can be obtained in this case by exploiting the fact that z; 4+ 29 < 1 implies z129 = 0, and is given

by

n;lizn&c%/zl +4x3 — 621 — Twg st 21 + 22 < 1, |z < 2 for i € {1,2}.

Table 1: Solution and objective values of convex relaxations of (31).

Norm constraint Objective Solution
basic p. inv. persp. basic persp. | x o z1 zo  obj.
X X 0.63 0.77 0.48 0.50 -6.78
X X 0.42 0.58 0.42 0.57 -5.33
X X 0.42 0.58 0.42 0.57 -5.33
X b 0.40 0.60 0.27 0.73 -4.49
X X 0.39 0.60 0.32 0.68 -4.44
ideal 0.00 0.88 0.00 1.00 -3.06

The key observations are: e if the reformulation of the objective is “basic”, e.g., does not involve
the discrete variables, then the permutation invariant relaxation of set Y and the perspective are
equivalent; e however, if the objective is improved by using variables z, then better approximations
of conv(X) than conv(Y') yield stronger formulations (rows 4 and 5 of the table).
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